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ABSTRACT

In this paper, variational homotopy perturbation method with Padé approximant technique is
applied to investigate the impacts of inclined magnetic field, flow medium porosity and thermal
radiation on free convection flow and heat transfer of Casson nanofluids over a vertical plate. The
accuracies of the developed analytical methods are verified by comparing the results of the analytical
solutions with the results of past works as presented in literature. Thereafter, the analytical solutions are
used to investigate the effects of thermal radiation; Prandtl number, nanoparticles volume-fraction,
shape and type on the flow and heat transfer behaviour of various nanofluids over the flat plate. It is
observed that both the velocity and temperature of the nanofluid as well viscous and thermal boundary
layers increase with increase in the radiation parameter. The velocity and temperature of the nanofluid
decreases and increases, respectively as the Prandtl number and volume-fraction of the nanoparticles in
the basefluid increase. The maximum decrease in velocity and maximum increase in temperature are
caused lamina shaped nanoparticle and followed by platelets, cylinder, bricks and sphere-shaped
nanoparticles, respectively. It is hoped that the present study will enhance the understanding of free
convection boundary-layer problems under the influence of thermal radiation as applied in various
engineering processes.
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1. INTRODUCTION

The importance and the wide applications of free convection flow and heat transfer in
extrusion, melt spinning, glass-fibre production processes, food processing, mechanical
forming processes, etc. have in recent times aroused renewed research interests and
explorations. In the study of free convection and heat transfer problems, the analysis of
incompressible laminar flow of viscous fluid in a steady state, two-dimensional free convection
boundary-layer has over the years been a common area of increasing research interests
following experimental investigations of Schmidt and Beckmann [1] and the pioneering
theoretical work of Ostrach et al. [2]. In their attempts to study the laminar free convection flow
and heat transfer problem in 1953, Ostrach et al. [2] applied method of iterative integration to
analyze free convection over a semi-infinite isothermal flat plate.

The author obtained the numerical solutions for a wide range of Prandtl numbers from
0.01 to 1000 and validated their numerical results using experimental data of Schmidt and
Beckmann [1]. Five years later, Sparrow and Gregg [3] presented a further study on numerical
solutions for laminar free convection from a vertical plate with uniform surface heat flux.
Considering the fact that the major part of low Prandtl-number boundary layer of free
convection is inviscid, Lefevre [4] examined the laminar free convection of an inviscid flow
from a vertical plane surface. In a further work, Sparrow and Gregg [5] developed similar
solutions for free convection from a non-isothermal vertical plate. Meanwhile, a study on fluid
flow over a heated vertical plate at high Prandtl number was presented by Stewartson and Jones
[6]. Due to the disadvantages in the numerical methods in the previous studies [2, 3], Kuiken
[7] adopted method of matched asymptotic expansion and established asymptotic solutions for
large Prandtl number free convection. In the subsequent year, the same author applied the
singular perturbation method and analyzed free convection at low Prandtl numbers [8].

Also, in another work on the asymptotic analysis of the same problem, Eshghy [9] studied
free-convection boundary layers at large Prandtl number while Roy [10] investigated free
convection for uniform surface heat flux at high Prandtl number. With the development of
asymptotic solution, a combined study of the effects of small and high Prandtl numbers on the
viscous fluid flow over a flat vertical plate was submitted by Kuiken and Rotem [11]. In the
succeeding year, Na and Habib [12] utilized parameter differentiation method to solve the free
convection boundary layer problem. Few years later, Merkin [13] presented the similarity
solutions for free convection on a vertical plate while Merkin and Pop [14] used finite difference
method to develop numerical solutions for conjugate free convection problem of boundary-
layer flow over a vertical plate. Also, Ali et al. [15] submitted a study on numerical investigation
of free convective boundary layer in a viscous fluid.

The various analytical and numerical studies of the past works have shown that the
boundary layer problems are very difficult to solve. This is because, besides having very thin
regions where there is rapid change of the fluid properties, they are defined on unbounded
domains. Although, approximate analytical methods are being used to solve boundary layer
problems, they converge very slowly for some boundary layer problems, particularly those with
very large parameters. The numerical methods used to the flow process also encounter problems
in resolving the solution of the governing equations in the very thin regions and in cases where
singularities or multiple solutions exist. Moreover, in numerical analysis, it is absolutely
required that the stability and convergence analysis should be carried so as to avoid divergence
or inappropriate results.
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Such analysis in the mathematical methods increases the computation time and cost.
Therefore, in the quest of presenting symbolic solutions to the flow and heat transfer problem
using one of the recently developed semi-analytical methods, Motsa et al. [16] adopted
homotopy analysis of free convection boundary layer flow with heat and mass transfer. In
another work, the authors used spectral local linearization approach for solving the natural
convection boundary layer flow [17]. Ghotbi et al. [18] investigated the use of homotopy
analysis method to natural convection boundary layer flow. Although, the homotopy analysis
method (HAM) is a reliable and efficient semi-analytical technique, it suffers from a number of
limiting assumptions such as the requirements that the solution ought to conform to the so-
called rule of solution expression and the rule of coefficient ergodicity. Also, the use of HAM
in the analysis of linear and nonlinear equations requires the determination of auxiliary
parameter which will increase the computational cost and time. Additionally, the lack of
rigorous theories or proper guidance for choosing initial approximation, auxiliary linear
operators, auxiliary functions, and auxiliary parameters limits the applications of HAM.
Moreover, such method requires high skill in mathematical analysis and the solution comes
with large number of terms. Additionally, various analyses of nonlinear models and fluid flow
problems under the influences of some internal and external factors using different approximate
analytical and numerical methods have been presented in literature [19-47].

However, the relative simplicity coupled with ease of applications of differential
transformation method (DTM) has made the method to be more effective than most of the other
approximate analytical methods. The method was introduced by Zhou [48] and it has fast gained
ground as it appeared in many engineering and scientific research papers. This is because, with
the applications of DTM, a closed form series solution or approximate solution can be provided
for nonlinear integral and differential equations without linearization, restrictive assumptions,
perturbation and discretization or round-off error. It reduces complexity of expansion of
derivatives and the computational difficulties of the other traditional or recently developed
methods.

Therefore, Yu and Chen [49] applied the differential transformation method to provide
approximate analytical solutions to Blasius equation. Also, Kuo [50] adopted the same method
to determine the velocity and temperature profiles of the Blasius equation of forced convection
problem for fluid flow passing over a flat plate. An extended work on the applications of
differential transformation method to free convection boundary-layer problem of two-
dimensional steady and incompressible laminar flow passing over a vertical plate was presented
by the same author [51]. However, in the later work, the nonlinear coupled boundary value
governing equations of the flow and heat transfer processes are reduced to initial value
equations by a group of transformations and the resulting coupled initial-value equations are
solved by means of the differential transformation method.

The reduction or the transformation of the boundary value problems to the initial value
problems was carried out due to the fact that the developed systems of nonlinear differential
equations contain an unbounded domain of infinite boundary conditions. Moreover, in order to
obtain the numerical solutions that are valid over the entire large domain of the problem,

Ostrach et al. [2] estimated the values of f "(0) and (9'(0) during the analysis of the developed

systems of fully coupled nonlinear ordinary differential equations. Following the Ostrach et al’s
approach, most of the subsequent solutions provided in literature [3, 9, 10, 12, 14, 15, 50, and
51] were based on the estimated boundary conditions given by Ostrach et al [1]. Additionally,
the limitations of power series solutions to small domain problems have been well established

3-
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in literature. However, in some recent studies, the use of power series methods coupled with
Padé-approximant technique has shown to be very effective way of developing accurate
analytical solutions to nonlinear problems of large or unbounded domain problems of infinite
boundary conditions. The application of Padé-approximant technique with power series method
increases the rate and radius of convergence of power series solution. Therefore, in a recent
work, Rashidi et al. [52] applied differential transformation method coupled with Padé-
approximant technique to develop a novel analytical solution for mixed convection about an
inclined flat plate embedded in a porous medium.

Casson fluid is a non-Newtonian fluid that was first invented by Casson in 1959 [53]. It
is a shear thinning liquid which is assumed to have an infinite viscosity at zero rate of shear, a
yield stress below which no flow occurs, and a zero viscosity at an infinite rate of shear [54]. If
yield stress is greater than the shear stress then it acts as a solid, whereas if yield stress lesser
than the shear stress is applied then the fluid would start to move. The fluid is based on the
structure of liquid phase and interactive behaviour of solid of a two-phase suspension. It is able
to capture complex rheological properties of a fluid, unlike other simplified models like the
power law [55] and second, third or fourth-grade models [56]. Some examples of Casson fluid
are Jelly, honey, tomato sauce and concentrated fruit juices. Human blood is also treated as a
Casson fluid in the presence of several substances such as fibrinogen, globulin in aqueous base
plasma, protein, and human red blood cells. Concentrated fluids like sauces, honey, juices,
blood, and printing inks can be well described using this model. It has various applications in
fibrinogen, cancer homeo-therapy, protein and red blood cells form a chain type structure. Due
to these applications many researchers are concentrating characteristics of Casson fluid.
Application of Casson fluid for flow between two rotating cylinders is performed in [57]. The
effect of magnetohydrodynamic (MHD) Casson fluid flow in a lateral direction past linear
stretching sheet was explained by Nadeem et al. [58].

The role of thermal radiation is a major important in some industrial applications such as
glass production and furnace design, and also in space technology applications, such as comical
flight aerodynamics rocket, space vehicles, propulsion systems, plasma physics and space craft
re-entry aerodynamics which operates at high temperatures, in the flow structure of atomic
plants, combustion processes, internal combustion engines, ship compressors and solar
radiations.

The effect of thermal radiation on magnetohydrodynamics flow was examined Raptis et
al. [59] while Seddeek [60] investigated the impacts of thermal radiation and variable viscosity
on magnetohydrodynamics in free convection flow over a semi-infinite flat plate. In another
study, Mehmood et al. [61] analyzed unsteady stretched flow of Maxwell fluid in presence of
nonlinear thermal radiation and convective condition while Hayat et al. [62] addressed the
effects of nonlinear thermal radiation and magnetohydrodynamics on viscoelastic nanofluid
flow. Effects of nonlinear thermal radiation on stagnation point flow Farooq et al. [63]. Also,
Shehzad et al. [64] presented a study on MHD three-dimensional flow of Jeffrey nanofluid with
internal heat generation and thermal radiation. Further studies on the effects of transverse
magnetic field, chemical reaction, heat generation, radiation on the free convection flow of
viscous and nanofluid over stretching surfaces have been carried out in literature [65-107].

The previous studies on fluid flow over stretching plate focus on the analysis of
Newtonian and non-Newtonian fluids under the influences of thermal radiation, internal heat
generation and magnetic field. To the best of the author’s knowledge, a study on the
simultaneous effects of inclined magnetic field, flow medium porosity and thermal radiation on
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free convection flow and heat transfer of Casson nanofluids over a vertical plate has not been
presented in literature. Moreover, different analytical, approximate analytical, semi-numerical
and numerical methods have been used to analyze different flow problems. However, the
relatively new approximate analytical method called variational homotopy perturbation method
which is a modified variation iteration method has shown to have improved accuracy, very
rapid rate of convergence and wide range of applications.

The method combines the variational iteration technique and the homotopy perturbation
method. It provides solutions to problems in a rapid convergent series which may lead the
solution in a closed form. It is very reliable and highly efficient. It solves nonlinear problems
without using the so-called Adomian’s polynomials. The VHPM is applied without any
discretization, restrictive assumption, or transformation and is free from round-off errors.
Unlike the method of separation of variables that require initial and boundary conditions, the
VHPM provides an analytical solution by using the initial conditions only. The boundary
conditions can be used only to justify the obtained result. The method is considered as an
important and significant refinement of the previously developed techniques and can be viewed
as an alternative to the recently developed methods such as Adomian’s decomposition,
variational iterations and homotopy perturbation methods [108-111]. Therefore, in the present
study, variational homotopy perturbation method coupled with Padé-approximant technique is
applied to investigate the simultaneous effects of inclined magnetic field, flow medium
porosity, thermal radiation and nanoparticles on free convective flow of Casson nanofluid past
a vertical plate. Also, the influences of low and high Prandtl numbers on the free convection
boundary-layer flow and heat transfer of nanofluids are examined and discussed.

2. PROBLEM FORMULATION AND MATHEMATICAL ANALYSIS

Consider a laminar free-convection flow of an incompressible Casson nanofluid over a
vertical plate parallel to the direction of the generating body force as shown in Fig. 1. The plate
i1s embedded in a porous medium, and subjected to an inclined magnetic field and thermal
radiation. Using the rheological equation for an isotropic and incompressible Casson fluid,
reported by Casson [65], is

T=1,+uc (1
or
b )
) ()
= 2(/13+ - ]e.l, T LT
N2

where 7 is the shear stress, 7, is the Casson yield stress, 1 is the dynamic viscosity, ¢ is the
shear rate, 7 = eje;; and e;; is the (i,j)th component of the deformation rate, m is the product of
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the component of deformation rate with itself, z. is a critical value of this product based on the
non-Newtonian model, x the is plastic dynamic viscosity of the non-Newtonian fluid and py is
the yield stress of the fluid. The velocity as well as the temperature is functions of y, ¢ only.
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Fig. 1. Velocity and temperature profiles in free convection flow over a vertical plate under
the influence of inclined magnetic field

Assuming that the flow in the laminar boundary layer is two-dimensional and steady, the
heat transfer from the plate to the fluid is proportional to the local surface temperature 7, using
the Boussinesq approximation along with the assumption that the pressure is uniform across the
boundary layer, the equations for continuity and motion are given as

ou 0v
—+—=0
ox 0Oy 3)
ou 0 1 o 2 (i
o (ua—z+v5uj:[l+;j,unf#tg’(pﬂ)nf (T—TOO)—O'BOM(SZI’I l)—% @
or, or)_, T &,
(p P)nf[u o +vayj knf ayz ay (5)
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Assuming no slip conditions, the appropriate boundary conditions are given as

u=0, v=0, T=T at y=0 (6a)
u=0, T'=T, aty—>o (6b)

where the various physical and thermal properties in the Eq. (3-5) are given as

Py =Py (1=9)+pd (7a)
(pe,), =(pe,), (1=¢)+(pc,) ¢ (7b)
(pB),, =(pB),(1-4)+(rB), ¢ (7¢)
My = - 25 (7d)

(1-¢)

o,=0,|1+ , (8)
Oy Oy |
- k,+(m=1)k, —(m—1)p(k, ~k,)
Tk +(m=1)k, +p(k, k)
4 1 T3 2
%:—4—08T ~— 6o, OT (using Rosseland’s approximation) (10)

o 3K o 3K 9

where m in the above Hamilton Crosser’s model in Eq. (8) is the shape factor which numerical
values for different shapes are given in Table 1.

It should be noted that the shape factor, m = % , where A is the sphericity (the ratio of the

surface area of the sphere and the surface area of the real particles with equal volumes). For
sphericity of sphere, platelet, cylinder, laminar and brick are 7.000, 0.526, 0.625, 0.185 and
0.811 respectively. The Hamilton Crosser’s model becomes a Maxwell-Garnett’s model, when
the shape factor of the nanoparticle, m=3.
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Table 1. The values of different shapes of nanoparticles [66, 67]

S/N Name Shape Shape factor () Sphencity (v)
1 Sphere . 30 1.000

2 Platelet - 5.7 0.526

3 Clinder 48 0.625

4 Lamina a 162 0.185

3 Bnck 37 0.811

Table 2. Physical and thermal properties of the base fluid [66-71]

Base fluid p (kg/m®) cp (J/kgK) k (W/mK)
Pure water 997.1 4179 0.613
Ethylene Glycol 1115 2430 0.253
Engine oil 884 1910 0.144
Kerosene 783 2010 0.145
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Table 3. Physical and thermal properties of nanoparticles [66-71]

Nanoparticles p (kg/m?) cp (J/kgK) k (W/mK)
Copper (Cu) 8933 385 401
Aluminum oxide (Al>O3) 3970 765 40
SWCNTs 2600 42.5 6600
Silver (Ag) 10500 235.0 429
Titanium dioxide (TiOy) 4250 686.2 8.9538
Copper (II) Oxide (CuO) 783 540 18

Table 2 and 3 present the physical and thermal properties of the base fluid and the
nanoparticles, respectively. SWCNTs mean single-walled carbon nanotubes.

Going back to Eq. (3), (4) and (5) and if one introduces a stream function, t//(x, y) such
that

u:—, V:——’ (11)

and use the following similarity and dimensionless variables

1 1/4
pi(&B, (T, -T.)%) | (88, (T, -T,)) %
77{ _/( _/(2 ) )] (x_yx)’ W[Pf(g ,1(2 ))x} 7(n),
Hpx 0 Hy (12)
— _ Xy ’ _ HyiCp — 40'T£
T=T+(T, T)O[xo—x] 0(n), Pr——kf . R=2
one arrives at fully coupled third and second orders ordinary differential equations
(o206 =0y 2] |1 <[0-0)s o100 f09), T
y Py ' !
1
_ . 2 [ o (13)
Ha(sm /1)f Daf 0
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(H_RJH,,_3 ! Gt L G [ U3 ||
S T ee(oc,) oo, I &k ol )

(14)
and the boundary conditions as
f=0, f'=0, =1, when n=0 (15)

f'=0, =0, when n=ow

It should be noted that for a viscous fluid which does not have nanoparticles with
negligible radiation and magnetic field, embedded in a non-porous medium, the nanoparticle
volume fraction is zero i.e. ¢ = 0, Ha = R = 0, Da — wand [ — o then one recovers the

earlier models [2-15] from Eq. (13) and (14) which are

f"=(fY +0=0 (16)
0" —3Prf6 =0 (17)

and the boundary conditions remain the same as in Eq. (15)

3. METHOD OF SOLUTION: VARIATIONAL HOMOTOPY PERTURBATION
METHOD

As the name implies, variational homotopy perturbation method is based on variational
iteration and homotopy perturbation methods. In the algorithm of the variational homotopy
perturbation method, the correct functional is developed and the Lagrange multipliers are
calculated optimally via variational theory [108-111]. Finally, the homotopy perturbation is
implemented on the correct functional and the comparison of like powers of given solutions of
various orders are made. The developed algorithm takes full advantage of variational iteration
the homotopy perturbation methods. Therefore, in order to illustrate the basic concept of the
hybrid technique, we first consider the two methods that make up the hybrid method.

3. 1. Variational iteration method

In finding direct and practical solutions to the problem, variational iteration method is
applied to the simultaneous nonlinear equations. As pointed previously, the variational iteration
method is an approximate analytical method for solving differential equations [112-117].

The basic definitions of the method are as follows.

The differential equation to be solved can be written in the form

Lu+ Nu = g(x) (18)

-10-
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where L is a linear operator, NV is a nonlinear operator and g(x) is an inhomogeneous term in the
differential equation.
Following VIM procedure, we have a correction functional as

0 () =1, (0)+ [ A(E){Lu, (E)+ NT - _ )}dé (19)

Ais a general Lagrange multiplier, the subscript 7 is the nth approximation and i~ is a restricted
variation &1

3. 2. Homotopy perturbation method

The comparative advantages and the provision of acceptable analytical results with
convenient convergence and stability coupled with total analytic procedures of homotopy
perturbation method [118-125] compel us to consider the method for solving the system of
nonlinear differential equations in Eqgs. (14) and (15) with the the boundary conditions in Eq.

(16).

3. 2. 1. The basic idea of homotopy perturbation method

In order to establish the basic idea behind homotopy perturbation method, consider a
system of nonlinear differential equations given as

A(U)—f(r)zO, reql, (20)

with the boundary conditions

B(u,a—quQ rel, (21)
on

where A4 is a general differential operator, B is a boundary operator, f (r) a known analytical

function and I'is the boundary of the domain Q
The operator 4 can be divided into two parts, which are L and N, where L is a linear

operator, N is a non-linear operator. Eq. (20) can be therefore rewritten as follows
L(u)+N(u)—f(r)=0. (22)

By the homotopy technique, a homotopy U (r, p):Q2x[0,1] - R can be constructed,

which satisfies

H(U.p)=(1-p)[L(U)-L(U,)]+p[4(U)-1(r)]=0. pe[o1], (23)
H(U,p)=L(U)-L(U,)+ pL(U,)+ p[N(U)-f(r)]=0. (24)

-11-
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In the above Eqs. (23) and (24), p€[0,1] is an embedding parameter, u,is an initial

approximation of equation of Eq. (20), which satisfies the boundary conditions.
Also, from Egs. (23) and Eq. (24), we will have

H(U,0)=L(U)-L(U,)=0, (25)
H(U,0)=A4(U)- f(r)=0. (26)

The changing process of p from zero to unity is just that of U (r, p) from u, () to u(r)

. This is referred to homotopy in topology. Using the embedding parameter p as a small
parameter, the solution of Egs. (23) and Eq. (24) can be assumed to be written as a power
series in p as given in Eq. (27)

U=U, +pU,+pU,+.. (27)

It should be pointed out that of all the values of p between 0 and 1, p=1 produces the best
result. Therefore, setting p =1, results in the approximation solution of Eq. (19)

u=limU =U,+U, +U, +... (28)

p—1

The basic idea expressed above is a combination of homotopy and perturbation method.
Hence, the method is called homotopy perturbation method (HPM), which has eliminated the
limitations of the traditional perturbation methods. On the other hand, this technique can have
full advantages of the traditional perturbation techniques. The series Eq. (28) is convergent for
most cases.

4. APPLICATION OF THE VARIATIONAL HOMOTOPY PERTURBATION
METHOD TO THE PRESENT PROBLEM
The variational homotopy perturbation method is a combination of variational iteration
technique and the homotopy perturbation method. In order to convey its basic ideas, we
consider the following general differential equation
Lu+ Nu = g(x) (29)
where L is a linear operator, N is a nonlinear operator and g(x) is an inhomogeneous term in the

differential equation.
Following VIM procedure, we have a correction functional as

t,,(¥) =1, () + [ A(E){Lu, () + Ni' _ _ )}jdé (30)

-12-
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As pointed in the previous section, Ais a general Lagrange multiplier, the subscript # is
the nth approximation and i is a restricted variation 6i° , Now, we apply the homotopy
perturbation method

0 X 0 " o0 " ~ ) X
> ", (0) = uy () + p joz(é){Zﬁ 'Lu, &)+ p"NC, T [[4(&e©ds @D
n=0 n=0 n=0

The above procedure gives the variational homotopy perturbation method which is
formulated by variational iteration technique and the homotopy perturbation method. A
comparison of like powers of p gives the solutions of various orders.

Now, consider Eqgs. (13) and (14), the correction functional is given by

E”ljcpf: ~(1-9)" {(I_W(Z HE%
L) =L+ [l 2@ 7% {a-0)+0[(08), /(08), JJou (£)| 5
_Ha(Sin%)Z_f;_DLa%
(32)

1

) 4 \do, [(1_¢)+¢[('Dcp)s/(pcp).f]:| de,
Ora (1) =0, (1) + [, A1) [HERJ g’ N k,+(m-1)k, —(m-1)$(k, —k,) Prf"[déj o
X[ k+(m=1)k, +¢(k, —k,) }
(33)

Making the correction functional stationary, the Lagrange multipliers for Egs. (32) and
(33) can easily be identified

A(E)=—=(E-n), L(&)=(£-n). (34)

1
2

13-



World Scientific News 138(1) (2019) 1-64

Consequently,
A A
@EJ%” —(1-¢) {(l ¢)+¢(pfﬂ(d§J
1 ¢n 2
S =1, (=5 [ =y > 7 -[(1-9)+0[(08). /(08), ]]6.(£)] |7
—Ha(sinzi)%—L%
dé  Da dé
(35)
_ . _
~ ) 4 \d%0, Bl_@+¢UPCJw“pcﬁfﬂ o,
N G D= [k +(m= 1)k, ~(m =11, k) P 14
ko (m=1)k, + g (k, — k) ]
(36)
Now, applying the He polynomial-variational iteration method, we have
Caegl 2| ()
[ JZ f _(1-g)" {(1 ? ¢[P Hzp (de“j
> 1, ()=, n)=5 o], (£-n) ° Ja-ero[(om),J), IS 0.0 |94
PR - I & df,
—Ha(sm /1)20 d_§_D_a p)E
(37)
[ 1
S ) ol (e (14818 0 40, [O_¢)+¢{OX%)MKPC;L}} X0 ¢ [ 40
2,7"6,(n) ﬂﬁén)@ ﬁqu E b+ -k, ~(m—1)g{8, k) Py ftﬁ]dé
" ko +(m=1)k, +(k, —k, )

-14-

(38)
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After expansion of the above equations, we have

fot B P L p fy = £y ()= 2 (E-0)

0, +pb +p’6, +p’6, +.. —9

5]

()G
(- {(1 9)+ ¢[pﬂ(j;2

~[0-0)+ [é
—[Ha (mﬂz%ij{% df;

2
[1+4RJ d 920 +p
30 )\ de

df,

N
g

p 4z

s S

+pf &-n)y-3

{kx +
X

[u-¢)+¢“pcﬁd“pCJfﬂ

4, ﬁﬂf df3+..~j2
d§ aé aé¢ e
B), /(PB), ﬂ(eo +p0,+ 0, + p*0; +...)
24 5 dfs
dé dé: p E‘FP 7§+j
(39)
d291 2 dzez 3 d203 J
p 2P —— .
dé dé dé
1
dg

Pr
<m—1)kf—<m—1)¢<kf—ks)}

k+(m=1)k, +¢(k, —k,)

|:(f0 +pf P LD+ )[de

do,
Pae

2 46,

dg dg

Comparing the coefficient of like powers of p, we obtain

P’ fo(n)= (0;}7,

P f(n) :_(éj[(l—¢)+¢[(Pﬂ)s/(/0ﬂ)fﬂf73+(

+[§—£j<l—¢)z'5 {(1—¢)+¢(/’f Hn

'

-15-
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1 j (Ha(sinle)+Diajal
—|(1-¢)+

: 40
d¢
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;B 1+l [(1-8)+8[(om), /(o), |]

&

[Ha sin' 2) al —[(1—¢)+¢[(/ﬂﬂ)v /(0B), ﬂaz}
J(pB), ﬂ ;[Ha(smz/l)+Dijozl

a

2 NPT PR
L JU( o {““”)”[ﬂm‘“' oo o]

30
+é[Ha(sm l)+ij[( —¢)+¢[(pﬂ)A /(pﬁ)/ ﬂ
L (1-9) {(1—¢)+¢[:H[(l—mw[(pﬁx/(pﬂ)fﬂa]

+ 14140 [Ha (sin2 l)+i} {Ha (sinzl)-*-ij Q _[(1_¢)+¢[(pﬁ)x /(pﬂ)f ﬂ % }
1
[0-0)+4[(C,), floC,), ]
{k"' +(m=1)k, _(m_1)¢(kf -k )_ " 4

k

+(m=1)k, +¢(k, —k,)
1

q [1-9)+6[(0c,). /(0C,), ]]

k, +(m=1)k, —(m=1)¢(k, —k,) Pr
" k, +(m=1)k, +¢(k, —k,)

4

1
3

50:1

ey L0=a)+o[(em), (08), ]

P f(n)=

N | =

%(1 —4)” {(1 —¢)+¢[§; H {[Ha (sin2/1)+iJal —[(1 ~9)+6[(p8), /(0B), ﬂ a, }

1 7

3a

(1-9)+4|(rC,), /(rC,),
5 L0=059[(00), (om), JJ[ =01+ o[(o0). (o), ] [{ <[(> )}i(plc);(}J
- k

C+(m=1)k, +¢(k, —k, )

Pr

3 . .
el

In the same manner, the expressions for f3(7), f4(1), f5(n)... were found which are too large
expressions to be included in this paper.

Similarly,

P’ :6,(n)=1+a,n,
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1

-0r+9](ec),(0c,), ] (2 22)]

{k #(m=1)k, ~(m=1)g (K, —ks)}

k, +(m=1)k, +¢(kf _ks)

1

B1_¢)+¢[Qx;)MKpC;L}} {l[ﬁﬁijn3—[gfijﬁi

ks+(m—1)k,~—(m—1)¢(kf—ks) 302 4
x k, +(m=1)k, +(k, ~k,)

p’ 6, (n):[l+gRjPr

-5 o)+ [(o0), /100, ]| o
[ (1-9)+4[(08), /(08), ]| :[H"(anzﬂ)*DLj“l -|=0)+o[(o0) f(0o0), ﬂaz}

a
1

+ - [(1‘¢)+¢[(pcp )./(eC, )fﬂ [%jPr g

2 (1-0)+ [ (o8), /(08), ]| {k 1)k, —(m-1)(, —4 )02

k, +(m=1)k, +¢(k.f _k)

1

1 ((1-9)+0[(eC,), /(0C,), ] )

k, +(m=1)k, +¢(kf _ks)

+%[ (1-8)+ [ (08), (08), }[%](1 —¢)” {(1—¢)+¢[&H

Py

Also, the expressions for 63(n), 84(n), O5(n)... were found which are too large expressions
to be included in this paper.
From the definition, the solution could be written as

f(m)= 1)+ £ (m)+ fo (1) + ...

0(17)=6,(1)+6, () +6,(n)+ ...

Therefore, the series solutions are given by
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1
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(

+¢[(pcp)s/(pcp)fﬂ { 2 .
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X
k,+(m—1

—(m—l)¢(kf—ks)]
)k, +¢(kf _ks)
1

|La=er+of(ec,) f(0c,), ]
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.v+(m—1)k/ (m 1)¢(k ~k)
1 Th (m—1)k, +(k, —k,)

1

} -0+d[(ec,) (06, ]
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[soorfo-ondz)

|

S5
][ |

(- ¢)+¢[(pﬂ)s/(pﬂ),»ﬂ%}
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2
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(42)

While for viscous fluid where the volume fraction of the nanoparticle, thermal radiation
and magnetic parameters are set to zero i.e. p=R=Ha=0 and Da — coand y — oo.

P’ %(n){%)nz,

2 aPr « 6
: =-| L —+—L
Pt (n) ( 240 120}77

1) , a, | 4 0‘12 5
_ — —_ —_ + _ ,
[6)77 (24)77 [60 g

+ o0 Q,
630

oo, Pr a; 8
+ +| —— |5*,
120 )" (2016}7
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3 aa, oa,Pr o 1 7 a13 a,Pr % 8
: - n + +— | + + +
J2R A (77) ( 630 120 1680 840}7 [2016 3360 2016 g

N _a'pr +a12Pr+ aPr o) . o; 0, _ala, aa,Pr alPrla, )|
10080 8640 130240 30240 18144 7 14400 604800 40320

Pt a’Pr  a’Pr o’a.Pr oo, Pr
2 '0 — alaz 5 + al + 1 _ 2 6 + 1 2 + 1 2 7’
P :0,(1) g 20 120 60 )7 168 56 )"

Pr «a Pr? llea,Pr 4la,a, Pr?
3.9 _| & % 7| AT 1%, 8
P5 (77) 280 35 g 3360 2240 g

ala;Pr’  alPr oPr’ aaiPr) ,
+ + + -

360 6048 480 2160
N (afajPr N ala, Pr . a,a; Pr’ J o

7560 1120 1680

So, for the case when ¢ =R =Ha=0and Da — coand y — oo, the series solution is given

), (1Y, (), (&) s (aPr a ), (@, aa,Pr o 1 7
== =7+ =+ 2 - +—n°+ + + +—
S () (2]’7 (6)'7 [24}7 (60]77 [240 120)7 "630 * 120 1680 840"

[ a; Lalr e Jn8+(_afPr2+afPr+ aPr o . a; J 5, (43)

+
2016 3360 2016 10080 8640 130240 30240 18144
B ala, B ala, Pr B alPria, | .
14400 604800 40320

a,a, Pr a,o, Pr a,a alPr’ alPr oa’Pr
On)=1+an’ +| 22—\’ +| 22— n* | =2 |’ +| v+ L1 — -2 6
() 7 ( 2 J” ( 4 j” 10 )7 20 120 60 )7

oo, Pr o’Prla, oPr oPr) Uaa,Pr 4la,a,Pr’ ) (44)
+ + - + +| - + +
168 56 280 35 3360 2240

2.2 2 2 3 3 2 3.3 2 2 3 3
(alazPr +a1Pr+a1Pr _alazPrj 9+[ala2Pr+ala2Pr +a2a1Prj 10

360 6048 480 2160 7560 1120 1680
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5. THE BASIC CONCEPT AND THE PROCEDURE OF PADE APPROXIMANT

The limitation of power series methods to a small domain have been overcome by after-
treatment techniques. These techniques increase the radius of convergence and also, accelerate
the rate of convergence of a given series. Among the so-called after treatment techniques, Padé
approximant technique has been widely applied in developing accurate analytical solutions to
nonlinear problems of large or unbounded domain problems of infinite boundary conditions
[73]. The Padé-approximant technique manipulates a polynomial approximation into a rational
function of polynomials. Such a manipulation gives more information about the mathematical
behaviour of the solution. The basic procedures are as follows.

Suppose that a function f'(77)1s represented by a power series.

fm=Yen 45)

This expression is the fundamental point of any analysis using Pad¢ approximant. The
notation ¢;,i =0,1,2,...1s reserved for the given set of coefficient and f(77)is the associated

function. [L/M] Padé¢ approximant is a rational function defined as

~ _a,tan+an’+..+an"
ibﬂi by +bn+bmn’ +...+b,n"

(46)

which has a Maclaurin expansion, agrees with Eq. (45) as far as possible. It is noticed that in
Eq. (46), there are L+ numerator and M+/ denominator coefficients. So, there are L+/
independent number of numerator coefficients, making L+M+/ unknown coefficients in all.
This number suggest that normally (L/M) out of fit the power series Eq. (45) through the orders

L7,17°,...1

L+M

In the notation of formal power series

o0 2 L
i Gytant+an +..tan L+M+1)
¢ = +0(n (47)
;‘ by +bn+bn’ +..+b,n"

which gives
(by +bn+b17 +...+b, 1" e, +ep+ep’ +..)=a, +an+an’ +..+a,n" +O@n"M (48)

2

Expanding the LHS and equating the coefficients of n"*',7"**,....,n""" we get

DyiCrnin t Dy 1€ prr Thy €y +et b, +bic, +Dyc =0
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briCLsrir ¥ Dy 1€ ris ¥ by 5CL ppia Tt by, + e by, =0

DyiCronivs ¥ 0y 1Conia t Dy 2CL ppis Tt by bie, B, =0

byc,+by ¢y +by sc o+t be o +hcy +bc =0 (49)

If i <0,c, =0 for consistency. Since b, =1, Eqn. (49) becomes a set of M linear equations
for M unknown denominator coefficients

Croma Cr-ms2 Cr-mez 77 _ by, Cr

Croms2 Cr-msz Cr_pea 7" . by Crio

Crmezs Crmes Crmea o by 5 | == CLis (50)
9% Cra Croo 77 1}( b, J LCL-#MJ

From the above Eq. (50), b, may be found. The numerator coefficient a,,q,,q,,...,a,

follow immediately from Eq. (51) by equating the coefficient of 1,7,7%,...,n"*" such that

a, =c,

a, =c¢, +bc,

a, =c,+bc, +b,c,

a, =c;+bc, +b,c,+bic,

a, =c, +bc, +b,c, +bic, +b,c,

as =cs+bc, +b,c, +b,c, +b,c, +bic, (51)

a, =cs +bcs+by,c, +bic; +b,c, +bic, + b,

min[L/M ]
a, =c, + Z bc,
i=1

The Eq. (51) and Eq. (52) normally determine the Pade numerator and denominator and
are called Padé equations. The [L/M] Pade approximant is constructed which agrees with the
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L+M

equation in the power series through the order " . To obtain a diagonal Padé approximant

of order [L/M], the symbolic calculus software Maple is used.

It should be noted as mentioned previously that A and Q in the solutions are unknown
constants. In order to compute their values for extended large domains solutions, the power
series as presented in Egs. (41) and (41) are converted to rational functions using [10/10] Pade
approximation through the software Maple and then, the infinite boundary conditions i.e.
n—wo, f'=0, @=0areapplied. The resulting simultaneous equations are solved to obtain

the values of A and Q for the respective values of the physical and thermal properties of the
nanofluids under considerations.

6. FLOW AND HEAT TRANSFER PARAMETERS

In addition to the determination of the velocity and temperature distributions, it is often
desirable to compute other physically important quantities (such as shear stress, drag, heat
transfer rate and heat transfer coefficient) associated with the free convection flow and heat
transfer problem. Consequently, two parameters, a flow parameter and a heat transfer
parameter, are computed.

6. 1. Fluid flow parameter

Skin friction coefficient

Lo, (6%}
r, "f&\yyzo B nf 877 ay o
cf - 2 2 2 (52)
przfu pnfu pnfu
After the dimensionless exercise,
¢, (Re, )1/2 = / (02)3
(1-¢)
n O)
c,(Re, VZ#:}”’ 0 L
f( ) (4er3)1/4 (Vﬂ) ( )(1_¢)25
6. 2. Heat transfer parameter
Heat transfer coefficient
k 1/4
h =——2" o) . —knfe'(o)l(l erj (53)
T —-T \ oy =0 x\ 4

The local Nusselt number is
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(54)

6'(0
where ¢(Pr)=— ( )is a function of Prandtl number. The dependence of ¢on the Prandtl

V2
number is evidenced by Eq. (54). It could also be shown that
k k. +(m-1)k,—(m-1)plk, -k
Nuxl/z - _ nf 0/(0):_ s (m ) f (m )¢( f ‘V) 0!(0)
(Re,) k, k,+(m=1)k, +p(k, k)

where Re_ and Gr, are the local Reynold and Grashof numbers defined as:

ux

Re. =— and Gr, =

an

7. RESULTS AND DISCUSSION

gB(T,-T,)x

(55)

Table 4-6 presents the values of the unknown parameters ¢, = £ (0) and o, = 6'(0) for

different values of the models controlling parameters. Using the converged values of the
unknown parameters, the solutions of DTM with [10/10] Padé approximation is presented in

this section.

Table 4. Numerical values for e, = /”(0) at ¢$=0, Ha=R=0, Da — ocand y — 0

Pr [4,4] [5,5] [6,6] o,
0.001 1.1155529418 1.1272760416 1.1252849854 1.1231381347
0.01 1.0631737963 1.0741895683 1.0638385351 1.0633808585
0.1 0.9128082210 0.9238226280 0.9242158493 0.9240830397
1 0.6941230861 0.6929598014 0.6932195158 0.6932116298
10 0.4511240728 0.4502429544 0.4476712316 0.4471165250
100 0.2679197151 0.2681474363 0.2641295627 0.2645235434
1000 0.2204061432 0.1524783266 0.1500456755 0.1512901971
10000 0.0858587180 0.0858519249 0.0844775473 0.0855408524
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Table 5. Numerical values for o, =8'(0)at $=0, Ha=R=0, Da —> ooand y — oo

Pr [4.,4] [5,5] [6,6] a,
0.001 -0.0371141028 -0.0415417739 -0.0436188230 -0.0468074648
0.01 -0.1274922800 -0.1221616907 -0.1351353865 -0.1357607439
0.1 -0.3621215470 -0.3505589981 -0.3499273453 -0.3500596733
1 -0.7694165843 -0.7695971295 -0.7698955992 -0.7698611967
10 -1.5028543431 -1.5007437650 -1.4985484075 -1.4970992078
100 -2.7627624234 -2.7637067330 -2.7445541894 -2.7468855016
1000 -5.7787858408 -4.9468469883 -4.9104728566 -4.9349476252
10000 -8.8057265644 -8.8032691004 -8.7384279086 -8.8044492660

Table 6. Converged numerical values fore, = f"(0) and o, =6'(0)at ¢ =0, Ha =R = 0,
Da — woand y — oo

Pr a, = f"(0) a, =6'(0)
0.001 1.1231381347 -0.0468074648
0.01 1.0633808585 -0.1357607439
0.1 0.9240830397 -0.3500596733
1 0.6932116298 -0.7698611967
10 0.4471165250 -1.4970992078
100 0.2645235434 -2.7468855016
1000 0.1512901971 -4.9349476252
10000 0.0855408524 -8.8044492660

Table 7. Comparison of results for Comparison of results of f ”(77) and (9'(77) at different

Prandtl numbers.

Kuo [51] Na and Hibb [12] Present study
pr f"(0) 6(0) /"(0) ¢(0) /"(0) ¢(0)
0.72 0.6760 -0.5046 0.6760 -0.5046 0.6760 -0.5046
0.60 0.6947 -0.4721 0.6946 -0.4725 0.6947 -0.4721
0.50 0.7132 -0.4411 0.7131 -0.4420 0.7132 -0.4411
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0.40
0.30
0.20
0.10
0.06
0.04
0.01
1.00
1.10
1.20
1.30
1.40
1.50
1.60
1.70
1.80
1.90
2.00
2.00
3.00
4.00
5.00
6.00
7.00
8.00
9.00
10.00

0.7356
0.7636
0.8015
0.8600
0.8974
0.9233
0.9845
0.6421
0.6323
0.6233
0.6151
0.6075
0.6005
0.5939
0.5877
0.5819
0.5764
0.5712
0.5712
0.5308
0.5029
0.4817
0.4648
0.4507
0.4387
0.4283
0.4191
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-0.4053
-0.3623
-0.3078
-0.2298
-0.1834
-0.1526
-0.0832
-0.5671
-0.5862
-0.6040
-0.6208
-0.6365
-0.6515
-0.6656
-0.6792
-0.6921
-0.7045
-0.7164
-0.7164
-0.8154
-0.8914
-0.9539
-1.0073
-1.0542
-1.0961
-1.1342
-1.1692

0.7354
0.7633
0.8009
0.8590
0.8961
0.9221
0.9887

0.6421
0.6323
0.6234
0.6152
0.6076
0.6006
0.5940
0.5879
0.5821
0.5767
0.5715
0.5713
0.5312
0.5036
0.4827
0.4660
0.4522
0.4405
0.4304
0.4215

-0.4066
-0.3641
-0.3101
-0.2326
-0.1864
-0.1556
-0.0817
-0.5671
-0.5860
-0.6036
-0.6202
-0.6358
-0.6506
-0.6646
-0.6780
-0.6908
-0.7031
-0.7149
-0.7165
-0.8145
-0.8898
-0.9517
-1.0047
-1.0512
-1.0930
-1.1309
-1.1658

0.7356
0.7636
0.8015
0.8600
0.8974
0.9233
0.9885
0.6421
0.6323
0.6233
0.6151
0.6075
0.6005
0.5939
0.5877
0.5819
0.5764
0.5712
0.5712
0.5308
0.5029
0.4817
0.4648
0.4507
0.4387
0.4283
0.4191

-0.4053
-0.3623
-0.3078
-0.2298
-0.1834
-0.1526
-0.0832
-0.5671
-0.5862
-0.6040
-0.6208
-0.6365
-0.6515
-0.6656
-0.6792
-0.6921
-0.7045
-0.7164

-0.7164
-0.8154
-0.8914
-0.9539
-1.0073
-1.0542
-1.0961
-1.1342
-1.1692

Table 8. Comparison of results for Comparison of results of f "(77) at different

Prandtl number.

£(0)

Pr Kuiken [73] Mosta [17] Present study
0.001 1.12313813 1.12313813 1.12313813
0.01 1.06338086 1.06338086 1.06338086
0.1 0.92408304 0.92408304 0.92408304

1 0.69321163 0.69321163 0.69321163
10 0.44711652 0.44711652 0.44711652
100 0.26452354 0.26452354 0.26452354
1000 0.15129020 0.15129020 0.15129020
10000 0.08554085 0.08554085 0.08554085
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Table 9. Comparison of results for Comparison of results of f”(77) at different

Prandtl number.

—0'(0)
Pr Kuiken [73] Mosta et al. [17] Mosta et al. [17] Present study
0.001 0.04680746 0.04680746 0.04680746 0.04680746
0.01 0.13576074 0.13576074 0.13576074 0.13576074
0.1 0.35005967 0.35005967 0.35005967 0.35005967
1 0.76986120 0.76986120 0.76986119 0.76986120
10 1.49709921 1.49709921 1.49709921 1.49709921
100 2.74688550 2.74688550 2.74688549 2.74688550
1000 4.93494763 4.93494763 4.93494756 4.93494763
10000 8.80444927 8.80444927 8.80444960 8.80444960

Tables 7-9 present various comparisons of results of the present study and the past works
for viscous fluid i.e. when the volume fraction of the nanoparticle, thermal radiation and
magnetic parameters are set to zero i.e. ¢ = R = Ha = 0 and Da — coand y — oo. It could be

seen from the Tables that there are excellent agreements between the past results and the present
study. Moreover, the Tables present the effects of Prandtl number on the flow and heat transfer
processes.

Although, the nonlinear partial differential equations in Mosta et al. [17] are the same in
all aspects to the present problems under investigation, there are slight differences between the
transformed nonlinear ordinary differential equations in Mosta et al. [17] of Eq. (7) and
developed Eq. (16) and (17) to this present study (where the volume-fraction of the
nanoparticle, radiation and Casson parameters are set to zero) due to the differences in the
adopted similarity variables. It is shown that using the VHPM-Padé approximant as applied in
this work to the transformed nonlinear ordinary differential equations in Mosta et al. [17],
excellent agreements are recorded between the results of the present study and that of Mosta et
al. [17] and Kuiken [73] as shown in Tables 8 and 9.

The variations of nanoparticle volume fraction with dynamic viscosity and thermal
conductivity ratios of Copper (II) Oxide-water nanofluid are shown in Fig 2 and 3, respectively.
Also, Fig. 3 show the effects of nanoparticle shape on thermal conductivity ratio. It is depicted
in the figure that the thermal conductivity of nanofluid varies linearly and increases with
increase in nanoparticle volume fraction.

It is also observed that the suspensions of particles with high shape factor or low
sphericity have higher thermal conductivity ratio of the nanofluid. With spherical shape
nanoparticle have the lowest thermal conductivity ratio and lamina shape nanoparticle have the
highest thermal conductivity ratio.
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Fig. 2. Variation of nanofluid dynamic viscosity ratio with nanoparticle volume fraction
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Fig. 3. Effects of nanoparticle shape on thermal conductivity ratio of nanofluid
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The effects of the flow and heat transfer controlling parameters on the velocity and
temperature distributions are shown in Figs. 4—17 for different shapes, type and volume-fraction
of nanoparticles at Prandtl number of 0.01-1000.

7. 1. Effect of magnetic field inclination on the Casson nanofluid velocity and temperature
distributions

Effect of inclination angle of the magnetic field on velocity profiles is shown in Fig. 4. It
is evident that increasing in inclination angle of the magnetic field causes the decrease of fluid
flow velocity. Also, it is established that the momentum boundary layer is thickened for the
increasing values of the inclination angle of the magnetic field. As it is seen from Fig. 4, the
magnetic field effect is minimum when the angle of inclination of the magnetic field, A = 0 and
it is maximum when A = 1t/2. Going back to Eq. (2), it could be seen that the angle of inclination,
A appears in the magnetic field term (as sin 1) of the momentum equation. Therefore, the flow
velocity of the fluid attains minimum value when the plate inclination, A =0 and the fluid
velocity reaches maximum value when the plate inclination, A = 7/2). Rising the inclined angle
strengthens the applied magnetic field, this leads to increase the drag or Lorentz force. We
conclude that decrease in inclination angle of the magnetic field, reduces the magnetic field
effect. And when A = n/2, the inclined magnetic field acts like transverse magnetic field. It is
observed that decrease in inclination angle shows slight increase in temperature profiles.

Therefore, it could be extended that increasing magnetic field inclination parameter tends
to decrease the fluid velocity and increase fluid temperature within the boundary layer,
consequently, the skin friction factor in terms of shear stress and heat transfer rate in terms of
Nusselt number are decreased.
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Fig. 4a. Effects of inclination angle on the velocity profile
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Fig. 4b. Effects of inclination angle on temperature profile

7. 2. Effect of magnetic field on Casson nanofluid velocity and temperature distributions

The influence of magnetic parameter on the flow velocity and the temperature of the fluid
are shown in Figures 5a and 5b, respectively. It is inferred from the figures that the velocity of
the fluid and the temperature gradient of the flow decrease as the magnetic field increases. As
magnetic parameter increases, the velocity distribution decreases due to the Lorentz force as a
result of the presence of magnetic field which slows fluid motion at boundary layer on the
plates. Also, it is established that the momentum boundary layer is thickened for the increasing
values of the magnetic term. Increasing magnetic field parameter tends to decrease the fluid
velocity and increase fluid temperature within the boundary layer, consequently, the skin
friction factor in terms of shear stress and heat transfer rate in terms of Nusselt number are
decreased. The skin friction and heat transfer factor are reduced with increasing of magnetic
field parameter. The physics behind it’s that the applied magnetic force works against the fluid
flow and also reduces the temperature difference between the plate and ambient fluid. It is clear
that the temperature profiles increase with the increasing values of magnetic field parameter.
This is because, interaction of magnetic field with flowing fluid particles produces heat in the
fluid region and creates a hot fluid layer within the boundary layer. It should be noted that the
velocity profiles increase with decrease of magnetic field M, at lower values of the magnetic
field parameter, velocity profiles attain its maximum values near the plate. And at higher values
of the magnetic field parameter, velocity decreases rapidly to the minimum values. This is due
to the fact that the application of magnetic field to an electrically conducting fluid gives rise to
a resistive force called Lorentz force which retards the flow of fluid.
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7. 3. Effect of flow medium porosity on Casson nanofluid velocity and temperature

distributions
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Fig. 6b. Effects of flow medium porosity on temperature profile
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Fig. 6 depict the effects of Darcy number on the flow velocity and temperature
distributions which by extension shows the influence of flow medium porosity on the flow
velocity and temperature distributions. It is inferred from the figures that the flow velocity of
the fluid decrease as the porosity parameter increases. Also, it is clear that the velocity profiles
attain maximum value near the plate at low value of the porosity. It is shown that the
temperature distribution in the flow increases as the Darcy number increases.

7. 4. Effect of Casson parameter on Casson nanofluid velocity and temperature
distributions

Figs. 7a and 7b depicts the effects of Casson parameter on velocity and temperature
profiles Casson nanofluid, respectively. It is obvious from the figure that Casson the parameter
has influence on axial velocity. From Fig. 7a, the magnitude of velocity near the plate for
Casson nanofluid parameter decreases for increasing value of the Casson parameter, while
temperature increases for increase in Casson fluid parameter as shown in Fig. 7b. Physically,
increasing values of Casson parameter develop the viscous forces. These forces have a tendency
to decline the thermal boundary layer.
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Fig. 7a. Effects of Casson parameter on the velocity profile of the Casson nanofluid
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Fig. 7b. Effects of Casson parameter on temperature profile of the Casson nanofluid

7. 5. Effect of thermal radiation parameter on Casson nanofluid velocity and temperature
distributions

It is depicted that both viscous and thermal boundary layers increase with the increase of
radiation parameter, R. Fig. 8a depicts the effect of thermal radiation parameter on the velocity
profiles. From the figure, it is shown that increase in radiation parameter causes the velocity of
the fluid to increase. This is because as the radiation parameter is augmented, the absorption of
radiated heat from the heated plate releases more heat energy released to the fluid and the
resulting temperature increases the buoyancy forces in the boundary layer which also increases
the fluid motion and the momentum boundary layer thickness accelerates. This is expected,
because the considered radiation effect within the boundary layer increases the motion of the
fluid which increases the surface frictions. The maximum velocity for all values of R is at the
approximated value of n = 0.5. Therefore, it can be concluded that the inner viscous layer does
not increase for variation of radiation parameter. Only the outer layer thickness has a great
influence of thermal radiation, R. Although, the velocity gradient at the surface increase with
the increase in radiation parameter, a reverse case has been established in literature when water
is used as the fluid under the study of the flow of viscous fluid over a flat surface.

Using a constant value of the Prandtl number, the influence of radiation parameter on the
temperature field is displayed in Fig. 8b. Increase in the radiation parameter contributes in
general to increase in the temperature.
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Fig. 8b. Effects of radiation parameter on temperature profile of the Casson nanofluid
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This is because, as the thermal radiation increases, the absorption of radiated heat from
the heated plate releases heat energy released to the fluid the thermal boundary layer of fluid
increases as the temperature near the boundary is enhanced.

This shows that influence of radiation is more effective when high temperature is required
for the desired thickness of end product. It is observed that the effect of the radiation parameter
is not significant as we move away from the boundary. Also, it is observed that as the
temperature of the fluid increases for increasing thermal radiation, the temperature difference
between the plate and the ambient fluid reduces which turns to decrease the heat transfer rate
in flow region.

7. 6. Effect of nanoparticle volume fraction on Casson nanofluid velocity and temperature
distributions for different values of Prandtl number

Figs. 9-12 show the effects nanoparticle concentration/volume fraction and Prandtl
number on velocity and temperature profiles Copper(Il) Oxide-water Casson nanofluid. It is
indicated in the Figures that as the volume-fraction or concentration of the nanoparticle in the
nanofluid increases, the velocity decreases. However, an opposite trend or behaviour in the
temperature profile is observed i.e. the nanofluid temperature increases as the volume-fraction
of the nanoparticles in the base fluid increases. This is because, the solid volume fraction has
significant impacts on the thermal conductivity. The increased volume fraction of nanoparticles
in the base fluid results in higher thermal conductivity of the base fluid which increases the heat
enhancement capacity of the base fluid.

Also, one of the possible reasons for the enhancement on heat transfer of nanofluids can
be explained by the high concentration of nanoparticles in the thermal boundary layer at the
wall side through the migration of nanoparticles. It should also be stated that the thickness of
thermal boundary layer rises with increasing the values of nanoparticle volume fraction. This
consequently reduces the velocity of the nanofluid as the shear stress and skin friction are
increased.

The figures also show the effects of Prandtl number (Pr) on the velocity and temperature
profiles. It is indicated that the velocity of the nanofluid decreases as the Pr increases but the
temperature of the nanofluid increases as the Pr increases. This is because the nanofluid with
higher Prandtl number has a relatively low thermal conductivity, which reduces conduction,
and thereby reduces the thermal boundary-layer thickness, and as a consequence, increases the
heat transfer rate at the surface.

For the case of the fluid velocity that decreases with the increase of Pr, the reason is that
fluid of the higher Prandtl number means more viscous fluid, which increases the boundary-
layer thickness and thus, reduces the shear stress and consequently, retards the flow of the
nanofluid. Also, it can be seen that the velocity distribution for small value of Prandtl number
consist of two distinct regions. A thin region near the wall of the plate where there are large
velocity gradients due to viscous effects and a region where the velocity gradients are small
compared with those near the wall. In the later region, the viscous effects are negligible and the
flow of fluid in the region can be considered to be inviscid. Also, such region tends to create
uniform accelerated flow at the surface of the plate.

-36-



World Scientific News 138(1) (2019) 1-64

£ L L L L L L |8
0.7 —*—Pr=1000
Pr=100

f'y)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
n

Fig. 9a. Effects of Prandtl number on the velocity profile when ¢ = 0.020
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Fig. 9b. Effects of Prandtl number on temperature profile when ¢ = 0.020
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Fig. 10b. Effects of Prandtl number on temperature profile when ¢ = 0.040
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Fig. 11a. Effects of Prandtl number on the velocity profile when ¢ = 0.060
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Fig. 11b. Effects of Prandtl number on temperature profile when ¢ = 0.060
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Fig. 12b. Effects of Prandtl number on temperature profile when ¢ = 0.080
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The use of nanoparticles in the fluids exhibited better properties relating to the heat
transfer of fluid than heat transfer enhancement through the use of suspended millimeter- or
micrometer-sized particles which potentially cause some severe problems, such as abrasion,
clogging, high pressure drop, and sedimentation of particles. The very low concentrations
applications and nanometer sizes properties of nanoparticles in the base fluid prevent the
sedimentation in the flow that may clog the channel. It should be added that the theoretical
prediction of enhanced thermal conductivity of the base fluid and prevention of clogging,
abrasion, high pressure drop and sedimentation through the addition of nanoparticles in the base
fluid have been supported with experimental evidences in literature.

7. 7. Effect of nanoparticle shape on Casson nanofluid velocity and temperature
distributions for different values of Prandtl number

It has observed experimentally that the nanoparticle shape has significant impacts on the
thermal conductivity. Therefore, the effects of nanoparticle shape at different values of Prandtl
number on velocity and temperature profiles of Copper(Il) Oxide-water nanofluid are shown in
Fig. 13-18. It is indicated that the maximum decrease in velocity and maximum increase in
temperature are caused by lamina, platelets, cylinder, bricks and sphere, respectively. It is
observed that lamina shaped nanoparticle carries maximum velocity whereas spherical shaped
nanoparticle has better enhancement on heat transfer than other nanoparticle shapes.
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Fig. 13a. Effect of nanoparticle shape on velocity distribution of the nanofluid
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Fig. 15a. Effects of Prandtl number on velocity profile for brick shape nanoparticle
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Fig. 16a. Effects of Prandtl number on velocity profile for cylindrical shape nanoparticle
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Fig. 17a. Effects of Prandtl number on velocity profile for platelet shape nanoparticle
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Fig. 18a. Effects of Prandtl number on velocity profile for lamina shape nanoparticle
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Fig. 18b. Effects of Prandtl number on temperature profile for lamina shape nanoparticle

In fact, it is in accordance with the physical expectation since it is well known that the
lamina nanoparticle has greater shape factor than other nanoparticles of different shapes,
therefore, the lamina nanoparticle comparatively gains maximum temperature than others. The
decrease in velocity is highest in spherical nanoparticles as compared with other shapes. The
enhancement observed at lower volume fractions for non-spherical particles is attributed to the
percolation chain formation, which perturbs the boundary layer and thereby increases the local
Nusselt number values.

It is evident from this study that proper choice of nanoparticles will be helpful in
controlling velocity and heat transfer. It is also observed that irreversibility process can be
reduced by using nanoparticles, especially the spherical particles. This can potentially result in
higher enhancement in the thermal conductivity of a nanofluid containing elongated particles
compared to the one containing spherical nanoparticle, as exhibited by the experimental data in
the literature. Also, the figure shows that the thickness of this boundary-layer decreases with
increase in the Prandtl number implying a slow rate of thermal diffusion as a result of the
inhibiting influence of the viscous forces. It should be noted that higher values of Prandtl
number leads to faster cooling of the plane sheet. These results will enhance the understanding
of free-convective boundary-layer problem especially in glass-fiber production process.

7. 8. Effect of type of nanoparticle on Casson nanofluid velocity and temperature
distribution for different values of Prandtl number

The variations of the velocity and temperature profiles against n for various types of
nanoparticles (TiO2, CuO, Al2O; and SWCNTs) are shown in Fig. 19-22.
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Fig. 19b. Effects of Prandtl number on temperature profile for TiO2 nanoparticle

48-



World Scientific News 138(1) (2019) 1-64

0.7 ——Pr=1000
Pr=100
06 - —*—Pr=10
Pr=2
——Pr=1
0.5 —* Pr=0.72
——Pr=0.01
0.4r

o)

{ ' T 5
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
n

Fig. 20a. Effects of Prandtl number on velocity profile for CuO nanoparticle.
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Fig. 20b. Effects of Prandtl number on temperature profile for CuO nanoparticle.
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Fig. 21b. Effects of Prandtl number on temperature profile for Al>O3 nanoparticle
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Fig. 22a. Effects of Prandtl number on velocity profile for SWCNTSs nanoparticle
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Fig. 22b. Effects of Prandtl number on temperature profile for SWCNTSs nanoparticle
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Using a common base fluid for all the nanoparticle types, it is observed that the maximum
decrease in velocity and maximum increase in temperature are caused by TiO2, CuO, Al,O3 and
SWCNTs, respectively. It is observed that SWCNTSs nanoparticle carries maximum decreases
velocity but has better enhancement on heat transfer than other nanoparticle shapes. In
accordance with the physical expectation well, the SWCNTSs nanoparticle has higher thermal
conductivity than other types of nanoparticles, therefore, the SWCNTs nanoparticle
comparatively gains maximum temperature than others. The increased thermal conductivity of
the base fluid due to the use of nanoparticle of higher thermal conductivity increases the heat
enhancement capacity of the base fluid.

Also, it is observed that the velocity decreases are maximum in SWCNTs nanoparticles
when compared with other type of nanoparticles. This is because, the solid thermal conductivity
has significant impacts on the momentum boundary layer of the nanofluid. The thickness of the
momentum boundary layer increases with the increase in thermal conductivity. It is observed
that the thickness of the thermal boundary layer enhances in presence of higher thermal
conductivity nanoparticle. Therefore, the sensitivity of the boundary layer thickness to the type
of nanoparticle is correlated to the value of the thermal conductivity of the nanoparticle used
which consequently leads to enhancement of thermal conductivity of the nanofluid.

7. 9. Effect of thermal radiation parameter on Casson nanofluid velocity and temperature
distributions

It is depicted that both viscous and thermal boundary layers increase with the increase of
radiation parameter, R. Fig. 23a depicts the effect of thermal radiation parameter on the velocity
profiles. From the figure, it is shown that increase in radiation parameter causes the velocity of
the fluid to increase. This is because as the radiation parameter is augmented, the absorption of
radiated heat from the heated plate releases more heat energy released to the fluid and the
resulting temperature increases the buoyancy forces in the boundary layer which also increases
the fluid motion and the momentum boundary layer thickness accelerates. This is expected,
because the considered radiation effect within the boundary layer increases the motion of the
fluid which increases the surface frictions. The maximum velocity for all values of R is at the
approximated value of = 0.5.

Therefore, it can be concluded that the inner viscous layer does not increase for variation
of radiation parameter. Only the outer layer thickness has a great influence of thermal radiation,
R. Although, the velocity gradient at the surface increase with the increase in radiation
parameter, a reverse case has been established in literature when water is used as the fluid under
the study of the flow of viscous fluid over a flat surface. Using a constant value of the Prandtl
number, the influence of radiation parameter on the temperature field is displayed in Fig. 23b.
Increase in the radiation parameter contributes in general to increase in the temperature. This is
because, as the thermal radiation increases, the absorption of radiated heat from the heated plate
releases heat energy released to the fluid the thermal boundary layer of fluid increases as the
temperature near the boundary is enhanced. This shows that influence of radiation is more
effective when high temperature is required for the desired thickness of end product. It is
observed that the effect of the radiation parameter is not significant as we move away from the
boundary. Also, it is observed that as the temperature of the fluid increases for increasing
thermal radiation, the temperature difference between the plate and the ambient fluid reduces
which turns to decrease the heat transfer rate in flow region.
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Fig. 23b. Effects of radiation parameter on temperature profile of the Casson nanofluid
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This is because the radiation effect within the boundary layer increases the motion of the
fluid which increases the surface frictions. As the temperature of the fluid increases for
increasing R, consequently, the temperature difference between the plate and the ambient fluid
reduces which turns to decrease the heat transfer rate in flow region.

8. CONCLUSIONS

In this work, the influences of inclined magnetic field, flow medium porosity and thermal
radiation on free convection flow and heat transfer of Casson nanofluids over a vertical plate
have been analyzed using He variational homotopy perturbation method with Padé approximant
technique. The accuracies of the developed analytical solutions were verified with the results
generated by some other methods as presented in the past works. The developed analytical
solutions were used to investigate the effects of Casson parameter, thermal radiation parameter,
Prandtl number, nanoparticles size and shapes on the flow and heat transfer behaviour of
various Casson nanofluids. From the parametric studies, the following observations were
established.

1. Increase in magnetic field inclination parameter tends to decrease the fluid velocity
and increase fluid temperature within the boundary layer, consequently, the skin
friction factor in terms of shear stress and heat transfer rate in terms of Nusselt
number are decreased.

il. The velocity of the fluid and the temperature gradient of the flow decrease as the
magnetic field increases. Also, the temperature profiles increase with the increasing
values of magnetic field parameter. The flow velocity of the fluid decrease as the
porosity parameter increases.

1il. The magnitude of velocity near the plate for the Casson nanofluid parameter
decreases for increasing value of the Casson parameter, while temperature increases
for increase in Casson fluid parameter.

1v. Both the velocity and temperature of the nanofluid as well viscous and thermal
boundary layers increase with increase in the radiation parameter.

v. The velocity of the nanofluid decreases as the Prandtl number increases but the
temperature of the nanofluid increases as the Prandtl number increases.

vi. The velocity of the nanofluid decreases as the volume-fraction or concentration of

the nanoparticle in the base fluid increases. However, an opposite trend or behaviour
in the temperature profile was observed which showed that as the nanofluid
temperature increases as the volume-fraction of the nanoparticles in the base fluid
increases.

vii.  The lamina shaped nanoparticle carries maximum velocity whereas spherical shaped
nanoparticle has better enhancement on heat transfer than other nanoparticle shapes.
The maximum decrease in velocity and maximum increase in temperature are
caused by lamina shaped nanoparticle and followed by platelets, cylinder, bricks
and sphere shaped nanoparticles, respectively.

viii.  Using a common base fluid to all the nanoparticle types considered in this work, it
was observed that SWCNTSs nanoparticle carries maximum decrease in velocity but
has better enhancement on heat transfer than other nanoparticle shapes. Also, it was
observed that that the maximum decrease in velocity and maximum increase in
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temperature are caused by TiO» and followed by CuO, Al,O3; and SWCNTs

nanoparticles, in that order.

The present study reveals and exposes the predominant factors affecting the boundary
layer of free convection flow and heat transfer of Casson nanofluids. Moreover, the high level
of accuracy and versatility of differential transformation method-Padé approximate technique
have been demonstrated. It is hoped that the present study will enhance the understanding as it
provides physical insights into the free convection boundary-layer problems of Casson

nanofluid under various parameters.

Nomenclature

'~<><‘<<§’;USESWWQ?

Electric field intensity

specific heat capacity

thermal conductivity

the absorption coefficient, permeability
shape factor

pressure

yield stress of the fluid.

Prandtl number

velocity component in x-direction
velocity component in z-direction
axis perpendicular to plates

axis along the horizontal direction
axis along the vertical direction

Symbols

B volumetric extension coefficients

TS >IN

density of the fluid

dynamic viscosity

similarity variable
Casson parameter

sphericity, angle of inclination

volume fraction or concentration of the nanofluid
Dimensionless temperature

shear stress,

Casson yield stress,

dynamic viscosity,

shear rate, Electric field intensity

the (i,j)th component of the deformation rate,

product of the component of deformation rate with itself
critical value of this product based on the non-Newtonian model,
plastic dynamic viscosity of the non-Newtonian fluid
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Subscript

f fluid
s solid
nf nanofluid
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