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I provide a pedagogical introduction to supersymmetry. The level of discussion is
aimed at readers who are familiar with the Standard Model and quantum field the-
ory, but who have had little or no prior exposure to supersymmetry. Topics covered
include: motivations for supersymmetry, the construction of supersymmetric La-
grangians, superspace and superfields, soft supersymmetry-breaking interactions,
the Minimal Supersymmetric Standard Model (MSSM), R-parity and its conse-
quences, the origins of supersymmetry breaking, the mass spectrum of the MSSM,
decays of supersymmetric particles, experimental signals for supersymmetry, and
some extensions of the minimal framework.
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“We are, I think, in the right Road of Improvement, for we are making Experiments.”
—Benjamin Franklin

1 Introduction

The Standard Model of high-energy physics, augmented by neutrino masses, provides a re-
markably successful description of presently known phenomena. The experimental frontier has
advanced into the TeV range with no unambiguous hints of additional structure. Still, it seems
clear that the Standard Model is a work in progress and will have to be extended to describe
physics at higher energies. Certainly, a new framework will be required at the reduced Planck
scale Mp = (SWGNewton)_l/ 2 = 2.4 x 10"® GeV, where quantum gravitational effects become
important. Based only on a proper respect for the power of Nature to surprise us, it seems
nearly as obvious that new physics exists in the 16 orders of magnitude in energy between the
presently explored territory near the electroweak scale, My, and the Planck scale.

The mere fact that the ratio Mp /My, is so huge is already a powerful clue to the character
of physics beyond the Standard Model, because of the infamous “hierarchy problem” [1]. This
is not really a difficulty with the Standard Model itself, but rather a disturbing sensitivity of
the Higgs potential to new physics in almost any imaginable extension of the Standard Model.
The electrically neutral part of the Standard Model Higgs field is a complex scalar H with a
classical potential

V =my|H*+ \H|". (1.1)

The Standard Model requires a non-vanishing vacuum expectation value (VEV) for H at the
minimum of the potential. This occurs if A > 0 and m?% < 0, resulting in (H) = \/—m?% /2\. We
know experimentally that (H) is approximately 174 GeV from measurements of the properties
of the weak interactions. The 2012 discovery [2]-[4] of the Higgs boson with a mass near 125
GeV implies that, assuming the Standard Model is correct as an effective field theory, A = 0.126
and m% = —(92.9 GeV)2. (These are running MS parameters evaluated at a renormalization
scale equal to the top-quark mass, and include the effects of 2-loop corrections.) The problem
is that m?% receives enormous quantum corrections from the virtual effects of every particle or
other phenomenon that couples, directly or indirectly, to the Higgs field.

For example, in Figure 1.1a we have a correction to m? from a loop containing a Dirac
fermion f with mass m;. If the Higgs field couples to f with a term in the Lagrangian —\;H f f,
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Figure 1.1: One-loop quantum corrections to the Higgs squared mass parameter m?, due
to (a) a Dirac fermion f, and (b) a scalar S.



then the Feynman diagram in Figure 1.1a yields a correction

AP
872

Am?, = Afy +.... (1.2)
Here Ayy is an ultraviolet momentum cutoff used to regulate the loop integral; it should be
interpreted as at least the energy scale at which new physics enters to alter the high-energy
behavior of the theory. The ellipses represent terms proportional to m?c, which grow at most
logarithmically with Ayy (and actually differ for the real and imaginary parts of H). Each of the
leptons and quarks of the Standard Model can play the role of f; for quarks, eq. (1.2) should be
multiplied by 3 to account for color. The largest correction comes when f is the top quark with
Ar & 0.94. The problem is that if Ayy is of order Mp, say, then this quantum correction to m¥
is some 30 orders of magnitude larger than the required value of m? ~ —(92.9 GeV)?2. This is
only directly a problem for corrections to the Higgs scalar boson squared mass, because quantum
corrections to fermion and gauge boson masses do not have the direct quadratic sensitivity to
Ayy found in eq. (1.2). However, the quarks and leptons and the electroweak gauge bosons Z°,
W= of the Standard Model all obtain masses from (H), so that the entire mass spectrum of the
Standard Model is directly or indirectly sensitive to the cutoff Ayy.

One could imagine that the solution is to simply pick a Ayy that is not too large. But then
one still must concoct some new physics at the scale Ayy that not only alters the propagators
in the loop, but actually cuts off the loop integral. This is not easy to do in a theory whose
Lagrangian does not contain more than two derivatives, and higher-derivative theories generally
suffer from a failure of either unitarity or causality [5]. In string theories, loop integrals are
nevertheless cut off at high Euclidean momentum p by factors e ?*/Atv. However, then Ayy is
a string scale that is usually’ thought to be not very far below Mp.

Furthermore, there are contributions similar to eq. (1.2) from the virtual effects of any heavy
particles that might exist, and these involve the masses of the heavy particles (or other high
physical mass scales), not just the cutoff. It cannot be overemphasized that merely choosing a
regulator with no quadratic divergences does not address the hierarchy problem. The problem
is not really the quadratic divergences, but rather the quadratic sensitivity to high mass scales.
The latter are correlated with quadratic divergences for some, but not all, choices of ultraviolet
regulator. The absence of quadratic divergences is a necessary, but not sufficient, criterion for
avoiding the hierarchy problem.

For example, suppose there exists a heavy complex scalar particle S with mass mg that
couples to the Higgs with a Lagrangian term —Ag|H|*|S|®>. Then the Feynman diagram in
Figure 1.1b gives a correction

2 As 2 2
AmH = @ AUV — 2ms IH(AUv/mS) + .. } . (13)
If one rejects the possibility of a physical interpretation of Ayy and uses dimensional regular-
ization on the loop integral instead of a momentum cutoff, then there will be no A%y, piece.
However, even then the term proportional to m% cannot be eliminated without the physically
unjustifiable tuning of a counter-term specifically for that purpose. This illustrates that m?; is

fSome attacks on the hierarchy problem, not reviewed here, are based on the proposition that the ultimate
cutoff scale is actually close to the electroweak scale, rather than the apparent Planck scale.
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Figure 1.2: Two-loop corrections to the Higgs squared mass parameter involving a heavy
fermion F' that couples only indirectly to the Standard Model Higgs through gauge inter-
actions.

sensitive to the masses of the heaviest particles that H couples to; if mg is very large, its effects
on the Standard Model do not decouple, but instead make it difficult to understand why m? is
so small.

This problem arises even if there is no direct coupling between the Standard Model Higgs
boson and the unknown heavy particles. For example, suppose there exists a heavy fermion F'
that, unlike the quarks and leptons of the Standard Model, has vectorlike quantum numbers
and therefore gets a large mass mp without coupling to the Higgs field. [In other words, an
arbitrarily large mass term of the form mpFF is not forbidden by any symmetry, including
weak isospin SU(2)r.] In that case, no diagram like Figure 1.1a exists for F. Nevertheless
there will be a correction to m?% as long as F shares some gauge interactions with the Standard
Model Higgs field; these may be the familiar electroweak interactions, or some unknown gauge
forces that are broken at a very high energy scale inaccessible to experiment. In either case, the
two-loop Feynman diagrams in Figure 1.2 yield a correction

2

2
Am3, = CyTr (#) [CLA%V + 24m3 In(Ayy/mp) + .. } : (1.4)

where C'y and Tr are group theory factorst of order 1, and ¢ is the appropriate gauge coupling.
The coefficient a depends on the method used to cut off the momentum integrals. It does not
arise at all if one uses dimensional regularization, but the m?% contribution is always present
with the given coefficient. The numerical factor (¢%/1672)* may be quite small (of order 107°
for electroweak interactions), but the important point is that these contributions to Am? are
sensitive both to the largest masses and to the physical ultraviolet cutoff in the theory, pre-
sumably of order Mp. The “natural” squared mass of a fundamental Higgs scalar, including
quantum corrections, therefore seems to be more like M3 than the experimental value. Even
very indirect contributions from Feynman diagrams with three or more loops can give unac-
ceptably large contributions to Am?. The argument above applies not just for heavy particles,
but for arbitrary high-scale physical phenomena such as condensates or additional compactified
dimensions.

It could be that the Higgs boson field is not fundamental, but rather is the result of a
composite field or collective phenomenon. Such ideas are certainly still worth exploring, although
they typically present difficulties in their simplest forms. In particular, so far the 125 GeV
Higgs boson does appear to have properties consistent with a fundamental scalar field. Or, it
could be that the ultimate ultraviolet cutoff scale, and therefore the mass scales of all presently

Specifically, Cy is the quadratic Casimir invariant of H, and T is the Dynkin index of F in a normalization
such that Tr = 1 for a Dirac fermion (or two Weyl fermions) in a fundamental representation of SU(n).



undiscovered particles and condensates, are much lower than the Planck scale. But, if the Higgs
boson is a fundamental particle, and there really is physics far above the electroweak scale, then
we have two remaining options: either we must make the rather bizarre assumption that none
of the high-mass particles or condensates couple (even indirectly or extremely weakly) to the
Higgs scalar field, or else some striking cancellation is needed between the various contributions
to Am?,.

The systematic cancellation of the dangerous contributions to Am? can only be brought
about by the type of conspiracy that is better known to physicists as a symmetry. Comparing
egs. (1.2) and (1.3) strongly suggests that the new symmetry ought to relate fermions and
bosons, because of the relative minus sign between fermion loop and boson loop contributions
to Am?%. (Note that A\g must be positive if the scalar potential is to be bounded from below.)
If each of the quarks and leptons of the Standard Model is accompanied by two complex scalars
with Ag = |A\f|%, then the A}y contributions of Figures 1.1a and 1.1b will neatly cancel [6].
Clearly, more restrictions on the theory will be necessary to ensure that this success persists to
higher orders, so that, for example, the contributions in Figure 1.2 and eq. (1.4) from a very
heavy fermion are canceled by the two-loop effects of some very heavy bosons. Fortunately,
the cancellation of all such contributions to scalar masses is not only possible, but is actually
unavoidable, once we merely assume that there exists a symmetry relating fermions and bosons,
called a supersymmetry.

A supersymmetry transformation turns a bosonic state into a fermionic state, and vice versa.
The operator () that generates such transformations must be an anti-commuting spinor, with

(Q)|Boson) = |Fermion), (Q)|Fermion) = |Boson). (1.5)

Spinors are intrinsically complex objects, so QT (the hermitian conjugate of Q) is also a symmetry
generator. Because @ and Q' are fermionic operators, they carry spin angular momentum
1/2, so it is clear that supersymmetry must be a spacetime symmetry. The possible forms
for such symmetries in an interacting quantum field theory are highly restricted by the Haag-
Lopuszanski-Sohnius extension [7] of the Coleman-Mandula theorem [8]. For realistic theories
that, like the Standard Model, have chiral fermions (i.e., fermions whose left- and right-handed
pieces transform differently under the gauge group) and thus the possibility of parity-violating
interactions, this theorem implies that the generators @ and Q' must satisfy an algebra of
anticommutation and commutation relations with the schematic form

{Q,Q"} = P, (1.6)
{Q.Q} ={Q".Q" =0, (17)

where P* is the four-momentum generator of spacetime translations. Here we have ruthlessly
suppressed the spinor indices on @ and QT; after developing some notation we will, in section 3.1,
derive the precise version of egs. (1.6)-(1.8) with indices restored. In the meantime, we simply
note that the appearance of P* on the right-hand side of eq. (1.6) is unsurprising, because
it transforms under Lorentz boosts and rotations as a spin-1 object while @ and Q' on the
left-hand side each transform as spin-1/2 objects.

The single-particle states of a supersymmetric theory fall into irreducible representations of
the supersymmetry algebra, called supermultiplets. Each supermultiplet contains both fermion
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and boson states, which are commonly known as superpartners of each other. By definition,
if [©2) and |€Y) are members of the same supermultiplet, then |Q') is proportional to some
combination of @ and Q' operators acting on |), up to a spacetime translation or rotation.
The squared-mass operator —P? commutes with the operators @, @', and with all spacetime
rotation and translation operators, so it follows immediately that particles inhabiting the same
irreducible supermultiplet must have equal eigenvalues of —P?, and therefore equal masses.

The supersymmetry generators @, Q' also commute with the generators of gauge transfor-
mations. Therefore particles in the same supermultiplet must also be in the same representation
of the gauge group, and so must have the same electric charges, weak isospin, and color degrees
of freedom.

Each supermultiplet contains an equal number of fermion and boson degrees of freedom. To
prove this, consider the operator (—1)% where s is the spin angular momentum. By the spin-
statistics theorem, this operator has eigenvalue +1 acting on a bosonic state and eigenvalue —1
acting on a fermionic state. Any fermionic operator will turn a bosonic state into a fermionic
state and vice versa. Therefore (—1)* must anticommute with every fermionic operator in the
theory, and in particular with @ and Q. Now, within a given supermultiplet, consider the
subspace of states |i) with the same eigenvalue p* of the four-momentum operator P*. In view
of eq. (1.8), any combination of @ or Q' acting on |7) must give another state |i’) with the same
four-momentum eigenvalue. Therefore one has a completeness relation Y-, i) (i| = 1 within this
subspace of states. Now one can take a trace over all such states of the operator (—1)% P#
(including each spin helicity state separately):

D_((=D)xPr) = 3 (l(=1)*QQ"i) Z —1)*Q'Qli)

| = XZ:H( )*QQ"i) +ZZ ~1)*Q5)(j|Ql7)
= Zj:('|( 1)*QQ|i) +Z J|Q 1)*Q';)
= zi:(ﬂ(—l)szQ”Z) - ;m(— )*QQ"5)

~ 0. (1.9)

The first equality follows from the supersymmetry algebra relation eq. (1.6); the second and
third from use of the completeness relation; and the fourth from the fact that (—1)* must
anticommute with Q. Now >, (i|(—1)? P*|i) = p* Tr[(—1)?*] is just proportional to the number
of bosonic degrees of freedom ng minus the number of fermionic degrees of freedom ng in the
trace, so that

np =ng (110)

must hold for a given p* # 0 in each supermultiplet.

The simplest possibility for a supermultiplet consistent with eq. (1.10) has a single Weyl
fermion (with two spin helicity states, so np = 2) and two real scalars (each with ngp = 1). It
is natural to assemble the two real scalar degrees of freedom into a complex scalar field; as we
will see below this provides for convenient formulations of the supersymmetry algebra, Feynman



rules, supersymmetry-violating effects, etc. This combination of a two-component Weyl fermion
and a complex scalar field is called a chiral or matter or scalar supermultiplet.

The next-simplest possibility for a supermultiplet contains a spin-1 vector boson. If the
theory is to be renormalizable, this must be a gauge boson that is massless, at least before the
gauge symmetry is spontaneously broken. A massless spin-1 boson has two helicity states, so the
number of bosonic degrees of freedom is np = 2. Its superpartner is therefore a massless spin-1/2
Weyl fermion, again with two helicity states, so np = 2. (If one tried to use a massless spin-
3/2 fermion instead, the theory would not be renormalizable.) Gauge bosons must transform
as the adjoint representation of the gauge group, so their fermionic partners, called gauginos,
must also. Because the adjoint representation of a gauge group is always its own conjugate, the
gaugino fermions must have the same gauge transformation properties for left-handed and for
right-handed components. Such a combination of spin-1/2 gauginos and spin-1 gauge bosons is
called a gauge or vector supermultiplet.

If we include gravity, then the spin-2 graviton (with 2 helicity states, so ng = 2) has a
spin-3/2 superpartner called the gravitino. The gravitino would be massless if supersymmetry
were unbroken, and so it has np = 2 helicity states.

There are other possible combinations of particles with spins that can satisfy eq. (1.10).
However, these are always reducible to combinations® of chiral and gauge supermultiplets if they
have renormalizable interactions, except in certain theories with “extended” supersymmetry.
Theories with extended supersymmetry have more than one distinct copy of the supersymmetry
generators @, Q. Such models are mathematically interesting, but evidently do not have any
phenomenological prospects. The reason is that extended supersymmetry in four-dimensional
field theories cannot allow for chiral fermions or parity violation as observed in the Standard
Model. So we will not discuss such possibilities further, although extended supersymmetry
in higher-dimensional field theories might describe the real world if the extra dimensions are
compactified in an appropriate way, and extended supersymmetry in four dimensions provides
interesting toy models and calculation tools. The ordinary, non-extended, phenomenologically
viable type of supersymmetric model is sometimes called N = 1 supersymmetry, with N referring
to the number of supersymmetries (the number of distinct copies of @, Q).

In a supersymmetric extension of the Standard Model [9]-[11], each of the known fundamen-
tal particles is therefore in either a chiral or gauge supermultiplet, and must have a superpartner
with spin differing by 1/2 unit. The first step in understanding the exciting phenomenological
consequences of this prediction is to decide exactly how the known particles fit into supermul-
tiplets, and to give them appropriate names. A crucial observation here is that only chiral
supermultiplets can contain fermions whose left-handed parts transform differently under the
gauge group than their right-handed parts. All of the Standard Model fermions (the known
quarks and leptons) have this property, so they must be members of chiral supermultiplets.
The bosonic partners of the quarks and leptons therefore must be spin-0, and not spin-1 vector
bosons. ¥

$For example, if a gauge symmetry were to spontaneously break without breaking supersymmetry, then a
massless vector supermultiplet would “eat” a chiral supermultiplet, resulting in a massive vector supermultiplet
with physical degrees of freedom consisting of a massive vector (np = 3), a massive Dirac fermion formed from
the gaugino and the chiral fermion (np = 4), and a real scalar (np = 1).

9In particular, one cannot attempt to make a spin-1/2 neutrino be the superpartner of the spin-1 photon; the
neutrino is in a doublet, and the photon is neutral, under weak isospin.



The names for the spin-0 partners of the quarks and leptons are constructed by prepending an
“s” for scalar. So, generically they are called squarks and sleptons (short for “scalar quark” and
“scalar lepton”), or sometimes sfermions. The left-handed and right-handed pieces of the quarks
and leptons are separate two-component Weyl fermions with different gauge transformation
properties in the Standard Model, so each must have its own complex scalar partner. The
symbols for the squarks and sleptons are the same as for the corresponding fermion, but with
a tilde (7) used to denote the superpartner of a Standard Model particle. For example, the
superpartners of the left-handed and right-handed parts of the electron Dirac field are called
left- and right-handed selectrons, and are denoted €;, and €g. It is important to keep in mind
that the “handedness” here does not refer to the helicity of the selectrons (they are spin-0
particles) but to that of their superpartners. A similar nomenclature applies for smuons and
staus: [ir, fir, 7z, Tr- The Standard Model neutrinos (neglecting their very small masses) are
always left-handed, so the sneutrinos are denoted generically by 7, with a possible subscript
indicating which lepton flavor they carry: 7., v,, ;. Finally, a complete list of the squarks is
qr, Gr With ¢ = u, d, s, ¢, b,t. The gauge interactions of each of these squark and slepton fields
are the same as for the corresponding Standard Model fermions; for instance, the left-handed
squarks 2 and dr couple to the W boson, while ug and dr do not.

It seems clear that the Higgs scalar boson must reside in a chiral supermultiplet, since it has
spin 0. Actually, it turns out that just one chiral supermultiplet is not enough. One reason for
this is that if there were only one Higgs chiral supermultiplet, the electroweak gauge symmetry
would suffer a gauge anomaly, and would be inconsistent as a quantum theory. This is because
the conditions for cancellation of gauge anomalies include Tr[T2Y] = Tr[Y?] = 0, where T3
and Y are the third component of weak isospin and the weak hypercharge, respectively, in
a normalization where the ordinary electric charge is Qrym = T3 + Y. The traces run over
all of the left-handed Weyl fermionic degrees of freedom in the theory. In the Standard Model,
these conditions are already satisfied, somewhat miraculously, by the known quarks and leptons.
Now, a fermionic partner of a Higgs chiral supermultiplet must be a weak isodoublet with weak
hypercharge Y = 1/2 or Y = —1/2. In either case alone, such a fermion will make a non-zero
contribution to the traces and spoil the anomaly cancellation. This can be avoided if there are
two Higgs supermultiplets, one with each of ¥ = +1/2, so that the total contribution to the
anomaly traces from the two fermionic members of the Higgs chiral supermultiplets vanishes by
cancellation. As we will see in section 6.1, both of these are also necessary for another completely
different reason: because of the structure of supersymmetric theories, only a Y = 1/2 Higgs
chiral supermultiplet can have the Yukawa couplings necessary to give masses to charge +2/3
up-type quarks (up, charm, top), and only a Y = —1/2 Higgs can have the Yukawa couplings
necessary to give masses to charge —1/3 down-type quarks (down, strange, bottom) and to the
charged leptons.

We will call the SU(2)-doublet complex scalar fields with ¥ = 1/2 and Y = —1/2 by
the names H, and Hy, respectively.” The weak isospin components of H, with T3 = (1/2,
—1/2) have electric charges 1, 0 respectively, and are denoted (H;", H?). Similarly, the SU(2)-
doublet complex scalar H,; has T3 = (1/2, —1/2) components (HS, H; ). The neutral scalar that
corresponds to the physical Standard Model Higgs boson is in a linear combination of H? and HY;

fOther notations in the literature have Hq, Hy or H, H instead of H,, Hy. The notation used here has the
virtue of making it easy to remember which Higgs VEVs gives masses to which type of quarks.



Names spin 0 spin 1/2 | SU3)¢, SU(2)L, U()y

squarks, quarks | Q | (Gp dp) | (up dp) (3,2, %)
(x3 families) | @ U ul, (3,1, -2
d I di (3.1, 5)

sleptons, leptons | L (v er) (v er) (1,2, 1)
(x3 families) | e & el (1,1, 1)
Higgs, higgsinos | H, | (H} H°) | (H} HY) (1,2, +3)
Hy | (H) Hy) | (H Hy) (1,2, —3)

Table 1.1: Chiral supermultiplets in the Minimal Supersymmetric Standard Model. The
spin-0 fields are complex scalars, and the spin-1/2 fields are left-handed two-component
Weyl fermions.

we will discuss this further in section 8.1. The generic nomenclature for a spin-1/2 superpartner
is to append “-ino” to the name of the Standard Model particle, so the fermionic partners of
the Higgs scalars are called higgsinos. They are denoted by ﬁu, H, for the SU (2)-doublet
left-handed Weyl spinor fields, with weak isospin components H, H® and HY, H; .

We have now found all of the chiral supermultiplets of a minimal phenomenologically viable
extension of the Standard Model. They are summarized in Table 1.1, classified according to their
transformation properties under the Standard Model gauge group SU(3)c x SU(2) x U(1)y,
which combines ur,d; and v, ey degrees of freedom into SU(2);, doublets. Here we follow a
standard convention, that all chiral supermultiplets are defined in terms of left-handed Weyl
spinors, so that the conjugates of the right-handed quarks and leptons (and their superpartners)
appear in Table 1.1. This protocol for defining chiral supermultiplets turns out to be very useful
for constructing supersymmetric Lagrangians, as we will see in section 3. It is also useful to
have a symbol for each of the chiral supermultiplets as a whole; these are indicated in the second
column of Table 1.1. Thus, for example, @) stands for the SU(2).-doublet chiral supermultiplet
containing @y, uy, (with weak isospin component T5 = 1/2), and d;, d;, (with T3 = —1/2), while
7 stands for the SU(2)-singlet supermultiplet containing @, uk. There are three families for
each of the quark and lepton supermultiplets, Table 1.1 lists the first-family representatives.
A family index i = 1,2,3 can be affixed to the chiral supermultiplet names (Q;, @, ...) when
needed, for example (€;,@,,83) = (€,71,7). The bar on 7, d, € fields is part of the name, and
does not denote any kind of conjugation.

The Higgs chiral supermultiplet H,; (containing HY, Hj, H 9 H ;) has exactly the same
Standard Model gauge quantum numbers as the left-handed sleptons and leptons L;, for example
(v, €, v, er). Naively, one might therefore suppose that we could have been more economical
in our assignment by taking a neutrino and a Higgs scalar to be superpartners, instead of
putting them in separate supermultiplets. This would amount to the proposal that the Higgs
boson and a sneutrino should be the same particle. This attempt played a key role in some
of the first attempts to connect supersymmetry to phenomenology [9], but it is now known to
not work. Even ignoring the anomaly cancellation problem mentioned above, many insoluble
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Names spin 1/2 | spinl | SU(3)c, SU(2)L, U(l)y
gluino, gluon g g (8,1,0)
winos, W bosons | W WO | w* wo° (1,3,0)
bino, B boson B° B (1,1,0)

Table 1.2: Gauge supermultiplets in the Minimal Supersymmetric Standard Model.

phenomenological problems would result, including lepton-number non-conservation and a mass
for at least one of the neutrinos in gross violation of experimental bounds. Therefore, all of
the superpartners of Standard Model particles are really new particles, and cannot be identified
with some other Standard Model state.

The vector bosons of the Standard Model clearly must reside in gauge supermultiplets. Their
fermionic superpartners are generically referred to as gauginos. The SU(3)¢c color gauge inter-
actions of QCD are mediated by the gluon, whose spin-1/2 color-octet supersymmetric partner
is the gluino. As usual, a tilde is used to denote the supersymmetric partner of a Standard
Model state, so the symbols for the gluon and gluino are g and g respectively. The electroweak
gauge symmetry SU(2); x U(1)y is associated with spin-1 gauge bosons W+ W9 W~ and B°,
with spin-1/2 superpartners W*,WO,W_ and BO, called winos and bino. After electroweak
symmetry breaking, the W, B° gauge eigenstates mix to give mass eigenstates Z° and ~. The
corresponding gaugino mixtures of WO and B° are called zino (ZO) and photino (7); if super-
symmetry were unbroken, they would be mass eigenstates with masses my and 0. Table 1.2
summarizes the gauge supermultiplets of a minimal supersymmetric extension of the Standard
Model.

The chiral and gauge supermultiplets in Tables 1.1 and 1.2 make up the particle content
of the Minimal Supersymmetric Standard Model (MSSM). The most obvious and interesting
feature of this theory is that none of the superpartners of the Standard Model particles has
been discovered as of this writing. If supersymmetry were unbroken, then there would have to
be selectrons €;, and €r with masses exactly equal to m, = 0.511... MeV. A similar statement
applies to each of the other sleptons and squarks, and there would also have to be a massless
gluino and photino. These particles would have been extraordinarily easy to detect long ago.
Clearly, therefore, supersymmetry is a broken symmetry in the vacuum state chosen by Nature.

An important clue as to the nature of supersymmetry breaking can be obtained by returning
to the motivation provided by the hierarchy problem. Supersymmetry forced us to introduce
two complex scalar fields for each Standard Model Dirac fermion, which is just what is needed to
enable a cancellation of the quadratically sensitive (A%y,) pieces of egs. (1.2) and (1.3). This sort
of cancellation also requires that the associated dimensionless couplings should be related (for
example A\g = |A7[?). The necessary relationships between couplings indeed occur in unbroken
supersymmetry, as we will see in section 3. In fact, unbroken supersymmetry guarantees that
quadratic divergences in scalar squared masses, and therefore the quadratic sensitivity to high
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mass scales, must vanish to all orders in perturbation theory.* Now, if broken supersymmetry
is still to provide a solution to the hierarchy problem even in the presence of supersymmetry
breaking, then the relationships between dimensionless couplings that hold in an unbroken
supersymmetric theory must be maintained. Otherwise, there would be quadratically divergent
radiative corrections to the Higgs scalar masses of the form
1

872
We are therefore led to consider “soft” supersymmetry breaking. This means that the effective
Lagrangian of the MSSM can be written in the form

Am?, (As — [\ DAZy + ... (1.11)

L = Lsusy + Lot (1.12)

where Lgysy contains all of the gauge and Yukawa interactions and preserves supersymmetry
invariance, and Ly violates supersymmetry but contains only mass terms and coupling param-
eters with positive mass dimension. Without further justification, soft supersymmetry breaking
might seem like a rather arbitrary requirement. Fortunately, we will see in section 7 that theo-
retical models for supersymmetry breaking do indeed yield effective Lagrangians with just such
terms for Lgon. If the largest mass scale associated with the soft terms is denoted mygp, then
the additional non-supersymmetric corrections to the Higgs scalar squared mass must vanish in
the mgyp, — 0 limit, so by dimensional analysis they cannot be proportional to A%,,. More gen-
erally, these models maintain the cancellation of quadratically divergent terms in the radiative
corrections of all scalar masses, to all orders in perturbation theory. The corrections also cannot
go like Am?, ~ mg.s Ayy, because in general the loop momentum integrals always diverge either
quadratically or logarithmically, not linearly, as Ayy — oo. So they must be of the form

Am3, = m2 F);r? In(Auv/msor) + - - .| - (1.13)
Here X is schematic for various dimensionless couplings, and the ellipses stand both for terms
that are independent of Ayy and for higher loop corrections (which depend on Ayy through
powers of logarithms).

Because the mass splittings between the known Standard Model particles and their super-
partners are just determined by the parameters mg.g appearing in Lo, eq. (1.13) tells us that
the superpartner masses should not be too huge.! Otherwise, we would lose our successful cure
for the hierarchy problem, since the m2, corrections to the Higgs scalar squared mass parame-
ter would be unnaturally large compared to the square of the electroweak breaking scale of 174
GeV. The top and bottom squarks and the winos and bino give especially large contributions
to Am%]u and Am%{d, but the gluino mass and all the other squark and slepton masses also feed
in indirectly, through radiative corrections to the top and bottom squark masses. Furthermore,
in most viable models of supersymmetry breaking that are not unduly contrived, the superpart-
ner masses do not differ from each other by more than about an order of magnitude. Using

A simple way to understand this is to recall that unbroken supersymmetry requires the degeneracy of scalar
and fermion masses. Radiative corrections to fermion masses are known to diverge at most logarithmically in
any renormalizable field theory, so the same must be true for scalar masses in unbroken supersymmetry.

$This is obviously fuzzy and subjective. Nevertheless, such subjective criteria can be useful, at least on a
personal level, for making choices about what research directions to pursue, given finite time and money.
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Ayv ~ Mp and A ~ 1 in eq. (1.13), one estimates that mg.s, and therefore the masses of at least
the lightest few superpartners, should probably not be much greater than the TeV scale, in order
for the MSSM scalar potential to provide a Higgs VEV resulting in my,, mz = 80.4, 91.2 GeV
without miraculous cancellations. While this is a fuzzy criterion, it is the best reason for the
continued optimism among many theorists that supersymmetry will be discovered at the CERN
Large Hadron Collider, and can be studied at a future ete™ linear collider with sufficiently high
energy.

However, it should be noted that the hierarchy problem was not the historical motivation
for the development of supersymmetry in the early 1970’s. The supersymmetry algebra and
supersymmetric field theories were originally concocted independently in various disguises [12]-
[15] bearing little resemblance to the MSSM. It is quite impressive that a theory developed for
quite different reasons, including purely aesthetic ones, was later found to provide a solution for
the hierarchy problem.

One might also wonder whether there is any good reason why all of the superpartners of the
Standard Model particles should be heavy enough to have avoided discovery so far. There is.
All of the particles in the MSSM that have been found so far, except the 125 GeV Higgs boson,
have something in common; they would necessarily be massless in the absence of electroweak
symmetry breaking. In particular, the masses of the W=, Z% bosons and all quarks and leptons
are equal to dimensionless coupling constants times the Higgs VEV ~ 174 GeV, while the photon
and gluon are required to be massless by electromagnetic and QCD gauge invariance. Conversely,
all of the undiscovered particles in the MSSM have exactly the opposite property; each of them
can have a Lagrangian mass term in the absence of electroweak symmetry breaking. For the
squarks, sleptons, and Higgs scalars this follows from a general property of complex scalar fields
that a mass term m?|¢|? is always allowed by all gauge symmetries. For the higgsinos and
gauginos, it follows from the fact that they are fermions in a real representation of the gauge
group. So, from the point of view of the MSSM, the discovery of the top quark in 1995 marked
a quite natural milestone; the already-discovered particles are precisely those that had to be
light, based on the principle of electroweak gauge symmetry. There is a single exception: it has
long been known that at least one neutral Higgs scalar boson had to be lighter than about 135
GeV if the minimal version of supersymmetry is correct, for reasons to be discussed in section
8.1. The 125 GeV Higgs boson discovered in 2012 is presumably this particle, and the fact that
it was not much heavier can be counted as a successful prediction of supersymmetry.

An important feature of the MSSM is that the superpartners listed in Tables 1.1 and 1.2 are
not necessarily the mass eigenstates of the theory. This is because after electroweak symmetry
breaking and supersymmetry breaking effects are included, there can be mixing between the
electroweak gauginos and the higgsinos, and within the various sets of squarks and sleptons and
Higgs scalars that have the same electric charge. The lone exception is the gluino, which is a
color octet fermion and therefore does not have the appropriate quantum numbers to mix with
any other particle. The masses and mixings of the superpartners are obviously of paramount
importance to experimentalists. It is perhaps slightly less obvious that these phenomenological
issues are all quite directly related to one central question that is also the focus of much of
the theoretical work in supersymmetry: “How is supersymmetry broken?” The reason for this
is that most of what we do not already know about the MSSM has to do with L. The
structure of supersymmetric Lagrangians allows little arbitrariness, as we will see in section 3.
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In fact, all of the dimensionless couplings and all but one mass term in the supersymmetric
part of the MSSM Lagrangian correspond directly to parameters in the ordinary Standard
Model that have already been measured by experiment. For example, we will find out that
the supersymmetric coupling of a gluino to a squark and a quark is determined by the QCD
coupling constant ag. In contrast, the supersymmetry-breaking part of the Lagrangian contains
many unknown parameters and, apparently, a considerable amount of arbitrariness. Each of the
mass splittings between Standard Model particles and their superpartners correspond to terms
in the MSSM Lagrangian that are purely supersymmetry-breaking in their origin and effect.
These soft supersymmetry-breaking terms can also introduce a large number of mixing angles
and CP-violating phases not found in the Standard Model. Fortunately, as we will see in section
6.4, there is already strong evidence that the supersymmetry-breaking terms in the MSSM are
actually not arbitrary at all. Furthermore, the additional parameters will be measured and
constrained as the superpartners are detected. From a theoretical perspective, the challenge is
to explain all of these parameters with a predictive model for supersymmetry breaking.

The rest of the discussion is organized as follows. Section 2 provides a list of important
notations. In section 3, we will learn how to construct Lagrangians for supersymmetric field
theories, while section 4 reprises the same subject, but using the more elegant superspace for-
malism. Soft supersymmetry-breaking couplings are described in section 5. In section 6, we will
apply the preceding general results to the special case of the MSSM, introduce the concept of
R-parity, and explore the importance of the structure of the soft terms. Section 7 outlines some
considerations for understanding the origin of supersymmetry breaking, and the consequences
of various proposals. In section 8, we will study the mass and mixing angle patterns of the new
particles predicted by the MSSM. Their decay modes are considered in section 9, and some of
the qualitative features of experimental signals for supersymmetry are reviewed in section 10.
Section 11 describes some sample variations on the standard MSSM picture. The discussion will
be lacking in historical accuracy or perspective; the reader is encouraged to consult the many
outstanding books [16]-[30], review articles [31]-[47] and the reprint volume [48], which contain
a much more consistent guide to the original literature.

2 Interlude: Notations and Conventions

This section specifies my notations and conventions. Four-vector indices are represented by

letters from the middle of the Greek alphabet u,v,p,... = 0,1,2,3. The contravariant four-
vector position and momentum of a particle are
= (t, ©), = (FE, p), (2.1)

while the four-vector derivative is

9, = (8/0t, V). (2.2)
The spacetime metric is
N = diag(—1,+1,+1, +1), (2.3)
so that p?> = —m? for an on-shell particle of mass m.
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It is overwhelmingly convenient to employ two-component Weyl spinor notation for fermions,
rather than four-component Dirac or Majorana spinors. The Lagrangian of the Standard Model
(and any supersymmetric extension of it) violates parity; each Dirac fermion has left-handed
and right-handed parts with completely different electroweak gauge interactions. If one used
four-component spinor notation instead, then there would be clumsy left- and right-handed
projection operators

Pr=(1-)/2, Pr=(1+75)/2 (2.4)

all over the place. The two-component Weyl fermion notation has the advantage of treating
fermionic degrees of freedom with different gauge quantum numbers separately from the start, as
Nature intended for us to do. But an even better reason for using two-component notation here is
that in supersymmetric models the minimal building blocks of matter are chiral supermultiplets,
each of which contains a single two-component Weyl fermion.

Because two-component fermion notation may be unfamiliar to some readers, I now specify
my conventions by showing how they correspond to the four-component spinor language. A
four-component Dirac fermion ¥, with mass M is described by the Lagrangian

For our purposes it is convenient to use the specific representation of the 4x4 gamma matrices
given in 2x2 blocks by

0 ot -1 0
o _
! _<5ﬂ 0>’ 75_<0 1>’ 20
where
0o_ 0 _ (1 0) 1___1_(0 1)
a—a—(o N o==v=; o)
2 =2 _ 0 _Z) 3___3_<]_ 0>
U_U_<i0’ ==, ) (2.7)

In this representation, a four-component Dirac spinor is written in terms of 2 two-component,
complex,! anti-commuting objects &, and (x7)% = x®, with two distinct types of spinor indices
a=1,2and & =1,2:

o= (5 (2.8)

X'
It follows that

w=v (] )= ) (29)

"For obscure reasons, in much of the specialized literature on supersymmetry a bar (1) has been used to
represent the conjugate of a two-component spinor, rather than a dagger (¢7). Here, I maintain consistency
with essentially all other quantum field theory textbooks by using the dagger notation for the conjugate of a
two-component spinor.
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Undotted (dotted) indices from the beginning of the Greek alphabet are used for the first (last)
two components of a Dirac spinor. The field ¢ is called a “left-handed Weyl spinor” and x' is a
“right-handed Weyl spinor”. The names fit, because

a 0
P, = (%), Pt = (1) (2.10)
The Hermitian conjugate of any left-handed Weyl spinor is a right-handed Weyl spinor:

¥l = (W) = (¥1)a, (2.11)

and vice versa:

()T =y, (2.12)

Therefore, any particular fermionic degrees of freedom can be described equally well using a left-
handed Weyl spinor (with an undotted index) or by a right-handed one (with a dotted index).
By convention, all names of fermion fields are chosen so that left-handed Weyl spinors do not
carry daggers and right-handed Weyl spinors do carry daggers, as in eq. (2.8).

The heights of the dotted and undotted spinor indices are important; for example, comparing
eqgs. (2.5)-(2.9), we observe that the matrices (0#)q4 and (%)% defined by eq. (2.7) carry indices
with the heights as indicated. The spinor indices are raised and lowered using the antisymmetric
symbol

612 = —621 = €91 = —€192 = 1, €11 = €22 = 611 = 622 = 0, (213)

according to
Ca=capl’, =P8 Xi=ep XY= (2.14)

This is consistent since e,56%7 = €’%¢g, = 7 and edBeB“’* = eweﬁ-d =

As a convention, repeated spinor indices contracted like
“ or & (2.15)
can be suppressed. In particular,
EX = €0 = E%apX” = —x7easl® = X epal™ = X7€ = x¢ (2.16)

with, conveniently, no minus sign in the end. [A minus sign appeared in eq. (2.16) from ex-
changing the order of anti-commuting spinors, but it disappeared due to the antisymmetry of
the e symbol.] Likewise, £7xT and x'¢T are equivalent abbreviations for ngd = 5,1)(“1, and in
fact this is the complex conjugate of &y:

(&) = xTeh =€y, (2.17)

In a similar way, one can check that
(7€) = ¢laty = —xo"¢h = —(€o"xT)” (2.18)
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stands for 53(6“)‘5“”)(&, etc. Note that when taking the complex conjugate of a spinor bilinear,
one reverses the order. The spinors here are assumed to be classical fields; for quantum fields the
complex conjugation operation in these equations would be replaced by Hermitian conjugation
in the Hilbert space operator sense.

Some other identities that will be useful below include:

(X7 0"ty = o' x = x0T = (STetovXT)", (2.19)

and the Fierz rearrangement identity:

Xa (577) = _ga (77X) — TNa (X€)> (220)
and the reduction identities

oha T = —2600%, (2.21)
o T = —26056(5[@, (2.22)
ool = =2 (2.23)
[oHT” + a”ﬁ“]aﬁ = —277””5£, (2.24)
7 0" + 770"y = —omvsl, (2.25)
glo’c? = —nMe’ — n"’at + e’ + i’ T, (2.26)
ote’o? = —no? — n"Pot + ntfo” — i o, (2.27)

where €7 is the totally antisymmetric tensor with €% = 41.
With these conventions, the Dirac Lagrangian eq. (2.5) can now be rewritten:

‘CDirac = Zga“au& + ZXTﬁuaMX - M(&X + gTXT) (228)

where we have dropped a total derivative piece —id,(x'5"x), which does not affect the action.
A four-component Majorana spinor can be obtained from the Dirac spinor of eq. (2.9) by
imposing the constraint x = &£, so that

n= (). T = (& €. (229)

The four-component spinor form of the Lagrangian for a Majorana fermion with mass M,
- .
»CMajorana = %‘;[]Mfyuau\IIM - §M\I]M\I]M (230)

can therefore be rewritten as

‘CMajorana = ZgTauaug - %M(gg + ngT) (231)

in the more economical two-component Weyl spinor representation. Note that even though &,
is anti-commuting, £¢ and its complex conjugate £7¢T do not vanish, because of the suppressed
e symbol, see eq. (2.16). Explicitly, £€ = €*PEgE, = &6 — &1& = 26265,
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More generally, any theory involving spin-1/2 fermions can always be written in terms of a
collection of left-handed Weyl spinors v; with

L = ipl'a o + ... (2.32)

where the ellipses represent possible mass terms, gauge interactions, and Yukawa interactions
with scalar fields. Here the index i runs over the appropriate gauge and flavor indices of the
fermions; it is raised or lowered by Hermitian conjugation. Gauge interactions are obtained by
promoting the ordinary derivative to a gauge-covariant derivative:

L = ipl'e'V i + ... (2.33)
with
Vuthi = Outhi — iga Ay T 4p5, (2.34)

where g, is the gauge coupling corresponding to the Hermitian Lie algebra generator matrix 7'
with vector field Aj.

There is a different v); for the left-handed piece and for the hermitian conjugate of the right-
handed piece of a Dirac fermion. Given any expression involving bilinears of four-component

spinors
v, = ( di ) ’ 2.35
N (2.35)

labeled by a flavor or gauge-representation index 7, one can translate into two-component Weyl
spinor language (or vice versa) using the dictionary:

U, P, = &, U, Pr¥; = &'TX}, (2.36)
Uyl PLU; = £t Uy" Prl; = yio"y| (2.37)

etc.

Let us now see how the Standard Model quarks and leptons are described in this notation.
The complete list of left-handed Weyl spinors can be given names corresponding to the chiral
supermultiplets in Table 1.1:

O
Il
I/~
ST
~——
I/~
» O
~—
7/~
> o+
S~

S

&~ ol
|
al =l

€, = €,

Il
A/~
LIS

= N~ wl
A/~
=
S~
R
S
S~

Here i = 1,2, 3 is a family index. The bars on these fields are part of the names of the fields, and
do not denote any kind of conjugation. Rather, the unbarred fields are the left-handed pieces of
a Dirac spinor, while the barred fields are the names given to the conjugates of the right-handed
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piece of a Dirac spinor. For example, e is the same thing as ey in Table 1.1, and € is the same
as e}z. Together they form a Dirac spinor:

(5)=(2)

and similarly for all of the other quark and charged lepton Dirac spinors. (The neutrinos of
the Standard Model are not part of a Dirac spinor, at least in the approximation that they
are massless.) The fields @); and L; are weak isodoublets, which always go together when one
is constructing interactions invariant under the full Standard Model gauge group SU(3)c x
SU(2)r x U(1)y. Suppressing all color and weak isospin indices, the kinetic and gauge part of
the Standard Model fermion Lagrangian density is then

L = iQ'e"V,Q; + o'V, +id "V ,d +iL'e"V,L; + ie|o"V @ (2.44)

with the family index ¢ summed over, and V, the appropriate Standard Model covariant deriva-
tive. For example,

Vu(ij) _ [au—igwg(fa/Q)—ig'YLBM}(’j) (2.45)
Ve = [0,—igYiB,le (2.46)

with 7 (a = 1,2, 3) equal to the Pauli matrices, Y, = —1/2 and Yz = +1. The gauge eigenstate
weak bosons are related to the mass eigenstates by

Wi = (W, FiW2)/V2, (2.47)

Zy\ _ (cosby —sinfy\ (W} )
<Au) N (sinGW cos Oy )(Bu ’ (2.48)
Similar expressions hold for the other quark and lepton gauge eigenstates, with Yy = 1/6,
Yz = —2/3, and Y3 = 1/3. The quarks also have a term in the covariant derivative corresponding
to gluon interactions proportional to g3 (with ag = ¢2/47) with generators 7% = \%/2 for Q,
and in the complex conjugate representation 7% = —(\%)*/2 for w and d, where \* are the

Gell-Mann matrices.

For a more detailed discussion of the two-component fermion notation, including many
worked examples in which it is employed to calculate cross-sections and decay rates in the
Standard Model and in supersymmetry, see ref. [49], or a more concise account in [50].

3 Supersymmetric Lagrangians

In this section we will describe the construction of supersymmetric Lagrangians. The goal is
a recipe that will allow us to write down the allowed interactions and mass terms of a general
supersymmetric theory, so that later we can apply the results to the special case of the MSSM. In
this section, we will not use the superfield [51] language, which is more elegant and efficient for
many purposes, but requires a more specialized machinery and might seem rather cabalistic at
first. Section 4 will provide the superfield version of the same material. We begin by considering
the simplest example of a supersymmetric theory in four dimensions.
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3.1 The simplest supersymmetric model: a free chiral supermultiplet

The minimum fermion content of a field theory in four dimensions consists of a single left-handed
two-component Weyl fermion . Since this is an intrinsically complex object, it seems sensible
to choose as its superpartner a complex scalar field ¢. The simplest action we can write down
for these fields just consists of kinetic energy terms for each:

S = /d4.§lf (»Cscalar +£formion)7 (311)
Escalar = _8H¢* ,u(bv 'Cformion = ZwTEu8H¢ (312)

This is called the massless, non-interacting Wess-Zumino model [14], and it corresponds to a
single chiral supermultiplet as discussed in the Introduction.

A supersymmetry transformation should turn the scalar boson field ¢ into something in-
volving the fermion field 1,. The simplest possibility for the transformation of the scalar field
is

5 = e, §¢* = YT, (3.1.3)

where € is an infinitesimal, anti-commuting, two-component Weyl fermion object that pa-
rameterizes the supersymmetry transformation. Until section 7.5, we will be discussing global
supersymmetry, which means that ¢ is a constant, satisfying d,¢% = 0. Since v has dimensions

of [mass|*? and ¢ has dimensions of [mass|, it must be that e has dimensions of [mass]~!/2.
Using eq. (3.1.3), we find that the scalar part of the Lagrangian transforms as
5Lty = —€0" D — 071 0,0, (3.1.4)

We would like for this to be canceled by 0 L¢emion, at least up to a total derivative, so that the
action will be invariant under the supersymmetry transformation. Comparing eq. (3.1.4) with
Ltermion, We see that for this to have any chance of happening, §1 should be linear in €' and in
¢, and should contain one spacetime derivative. Up to a multiplicative constant, there is only
one possibility to try:

5o = —i(0te) o 0,0, Sl = i(eo™)q 00" (3.1.5)
With this guess, one immediately obtains
0 Lsermion = —€0*a" 0,1 0,0" + Yoot 0,0,¢ . (3.1.6)

This can be simplified by employing the Pauli matrix identities egs. (2.24), (2.25) and using the
fact that partial derivatives commute (0,0, = 0,0,). Equation (3.1.6) then becomes

6Lsermion = €0") 9,0" + € 0"yt 9,0
—0, (0" 0,0" + e 06" + fyt 09 (3.1.7)

The first two terms here just cancel against §Lga1ar, While the remaining contribution is a total
derivative. So we arrive at

5 = / 4% (8 Lcorar + 0 Lsormion) = 0, (3.1.8)
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justifying our guess of the numerical multiplicative factor made in eq. (3.1.5).

We are not quite finished in showing that the theory described by eq. (3.1.1) is supersym-
metric. We must also show that the supersymmetry algebra closes; in other words, that the
commutator of two supersymmetry transformations parameterized by two different spinors €;
and €y is another symmetry of the theory. Using eq. (3.1.5) in eq. (3.1.3), one finds

(0cz0e; = 06106y) P = 6y (06, 0) — 0, (0, @) = i(— 610”62 + 620M61) u¢ (3.1.9)

This is a remarkable result; in words, we have found that the commutator of two supersym-
metry transformations gives us back the derivative of the original field. In the Heisenberg
picture of quantum mechanics —i0, corresponds to the generator of spacetime translations P,
so eq. (3.1.9) implies the form of the supersymmetry algebra that was foreshadowed in eq. (1.6)
of the Introduction. (We will make this statement more explicit before the end of this section,
and prove it again a different way in section 4.)

All of this will be for nothing if we do not find the same result for the fermion ¢. Using
eq. (3.1.3) in eq. (3.1.5), we get

(8ey0e, — 0e,0e) )b = —i(0"el)a €20, + (o ) €10,1. (3.1.10)

This can be put into a more useful form by applying the Fierz identity eq. (2.20) with x = O’“EJ{,

§ = €, n = 0,0, and again with x = a”e;, § = e, n = 0y, followed in each case by an
application of the identity eq. (2.18). The result is

(0ey0e; — ey 0y )0 = 1(— 610“62 + 620“61) 00 + i€10 620' RO, — i€gq ela o, (3.1.11)

The last two terms in (3.1.11) vanish on-shell; that is, if the equation of motion %0,y =
0 following from the action is enforced. The remaining piece is exactly the same spacetime
translation that we found for the scalar field.

The fact that the supersymmetry algebra only closes on-shell (when the classical equations
of motion are satisfied) might be somewhat worrisome, since we would like the symmetry to
hold even quantum mechanically. This can be fixed by a trick. We invent a new complex scalar
field F', which does not have a kinetic term. Such fields are called auxiliary, and they are really
just book-keeping devices that allow the symmetry algebra to close off-shell. The Lagrangian
density for F' and its complex conjugate is simply

»Cauxiliary =I"F. (3112)

The dimensions of F' are [mass]?, unlike an ordinary scalar field, which has dimensions of [mass].
Equation (3.1.12) implies the not-very-exciting equations of motion F' = F* = 0. However, we
can use the auxiliary fields to our advantage by including them in the supersymmetry trans-
formation rules. In view of eq. (3.1.11), a plausible thing to do is to make F' transform into a
multiple of the equation of motion for v:

§F = —ie'G 0,10, SF* = i0,) 5 . (3.1.13)

Once again we have chosen the overall factor on the right-hand sides by virtue of foresight. Now
the auxiliary part of the Lagrangian density transforms as

6 Loasiliary = —i€ 710,10 F* + 0,015 € F, (3.1.14)
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oy | F
on-shell (ng=np=2)12{2|0
off-shell (ng=np=4) 24| 2

Table 3.1: Counting of real degrees of freedom in the Wess-Zumino model.

which vanishes on-shell, but not for arbitrary off-shell field configurations. Now, by adding an
extra term to the transformation law for 1 and

5¢o¢ = _Z.(O-HGT)Q au¢ + EaFa 6¢l¢ = i(eo“u)d aﬂ¢* + ELF*’ (3115)

one obtains an additional contribution to 0Lsermion, Which just cancels with 0 Lauxitiary, Up to a
total derivative term. So our “modified” theory with £ = Lecatar + Ltermion + Lauxiliary 18 still
invariant under supersymmetry transformations. Proceeding as before, one now obtains for each
of the fields X = ¢, ¢*, ¢, Yt F, F*,

(60,0, — 0.,00,)X = i(—er0™eh + ex0™el) 0, X (3.1.16)

using egs. (3.1.3), (3.1.13), and (3.1.15), but now without resorting to any equations of motion.
So we have succeeded in showing that supersymmetry is a valid symmetry of the Lagrangian
off-shell.

In retrospect, one can see why we needed to introduce the auxiliary field F' in order to
get the supersymmetry algebra to work off-shell. On-shell, the complex scalar field ¢ has two
real propagating degrees of freedom, matching the two spin polarization states of 1. Off-shell,
however, the Weyl fermion v is a complex two-component object, so it has four real degrees of
freedom. (Going on-shell eliminates half of the propagating degrees of freedom for 1), because
the Lagrangian is linear in time derivatives, so that the canonical momenta can be re-expressed
in terms of the configuration variables without time derivatives and are not independent phase
space coordinates.) To make the numbers of bosonic and fermionic degrees of freedom match
off-shell as well as on-shell, we had to introduce two more real scalar degrees of freedom in the
complex field F', which are eliminated when one goes on-shell. This counting is summarized
in Table 3.1. The auxiliary field formulation is especially useful when discussing spontaneous
supersymmetry breaking, as we will see in section 7.

Invariance of the action under a continuous symmetry transformation always implies the
existence of a conserved current, and supersymmetry is no exception. The supercurrent J* is
an anti-commuting four-vector. It also carries a spinor index, as befits the current associated
with a symmetry with fermionic generators [52]. By the usual Noether procedure, one finds
for the supercurrent (and its hermitian conjugate) in terms of the variations of the fields X =

¢, ¢ Y, Yl FLF™:

5L
eJh g = 6X ——— — K*, (3.1.17)
2 X 56,%)

where K* is an object whose divergence is the variation of the Lagrangian density under the
supersymmetry transformation, 0L = 9, K*. Note that K* is not unique; one can always replace
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K" by K" + kM, where k* is any vector satisfying d,k* = 0, for example k" = 0"0,a” — 0,0"a*
for any four-vector a*. A little work reveals that, up to the ambiguity just mentioned,

Tt = (0"T"))a 0,07, JI = (i5"0") 4 0,0. (3.1.18)
The supercurrent and its hermitian conjugate are separately conserved:
0, J" =0, 9, JH =0, (3.1.19)

as can be verified by use of the equations of motion. From these currents one constructs the
conserved charges

Qo = \/§/d3f 7 ol = \/§/d3a? o, (3.1.20)

which are the generators of supersymmetry transformations. (The factor of v/2 normalization is
included to agree with an arbitrary historical convention.) As quantum mechanical operators,
they satisfy

[€Q+ QT X| = —iv26X (3.1.21)

for any field X, up to terms that vanish on-shell. This can be verified explicitly by using the
canonical equal-time commutation and anticommutation relations

[6(Z), ()] = [¢*(D), ()] = 6 (Z —7), (3.1.22)

{©a(@), 0L} = (0°)aa 0P (F = §), (3.1.23)
which follow from the free field theory Lagrangian eq. (3.1.1). Here m = 0y¢* and 7* = Jy¢ are
the momenta conjugate to ¢ and ¢* respectively.

Using eq. (3.1.21), the content of eq. (3.1.16) can be expressed in terms of canonical com-
mutators as

[0Q+ QT [aQ + €, X]| - [aQ + Q' [Q + dQF, X]| =
2(e10"eh — ex0tel) i0,X, (3.1.24)

up to terms that vanish on-shell. The spacetime momentum operator is P* = (H, ﬁ), where
H is the Hamiltonian and P is the three-momentum operator, given in terms of the canonical
fields by

H

/ & [mm + (Vo7 - (Vo) +id'a - Vo], (3.1.25)
P = - / &7 (16 +7V" + i) . (3.1.26)
It generates spacetime translations on the fields X according to

[P*, X]| =i0"X. (3.1.27)
Rearranging the terms in eq. (3.1.24) using the Jacobi identity, we therefore have

[[QQ +eQT, @1Q + EIQT], X} = 2(61(7“6; — ezauei) [P*, X], (3.1.28)
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for any X, up to terms that vanish on-shell, so it must be that
(2@ + et «Q + EJ{QT] = 2(610’u€£ — egauei) P, (3.1.29)

Now by expanding out eq. (3.1.29), one obtains the precise form of the supersymmetry algebra
relations

{Qaa QL} = _2ggdpu7 (3130)
{Qa. Qs} =0, {Ql.Qly =0, (3.1.31)

as promised in the Introduction. [The commutator in eq. (3.1.29) turns into anticommutators in
egs. (3.1.30) and (3.1.31) when the anti-commuting spinors €; and €, are extracted.] The results

[Qa, P =0, [QL, P =0 (3.1.32)

follow immediately from eq. (3.1.27) and the fact that the supersymmetry transformations are
global (independent of position in spacetime). This demonstration of the supersymmetry algebra
in terms of the canonical generators @ and Q' requires the use of the Hamiltonian equations
of motion, but the symmetry itself is valid off-shell at the level of the Lagrangian, as we have
already shown.

3.2 Interactions of chiral supermultiplets

In a realistic theory like the MSSM, there are many chiral supermultiplets, with both gauge and
non-gauge interactions. In this subsection, our task is to construct the most general possible
theory of masses and non-gauge interactions for particles that live in chiral supermultiplets. In
the MSSM these are the quarks, squarks, leptons, sleptons, Higgs scalars and higgsino fermions.
We will find that the form of the non-gauge couplings, including mass terms, is highly restricted
by the requirement that the action is invariant under supersymmetry transformations. (Gauge
interactions will be dealt with in the following subsections.)

Our starting point is the Lagrangian density for a collection of free chiral supermultiplets
labeled by an index ¢, which runs over all gauge and flavor degrees of freedom. Since we will want
to construct an interacting theory with supersymmetry closing off-shell, each supermultiplet
contains a complex scalar ¢; and a left-handed Weyl fermion 1); as physical degrees of freedom,
plus a non-propagating complex auxiliary field F;. The results of the previous subsection tell us
that the free part of the Lagrangian is

Loee = —0"¢"0,¢; +i1c"0,0p + F*'F, (3.2.1)

where we sum over repeated indices i (not to be confused with the suppressed spinor indices),
with the convention that fields ¢; and 1; always carry lowered indices, while their conjugates
always carry raised indices. It is invariant under the supersymmetry transformation

5o = ey, 5™ = eyl (3.2.2)
§(Yi)a = —i(ot€) o 0us + €0k, S(¥1) e = i(eo™)s 0™ + €h ™ (3.2.3)
§F;, = —iete"d,ab, SF* =015 e . (3.2.4)
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We will now find the most general set of renormalizable interactions for these fields that is
consistent with supersymmetry. We do this working in the field theory before integrating out
the auxiliary fields. To begin, note that in order to be renormalizable by power counting, each
term must have field content with total mass dimension < 4. So, the only candidate terms are:

1., . g
Ling = (—§WW¢Z’¢]‘ +W'F; + SL’ZJFZ'FJ) +c.c. — U, (325)

where W¥, W' 2% and U are polynomials in the scalar fields ¢;, ¢*, with degrees 1, 2, 0, and
4, respectively. [Terms of the form F*'F; are already included in eq. (3.2.1), with the coefficient
fixed by the transformation rules (3.2.2)-(3.2.4).]

We must now require that L;, is invariant under the supersymmetry transformations, since
Lo Was already invariant by itself. This immediately requires that the candidate term U (¢;, ¢*?)
must vanish. If there were such a term, then under a supersymmetry transformation eq. (3.2.2)
it would transform into another function of the scalar fields only, multiplied by e or el
and with no spacetime derivatives or F;, F*' fields. It is easy to see from egs. (3.2.2)-(3.2.5)
that nothing of this form can possibly be canceled by the supersymmetry transformation of any
other term in the Lagrangian. Similarly, the dimensionless coupling 2% must be zero, because
its supersymmetry transformation likewise cannot possibly be canceled by any other term. So,
we are left with

1. .
Ling = (—§W“¢,~¢j + WF) + c.c. (3.2.6)

as the only possibilities. At this point, we are not assuming that W% and W* are related to each
other in any way. However, soon we will find out that they are related, which is why we have
chosen to use the same letter for them. Notice that eq. (2.16) tells us that W% is symmetric
under 7 <+ J.

It is easiest to divide the variation of L;, into several parts, which must cancel separately.
First, we consider the part that contains four spinors:

10w 16w

(™) (i) | + c.c. (3.2.7)

6£int ‘ 4—spinor —

The term proportional to (e)(1;1);) cannot cancel against any other term. Fortunately, how-
ever, the Fierz identity eq. (2.20) implies

(ev) (Vjhn) + (ev;) (wtdi) + (evn) (Vi) = 0, (3.2.8)

so this contribution to L, vanishes identically if and only if 6W%¥ /§¢y is totally symmetric
under interchange of 7, 7, k. There is no such identity available for the term proportional to
(") (hy0;). Since that term cannot cancel with any other, requiring it to be absent just tells
us that W% cannot contain ¢**. In other words, W# is holomorphic (or complex analytic) in
the complex fields ¢y,.

Combining what we have learned so far, we can write

W4 = MY 4 kg, (3.2.9)
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where M% is a symmetric mass matrix for the fermion fields, and y“* is a Yukawa coupling of
a scalar ¢ and two fermions v;1); that must be totally symmetric under interchange of 1, j, k.
It is therefore possible, and it turns out to be convenient, to write

-~ 52
WY = w 3.2.10
00i09; ( )
where we have introduced a useful object
Lo L ik
W= §M]¢i¢j +gY i Ok, (3.2.11)

called the superpotential. This is not a scalar potential in the ordinary sense; in fact, it is not
even real. It is instead a holomorphic function of the scalar fields ¢; treated as complex variables.

Continuing on our vaunted quest, we next consider the parts of ;¢ that contain a spacetime
derivative:

Lintlo = (iWijaungj Yiotel 4+ iW? 0,@,0”6*) + c.c. (3.2.12)

Here we have used the identity eq. (2.18) on the second term, which came from (§F;)W*. Now
we can use eq. (3.2.10) to observe that

W490,6; =0, (%) : (3.2.13)

Therefore, eq. (3.2.12) will be a total derivative if

oW
0o

which explains why we chose its name as we did. The remaining terms in §L;, are all linear
in F; or F*', and it is easy to show that they cancel, given the results for W* and W% that we
have already found.

Actually, we can include a linear term in the superpotential without disturbing the validity
of the previous discussion at all:

. . 1 ..
Wi = Mg, + iy”%jask , (3.2.14)

W = Lig; + %Mijgzﬁigzﬁj + %yij’f@qﬁjm. (3.2.15)
Here L' are parameters with dimensions of [mass|?, which affect only the scalar potential part
of the Lagrangian. Such linear terms are only allowed when ¢; is a gauge singlet, and there
are no such gauge singlet chiral supermultiplets in the MSSM with minimal field content. I will
therefore omit this term from the remaining discussion of this section. However, this type of
term does play an important role in the discussion of spontaneous supersymmetry breaking, as
we will see in section 7.1.

To recap, we have found that the most general non-gauge interactions for chiral supermul-
tiplets are determined by a single holomorphic function of the complex scalar fields, the super-
potential W. The auxiliary fields F; and F** can be eliminated using their classical equations
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of motion. The part of Lgeo + Ling that contains the auxiliary fields is F;F* + W'F; + WrF*,
leading to the equations of motion

F,=-W;, F*=-W". (3.2.16)

Thus the auxiliary fields are expressible algebraically (without any derivatives) in terms of the
scalar fields.
After making the replacement’ eq. (3.2.16) in Lgee + Ling, we obtain the Lagrangian density

L=—0"¢"0u¢; + b Oy — 3 (W%ﬂpj + W,.*.WW) — Wiwy. (3.2.17)

J

Now that the non-propagating fields F;, F** have been eliminated, it follows from eq. (3.2.17)
that the scalar potential for the theory is just given in terms of the superpotential by

V(p,¢*) = WW; = F*F, =
oo 1. . . 1 . ; 1 ..
MG ) + DMy 6066 + SMY G G0+ y T Y 6i6i0™ 0" (3.218)

This scalar potential is automatically bounded from below; in fact, since it is a sum of squares
of absolute values (of the W*), it is always non-negative. If we substitute the general form for
the superpotential eq. (3.2.11) into eq. (3.2.17), we obtain for the full Lagrangian density

/ i L rij Lo re iti 1
L = —0"¢"0u¢; — V(9,¢") + a0, — SMPYi; — §Miij PV
1 .. 1 _—
—§y”k¢i¢j¢k - iy;}m*liﬁhwk. (3.2.19)

Now we can compare the masses of the fermions and scalars by looking at the linearized
equations of motion:

M0upi = MjHMYe;+ ..., (3.2.20)
oo = MU+ ot Ot = MY 4. (3.2.21)

One can eliminate 1 in terms of ¢! and vice versa in eq. (3.2.21), obtaining [after use of the
identities egs. (2.24) and (2.25)]:

MO = MM + ... MO, = PN MM 4 (3.2.22)

Therefore, the fermions and the bosons satisfy the same wave equation with exactly the same
squared-mass matrix with real non-negative eigenvalues, namely (M?);/ = M} M* . Tt follows
that diagonalizing this matrix by redefining the fields with a unitary matrix gives a collection
of chiral supermultiplets, each of which contains a mass-degenerate complex scalar and Weyl
fermion, in agreement with the general argument in the Introduction.

tSince F; and F*' appear only quadratically in the action, the result of instead doing a functional integral
over them at the quantum level has precisely the same effect.
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A, M| D
on-shell (ng=np=2)| 2 [ 2] 0
off-shell (ng=np=4)| 3 |41

Table 3.2: Counting of real degrees of freedom for each gauge supermultiplet.

3.3 Lagrangians for gauge supermultiplets

The propagating degrees of freedom in a gauge supermultiplet are a massless gauge boson field
Aj and a two-component Weyl fermion gaugino A*. The index a here runs over the adjoint
representation of the gauge group (a = 1,...,8 for SU(3)¢ color gluons and gluinos; a = 1,2,3
for SU(2),, weak isospin; a = 1 for U(1)y weak hypercharge). The gauge transformations of the
vector supermultiplet fields are

AL o AL 9Nt gf LAY,
A )\ + gfabC)\bAc’

where A is an infinitesimal gauge transformation parameter, g is the gauge coupling, and fo
are the totally antisymmetric structure constants that define the gauge group. The special case
of an Abelian group is obtained by just setting f%¢ = 0; the corresponding gaugino is a gauge
singlet in that case. The conventions are such that for QED, A* = (V, A) where V and A
are the usual electric potential and vector potential, with electric and magnetic fields given by
E=-VV —§Aand B=V x A.

The on-shell degrees of freedom for Aj and A7 amount to two bosonic and two fermionic
helicity states (for each a), as required by supersymmetry. However, off-shell A% consists of two
complex, or four real, fermionic degrees of freedom, while A}, only has three real bosonic degrees
of freedom; one degree of freedom is removed by the inhomogeneous gauge transformation
eq. (3.3.1). So, we will need one real bosonic auxiliary field, traditionally called D, in order for
supersymmetry to be consistent off-shell. This field also transforms as an adjoint of the gauge
group [i.e., like eq. (3.3.2) with A* replaced by D?| and satisfies (D*)* = D“. Like the chiral
auxiliary fields Fj, the gauge auxiliary field D® has dimensions of [mass]? and no kinetic term,
so it can be eliminated on-shell using its algebraic equation of motion. The counting of degrees
of freedom is summarized in Table 3.2.

Therefore, the Lagrangian density for a gauge supermultiplet ought to be

1 a rva - a—, a ]' a a
Loauge = =7 i I + ATV A + 50D, (3.3.3)
where
Fp, = 0,A% — 0,A% + g f*" AL A (3.3.4)

is the usual Yang-Mills field strength, and

VA" = 9\ + g f ™AL\ (3.3.5)
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is the covariant derivative of the gaugino field. To check that eq. (3.3.3) is really supersymmetric,
one must specify the supersymmetry transformations of the fields. The forms of these follow
from the requirements that they should be linear in the infinitesimal parameters e, e’ with
dimensions of [mass|~'/2, that 0Aj, is real, and that 6D should be real and proportional to the
field equations for the gaugino, in analogy with the role of the auxiliary field F' in the chiral
supermultiplet case. Thus one can guess, up to multiplicative factors, that!

a 1 - a a—

0A} = 7 (ETO'M)\ + AT aue) , (3.3.6)
a Z =V a 1 a

5)\05 = ﬁ(o’ua E)a FNV + ﬁea D 5 (337)

§D* = \% (—eT VA% + VAT ) (3.3.8)

The factors of v/2 are chosen so that the action obtained by integrating Lgange 1s indeed invariant,
and the phase of A\* is chosen for future convenience in treating the MSSM.
It is now a little bit tedious, but straightforward, to also check that

(0ey0c, — 0c,06) X = i(—€10% €l + ea0Mel )V, X (3.3.9)

for X equal to any of the gauge-covariant fields F};,, A%, e, D@ as well as for arbitrary covariant
derivatives acting on them. This ensures that the supersymmetry algebra egs. (3.1.30)-(3.1.31) is
realized on gauge-invariant combinations of fields in gauge supermultiplets, as they were on the
chiral supermultiplets [compare eq. (3.1.16)]. This check requires the use of identities egs. (2.19),
(2.21) and (2.26). If we had not included the auxiliary field D®, then the supersymmetry algebra
eq. (3.3.9) would hold only after using the equations of motion for A and A™®. The auxiliary
fields satisfies a trivial equation of motion D* = 0, but this is modified if one couples the gauge

supermultiplets to chiral supermultiplets, as we now do.

3.4 Supersymmetric gauge interactions

Now we are ready to consider a general Lagrangian density for a supersymmetric theory with
both chiral and gauge supermultiplets. Suppose that the chiral supermultiplets transform under
the gauge group in a representation with hermitian matrices (7T “)ij satisfying [T, T?] = 4 fobeTe.
[For example, if the gauge group is SU(2), then f®¢ = €%¢ and for a chiral supermultiplet
transforming in the fundamental representation the T are 1/2 times the Pauli matrices.] Be-
cause supersymmetry and gauge transformations commute, the scalar, fermion, and auxiliary
fields must be in the same representation of the gauge group, so

X; — X+ igh“(T"X); (3.4.1)

"The supersymmetry transformations egs. (3.3.6)-(3.3.8) are non-linear for non-Abelian gauge symmetries,
since there are gauge fields in the covariant derivatives acting on the gaugino fields and in the field strength F}g,,.
By adding even more auxiliary fields besides D?, one can make the supersymmetry transformations linear in the
fields; this is easiest to do in superfield language (see sections 4.5, 4.8, and 4.9). The version in this section, in
which those extra auxiliary fields have been eliminated, is called “Wess-Zumino gauge” [53].
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for X; = ¢;,¢;, F;. To have a gauge-invariant Lagrangian, we now need to replace the ordinary
derivatives d,¢;, 0,6, and 9,1, in eq. (3.2.1) with covariant derivatives:

V,u¢i = Qﬁbl—ngZ(T“(b)l (342)
Vud™ = 0,07 +igA; (o™ T) (3.4.3)
Vi = Oub; —igAL(T));. (3.4.4)

Naively, this simple procedure achieves the goal of coupling the vector bosons in the gauge
supermultiplet to the scalars and fermions in the chiral supermultiplets. However, we also
have to consider whether there are any other interactions allowed by gauge invariance and
involving the gaugino and D*® fields, which might have to be included to make a supersymmetric
Lagrangian. Since Aj; couples to ¢; and ¢, it makes sense that A\* and D* should as well.

In fact, there are three such possible interaction terms that are renormalizable (of field mass
dimension < 4), namely

(¢ T h) A, Ae(ptTeg), and (¢*T*¢) D" (3.4.5)

Now one can add them, with unknown dimensionless coupling coefficients, to the Lagrangians
for the chiral and gauge supermultiplets, and demand that the whole mess be real and invariant
under supersymmetry, up to a total derivative. Not surprisingly, this is possible only if the
supersymmetry transformation laws for the matter fields are modified to include gauge-covariant
rather than ordinary derivatives. Also, it is necessary to include one strategically chosen extra
term in 0 Fj, so:

0¢; = ey (3.4.6)
5Via = —i(0"€ ) o Vi + € F (3.4.7)
OF; = —ie' oV by + V2g(T%); €A (3.4.8)

After some algebra one can now fix the coefficients for the terms in eq. (3.4.5), with the result
that the full Lagrangian density for a renormalizable supersymmetric theory is

L = Leapa + ﬁgauge
—V2g(¢" T )N — V29N (1T ¢) + g(¢* T ¢) D*. (3.4.9)

Here L pira means the chiral supermultiplet Lagrangian found in section 3.2 [e.g., eq. (3.2.17) or
(3.2.19)], but with ordinary derivatives replaced everywhere by gauge-covariant derivatives, and
Lgange Was given in eq. (3.3.3). To prove that eq. (3.4.9) is invariant under the supersymmetry
transformations, one must use the identity

W (T*¢); = 0. (3.4.10)

This is precisely the condition that must be satisfied anyway in order for the superpotential,
and thus L, to be gauge invariant.

The second line in eq. (3.4.9) consists of interactions whose strengths are fixed to be gauge
couplings by the requirements of supersymmetry, even though they are not gauge interactions
from the point of view of an ordinary field theory. The first two terms are a direct coupling
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of gauginos to matter fields; this can be thought of as the “supersymmetrization” of the usual
gauge boson couplings to matter fields. The last term combines with the D*D?/2 term in Lgayge
to provide an equation of motion

D® = —g(¢*T%¢). (3.4.11)

Thus, like the auxiliary fields F; and F**, the D® are expressible purely algebraically in terms
of the scalar fields. Replacing the auxiliary fields in eq. (3.4.9) using eq. (3.4.11), one finds that
the complete scalar potential is (recall that £ contains —V):

. 1 o1
V(p,¢*) = F*F; + 5 S DD =W W'+ 3 > g2 (¢r T ¢)”. (3.4.12)

The two types of terms in this expression are called “F-term” and “D-term” contributions,
respectively. In the second term in eq. (3.4.12), we have now written an explicit sum Y, to
cover the case that the gauge group has several distinct factors with different gauge couplings
ga- [For instance, in the MSSM the three factors SU(3)¢, SU(2)., and U(1)y have different gauge
couplings g3, g and ¢'.] Since V (¢, ¢*) is a sum of squares, it is always greater than or equal
to zero for every field configuration. It is an interesting and unique feature of supersymmetric
theories that the scalar potential is completely determined by the other interactions in the
theory. The F-terms are fixed by Yukawa couplings and fermion mass terms, and the D-terms
are fixed by the gauge interactions.
By using Noether’s procedure [see eq. (3.1.17)], one finds the conserved supercurrent

JE = (0F")o Vo™ +i(ot i), W
1 i
——— (0T PN F + — g, " T (0 \1?),, 3.4.13
S5 Jo By + 500076 (A1) (3413
generalizing the expression given in eq. (3.1.18) for the Wess-Zumino model. This result will be
useful when we discuss certain aspects of spontaneous supersymmetry breaking in section 7.5.

3.5 Summary: How to build a supersymmetric model

In a renormalizable supersymmetric field theory, the interactions and masses of all particles are
determined just by their gauge transformation properties and by the superpotential W. By
construction, we found that W had to be a holomorphic function of the complex scalar fields ¢;,
which are always defined to transform under supersymmetry into left-handed Weyl fermions. In
an equivalent language, to be covered in section 4, W is said to be a function of chiral superfields
[51]. A superfield is a single object that contains as components all of the bosonic, fermionic,
and auxiliary fields within the corresponding supermultiplet, for example ®; D (¢;, ¥, F;). (This
is analogous to the way in which one often describes a weak isospin doublet or a color triplet
by a multicomponent field.) The gauge quantum numbers and the mass dimension of a chiral
superfield are the same as that of its scalar component. In the superfield formulation, one writes
instead of eq. (3.2.15)

. 1. .. 1 ..
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(a) (b) (¢)
Figure 3.1: The dimensionless non-gauge interaction vertices in a supersymmetric theory:

(a) scalar-fermion-fermion Yukawa interaction y**, (b) the complex conjugate interaction
Yijk, and (c) quartic scalar interaction y“"yj,,,.

which implies exactly the same physics. The derivation of all of our preceding results can be ob-
tained somewhat more elegantly using superfield methods, which have the advantage of making
invariance under supersymmetry transformations manifest by defining the Lagrangian in terms
of integrals over a “superspace” with fermionic as well as ordinary commuting coordinates. We
have purposefully avoided this extra layer of notation so far, in favor of the more pedestrian,
but more familiar and accessible, component field approach. The latter is at least more ap-
propriate for making contact with phenomenology in a universe with supersymmetry breaking.
The specification of the superpotential is really just a code for the terms that it implies in the
Lagrangian, so the reader may feel free to think of the superpotential either as a function of the
scalar fields ¢; or as the same function of the superfields ®;.

Given the supermultiplet content of the theory, the form of the superpotential is restricted
by the requirement of gauge invariance [see eq. (3.4.10)]. In any given theory, only a subset
of the parameters L', M%, and y“* are allowed to be non-zero. The parameter L' is only
allowed if ®; is a gauge singlet. (There are no such chiral supermultiplets in the MSSM with
the minimal field content.) The entries of the mass matrix M* can only be non-zero for i and
J such that the supermultiplets ®; and ®; transform under the gauge group in representations
that are conjugates of each other. (In the MSSM there is only one such term, as we will see.)
Likewise, the Yukawa couplings y*“* can only be non-zero when ®;, ®;, and ®; transform in
representations that can combine to form a singlet.

The interactions implied by the superpotential eq. (3.5.1) (with L' = 0) were listed in
eqs. (3.2.18), (3.2.19), and are shown' in Figures 3.1 and 3.2. Those in Figure 3.1 are all deter-
mined by the dimensionless parameters y“*. The Yukawa interaction in Figure 3.1a corresponds
to the next-to-last term in eq. (3.2.19). For each particular Yukawa coupling of ¢;1;1 with
strength y“*  there must be equal couplings of ¢;¥1) and ¢rihie);, since y“* is completely
symmetric under interchange of any two of its indices as shown in section 3.2. The arrows on
the fermion and scalar lines point in the direction for propagation of ¢ and v and opposite the
direction of propagation of ¢* and f. Thus there is also a vertex corresponding to the one in
Figure 3.1a but with all arrows reversed, corresponding to the complex conjugate [the last term
in eq. (3.2.19)]. Tt is shown in Figure 3.1b. There is also a dimensionless coupling for ¢;¢;¢**¢*,
with strength y“my},., as required by supersymmetry [see the last term in eq. (3.2.18)]. The
relationship between the Yukawa interactions in Figures 3.1a,b and the scalar interaction of

"Here, the auxiliary fields have been eliminated using their equations of motion (“integrated out”). One can
instead give Feynman rules that include the auxiliary fields, or directly in terms of superfields on superspace,
although this is usually less practical for phenomenological applications.

32



' ‘ ——X—— ——%—— - - X - -
J oo-Neg k J a-"-a_k - X -»

(a) (b) () (d) (e)
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Figure 3.3: Supersymmetric gauge interaction vertices.

Figure 3.1c is exactly of the special type needed to cancel the quadratic divergences in quan-
tum corrections to scalar masses, as discussed in the Introduction [compare Figure 1.1, and
eq. (1.11)].

Figure 3.2 shows the only interactions corresponding to renormalizable and supersymmetric
vertices with coupling dimensions of [mass| and [mass]?. First, there are (scalar)® couplings
in Figure 3.2a,b, which are entirely determined by the superpotential mass parameters M%
and Yukawa couplings y“*, as indicated by the second and third terms in eq. (3.2.18). The
propagators of the fermions and scalars in the theory are constructed in the usual way using
the fermion mass M% and scalar squared mass M;;, M*. The fermion mass terms M% and M;;
each lead to a chirality-changing insertion in the fermion propagator; note the directions of the
arrows in Figure 3.2c,d. There is no such arrow-reversal for a scalar propagator in a theory with
exact supersymmetry; as depicted in Figure 3.2e, if one treats the scalar squared-mass term as
an insertion in the propagator, the arrow direction is preserved.

Figure 3.3 shows the gauge interactions in a supersymmetric theory. Figures 3.3a,b,c occur
only when the gauge group is non-Abelian, for example for SU(3)¢ color and SU(2), weak
isospin in the MSSM. Figures 3.3a and 3.3b are the interactions of gauge bosons, which derive
from the first term in eq. (3.3.3). In the MSSM these are exactly the same as the well-known
QCD gluon and electroweak gauge boson vertices of the Standard Model. (We do not show the
interactions of ghost fields, which are necessary only for consistent loop amplitudes.) Figures
3.3c,d,e,f are just the standard interactions between gauge bosons and fermion and scalar fields
that must occur in any gauge theory because of the form of the covariant derivative; they come
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from egs. (3.3.5) and (3.4.2)-(3.4.4) inserted in the kinetic part of the Lagrangian. Figure 3.3c
shows the coupling of a gaugino to a gauge boson; the gaugino line in a Feynman diagram is
traditionally drawn as a solid fermion line superimposed on a wavy line. In Figure 3.3g we
have the coupling of a gaugino to a chiral fermion and a complex scalar [the first term in the
second line of eq. (3.4.9)]. One can think of this as the “supersymmetrization” of Figure 3.3e
or 3.3f; any of these three vertices may be obtained from any other (up to a factor of v/2) by
replacing two of the particles by their supersymmetric partners. There is also an interaction
in Figure 3.3h which is just like Figure 3.3g but with all arrows reversed, corresponding to the
complex conjugate term in the Lagrangian [the second term in the second line in eq. (3.4.9)].
Finally in Figure 3.31 we have a scalar quartic interaction vertex [the last term in eq. (3.4.12)],
which is also determined by the gauge coupling.

The results of this section can be used as a recipe for constructing the supersymmetric in-
teractions for any model. In the case of the MSSM, we already know the gauge group, particle
content and the gauge transformation properties, so it only remains to decide on the superpoten-
tial. This we will do in section 6.1. However, first we will revisit the structure of supersymmetric
Lagrangians in section 4 using the manifestly supersymmetric formalism of superspace and su-

perfields, and then describe the general form of soft supersymmetry breaking terms in section
5.

4 Superspace and superfields

In this section, the basic ideas of superspace and superfields are covered. These ideas pro-
vide elegant tools for understanding the structure of supersymmetric theories, and are essential
for analyzing and communicating ideas about the formal structure of supersymmetry in the
most succinct ways. However, they are also not strictly necessary; the discussion given above
shows how supersymmetry can be defined and studied completely without the superspace and
superfield notation. The reader who is mainly interested in phenomenological aspects of super-
symmetric extensions of the Standard Model is encouraged to skip this section, especially on a
first reading. The other sections (mostly) do not depend on it.

4.1 Supercoordinates, general superfields, and superspace differen-
tiation and integration

Supersymmetry can be given a geometric interpretation using superspace, a manifold obtained
by adding four fermionic coordinates to the usual bosonic spacetime coordinates ¢, x, y, z. Points
in superspace are labeled by coordinates:

", 6%, 0l (4.1.1)

Here 0% and 9(2 are constant complex anti-commuting two-component spinors with dimension
[mass|~'/2. In the superspace formulation, the component fields of a supermultiplet are united
into a single superfield, a function of these superspace coordinates. We will see below that
infinitesimal translations in superspace coincide with the global supersymmetry transformations
that we have already found in component field language. Superspace thus allows an elegant and
manifestly invariant definition of supersymmetric field theories.
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Differentiation and integration on spaces with anti-commuting coordinates are defined by
analogy with ordinary commuting variables. Consider first, as a warm-up example, a single anti-
commuting variable 1 (carrying no spinor indices). Because n? = 0, a power series expansion in
1 always terminates, and a general function is linear in #:

fn) = fo+nfi (4.1.2)

Here fp and f; may be functions of other commuting or anti-commuting variables, but not 7.
One of them will be anti-commuting (Grassmann-odd), and the other is commuting (Grassmann-
even). Then define:

if
iy = (4.1.3)

The differential operator di
"

distinct from n but also anti-commuting, then

anticommutes with every Grassmann-odd object, so that if #’ is

din'n)  dlpm)
o a — (4.1.4)

To define an integration operation with respect to 7, take

/dn:(), /dnn: 1, (4.1.5)

and impose linearity. This defines the Berezin integral [54] for Grassmann variables, and gives

/dnf(n) = fi. (4.1.6)

Comparing eqs. (4.1.3) and (4.1.6) shows the peculiar fact that differentiation and integration
are the same thing for an anti-commuting variable. The definition eq. (4.1.5) is motivated by
the fact that it implies translation invariance,

[ dn o) = [ dn g ), (4.1.7)
and the integration by parts formula
df
— = 4.1.
J dn g =0, (4.18)

in analogy with the fundamental theorem of the calculus for ordinary commuting variables. The
anti-commuting Dirac delta function has the defining property

[dnotm=n) o = £, (4.1.9)
which leads to

sn—mn) = n—n1. (4.1.10)
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For superspace with coordinates z#, 0%, GL, any superfield can be expanded in a power series
in the anti-commuting variables, with components that are functions of z*. Since there are two
independent components of 8% and likewise for 9;2, the expansion always terminates, with each

term containing at most two 6’s and two 67’s. A general superfield is therefore:
S(z,0,0") = a+ 0¢ + 0T +00b+ 0'0Tc + 015" 0v,, + 01010n + 000CT + 000'07d.  (4.1.11)

To see that there are no other independent contributions, note the identities

1 1 1 _
bubls = 5casth, egeg — i%ew, eae; = 5o, 4(073,0), (4.1.12)
derived from egs. (2.13) and (2.21). These can be used to rewrite any term into the forms given
in eq. (4.1.11). Some other identities involving the anti-commuting coordinates that are useful

in checking results below are:

BE)(0x) = —5E9)(Ex), 01 (61) = —@EN),  (111)
(66)(0%x") = %(QTEHH)@%XT), (4.1.14)
0’z = —0o"0' = (0'5"6), (4.1.15)
fo'c’0 = —n'00, Ot 9T = —nr oot (4.1.16)

These follow from identities already given in section 2.

The general superfield S could be either commuting or anti-commuting, and could carry
additional Lorentz vector or spinor indices. For simplicity, let us assume for the rest of this
subsection that it is Grassmann-even and carries no other indices. Then, without further re-
strictions, the components of the general superfield S are 8 bosonic fields a, b, ¢, d and v, and
4 two-component fermionic fields &, xT,n, (. All of these are complex functions of z*. The
numbers of bosons and fermions do agree (8 complex, or 16 real, degrees of freedom for each),
but there are too many of them to match either the chiral or vector supermultiplets encountered
in the previous section. This means that the general superfield is a reducible representation of
supersymmetry. In sections 4.4 and 4.5 below, we will see how chiral and vector superfields are
obtained by imposing constraints on the general case eq. (4.1.11).

Derivatives with respect to the anti-commuting coordinates are defined by

0 0 0 0

——(0%) = o —— (1) = —(01) = &¢ —(0%) = 0. 4.1.1
Thus, for example, a%(@b@) = 1), and aaTa(wQ) = —¢* for an anti-commuting spinor 1, and
887,1(99) = 20, and aaTa(QQ) = —20°.
To integrate over superspace, define
d*9 = —id@“d@ﬁeoﬁ, 20t = —id@id@%edg, (4.1.18)
so that, using eq. (4.1.5),
/d29 09 =1, /aFeT giot = 1. (4.1.19)
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Integration of a general superfield therefore just picks out the relevant coefficients of 80 and/or
010" in eq. (4.1.11):

/ &0 S(2,0,0") = b(x)+ 0 () + 0% d(x), (4.1.20)
/ 420" S(2,0,01) = c(x) + On(x) + 00d(x), (4.1.21)
/ 20420 S(x,0,0") = d(). (4.1.22)

The Dirac delta functions with respect to integrations d26 and d26' are:
SO —0)=(0-6)0—-0), s@ O — 0y = (6T — @) (0T — 0T, (4.1.23)

so that

/ 420 5P (0) S(,0,0") = S(,0,60) = a(z) + O (2) + 6%0Tc(x),  (4.1.24)
/ 20t 5201 S(x,0,0") = S(x,0,0) = a(z) + 0(x) + 09b(x), (4.1.25)
/ 220420 6 (0)6 (1) S(x,0,0") = S(2,0,0) = a(z). (4.1.26)

The integrals of total derivatives with respect to the fermionic coordinates vanish:
/ d*0—— (anything) = 0, / d29T anythlng) =0, (4.1.27)

just as in eq. (4.1.8). This allows for integration by parts.

4.2 Supersymmetry transformations the superspace way

To formulate supersymmetry transformations in terms of superspace, define the following dif-
ferential operators that act on superfields:

. 0 . 0

Qo = 187 - (U“m)aaua QY = _187 + (0'a*)° o (4.2.1)
e B, . . ,

Q" = 207 — (7"0)%0,, ol = — g+ (60)a0. (4.2.2)

These obey the usual product rules for derivatives, but with a minus sign for anti-commuting
through a Grassmann-odd object. For example:

Qu(ST) = (QuS)T + (—1)°S(Q.T) (4.2.3)

where S and T are any superfields, and (—1)° is equal to —1 if S is Grassmann-odd, and +1 if
S is Grassmann-even.

Then the supersymmetry transformation parameterized by infinitesimal ¢, €' for any super-
field S is given by*

. o 40
_ tOT — T

V268 = —i(eQ+ QNS = (e 5 + el 30T +ilea6’ + 150]0,)S  (4.24)
= S(a* +ied"0" +ic'a"0, O+e, 0T +€") — S(at, 0, 67), (4.2.5)

iThe factor of /2 is a convention, not universally chosen in the literature, but adopted here in order to avoid
V2 factors in the supersymmetry transformations of section 3.1 while maintaining consistency.
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The last equality follows by a Taylor expansion to first order in € and €'. Equation (4.2.5) shows
that a supersymmetry transformation can be viewed as a translation in superspace, with:

0 = 6%+, (4.2.6)
0L — 0L +€l, (4.2.7)
= oM+ e 4 icTTho. (4.2.8)

Since Q, QT are linear differential operators, the product or linear combination of any superfields
satisfying eq. (4.2.4) is again a superfield with the same transformation law.

It is instructive and useful to work out the supersymmetry transformations of all of the
component fields of the general superfield eq. (4.1.11). They are:

V20.a = e+ ey, (4.2.9)
V26.6, = 2e.b— (0"€)o(v, +i0,a), (4.2.10)
V261 = 2%+ (at€)% (v, — i0,a), (4.2.11)
V26.b = €t %Jvﬂ@ug, (4.2.12)
V26 = en— %ea“@u)ﬂ, (4.2.13)
V20.0r = et —€latn — %ea“ﬁ“@yf + %ETEVO'”&,XT, (4.2.14)
V208, = 2e4d —i(c"e) 40, — %(U”ﬁ“é)aﬁuvy, (4.2.15)
V26,1 = 26M%d —i(G€)*0,b + %(6“0”5)‘5‘0”1)”, (4.2.16)
V26d = —%e%ﬂaﬂ; - %ea“ﬁud. (4.2.17)

Note that since the terms on the right-hand sides all have exactly one € or one €f, boson fields
are always transformed into fermions and vice versa.

It is probably not obvious yet that the supersymmetry transformations as just defined coin-
cide with those found in section 3. This will become clear below when we discuss the specific
form of chiral and vector superfields and the Lagrangians that govern their dynamics. Mean-
while, however, we can compute the anticommutators of Q, Q! from eqs. (4.2.1), (4.2.2), with
the results:

A

{Qa, Q} = 20080, = —20%4P, (4.2.18)
{Qar Qs} = 0, QL. QL) = o (4.2.19)

Here, the differential operator generating spacetime translations is

~

P, = —id,. (4.2.20)

Egs. (4.2.18)-(4.2.19) have the same form as the supersymmetry algebra given in eqs. (3.1.30),
(3.1.31).

It is important to keep in mind the conceptual distinction between the unhatted objects
Qa, QL, P" appearing in section 3.1, which are operators acting on the Hilbert space of quantum
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states, and the corresponding hatted objects Qa, @L, ]5“, which are differential operators acting
on functions in superspace. For any superfield quantum mechanical operator X in the Heisenberg
picture, the two kinds of operations are related by

(X, eQ + QT = (eQ + QN X, (4.2.21)
X, P)] = P,X. (4.2.22)

4.3 Chiral covariant derivatives

To construct Lagrangians in superspace, we will later want to use derivatives with respect to the
anti-commuting coordinates, just as ordinary Lagrangians are built using spacetime derivatives
0,. We will also use such derivatives to impose constraints on the general superfield in a way
consistent with the supersymmetry transformations. However, 9/00“ is not appropriate for this
purpose, because it is not supersymmetric covariant:

oS 0
55 <%> 7é %(665)7 (431)

and similarly for /06 This means that derivatives of a superfield with respect to 6, or ), are
not superfields; they do not transform the right way. To fix this, it is useful to define the chiral
covariant derivatives:

0 0
= — — (" i @ _— - (O
D, 509 (0"6")00,, D a0, +i(0'5")%0,,. (4.3.2)

For a Grassmann-even superfield S, one can then define the anti-chiral covariant derivative to
obey:

DsS* = (DaS)", (4.3.3)

which implies

=& a i & =N a .
D" = 2 i@, D = —555 +i(60")a0 (4.3.4)

One may now check that
{Gu. D) = {0 Dy} = 0. D;) = {01, D;) = 0. (43.5)
Using the supersymmetry transformation definition of eq. (4.2.4), it follows that
8. (DoS) = D, (6.5), 0c (DaS) =D (85). (4.3.6)

Thus the derivatives D, and D, are indeed supersymmetric covariant; acting on superfields,
they return superfields. This crucial property makes them useful both for defining constraints on
superfields in a covariant way, and for defining superspace Lagrangians involving anti-commuting
spinor coordinate derivatives. These derivatives are linear differential operators, obeying product
rules exactly analogous to eq. (4.2.3).
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The chiral and anti-chiral covariant derivatives also can be checked to satisfy the useful
anticommutation identities:

{Da: D} = 2i0" 0y, (4.3.7)
{Da, Ds} =0, {Ds. D5} = 0. (4.3.8)

This has exactly the same form as the supersymmetry algebra in eqgs. (4.2.18) and (4.2.19), but
D, D should not be confused with the differential operators for supersymmetry transformations,
Q, QT. The operators D, D do not represent a second supersymmetry.

The reader might be wondering why we use an overline notation for D, but a dagger for
Q'. The reason is that the dagger and the overline denote different kinds of conjugation. The
dagger on @ represents Hermitian conjugation in the same sense that P = —10,, is an Hermi-
tian differential operator on an inner product space, but the overline on D represents complex
conjugation in the same sense that 0, is a real differential operator, with (9,¢)* = 0,¢*. Recall
that if we define the inner product on the space of functions of z* by:

(Wlo) = [d'o v (@)o(x), (43.9)
then, using integration by parts,
(W1 Po) = ((6|P))” (4.3.10)

Similarly, the dagger on the differential operator QT denotes Hermitian conjugation with respect
to the inner product defined by integration of complex superfields over superspace. To see this,
define, for any two classical superfields S(z,6,6") and T'(x, 6, 0"), the inner product:

(T|S) = /d4g: /d29/d2m T*5. (4.3.11)

Now one finds, by integration by parts over superspace, that with the definitions in eqs. (4.2.1)
and (4.2.2),

(TIQLS) = ((SIQaT))". (4.3.12)

In contrast, the definition of D in eq. (4.3.3) is analogous to the equation (9,¢)* = 9,¢* for
functions on ordinary spacetime; in that sense, 0, is a real differential operator, and similarly
Dy, is the conjugate of D,. This is more than just notation; if we defined DT from D, in a way
analogous to eq. (4.3.12), then one can check that it would not be equal to D as defined above.
Note that the dagger on the quantum field theory operator Q! (without the hat) represents yet
another sort of Hermitian conjugation, in the quantum mechanics Hilbert space sense.

It is useful to note that, using eq. (4.1.27),

/d29 D,(anything)  and /d2(9T D, (anything) (4.3.13)

are each total derivatives with respect to x*. This enables integration by parts in superspace
of Lagrangian terms with respect to either D, or D4. Another useful fact is that acting three
consecutive times with either of D, or D, always produces a vanishing result:

DoDgD,(anything) =0  and  D4sD;Ds(anything) = 0. (4.3.14)
This follows from eq. (4.3.8), and is true essentially because the spinor indices on the anti-

commuting derivatives can only have two values.
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4.4 Chiral superfields

To describe a chiral supermultiplet, consider the superfield ®(x, 0, #7) obtained by imposing the
constraint

Dg® = 0. (4.4.1)

A field satisfying this constraint is said to be a chiral (or left-chiral) superfield, and its complex
conjugate ®* is called anti-chiral (or right-chiral) and satisfies

D, ®* = 0. (4.4.2)
These constraints are consistent with the transformation rule for general superfields because of
eq. (4.3.6).
To solve the constraint eq. (4.4.1) in general, it is convenient to define
y" =2t + 0’5", (4.4.3)
and change coordinates on superspace to the set:

y*, 0%, 0. (4.4.4)

In terms of these variables, the chiral covariant derivatives have the representation:

0 0 0 0
— o9kt L a . 2 Snt=pya Z
D, 50 2i(c*0 )aay”’ D a0, + 2i(6'") oy’ (4.4.5)
—d 0 — 0
D' = 5 Di =~ (4.4.6)

«

Equation (4.4.6) makes it clear that the chiral superfield constraint eq. (4.4.1) is solved by any
function of y* and 6, as long as it is not a function of #7. Therefore, one can expand:

O = o(y) + V200 (y) + 00F (y), (4.4.7)
and similarly
O* = ¢*(y*) + V20T (v*) + 0701 (y*). (4.4.8)

The factors of v/2 are conventional, and y** = x* — i075"0. The chiral covariant derivatives in
terms of the coordinates (y*,6,6") are also sometimes useful:

0 o 0
= 0 . . 0 — 0 , 0
_ o (mhg)d -9 WL (441
D o0} 2i(c"0) g D 207a + 2i(0c*) W ( 0)

According to eq. (4.4.7), the chiral superfield independent degrees of freedom are a complex
scalar ¢, a two-component fermion ), and an auxiliary field F', just as found in subsection
3.1. If ® is a free fundamental chiral superfield, then assigning it dimension [mass]' gives the
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canonical mass dimensions to the component fields, because # and 6" have dimension [mass] /2.

Rewriting the chiral superfields in terms of the original coordinates z, 6, 07, by expanding in a
power series in the anti-commuting coordinates, gives

O = o) +i01500,6(x) + ieee*e*aua%(x) + V300 ()
—%eemﬁﬂﬁw(@ + 00F (z), (4.4.11)

1
O = ¢*(x) —i0'5"00,0" (v) + Z999*9*&9,;‘%@5*(g:) + V2071 (x)
1
V2
Depending on the situation, eqs. (4.4.7)-(4.4.8) are sometimes a more convenient representation
than eqs. (4.4.11)-(4.4.12).

By comparing the general superfield case eq. (4.1.11) to eq. (4.4.11), we see that the latter
can be obtained from the former by identifying component fields:

01019540, (x) + 70T F* (). (4.4.12)

a=¢, Eo = V20, b=F, (4.4.13)

X' =0, c=0, v, = 10,0, Ne =0, (4.4.14)
fa _L FH & — 1 Iz

¢ ﬂ(o— ), d=-0,0"¢. (4.4.15)

It is now straightforward to obtain the supersymmetry transformation laws for the component
fields of ®, either by using v/26.® = —i(eQ + €/Q")®, or by plugging eqs. (4.4.13)-(4.4.15) into
the results for a general superfield, eqs. (4.2.9)-(4.2.17). The results are

0 = e, (4.4.16)
Sctbe = —i(0"€)00,0 + €uF, (4.4.17)
6 F = —iea"d,, (4.4.18)

in agreement with eqs. (3.1.3), (3.1.13), (3.1.15).
One way to construct a chiral superfield (or an anti-chiral superfield) is

d = DDS = DsD"S, ®* = DDS* = D°D,S", (4.4.19)

where S is any general superfield. The fact that these are chiral and anti-chiral, respectively,
follows immediately from eq. (4.3.14). The converse is also true; for every chiral superfield &,
one can find a superfield S such that eq. (4.4.19) is true.

Another way to build a chiral superfield is as a function W (®;) of other chiral superfields ®;
but not anti-chiral superfields; in other words, W is holomorphic in chiral superfields treated as
complex variables. This fact follows immediately from the linearity and product rule properties
of the differential operator D4 appearing in the constraint eq. (4.4.1). It will be useful below
for constructing superspace Lagrangians.
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4.5 Vector superfields

A vector (or real) superfield V' is obtained by imposing the constraint V' = V*. This is equivalent
to imposing the following constraints on the components of the general superfield eq. (4.1.11):

a = a*, X' = ¢, c = b, Uy = v, ¢ =, d=d". (4.5.1)

It is also convenient and traditional to define:
1

) 1
o = Ao — %(o—uaﬂgf)a, =4, d=35D+ 0,0, (4.5.2)

The component expansion of the vector superfield is then
Vi(z,0,00) = a+ 0+ 0"+ 00b+ 07070" + 07504, + 01010\ — %aﬂaﬁ)
+006T(\T — %6“@15) + 999*9*(%D + i@,ﬁ”a). (4.5.3)

The supersymmetry transformations of these components can be obtained either from /25, V =
—i(e@Q + €'Q")V, or by plugging eqgs. (4.5.1)-(4.5.2) into the results for a general superfield,
egs. (4.2.9)-(4.2.17). The results are:

V264 = e+ €t
V20.6, = 2eab— (U“ET)Q(A“ +10,,a),
V26.b = €N —ielF0,¢,
V26 A" = iedhE —ict et + eot AT — €lgt,
V26 ha = €D+ %(U“E”e)a(ﬁufly —d,4,),
V26.D = —iea“@uﬂ — ieTE‘L@uA

A superfield cannot be both chiral and real at the same time, unless it is identically constant
(i.e., independent of z#, 8, and #). This follows from eqs. (4.4.13)-(4.4.15), and (4.5.1). However,
if @ is a chiral superfield, then ® + ®* and i(® — ®*) and ®P* are all real (vector) superfields.

As the notation chosen in eq. (4.5.3) suggests, a vector superfield that is used to represent
a gauge supermultiplet contains gauge boson, gaugino, and gauge auxiliary fields A*, A\, D as
components. (Such a vector superfield V' must be dimensionless in order for the component
fields to have the canonical mass dimensions.) However, there are other component fields in
V' that did not appear in sections 3.3 and 3.4. They are: a real scalar a, a two-component
fermion ¢, and a complex scalar b, with mass dimensions respectively 0, 1/2, and 1. These are
additional auxiliary fields, which can be “supergauged” away. To see this, suppose V is the
vector superfield for a U(1) gauge symmetry, and consider the “supergauge transformation”:

Voo Vi —Q), (4.5.10)

where ) is a chiral superfield gauge transformation parameter, Q = ¢ + /26y + 06F + .... In
components, this transformation is

a — a+i(¢"— ), (4.5.11)
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fo = Ea—iV20,, (4.5.12)
b — b—iF, (4.5.13)
Ay = A 400+ 8Y), (4.5.14)
M = Aa, (4.5.15)
D = D (4.5.16)

Equation (4.5.14) shows that eq. (4.5.10) provides the vector boson field with the usual gauge
transformation, with parameter 2Re(¢). By requiring the gauge transformation to take a super-
symmetric form, it follows that appropriate independent choices of Im(¢), 1,, and F' can also
change a, £,, and b arbitrarily. Thus the supergauge transformation eq. (4.5.10) has ordinary
gauge transformations as a special case.

In particular, supergauge transformations can eliminate the auxiliary fields a, &,, and b com-
pletely. A superspace Lagrangian for a vector superfield must be invariant under the supergauge
transformation eq. (4.5.10) in the Abelian case, or a suitable generalization given below for the
non-Abelian case. After making a supergauge transformation to eliminate a, £, and b, the vector
superfield is said to be in Wess-Zumino gauge, and is simply given by

Vivz gauge = 015"0A,, + 010T0X + 000'AT + %999*@*1}. (4.5.17)

The restriction of the vector superfield to Wess-Zumino gauge is not consistent with the linear
superspace version of supersymmetry transformations. This is because v/26.(Vivz gauge) COL-
tains 0To#eA, — Oorel A, + 00" \T + 070Te), and so the supersymmetry transformation of the
Wess-Zumino gauge vector superfield is not in Wess-Zumino gauge. However, a supergauge
transformation can always restore 0.(Vivz gauge) t0 Wess-Zumino gauge. Adopting Wess-Zumino
gauge is equivalent to partially fixing the supergauge, while still maintaining the full freedom
to do ordinary gauge transformations.

4.6 How to make a Lagrangian in superspace

So far, we have been concerned with the structural features of fields in superspace. We now turn
to the dynamical issue of how to construct manifestly supersymmetric actions. A key observation
is that the integral of any superfield over all of superspace is automatically invariant:

5 A=0, for A= /d4x/d29d2m S(x,0,0M). (4.6.1)

This follows immediately from the fact that Q and Q' as defined in egs. (4.2.1), (4.2.2) are sums
of total derivatives with respect to the superspace coordinates z*, 6,6, so that (6@ + ET@T)S
vanishes upon integration. As a check, eq. (4.2.17) shows that the 000707 component of a
superfield transforms into a total spacetime derivative.

Therefore, the action governing the dynamics of a theory can have contributions of the form
of eq. (4.6.1), with reality of the action demanding that S is some real (vector) superfield V.
From eq. (4.2.5), we see that the principle of global supersymmetric invariance is embodied in
the requirement that the action should be an integral over superspace which is unchanged under
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rigid translations of the superspace coordinates. To obtain the Lagrangian density L£(x), one
integrates over only the fermionic coordinates. This is often written in the notation:
Vip = [ d®0d°0" V(2,0,0") = V(z,0,0' ~1pilyer 4.6.2
Vo = [ (2,0,07) = V(@,0,07),,,... = 5D+ 70,0 (4.6.2)
using eq. (4.1.22) and the form of V' in eq. (4.5.3) for the last equality. This is referred to as a
D-term contribution to the Lagrangian (note that the d,0"a part will vanish upon integration
[d'x).

Another type of contribution to the action can be inferred from the fact that the F-term of a
chiral superfield also transforms into a total derivative under a supersymmetry transformation,
see eq. (4.4.18). This implies that one can have a contribution to the Lagrangian density of the
form

@lp = |, = [@00|, _ = [dod 6P (0o = F, (4.6.3)

using the form of ® in eq. (4.4.11) for the last equality. This satisfies d.([ d*z[®]r) = 0. The
F-term of a chiral superfield is complex in general, but the action must be real, which can be
ensured if this type of contribution to the Lagrangian is accompanied by its complex conjugate:

[@]F +c.c. = / d*0d*6" [5(67) @ + 6©)(9) 2] . (4.6.4)

Note that the identification of the F-term component of a chiral superfield is the same in the
(xz#,0,0") and (y*, 0, 0") coordinates, in the sense that in both cases, one simply isolates the 66
component. This follows because the difference between z* and y* is higher order in 0. It is a
useful trick, because many calculations involving chiral superfields are simpler to carry out in
terms of y*.

Another possible try would be to take the D-term of a chiral superfield. However, this is a

waste of time, because
Plp = [ 00" = _ Lo 4.6.5
[2]p / ‘eemm 4 M 2 (4.6.5)
where the last equality follows from eq. (4.4.11), and ¢ is the scalar component of ®. Equation
(4.6.5) is a total derivative, so adding it (and its complex conjugate) to the Lagrangian density
has no effect.

Therefore, the two ways of making a supersymmetric Lagrangian are to take the D-term
component of a real superfield, and to take the F-term component of a chiral superfield, plus
the complex conjugate. When building a Lagrangian, the real superfield V used in eq. (4.6.2) and
the chiral superfield ® used in eq. (4.6.4) are usually composites, built out of more fundamental
superfields. However, contributions from fundamental fields V' and ® are allowed, when V" is the
vector superfield for an Abelian gauge symmetry and when ® is a singlet under all symmetries.

It is always possible to rewrite a D term contribution to a Lagrangian as an F' term contri-
bution, by the trick of noticing that

DD(9'0") = DD(09) = —4, (4.6.6)
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and using the fact that 6 (0") = 070" from eq. (4.1.23). Thus, by integrating by parts twice
with respect to 61

Vip = 1 420420 V DD(079") = ! d?0d?0" 6@ (6" DDV + . .. 4.6.7
4 4
1

The ... indicates total derivatives with respect to x*, coming from the two integrations by parts.
As noted in section 4.4, DDV is always a chiral superfield. If V' is real, then the imaginary part
of eq. (4.6.8) is a total derivative, and the result can be rewritten as —2[DDV], + c.c.

4.7 Superspace Lagrangians for chiral supermultiplets

In section 4.4, we verified that the chiral superfield components have the same supersymmetry
transformations as the Wess-Zumino model fields. We now have the tools to complete the
demonstration of equivalence by reconstructing the Lagrangian in superspace language. Consider
the composite superfield

OUD; = ¢+ VY6 + VG + 0097 F; + 08T,
6176 (16705 — i6,0,0™ — W17,

+ﬁeeew(¢jau¢ — 050" + V20001

+%9T9T90—ﬂ(wau¢j — 9,01 0;) + V/2016100); F
, 1 . 1 .. 1 .
+000%" | P F; — 5007 0u0; + 070" 0u0; + 16,0" 00"
+§W’5"3ﬂ¢j + §¢j<7”au¢“] (4.7.1)

where all fields are evaluated as functions of z* (not y* or y**). For i = j, eq. (4.7.1) is a
real (vector) superfield, and the massless free-field Lagrangian for each chiral superfield is just
obtained by taking the #0679T component:

4 0] = / 042" D = —9"¢" 0,6 + i T + FTF + ... (4.7.2)

The ... indicates a total derivative part, which may be dropped since this is destined to be
integrated [ d*z. Equation (4.7.2) is exactly the Lagrangian density obtained in section 3.1 for
the massless free Wess-Zumino model.

To obtain the superpotential interaction and mass terms, recall that products of chiral su-
perfields are also superfields. For example,

Q05 = iy + V20(1hih; + i) + 00(6:F) + ¢, Fy — thsaby), (4.7.3)
Q0P = ¢id;dn + V20(id;dn + Uitk + Vrdic))
+00(9ipj Fi + ¢ Fy + @0 Fs — Yithibn — ity — bjihngi),  (4.7.4)
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where the presentation has been simplified by taking the component fields on the right sides to
be functions of y* as given in eq. (4.4.3). More generally, any holomorphic function of a chiral
superfields is a chiral superfield. So, one may form a complete Lagrangian as

L(z) = [@"®;]p + (W (P)]p+cc.), (4.7.5)

where W (®;) can be any holomorphic function of the chiral superfields (but not anti-chiral super-
fields) taken as complex variables, and coincides with the superpotential W (¢;) that was treated
in subsection 3.2 as a function of the scalar components. For W = LMY ®;®; + 175 ®;®;d;, the
result of eq. (4.7.5) is exactly the same as eq. (3.2.19), after writing in component form using
egs. (4.7.2), (4.7.3), (4.7.4) and integrating out the auxiliary fields.

It is instructive to obtain the superfield equations of motion from the Lagrangian eq. (4.7.5).
The quickest way to do this is to first use the remarks at the very end of section 4.6 to rewrite
the Lagrangian density as:

L(z) = / d*0 [—iﬁ@*@ﬂrW(Qn)] + / 20T [W(®,)]". (4.7.6)

Now varying with respect to ®; immediately gives the superfield equation of motion:

1— .. oW
0 = —ZDDQD —|—5q)i, (4.7.7)
and its complex conjugate,
1 oW
0 = _ZDDq)i+5q>*i' (4.7.8)

These are equivalent to the component-level equations of motion as can be found from the
Lagrangian in section 3.2. To verify this, it is easiest to write eq. (4.7.7) in the coordinate
system (y*, 6, 0"), in which the first term has the simple form

—%mw‘ — F(y) — iv/200"0,0T (y) + 000,0"6% (y). (4.7.9)

Because this is a chiral (not anti-chiral) superfield, it is simpler to write the components as
functions of y* as shown, not y**, even though the left-hand side involves ®*.

For an alternate method, consider a Lagrangian density V' on the full superspace, so that
the action is

A = / dz / d20420' V, (4.7.10)

with V' (S;, DoS;, DyS;) assumed to be a function of general dynamical superfields S; and their
chiral and anti-chiral first derivatives. Then the superfield equations of motion obtained by
variation of the action are

ov ov — ov
o () (). wry
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In the case of the Lagrangian for chiral superfields eq. (4.7.5), Lagrange multipliers A*¢ and
A¢ can be introduced to enforce the chiral and anti-chiral superfield constraints on ®; and ®*
respectively. The Lagrangian density on superspace is then:

V = ADa®; + AYD DY + 04D, + 0P (0N W (D) + sP(O)[W(®,)]*.  (4.7.12)

Variation with respect to the Lagrange multipliers just gives the constraints Ds®; = 0 and
D,®* = 0. Applying eq. (4.7.11) to the superfields ®; and ®*' leads to equations of motion:

0 = &%+ 5<2>(9T)% — DA™, (4.7.13)
0 = & +5<2>(9)f5g; — D, A2 (4.7.14)

Now acting on these equations with —im and —iDD respectively, and applying eqs. (4.1.23)
and (4.6.6), one again obtains eqs. (4.7.7) and (4.7.8).

4.8 Superspace Lagrangians for Abelian gauge theory

Now consider the superspace Lagrangian for a gauge theory, treating the U(1) case first for
simplicity. The non-Abelian case will be considered in the next subsection.

The vector superfield V (x, 0, 07) of eq. (4.5.3) contains the gauge potential A*. Define cor-
responding gauge-invariant Abelian field strength superfields by

1 1
Weo =—=7DDD,V, Wi = —DDD,V. (4.8.1)

[e%
These are respectively chiral and anti-chiral by construction [see eq. (4.4.19)], and are examples
of superfields that carry spinor indices and are anti-commuting. They carry dimension [mass]*/2.
To see that W, is gauge invariant, note that under a supergauge transformation of the form

eq. (4.5.10),

W, — —imDa[VjLi(Q* ~Q)] = Wa+:DDD. (4.8.2)
i —
= Wa— DD D)0 (4.8.3)
[
= Wa+t502,0,D°0 (4.8.4)
= W, (4.8.5)

The first equality follows from eq. (4.4.2) because 2* is anti-chiral, the second and fourth equal-
ities from eq. (4.4.1) because (2 is chiral, and the third from eq. (4.3.7).

To see how the component fields fit into W, it is convenient to temporarily specialize to
Wess-Zumino gauge as in eq. (4.5.17), and then convert to the coordinates (y*, 8, 07) as defined
in eq. (4.4.3), with the result

Viy,0,00) = GTE“GAM(y)+9T«9T9)\(y)+9«9«9T)\T(y)+%HGGTGT [D(y) + 0, A"(y)] . (4.8.6)
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Now application of egs. (4.4.5), (4.4.6) yields

Waly, 0,00 = Xy +0,D + %(a”ﬁ”@)aFW +i00(c" 0, A\, (4.8.7)

Wi (y*,0,0") = X4 gfep — %(E”a”m)dﬂw + 070" (719, \)?, (4.8.8)

where all fields on the right side are understood to be functions of y* and y** respectively, and
F, = 0,A, -0,A, (4.8.9)

is the ordinary component field strength. Although it was convenient to derive eqs. (4.8.7)
and (4.8.8) in Wess-Zumino gauge, they must be true in general, because W, and W% are
supergauge invariant.

Equation (4.8.7) implies

X |
W Walr = D + 2iA0 O\ = SF™F,, + %EHVPUFH,,FPU, (4.8.10)

where now all fields on the right side are functions of . Integrating, and eliminating total
derivative parts, one obtains the action

1 1
§D2 + i)\Tﬁ“ﬁuA - ZFuVFuV )

/d‘{m - /d%i[WQWa]F%—c.c. - /d%: (4.8.11)

in agreement with eq. (3.3.3). Additionally, the integral of the D-term component of V' it-
self is invariant under both supersymmetry [see eq. (4.5.9)] and supergauge [see eq. (4.5.16)]
transformations. Therefore, one can include a Fayet-Iliopoulos term

‘CFI = —QK[V]D = —I{D, (4.8.12)

again dropping a total derivative. This type of term can play a role in spontaneous supersym-
metry breaking, as we will discuss in section 7.2.

It is also possible to write the Lagrangian density eq. (4.8.10) as a D-term rather than an
F-term. Since W* is a chiral superfield, with ﬁBW“ = 0, one can use eq. (4.8.1) to write

WoW, — —EW(W“DQV). (4.8.13)

Therefore, using eq. (4.6.8), the Lagrangian for A*, A\, and D can be rewritten as:
L(z) = / 4204201 E (WD.V + WDV - 2mv} . (4.8.14)
Next consider the coupling of the Abelian gauge field to a set of chiral superfields ®; carrying

U(1) charges ¢;. Supergauge transformations, as in eqs. (4.5.10)-(4.5.16), are parameterized by
a non-dynamical chiral superfield €2,

o — 21D, N A (4.8.15)
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where ¢ is the gauge coupling. In the special case that € is just a real function ¢(x), independent
of § and 67, this reproduces the usual gauge transformations with A* — A" +20"¢. The kinetic
term from eq. (4.7.2) involves the superfield ®*'®;, which is not supergauge invariant:

PP, — 9V, (4.8.16)
To remedy this, we modify the chiral superfield kinetic term in the Lagrangian to
Prie20nV @, . (4.8.17)

The gauge transformation of the €%9%" factor, found from eq. (4.5.10), exactly cancels that of
eq. (4.8.16).
The presence of an exponential of V' in the Lagrangian is possible because V' is dimensionless.
It might appear to be dangerous, because normally such a non-polynomial term would be non-
renormalizable. However, the gauge dependence of V' comes to the rescue: the higher order
terms can be supergauged away. In particular, evaluating €294V in the Wess-Zumino gauge, the
power series expansion of the exponential is simple and terminates, because
Vo= —%999*9*/1”/1“, (4.8.18)
vt =0 (n > 3), (4.8.19)

so that
1
eV =1+ 29q;(0T5"0A,, + 01010\ + 000TAT + 5999*9*0) — g%q00010T A, A" (4.8.20)
Using this, one can work out that, in Wess-Zumino gauge and up to total derivative terms,

[@¥1e2V D, | = FUF, = V67V + i TV — V200:(0 i\ + A pley)
+94:6™ $:D, (4.8.21)

where V, is the gauge-covariant spacetime derivative:

Vi = 0.0 — 196 AuPi, V.0 = 0,0 +igq;Aue™, (4.8.22)
Vi = O —igqiAui. (4.8.23)

Equation (4.8.21) agrees with the specialization of eq. (3.4.9) to the Abelian case.
In summary, the superspace Lagrangian

. 1
L = [(I)*Z€2gqivq)i}[) + ([W(q)z>]p + C.C.) + Z ([WQWQ]F + C.C.) — QH[V]D (4824)
reproduces the component form Lagrangian found in subsection 3.4 in the special case of matter

fields coupled to each other and to a U(1) gauge symmetry, plus a Fayet-Iliopoulos parameter
K.
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4.9 Superspace Lagrangians for general gauge theories

Now consider a general gauge symmetry realized on chiral superfields ®; in a representation R
with matrix generators T;:
19a 2T\ 7 *7 *j [ —219, QTN 1

®; — (X9 1D, O — (70T (4.9.1)
The gauge couplings for the irreducible components of the Lie algebra are g,. As in the Abelian
case, the supergauge transformation parameters are chiral superfields 2*. For each Lie algebra
generator, there is a vector superfield V', which contains the vector gauge boson and gaugino.
The Lagrangian then contains a supergauge-invariant term

L= [or(e"V) e . (4.9.2)

It is convenient to define matrix-valued vector and gauge parameter superfields in the represen-
tation R:

Vi = 2g, 77V, Q7 = 2¢,770°, (4.9.3)
so that one can write
®; — (") I, O — @ (e 1, (4.9.4)
and
_ *( VN IH.
L= [y . (4.9.5)

For this to be supergauge invariant, the non-Abelian gauge transformation rule for the vector
superfields must be

eV = Ve, (4.9.6)

[Here chiral supermultiplet representation indices i, j, . . . are suppressed; V and €2 with no indices
stand for the matrices defined in eq. (4.9.3).] Equation (4.9.6) can be expanded, keeping terms
linear in ©, QF, using the Baker-Campbell-Hausdorff formula, to find

= DB
= (2k)!

where the kth term in the sum involves k£ matrix commutators of V', and B, are the Bernoulli

V o= V4+i@ —Q) — <[V, Q+ QN +i Vv [v.aft—a] [], (97

{
2

numbers defined by

00 Bn
’ ", (4.9.8)

1 &0
e* —1 = n!

Equation (4.9.7) is equivalent to

Ve 5 yeg Z»(Qa* . Qa) + gafabcvb<Qc* + QC) _ %ngabcfcdevbvd<96* — Qe) —+ ... (499)
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where eq. (4.9.3) and [T%,T%] = if®T° have been used. This supergauge transformation in-
cludes ordinary gauge transformations as the special case Q% = Q.

Because the second term on the right side of eq. (4.9.9) is independent of V', one can always
do a supergauge transformation to Wess-Zumino gauge by choosing Q% — Q® appropriately, just
as in the Abelian case, so that

(VIWZ gauge = 0'0"0A% +07070X" + 0997 + %999*9@“. (4.9.10)

After fixing the supergauge to Wess-Zumino gauge, one still has the freedom to do ordinary
gauge transformations. In the Wess-Zumino gauge, the Lagrangian contribution eq. (4.9.5) is
polynomial, in agreement with what was found in component language in section 3.4:

27(e)J )], = FUF = VgtV + i TVl — V20u(6 TN — V20, ($1T9)
+9a(¢"T"¢) D", (4.9.11)

where V, is the gauge-covariant derivative defined in egs. (3.4.2)-(3.4.4).
To make kinetic terms and self-interactions for the vector supermultiplets in the non-Abelian
case, define a field-strength chiral superfield

W, = —%m (7" Dac"), (4.9.12)

generalizing the Abelian case. Using eq. (4.9.6), one can show that it transforms under super-
gauge transformations as

Wa — e“Woe (4.9.13)

(The proof makes use of the fact that Q is chiral and Q' is anti-chiral, so that DsQ = 0
and D,Q = 0.) This implies that Tr[W*W,] is a supergauge-invariant chiral superfield. The
contents of the parentheses in eq. (4.9.12) can be expanded as

VD’ = DLV~ L[V.DV] 4 é VIV DLV + (4.9.14)

where again the commutators apply in the matrix sense, and only the first two terms contribute
in Wess-Zumino gauge.

The field strength chiral superfield W, defined in eq. (4.9.12) is matrix-valued in the repre-
sentation R. One can recover an adjoint representation field strength superfield W¢ from the
matrix-valued one by writing

W, = 2¢.T“W, (4.9.15)

leading to

11—
Wi = DD (DaV" ~igaf™V'DLVe +..). (4.9.16)

The terms shown explicitly are enough to evaluate this in components in Wess-Zumino gauge,
with the result

a a a Z —V a - a
WOWZ gauge = Aa+0aD" + 5(o—“a 0)aFy, + 000"V, A™)a, (4.9.17)
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where F}, is the non-Abelian field strength of eq. (3.3.4) and V,, is the usual gauge covariant
derivative from eq. (3.3.5).
The kinetic terms and self-interactions for the gauge supermultiplet fields are obtained from

1
4k, g2

which is invariant under both supersymmetry and supergauge transformations. Here the nor-
malization of generators is assumed to be Tr[T%T?] = ko0, with k, usually set to 1/2 by
convention for the defining representations of simple groups. Equation (4.9.18) is most easily
evaluated in Wess-Zumino gauge using eq. (4.9.17), yielding

TI‘[WQWOC]F = [Waawg]}?, (4918)

ac a a Na =\ a a 1 apy a [ vpo 1a a
DWW = D*D* + 2i\"0*V,\T* — LA LR S (4.9.19)

Since eq. (4.9.19) is supergauge invariant, the same expression is valid even outside of Wess-
Zumino gauge.

Now we can write the general renormalizable Lagrangian for a supersymmetric gauge theory
(including superpotential interactions for the chiral supermultiplets when allowed by gauge
invariance):

1 .gi@a A\ A sa ®i [ 2g,TOVeY j
- (Z_z?ﬁﬂ)[w Walp + c.c.+ [@7(e29TV) 0] 4 (W(®)]p +c.c.) . (4.9.20)

This introduces and defines ©,, a CP-violating parameter, whose effect is to include a total
derivative term in the Lagrangian density:

20
Lo, = —%Zw; PO Fe e (4.9.21)

In the non-Abelian case, this can have physical effects due to topologically non-trivial field
configurations (instantons). For a globally non-trivial gauge configuration with integer winding
number n, one has [ d*z e"? Fi F% = 64n*n/g; for a simple gauge group, so that the contri-
bution to the path integral is exp(i [ d*z Lo, ) = €. Note that for non-Abelian gauge groups,
a Fayet-Iliopoulos term —2k[V?]p is not allowed, because it is not a gauge singlet.

When the superfields are restricted to the Wess-Zumino gauge, the supersymmetry trans-
formations are not realized linearly in superspace, but the Lagrangian is polynomial. The
non-polynomial form of the superspace Lagrangian is thus seen to be a supergauge artifact.
Within Wess-Zumino gauge, supersymmetry transformations are still realized, but non-linearly,
as we found in sections 3.3 and 3.4.

The gauge coupling g, and CP-violating angle ©, are often combined into a single holomor-

phic coupling:

1 .06,
——i

g2 8m?

T =

(4.9.22)

(There are several different normalization conventions for 7, in the literature.) Then, with
redefined vector and field strength superfields that include g, as part of their normalization,

Ve = g, Ve, (4.9.23)
— 1— ~ ~ ~
Wi = gWa = —DD (DaVe —if ™ V' DV + .., (4.9.24)
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the gauge part of the Lagrangian is written as

L = i [TGWWVAVg]F +c.c. + {‘P*i(eﬂava)ﬂ@j . (4.9.25)
D

An advantage of this normalization convention is that when written in terms of Ve, the only
appearance of the gauge coupling and O, is in the 7, in eq. (4.9.25). It is then sometimes useful
to treat the complex holomorphic coupling 7, as a chiral superfield with an expectation value for
its scalar component. An expectation value for the F-term component of 7, will give gaugino
masses; this is sometimes a useful way to implement the effects of explicit soft supersymmetry
breaking.

4.10 Non-renormalizable supersymmetric Lagrangians

So far, we have discussed only renormalizable supersymmetric Lagrangians. However, inte-
grating out the effects of heavy states will generally lead to non-renormalizable interactions in
the low-energy effective description. Furthermore, when any realistic supersymmetric theory is
extended to include gravity, the resulting supergravity theory is non-renormalizable as a quan-
tum field theory. Fortunately, the non-renormalizable interactions can be neglected for most
phenomenological purposes, because they involve couplings of negative mass dimension, propor-
tional to powers of 1/Mp (or perhaps 1/Ayy, where Ayy is some other cutoff scale associated
with new physics). This means that their effects at energy scales E ordinarily accessible to
experiment are typically suppressed by powers of E'/Mp (or E/Ayy). For energies £ < 1 TeV,
the consequences of non-renormalizable interactions are therefore usually far too small to be
interesting.

Still, there are several reasons why one may need to include non-renormalizable contributions
to supersymmetric Lagrangians. First, some very rare processes (like proton decay) might
only be described using an effective MSSM Lagrangian that includes non-renormalizable terms.
Second, one may be interested in understanding physics at very high energy scales where the
suppression associated with non-renormalizable terms is not enough to stop them from being
important. For example, this could be the case in the study of the very early universe, or
in understanding how additional gauge symmetries get broken. Third, the non-renormalizable
interactions may play a crucial role in understanding how supersymmetry breaking is transmitted
to the MSSM. Finally, it is sometimes useful to treat strongly coupled supersymmetric gauge
theories using non-renormalizable effective Lagrangians, in the same way that chiral effective
Lagrangians are used to study hadron physics in QCD. Unfortunately, we will not be able to
treat these subjects in any sort of systematic way. Instead, we will merely sketch a few of the key
elements that go into defining a non-renormalizable supersymmetric Lagrangian. More detailed
treatments and pointers to the literature may be found for example in refs. [16, 18, 20, 21, 23,
29, 30, 32, 34, 35, 47].

A non-renormalizable gauge-invariant theory involving chiral and vector superfields can be
constructed as:

£ = [K(, é*f)]D+(Efab(<I>i>W“W§+W<<I>z-)

n c.c.) , (4.10.1)
F
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where, in order to preserve supergauge invariance, we define
3% = (d*eVY, (4.10.2)

with V' = 2¢,/T°V* = 27°V* as above, and the hatted normalization of the field-strength
superfields indicated in (4.9.24) has been used. Equation (4.10.1) depends on couplings encoded
in three functions of the superfields:

e The superpotential W, which we have already encountered in the special case of renormal-
izable supersymmetric Lagrangians. More generally, it can be an arbitrary holomorphic
function of the chiral superfields treated as complex variables, and must be invariant under
the gauge symmetries of the theory, and has dimension [mass]?.

e The Kdhler potential K. Unlike the superpotential, the Kéahler potential is a function of
both chiral and anti-chiral superfields, and includes the vector superfields in such a way
as to be supergauge invariant. It is real, and has dimension [mass]?. In the special case of
renormalizable theories, we did not have to discuss the Kahler potential explicitly, because
at tree-level it is always just K = ®;®™. Any additive part of K that is a chiral (or anti-
chiral) superfield does not contribute to the action, since the D-term of a chiral superfield
is a total derivative on spacetime.

e The gauge kinetic function fq,(®;). Like the superpotential, it is itself a chiral superfield,
and is a holomorphic function of the chiral superfields treated as complex variables. It is
dimensionless and symmetric under interchange of its two indices a, b, which run over the
adjoint representations of the simple and Abelian component gauge groups of the model.
For the non-Abelian components of the gauge group, it is always just proportional to .y,
but if there are two or more Abelian components, the gauge invariance of the field-strength
superfield [see eqgs. (4.8.2)-(4.8.5)] allows kinetic mixing so that f,, is not proportional
to 04 in general. In the special case of renormalizable supersymmetric Lagrangians at
tree level, it is independent of the chiral superfields, and just equal to fu., = da(1/92 —
i0,/87?), (for fewer than two Abelian components in the gauge group). More generally, it
also encodes the non-renormalizable couplings of the gauge supermultiplets to the chiral
supermultiplets.

It should be emphasized that eq. (4.10.1) is still not the most general non-renormalizable
supersymmetric Lagrangian, even if one restricts to chiral and gauge vector superfields. One
can also include chiral, anti-chiral, and spacetime derivatives acting on the superfields, so that
for example the Kihler potential can be generalized to include dependence on D,®;, D,®*,
DD®;, DD®*, etc. Such terms typically have an extra suppression at low energies compared
to terms without derivatives, because of the positive mass dimension of the chiral covariant
derivatives. I will not discuss these possibilities below, but will only make a remark on how
supergauge invariance is maintained. The chiral covariant derivative of a chiral superfield,
D,®; is not gauge covariant unless ®; is a gauge singlet; the “covariant” in the name refers to
supersymmetry transformations, not gauge transformations. However, one can define a “gauge
covariant chiral covariant” derivative V,, whose action on a chiral superfield ® is defined by:

Vo® = e VD,(e"®), (4.10.3)
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where the representation indices i are suppressed. From eq. (4.9.6), the supergauge transforma-

tion for e~V is

eV = Ve (4.10.4)
so that
e VD (e"®) — % Ve ™ D (VD) = eV D,V D), (4.10.5)

where the equality follows from the fact that Qf is anti-chiral, and thus ignored by D,. This is
the correct covariant transformation law under supergauge transformations. So, using V,®; as
a building block instead of D,®;, one can maintain supergauge covariance along with manifest
supersymmetry. Similarly, one can define building blocks:

Vad* = Dgy(@*e")e™V, (4.10.6)
VV® = e VDD(e'®) (4.10.7)
VV®* = DD(®*e")e™" (4.10.8)

which each have covariant supergauge transformation rules.
Returning to the globally supersymmetric non-renormalizable theory defined by eq. (4.10.1),
with no extra derivatives, the part of the Lagrangian coming from the superpotential is

: 1 y
()] = W'E; = SW by, (4.10.9)
with
i i _
V=58 o W = 5558, oo, (4.10.10)

where the superfields have been replaced by their scalar components after differentiation. [Com-
pare egs. (3.2.6), (3.2.10), (3.2.14) and the surrounding discussion.] After integrating out the
auxiliary fields Fj, the part of the scalar potential coming from the superpotential is

) * -1
V= WK (4.10.11)

where K1 is the inverse matrix of the Kahler metric:

2

Ki= 25| (4.10.12)

0P 0P |®;—¢;, *isgpri

More generally, the whole component field Lagrangian after integrating out the auxiliary fields
is determined in terms of the functions W, K and f,, and their derivatives with respect to the
chiral superfields, with the remaining chiral superfields replaced by their scalar components. The
complete form of this is straightforward to evaluate, but somewhat complicated. In supergravity,
there are additional contributions, some of which are discussed in section 7.6 below.
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4.11 R symmetries

Some supersymmetric Lagrangians are also invariant under a global U(1)g symmetry. The
defining feature of a continuous R symmetry is that the anti-commuting coordinates 6 and 7
transform under it with charges +1 and —1 respectively, so

0 — e, of — eiegt (4.11.1)
where o parameterizes the global R transformation. It follows that
Q — e°Q, Qf — eeQt, (4.11.2)

which in turn implies that the supersymmetry generators have U(1)g charges —1 and +1, and
so they do not commute with the R symmetry generator:

[R,Q] = —Q, (R, Q] =Qf (4.11.3)

Thus the distinct components within a superfield always have different R charges.
If the theory is invariant under an R symmetry, then each superfield S(x,6,0") can be
assigned an R charge, denoted rg, defined by its transformation rule

S(x, 0, 0T) — €758 (x, e70, 0. (4.11.4)

The R charge of a product of superfields is the sum of the individual R charges. For a chiral
superfield ® with R charge rg, the ¢, 1, and F' components transform with charges r¢, re — 1,
and re — 2, respectively:

R e e (411.5)

The components of ®* carry the opposite charges.
Gauge vector superfields will always have vanishing U(1)g charge, since they are real. It
follows that the components that are non-zero in Wess-Zumino gauge transform as:

AP — AH A — e, D — D. (4.11.6)

and so have U(1)g charges 0, 1, and 0 respectively. Therefore, a Majorana gaugino mass term
%M AAA, which will appear when supersymmetry is broken, also always breaks the continuous
U(1)g symmetry. The superspace integration measures d?f and d?¢" and the chiral covariant
derivatives D, and Dg carry U(1)g charges —2, +2, —1, and +1 respectively. It follows that
the gauge field-strength superfield W,, carries U(1)r charge +1. (The U(1)g charges of vari-
ous objects are collected in Table 4.1.) It is then not hard to check that all supersymmetric
Lagrangian terms found above that involve gauge superfields are automatically and necessarily
R-symmetric, including the couplings to chiral superfields. This is also true of the canonical
Kahler potential contribution.

However, the superpotential W (®;) must carry U(1)g charge +2 in order to conserve the R
symmetry, and this is certainly not automatic, and often not true. As a simple toy example,
with a single gauge-singlet superfield @, the allowed renormalizable terms in the superpotential
are W (®) = L® + 4L ®? + £®°. If one wants to impose a continuous U(1)z symmetry, then one
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20 | Qu | Do | Wa | A* | X | DI W | ¢ | ta Fy
Ul)g charge | +1 | -1 | =2 | =1 | —=1| +1| 0 | +1

e}

+2 T ’l"q>—1 ’f’<1>—2

Table 4.1: U(1)g charges of various objects.

can have at most one of these terms; L is allowed only if r¢ = 2, M is allowed only if r¢ = 1,
and y is allowed only if 7 = 2/3. The MSSM superpotential does turn out to conserve a global
U(1)g symmetry, but it is both anomalous and broken by Majorana gaugino masses and other
supersymmetry breaking effects.

Since continuous R symmetries do not commute with supersymmetry, and are not conserved
in the MSSM after anomalies and supersymmetry breaking effects are included, one might
wonder why they are considered at all. Perhaps the most important answer to this involves the
role of U(1)g symmetries in models that break global supersymmetry spontaneously, as will be
discussed in section 7.3 below. It is also possible to extend the particle content of the MSSM
in such a way as to preserve a continuous, non-anomalous U(1)g symmetry, but at the cost of
introducing Dirac gaugino masses and extra Higgs fields [55].

Another possibility is that a superpotential could have a discrete Z,, R symmetry, which can
be obtained by restricting the transformation parameter « in egs. (4.11.1)-(4.11.6) to integer
multiples of 27 /n. The Z,, R charges of all fields are then integers modulo n. However, note that
the case n = 2 is always trivial, in the sense that any Z; R symmetry is exactly equivalent to a
corresponding ordinary (non-R) Z,; symmetry under which all components of each supermultiplet
transform the same way. This is because when « is an integer multiple of 7, then both 6 and
0" always just transform by changing sign, which means that fermionic fields just change sign
relative to their bosonic partners. The number of fermionic fields in any Lagrangian term, in
any theory, is always even, so the extra sign change for fermionic fields has no effect.

5 Soft supersymmetry breaking interactions

A realistic phenomenological model must contain supersymmetry breaking. From a theoretical
perspective, we expect that supersymmetry, if it exists at all, should be an exact symmetry
that is broken spontaneously. In other words, the underlying model should have a Lagrangian
density that is invariant under supersymmetry, but a vacuum state that is not. In this way,
supersymmetry is hidden at low energies in a manner analogous to the fate of the electroweak
symmetry in the ordinary Standard Model.

Many models of spontaneous symmetry breaking have indeed been proposed and we will
mention the basic ideas of some of them in section 7. These always involve extending the MSSM
to include new particles and interactions at very high mass scales, and there is no consensus on
exactly how this should be done. However, from a practical point of view, it is extremely useful
to simply parameterize our ignorance of these issues by just introducing extra terms that break
supersymmetry explicitly in the effective MSSM Lagrangian. As was argued in the Introduction,
the supersymmetry-breaking couplings should be soft (of positive mass dimension) in order to
be able to naturally maintain a hierarchy between the electroweak scale and the Planck (or
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any other very large) mass scale. This means in particular that dimensionless supersymmetry-
breaking couplings should be absent.
The possible soft supersymmetry-breaking terms in the Lagrangian of a general theory are

1 1 1 . . o
Lot = — (§Ma A"+ éawk@@‘% + §bw¢z¢j + tl@‘) +c.c — (m2);‘¢j*¢i7 (5.1)
1 ..
Emaybe soft — _§Czk¢*l¢]¢k + c.c. (52>

They consist of gaugino masses M, for each gauge group, scalar squared-mass terms (m2)g
and b, and (scalar)® couplings a* and ¢Z*, and “tadpole” couplings #!. The last of these
requires ¢; to be a gauge singlet, and so #* does not occur in the MSSM. One might wonder
why we have not included possible soft mass terms for the chiral supermultiplet fermions, like
L= —%m’j Y;1h; + c.c. Including such terms would be redundant; they can always be absorbed
into a redefinition of the superpotential and the terms (m2)§- and cgk

It has been shown rigorously that a softly broken supersymmetric theory with Lg.g as given
by eq. (5.1) is indeed free of quadratic divergences in quantum corrections to scalar masses, to
all orders in perturbation theory [56]. The situation is slightly more subtle if one tries to include
the non-holomorphic (scalar)® couplings in Liaybe soft- 1f any of the chiral supermultiplets in the
theory are singlets under all gauge symmetries, then non-zero czk terms can lead to quadratic
divergences, despite the fact that they are formally soft. Now, this constraint need not apply
to the MSSM, which does not have any gauge-singlet chiral supermultiplets. Nevertheless, the
possibility of czk terms is nearly always neglected. The real reason for this is that it is difficult
to construct models of spontaneous supersymmetry breaking in which the ¢/ " are not negligibly
small. In the special case of a theory that has chiral supermultiplets that are singlets or in
the adjoint representation of a simple factor of the gauge group, then there are also possible
soft supersymmetry-breaking Dirac mass terms between the corresponding fermions v, and the

gauginos [57]-[62]:
L = =M. A" s + c.c. (5.3)

This is not relevant for the MSSM with minimal field content, which does not have adjoint
representation chiral supermultiplets. Therefore, equation (5.1) is usually taken to be the general
form of the soft supersymmetry-breaking Lagrangian. For some interesting exceptions, see
refs. [57]-[67].

The terms in Ly clearly do break supersymmetry, because they involve only scalars and
gauginos and not their respective superpartners. In fact, the soft terms in Ly are capable
of giving masses to all of the scalars and gauginos in a theory, even if the gauge bosons and
fermions in chiral supermultiplets are massless (or relatively light). The gaugino masses M,
are always allowed by gauge symmetry. The (mz);'- terms are allowed for 4, j such that ¢;, ¢/*
transform in complex conjugate representations of each other under all gauge symmetries; in
particular this is true of course when ¢ = j, so every scalar is eligible to get a mass in this
way if supersymmetry is broken. The remaining soft terms may or may not be allowed by the
symmetries. The a”* b7, and ¢ terms have the same form as the y*, M% and L' terms in the
superpotential [compare eq. (5.1) to eq. (3.2.15) or eq. (3.5.1)], so they will each be allowed by
gauge invariance if and only if a corresponding superpotential term is allowed.
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Figure 5.1: Soft supersymmetry-breaking terms: (a) Gaugino mass M,; (b) non-

holomorphic scalar squared mass (m?)%; (c) holomorphic scalar squared mass b; and (d)
scalar cubic coupling a**.

The Feynman diagram interactions corresponding to the allowed soft terms in eq. (5.1) are
shown in Figure 5.1. For each of the interactions in Figures 5.1a,c,d there is another with all
arrows reversed, corresponding to the complex conjugate term in the Lagrangian. We will apply
these general results to the specific case of the MSSM in the next section.

6 The Minimal Supersymmetric Standard Model

In sections 3 and 5, we have found a general recipe for constructing Lagrangians for softly broken
supersymmetric theories. We are now ready to apply these general results to the MSSM. The
particle content for the MSSM was described in the Introduction. In this section we will complete
the model by specifying the superpotential and the soft supersymmetry-breaking terms.

6.1 The superpotential and supersymmetric interactions

The superpotential for the MSSM is
Wussm = ynQH, — dyaQHy — ey LHy + pH, Hy . (6.1.1)

The objects H,, Hy, Q), L, T, d, € appearing here are chiral superfields corresponding to the chiral
supermultiplets in Table 1.1. (Alternatively, they can be just thought of as the corresponding
scalar fields, as was done in section 3, but we prefer not to put the tildes on Q, L, @, d, € in order
to reduce clutter.) The dimensionless Yukawa coupling parameters yy, ya,ye are 3xX3 matrices
in family space. All of the gauge [SU(3)¢ color and SU(2), weak isospin] and family indices
in eq. (6.1.1) are suppressed. The “u term”, as it is traditionally called, can be written out as
p(Hy)o(Hg)pe®P, where €7 is used to tie together SU(2); weak isospin indices o, 3 = 1,2 in a
gauge-invariant way. Likewise, the term Ty, QH, can be written out as u‘ (yu)ij Qjoa (Hy)pe”,
where i = 1,2,3 is a family index, and a = 1,2,3 is a color index which is lowered (raised) in
the 3 (3) representation of SU(3)c.

The p term in eq. (6.1.1) is the supersymmetric version of the Higgs boson mass in the
Standard Model. It is unique, because terms H; H,, or HjH, are forbidden in the superpotential,
which must be holomorphic in the chiral superfields (or equivalently in the scalar fields) treated
as complex variables, as shown in section 3.2. We can also see from the form of eq. (6.1.1) why
both H, and H, are needed in order to give Yukawa couplings, and thus masses, to all of the
quarks and leptons. Since the superpotential must be holomorphic, the u@Q H, Yukawa terms
cannot be replaced by something like wQH};. Similarly, the dQH, and eLH, terms cannot be
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Figure 6.1: The top-quark Yukawa coupling (a) and its “supersymmetrizations” (b), (c),
all of strength ;.

replaced by something like dQH; and eLH*. The analogous Yukawa couplings would be allowed
in a general non-supersymmetric two Higgs doublet model, but are forbidden by the structure
of supersymmetry. So we need both H, and H,, even without invoking the argument based on
anomaly cancellation mentioned in the Introduction.

The Yukawa matrices determine the current masses and CKM mixing angles of the ordinary
quarks and leptons, after the neutral scalar components of H, and Hy get VEVs. Since the top
quark, bottom quark and tau lepton are the heaviest fermions in the Standard Model, it is often
useful to make an approximation that only the (3,3) family components of each of y,, yq and
Ye are important:

00 0 00 0 00 0
Yar [0 0 0], ya~ |0 0 0], ye~ |0 0 0 (6.1.2)
0 0 vy 0 0 w 0 0 yr

In this limit, only the third family and Higgs fields contribute to the MSSM superpotential. It is
instructive to write the superpotential in terms of the separate SU(2) weak isospin components
[Qg = (tb), L3 = (I/TT), Hu = (H;_ HS), Hd = (Hcol Hd_), ﬂg = %, 83 = E, 53 = ?], SO:

Wassm =~ yt(ftHS — fbH:) — yb(BtHd_ — BbHcol) — yT(TI/THd_ — TTHC?)
+u(HH; — HYHY). (6.1.3)

The minus signs inside the parentheses appear because of the antisymmetry of the ¢’ symbol
used to tie up the SU(2), indices. The other minus signs in eq. (6.1.1) were chosen (as a
convention) so that the terms y,#tH?, 1,bbH?, and y, 77 HY, which will become the top, bottom
and tau masses when H? and HY get VEVs, each have overall positive signs in eq. (6.1.3).
Since the Yukawa interactions y“* in a general supersymmetric theory must be completely
symmetric under interchange of 7, j, k, we know that y, yq and ye imply not only Higgs-quark-
quark and Higgs-lepton-lepton couplings as in the Standard Model, but also squark-Higgsino-
quark and slepton-Higgsino-lepton interactions. To illustrate this, Figures 6.1a,b,c show some
of the interactions involving the top-quark Yukawa coupling 1;. Figure 6.1a is the Standard
Model-like coupling of the top quark to the neutral complex scalar Higgs boson, which follows
from the first term in eq. (6.1.3). For variety, we have used ;, and ¢}, in place of their synonyms
t and t (see the discussion near the end of section 2). In Figure 6.1b, we have the coupling
of the left-handed top squark ¢, to the neutral higgsino field ES and right-handed top quark,
while in Figure 6.1c the right-handed top anti-squark field (known either as for t*, depending on
taste) couples to ﬁg and t7. For each of the three interactions, there is another with H? — HF
and t;, — —by (with tildes where appropriate), corresponding to the second part of the first
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Figure 6.2: Some of the (scalar)? interactions with strength proportional to y?2.

\Gr, (r, Hy, Hy g, {, H,, Hy

v v

I I

W W qr, £L7 Huv Hd Wa 67 Huu Hd
(a) (b) (c)

Figure 6.3: Couplings of the gluino, wino, and bino to MSSM (scalar, fermion) pairs.

term in eq. (6.1.3). All of these interactions are required by supersymmetry to have the same
strength y;. These couplings are dimensionless and can be modified by the introduction of soft
supersymmetry breaking only through finite (and small) radiative corrections, so this equality
of interaction strengths is also a prediction of softly broken supersymmetry. A useful mnemonic
is that each of Figures 6.1a,b,c can be obtained from any of the others by changing two of the
particles into their superpartners.

There are also scalar quartic interactions with strength proportional to y?, as can be seen
from Figure 3.1c or the last term in eq. (3.2.18). Three of them are shown in Figure 6.2. Using
eq. (3.2.18) and eq. (6.1.3), one can see that there are five more, which can be obtained by replac-
ing £, — by and/or H? — H} in each vertex. This illustrates the remarkable economy of super-
symmetry; there are many interactions determined by only a single parameter. In a similar way,
the existence of all the other quark and lepton Yukawa couplings in the superpotential eq. (6.1.1)
leads not only to Higgs-quark-quark and Higgs-lepton-lepton Lagrangian terms as in the ordi-
nary Standard Model, but also to squark-higgsino-quark and slepton-higgsino-lepton terms,
and scalar quartic couplings [(squark)?, (slepton)*, (squark)?(slepton)?, (squark)?(Higgs)?, and
(slepton)?(Higgs)?]. If needed, these can all be obtained in terms of the Yukawa matrices yu,
ya, and ye as outlined above.

However, the dimensionless interactions determined by the superpotential are usually not
the most important ones of direct interest for phenomenology. This is because the Yukawa
couplings are already known to be very small, except for those of the third family (top, bottom,
tau). Instead, production and decay processes for superpartners in the MSSM are typically
dominated by the supersymmetric interactions of gauge-coupling strength, as we will explore in
more detail in sections 9 and 10. The couplings of the Standard Model gauge bosons (photon,
W=, Z° and gluons) to the MSSM particles are determined completely by the gauge invariance
of the kinetic terms in the Lagrangian. The gauginos also couple to (squark, quark) and (slepton,
lepton) and (Higgs, higgsino) pairs as illustrated in the general case in Figure 3.3g,h and the
first two terms in the second line in eq. (3.4.9). For instance, each of the squark-quark-gluino
couplings is given by v/2g3(§ T%qg+c.c.) where T* = \%/2 (a = 1...8) are the matrix generators
for SU(3)c. The Feynman diagram for this interaction is shown in Figure 6.3a. In Figures 6.3b,c
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we show in a similar way the couplings of (squark, quark), (lepton, slepton) and (Higgs, higgsino)
pairs to the winos and bino, with strengths proportional to the electroweak gauge couplings g
and ¢’ respectively. For each of these diagrams, there is another with all arrows reversed. Note
that the winos only couple to the left-handed squarks and sleptons, and the (lepton, slepton)
and (Higgs, higgsino) pairs of course do not couple to the gluino. The bino coupling to each
(scalar, fermion) pair is also proportional to the weak hypercharge Y as given in Table 1.1. The
interactions shown in Figure 6.3 provide, for example, for decays ¢ — ¢g and ¢ — Wq’ and
§ — Bq when the final states are kinematically allowed to be on-shell. However, a complication
is that the W and B states are not mass eigenstates, because of splitting and mixing due to
electroweak symmetry breaking, as we will see in section 8.2.

There are also various scalar quartic interactions in the MSSM that are uniquely determined
by gauge invariance and supersymmetry, according to the last term in eq. (3.4.12), as illustrated
in Figure 3.3i. Among them are (Higgs)* terms proportional to g? and ¢’ in the scalar potential.
These are the direct generalization of the last term in the Standard Model Higgs potential,
eq. (1.1), to the case of the MSSM. We will have occasion to identify them explicitly when we
discuss the minimization of the MSSM Higgs potential in section 8.1.

The dimensionful couplings in the supersymmetric part of the MSSM Lagrangian are all
dependent on p. Using the general result of eq. (3.2.19), p provides for higgsino fermion mass
terms

~Lhiggsino mass = p(HHy — HYHY) + c.c., (6.1.4)

as well as Higgs squared-mass terms in the scalar potential

_Esupersymmetric Higgs mass — |U|2(|H3|2 + |ij|2 + |Hcol|2 + |Hd_|2)' (6.1.5)
Since eq. (6.1.5) is non-negative with a minimum at H? = H} = 0, we cannot understand
electroweak symmetry breaking without including a negative supersymmetry-breaking squared-
mass soft term for the Higgs scalars. An explicit treatment of the Higgs scalar potential will
therefore have to wait until we have introduced the soft terms for the MSSM. However, we can
already see a puzzle: we expect that p should be roughly of order 10? or 10® GeV, in order
to allow a Higgs VEV of order 174 GeV without too much miraculous cancellation between
|u|? and the negative soft squared-mass terms that we have not written down yet. But why
should |u|? be so small compared to, say, M3, and in particular why should it be roughly of
the same order as m2;? The scalar potential of the MSSM seems to depend on two types
of dimensionful parameters that are conceptually quite distinct, namely the supersymmetry-
respecting mass g and the supersymmetry-breaking soft mass terms. Yet the observed value
for the electroweak breaking scale suggests that without miraculous cancellations, both of these
apparently unrelated mass scales should be within an order of magnitude or so of 100 GeV.
This puzzle is called “the pu problem”. Several different solutions to the p problem have been
proposed, involving extensions of the MSSM of varying intricacy. They all work in roughly
the same way; the p term is required or assumed to be absent at tree-level before symmetry
breaking, and then it arises from the VEV(s) of some new field(s). These VEVs are in turn
determined by minimizing a potential that depends on soft supersymmetry-breaking terms. In
this way, the value of the effective parameter p is no longer conceptually distinct from the
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Figure 6.4: Some of the supersymmetric (scalar)® couplings proportional to p*y:, u*ys, and
1y, When H? and HY get VEVs, these contribute to (a) ¢z, {z mixing, (b) by, bg mixing,
and (c) 7, Tg mixing,.

mechanism of supersymmetry breaking; if we can explain why mg.g << Mp, we will also be able
to understand why p is of the same order. In sections 11.3 and 11.4 we will study three such
mechanisms: the Next-to-Minimal Supersymmetric Standard Model, the Kim-Nilles mechanism
[68], and the Giudice-Masiero mechanism [69]. Another solution based on loop effects was
proposed in ref. [70]. From the point of view of the MSSM, however, we can just treat p as an
independent parameter, without committing to a specific mechanism.

The p-term and the Yukawa couplings in the superpotential eq. (6.1.1) combine to yield
(scalar)® couplings [see the second and third terms on the right-hand side of eq. (3.2.18)] of the
form

c (1 (TywuHY + dyadHY* + By e HY

supersymmetric (scalar)? N
FUyodH;* + dyquH* + eyevH*) + c.c.  (6.1.6)

Figure 6.4 shows some of these couplings, proportional to p*y;, p*yy, and p*y, respectively.
These play an important role in determining the mixing of top squarks, bottom squarks, and
tau sleptons, as we will see in section 8.4.

6.2 R-parity (also known as matter parity) and its consequences

The superpotential eq. (6.1.1) is minimal in the sense that it is sufficient to produce a phe-
nomenologically viable model. However, there are other terms that one can write that are
gauge-invariant and holomorphic in the chiral superfields, but are not included in the MSSM
because they violate either baryon number (B) or total lepton number (L). The most general
gauge-invariant and renormalizable superpotential would include not only eq. (6.1.1), but also
the terms

1 .. - _ )
W@ﬂzzgw%@@+xwg@@+wgmt (6.2.1)
1. ..., —
Wap=1 = §>\””kﬂidjdk (6.2.2)

where family indices ¢ = 1,2,3 have been restored. The chiral supermultiplets carry baryon
number assignments B = +1/3 for Q;; B = —1/3 for @;, d;; and B = 0 for all others. The total
lepton number assignments are L = +1 for L;, L = —1 for €;, and L. = 0 for all others. Therefore,
the terms in eq. (6.2.1) violate total lepton number by 1 unit (as well as the individual lepton
flavors) and those in eq. (6.2.2) violate baryon number by 1 unit.

64



Figure 6.5: Squarks would medi-
ate disastrously rapid proton decay

+
if R-parity were violated by both d Sk €
AB =1 and AL = 1 interactions. + T TS

: +,.0 p u Ali2 A2 u”
This example shows p — e™ 7" me- o
diated by a strange (or bottom) u u }W
squark.

The possible existence of such terms might seem rather disturbing, since corresponding B-
and L-violating processes have not been seen experimentally. The most obvious experimental
constraint comes from the non-observation of proton decay, which would violate both B and L
by 1 unit. If both A and A" couplings were present and unsuppressed, then the lifetime of the
proton would be extremely short. For example, Feynman diagrams like the one in Figure 6.5
would lead to p* — e™7® (shown) or u™7° or v ™ or K™ etc. depending on which components
of X and )" are largest.! Also, diagrams with ¢-channel squark exchange can lead to final states
et K°, utK° vr*, or vK*, with the last two relying on left-right squark mixing. As a rough
estimate based on dimensional analysis, for example,

Fp—>e+7r0 ~ merton Z |)\/11i)\//11i|2/m§i’ (623)

i=2,3

which would be a tiny fraction of a second if the couplings were of order unity and the squarks
have masses of order 1 TeV. In contrast, the decay time of the proton into lepton+meson final
states is known experimentally to be in excess of 1032 years. Therefore, at least one of X% or
XK for each of i = 1,2; j = 1,2; k = 2,3 must be extremely small. Many other processes also
give strong constraints on the violation of lepton and baryon numbers [71, 72].

One could simply try to take B and L conservation as a postulate in the MSSM. However,
this is clearly a step backward from the situation in the Standard Model, where the conservation
of these quantum numbers is not assumed, but is rather a pleasantly “accidental” consequence
of the fact that there are no possible renormalizable Lagrangian terms that violate B or L.
Furthermore, there is a quite general obstacle to treating B and L as fundamental symmetries of
Nature, since they are known to be necessarily violated by non-perturbative electroweak effects
[73] (even though those effects are calculably negligible for experiments at ordinary energies).
Therefore, in the MSSM one adds a new symmetry, which has the effect of eliminating the
possibility of B and L violating terms in the renormalizable superpotential, while allowing the
good terms in eq. (6.1.1). This new symmetry is called “R-parity” [11] or equivalently “matter
parity” [74].

Matter parity is a multiplicatively conserved quantum number defined as

Pay = (—1)3B-1) (6.2.4)

'In this diagram and others below, the arrows on propagators are often omitted for simplicity, and external
fermion labels refer to physical particle states rather than 2-component fermion fields.

¥The coupling A must be antisymmetric in its last two flavor indices, since the color indices are combined
antisymmetrically. That is why the squark in Figure 6.5 can be s or b but not d for w,d quarks in the proton.
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for each particle in the theory. It follows that the quark and lepton supermultiplets all have
Py, = —1, while the Higgs supermultiplets H, and Hy; have Py, = +1. The gauge bosons
and gauginos of course do not carry baryon number or lepton number, so they are assigned
matter parity Py, = +1. The symmetry principle to be enforced is that a candidate term in the
Lagrangian (or in the superpotential) is allowed only if the product of Py for all of the fields in
it is +1. It is easy to see that each of the terms in eqgs. (6.2.1) and (6.2.2) is thus forbidden, while
the good and necessary terms in eq. (6.1.1) are allowed. This discrete symmetry commutes with
supersymmetry, as all members of a given supermultiplet have the same matter parity. The
advantage of matter parity is that it can in principle be an exact and fundamental symmetry,
which B and L themselves cannot, since they are known to be violated by non-perturbative
electroweak effects. So even with exact matter parity conservation in the MSSM, one expects
that baryon number and total lepton number violation can occur in tiny amounts, due to non-
renormalizable terms in the Lagrangian. However, the MSSM does not have renormalizable
interactions that violate B or L, with the standard assumption of matter parity conservation.
It is often useful to recast matter parity in terms of R-parity, defined for each particle as

Pr = (—1)3B-)+2s (6.2.5)

where s is the spin of the particle. Now, matter parity conservation and R-parity conservation
are precisely equivalent, since the product of (—1)? for the particles involved in any interaction
vertex in a theory that conserves angular momentum is always equal to +1. However, particles
within the same supermultiplet do not have the same R-parity. In general, symmetries with the
property that fields within the same supermultiplet have different transformations are called R
symmetries; they do not commute with supersymmetry. Continuous U(1) R symmetries were
described in section 4.11, and are often encountered in the model-building literature; they should
not be confused with R-parity, which is a discrete Z; symmetry. In fact, the matter parity version
of R-parity makes clear that there is really nothing intrinsically “R” about it; in other words it
secretly does commute with supersymmetry, so its name is somewhat suboptimal. Nevertheless,
the R-parity assignment is very useful for phenomenology because all of the Standard Model
particles and the Higgs bosons have even R-parity (Pr = +1), while all of the squarks, sleptons,
gauginos, and higgsinos have odd R-parity (Pr = —1).

The R-parity odd particles are known as “supersymmetric particles” or “sparticles” for short,
and they are distinguished by a tilde (see Tables 1.1 and 1.2). If R-parity is exactly conserved,
then there can be no mixing between the sparticles and the Pr = +1 particles. Furthermore,
every interaction vertex in the theory contains an even number of Pg = —1 sparticles. This has
three extremely important phenomenological consequences:

e The lightest sparticle with Pr = —1, called the “lightest supersymmetric particle” or LSP,
must be absolutely stable. If the LSP is electrically neutral, it interacts only weakly with
ordinary matter, and so can make an attractive candidate [75] for the non-baryonic dark
matter that seems to be required by cosmology.

e Each sparticle other than the LSP must eventually decay into a state that contains an odd
number of LSPs (usually just one).

e In collider experiments, sparticles can only be produced in even numbers (usually two-at-
a-time).
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We define the MSSM to conserve R-parity or equivalently matter parity. While this decision
seems to be well-motivated phenomenologically by proton decay constraints and the hope that
the LSP will provide a good dark matter candidate, it might appear somewhat artificial from
a theoretical point of view. After all, the MSSM would not suffer any internal inconsistency if
we did not impose matter parity conservation. Furthermore, it is fair to ask why matter parity
should be exactly conserved, given that the discrete symmetries in the Standard Model (ordinary
parity P, charge conjugation C, time reversal T, etc.) are all known to be inexact symmetries.
Fortunately, it is sensible to formulate matter parity as a discrete symmetry that is exactly
conserved. In general, exactly conserved, or “gauged” discrete symmetries [76] can exist provided
that they satisfy certain anomaly cancellation conditions [77] (much like continuous gauged
symmetries). One particularly attractive way this could occur is if B—L is a continuous gauge
symmetry that is spontaneously broken at some very high energy scale. A continuous U(1)g_t,
forbids the renormalizable terms that violate B and L [78, 79|, but this gauge symmetry must be
spontaneously broken, since there is no corresponding massless vector boson. However, if gauged
U(1)g_r is only broken by scalar VEVs (or other order parameters) that carry even integer
values of 3(B—L), then P); will automatically survive as an exactly conserved discrete remnant
subgroup [79]. A variety of extensions of the MSSM in which exact R-parity conservation is
guaranteed in just this way have been proposed (see for example [79, 80]).

It may also be possible to have gauged discrete symmetries that do not owe their exact
conservation to an underlying continuous gauged symmetry, but rather to some other structure
such as can occur in string theory. It is also possible that R-parity is broken, or is replaced by
some alternative discrete symmetry. We will briefly consider these as variations on the MSSM
in section 11.1.

6.3 Soft supersymmetry breaking in the MSSM

To complete the description of the MSSM, we need to specify the soft supersymmetry breaking
terms. In section 5, we learned how to write down the most general set of such terms in any
supersymmetric theory. Applying this recipe to the MSSM, we have:

MSSM
Esoft

1 — -~
= -3 (M3§§ + MyWW + M,BB + c.c.)
— (ﬁau @Hu — iad QHd —ea, LH, + C.c.)

~ ~ ~ ~ . = =t - ~
—Qf mé@ —L'm? L —Hm%ﬂT —dm3d —ém%ET

—miy, HiH, —my HyHy — (bH,Hy + c.c.). (6.3.1)

In eq. (6.3.1), M3, Ms, and M; are the gluino, wino, and bino mass terms. Here, and from now
on, we suppress the adjoint representation gauge indices on the wino and gluino fields, and the
gauge indices on all of the chiral supermultiplet fields. The second line in eq. (6.3.1) contains
the (scalar)® couplings [of the type a“* in eq. (5.1)]. Each of a,, a4, a is a complex 3 x 3
matrix in family space, with dimensions of [mass]. They are in one-to-one correspondence with
the Yukawa couplings of the superpotential. The third line of eq. (6.3.1) consists of squark and
slepton mass terms of the (m?)! type in eq. (5.1). Each of m%, m2, m2, mf, m2 is a 3 x 3
matrix in family space that can have complex entries, but they must be hermitian so that the
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Lagrangian is real. (To avoid clutter, we do not put tildes on the Q in sz, etc.) Finally, in the
last line of eq. (6.3.1) we have supersymmetry-breaking contributions to the Higgs potential;
m%, and m%,d are squared-mass terms of the (m?)] type, while b is the only squared-mass term
of the type b¥ in eq. (5.1) that can occur in the MSSM.% As argued in the Introduction, we

expect

Mla M2a M3a Ay, a4, de ™~ Mlsoft,

2 2 2 2 2 2 2 2
Mg, My, Mg, Mz, Mg, Mg , My, b ~ Mot s

with a characteristic mass scale Mg that is not much larger than 10 GeV. The expression
eq. (6.3.1) is the most general soft supersymmetry-breaking Lagrangian of the form eq. (5.1)
that is compatible with gauge invariance and matter parity conservation in the MSSM.

Unlike the supersymmetry-preserving part of the Lagrangian, the above £MSSM introduces
many new parameters that were not present in the ordinary Standard Model. A careful count
[81] reveals that there are 105 masses, phases and mixing angles in the MSSM Lagrangian
that cannot be rotated away by redefining the phases and flavor basis for the quark and lep-
ton supermultiplets, and that have no counterpart in the ordinary Standard Model. Thus, in
principle, supersymmetry breaking (as opposed to supersymmetry itself) appears to introduce a

tremendous arbitrariness in the Lagrangian.

6.4 Hints of an Organizing Principle

Fortunately, there is already good experimental evidence that some powerful organizing principle
must govern the soft supersymmetry breaking Lagrangian. This is because most of the new
parameters in eq. (6.3.1) imply flavor mixing or CP violating processes of the types that are
severely restricted by experiment [82]-[107].

For example, suppose that m2 is not diagonal in the basis (€, fir,7r) of sleptons whose
superpartners are the right-handed parts of the Standard Model mass eigenstates e, u, 7. In
that case, slepton mixing occurs, so the individual lepton numbers will not be conserved, even
for processes that only involve the sleptons as virtual particles. A particularly strong limit on
this possibility comes from the experimental bound on the process u — e7, which could arise
from the one-loop diagram shown in Figure 6.6a. The symbol “x” on the slepton line represents
an insertion coming from —(m2)y; i%ep in LMI™M and the slepton-bino vertices are determined
by the weak hypercharge gauge coupling [see Figures 3.3g,h and eq. (3.4.9)]. The result of
calculating this diagram gives [84, 87], approximately,

) 9 A 15 for mp <my,,
‘mﬂ}}éa| 100 GeV 10-6 5.6 for mp = 0.5m;,,
m%R mg, 1.4 for mp =my,,

0.13 for mp = 2my,,

Br(p —ey) = ( (6.4.1)

where it is assumed for simplicity that both éz and jig are nearly mass eigenstates with al-
most degenerate squared masses m%R, that mz}}éR = (m2)y; = [(m2);5]* can be treated as a

SThe parameter called b here is often seen elsewhere as By or m3, or m3.

68



Figure 6.6: Some of the diagrams that contribute to the process = — e in models with
lepton flavor-violating soft supersymmetry breaking parameters (indicated by x). Diagrams
(a), (b), and (c¢) contribute to constraints on the off-diagonal elements of m2, m$, and a,,
respectively.

perturbation, and that the bino B is nearly a mass eigenstate. This result is to be compared
to the present experimental upper limit Br(y — €7)ep < 5.7 x 10713 from [108]. So, if the
right-handed slepton squared-mass matrix m2 were “random”, with all entries of comparable
size, then the prediction for Br(u — e) would be too large even if the sleptons and bino masses
were at 1 TeV. For lighter superpartners, the constraint on iy, €z squared-mass mixing becomes
correspondingly more severe. There are also contributions to p — ey that depend on the off-
diagonal elements of the left-handed slepton squared-mass matrix m%, coming from the diagram
shown in fig. 6.6b involving the charged wino and the sneutrinos, as well as diagrams just like
fig. 6.6a but with left-handed sleptons and either B or Wo exchanged. Therefore, the slepton
squared-mass matrices must not have significant mixings for €y, ji;, either.

Furthermore, after the Higgs scalars get VEVs, the a, matrix could imply squared-mass
terms that mix left-handed and right-handed sleptons with different lepton flavors. For exam-
ple, LMSSM contains eaeLHy + c.c. which implies terms —(H9)(ag) 1285z, — (H9)(ae)a1 e, +
c.c. These also contribute to u — e, as illustrated in fig. 6.6c. So the magnitudes of (a¢)12 and
(ae)21 are also constrained by experiment to be small, but in a way that is more strongly depen-
dent on other model parameters [87]. Similarly, (ae)13, (ae)s1 and (ae)as, (2e)s2 are constrained,
although more weakly [88], by the experimental limits on Br(r — ey) and Br(7 — uvy).

There are also important experimental constraints on the squark squared-mass matrices.
The strongest of these come from the neutral kaon system. The effective Hamiltonian for
K' &K mixing gets contributions from the diagrams in Figure 6.7, among others, if LM%M
contains terms that mix down squarks and strange squarks. The gluino-squark-quark vertices in
Figure 6.7 are all fixed by supersymmetry to be of QCD interaction strength. (There are similar
diagrams in which the bino and winos are exchanged, which can be important depending on
the relative sizes of the gaugino masses.) For example, suppose that there is a non-zero right-
handed down-squark squared-mass mixing (m%)m in the basis corresponding to the quark mass
eigenstates. Assuming that the supersymmetric correction to Amyg = mg, — mg, following
from fig. 6.7a and others does not exceed, in absolute value, the experimental value 3.5 x 10712
MeV, ref. [97] obtains:

0.04 for myg = 0.5my,
0.10 for mgz = mg, (6.4.2)
0.22 for my = 2my.

Rel(m2, ;)12 (Y,
1000 GeV

2

Mg

Here nearly degenerate squarks with mass m; are assumed for simplicity, with mg* i = (m%)m
RYR
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Figure 6.7: Some of the diagrams that contribute to K° « I'e mixing in models with
strangeness-violating soft supersymmetry breaking parameters (indicated by x). These di-
agrams contribute to constraints on the off-diagonal elements of (a) m%, (b) the combination
of m2 and mg, and (c) aq.

treated as a perturbation. The same limit applies when mg* dn is replaced by mg* i = (sz)gl,
R L

in a basis corresponding to the down-type quark mass eigenstates. An even more striking limit
applies to the combination of both types of flavor mixing when they are comparable in size,

from diagrams including fig. 6.7b. The numerical constraint is [97]:

[Re[m2, Jng* JL]|1/2 e 0.0016 for mgz = 0.5my,
. 2 - < <m) X q 0.0020 for my = mg, (6.4.3)
q

0.0026 fOI' mg = 2mq.

An off-diagonal contribution from aq would cause flavor mixing between left-handed and right-
handed squarks, just as discussed above for sleptons, resulting in a strong constraint from
diagrams like fig. 6.7c. More generally, limits on Amyg and € and €’/e appearing in the neutral
kaon effective Hamiltonian severely restrict the amounts of d, L.R» Sr.r squark mixings (separately
and in various combinations), and associated CP-violating complex phases, that one can tolerate
in the soft squared masses.

Weaker, but still interesting, constraints come from the Do,ﬁo system, which limits the
amounts of @, ¢ mixings from m2, m, and a,. The B9, BY and BY, B! systems similarly limit
the amounts of d,b and 3, b squark mixings from soft supersymmetry-breaking sources. More
constraints follow from rare AF = 1 meson decays, notably those involving the parton-level
processes b — sy and b — s¢™/~ and ¢ — ul*¢~ and s — deTe” and s — dvp, all of which can
be mediated by flavor mixing in soft supersymmetry breaking. There are also strict constraints
on CP-violating phases in the gaugino masses and (scalar)? soft couplings following from limits
on the electric dipole moments of the neutron and electron [85]. Detailed limits can be found in
the literature [82]-[107], but the essential lesson from experiment is that the soft supersymmetry-
breaking Lagrangian cannot be arbitrary or random.

All of these potentially dangerous flavor-changing and CP-violating effects in the MSSM can
be evaded if one assumes (or can explain!) that supersymmetry breaking is suitably “universal”.
Consider an idealized limit in which the squark and slepton squared-mass matrices are flavor-
blind, each proportional to the 3 x 3 identity matrix in family space:

1, mf=mi1l, mZ=mil (6.4.4)

— 2

S

sz:mél, mZ =m2l, m

Then all squark and slepton mixing angles are rendered trivial, because squarks and sleptons
with the same electroweak quantum numbers will be degenerate in mass and can be rotated into
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each other at will. Supersymmetric contributions to flavor-changing neutral current processes
will therefore be very small in such an idealized limit, up to mixing induced by ay, aq, a.. Making
the further assumption that the (scalar)® couplings are each proportional to the corresponding
Yukawa coupling matrix,

Ay = AuO Yu, aq = AdO Ya, Ae = AeO Ye, (645)

will ensure that only the squarks and sleptons of the third family can have large (scalar)?
couplings. Finally, one can avoid disastrously large CP-violating effects by assuming that the
soft parameters do not introduce new complex phases. This is automatic for m%]u and m?% .
and for mé, m2, etc. if eq. (6.4.4) is assumed; if they were not real numbers, the Lagrangian
would not be real. One can also fix g in the superpotential and b in eq. (6.3.1) to be real, by
appropriate phase rotations of fermion and scalar components of the H,, and H,; supermultiplets.

If one then assumes that
Il’Il(M1>, Il’Il(MQ), Im(Mg), Im(Auo), Im(Ado), Im(Aeo) = 0, (646)

then the only CP-violating phase in the theory will be the usual CKM phase found in the
ordinary Yukawa couplings. Together, the conditions egs. (6.4.4)-(6.4.6) make up a rather weak
version of what is often called the hypothesis of soft supersymmetry-breaking universality. The
MSSM with these flavor- and CP-preserving relations imposed has far fewer parameters than the
most general case. Besides the usual Standard Model gauge and Yukawa coupling parameters,
there are 3 independent real gaugino masses, only 5 real squark and slepton squared mass
parameters, 3 real scalar cubic coupling parameters, and 4 Higgs mass parameters (one of which
can be traded for the known electroweak breaking scale).

There are at least three other possible types of explanations for the suppression of flavor
violation in the MSSM that could replace the universality hypothesis of eqs. (6.4.4)-(6.4.6).
They can be referred to as the “irrelevancy”, “alignment”, and “R-symmetry” hypotheses for
the soft masses. The “irrelevancy” idea is that the sparticles masses are extremely heavy, so
that their contributions to flavor-changing and CP-violating diagrams like Figures 6.7a,b are
suppressed, as can be seen for example in eqgs. (6.4.1)-(6.4.3). In practice, however, if there
is no flavor-blind structure, the degree of suppression needed typically requires mg.i much
larger than 1 TeV for at least some of the scalar masses. This seems to go directly against
the motivation for supersymmetry as a cure for the hierarchy problem as discussed in the
Introduction. Nevertheless, it has been argued that this is a sensible possibility [109, 110].
The fact that the LHC searches conducted so far have eliminated many models with lighter
squarks anyway tends to make these models seem more attractive. Perhaps a combination of
approximate flavor blindness and heavy superpartner masses is the true explanation for the
suppression of flavor-violating effects.

The “alignment” idea is that the squark squared-mass matrices do not have the flavor-
blindness indicated in eq. (6.4.4), but are arranged in flavor space to be aligned with the relevant
Yukawa matrices in just such a way as to avoid large flavor-changing effects [59, 111]. The
alignment models typically require rather special flavor symmetries.

The third possibility is that the theory is (approximately) invariant under a continuous
U(1)g symmetry [55]. This requires that the MSSM is supplemented, as in [62], by additional
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chiral supermultiplets in the adjoint representations of SU(3)., SU(2)r, and U(1)y, as well as
an additional pair of Higgs chiral supermultiplets. The gaugino masses in this theory are purely
Dirac, of the type in eq. (5.3), and the couplings a,, aq, and a, are absent. This implies a
very efficient suppression of flavor-changing effects [55, 65], even if the squark and slepton mass
eigenstates are light, non-degenerate, and have large mixings in the basis determined by the
Standard Model quark and lepton mass eigenstates. This can lead to unique and intriguing
collider signatures [55, 67]. However, we will not consider these possibilities further here.

The soft-breaking universality relations eqs. (6.4.4)-(6.4.6), or stronger (more special) ver-
sions of them, can be presumed to be the result of some specific model for the origin of su-
persymmetry breaking, although there is no consensus among theorists as to what the specific
model should actually be. In any case, they are indicative of an assumed underlying simplicity
or symmetry of the Lagrangian at some very high energy scale Jy. If we used this Lagrangian to
compute masses and cross-sections and decay rates for experiments at ordinary energies near the
electroweak scale, the results would involve large logarithms of order In(Q)y/myz) coming from
loop diagrams. As is usual in quantum field theory, the large logarithms can be conveniently
resummed using renormalization group (RG) equations, by treating the couplings and masses
appearing in the Lagrangian as running parameters. Therefore, eqs. (6.4.4)-(6.4.6) should be
interpreted as boundary conditions on the running soft parameters at the scale )y, which is
likely very far removed from direct experimental probes. We must then RG-evolve all of the soft
parameters, the superpotential parameters, and the gauge couplings down to the electroweak
scale or comparable scales where humans perform experiments.

At the electroweak scale, egs. (6.4.4) and (6.4.5) will no longer hold, even if they were exactly
true at the input scale ()y. However, to a good approximation, key flavor- and CP-conserving
properties remain. This is because, as we will see in section 6.5 below, RG corrections due to
gauge interactions will respect the form of egs. (6.4.4) and (6.4.5), while RG corrections due
to Yukawa interactions are quite small except for couplings involving the top, bottom, and tau
flavors. Therefore, the (scalar)® couplings and scalar squared-mass mixings should be quite
negligible for the squarks and sleptons of the first two families. Furthermore, RG evolution does
not introduce new CP-violating phases. Therefore, if universality can be arranged to hold at
the input scale, supersymmetric contributions to flavor-changing and CP-violating observables
can be acceptably small in comparison to present limits (although quite possibly measurable in
future experiments).

One good reason to be optimistic that such a program can succeed is the celebrated apparent
unification of gauge couplings in the MSSM [112]. The 1-loop RG equations for the Standard
Model gauge couplings g1, ¢go, g3 are

d 1

ﬁga = Ega =

41/10, —19/6, —7) Standard Model
b gga (b17b2vb3> = ( / / )

. (6.4.7)
1672 (33/5, 1, —3) MSSM

where t = In(Q/Qy), with @) the RG scale. The MSSM coefficients are larger because of the extra
MSSM particles in loops. The normalization for g; here is chosen to agree with the canonical
covariant derivative for grand unification of the gauge group SU(3)¢c x SU(2)r x U(1)y into
SU(5) or SO(10). Thus in terms of the conventional electroweak gauge couplings g and ¢’ with

e = gsin Oy, = ¢’ cos Oy, one has g, = g and g; = 1/5/3¢’. The quantities o, = g2/4m have the
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nice property that their reciprocals run linearly with RG scale at one-loop order:

d b B
0= (a=1,2,3) (6.4.8)

Figure 6.8 compares the RG evolution of the o', including two-loop effects, in the Standard

Model (dashed lines) and the MSSM (solid lines). Unlike the Standard Model, the MSSM
includes just the right particle content to ensure that the gauge couplings can unify, at a scale
My ~ 1.5 x 106 GeV. This unification is of course not perfect; o tends to be slightly smaller
than the common value of a; (My) = as(My) at the point where they meet, which is often taken
to be the definition of M. However, this small difference can easily be ascribed to threshold
corrections due to whatever new particles exist near M. Note that My decreases slightly as the
superpartner masses are raised. While the apparent approximate unification of gauge couplings
at My might be just an accident, it may also be taken as a strong hint in favor of a grand unified
theory (GUT) or superstring models, both of which can naturally accommodate gauge coupling
unification below Mp. Furthermore, if this hint is taken seriously, then we can reasonably expect
to be able to apply a similar RG analysis to the other MSSM couplings and soft masses as well.
The next section discusses the form of the necessary RG equations.

6.5 Renormalization Group equations for the MSSM

In order to translate a set of predictions at an input scale into physically meaningful quantities
that describe physics near the electroweak scale, it is necessary to evolve the gauge couplings,
superpotential parameters, and soft terms using their renormalization group (RG) equations.
This ensures that the loop expansions for calculations of observables will not suffer from very
large logarithms.

As a technical aside, some care is required in choosing regularization and renormalization
procedures in supersymmetry. The most popular regularization method for computations of ra-
diative corrections within the Standard Model is dimensional regularization (DREG), in which
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the number of spacetime dimensions is continued to d = 4—2¢. Unfortunately, DREG introduces
a spurious violation of supersymmetry, because it has a mismatch between the numbers of gauge
boson degrees of freedom and the gaugino degrees of freedom off-shell. This mismatch is only 2e,
but can be multiplied by factors up to 1/€" in an n-loop calculation. In DREG, supersymmet-
ric relations between dimensionless coupling constants (“supersymmetric Ward identities”) are
therefore not explicitly respected by radiative corrections involving the finite parts of one-loop
graphs and by the divergent parts of two-loop graphs. Instead, one may use the slightly dif-
ferent scheme known as regularization by dimensional reduction, or DRED, which does respect
supersymmetry [113]. In the DRED method, all momentum integrals are still performed in
d = 4 — 2¢ dimensions, but the vector index y on the gauge boson fields A} now runs over all 4
dimensions to maintain the match with the gaugino degrees of freedom. Running couplings are
then renormalized using DRED with modified minimal subtraction (DR) rather than the usual
DREG with modified minimal subtraction (MS). In particular, the boundary conditions at the
input scale should presumably be applied in a supersymmetry-preserving scheme like DR. One
loop [S-functions are always the same in these two schemes, but it is important to realize that
the MS scheme does violate supersymmetry, so that DR is preferred’ from that point of view.
(The NSVZ scheme [118] also respects supersymmetry and has some very useful properties, but
with a less obvious connection to calculations of physical observables. It is also possible, but
not always very practical, to work consistently within the MS scheme, as long as one translates
all DR couplings and masses into their MS counterparts [119]-[121].)

A general and powerful result known as the supersymmetric non-renormalization theorem
[122] governs the form of the renormalization group equations for supersymmetric theories.
This theorem implies that the logarithmically divergent contributions to a particular process
can always be written in terms of wave-function renormalizations, without any coupling vertex
renormalization.* It can be proved most easily using superfield techniques. For the parameters
appearing in the superpotential eq. (3.2.15), the implication is that

By = 27" = ™+ ™ (6.5.1)

Buris = %M” = ~, M"Y + v M™, (6.5.2)
d . .

Bu=—L = nL", (6.5.3)

where the 7;- are anomalous dimension matrices associated with the superfields, which generally
have to be calculated in a perturbative loop expansion. [Recall t = In(Q/Qy), where @ is
the renormalization scale, and @) is a reference scale.] The anomalous dimensions and RG
equations for softly broken supersymmetry are now known up to 3-loop order, with some partial

"Even the DRED scheme may not provide a supersymmetric regulator, because of either ambiguities or
inconsistencies (depending on the precise method) appearing at five-loop order at the latest [114]. Fortunately,
this does not seem to cause practical difficulties [115, 116]. See also ref. [117] for an interesting proposal that
avoids doing violence to the number of spacetime dimensions.

fActually, there is vertex renormalization working in a supersymmetric gauge theory in which auxiliary fields
have been integrated out, but the sum of divergent contributions for a process always has the form of wave-
function renormalization. This is related to the fact that the anomalous dimensions of the superfields differ, by
gauge-fixing dependent terms, from the anomalous dimensions of the fermion and boson component fields [37].
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4-loop results; they have been given in refs. [123]-[128]. There are also relations, good to all
orders in perturbation theory, that give the RG equations for soft supersymmetry couplings in
terms of those for the supersymmetric couplings [118, 129]. Here, for simplicity, only the 1-loop
approximation will be shown explicitly.

In general, at 1-loop order,

) 1 1 mn, * 7
Y= 167'('2 2y Yimn — 2gaC ( )5] ) (654)
where C,(i) are the quadratic Casimir group theory invariants for the superfield ®;, defined in
terms of the Lie algebra generators T* by
(T°T%) = C,(i)d! (6.5.5)

(2

with gauge couplings g,. Explicitly, for the MSSM supermultiplets:

Culi) { 4/3 for ®; = Q,7,d, (6.5.6)
3\t) = 0.
0 for ;= 1L,e H,, Hy,

C () { 3/4 fOI' ®z = Q, L, Hu,Hda (6 5 7)
H(7) = . LO.
0 for (I)z = ﬂ, d, é,

C,(i) = 3Y?/5 for each ®; with weak hypercharge Y;. (6.5.8)

For the one-loop renormalization of gauge couplings, one has in general

d 1

at’* = 16ﬁ293{;]a(i)—30a(G)], (6.5.9)

ﬁga =

where C,(G) is the quadratic Casimir invariant of the group [0 for U(1), and N for SU(N)], and
I,(7) is the Dynkin index of the chiral supermultiplet ¢; [normalized to 1/2 for each fundamental
representation of SU(N) and to 3Y;?/5 for U(1)y]. Equation (6.4.7) is a special case of this.

The 1-loop renormalization group equations for the general soft supersymmetry breaking
Lagrangian parameters appearing in eq. (5.1) are:

_d L,
Bate = Mo = 50 [2;&( — 6Ca(G)| My, (6.5.10)
d ijk 1 1 ijp, * kmn ijp, * mnk ijk
Ba”k = %CL = 167’(’2 |:§CL ypmny + Yy ypmna + gaC ( )(4May —2a )
+(i = k)+(J < k), (6.5.11)
d 1 1 * mn 1 1p, * mn % mn'
ﬁb” = %bw = o7 5 {2blpypmny] + iy ]pypmnb M pypmn J
G2Co () (AM MY —267)| + (i ¢ §), (6.5.12)
d i 1 1 imn, x P imn, * P ip mn
o=t = — [2y Yrt? + Ay LP b My ] (6.5.13)
d 2\J 1 L. AT (1172 1qu* 2\n * P (100 2)4
ﬁ(mQ)] - E(m )z = W §yipqy (m )n + iy ypqn(m )2 + 2yipqy (m )r
+ag,, P! — 8g2C, (1) | M) 6! + 2g§(Ta),~jTr(Tam2)]. (6.5.14)
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Applying the above results to the special case of the MSSM, we will use the approximation
that only the third-family Yukawa couplings are significant, as in eq. (6.1.2). Then the Higgs
and third-family superfield anomalous dimensions are diagonal matrices, and from eq. (6.5.4)
they are, at 1-loop order:

YH, = 1617r2 :3y2kyt - gg; - 13—09%} , (6.5.15)
VH, = 1617T2 :3yifyb + Yrlyr — ggi - f—ogﬂ ; (6.5.16)
Qs = 1617r2 :yi‘yt + Yy — gg?, - ggg — ;—Ogﬂ , (6.5.17)
Yo, = # :2@/2*.% — 2932, - %gﬂ : (6.5.18)
Vi, = 1617r2 :2y£§yb - ggi - 1359%] : (6.5.19)
VL, = 1617T2 :yin — ggi - 1%9?] : (6.5.20)
Yes = 1617T2 :2yin— ggf]- (6.5.21)

[The first and second family anomalous dimensions in the approximation of eq. (6.1.2) follow by
setting y;, s, and y, to 0 in the above.| Putting these into eqgs. (6.5.1), (6.5.2) gives the running
of the superpotential parameters with renormalization scale:

_d Yt [, « * 16 , s 13 5
By, = %yt = 1672 _6yt Ye T YpYp — ?93 — 395 — 591}7 (6.5.22)
_ d Yo T, « * * 16 2 2 7 2
By, = %yb = 162 _G?beb T Y Yt + Y Yr — ?93 —39; — 591}7 (6.5.23)
d yT [ * * 9
By = ote = Tol5 |4ye + 3uim — 395 — i (6.5.24)
_ d - Mo * * * 2 3 2
Bu= i = 153 |30Ye + 390y + yryr — 395 — 391]- (6.5.25)

The one-loop RG equations for the gauge couplings ¢i, g2, and g3 were already listed in
eq. (6.4.7). The presence of soft supersymmetry breaking does not affect egs. (6.4.7) and (6.5.22)-
(6.5.25). As a result of the supersymmetric non-renormalization theorem, the [-functions for
each supersymmetric parameter are proportional to the parameter itself. One consequence of
this is that once we have a theory that can explain why p is of order 102 or 10 GeV at tree-level,
we do not have to worry about u being made very large by radiative corrections involving the
masses of some very heavy unknown particles; all such RG corrections to p will be directly
proportional to p itself and to some combinations of dimensionless couplings.
The one-loop RG equations for the three gaugino mass parameters in the MSSM are deter-
mined by the same quantities b}5M that appear in the gauge coupling RG egs. (6.4.7):
d 1

=—-M, = —;
Fra dt 872

for a = 1,2,3. Tt follows that the three ratios M,/g? are each constant (RG scale independent)
up to small two-loop corrections. Since the gauge couplings are observed to unify at Q = My =

bag2 M, (by = 33/5, 1, =3) (6.5.26)
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1.5 x 10'6 GeV, it is a popular assumption that the gaugino masses also unify® near that scale,
with a value called m /. If so, then it follows that

M M- M. mq/o
e R R 2/ (6.5.27)

@ g @ g

at any RG scale, up to small (and known) two-loop effects and possibly much larger (and
unknown) threshold effects near M. Here gy is the unified gauge coupling at @ = M. The
hypothesis of eq. (6.5.27) is particularly powerful because the gaugino mass parameters feed
strongly into the RG equations for all of the other soft terms, as we are about to see.

Next we consider the 1-loop RG equations for the holomorphic soft parameters ay, aq, ae.
In models obeying eq. (6.4.5), these matrices start off proportional to the corresponding Yukawa
couplings at the input scale. The RG evolution respects this property. With the approximation
of eq. (6.1.2), one can therefore also write, at any RG scale,

0 0 O 0 0 O 0 0 O
a,~|[0 0 0], ag~ |0 0 0], a.~ |0 0 0|, (6.5.28)
0 0 a 0 0 a 0 0 a,

which defines¥ running parameters a;, a;, and a,. In this approximation, the RG equations for
these parameters and b are

d . .16 13 .
16725% = at[l&% Ye + YpYp — 393 — 393 — Egﬂ + 2apyy Yt
32 26
+yt[§g§Mg + 6¢2 M, + ngMl}, (6.5.29)
d 16 7
16m° —ap = an[18y5yn + Yy + y7yr 595 30 — Egﬂ + 253 Yy + 20,95y
32 14
| 5 93 Ms + 693 Ms + gt (6.5.30)
3 15
2 d * * 2 9 2 * 2 18 2
167 EGT = a, {12y7y7 + 3y, Yp — 395 — ggl} + 6apy, Y + Y- [692M2 + EglMl}, (6.5.31)
d * * * 3
167r2£b = b[Byt Y + 3Ysy + Yry- — 395 — ggﬂ
6
+1]6ay; + Gayy; + 2a-y; + 693 My + gngl} . (6.5.32)

The S-function for each of these soft parameters is not proportional to the parameter itself,
because couplings that violate supersymmetry are not protected by the supersymmetric non-
renormalization theorem. So, even if a;, a, a, and b vanish at the input scale, the RG corrections
proportional to gaugino masses appearing in egs. (6.5.29)-(6.5.32) ensure that they will not
vanish at the electroweak scale.

$In GUT models, it is automatic that the gauge couplings and gaugino masses are unified at all scales Q > My,
because in the unified theory the gauginos all live in the same representation of the unified gauge group. In
many superstring models, this can also be a good approximation.

YRescaled soft parameters A; = a;/ys, Ay = ap/yp, and A, = a,/y, are often used in the literature. We
do not follow this notation, because it cannot be generalized beyond the approximation of eqs. (6.1.2), (6.5.28)
without introducing horrible complications such as non-polynomial RG equations, and because a;, a and a, are
the couplings that actually appear in the Lagrangian anyway.
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Next let us consider the RG equations for the scalar squared masses in the MSSM. In the
approximation of eqgs. (6.1.2) and (6.5.28), the squarks and sleptons of the first two families
have only gauge interactions. This means that if the scalar squared masses satisfy a boundary
condition like eq. (6.4.4) at an input RG scale, then when renormalized to any other RG scale,
they will still be almost diagonal, with the approximate form

mb, 0 0 mZ 0 0
mi~| 0 my 0 |, mi~| 0 mZ 0 |, (6.5.33)
0 0 mp, 0 0 m2

etc. The first and second family squarks and sleptons with given gauge quantum numbers remain
very nearly degenerate, but the third-family squarks and sleptons feel the effects of the larger
Yukawa couplings and so their squared masses get renormalized differently. The one-loop RG
equations for the first and second family squark and slepton squared masses are

2d 6
1672 — = — Y 8C.(i)g2|Ma|* + £YigiS (6.5.34)
dt a=1,2,3 )

for each scalar ¢;, where the >, is over the three gauge groups U(1)y, SU(2). and SU(3)¢,
with Casimir invariants C,(7) as in egs. (6.5.6)-(6.5.8), and M, are the corresponding running
gaugino mass parameters. Also,

S = Tv[Yym} | = my, —my;, + Tr(m@ — m{ — 2m2 + m3 + mZ]. (6.5.35)

An important feature of eq. (6.5.34) is that the terms on the right-hand sides proportional to
gaugino squared masses are negative, soll the scalar squared-mass parameters grow as they are
RG-evolved from the input scale down to the electroweak scale. Even if the scalars have zero
or very small masses at the input scale, they can obtain large positive squared masses at the
electroweak scale, thanks to the effects of the gaugino masses.

The RG equations for the squared-mass parameters of the Higgs scalars and third-family
squarks and sleptons get the same gauge contributions as in eq. (6.5.34), but they also have
contributions due to the large Yukawa (y.p ) and soft (a.p ) couplings. At one-loop order,
these only appear in three combinations:

X, = 2lyl*(m3, +mp, +mz,) + 2lal?, (6.5.36)
Xy = 2ly|*(mEy, +mg, +m3) + 2a”, (6.5.37)
X, = 2y (my, +mi, +m2,) +2[a-*. (6.5.38)

In terms of these quantities, the RG equations for the soft Higgs squared-mass parameters quu

2
and my; are

d 6

16m° Zmiy, = 3X, — 6g5|Maf — £ gi| M| + 915 (6.5.39)
d 6

167 iy, = 3Xy+ X = 65| Mo’ — Sgi| M - —ng (6.5.40)

IThe contributions proportional to S are relatively small in most known realistic models.
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Note that X;, X, and X, are generally positive, so their effect is to decrease the Higgs squared
masses as one evolves the RG equations down from the input scale to the electroweak scale. If v,
is the largest of the Yukawa couplings, as suggested by the experimental fact that the top quark
is heavy, then X; will typically be much larger than X, and X,. This can cause the RG-evolved
m%qu to run negative near the electroweak scale, helping to destabilize the point H, = H; =0
and so provoking a Higgs VEV (for a linear combination of H, and Hy, as we will see in section
8.1), which is just what we want." Thus a large top Yukawa coupling favors the breakdown
of the electroweak symmetry breaking because it induces negative radiative corrections to the
Higgs squared mass.

The third-family squark and slepton squared-mass parameters also get contributions that
depend on X;, X, and X,. Their RG equations are given by

d 32 2 1

167 £m223 = X, + X, — _gg\M3|2 — 62| Ma)? — Egg\Mlp + gg%S, (6.5.41)
d 32 32

167° 2 me, = 2X, = S| Maf* — il M| ~ 925, (6.5.42)

16m° s, = 2Xp — g5 Mal’ — 1591|M1| + g 1S, (6.5.43)
d

167 %mig = X, — 6g2| M2 — —91\M1|2 _ 5915, (6.5.44)
d 2 24 2 2

167 E z = 2X;— EQ1|MI‘ + 915 (6.5.45)

In egs. (6.5.39)-(6.5.45), the terms proportional to |Mjz|?, |Ms|?, |[M;|?, and S are just the same
ones as in eq. (6.5.34). Note that the terms proportional to X; and X, appear with smaller
numerical coefficients in the szv mﬁs, mfl RG equations than they did for the Higgs scalars,
and they do not appear at all in the m? 7, and m RG equations. Furthermore, the third-family
squark squared masses get a large positive contrlbutlon proportional to |J\/[3|2 from the RG
evolution, which the Higgs scalars do not get. These facts make it plausible that the Higgs
scalars in the MSSM get VEVs, while the squarks and sleptons, having large positive squared
mass, do not.

An examination of the RG equations (6.5.29)-(6.5.32), (6.5.34), and (6.5.39)-(6.5.45) reveals
that if the gaugino mass parameters M, M,, and M3 are non-zero at the input scale, then all
of the other soft terms will be generated too. This implies that models in which gaugino masses
dominate over all other effects in the soft supersymmetry breaking Lagrangian at the input scale
can be viable. On the other hand, if the gaugino masses were to vanish at tree-level, then they
would not get any contributions to their masses at one-loop order; in that case the gauginos
would be extremely light and the model would not be phenomenologically acceptable.

Viable models for the origin of supersymmetry breaking typically make predictions for the
MSSM soft terms that are refinements of egs. (6.4.4)-(6.4.6). These predictions can then be used
as boundary conditions for the RG equations listed above. In the next section we will study the
ideas that go into making such predictions, before turning to their implications for the MSSM
spectrum in section 8.

fOne should think of “m?2 my; 7 as a parameter unto itself, and not as the square of some mythical real number

my . So there is nothing strange about having quu < 0.
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7 Origins of supersymmetry breaking

7.1 General considerations for spontaneous supersymmetry breaking

In the MSSM, supersymmetry breaking is simply introduced explicitly. However, we have
seen that the soft parameters cannot be arbitrary. In order to understand how patterns like
eqs. (6.4.4), (6.4.5) and (6.4.6) can emerge, it is necessary to consider models in which su-
persymmetry is spontaneously broken. By definition, this means that the vacuum state |0) is
not invariant under supersymmetry transformations, so Q.|0) # 0 and QL|0) # 0. Now, in
global supersymmetry, the Hamiltonian operator H is related to the supersymmetry generators
through the algebra eq. (3.1.30):

H= P = Qi@+ QlQu + Q:Qh + QL) (71.1)

If supersymmetry is unbroken in the vacuum state, it follows that H|0) = 0 and the vacuum has
zero energy. Conversely, if supersymmetry is spontaneously broken in the vacuum state, then
the vacuum must have positive energy, since

1
(01H10) = 2 (IQLIO)I” + Q110> + | QFO}I* + @20} %) > 0 (71.2)

if the Hilbert space is to have positive norm. If spacetime-dependent effects and fermion conden-
sates can be neglected, then (0|H|0) = (0|V|0), where V' is the scalar potential in eq. (3.4.12).
Therefore, supersymmetry will be spontaneously broken if the expectation value of F; and/or
D® does not vanish in the vacuum state.

If any state exists in which all F; and D® vanish, then it will have zero energy, implying that
supersymmetry is not spontaneously broken in the true ground state. Conversely, one way to
guarantee spontaneous supersymmetry breaking is to look for models in which the equations
F; = 0 and D® = 0 cannot all be simultaneously satisfied for any values of the fields. Then
the true ground state necessarily has broken supersymmetry, as does the vacuum state we live
in (if it is different). However, another possibility is that the vacuum state in which we live is
not the true ground state (which may preserve supersymmetry), but is instead a higher energy
metastable supersymmetry-breaking state with lifetime at least of order the present age of the
universe [130]-[132]. Finite temperature effects can indeed cause the early universe to prefer the
metastable supersymmetry-breaking local minimum of the potential over the supersymmetry-
breaking global minimum [133]. Scalar potentials for the three possibilities are illustrated qual-
itatively in Figure 7.1.

Regardless of whether the vacuum state is stable or metastable, the spontaneous breaking of
a global symmetry always implies a massless Nambu-Goldstone mode with the same quantum
numbers as the broken symmetry generator. In the case of global supersymmetry, the broken
generator is the fermionic charge @, so the Nambu-Goldstone particle ought to be a massless
neutral Weyl fermion, called the goldstino. To prove it, consider a general supersymmetric model
with both gauge and chiral supermultiplets as in section 3. The fermionic degrees of freedom
consist of gauginos (A*) and chiral fermions (1);). After some of the scalar fields in the theory
obtain VEVs, the fermion mass matrix has the form:

_ 0 V3g((¢°) T’
““—<¢%Awwww (W) ) (7.13)
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(a) (b) ()
Figure 7.1: Scalar potentials for (a) unbroken supersymmetry, (b) spontaneously broken

supersymmetry, and (c) metastable supersymmetry breaking, as functions of an order pa-
rameter ¢.

in the (A%, ;) basis. [The off-diagonal entries in this matrix come from the first term in the
second line of eq. (3.4.9), and the lower right entry can be seen in eq. (3.2.17).] Now observe
that myp annihilates the vector

G = <<D<C%>ﬂ) : (7.1.4)

The first row of my annihilates G by virtue of the requirement eq. (3.4.10) that the superpo-
tential is gauge invariant, and the second row does so because of the condition (OV/0¢;) = 0,
which must be satisfied at any local minimum of the scalar potential. Equation (7.1.4) is there-
fore proportional to the goldstino wavefunction; it is non-trivial if and only if at least one of
the auxiliary fields has a VEV, breaking supersymmetry. So we have proved that if global
supersymmetry is spontaneously broken, then there must be a massless goldstino, and that its
components among the various fermions in the theory are just proportional to the corresponding
auxiliary field VEVs.

There is also a useful sum rule that governs the tree-level squared masses of particles in
theories with spontaneously broken supersymmetry. For a general theory of the type discussed
in section 3, the squared masses of the real scalar degrees of freedom are the eigenvalues of the
matrix

2

et (Wka““ +g2(T°9);(¢*T°)" — g T D° WiWE + ga(T°¢)i(1°¢);
2 =

B . . . ) ) 7.1.5
WA 4 (¢ To) (67T ) iWﬂ+£@%MWWV—wW®J€ )

which can be obtained from writing the quadratic part of the tree-level potential as

V= epmi(51). (7.16)

In eq. (7.1.5), Wik = 53W/§¢;0¢;0¢%, and the scalar fields are understood to be replaced by
their VEVs. It follows that the sum of the real scalar squared-mass eigenvalues is

Tr(mi) = 2W;,W™* +262C,(i)¢* ¢; — 29, Tr(T*) D, (7.1.7)
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with the Casimir invariants C, (i) defined by eq. (6.5.5). Meanwhile, the squared masses of the
two-component fermions are given by the eigenvalues of

mlmp — < 29495 (¢*TT"¢) V20(T"0) V™ ) (7.1.8)
V20a (0T Wy WHW™ +2g2(T¢¢) ;(¢*T°)’
so the sum of the two-component fermion squared masses is
Tr(mimy) = WilWV™ + 463Ca (1)6" (7.1.9)
Finally, the vector squared masses are:
my, = g2 (¢"{T%, T"}9), (7.1.10)
SO
Te(md) = 262C,()6" . (7.1.11)

It follows that the supertrace of the tree-level squared-mass eigenvalues, defined in general by a
weighted sum over all particles with spin j:

STr(m?) = Y (=1)¥(2j + 1)Tr(m?), (7.1.12)
J
satisfies the sum rule

STr(m?) = Tr(m2) — 2Tr(mimp) + 3Tr(m2) = —2¢,Tr(T%)D* = 0. (7.1.13)

The last equality assumes that the traces of the U(1) charges over the chiral superfields are 0.
This holds for U(1)y in the MSSM, and more generally for any non-anomalous gauge symmetry.
The sum rule eq. (7.1.13) is often a useful check on models of spontaneous supersymmetry
breaking.

7.2 Fayet-Iliopoulos (D-term) supersymmetry breaking

Supersymmetry breaking with a non-zero D-term VEV can occur through the Fayet-Iliopoulos
mechanism [134]. If the gauge symmetry includes a U(1) factor, then, as noted in section 4.8,
one can introduce a term linear in the auxiliary field of the corresponding gauge supermultiplet,

ﬁFI = —KD, (721)

where k is a constant with dimensions of [mass]?. This term is gauge-invariant and supersym-
metric by itself. [Note that for a U(1) gauge symmetry, the supersymmetry transformation 6D
in eq. (3.3.8) is a total derivative.] If we include it in the Lagrangian, then D may be forced

to get a non-zero VEV. To see this, consider the relevant part of the scalar potential from
egs. (3.3.3) and (3.4.9):

1
V =kD — §D2 — gDZqi|q§i\2. (7.2.2)
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Here the ¢; are the charges of the scalar fields ¢; under the U(1) gauge group in question. The
presence of the Fayet-Iliopoulos term modifies the equation of motion eq. (3.4.11) to

D=k— ngi|¢i|2. (7.2.3)

Now suppose that the scalar fields ¢; that are charged under the U(1) all have non-zero super-
potential masses m;. (Gauge invariance then requires that they come in pairs with opposite
charges.) Then the potential will have the form

1
V:Z|mi\2\¢i|2+§(ﬁ—ngi\¢¢|2)2. (7.2.4)

Since this cannot vanish, supersymmetry must be broken; one can check that the minimum
always occurs for non-zero D. For the simplest case in which |m;|*> > gqx for each i, the
minimum is realized for all ¢; = 0 and D = k, with the U(1) gauge symmetry unbroken.
As further evidence that supersymmetry has indeed been spontaneously broken, note that the
scalars then have squared masses |m;|? — gg;x, while their fermion partners have squared masses
|m;|?. The gaugino remains massless, as can be understood from the fact that it is the goldstino,
as argued on general grounds in section 7.1.

For non-Abelian gauge groups, the analog of eq. (7.2.1) would not be gauge-invariant and
is therefore not allowed, so only U(1) D-terms can drive spontaneous symmetry breaking. In
the MSSM, one might imagine that the D term for U(1)y has a Fayet-Iliopoulos term as the
principal source of supersymmetry breaking. Unfortunately, this cannot work, because the
squarks and sleptons do not have superpotential mass terms. So, at least some of them would
just get non-zero VEVs in order to make eq. (7.2.3) vanish. That would break color and/or
electromagnetism, but not supersymmetry. Therefore, a Fayet-Iliopoulos term for U(1)y must
be subdominant compared to other sources of supersymmetry breaking in the MSSM, if not
absent altogether. One could instead attempt to trigger supersymmetry breaking with a Fayet-
[liopoulos term for some other U(1) gauge symmetry, which is as yet unknown because it is
spontaneously broken at a very high mass scale or because it does not couple to the Standard
Model particles. However, if this is the dominant source for supersymmetry breaking, it proves
difficult to give appropriate masses to all of the MSSM particles, especially the gauginos. In any
case, we will not discuss D-term breaking as the ultimate origin of supersymmetry violation any
further (although it may not be ruled out [135]).

7.3 O’Raifeartaigh (F-term) supersymmetry breaking

Models where spontaneous supersymmetry breaking is ultimately due to a non-zero F-term
VEV, called O’Raifeartaigh models [136], have brighter phenomenological prospects. The idea
is to pick a set of chiral supermultiplets ®; D (¢;, s, F;) and a superpotential W in such
a way that the equations F; = —6W*/d¢* = 0 have no simultaneous solution within some
compact domain. Then V = Y, |F;|*> will have to be positive at its minimum, ensuring that
supersymmetry is broken. The supersymmetry breaking minimum may be a global minimum
of the potential as in Figure 7.1(b), or only a local minimum as in Figure 7.1(c).
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The simplest example with a supersymmetry breaking global minimum has three chiral
supermultiplets ®, 5 3, with superpotential

W = —k®; + mdy®y + %@@%. (7.3.1)

Note that W contains a linear term, with & having dimensions of [mass]?. Such a term is allowed
if the corresponding chiral supermultiplet is a gauge singlet. In fact, a linear term is necessary to
achieve F-term breaking at tree-level in renormalizable superpotentials,’ since otherwise setting
all ¢; = 0 will always give a supersymmetric global minimum with all F; = 0. Without loss of
generality, we can choose k, m, and y to be real and positive (by phase rotations of the fields).
The scalar potential following from eq. (7.3.1) is

‘/tree—level = |F’1|2 + ‘F2‘2 + ‘F3‘2, (732)
y * * * * *
Fr=k- §¢327 Fy = —mg;, F3 = —mgs5 — yoio3. (7.3.3)

Clearly, I}, = 0 and Fy = 0 are not compatible, so supersymmetry must indeed be broken. If
m? > yk (which we assume from now on), then the absolute minimum of the classical potential
is at ¢ = 3 = 0 with ¢, undetermined, so F; = k and Viree—tevel = k2 at the minimum. The fact
that ¢; is undetermined at tree level is an example of a “flat direction” in the scalar potential;
this is a common feature of supersymmetric models.*

The flat direction parameterized by ¢; is an accidental feature of the classical scalar potential,
and in this case it is removed (“lifted”) by quantum corrections. This can be seen by computing
the Coleman-Weinberg one-loop effective potential [138]. In a loop expansion, the effective
potential can be written as

‘/eff = ‘/tree—level + ‘/1—100p + ... (734)

where the one-loop contribution is a supertrace over the scalar-field-dependent squared-mass
eigenstates labeled n, with spin s,,:

Vicoop = D _(=1)*"(2s, + 1)h(my), (7.3.5)
hz) = 6417T2z2 [In(2/Q%) +al . (7.3.6)

Here () is the renormalization scale and a is a renormalization scheme-dependent constant.’ In
the DR scheme based on dimensional reduction, a = —3/2. Using eqs. (7.1.5) and (7.1.8), the

"Non-polynomial superpotential terms, which arise from non-perturbative effects in strongly coupled gauge
theories, avoid this requirement.

fMore generally, flat directions, also known as moduli, are non-compact lines and surfaces in the space of
scalar fields along which the scalar potential vanishes. The classical renormalizable scalar potential of the MSSM
would have many flat directions if supersymmetry were not broken [137].

$Actually, a can be different for the different spin contributions, if one chooses a renormalization scheme
that does not respect supersymmetry. For example, in the MS scheme, a = —3/2 for the spin-0 and spin-1/2
contributions, but a = —5/6 for the spin-1 contributions. See ref. [139] for a discussion, and the extension to
two-loop order.
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squared mass eigenvalues for the 6 real scalar and 3 two-component fermion states are found to
be, as a function of varying x = |¢;|?, with ¢y = ¢3 = 0:

) 2 Y _ 2 _ )2
scalars: 0, 0, m +2(y:)3 k+\/4m x+ (yx k:)),

m? + %(y:c—i—k— \/4m2x+ (yx+k)2),

o+ o ),

m? + %(y:c +k+ \/4m2:c + (yx + k)2), (7.3.7)
fermions : 0, m?+ %(yx +\/4m2x + y2x2), m? + %(y:)s —\/4m?2x + y2:)32). (7.3.8)

[Note that the sum rule eq. (7.1.13) is indeed satisfied by these squared masses.] Now, plugging
these into eq. (7.3.6), one finds that the global minimum of the one-loop effective potential is
at r =0, so ¢1 = ¢ = 3 = 0. The tree-level mass spectrum of the theory at this point in field
space simplifies to

0, 0, m?, m? m?—yk, m*+yk, (7.3.9)
for the scalars, and
0, m?, m? (7.3.10)

for the fermions. The non-degeneracy of scalars and fermions is a clear check that supersymmetry
has been spontaneously broken.

The 0 eigenvalues in egs. (7.3.9) and (7.3.10) correspond to the complex scalar ¢; and its
fermionic partner ¢,. However, ¢; and v; have different reasons for being massless. The
masslessness of ¢, corresponds to the existence of the classical flat direction, since any value of
¢1 gives the same energy at tree-level. The one-loop potential lifts this flat direction, so that ¢,
gains a mass once quantum corrections are included. Expanding V;_jo0p to first order in z, one
finds that the complex scalar ¢; receives a positive-definite squared mass equal to

2,2
2 ym

My, = 1672

1n(1—r2)—1+1(r+1/r)1n<1”)], (7.3.11)
2 1—r
where r = yk/m?. [This reduces to mj, = y*k?/48m*m? in the limit yk < m?] In contrast, the
Weyl fermion ¢; remains exactly massless, to all orders in perturbation theory, because it is the
goldstino, as predicted in section 7.1.

The O’Raifeartaigh superpotential eq. (7.3.1) yields a Lagrangian that is invariant under a
U(1)g symmetry (see section 4.11) with charge assignments

e, = Te, = 2, e, = 0. (7312)

This illustrates a general result, the Nelson-Seiberg theorem [140], which says that if a theory
has a scalar potential with a global minimum that breaks supersymmetry by a non-zero F-term,
and the superpotential is generic (contains all terms not forbidden by symmetries), then the
theory must have an exact U(1)r symmetry. If the U(1)g symmetry remains unbroken when
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supersymmetry breaks, as is the case in the O’Raifeartaigh model discussed above, then there
is a problem of explaining how gauginos get masses, because non-zero gaugino mass terms have
R-charge 2. On the other hand, if the U(1)g symmetry is spontaneously broken, then there
results a pseudo-Nambu-Goldstone boson (the R-axion) which is problematic experimentally,
although gravitational effects may give it a large enough mass to avoid being ruled out [141].

If the supersymmetry breaking vacuum is only metastable, then one does not need an ex-
act U(1)g symmetry. This can be illustrated by adding to the O’Raifeartaigh superpotential
eq. (7.3.1) a term AW that explicitly breaks the continuous R symmetry. For example, consider
[142]:

1
AW = §em<b§, (7.3.13)

where € is a small dimensionless parameter, so that the tree-level scalar potential is

Vvtree—level = |F1|2+ |F2|2—|—|F3|2, (7314)
Fi=k— %¢§2, Fy = —em¢l —més,  Fy=—mgs—ydidh.  (7.3.15)

In accord with the Nelson-Seiberg theorem, there are now (two) supersymmetric minima, with

¢1 = m/ey, g = j:%\/2]{/ ; b3 = Fy\/2k/y. (7.3.16)

However, for small enough ¢, the local supersymmetry-breaking minimum at ¢; = ¢ = ¢p3 =0
is also still present and stabilized by the one-loop effective potential, with potential barriers
between it and the supersymmetric minima, so the situation is qualitatively like Figure 7.1(c).
As € — 0, the supersymmetric global minima move off to infinity in field space, and there
is negligible effect on the supersymmetry-breaking local minimum. One can show [142] that
the lifetime of the metastable vacuum state due to quantum tunneling can be made arbitrarily
large. The same effect can be realized by a variety of other perturbations to the O’Raifeartaigh
model; by eliminating the continuous R symmetry using small additional contributions to the
Lagrangian, the stable supersymmetry breaking vacuum is converted to a metastable one. (In
some cases, the Lagrangian remains invariant under a discrete R symmetry.)

The O’Raifeartaigh superpotential determines the mass scale of supersymmetry breaking
V/F in terms of a dimensionful parameter k& put in by hand. This appears somewhat artificial,
since k will have to be tiny compared to M2 in order to give the right order of magnitude for the
MSSM soft terms. It may be more plausible to have a mechanism that can instead generate such
scales naturally. This can be done in models of dynamical supersymmetry breaking, in which the
small mass scales associated with supersymmetry breaking arise by dimensional transmutation.
In other words, they generally feature a new asymptotically free non-Abelian gauge symmetry
with a gauge coupling g that is perturbative at Mp and gets strong in the infrared at some
smaller scale A ~ e 87/ 1Y% My where go is the running gauge coupling at Mp with negative
beta function —|b|g3/1672. Just as in QCD, it is perfectly natural for A to be many orders
of magnitude below the Planck scale. Supersymmetry breaking may then be best described in
terms of the effective dynamics of the strongly coupled theory. Supersymmetry is still broken
by the VEV of an F' field, but it may be the auxiliary field of a composite chiral supermultiplet
built out of fields that are charged under the new strongly coupled gauge group.
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The construction of such models that break supersymmetry through strong-coupling dy-
namics is non-trivial if one wants a stable supersymmetry-breaking ground state. In addition
to the argument from the Nelson-Seiberg theorem that a U(1)g symmetry should be present,
one can prove using the Witten index [143, 144] that any strongly coupled gauge theory with
only vectorlike, massive matter cannot spontaneously break supersymmetry in its true ground
state. However, things are easier if one only requires a local (metastable) minimum of the poten-
tial. Intriligator, Seiberg, and Shih showed [132] that supersymmetric Yang-Mills theories with
vectorlike matter can have metastable vacuum states with non-vanishing F-terms that break
supersymmetry, and lifetimes that can be arbitrarily long. The simplest model that does this is
remarkably economical; it is just supersymmetric SU(N.) gauge theory, with N massive flavors
of quark and antiquark supermultiplets, with N. +1 < Ny < 3N./2. The recognition of the
advantages of a metastable vacuum state opens up many new model building possibilities and
ideas [132, 142, 145].

The topic of known ways of breaking supersymmetry spontaneously through strongly coupled
gauge theories is a big subject that is in danger of becoming vast, and is beyond the scope
of this primer. Fortunately, there are several excellent reviews, including [146] for the more
recent developments and [147] for older models with stable vacua. Finding the ultimate cause
of supersymmetry breaking is one of the most important goals for the future. However, for
many purposes, one can simply assume that an F-term has obtained a VEV, without worrying
about the specific dynamics that caused it. For understanding collider phenomenology, the most
immediate concern is usually the nature of the couplings of the F-term VEV to the MSSM fields.
This is the subject we turn to next.

7.4 The need for a separate supersymmetry-breaking sector

It is now clear that spontaneous supersymmetry breaking (dynamical or not) requires us to
extend the MSSM. The ultimate supersymmetry-breaking order parameter cannot belong to
any of the MSSM supermultiplets; a D-term VEV for U(1)y does not lead to an acceptable
spectrum, and there is no candidate gauge singlet whose F-term could develop a VEV. There-
fore one must ask what effects are responsible for spontaneous supersymmetry breaking, and
how supersymmetry breakdown is “communicated” to the MSSM particles. It is very difficult
to achieve the latter in a phenomenologically viable way working only with renormalizable in-
teractions at tree-level, even if the model is extended to involve new supermultiplets including
gauge singlets. First, on general grounds it would be problematic to give masses to the MSSM
gauginos, because the results of section 3 inform us that renormalizable supersymmetry never
has any (scalar)-(gaugino)-(gaugino) couplings that could turn into gaugino mass terms when
the scalar gets a VEV. Second, at least some of the MSSM squarks and sleptons would have
to be unacceptably light, and should have been discovered already. This can be understood
from the existence of sum rules that can be obtained in the same way as eq. (7.1.13) when the
restrictions imposed by flavor symmetries are taken into account. For example, in the limit in
which lepton flavors are conserved, the selectron mass eigenstates €; and é; could in general be
mixtures of ¢, and €r. But if they do not mix with other scalars, then part of the sum rule
decouples from the rest, and one obtains:

mZ +mZ = 2m? (7.4.1)

€1 2 e’
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Figure 7.2: The presumed schematic structure for supersymmetry breaking.

which is of course ruled out by experiment. Similar sum rules follow for each of the fermions
of the Standard Model, at tree-level and in the limits in which the corresponding flavors are
conserved. In principle, the sum rules can be evaded by introducing flavor-violating mixings, but
it is very difficult to see how to make a viable model in this way. Even ignoring these problems,
there is no obvious reason why the resulting MSSM soft supersymmetry-breaking terms in this
type of model should satisfy flavor-blindness conditions like eqs. (6.4.4) or (6.4.5).

For these reasons, we expect that the MSSM soft terms arise indirectly or radiatively, rather
than from tree-level renormalizable couplings to the supersymmetry-breaking order parameters.
Supersymmetry breaking evidently occurs in a “hidden sector” of particles that have no (or only
very small) direct couplings to the “visible sector” chiral supermultiplets of the MSSM. However,
the two sectors do share some interactions that are responsible for mediating supersymmetry
breaking from the hidden sector to the visible sector, resulting in the MSSM soft terms. (See
Figure 7.2.) In this scenario, the tree-level squared mass sum rules need not hold, even ap-
proximately, for the physical masses of the visible sector fields, so that a phenomenologically
viable superpartner mass spectrum is, in principle, achievable. As a bonus, if the mediating in-
teractions are flavor-blind, then the soft terms appearing in the MSSM will automatically obey
conditions like egs. (6.4.4), (6.4.5) and (6.4.6).

There have been two main competing proposals for what the mediating interactions might
be. The first (and historically the more popular) is that they are gravitational. More precisely,
they are associated with the new physics, including gravity, that enters near the Planck scale.
In this “gravity-mediated”, or Planck-scale-mediated supersymmetry breaking (PMSB) scenario,
if supersymmetry is broken in the hidden sector by a VEV (F'), then the soft terms in the visible
sector should be roughly

Moty ™~ <F>/MP7 (742)

by dimensional analysis. This is because we know that mg.g must vanish in the limit (F) — 0
where supersymmetry is unbroken, and also in the limit Mp — oo (corresponding to GNewton —
0) in which gravity becomes irrelevant. For mgy of order a few hundred GeV, one would
therefore expect that the scale associated with the origin of supersymmetry breaking in the
hidden sector should be roughly \/ﬁ ~ 10 or 10! GeV.

A second possibility is that the flavor-blind mediating interactions for supersymmetry break-
ing are the ordinary electroweak and QCD gauge interactions. In this gauge-mediated super-
symmetry breaking (GMSB) scenario, the MSSM soft terms come from loop diagrams involv-
ing some messenger particles. The messengers are new chiral supermultiplets that couple to a
supersymmetry-breaking VEV (F'), and also have SU(3)c x SU(2), x U(1)y interactions, which
provide the necessary connection to the MSSM. Then, using dimensional analysis, one estimates
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Figure 7.3: Goldstino/gravitino G interactions with superpartner pairs (¢, ) and (X, A).

for the MSSM soft terms

(7.4.3)

where the a, /47 is a loop factor for Feynman diagrams involving gauge interactions, and Myess
is a characteristic scale of the masses of the messenger fields. So if M,ess and (/(F') are roughly

comparable, then the scale of supersymmetry breaking can be as low as about /{F) ~ 10* GeV
(much lower than in the gravity-mediated case!) to give my.g of the right order of magnitude.

7.5 The goldstino and the gravitino

As shown in section 7.1, the spontaneous breaking of global supersymmetry implies the existence
of a massless Weyl fermion, the goldstino. The goldstino is the fermionic component of the
supermultiplet whose auxiliary field obtains a VEV.

We can derive an important property of the goldstino by considering the form of the conserved
supercurrent eq. (3.4.13). Suppose for simplicity’ that the only non-vanishing auxiliary field
VEV is (F) with goldstino superpartner G. Then the supercurrent conservation equation tells
us that

0=0,J" = —i(F)(0"0,GN)o + 05" + ... (7.5.1)

where j¥ is the part of the supercurrent that involves all of the other supermultiplets, and the
ellipses represent other contributions of the goldstino supermultiplet to d,J%, which we can
ignore. [The first term in eq. (7.5.1) comes from the second term in eq. (3.4.13), using the
equation of motion F; = —W} for the goldstino’s auxiliary field.] This equation of motion for
the goldstino field allows us to write an effective Lagrangian

i(é@jﬂ +cc), (7.5.2)

Egoldstino = ZéTEu&ué - <F>

which describes the interactions of the goldstino with all of the other fermion-boson pairs [148].
In particular, since j* = (075"1);)a0,¢* — a”ﬁpa“)\T“Fj‘p /2v/2 4 ..., there are goldstino-scalar-
chiral fermion and goldstino-gaugino-gauge boson vertices as shown in Figure 7.3. Since this
derivation depends only on supercurrent conservation, eq. (7.5.2) holds independently of the
details of how supersymmetry breaking is communicated from (F) to the MSSM sector fields

"More generally, if supersymmetry is spontaneously broken by VEVs for several auxiliary fields F; and D?,
then one should make the replacement (F) — (3, [(F})|? + 2 3= (D%)?)1/2 everywhere in the following.
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(¢s,10;) and (A?, A%). It may appear strange at first that the interaction couplings in eq. (7.5.2)
get larger in the limit (F') goes to zero. However, the interaction term éaﬂj“ contains two
derivatives, which turn out to always give a kinematic factor proportional to the squared-mass
difference of the superpartners when they are on-shell, i.e. m3 —m3, and m3 —m? for Figures 7.3a
and 7.3b respectively. These can be non-zero only by virtue of supersymmetry breaking, so they
must also vanish as (F)) — 0, and the interaction is well-defined in that limit. Nevertheless, for
fixed values of m7 —m?, and m3 — m?, the interaction term in eq. (7.5.2) can be phenomeno-
logically important if (F') is not too large [148]-[151].

The above remarks apply to the breaking of global supersymmetry. However, taking into
account gravity, supersymmetry must be promoted to a local symmetry. This means that
the spinor parameter €*, which first appeared in section 3.1, is no longer a constant, but can
vary from point to point in spacetime. The resulting locally supersymmetric theory is called
supergravity [152, 153]. It necessarily unifies the spacetime symmetries of ordinary general
relativity with local supersymmetry transformations. In supergravity, the spin-2 graviton has a
spin-3/2 fermion superpartner called the gravitino, which we will denote \IIZ‘ The gravitino has
odd R-parity (Pr = —1), as can be seen from the definition eq. (6.2.5). It carries both a vector
index (u) and a spinor index («), and transforms inhomogeneously under local supersymmetry
transformations:

SUS = 0, + ... (7.5.3)

Thus the gravitino should be thought of as the “gauge” field of local supersymmetry transfor-
mations [compare eq. (3.3.1)]. As long as supersymmetry is unbroken, the graviton and the
gravitino are both massless, each with two spin helicity states. Once supersymmetry is spon-
taneously broken, the gravitino acquires a mass by absorbing (“eating”) the goldstino, which
becomes its longitudinal (helicity £1/2) components. This is called the super-Higgs mechanism,
and it is analogous to the ordinary Higgs mechanism for gauge theories, by which the W* and
7 gauge bosons in the Standard Model gain mass by absorbing the Nambu-Goldstone bosons
associated with the spontaneously broken electroweak gauge invariance. The massive spin-3/2
gravitino now has four helicity states, of which two were originally assigned to the would-be
goldstino. The gravitino mass is traditionally called mj3/,, and in the case of F-term breaking
it can be estimated as [154]

m3/2 ~ <F>/Mp, (754)

This follows simply from dimensional analysis, since mg/, must vanish in the limits that super-
symmetry is restored ((F) — 0) and that gravity is turned off (Mp — o0). Equation (7.5.4)
implies very different expectations for the mass of the gravitino in gravity-mediated and in
gauge-mediated models, because they usually make very different predictions for (F').

In the Planck-scale-mediated supersymmetry breaking case, the gravitino mass is comparable
to the masses of the MSSM sparticles [compare eqs. (7.4.2) and (7.5.4)]. Therefore mg/, is
expected to be at least of order 100 GeV or so. Its interactions will be of gravitational strength,
so the gravitino will not play any role in collider physics, but it can be important in cosmology
[155]. If it is the LSP, then it is stable and its primordial density could easily exceed the critical
density, causing the universe to become matter-dominated too early. Even if it is not the LSP,
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the gravitino can cause problems unless its density is diluted by inflation at late times, or it
decays sufficiently rapidly.

In contrast, gauge-mediated supersymmetry breaking models predict that the gravitino is
much lighter than the MSSM sparticles as long as M,ess << Mp. This can be seen by comparing
egs. (7.4.3) and (7.5.4). The gravitino is almost certainly the LSP in this case, and all of the
MSSM sparticles will eventually decay into final states that include it. Naively, one might
expect that these decays are extremely slow. However, this is not necessarily true, because
the gravitino inherits the non-gravitational interactions of the goldstino it has absorbed. This
means that the gravitino, or more precisely its longitudinal (goldstino) components, can play
an important role in collider physics experiments. The mass of the gravitino can generally be
ignored for kinematic purposes, as can its transverse (helicity +3/2) components, which really
do have only gravitational interactions. Therefore in collider phenomenology discussions one
may interchangeably use the same symbol G for the goldstino and for the gravitino of which
it is the longitudinal (helicity +1/2) part. By using the effective Lagrangian eq. (7.5.2), one
can compute that the decay rate of any sparticle X into its Standard Model partner X plus a
goldstino/gravitino G is

5

I(X = XG) = T (1—mi/m%)". (7.5.5)

This corresponds to either Figure 7.3a or 7.3b, with (X, X) = (¢,%) or (A, A) respectively. One
factor (1 —m%/ m})2 came from the derivatives in the interaction term in eq. (7.5.2) evaluated
for on-shell final states, and another such factor comes from the kinematic phase space integral
with mg/2 < m)~(, mx.

If the supermultiplet containing the goldstino and (F') has canonically normalized kinetic
terms, and the tree-level vacuum energy is required to vanish, then the estimate eq. (7.5.4) is
sharpened to

mzpn = (F)/V3Mp. (7.5.6)

In that case, one can rewrite eq. (7.5.5) as

5

—~ ~ e 4

and this is how the formula is sometimes presented, although it is less general since it assumes
eq. (7.5.6). The decay width is larger for smaller (F'), or equivalently for smaller mg/s, if the
other masses are fixed. If X is a mixture of superpartners of different Standard Model particles
X, then each partial width in eq. (7.5.5) should be multiplied by a suppression factor equal
to the square of the cosine of the appropriate mixing angle. If mg is of order 100 GeV or
more, and \/@ < few x10° GeV [corresponding to ms/o less than roughly 1 keV according
to eq. (7.5.6)], then the decay X — X G can occur quickly enough to be observed in a modern
collider detector. This implies some interesting phenomenological signatures, which we will
discuss further in sections 9.5 and 10.

We now turn to a more systematic analysis of the way in which the MSSM soft terms arise.
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7.6 Planck-scale-mediated supersymmetry breaking models

Consider models in which the spontaneous supersymmetry breaking sector connects with our
MSSM sector mostly through gravitational-strength interactions, including the effects of super-
gravity [156, 157]. Let X be the chiral superfield whose F' term auxiliary field breaks supersym-
metry, and consider first a globally supersymmetric effective Lagrangian, with the Planck scale
suppressed effects that communicate between the two sectors included as non-renormalizable
terms of the types discussed in section 4.10. The superpotential, the Kahler potential, and the
gauge kinetic function, expanded for large Mp, are:

1 /1 .. 1 o,
W= Wissy — — (—yX”qu)iq)jq)k + —MXUXQZ@]-) T (7.6.1)
Mp \6 2
- 1 . 1 .
K = o"®,+ —(n/X +7 X" )0 — — B XXTPND; + .., (7.6.2)
Oab 2
= —(1——/f,X+...). 6.
fo = ( X ) (7.6.3)
Here ®; represent the chiral superfields of the MSSM or an extension of it, and y*¥*, k:f , nf , ﬁf

and f, are dimensionless couplings while 4*% has the dimension of mass. The leading term in
the Kéhler potential is chosen to give canonically normalized kinetic terms. The matrix k7 must
be Hermitian, and 7/ = (n;)*, in order for the Lagrangian to be real. To find the resulting soft
supersymmetry breaking terms in the low-energy effective theory, one can apply the superspace
formalism of section 4, treating X as a “spurion” by making the replacements:

X — 00F, X* = 01T, (7.6.4)

where F' denotes (Fy). The resulting supersymmetry-breaking Lagrangian, after integrating
out the auxiliary fields in ®;, is:

F
Lot = —— fa A A — XU(? G5 — n ¢JWMSSM +c.c.

2Mp
| Jak
7o (

Mg
where ¢; and A* are the scalar and gaugino fields in the MSSM sector. Now if one assumes that
VF ~ 10" or 10" GeV, then eq. (7.6.5) has the same form as eq. (5.1), with MSSM-sector soft
terms of order mgo, ~ F/Mp, perhaps of order a few hundred GeV. In particular, if we write
the visible sector superpotential as

A Xk oo
6Mpy GiPjPr Mn — [

kb + i) ot ¢, (7.6.5)

1 . 1 .
Wassm = 6y”’“<1>,-<1>j(1>k+§u”<1>,-(1>j, (7.6.6)
then the soft terms in that sector, in the notation of eq. (5.1), are:
F
M, = —f,, 7.6.7
i (76.7)
R ) (76
ij Fooxij i
b = ﬁp(ﬂ T nd P Py, (7.6.9)
2\1 ‘F|2 )
(m°); = M2 (K; +n 5). (7.6.10)
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Note that couplings of the form Lagbe soft it €q. (5.2) do not arise from eq. (7.6.5). Although
they actually are expected to occur, the largest possible sources for them are non-renormalizable
Kahler potential terms, which lead to:

|F]”

L r
Mg

2l ¢ 01 + c.c., (7.6.11)

where :)sfk is dimensionless. This explains why, at least within this model framework, the cou-
plings ¢/ in eq. (5.2) are of order |F|2/M3 ~ m2; /Mp, and therefore negligible.

In principle, the parameters f,, kZ, n?, yXiik and X% ought to be determined by the fun-
damental underlying theory. The familiar flavor blindness of gravity expressed in Einstein’s
equivalence principle does not, by itself, tell us anything about their form. Therefore, the re-
quirement of approximate flavor blindness in Ly is a new assumption in this framework, and is
not guaranteed without further structure. Nevertheless, it has historically been popular to make
a dramatic simplification by assuming a “minimal” form for the normalization of kinetic terms
and gauge interactions in the non-renormalizable Lagrangian. Specifically, it is often assumed
that there is a common f, = f for the three gauginos, that &/ = k6! and n/ = né/ are the
same for all scalars, with k£ and n real, and that the other couplings are proportional to the
corresponding superpotential parameters, so that y*¥* = ay¥* and X% = Bu" with universal
real dimensionless constants o and 3. Then the soft terms in LM55M are all determined by just
four parameters:

2

mi /o :f%, mg = (k+n2)|<j\]j[f%| , A= (a+3n)%, By = (ﬁ—l—Qn)%. (7.6.12)
In terms of these, the parameters appearing in eq. (6.3.1) are:

Mz = My = My = my s, (7.6.13)

m? =m2 =m2 =m} =m2 =m1, my, =my, =mg, (7.6.14)

ay = Aoy, aq = Aoya, a. = Agye, (7.6.15)

b= Bou, (7.6.16)

at a renormalization scale () &~ Mp. It is a matter of some controversy whether the assumptions
going into this parameterization are well-motivated on purely theoretical grounds, but from a
phenomenological perspective they are clearly very nice. This framework successfully evades the
most dangerous types of flavor changing and CP violation as discussed in section 6.4. In partic-
ular, egs. (7.6.14) and (7.6.15) are just stronger versions of eqgs. (6.4.4) and (6.4.5), respectively.
If my/2, Ag and By all have the same complex phase, then eq. (6.4.6) will also be satisfied.
Equations (7.6.13)-(7.6.16) also have the virtue of being extraordinarily predictive, at least in
principle. [Of course, eq. (7.6.16) is content-free unless one can relate By to the other parameters
in some non-trivial way.] As discussed in sections 6.4 and 6.5, they should be applied as RG
boundary conditions at the scale Mp. The RG evolution of the soft parameters down to the
electroweak scale will then allow us to predict the entire MSSM spectrum in terms of just five
parameters my 2, mg, Ay, By, and g (plus the already-measured gauge and Yukawa couplings
of the MSSM). A popular approximation is to start this RG running from the unification scale
My =~ 1.5 x 10'6 GeV instead of Mp. The reason for this is more practical than principled;

93



the apparent unification of gauge couplings gives us a strong hint that we know something
about how the RG equations behave up to My, but unfortunately gives us little guidance about
what to expect at scales between My and Mp. The errors made in neglecting these effects are
proportional to a loop suppression factor times In(Mp /My ). These corrections hopefully can be
partly absorbed into a redefinition of m2, m; /2, Ag and By at My, but in many cases will lead
to other important effects [158] that are difficult to anticipate.

The framework described in the previous two paragraphs has been the subject of the bulk
of phenomenological and experimental studies of supersymmetry, and has become a benchmark
scenario for experimental collider search limits. It is sometimes referred to as the minimal
supergravity (MSUGRA) or Constrained Minimal Supersymmetric Standard Model (CMSSM)
scenario for the soft terms.

Particular models of gravity-mediated supersymmetry breaking can be even more predictive,
relating some of the parameters m; s, m%, Ay and By to each other and to the mass of the
gravitino ms/,. For example, three popular kinds of models for the soft terms are:

e Dilaton-dominated: [159] m2 = mg/z, myjs = —Ao = V/3ma.
[ ] POIOIlin [160] m% = m§/2, AO = (3 — \/g)mg/g, m1/2 = O(mg/g)
e “No-scale”: [161] mq/5 > myg, Ag, m3/2.

Dilaton domination arises in a particular limit of superstring theory. While it appears to be
highly predictive, it can easily be generalized in other limits [162]. The Polonyi model has
the advantage of being the simplest possible model for supersymmetry breaking in the hidden
sector, but it is rather ad hoc and does not seem to have a special place in grander schemes like
superstrings. The “no-scale” limit may appear in a low-energy limit of superstrings in which the
gravitino mass scale is undetermined at tree-level (hence the name). It implies that the gaugino
masses dominate over other sources of supersymmetry breaking near Mp. As we saw in section
6.5, RG evolution feeds the gaugino masses into the squark, slepton, and Higgs squared-mass
parameters with sufficient magnitude to give acceptable phenomenology at the electroweak scale.
More recent versions of the no-scale scenario, however, also can give significant Ay and m? at
the input scale. In many cases By can also be predicted in terms of the other parameters, but
this is quite sensitive to model assumptions. For phenomenological studies, m; s, m2, A and
By are usually just taken to be convenient but imperfect (and perhaps downright misleading)
parameterizations of our ignorance of the supersymmetry breaking mechanism. In a more perfect
world, experimental searches might be conducted and reported using something like the larger
15-dimensional flavor-blind parameter space of egs. (6.4.4)-(6.4.6), but such a higher dimensional
parameter space is difficult to simulate comprehensively, for practical reasons.

Let us now review in a little more detail how the soft supersymmetry breaking terms can
arise in supergravity models. The part of the scalar potential that does not depend on the gauge
kinetic function can be found as follows. First, one may define the real, dimensionless Kdhler
function in terms of the Kahler potential and superpotential with the chiral superfields replaced
by their scalar components:

G = K/M3 +In(W/M3) + In(W*/M3). (7.6.17)

Many references use units with Mp = 1, which simplifies the expressions but can slightly obscure
the correspondence with the global supersymmetry limit of large Mp. From G, one can construct
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its derivatives with respect to the scalar fields and their complex conjugates: G' = 0G/d¢;;
G; = 6G/6¢*; and G = 6°G /3¢ 5¢;. As in section 3.2, raised (lowered) indices i correspond
to derivatives with respect to ¢; (¢*). Note that GJ = K7 /M2, which is often called the Kéhler
metric, does not depend on the superpotential. The inverse of this matrix is denoted (G_l)f,
or equivalently MZ(K—)!, so that (G~)*G] = (G1)IG* = §/. In terms of these objects,
the generalization of the F-term contribution to the scalar potential in ordinary renormalizable
global supersymmetry turns out [152, 153] to be:

Vi = Mie® |GGG -3 (7.6.18)
in supergravity. It can be rewritten as
Ve = KIF;F* — 35/MWw /M2, (7.6.19)
where
Fy= ~M3eS? (GG = —M™ME (K01 (W7 + WK /MZ). (7.6.20)

with K* = §K/d¢; and K; = 0K /d¢*. The F; are order parameters for supersymmetry breaking
in supergravity (generalizing the auxiliary fields in the renormalizable global supersymmetry
case). In other words, local supersymmetry will be broken if one or more of the F; obtain a
VEV. The gravitino then absorbs the would-be goldstino and obtains a squared mass

my, = (K FF*) [3Mg. (7.6.21)

Taking a minimal Kéhler potential K = ¢*'¢;, one has Kij = (K _1)5 = 55 , so that expanding
egs. (7.6.19) and (7.6.20) to lowest order in 1/Mp just reproduces the results F; = —W;* and
V = F,F* = W'W}, which were found in section 3.2 for renormalizable global supersymmetric
theories [see egs. (3.2.16)-(3.2.18)]. Equation (7.6.21) also reproduces the expression for the
gravitino mass that was quoted in eq. (7.5.4).

The scalar potential eq. (7.6.18) does not include the D-term contributions from gauge

interactions, which are given by
1 B
Vo = SRelfay D*D"], (7.6.22)

with D = foDb. where

D= —GUTY¢; = = (T9),;'G; = — K (T p; = —¢™(T%);'K;, (7.6.23)

are real order parameters of supersymmetry breaking, with the last three equalities following
from the gauge invariance of W and K. Note that in the tree-level global supersymmetry case
fap = 0ap/ g2 and K* = ¢*', eq. (7.6.22) reproduces the result of section 3.4 for the renormalizable
global supersymmetry D-term scalar potential, with Do = 9o D" (no sum on a). The full scalar
potential is

V =Vr+ Vp, (7.6.24)
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and it depends on W and K only through the combination G in eq. (7.6.17). There are many
other contributions to the supergravity Lagrangian involving fermions and vectors, which can
be found in ref. [152, 153], and also turn out to depend only on f, and G. This allows one
to consistently redefine W and K so that there are no purely holomorphic or purely anti-
holomorphic terms appearing in the latter.

Unlike in the case of global supersymmetry, the scalar potential in supergravity is not nec-
essarily non-negative, because of the —3 term in eq. (7.6.18). Therefore, in principle, one can
have supersymmetry breaking with a positive, negative, or zero vacuum energy. Results in ex-
perimental cosmology [163] imply a positive vacuum energy associated with the acceleration of
the scale factor of the observable universe,

observed — A
vae 87TGNewton

~ (2.3 x 10712 GeV)*, (7.6.25)

but this is also certainly tiny compared to the scales associated with supersymmetry breaking.
Therefore, it is tempting to simply assume that the vacuum energy is 0 within the approxima-
tions pertinent for working out the supergravity effects on particle physics at collider energies.
However, it is notoriously unclear why the terms in the scalar potential in a supersymmetry-
breaking vacuum should conspire to give (V') ~ 0 at the minimum. A naive estimate, without
miraculous cancellations, would give instead (V') of order [(F)|?, so at least roughly (10'° GeV)*
for Planck-scale mediated supersymmetry breaking, or (10 GeV)? for gauge-mediated supersym-
metry breaking. Furthermore, while py,. = (V) classically, the former is a very large-distance
scale measured quantity, while the latter is associated with effective field theories at length
scales comparable to and shorter than those familiar to high energy physics. So, in the absence
of a compelling explanation for the tiny value of py.., it is not at all clear that (V) = 0 is
really the right condition to impose [164]. Nevertheless, with (V') = 0 imposed as a constraint,
eqs. (7.6.19)-(7.6.21) tell us that (K1 F*7) = 3M{e'® = 3eM)/ME| (W) [2/ME, and an equivalent
formula for the gravitino mass is therefore ms/, = G2\ .

An interesting special case arises if we assume a minimal Kahler potential and divide the
fields ¢; into a visible sector including the MSSM fields ¢;, and a hidden sector containing a
field X that breaks supersymmetry for us (and other fields that we need not treat explicitly).
In other words, suppose that the superpotential and the Kahler potential have the forms

W = ins(@i)‘l’Whid(X), (7626)
K = ¢, + X*X. (7.6.27)

Now let us further assume that the dynamics of the hidden sector fields provides non-zero VEVs
(X)=aMp,  (Wya) =wMg,  (Wia/0X) = w' Mp, (7.6.28)

which define a dimensionless quantity x, and w, w’ with dimensions of [mass]. Requiring
(V) =0 yields |w' + z*w|? = 3|w|?, and

mg = |<FX>|/\/§MP = 6‘96‘2/2|w|- (7.6.29)

"We do this only to follow popular example; as just noted we cannot endorse this imposition.
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Now we suppose that it is valid to expand the scalar potential in powers of the dimensionless
quantities w/Mp, w'/Mp, p;/Mp, etc., keeping only terms that depend on the visible sector
fields ;. In leading order the result is:

Vo= :is)i(ins)i+m§/290*i90i
el o (Waae)' + (a"w™ + [aw” — 3w Wass + c.c.] (7.6.30)

A tricky point here is that we have rescaled the visible sector superpotential W;s — e~le?/ 2Weis
everywhere, in order that the first term in eq. (7.6.30) is the usual, properly normalized, F-term
contribution in global supersymmetry. The next term is a universal soft scalar squared mass of
the form eq. (7.6.14) with

my = [(Fx)|?/3M3 = m3,. (7.6.31)

The second line of eq. (7.6.30) just gives soft (scalar)® and (scalar)? holomorphic couplings of
the form egs. (7.6.15) and (7.6.16), with

Ay = —a"(Fx)[Mp, By = (——— — ") {Fx)/Mp (7.6.32)
r+w/w
since @;(Weis)" is equal to 3W, for the cubic part of Wi, and to 2W.s for the quadratic part.
[If the complex phases of x, w, w’ can be rotated away, then eq. (7.6.32) implies By = Ay —mg)2,
but there are many effects that can ruin this prediction.] The Polonyi model mentioned in
section 7.6 is just the special case of this exercise in which Wy, is assumed to be linear in X.
However, there is no reason why W and K must have the simple form eq. (7.6.26) and
eq. (7.6.27). In general, the superpotential and Kéhler potential will have terms coupling X to
the MSSM fields as in egs. (7.6.1) and (7.6.2). If one now plugs such terms into eq. (7.6.18), one
obtains a general form like eq. (7.6.5) for the soft terms. It is only when special assumptions
are made [like eqgs. (7.6.26), (7.6.27)] that one gets the phenomenologically desirable results
in eqgs. (7.6.12)-(7.6.16). Thus supergravity by itself does not guarantee universality or even
flavor-blindness of the soft terms.

7.7 Gauge-mediated supersymmetry breaking models

In gauge-mediated supersymmetry breaking (GMSB) models [165, 166], the ordinary gauge
interactions, rather than gravity, are responsible for the appearance of soft supersymmetry
breaking in the MSSM. The basic idea is to introduce some new chiral supermultiplets, called
messengers, that couple to the ultimate source of supersymmetry breaking, and also couple
indirectly to the (s)quarks and (s)leptons and higgs(inos) of the MSSM through the ordinary
SU(3)c x SU(2)r x U(1)y gauge boson and gaugino interactions. There is still gravitational
communication between the MSSM and the source of supersymmetry breaking, of course, but
that effect is now relatively unimportant compared to the gauge interaction effects.

In contrast to Planck-scale mediation, GMSB can be understood entirely in terms of loop
effects in a renormalizable framework. In the simplest such model, the messenger fields are a set
of left-handed chiral supermultiplets ¢, g, ¢, £ transforming under SU(3)c x SU(2), x U(1)y as

1 1 1 - 1

q ~ (3, 1, —g), q ~ (3, 1, 5), £ ~ (1,2, 5), g ~ (1,2, —5) (771)
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These supermultiplets contain messenger quarks 14, ¥z and scalar quarks ¢,q and messenger
leptons 1y, ¢ and scalar leptons £, f. All of these particles must get very large masses so as
not to have been discovered already. Assume they do so by coupling to a gauge-singlet chiral
supermultiplet S through a superpotential:

Wmess - 925@ + y3Sqq (772)

The scalar component of S and its auxiliary (F-term) component are each supposed to acquire
VEVs, denoted (S) and (Fs) respectively. This can be accomplished either by putting S into
an O’Raifeartaigh-type model [165], or by a dynamical mechanism [166]. Exactly how this
happens is an interesting and important question, with many possible answers but no clear
favorite at present. Here, we will simply parameterize our ignorance of the precise mechanism of
supersymmetry breaking by asserting that S participates in another part of the superpotential,
call it Whyeaking, Which provides for the necessary spontaneous breaking of supersymmetry.

Let us now consider the mass spectrum of the messenger fermions and bosons. The fermionic
messenger fields pair up to get mass terms:

L = —y(SYuby — ys(S)1,1bg + c.c. (7.7.3)

as in eq. (3.2.19). Meanwhile, their scalar messenger partners ¢, £ and ¢, 7 have a scalar potential
given by (neglecting D-term contributions, which do not affect the following discussion):

2 2 2 2

)
Wmoss + Wbroaking) (774)

5Wmess e (
05

Y4

5Wmess
oq

6Wmess
0q

2
vV = ’ +’5Wmess

Y

§

§

§

as in eq. (3.2.18). Now, suppose that, at the minimum of the potential,

() # 0, (7.7.5)
(0Wireaking/05) = —(F&) # 0, (7.7.6)
(Winess/6S) = 0. (7.7.7)

Replacing S and Fg by their VEVs, one finds quadratic mass terms in the potential for the
messenger scalar leptons:

Vo= (S + 127) + lys(S)(lal* + [a1*)
— (y2<F5>€€ + y3(Fs)qq + c.c.)
+ quartic terms. (7.7.8)

The first line in eq. (7.7.8) represents supersymmetric mass terms that go along with eq. (7.7.3),
while the second line consists of soft supersymmetry-breaking masses. The complex scalar
messengers /£, { thus obtain a squared-mass matrix equal to:

(S —u3(FS)
<—y2<Fs> |y2<5>\2> (7.7.9)

with squared mass eigenvalues |y2(S)|? £ |y2(Fs)|. In just the same way, the scalars q,q get
squared masses |y3(S)|? & |y3(Fs)|.
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Figure 7.4: Contributions to the MSSM gaug- ~ « v
ino masses in gauge-mediated supersymmetry

breaking models come from one-loop graphs in- \ /
volving virtual messenger particles.

So far, we have found that the effect of supersymmetry breaking is to split each messenger
supermultiplet pair apart:

E’E : m%ermions = |y2<5>|27 m2 = |y2<5>|2 + |y2<FS>| ) (7710)

scalars

q,9: m?ormions = |y3<5>‘27 mgcalars = ‘y3<5>‘2 + |y3<F5>| . (7711)

The supersymmetry violation apparent in this messenger spectrum for (Fs) # 0 is communicated
to the MSSM sparticles through radiative corrections. The MSSM gauginos obtain masses from
the 1-loop Feynman diagram shown in Figure 7.4. The scalar and fermion lines in the loop
are messenger fields. Recall that the interaction vertices in Figure 7.4 are of gauge coupling
strength even though they do not involve gauge bosons; compare Figure 3.3g. In this way,
gauge-mediation provides that ¢, 7 messenger loops give masses to the gluino and the bino, and
¢, ¢ messenger loops give masses to the wino and bino fields. Computing the 1-loop diagrams,
one finds [166] that the resulting MSSM gaugino masses are given by

M, = 2ep, (a=1,2,3), (7.7.12)

47
in the normalization for «, discussed in section 6.4, where we have introduced a mass parameter
A = (Fs)/(S). (7.7.13)

(Note that if (Fg) were 0, then A = 0 and the messenger scalars would be degenerate with their
fermionic superpartners and there would be no contribution to the MSSM gaugino masses.)
In contrast, the corresponding MSSM gauge bosons cannot get a corresponding mass shift,
since they are protected by gauge invariance. So supersymmetry breaking has been successfully
communicated to the MSSM (“visible sector”). To a good approximation, eq. (7.7.12) holds for
the running gaugino masses at an RG scale @)y corresponding to the average characteristic mass
of the heavy messenger particles, roughly of order M e ~ yr(S) for I = 2,3. The running
mass parameters can then be RG-evolved down to the electroweak scale to predict the physical
masses to be measured by future experiments.

The scalars of the MSSM do not get any radiative corrections to their masses at one-loop
order. The leading contribution to their masses comes from the two-loop graphs shown in
Figure 7.5, with the messenger fermions (heavy solid lines) and messenger scalars (heavy dashed
lines) and ordinary gauge bosons and gauginos running around the loops. By computing these
graphs, one finds that each MSSM scalar ¢; gets a squared mass given by:

m2 = 202 [(%’;)203(2') v <Z‘—;>202(z') 4 (%)201(1)] , (7.7.14)

with the quadratic Casimir invariants C,(i) as in egs. (6.5.5)-(6.5.8). The squared masses in
eq. (7.7.14) are positive (fortunately!).
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Figure 7.5: MSSM scalar squared masses in gauge-mediated supersymmetry breaking mod-
els arise in leading order from these two-loop Feynman graphs. The heavy dashed lines
are messenger scalars, the solid lines are messenger fermions, the wavy lines are ordinary
Standard Model gauge bosons, and the solid lines with wavy lines superimposed are the
MSSM gauginos.

The terms a,, aq, ae arise first at two-loop order, and are suppressed by an extra factor
of a,, /47 compared to the gaugino masses. So, to a very good approximation one has, at the
messenger scale,

a, =aq =a, =0, (7.7.15)

a significantly stronger condition than eq. (6.4.5). Again, egs. (7.7.14) and (7.7.15) should be
applied at an RG scale equal to the average mass of the messenger fields running in the loops.
However, evolving the RG equations down to the electroweak scale generates non-zero a,, agq,
and a, proportional to the corresponding Yukawa matrices and the non-zero gaugino masses,
as indicated in section 6.5. These will only be large for the third-family squarks and sleptons,
in the approximation of eq. (6.1.2). The parameter b may also be taken to vanish near the
messenger scale, but this is quite model-dependent, and in any case b will be non-zero when it is
RG-evolved to the electroweak scale. In practice, b can be fixed in terms of the other parameters
by the requirement of correct electroweak symmetry breaking, as discussed below in section 8.1.
Because the gaugino masses arise at one-loop order and the scalar squared-mass contributions
appear at two-loop order, both eq. (7.7.12) and (7.7.14) correspond to the estimate eq. (7.4.3) for
Meofs, With Miess ~ y7(S). Equations (7.7.12) and (7.7.14) hold in the limit of small (Fs) /y;(S)?,
corresponding to mass splittings within each messenger supermultiplet that are small compared
to the overall messenger mass scale. The sub-leading corrections in an expansion in (Fg)/y;(S)?
turn out [167]-[169] to be quite small unless there are very large messenger mass splittings.
The model we have described so far is often called the minimal model of gauge-mediated
supersymmetry breaking. Let us now generalize it to a more complicated messenger sector.
Suppose that ¢, 7 and ¢, £ are replaced by a collection of messengers ®;, ®; with a superpotential

Wmess = Z yIS(I)Ial- (7716)
I

The bar is used to indicate that the left-handed chiral superfields ®; transform as the complex
conjugate representations of the left-handed chiral superfields ®;. Together they are said to form
a “vectorlike” (self-conjugate) representation of the Standard Model gauge group. As before,
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the fermionic components of each pair ®; and ®; pair up to get squared masses |y;(S)|? and
their scalar partners mix to get squared masses |yr(S)|* & |y;(Fs)|. The MSSM gaugino mass

parameters induced are now

- Z—;AZna(I) (a=1,2,3) (7.7.17)

where n,(I) is the Dynkin index for each ®; + ®;, in a normalization where nz = 1 for a 3 +3
of SU(3)c and ny = 1 for a pair of doublets of SU(2),. For U(1l)y, one has n; = 6Y?/5
for each messenger pair with weak hypercharges +Y. In computing n; one must remember
to add up the contributions for each component of an SU(3)x or SU(2), multiplet. So, for
example, (ny,n9,n3) = (2/5,0,1) for ¢+q and (ny,n9,n3) = (3/5,1,0) for £+ £. Thus the total
is > 7(ny,ne,n3) = (1,1,1) for the minimal model, so that eq. (7.7.17) is in agreement with
eq. (7.7.12). On general group-theoretic grounds, ny and n3 must be integers, and n; is always
an integer multiple of 1/5 if fractional electric charges are confined.
The MSSM scalar masses in this generalized gauge mediation framework are now:

mi—2A2[< 2) oy DXl + (2 2) oy )X malr) + (2 Yoy DX ] (7.718)

In writing eqs. (7.7.17) and (7.7.18) as simple sums, we have implicitly assumed that the mes-
sengers are all approximately equal in mass, with

Mmess ~ yI<S> (7719)

Equation (7.7.18) is still not a bad approximation if the y; are not very different from each
other, because the dependence of the MSSM mass spectrum on the y; is only logarithmic (due
to RG running) for fixed A. However, if large hierarchies in the messenger masses are present,
then the additive contributions to the gaugino masses and scalar squared masses from each
individual messenger multiplet I should really instead be incorporated at the mass scale of that
messenger multiplet. Then RG evolution is used to run these various contributions down to the
electroweak or TeV scale; the individual messenger contributions to scalar and gaugino masses
as indicated above can be thought of as threshold corrections to this RG running.

Messengers with masses far below the GUT scale will affect the running of gauge couplings
and might therefore be expected to ruin the apparent unification shown in Figure 6.8. However,
if the messengers come in complete multiplets of the SU(5) global symmetry' that contains the
Standard Model gauge group, and are not very different in mass, then approximate unification
of gauge couplings will still occur when they are extrapolated up to the same scale My (but
with a larger unified value for the gauge couplings at that scale). For this reason, a popular class
of models is obtained by taking the messengers to consist of Nj copies of the 5 + 5 of SU(5),
resulting in

;mm:;@m:;%mzm. (7.7.20)

TThis SU(5) may or may not be promoted to a local gauge symmetry at the GUT scale. For our present
purposes, it is used only as a classification scheme, since the global SU(5) symmetry is only approximate in the
effective theory at the (much lower) messenger mass scale where gauge mediation takes place.
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Equations (7.7.17) and (7.7.18) then reduce to

[0
M, = —=AN. 7.21
a A 5 (77 )

3 2
mg, = 2A2Nsa;Ca(i) <Z—W) , (7.7.22)
since now there are Ny copies of the minimal messenger sector particles running around the
loops. For example, the minimal model in eq. (7.7.1) corresponds to N5 = 1. A single copy of
10 + 10 of SU(5) has Dynkin indices >-;n,(I) = 3, and so can be substituted for 3 copies of
5+ 5. (Other combinations of messenger multiplets can also preserve the apparent unification
of gauge couplings.) Note that the gaugino masses scale like Nj, while the scalar masses scale
like v/N5. This means that sleptons and squarks will tend to be lighter relative to the gauginos
for larger values of N5 in non-minimal models. However, if Nj is too large, then the running
gauge couplings will diverge before they can unify at M. For messenger masses of order 10°
GeV or less, for example, one needs N5 < 4.

There are many other possible generalizations of the basic gauge-mediation scenario as de-
scribed above; see for example refs. [168]-[171]. The common feature that makes all such models
attractive is that the masses of the squarks and sleptons depend only on their gauge quan-
tum numbers, leading automatically to the degeneracy of squark and slepton masses needed for
suppression of flavor-changing effects. But the most distinctive phenomenological prediction of
gauge-mediated models may be the fact that the gravitino is the LSP. This can have crucial

consequences for both cosmology and collider physics, as we will discuss further in sections 9.5
and 10.

7.8 Extra-dimensional and anomaly-mediated supersymmetry break-
ing

It is also possible to take the partitioning of the MSSM and supersymmetry breaking sectors
shown in fig. 7.2 seriously as geography. This can be accomplished by assuming that there are
extra spatial dimensions of the Kaluza-Klein or warped type [172], so that a physical distance
separates the visible and hidden' sectors. This general idea opens up numerous possibilities,
which are hard to classify in a detailed way. For example, string theory suggests six such extra
dimensions, with a staggeringly huge number of possible solutions.

Many of the popular models used to explore this extra-dimensional mediated supersym-
metry breaking (the acronym XMSB is tempting) use just one single hidden extra dimension
with the MSSM chiral supermultiplets confined to one 4-dimensional spacetime brane and the
supersymmetry-breaking sector confined to a parallel brane a distance R; away, separated by a
5-dimensional bulk, as in fig. 7.6. Using this as an illustration, the dangerous flavor-violating
terms proportional to y*”* and k! in eq. (7.6.5) are suppressed by factors like e~ 55 where Rs
is the size of the 5th dimension and Mj5 is the 5-dimensional fundamental (Planck) scale, and
it is assumed that the MSSM chiral supermultiplets are confined to their brane. Therefore, it
should be enough to require that R5Ms > 1, in other words that the size of the 5th dimension
(or, more generally, the volume of the compactified space) is relatively large in units of the

tThe name “sequestered” is often used instead of “hidden” in this context.
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Figure 7.6: The separation of the s
supersymmetry-breaking sector from

the MSSM sector could take place along a

hidden spatial dimension, as in the simple “the bulk”
example shown here. The branes are

4-dimensional parallel spacetime hypersur-
faces in a 5-dimensional spacetime.

MSSM brane Hidden brane
(we live here) (F)#0

fundamental length scale. Thus the suppression of flavor-violating effects does not require any
fine-tuning or extreme hierarchies, because it is exponential.

One possibility is that the gauge supermultiplets of the MSSM propagate in the bulk, and
so mediate supersymmetry breaking [173]-[176]. This mediation is direct for gauginos, with

(£)

My ~ e
M (Rs M)

(7.8.1)
but is loop-suppressed for the soft terms involving scalars. This implies that in the simplest
version of the idea, often called “gaugino mediation”, soft supersymmetry breaking is dominated
by the gaugino masses. The phenomenology is therefore quite similar to that of the “no-scale”
boundary conditions mentioned in section 7.6 in the context of PMSB models. Scalar squared
masses and the scalar cubic couplings come from renormalization group running down to the
electroweak scale. It is useful to keep in mind that gaugino mass dominance is really the essential
feature that defeats flavor violation, so it may well turn out to be more robust than any particular
model that provides it.

It is also possible that the gauge supermultiplet fields are also confined to the MSSM brane,
so that the transmission of supersymmetry breaking is due entirely to supergravity effects. This
leads to anomaly-mediated supersymmetry breaking (AMSB) [177], so-named because the re-
sulting MSSM soft terms can be understood in terms of the anomalous violation of a local
superconformal invariance, an extension of scale invariance. In one formulation of supergravity
[153], Newton’s constant (or equivalently, the Planck mass scale) is set by the VEV of a scalar
field ¢ that is part of a non-dynamical chiral supermultiplet (called the “conformal compen-
sator”). As a gauge fixing, this field obtains a VEV of (¢) = 1, spontaneously breaking the
local superconformal invariance. Now, in the presence of spontaneous supersymmetry breaking

(F'y # 0, for example on the hidden brane, the auxiliary field component also obtains a non-zero
VEV, with

The non-dynamical conformal compensator field ¢ is taken to be dimensionless, so that Fj, has
dimensions of [mass].

In the classical limit, there is still no supersymmetry breaking in the MSSM sector, due to
the exponential suppression provided by the extra dimensions.* However, there is an anomalous

tAMSB can also be realized without invoking extra dimensions. The suppression of flavor-violating MSSM
soft terms can instead be achieved using a strongly-coupled conformal field theory near an infrared-stable fixed
point [178].
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violation of superconformal (scale) invariance manifested in the running of the couplings. This
causes supersymmetry breaking to show up in the MSSM by virtue of the non-zero beta functions
and anomalous dimensions of the MSSM brane couplings and fields. The resulting soft terms
are [177] (using F}, to denote its VEV from now on):

Ma = F(j)ﬁga/gaa (783)

. 1 d . 1 0 0 0 -
2 i F 2 7 i F 2 o o, ———— ; i ) 4
(m”); 2‘ ol dt i 2‘ ol | P 99a + By Dykmn + By, oy T (7.8.4)

where the anomalous dimensions % are normalized as in egs. (6.5.4) and (6.5.15)-(6.5.21). As
in the GMSB scenario of the previous subsection, gaugino masses arise at one-loop order, but
scalar squared masses arise at two-loop order. Also, these results are approximately flavor-blind
for the first two families, because the non-trivial flavor structure derives only from the MSSM
Yukawa couplings.

There are several unique features of the AMSB scenario. First, there is no need to specify at
which renormalization scale eqs. (7.8.3)-(7.8.5) should be applied as boundary conditions. This is
because they hold at every renormalization scale, exactly, to all orders in perturbation theory. In
other words, egs. (7.8.3)-(7.8.5) are not just boundary conditions for the renormalization group
equations of the soft parameters, but solutions as well. (These AMSB renormalization group
trajectories can also be found from this renormalization group invariance property alone [179],
without reference to the supergravity derivation.) In fact, even if there are heavy supermultiplets
in the theory that have to be decoupled, the boundary conditions hold both above and below
the arbitrary decoupling scale. This remarkable insensitivity to ultraviolet physics in AMSB
ensures the absence of flavor violation in the low-energy MSSM soft terms. Another interesting
prediction is that the gravitino mass ms/, in these models is actually much larger than the scale
Msofe Of the MSSM soft terms, since the latter are loop-suppressed compared to eq. (7.8.2).

There is only one unknown parameter, Fj,, among the MSSM soft terms in AMSB. Un-
fortunately, this exemplary falsifiability is marred by the fact that it is already falsified. The
dominant contributions to the first-family squark and slepton squared masses are:

2 ‘F¢|2 4
m = ey (85+..). (7.8.6)
|F, |2 3 99
mgL = — (16’;5'2)2 (593 + %gf) (787)
2 |F¢>‘2 198 4
méR = _(1677'2)2 %gl (788)

The squarks have large positive squared masses, but the sleptons have negative squared masses,
so the AMSB model in its simplest form is not viable. These signs come directly from those
of the beta functions of the strong and electroweak gauge interactions, as can be seen from the
right side of eq. (7.8.4).

The characteristic ultraviolet insensitivity to physics at high mass scales also makes it some-
what non-trivial to modify the theory to escape this tachyonic slepton problem by deviating
from the AMSB trajectory. There can be large deviations from AMSB provided by supergravity
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[180], but then in general the flavor-blindness is also forfeit. One way to modify AMSB is to
introduce additional supermultiplets that contain supersymmetry-breaking mass splittings that
are large compared to their average mass [181]. Another way is to combine AMSB with gaugino
mediation [182]. Some other proposals can be found in [183]. Finally, there is a perhaps less
motivated approach in which a common parameter m? is added to all of the scalar squared
masses at some scale, and chosen large enough to allow the sleptons to have positive squared
masses above bounds from the CERN LEP e*e™ collider. This allows the phenomenology to be
studied in a framework conveniently parameterized by just:

Fy, mg, tan B3, arg(u), (7.8.9)

with |u| and b determined by requiring correct electroweak symmetry breaking as described in
the next section. (Some sources use ms /2 or M« to denote F,.) The MSSM gaugino masses at
the leading non-trivial order are unaffected by the ad hoc addition of m?:

Fy 33 ,
M, — 22 8.1
! 1672 5 1 (7.8.10)
F¢> 2
My = Tl (7.8.11)
_ F¢ 2
My = —7%536] (7.8.12)

This implies that |Ms| < | M| < | M3, so the lightest neutralino is actually mostly wino, with a
lightest chargino that is only of order 200 MeV heavier, depending on the values of y and tan j.
The decay Cl — Nym® produces a very soft pion, implying unique and difficult signatures in
colliders [184]-[188].

Another large general class of models breaks supersymmetry using the geometric or topolog-
ical properties of the extra dimensions. In the Scherk-Schwarz mechanism [189], the symmetry
is broken by assuming different boundary conditions for the fermion and boson fields on the
compactified space. In supersymmetric models where the size of the extra dimension is param-
eterized by a modulus (a massless or nearly massless excitation) called a radion, the F-term
component of the radion chiral supermultiplet can obtain a VEV, which becomes a source for
supersymmetry breaking in the MSSM. These two ideas turn out to be often related. Some of
the variety of models proposed along these lines can be found in [190]. These mechanisms can
also be combined with gaugino-mediation and AMSB. It seems likely that the possibilities are
not yet fully explored.

8 The mass spectrum of the MSSM

8.1 Electroweak symmetry breaking and the Higgs bosons

In the MSSM, the description of electroweak symmetry breaking is slightly complicated by the
fact that there are two complex Higgs doublets H, = (H;, H) and Hy; = (HY, H;) rather
than just one in the ordinary Standard Model. The classical scalar potential for the Higgs scalar
fields in the MSSM is given by

Vo= (Jul + miy, ) Hy” + [HT) + (ol + mi, ) (Hg* + [ Hy )
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+b(HfH; — H'HY) + c.c]

+%(92 + ™) (H,* + [H | = [Hg* — [Hy [*)* + %f\HJHS* +HyHy'P (8.1)
The terms proportional to |u|* come from F-terms [see eq. (6.1.5)]. The terms proportional to
g% and ¢’? are the D-term contributions, obtained from the general formula eq. (3.4.12) after
some rearranging. Finally, the terms proportional to m%{u, m _» and b are just a rewriting of the
last three terms of eq. (6.3.1). The full scalar potential of the theory also includes many terms
involving the squark and slepton fields that we can ignore here, since they do not get VEVs
because they have large positive squared masses.

We now have to demand that the minimum of this potential should break electroweak sym-
metry down to electromagnetism SU(2), x U(1)y — U(1)gy, in accord with observation. We
can use the freedom to make gauge transformations to simplify this analysis. First, the freedom
to make SU(2), gauge transformations allows us to rotate away a possible VEV for one of the
weak isospin components of one of the scalar fields, so without loss of generality we can take
H;" =0 at the minimum of the potential. Then one can check that a minimum of the potential
satisfying 0V /OH," = 0 must also have H; = 0. This is good, because it means that at the min-
imum of the potential electromagnetism is necessarily unbroken, since the charged components
of the Higgs scalars cannot get VEVs. After setting H = H; = 0, we are left to consider the
scalar potential

Vo= (|l + mg L + (|l + mi, )| Hal* — (b HyHy + c.c.)

(6 + g (B — HYPY (312)
The only term in this potential that depends on the phases of the fields is the b-term. Therefore,
a redefinition of the phase of H, or H; can absorb any phase in b, so we can take b to be real
and positive. Then it is clear that a minimum of the potential V requires that HJHY is also
real and positive, so (H?) and (H3) must have opposite phases. We can therefore use a U(1)y
gauge transformation to make them both be real and positive without loss of generality, since H,
and H, have opposite weak hypercharges (£1/2). It follows that CP cannot be spontaneously
broken by the Higgs scalar potential, since the VEVs and b can be simultaneously chosen real, as
a convention. This implies that the Higgs scalar mass eigenstates can be assigned well-defined
eigenvalues of CP, at least at tree-level. (CP-violating phases in other couplings can induce
loop-suppressed CP violation in the Higgs sector, but do not change the fact that b, (H?), and
(H,) can always be chosen real and positive.)

In order for the MSSM scalar potential to be viable, we must first make sure that the potential
is bounded from below for arbitrarily large values of the scalar fields, so that V' will really have
a minimum. (Recall from the discussion in sections 3.2 and 3.4 that scalar potentials in purely
supersymmetric theories are automatically non-negative and so clearly bounded from below.
But, now that we have introduced supersymmetry breaking, we must be careful.) The scalar
quartic interactions in V' will stabilize the potential for almost all arbitrarily large values of H?
and HY. However, for the special directions in field space |H?| = |HY|, the quartic contributions
to V' [the second line in eq. (8.1.2)] are identically zero. Such directions in field space are called
D-flat directions, because along them the part of the scalar potential coming from D-terms
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vanishes. In order for the potential to be bounded from below, we need the quadratic part of
the scalar potential to be positive along the D-flat directions. This requirement amounts to

2b < 2|ul® + my;, +mj,. (8.1.3)

Note that the b-term always favors electroweak symmetry breaking. Requiring that one
linear combination of HY and H{ has a negative squared mass near H? = HY = 0 gives

b* > (|uf* +mig, ) (Iul* + mi,). (8.1.4)

If this inequality is not satisfied, then H? = HJ = 0 will be a stable minimum of the potential
(or there will be no stable minimum at all), and electroweak symmetry breaking will not occur.

Interestingly, if mj;,, = mj; then the constraints egs. (8.1.3) and (8.1.4) cannot both be
satisfied. In models derived from the MSUGRA or GMSB boundary conditions, m¥,, = mj;, is
supposed to hold at tree level at the input scale, but the X; contribution to the RG equation for
m¥ [eq. (6.5.39)] naturally pushes it to negative or small values m3; < m%{d at the electroweak
scale. Unless this effect is significant, the parameter space in which the electroweak symmetry
is broken would be quite small. So, in these models electroweak symmetry breaking is actually
driven by quantum corrections; this mechanism is therefore known as radiative electroweak
symmetry breaking. Note that although a negative value for |u|? + m7; will help eq. (8.1.4)
to be satisfied, it is not strictly necessary. Furthermore, even if m%Iu < 0, there may be no
electroweak symmetry breaking if || is too large or if b is too small. Still, the large negative
contributions to quu from the RG equation are an important factor in ensuring that electroweak
symmetry breaking can occur in models with simple boundary conditions for the soft terms.
The realization that this works most naturally with a large top-quark Yukawa coupling provides
additional motivation for these models [191, 157].

Having established the conditions necessary for H? and HY to get non-zero VEVSs, we can
now require that they are compatible with the observed phenomenology of electroweak symmetry
breaking, SU(2);, x U(1)y — U(1)gm. Let us write

v = (HO), va = (HY). (8.1.5)
These VEVs are related to the known mass of the Z° boson and the electroweak gauge couplings:
v2 4+ v =" =2m3/(g° + ¢*%) ~ (174 GeV)>. (8.1.6)

The ratio of the VEVs is traditionally written as
tan 8 = v, /vg. (8.1.7)

The value of tan is not fixed by present experiments, but it depends on the Lagrangian
parameters of the MSSM in a calculable way. Since v, = vsin 8 and vy = v cos 3 were taken to
be real and positive by convention, we have 0 < 5 < 7/2, a requirement that will be sharpened

below. Now one can write down the conditions OV/OH? = 0V/OH] = 0 under which the
potential eq. (8.1.2) will have a minimum satisfying egs. (8.1.6) and (8.1.7):

i+ uf? — beot f — (m/2) cos(26) = 0,
my;, + |ul> — btan 8 + (m3/2) cos(268) = 0. (8.1.9)
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It is easy to check that these equations indeed satisfy the necessary conditions egs. (8.1.3) and
(8.1.4). They allow us to eliminate two of the Lagrangian parameters b and |u| in favor of tan g,
but do not determine the phase of . Taking |u|?, b, m7; and m%{d as input parameters, and
m?% and tan 3 as output parameters obtained by solving these two equations, one obtains:

2b
sin(2 = , 8.1.10
m2 _m2
my = i, = ] my, —my, — 2|pl. (8.1.11)
1 —sin?(20)

Note that sin(2f) is always positive. If m3; < mj , as is usually assumed, then cos(28) is
negative; otherwise it is positive.

As an aside, egs. (8.1.10) and (8.1.11) highlight the “u problem” already mentioned in section
6.1. Without miraculous cancellations, all of the input parameters ought to be within an order
of magnitude or two of m%. However, in the MSSM, y is a supersymmetry-respecting parameter
appearing in the superpotential, while b, quu, m%{d are supersymmetry-breaking parameters.
This has lead to a widespread belief that the MSSM must be extended at very high energies
to include a mechanism that relates the effective value of y to the supersymmetry-breaking
mechanism in some way; see sections 11.3 and 11.4 and ref. [70] for examples.

Even if the value of u is set by soft supersymmetry breaking, the cancellation needed by
eq. (8.1.11) is often remarkable when evaluated in specific model frameworks, after constraints
from direct searches for the superpartners are taken into account. For example, expanding for

large tan /3, eq. (8.1.11) becomes

my = —2(mi, + |ul*) +

tan? 5(7”?% —my,) + O(1/ tan" §). (8.1.12)

Typical viable solutions for the MSSM have —m%, and |u|? each much larger than m%, so that

significant cancellation is needed. In particular, large top squark squared masses, needed to
avoid having the Higgs boson mass turn out too small [see eq. (8.1.24) below| compared to
the observed value of 125 GeV, will feed into m% . The cancellation needed in the minimal
model may therefore be at the several per cent level, or worse. It is impossible to objectively
characterize whether this should be considered worrisome, but it certainly causes subjective
worry as the LHC bounds on superpartners increase.

Equations (8.1.8)-(8.1.11) are based on the tree-level potential, and involve running renormal-
ized Lagrangian parameters, which depend on the choice of renormalization scale. In practice,
one must include radiative corrections at one-loop order, at least, in order to get numerically
stable results. To do this, one can compute the loop corrections AV to the effective potential
Vet (0, vg) = V + AV as a function of the VEVs. The impact of this is that the equations
governing the VEVs of the full effective potential are obtained by simply replacing
1 0(AV)

2 2
My, — My, + —
’ Ha Ha QUd 8vd

1 9(AV)
m%{u — quu + % 9

(8.1.13)

in egs. (8.1.8)-(8.1.11), treating v, and v, as real variables in the differentiation. The result
for AV has now been obtained through two-loop order in the MSSM [139, 192]. The most
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important corrections come from the one-loop diagrams involving the top squarks and top quark,
and experience shows that the validity of the tree-level approximation and the convergence of
perturbation theory are therefore improved by choosing a renormalization scale roughly of order
the average of the top squark masses.

The Higgs scalar fields in the MSSM consist of two complex SU(2)-doublet, or eight real,
scalar degrees of freedom. When the electroweak symmetry is broken, three of them are the
would-be Nambu-Goldstone bosons G°, G*, which become the longitudinal modes of the Z°
and W massive vector bosons. The remaining five Higgs scalar mass eigenstates consist of two
CP-even neutral scalars h° and H, one CP-odd neutral scalar A%, and a charge 41 scalar H+
and its conjugate charge —1 scalar H~. (Here we define G- = G™ and H~ = H™*. Also, by
convention, h° is lighter than H®.) The gauge-eigenstate fields can be expressed in terms of the
mass eigenstate fields as:

<g§) - (Z:)*%Ra<g%>+%3m (ig) (8.1.14)

H; G*
<Hd‘*) ~ Ry, <H+) (8.1.15)
where the orthogonal rotation matrices
R, = ( cosa Smo‘), (8.1.16)
—sina  cos
[ sinfy  cos By ) B < sin By cos [+ )
gy = (—cosﬁo sin 3y )’ B, = —cos 3y sinfBy /)’ (8.1.17)
are chosen so that the quadratic part of the potential has diagonal squared-masses:
L o5 sy, 1 o n2 oo o2, Lo o
V = imho(hf ) + imHo(H ) + imGo(G ) + §on(A )
+mZe |G+ mye |HT2 + ..., (8.1.18)

Then, provided that v,, vy minimize the tree-level potential,! one finds that 5y = B+ = 3, and
mzo = mz: =0, and

m%o = 2b/sin(28) = 2|ul* +m3;, +mj, (8.1.19)

1
Mo o = 5(77’1210 +m3 F \/(mio —m%)? + 4mim?, sin2(25)), (8.1.20)
mie = mio +miy. (8.1.21)

The mixing angle « is determined, at tree-level, by

sin2a (M) tan 2o (M) (8.1.22)

sin 2.3 m%e — mio tan 23 m%, —my

It is often more useful to expand around VEVs v,,vg that do not minimize the tree-level potential, for
example to minimize the loop-corrected effective potential instead. In that case, 8, By, and S+ are all slightly
different.
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Figure 8.1: A contour map of the Higgs potential, for a typical case with tan § ~ — cot a ~
10. The minimum of the potential is marked by +, and the contours are equally spaced
equipotentials. Oscillations along the shallow direction, with H?/H? =~ 10, correspond
to the mass eigenstate h°, while the orthogonal steeper direction corresponds to the mass
eigenstate HP.

and is traditionally chosen to be negative; it follows that —7/2 < a < 0 (provided m 40 > my).
The Feynman rules for couplings of the mass eigenstate Higgs scalars to the Standard Model
quarks and leptons and the electroweak vector bosons, as well as to the various sparticles, have
been worked out in detail in ref. [193, 194, 195].

The masses of A%, H° and H* can be arbitrarily large, in principle, since they all grow
with b/sin(23). In contrast, the mass of h° is bounded above. From eq. (8.1.20), one finds at
tree-level [196]:

mpo < mzl|cos(28)] (8.1.23)

This corresponds to a shallow direction in the potential, along the direction (H? —v,, H} —v4) o<
(cosa, —sin«r). The existence of this shallow direction can be traced to the supersymmetric
fact that the quartic Higgs couplings are small, being given by the squares of the electroweak
gauge couplings, via the D-term. A contour map of the potential, for a typical case with
tan f &~ —cot &~ 10, is shown in figure 8.1. If the tree-level inequality (8.1.23) were robust,
the lightest Higgs boson of the MSSM would have been discovered in the previous century at
the CERN LEP2 ete™ collider, and its mass obviously could not approach the observed value
of 125 GeV. However, the tree-level formula for the squared mass of h° is subject to quantum
corrections that are relatively drastic. The largest such contributions typically come from top
and stop loops, as shown? in fig. 8.2.

In the limit of top-squark masses my, m;, much greater than the top quark mass my, the
largest radiative correction to m3, in eq. (8.1.20) is:

3
A(mio) = 4—7r200$2a yfm? {ln(mglmb/mf) + Athreshold} , (8.1.24)
where
Athroshold = Ctgstg[(mi - m%)/m?] ln(mi /m%)
1
vetst [mt, —m2 )2~ S(md, —md Y fm2)| fmi, (8.1.25)

In general, one-loop 1-particle-reducible tadpole diagrams should also be included. However, they exactly
cancel against the tree-level tadpoles, and so both can be omitted, if the VEVs v, and vy are taken at the
minimum of the loop-corrected effective potential (see previous footnote).
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Figure 8.2: Contributions to the MSSM lightest Higgs squared mass from top-quark and top-
squark one-loop diagrams. Incomplete cancellation, due to soft supersymmetry breaking,

leads to a large positive correction to m3, in the limit of heavy top squarks.
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Figure 8.3: Contributions to the low-energy Standard Model effective Higgs quartic inter-
action. Integrating out the top squarks yields threshold contributions to the quartic Higgs
coupling in the low-energy effective theory from the first three one-loop diagrams. The last
diagram, involving the top quark, provides renormalization group running of the low-energy
effective Higgs quartic coupling proportional to ;.

with ¢; and s; equal to the cosine and sine of a top-squark mixing angle 8;, defined below following
eq. (8.4.19). One way to understand eq. (8.1.24) is by thinking in terms of the low energy effective
Standard Model theory obtained by integrating out the top squarks at a renormalization scale
equal to the geometric mean of their masses. Then Agpesnola comes from the finite threshold
correction to the supersymmetric Higgs quartic coupling, via the first three diagrams shown
in fig. 8.3. The term with In(mg mg,/m7) in eq. (8.1.24) then from comes the renormalization
group running of the Higgs quartic coupling (due to the last diagram in fig. 8.3) down to the
top-quark mass scale, which turns out to be a good renormalization scale at which to evaluate
m?, within the Standard Model effective theory. For small or moderate top-squark mixing, the
logarithmic running term is largest, but Anreshola can also be quite important. These corrections
to the Higgs effective quartic coupling increase the steepness of the Higgs potential, thus raising
mpo compared to the naive tree-level prediction.

The term proportional to 0252 in eq. (8.1.25) is positive definite, while the term proportional
to c; 54 is negative definite. For ﬁxed top- squark masses, the maximum possible h° mass therefore
occurs for rather large top-squark mixing, cis? = mt/[m + m~ — 2(m~ —m? )/In(m t2/mt1)]
or 1/4, whichever is less. This is often referred to as the max1mal mixing” scenarlo for the
MSSM Higgs sector. (What is being maximized is not the mixing, but mye with respect to the
top-squark mixing.) It follows that the quantity in square brackets in eq. (8.1.24) is always less
than In(m? /m?) + 3.

Equation (8.1.24) already shows that mjo can easily exceed the Z boson mass, and the
observed value of mjo = 125 GeV can in principle be accommodated. However, the above is
a highly simplified account; to get reasonably accurate predictions for the Higgs scalar masses
and mixings for a given set of model parameters, one must also include the remaining one-loop
corrections and even the dominant two-loop and three-loop effects [197]-[217]. The theoretical
uncertainties associated with the prediction of myo, given all of the soft supersymmetry breaking
parameters, are still quite large, especially when the top-squarks are heavy, and are of order
several GeV. For a recent review, see [218].
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Including such corrections, it had been estimated long before the discovery of the 125 GeV
Higgs boson that

mpo S 135 GeV (8.1.26)

in the MSSM. This prediction assumed that all of the sparticles that can contribute to mZ,
in loops have masses that do not exceed 1 TeV, and the bound increases logarithmically with
the top-squark masses. However, in many specific model frameworks with small or moderate
top-squark mixing, the bound eq. (8.1.26) is very far from saturated, and it turns out to be a
severe challenge to accommodate values even as large as the observed myo = 125 GeV, unless the
top squarks are extremely heavy, or else highly mixed. Unfortunately, it is difficult to make this
statement very precise, due both to the high dimensionality of the supersymmetric parameter
space and the theoretical errors in the myo prediction.

In the MSSM, the masses and CKM mixing angles of the quarks and leptons are determined
not only by the Yukawa couplings of the superpotential but also the parameter tan 8. This is
because the top, charm and up quark mass matrix is proportional to v, = v sin 3 and the bottom,
strange, and down quarks and the charge leptons get masses proportional to vy = vcos 8. At
tree-level,

my = yyvsin S, my = Ypv COS 3, m, = y,v cos [3. (8.1.27)

These relations hold for the running masses rather than the physical pole masses, which are
significantly larger for ¢, b [219]. Including those corrections, one can relate the Yukawa couplings
to tan 5 and the known fermion masses and CKM mixing angles. It is now clear why we have not
neglected y, and y,, even though my, m, < my. To a first approximation, /vy, = (my,/m;) tan 3
and y,/y; = (m,/my) tan 3, so that y, and y, cannot be neglected if tan 8 is much larger than
1. In fact, there are good theoretical motivations for considering models with large tan 5. For
example, models based on the GUT gauge group SO(10) can unify the running top, bottom and
tau Yukawa couplings at the unification scale; this requires tan 5 to be very roughly of order
my/my [220, 221].

Note that if one tries to make sin 5 too small, then y; will be nonperturbatively large.
Requiring that y; does not blow up above the electroweak scale, one finds that tan5 2 1.2 or
so, depending on the mass of the top quark, the QCD coupling, and other details. In principle,
there is also a constraint on cos 3 if one requires that y;, and y, do not become nonperturbatively
large. This gives a rough upper bound of tan # < 65. However, this is complicated somewhat
by the fact that the bottom quark mass gets significant one-loop non-QCD corrections in the
large tan § limit [221]. One can obtain a stronger upper bound on tan 8 in some models where
m%[u = m%[d at the input scale, by requiring that y, does not significantly exceed y;. [Otherwise,
X, would be larger than X; in egs. (6.5.39) and (6.5.40), so one would expect mj; < mj, at
the electroweak scale, and the minimum of the potential would have (H?) > (H?). This would
be a contradiction with the supposition that tan 8 is large.] The parameter tan 5 also directly
impacts the masses and mixings of the MSSM sparticles, as we will see below.

It is interesting to write the dependences on the angles § and « of the tree-level couplings
of the neutral MSSM Higgs bosons. The bosonic couplings are proportional to:

ROW*rW=, n°zz, ZH°A°, W*H°HF o« sin(B — a), (8.1.28)
HWW~=, H°ZZ, Zh°A°, W*h'HF o cos(B — a), (8.1.29)
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and the couplings to fermions are proportional to

sin «v

RObb, K7 “eosd sin(8 — a) — tan 8 cos(f — a), (8.1.30)
ROtt  o Z?jg = sin(f — a) + cot B cos(f — ), (8.1.31)

H%b, HTT717 COS; = cos(f — a) + tan Bsin(8 — ), (8.1.32)

cos
0us sin «v B _ _ . _

H°tt vl cos(f — a) — cot Bsin(f — a), (8.1.33)

A%b, AT o tan g, (8.1.34)
A%t o cotf3. (8.1.35)

An important case, often referred to as the “decoupling limit”, occurs when m o > my.
Then the tree-level prediction for myo saturates its upper bound mentioned above, with m?, ~
m?% cos?(23)+ loop corrections. The particles A%, H?, and H* will be much heavier and nearly
degenerate, forming an isospin doublet that decouples from sufficiently low-energy processes.
The angle « is very nearly § — 7/2, with

cos(B—a) = sin(28)cos(28) m%/m%e + O(m3,/mbo), (8.1.36)
sin(B—a) = 1—0(my/mY), (8.1.37)

so that h° has nearly the same couplings to quarks and leptons and electroweak gauge bosons
as would the Higgs boson of the ordinary Standard Model without supersymmetry. Radiative
corrections modify these tree-level predictions, but model-building experiences have shown that
it is not uncommon for h° to behave in a way nearly indistinguishable from a Standard Model-
like Higgs boson, even if m 4o is not too huge. The measurements of the 125 GeV Higgs boson
observed at the LHC are indeed consistent, so far, with the Standard Model predictions, and
it is sensible to identify this particle with h°. However, it should be kept in mind that the
couplings of A" might still turn out to deviate in measurable ways from those of a Standard
Model Higgs boson. After including the effects of radiative corrections, the most significant
effect for moderately large m 4o is a possible enhancement of the h°bb coupling compared to the
value it would have in the Standard Model.

8.2 Neutralinos and charginos

The higgsinos and electroweak gauginos mix with each other because of the effects of electroweak
symmetry breaking. The neutral higgsinos (H? and H?) and the neutral gauginos (B, W0)
combine to form four mass eigenstates called neutralinos. The charged higgsinos (H; and H, 2)
and winos (W* and W‘) mix to form two mass eigenstates with charge +1 called charginos. We
will denote' the neutralino and chargino mass eigenstates by N; (i = 1,2,3,4) and C* (i = 1,2).
By convention, these are labeled in ascending order, so that my, < mg, < mg < mg and
me < mg, . The lightest neutralino, Ny, is usually assumed to be the LSP, unless there is a
lighter gravitino or unless R-parity is not conserved, because it is the only MSSM particle that

fOther common notations use X? or Z; for neutralinos, and Y or W;* for charginos.
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can make a good dark matter candidate. In this subsection, we will describe the mass spectrum
and mixing of the neutralinos and charginos in the MSSM.

In the gauge-eigenstate basis ¢° = (B, Wo,ﬁg,ﬁg), the neutralino mass part of the La-
grangian is

Eneutrahno mass (wo)TMNiﬂo + c.c., (8.2.1)

where

M, 0 —g’vdyi g'vu/ \/}
o 0 M, gua/V2  —gu,/V2
My = | _you/v3  gua/v/3 “ A (8.2.2)
glvu/\/§ _QUU/\/§ —H 0

The entries M; and M, in this matrix come directly from the MSSM soft Lagrangian [see
eq. (6.3.1)], while the entries —u are the supersymmetric higgsino mass terms [see eq. (6.1.4)].
The terms proportional to g, ¢’ are the result of Higgs-higgsino-gaugino couplings [see eq. (3.4.9)
and Figure 3.3g,h], with the Higgs scalars replaced by their VEVs [egs. (8.1.6), (8.1.7)]. This
can also be written as

M, 0 —CgSwmMmz  SgSw Mz
0 M- cgewm —Sgewm
My = 2 piw iz ptw itz (8.2.3)
—CcgSwmg  CgCw My 0 —
SgSwmyz  —SgCw Mg —u 0

Here we have introduced abbreviations sz = sin 3, cg = cos 3, sy = sinfy, and cy = cos Oy .
The mass matrix M can be diagonalized by a unitary matrix N to obtain mass eigenstates:

N; = N2, (8.2.4)
so that
mg, 00 0
ponel | 0 mg 00
N'MN~" = | | " my, 0 (8.2.5)
0 0 0 mg

has real positive entries on the diagonal. These are the magnitudes of the eigenvalues of Mg,
or equivalently the square roots of the eigenvalues of M%Mﬁ. The indices (i,j) on N;; are
(mass, gauge) eigenstate labels. The mass eigenvalues and the mixing matrix N;; can be given
in closed form in terms of the parameters M;, M, p and tan 3, by solving quartic equations,
but the results are very complicated and not illuminating.

In general, the parameters My, M, and i in the equations above can have arbitrary complex
phases. A redefinition of the phases of B and W always allows us to choose a convention in
which M; and M, are both real and positive. The phase of p within that convention is then
really a physical parameter and cannot be rotated away. [We have already used up the freedom
to redefine the phases of the Higgs fields, since we have picked b and (H?) and (HJS) to be real

and positive, to guarantee that the off-diagonal entries in eq. (8.2.3) proportional to my are

114



real.] However, if p is not real, then there can be potentially disastrous CP-violating effects
in low-energy physics, including electric dipole moments for both the electron and the neutron.
Therefore, it is usual [although not strictly mandatory, because of the possibility of nontrivial
cancellations involving the phases of the (scalar)® couplings and the gluino mass| to assume that
p is real in the same set of phase conventions that make My, My, b, (HY) and (H?) real and
positive. The sign of p is still undetermined by this constraint.

In models that satisfy eq. (6.5.27), one has the nice prediction

5
M, ~ 3 tan? Oy My ~ 0.5M; (8.2.6)

at the electroweak scale. If so, then the neutralino masses and mixing angles depend on only
three unknown parameters. This assumption is sufficiently theoretically compelling that it
has been made in most phenomenological studies; nevertheless it should be recognized as an
assumption, to be tested someday by experiment.

There is a not-unlikely limit in which electroweak symmetry breaking effects can be viewed
as a small perturbation on the neutralino mass matrix. If

then the neutralino mass eigenstates are very nearly a “bino-like” N ~ B; a “wino-like” N, ~
WO and “higgsino-like” N3, Ny ~ (H? + HY)/+/2, with mass eigenvalues:

my sy (M + psin 2) n

e 4 (8.2.8)
1
m2, (Ms + 1 sin 2
2 1 2 2

my (I —sin2p8)(u + Micy, + Masiy)
e s TR 8.2.10
mg,, My, = |ul 2(p + M) (p + Ma) ( |
| 4 20+ sin26) (1 = Mrchy — Masiy) (8.2.11)

2(p — My)(p — My)

where we have taken M; and M, real and positive by convention, and assumed p is real with sign
I = +1. The subscript labels of the mass eigenstates may need to be rearranged depending on
the numerical values of the parameters; in particular the above labeling of N; and N, assumes
M, < My < |p|. This limit, leading to a bino-like neutralino LSP, often emerges from MSUGRA
boundary conditions on the soft parameters, which tend to require it in order to get correct
electroweak symmetry breaking.

The chargino spectrum can be analyzed in a similar way. In the gauge-eigenstate basis
W= = (W+, HF, W, Hy), the chargino mass terms in the Lagrangian are

Lo T +
L chargino mass = _5(?/) )" Mgy~ +c.c. (8.2.12)
where, in 2 x 2 block form,
0 XT
Mz = (X 0 ) : (8.2.13)
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with

My gv, > < M, V2s5 my >
X = ( = . 8.2.14
gvg \/505 mw K ( )
The mass eigenstates are related to the gauge eigenstates by two unitary 2x2 matrices U and
V according to
CH\ (W Cr\ (W~
<02+)_V<Hj)’ <02_>_U(Hd_>. (8.2.15)

Note that the mixing matrix for the positively charged left-handed fermions is different from
that for the negatively charged left-handed fermions. They are chosen so that
UXV! = (m51 0 ) , (8.2.16)
0 M52
with positive real entries me - Because these are only 2x2 matrices, it is not hard to solve for
the masses analytically:

1
mé mg, = g |[Mof + |l + 2miy

IF\/(|M2|2 + |u|? + 2mi,)? — 4|uMy — m3, sin 25|2}. (8.2.17)

These are the (doubly degenerate) eigenvalues of the 4 x 4 matrix M%Ma, or equivalently the
eigenvalues of XX, since
) . m% 0
VXXV~ = UXX'U" = 001 | (8.2.18)
Cs
(But, they are not the squares of the eigenvalues of X.) In the limit of eq. (8.2.7) with real M,

and i, the chargino mass eigenstates consist of a wino-like C; and and a higgsino-like C5°, with
masses

miy (M + psin 2)

me, = My - SR (8.2.19)
Im?,(p + Mysin 23)
mg, = |ul+ - (8.2.20)

Here again the labeling assumes My < |u|, and [ is the sign of . Amusingly, C, is degenerate
with the neutralino Ny in the approximation shown, but that is not an exact result. Their
higgsino-like colleagues N, Ny and C, have masses of order |i£|. The case of My ~ 0.5My < |
is not uncommonly found in viable models following from the boundary conditions in section
7, and it has been elevated to the status of a benchmark framework in many phenomenological
studies. However it cannot be overemphasized that such expectations are not mandatory.

The Feynman rules involving neutralinos and charginos may be inferred in terms of N, U
and V from the MSSM Lagrangian as discussed above; they are collected in refs. [31], [193].
Feynman rules based on two-component spinor notation have also been given in [49]. In practice,
the masses and mixing angles for the neutralinos and charginos are best computed numerically.
Note that the discussion above yields the tree-level masses. Loop corrections to these masses can
be significant, and have been found systematically at one-loop order in ref. [222], with partial
two-loop results in [223, 224].
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8.3 The gluino

The gluino is a color octet fermion, so it cannot mix with any other particle in the MSSM, even
if R-parity is violated. In this regard, it is unique among all of the MSSM sparticles. In models
with MSUGRA or GMSB boundary conditions, the gluino mass parameter M3 is related to the
bino and wino mass parameters M; and M, by eq. (6.5.27), so

s . 3
My = a—sm2 Ow My = —Oé—cos2 Ow M, (8.3.1)
o' 5«

at any RG scale, up to small two-loop corrections. This implies a rough prediction
Ms:My: M ~6:2:1 (8.3.2)

near the TeV scale. It is therefore reasonable to suspect that the gluino is considerably heav-
ier than the lighter neutralinos and charginos (even in many models where the gaugino mass
unification condition is not imposed).

For more precise estimates, one must take into account the fact that Mj is really a running
mass parameter with an implicit dependence on the RG scale (). Because the gluino is a strongly
interacting particle, Mj runs rather quickly with @ [see eq. (6.5.26)]. A more useful quantity
physically is the RG scale-independent mass mj at which the renormalized gluino propagator
has a pole. Including one-loop corrections to the gluino propagator due to gluon exchange and
quark-squark loops, one finds that the pole mass is given in terms of the running mass in the
DR scheme by [120]

my = My(Q)(1+ %[15 +61(Q/Ms) + " Ag) (8.3.3)
where
A= [ " dealnfem2/M2 + (1 — 2)m?2 /M2 — 2(1 — ) — id]. (8.3.4)

The sum in eq. (8.3.3) is over all 12 squark-quark supermultiplets, and we have neglected small
effects due to squark mixing. [As a check, requiring mj to be independent of () in eq. (8.3.3)
reproduces the one-loop RG equation for M3(Q) in eq. (6.5.26).] The correction terms propor-
tional to g in eq. (8.3.3) can be quite significant, because the gluino is strongly interacting,
with a large group theory factor [the 15 in eq. (8.3.3)] due to its color octet nature, and because
it couples to all of the squark-quark pairs. The leading two-loop corrections to the gluino pole
mass have also been found [225, 223, 226], and are implemented in the latest version of the
SOFTSUSY program [231]. They typically increase the prediction by another 1 or 2%.

8.4 The squarks and sleptons

In principle, any scalars with the same electric charge, R-parity, and color quantum numbers
can mix with each other. This means that with completely arbitrary soft terms, the mass
eigenstates of the squarks and sleptons of the MSSM should be obtained by diagonalizing three
6 x 6 squared-mass matrices for up-type squarks (@, ¢z, tr, Uig, Cr, tg), down-type squarks
(JL, 51, br, dg, Sg, ER), and charged sleptons (€, fir, 71, €r, [ir, Tr), and one 3 X 3 matrix
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for sneutrinos (7., 7, -). Fortunately, the general hypothesis of flavor-blind soft parameters
eqgs. (6.4.4) and (6.4.5) predicts that most of these mixing angles are very small. The third-family
squarks and sleptons can have very different masses compared to their first- and second-family
counterparts, because of the effects of large Yukawa (y;, v, y-) and soft (a;, ap, a,) couplings
in the RG equations (6.5.41)-(6.5.45). Furthermore, they can have substantial mixing in pairs
(tn, tr), (EL, BR) and (7p, Tr). In contrast, the first- and second-family squarks and sleptons
have negligible Yukawa couplings, so they end up in 7 very nearly degenerate, unmixed pairs
(€r, ir), (Ve, V), (€L, [ir), (Ur,Cr), (dg,5r), (ar,cr), (dr,5.). As we have already discussed
in section 6.4, this avoids the problem of disastrously large virtual sparticle contributions to
flavor-changing processes.

Let us first consider the spectrum of first- and second-family squarks and sleptons. In many
models, including both MSUGRA [eq. (7.6.14)] and GMSB [eq. (7.7.14)] boundary conditions,
their running squared masses can be conveniently parameterized, to a good approximation, as:

mg, =mp, = m§+K3+K2+3—16K1, (8.4.1)
mz =mz, =mg+ K + gKl, (8.4.2)
m2 =m3 =mj+ Ks + %Kl, (8.4.3)
mj, =mj =my + Ky + %Kl, (8.4.4)
mZ =mZ, =mg + K. (8.4.5)

A key point is that the same K3, Ky and K; appear everywhere in eqs. (8.4.1)-(8.4.5), since all
of the chiral supermultiplets couple to the same gauginos with the same gauge couplings. The
different coefficients in front of K; just correspond to the various values of weak hypercharge
squared for each scalar.

In MSUGRA models, mZ is the same common scalar squared mass appearing in eq. (7.6.14).
It can be very small, as in the “no-scale” limit, but it could also be the dominant source of the
scalar masses. The contributions K3, K and K, are due to the RG running’ proportional to
the gaugino masses. Explicitly, they are found at one loop order by solving eq. (6.5.34):

3/5 100
K@ =341 x 5y [ a L (@=1.2.3) (5.4.6)
4/3 s InQ@

Here )y is the input RG scale at which the MSUGRA boundary condition eq. (7.6.14) is applied,
and @ should be taken to be evaluated near the squark and slepton mass under consideration,
presumably less than about 1 TeV. The running parameters g,(Q) and M,(Q) obey egs. (6.4.7)
and (6.5.27). If the input scale is approximated by the apparent scale of gauge coupling unifi-
cation Qo = My ~ 1.5 x 10'¢ GeV, one finds that numerically

Ky ~015m7,,  Ky~05mi, K= (4.5t06.5)m;,. (8.4.7)

"The quantity S defined in eq. (6.5.35) vanishes at the input scale for both MSUGRA and GMSB boundary
conditions, and remains small under RG evolution.

118



for @ near the electroweak scale. Here m;/, is the common gaugino mass parameter at the
unification scale. Note that K3 > K, > Kj; this is a direct consequence of the relative
sizes of the gauge couplings g3, g, and g;. The large uncertainty in K3 is due in part to
the experimental uncertainty in the QCD coupling constant, and in part to the uncertainty in
where to choose @), since K3 runs rather quickly below 1 TeV. If the gauge couplings and gaugino
masses are unified between My and Mp, as would occur in a GUT model, then the effect of
RG running for My < Q < Mp can be absorbed into a redefinition of m32. Otherwise, it adds a
further uncertainty roughly proportional to In(Mp /M), compared to the larger contributions
in eq. (8.4.6), which go roughly like In(My /1 TeV).

In gauge-mediated models, the same parameterization egs. (8.4.1)-(8.4.5) holds, but m3 is
always 0. At the input scale )y, each MSSM scalar gets contributions to its squared mass
that depend only on its gauge interactions, as in eq. (7.7.14). It is not hard to see that in
general these contribute in exactly the same pattern as K;, K, and K3 in eq. (8.4.1)-(8.4.5).
The subsequent evolution of the scalar squared masses down to the electroweak scale again just
yields more contributions to the K, K5, and K3 parameters. It is somewhat more difficult to give
meaningful numerical estimates for these parameters in GMSB models than in the MSUGRA
models without knowing the messenger mass scale(s) and the multiplicities of the messenger
fields. However, in the gauge-mediated case one quite generally expects that the numerical
values of the ratios K3/Ks, K3/K; and K5/K; should be even larger than in eq. (8.4.7). There
are two reasons for this. First, the running squark squared masses start off larger than slepton
squared masses already at the input scale in gauge-mediated models, rather than having a
common value mZ. Furthermore, in the gauge-mediated case, the input scale Q) is typically
much lower than Mp or My, so that the RG evolution gives relatively more weight to RG scales
closer to the electroweak scale, where the hierarchies g3 > ¢go > ¢; and M3 > M, > M; are
already in effect.

In general, one therefore expects that the squarks should be considerably heavier than the
sleptons, with the effect being more pronounced in gauge-mediated supersymmetry breaking
models than in MSUGRA models. For any specific choice of model, this effect can be easily
quantified with a numerical RG computation. The hierarchy mgquark > Mslepton tends to hold
even in models that do not fit neatly into any of the categories outlined in section 7, because the
RG contributions to squark masses from the gluino are always present and usually quite large,
since QCD has a larger gauge coupling than the electroweak interactions.

Regardless of the type of model, there is also a “hyperfine” splitting in the squark and
slepton mass spectrum, produced by electroweak symmetry breaking. Each squark and slepton
¢ will get a contribution A, to its squared mass, coming from the SU(2), and U(1)y D-
term quartic interactions [see the last term in eq. (3.4.12)] of the form (squark)?(Higgs)? and
(slepton)?(Higgs)?, when the neutral Higgs scalars HC and HJ get VEVs. They are model-
independent for a given value of tan S:

1 , |
Ay = 5(Tsog® = Yag) (0] —vi) = (Tss — Qysin® Ouy) cos(26) m3, (8.4.8)

where T34, Yy, and Q) are the third component of weak isospin, the weak hypercharge, and
the electric charge of the left-handed chiral supermultiplet to which ¢ belongs. For exam-

ple, Az, = (3 — 2sin® Oy ) cos(26) m% and A = (—3 + 3sin® Oy ) cos(26) m% and Ag, =
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(2sin® Oy ) cos(23) m%. These D-term contributions are typically smaller than the m and K,
K5, K3 contributions, but should not be neglected. They split apart the components of the
SU(2)-doublet sleptons and squarks. Including them, the first-family squark and slepton

masses are now given by:

1

m%L = m(2)+K3+K2+%K1—|—Ad~L, (849)
1

m?LL = m(2)+K3+K2+%K1+A{LL, (8410)
4

M, = mg + K toft AT (8.4.11)
1

mi = mg+ Ky + gt Aj.s (8.4.12)
1

mgL = m(2) + Ky + ZKl + Ag, , (8.4.13)
1

mi = mg + K+ K+ Ay, (8.4.14)

mZ, = mg + K1 + Agp, (8.4.15)

with identical formulas for the second-family squarks and sleptons. The mass splittings for the
left-handed squarks and sleptons are governed by model-independent sum rules

mgL —my = msz — m%L = ¢*(v2 —v3)/2 = —cos(28) miy. (8.4.16)

In the allowed range tan 8 > 1, it follows that mg, > m;, and mg, > mg,, with the magnitude
of the splittings constrained by electroweak symmetry breaking.

Let us next consider the masses of the top squarks, for which there are several non-negligible
contributions. First, there are squared-mass terms for #;t; and thtr that are just equal to
még +A;, and m%g + Ag,,, respectively, just as for the first- and second-family squarks. Second,
there are contributions equal to m? for each of 5ty and titz. These come from F-terms in the
scalar potential of the form y?H%* Ht:t; and y?HY HOthtr (see Figures 6.2b and 6.2c), with
the Higgs fields replaced by their VEVs. (Of course, similar contributions are present for all
of the squarks and sleptons, but they are too small to worry about except in the case of the
top sq~uarks.) Third, there are contributions to the scalar potential from F-terms of the form
—p*y tHY 4 c.c.; see eqs. (6.1.6) and Figure 6.4a. These become —p*vy, cos Bthts, + c.c. when
HY is replaced by its VEV. Finally, there are contributions to the scalar potential from the
soft (scalar)® couplings a;#QsH? + c.c. [see the first term of the second line of eq. (6.3.1), and
eq. (6.5.28)], which become a;vsin 3% + c.c. when HY is replaced by its VEV. Putting these
all together, we have a squared-mass matrix for the top squarks, which in the gauge-eigenstate
basis (f, tr) is given by

n Tk {
Lstop masses = — ({1 k) m% (fi) (8.4.17)
where

2 szs + ml% + AﬁL ’U(CLI Sinﬁ — MYy COS ﬁ)

= <v(at sinff — p*ypcos f)  mg, +mi + Agy, > ' (8.4.18)
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This hermitian matrix can be diagonalized by a unitary matrix to give mass eigenstates:

tl Ci —s tL

(2)=(5 &) &) (8.4.19)
Here m? < m7 are the eigenvalues of eq. (8.4.18), and |c;|* + |s;]> = 1. If the off-diagonal
elements of eq. (8.4.18) are real, then ¢; and s; are the cosine and sine of a stop mixing angle
6;, which can be chosen in the range 0 < 6; < 7. Because of the large RG effects proportional
to X; in eq. (6.5.41) and eq. (6.5.42), in MSUGRA and GMSB and similar models one finds
that m%g < méa at the electroweak scale, and both of these quantities are usually significantly
smaller than the squark squared masses for the first two families. The diagonal terms m? in
eq. (8.4.18) can mitigate this effect slightly, but only slightly, and the off-diagonal entries will
typically induce a significant mixing, which always reduces the lighter top-squark squared-mass
eigenvalue. Therefore, models often predict that #; is the lightest squark of all, and that it is

predominantly ¢x.
A very similar analysis can be performed for the bottom squarks and charged tau slep-
tons, which in their respective gauge-eigenstate bases (EL, ER) and (7p, Tr) have squared-mass

matrices:
2 « :
2 _ me, + ACZL v(a} cos B — pypsin 3)
My = <v(ab cos B — prypsin 5) m%g + Ay, 5 (8.4.20)
2 « .
2 _ mz, + D¢, v(a* cos f — py, smﬁ))
me= (v(aT cos 3 — p*y, sin j3) mZ + Mgy, : (8.4.21)

These can be diagonalized to give mass eigenstates by, by and Ti1, T in exact analogy with
eq. (8.4.19).

The magnitude and importance of mixing in the sbottom and stau sectors depends on how
big tan 8 is. If tan( is not too large (in practice, this usually means less than about 10 or
so, depending on the situation under study), the sbottoms and staus do not get a very large
effect from the mixing terms and the RG effects due to X, and X, because vy, y, < y; from
eq. (8.1.27). In that case the mass eigenstates are very nearly the same as the gauge eigenstates
BL, ER, 7;, and Tr. The latter three, and 7., will be nearly degenerate with their first- and second-
family counterparts with the same SU(3)c x SU(2) x U(1)y quantum numbers. However, even
in the case of small tan 3, by, will feel the effects of the large top Yukawa coupling because it is
part of the doublet containing 7. In particular, from eq. (6.5.41) we see that X, acts to decrease
m% , as it is RG-evolved down from the input scale to the electroweak scale. Therefore the mass
of EL can be significantly less than the masses of JL and S7.

For larger values of tan 3, the mixing in eqs. (8.4.20) and (8.4.21) can be quite significant,
because v, - and ap, a, are non-negligible. Just as in the case of the top squarks, the lighter
sbottom and stau mass eigenstates (denoted by and 71) can be significantly lighter than their
first- and second-family counterparts. Furthermore, 7, can be significantly lighter than the
nearly degenerate ., v,.

The requirement that the third-family squarks and sleptons should all have positive squared
masses implies limits on the magnitudes of a; sin 8 — py; cos 5 and aj cos 8 — py,sin 5 and and
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Names Spin | Pp | Gauge Eigenstates | Mass Eigenstates
Higgs bosons | 0 | +1| H? H} HY Hy hY H® A° H*
Uy g dg, dg (same)
squarks 0 | -1 S, Sr CL Cr (same)
tr tr by b ty ty by by
€1, €p Ve (same)
sleptons 0 | -1 AL fir Uy (same)
TL TR Vr T To Ur
neutralinos | 1/2 | —1 | B® W° H? HY | N, N, N3 N,
charginos 1/2 | -1 W* Hf Hj Cf Cf
gluino 1/2 | -1 g (same)
é(r):ifgﬁg) (;,/g) —1 G (same)

Table 8.1: The undiscovered particles in the Minimal Supersymmetric Standard Model
(with sfermion mixing for the first two families assumed to be negligible).

a’cos f — py,sin 5. If they are too large, then the smaller eigenvalue of eq. (8.4.18), (8.4.20)
or (8.4.21) will be driven negative, implying that a squark or charged slepton gets a VEV,
breaking SU(3)¢ or electromagnetism. Since this is clearly unacceptable, one can put bounds
on the (scalar)® couplings, or equivalently on the parameter Ay in MSUGRA models. Even if
all of the squared-mass eigenvalues are positive, the presence of large (scalar)® couplings can
yield global minima of the scalar potential, with non-zero squark and/or charged slepton VEVs;
which are disconnected from the vacuum that conserves SU(3)s and electromagnetism [227].
However, it is not always immediately clear whether the mere existence of such disconnected
global minima should really disqualify a set of model parameters, because the tunneling rate
from our “good” vacuum to the “bad” vacua can easily be longer than the age of the universe
[228].

Radiative corrections to the squark and slepton masses are potentially important, and are
given at one-loop order in ref. [222]. For squarks, the leading two-loop corrections have been
found in refs. [229, 226], and are implemented in the latest version of the SOFTSUSY code [231].

8.5 Summary: the MSSM sparticle spectrum

In the MSSM, there are 32 distinct masses corresponding to undiscovered particles, not including
the gravitino. Above, we have explained how the masses and mixing angles for these particles
can be computed, given an underlying model for the soft terms at some input scale. The
mass eigenstates of the MSSM are listed in Table 8.1, assuming only that the mixing of first-
and second-family squarks and sleptons is negligible. A complete set of Feynman rules for the
interactions of these particles with each other and with the Standard Model quarks, leptons,
and gauge bosons can be found in refs. [31, 193]|. Feynman rules based on two-component spinor
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Figure 8.4: RG evolution of scalar and gaugino mass parameters in the MSSM with
MSUGRA boundary conditions imposed at Qo = 1.5 x 10'® GeV. The parameter z* +m3;
runs negative, provoking electroweak symmetry breaking.

notation have also been given in [49].

Specific models for the soft terms can predict the masses and the mixing angles angles for the
MSSM in terms of far fewer parameters. For example, in the MSUGRA models, the only free
parameters not already measured by experiment are m3, m, /2, Ao, 11, and b. In GMSB models,
the free parameters include the scale A, the messenger mass scale M, the integer number
N5 of copies of the minimal messengers, the goldstino decay constant (F'), and the Higgs mass
parameters p and b.

After RG evolving the soft terms down to the electroweak scale, one can demand that the
scalar potential gives correct electroweak symmetry breaking. This allows us to trade || and b
for one parameter tan /3, as in eqs. (8.1.9)-(8.1.8). So, to a reasonable approximation, the entire
mass spectrum in MSUGRA models is determined by only five unknown parameters: mg, m, /25
Ay, tan 5, and Arg(u), while in the simplest gauge-mediated supersymmetry breaking models
one can pick parameters A, My, N5, (F'), tan 3, and Arg(p). Both frameworks are highly
predictive. Of course, it is quite likely that the essential physics of supersymmetry breaking is
not captured by either of these two scenarios in their minimal forms.

Figure 8.4 shows the RG running of scalar and gaugino masses in a sample model based on
the MSUGRA boundary conditions imposed at Qo = 1.5x10'® GeV. [The parameter values used
for this illustration were mg = 300 GeV, m,/; = —Ay = 1000 GeV, tan § = 15, and sign(p)= +,
but these values were chosen more for their artistic value in Figure 8.4, and not as an attempt
at realism. The goal here is to understand the qualitative trends, rather than guess the correct
numerical values.] The running gaugino masses are solid lines labeled by M, Ms, and Mj. The
dot-dashed lines labeled H, and Hy are the running values of the quantities (u* 4+ m% )"/* and
(u® + m%d)l/ 2 which appear in the Higgs potential. The other lines are the running squark
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and slepton masses, with dashed lines for the square roots of the third family parameters m2

G0
mg,, ma,, mi, and mZ, (from top to bottom), and solid lines for the first and second familgy
sfermions. Note that pu? + m%{u runs negative because of the effects of the large top Yukawa
coupling as discussed above, providing for electroweak symmetry breaking. At the electroweak
scale, the values of the Lagrangian soft parameters can be used to extract the physical masses,
cross-sections, and decay widths of the particles, and other observables such as dark matter
abundances and rare process rates. There are a variety of publicly available programs that do
these tasks, including radiative corrections; see for example [230]-[239],[208].

Figure 8.5 shows deliberately qualitative sketches of sample MSSM mass spectrum obtained
from four different types of models assumptions. The first, in Figure 8.5(a), is the output from

an MSUGRA model with relatively low m3 compared to m? Jo (similar to fig. 8.4). This model

features a near-decoupling limit for the Higgs sector, and a bino-like N LSP, nearly degenerate
wino-like Ng,él, and higgsino-like Ng, ﬁ4,62. The gluino is the heaviest superpartner. The
squarks are all much heavier than the sleptons, and the lightest sfermion is a stau. (The second-
family squarks and sleptons are nearly degenerate with those of the first family, and so are not
shown separately.) Variations in the model parameters have important and predictable effects.
For example, taking larger values of tan § with other model parameters held fixed will usually
tend to lower b; and 7; masses compared to those of the other sparticles. Taking larger m3
will tend to squeeze together the spectrum of squarks and sleptons and move them all higher
compared to the neutralinos, charginos and gluino. This is illustrated in Figure 8.5(b), which
instead has m3 > m? /2- In this model, the heaviest chargino and neutralino are wino-like.

The third sample sketch, in fig. 8.5(c), is obtained from a typical minimal GMSB model,
with N5 = 1 Here we see that the hierarchy between strongly interacting sparticles and weakly
interacting ones is quite large. Changing the messenger scale or A does not reduce the relative
splitting between squark and slepton masses, because there is no analog of the universal m?
contribution here. Increasing the number of messenger fields tends to decrease the squark and
slepton masses relative to the gaugino masses, but still keeps the hierarchy between squark and
slepton masses intact. In the model shown, the LSP is the nearly massless gravitino and the
NLSP is a bino-like neutralino, but for larger number of messenger fields it could be either a
stau, or else co-NLSPs 74, €, fip, depending on the choice of tan 5.

The fourth sample sketch, in fig. 8.5(d), is of a typical GMSB model with a non-minimal
messenger sector, N5 = 3 Again the LSP is the nearly massless gravitino, but this time the
NLSP is the lightest stau. The heaviest superpartner is the gluino, and the heaviest chargino
and neutralino are wino-like.

It would be a mistake to rely too heavily on specific scenarios for the MSSM mass and
mixing spectrum, and the above illustrations are only a tiny fraction of the available possibilities.
However, it is also useful to keep in mind some general trends that often recur in various different
models. Indeed, there has emerged a sort of folklore concerning likely features of the MSSM
spectrum, partly based on theoretical bias and partly on the constraints inherent in many known
viable softly-broken supersymmetric theories. We remark on these features mainly because they
represent the prevailing prejudices among many supersymmetry theorists, which is certainly a
useful thing to know even if one wisely decides to remain skeptical. For example, it is perhaps
not unlikely that:

124



- Gpdripdy by
g dyar HO A0 H* ERPeCL 71730
to bo ~
ﬂR dR _ t2
b1 bl
H:I:
HOA° Ny Co =
= t
N3 -
t1
N2 C1 er, 7o
Ve P _
- g
Nl éR 7~'1 ~ ~
hO Ni Ci
KO -
(a) (b)
CZL Uy, 52 62 _
= m 9 dpar  iho
urdp b1 - =
i urdRr 5}
t1
g
Hj:
HO A0 - ~ + - -
Ny Co . . H€IAO Ny Co
= er T2 N3 ~
N3 e 7y — _ L T2
— — No C1 Ve s
No Cq -
& = Ny _
hO Nl €R 1 hO €R 1

(c) (d)
Figure 8.5: Four sample mass spectra for the undiscovered particles in the MSSM, for
(a) MSUGRA with m§ < mj, (b) MSUGRA with mg > m3,, (c) GMSB with N5 =
1, and (d) GMSB with N5 = 3. Mass scales are not equal for the four cases, and are
deliberately omitted. These spectra are presented for entertainment purposes only! No
warranty, expressed or implied, guarantees that they look anything like the real world.
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e The LSP is the lightest neutralino NI, unless the gravitino is lighter or R-parity is not
conserved. If My < My, |ul, then N, is likely to be bino-like, with a mass roughly 0.5
times the masses of Ny and C; in many well-motivated models. If, instead, |u| < M, Mo,
then the LSP N; has a large higgsino content and Ny and C; are not much heavier. And,
if My < My, |p|, then the LSP will be a wino-like neutralino, with a chargino only very
slightly heavier.

e The gluino will be much heavier than the lighter neutralinos and charginos. This is cer-
tainly true in the case of the “standard” gaugino mass relation eq. (6.5.27); more generally,
the running gluino mass parameter grows relatively quickly as it is RG-evolved into the
infrared because the QCD coupling is larger than the electroweak gauge couplings. So
even if there are big corrections to the gaugino mass boundary conditions eqs. (7.6.13) or
(7.7.12), the gluino mass parameter Mj is likely to come out larger than M; and M.

e The squarks of the first and second families are nearly degenerate and much heavier than
the sleptons. This is because each squark mass gets the same large positive-definite ra-
diative corrections from loops involving the gluino. The left-handed squarks 4y, dy, 51,
and ¢y, are likely to be heavier than their right-handed counterparts ug, JR, Sr and cg,
because of the effect parameterized by K, in eqgs. (8.4.9)-(8.4.15).

e The squarks of the first two families cannot be lighter than about 0.8 times the mass of
the gluino in MSUGRA models, and about 0.6 times the mass of the gluino in the simplest
gauge-mediated models as discussed in section 7.7 if the number of messenger squark pairs
is N5 < 4. In the MSUGRA case this is because the gluino mass feeds into the squark
masses through RG evolution; in the gauge-mediated case it is because the gluino and
squark masses are tied together by eqs. (7.7.17) and (7.7.18).

e The lighter stop #; and the lighter sbottom by are probably the lightest squarks. This is
because stop and sbottom mixing effects and the effects of X; and X, in egs. (6.5.41)-
(6.5.43) both tend to decrease the lighter stop and sbottom masses.

e The lightest charged slepton is probably a stau 7. The mass difference meg, —ms, is likely
to be significant if tan 8 is large, because of the effects of a large tau Yukawa coupling.
For smaller tan 8, 77 is predominantly 7z and it is not so much lighter than eg, fig.

e The left-handed charged sleptons €, and fiy, are likely to be heavier than their right-handed
counterparts €g and fig. This is because of the effect of K5 in eq. (8.4.13). (Note also that

A;, — Az, is positive but very small because of the numerical accident sin? 6y ~ 1/4.)

€R
It should be kept in mind that each of these prejudices might be defied by the real world. The
most important point is that by measuring the masses and mixing angles of the MSSM particles
we will be able to gain a great deal of information that differentiate between competing proposals

for the origin and mediation of supersymmetry breaking.
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9 Sparticle decays

This section contains a brief qualitative overview of the decay patterns of sparticles in the MSSM,
assuming that R-parity is conserved. We will consider in turn the possible decays of neutralinos,
charginos, sleptons, squarks, and the gluino. If; as is most often assumed, the lightest neutralino
N; is the LSP, then all decay chains will end up with it in the final state. Section 9.5 discusses
the alternative possibility that the gravitino/goldstino G is the LSP. For the sake of simplicity
of notation, we will often not distinguish between particle and antiparticle names and labels in
this section, with context and consistency (dictated by charge and color conservation) resolving
any ambiguities.

9.1 Decays of neutralinos and charginos

Let us first consider the possible two-body decays. Each neutralino and chargino contains
at least a small admixture of the electroweak gauginos B, WO or Wi, as we saw in section
8.2. So, N; and C; inherit couplings of weak interaction strength to (scalar, fermion) pairs, as
shown in Figure 6.3b,c. If sleptons or squarks are sufficiently light, a neutralino or chargino can
therefore decay into lepton+slepton or quark-+squark. To the extent that sleptons are probably
lighter than squarks, the lepton+slepton final states are favored. A neutralino or chargino may
also decay into any lighter neutralino or chargino plus a Higgs scalar or an electroweak gauge
boson, because they inherit the gaugino-higgsino-Higgs (see Figure 6.3b,c) and SU(2),, gaugino-
gaugino-vector boson (see Figure 3.3c) couplings of their components. So, the possible two-body
decay modes for neutralinos and charginos in the MSSM are:

N; = ZN;, WC;, I°N;, 00, vp, [A°N;, H°N,;, H*CF, qf, (9.1.1)
6’Z_)W]/V;> Zé’l) h'oéla Elja VZ) [A06'1’ Hoéla H:t]/\\/:j? q?]? (912)

using a generic notation v, ¢, q for neutrinos, charged leptons, and quarks. The final states in
brackets are the more kinematically implausible ones. (Since mjo = 125 GeV, it is the most
likely of the Higgs scalars to appear in these decays.) For the heavier neutralinos and chargino
(ﬁg,, N, and C,), one or more of the two-body decays in egs. (9.1.1) and (9.1.2) is likely to
be kinematically allowed. Also, if the decays of neutralinos and charginos with a significant
higgsino content into third-family quark-squark pairs are open, they can be greatly enhanced
by the top-quark Yukawa coupling, following from the interactions shown in fig. 6.1b,c.

It may be that all of these two-body modes are kinematically forbidden for a given chargino
or neutralino, especially for C; and N, decays. In that case, they have three-body decays

N; = [fN;, N;— ff'C;, Ci— ff'N;, and Co— ffCi, (9.1.3)

through the same (but now off-shell) gauge bosons, Higgs scalars, sleptons, and squarks that
appeared in the two-body decays egs. (9.1.1) and (9.1.2). Here f is generic notation for a lepton
or quark, with f and f distinct members of the same SU(2); multiplet (and of course one of the
f or f"in each of these decays must actually be an antifermion). The chargino and neutralino
decay widths into the various final states can be found in refs. [240]-[242].

The Feynman diagrams for the neutralino and chargino decays with N; in the final state
that seem most likely to be important are shown in figure 9.1. In many situations, the decays
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Figure 9.1: Feynman diagrams for neutralino and chargino decays with N in the final
state. The intermediate scalar or vector boson in each case can be either on-shell (so that
actually there is a sequence of two-body decays) or off-shell, depending on the sparticle
mass spectrum.

é’ft — Kiyﬁl, NQ — £+€_j\71 (914)
can be particularly important for phenomenology, because the leptons in the final state might
result in clean signals. These decays are more likely if the intermediate sleptons are relatively
light, even if they cannot be on-shell. Unfortunately, the enhanced mixing of staus, common in
models, may well result in larger branching fractions for both N, and € into final states with
taus, rather than electrons or muons. This is one reason why good tau identification may be
very helpful in attempts to discover and study supersymmetry.

In other situations, decays without isolated leptons in the final state are more useful, so that
one will not need to contend with background events with missing energy coming from leptonic
W boson decays in Standard Model processes. Then the decays of interest are the ones with
quark partons in the final state, leading to

61 — jjﬁl, Ng — jjﬁl, (915)
where j means a jet. If the second of these decays goes through an on-shell A°, then these will
usually be b-jets that reconstruct an invariant mass consistent with 125 GeV.

9.2 Slepton decays

Sleptons can have two-body decays into a lepton and a chargino or neutralino, because of their
gaugino admixture, as may be seen directly from the couplings in Figures 6.3b,c. Therefore, the
two-body decays

(= (N;, (—=vC;, ©—uN;, ©—(C (9.2.1)
can be of weak interaction strength. In particular, the direct decays
(— (N, and U —vN; (9.2.2)

are (almost’) always kinematically allowed if N; is the LSP. However, if the sleptons are suffi-
ciently heavy, then the two-body decays

(- vCy, (—(Ny,, ©—vN,, and v—(C, (9.2.3)

tAn exception occurs if the mass difference mz —mpy, is less than m..
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can be important. The right-handed sleptons do not have a coupling to the SU(2), gauginos,
so they typically prefer the direct decay (p — (Ny, if N; is bino-like. In contrast, the left-
handed sleptons may prefer to decay as in eq. (9.2.3) rather than the direct decays to the LSP
as in eq. (9.2.2), if the former is kinematically open and if C, and N, are mostly wino. This
is because the slepton-lepton-wino interactions in Figure 6.3b are proportional to the SU(2).
gauge coupling g, whereas the slepton-lepton-bino interactions in Figure 6.3c are proportional to
the much smaller U(1)y coupling ¢’. Formulas for these decay widths can be found in ref. [241].

9.3 Squark decays

If the decay ¢ — ¢g is kinematically allowed, it will usually dominate, because the quark-
squark-gluino vertex in Figure 6.3a has QCD strength. Otherwise, the squarks can decay into
a quark plus neutralino or chargino: ¢ — qﬁi or ¢C;. The direct decay to the LSP § — qﬁl
is always kinematically favored, and for right-handed squarks it can dominate if N; is mostly
bino. However, the left-handed squarks may strongly prefer to decay into heavier charginos
or neutralinos instead, for example ¢ — qﬁ2 or ¢ 5’1, because the relevant squark-quark-wino
couplings are much bigger than the squark-quark-bino couplings. Squark decays to higgsino-like
charginos and neutralinos are less important, except in the cases of stops and sbottoms, which
have sizable Yukawa couplings. The gluino, chargino or neutralino resulting from the squark
decay will in turn decay, and so on, until a final state containing N; is reached. This results in
numerous and complicated decay chain possibilities called cascade decays [243].

It is possible that the decays t; — tg and t; — tN; are both kinematically forbidden. If so,
then the lighter top squark may decay only into charginos, by ¢; — bC}, or by a three-body decay
f1 — bW N;. If even this decay is kinematically closed, then it has only the flavor-suppressed
decay to a charm quark, #; — cﬁl, and the four-body decay t; — bff’ N;. These decays can
be very slow [244], so that the lightest stop can be quasi-stable on the time scale relevant for
collider physics, and can hadronize into bound states.

9.4 Gluino decays

The decay of the gluino can only proceed through a squark, either on-shell or virtual. If two-body
decays g — qq are open, they will dominate, again because the relevant gluino-quark-squark
coupling in Figure 6.3a has QCD strength. Since the top and bottom squarks can easily be much
lighter than all of the other squarks, it is quite possible that g — t¢; and/or § — bb; are the only
available two-body decay mode(s) for the gluino, in which case they will dominate over all others.
If instead all of the squarks are heavier than the gluino, the gluino will decay only through off-
shell squarks, so g — qu and qq’C The squarks, neutralinos and charginos in these final
states will then decay as discussed above, so there can be many competing gluino decay chains.
Some of the possibilities are shown in fig. 9.2. The cascade decays can have final-state branching
fractions that are individually small and quite sensitive to the model parameters.

The simplest gluino decays, including the ones shown in fig. 9.2, can have 0, 1, or 2 charged
leptons (in addition to two or more hadronic jets) in the final state. An important feature is
that when there is exactly one charged lepton, it can have either charge with exactly equal
probability. This follows from the fact that the gluino is a Majorana fermion, and does not
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Figure 9.2: Some of the many possible examples of gluino cascade decays ending with a
neutralino LSP in the final state. The squarks appearing in these diagrams may be either
on-shell or off-shell, depending on the mass spectrum of the theory.

“know” about electric charge; for each diagram with a given lepton charge, there is always an
equal one with every particle replaced by its antiparticle.

9.5 Decays to the gravitino/goldstino

Most phenomenological studies of supersymmetry assume explicitly or implicitly that the lightest
neutralino is the LSP. This is typically the case in gravity-mediated models for the soft terms.
However, in gauge-mediated models (and in “no-scale” models), the LSP is instead the gravitino.
As we saw in section 7.5, a very light gravitino may be relevant for collider phenomenology,
because it contains as its longitudinal component the goldstino, which has a non-gravitational
coupling to all sparticle-particle pairs (Y , X). The decay rate found in eq. (7.5.5) for X > XG
is usually not fast enough to compete with the other decays of sparticles X as mentioned above,
except in the case that X is the next-to-lightest supersymmetric particle (NLSP). Since the NLSP
has no competing decays, it should always decay into its superpartner and the LSP gravitino.

In principle, any of the MSSM superpartners could be the NLSP in models with a light
goldstino, but most models with gauge mediation of supersymmetry breaking have either a neu-
tralino or a charged lepton playing this role. The argument for this can be seen immediately
from eqgs. (7.7.17) and (7.7.18); since a; < aw, g, those superpartners with only U(1)y interac-
tions will tend to get the smallest masses. The gauge-eigenstate sparticles with this property
are the bino and the right-handed sleptons ég, [ig, Tr, so the appropriate corresponding mass
eigenstates should be plausible candidates for the NLSP.

First suppose that N is the NLSP in light goldstino models. Since N, contains an admixture
of the photino (the linear combination of bino and neutral wino whose superpartner is the
photon), from eq. (7.5.5) it decays into photon + goldstino/gravitino with a partial width

—4
NG ~ -3 mg \° (F)
TN, = 7G) = 2% 10 ki, (100 GeV) o] e (9.5.1)

Here k1, = |Nyy cos Oy + Nyg sin Ow|? is the “photino content” of ﬁl, in terms of the neutralino
mixing matrix N;; defined by eq. (8.2.5). We have normalized mg and \/(F) to (very roughly)
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minimum expected values in gauge-mediated models. This width is much smaller than for a
typical flavor-unsuppressed weak interaction decay, but it is still large enough to allow N; to
decay before it has left a collider detector, if \/@ is less than a few thousand TeV in gauge-
mediated models, or equivalently if mg/, is less than a keV or so when eq. (7.5.4) holds. In fact,
from eq. (9.5.1), the mean decay length of an N, with energy F in the lab frame is

4

1 mg N\ (F)
d=9.9x10"° — (E2/m% —1)1/2 (7N) NV 9.5.2
A E My =D (f0Gev) |\ TooTev | O (9:5.2)

which could be anything from sub-micron to multi-kilometer, depending on the scale of su-
persymmetry breaking \/ﬁ (In other models that have a gravitino LSP, including certain
“no-scale” models [245], the same formulas apply with (F) — v/3mg/sMp.)

Of course, N is not a pure photino, but contains also admixtures of the superpartner of
the Z boson and the neutral Higgs scalars. So, one can also have [150] N, — ZG, h°G,
A°G, or H°G, with decay widths given in ref. [151]. Of these decays, the last two are unlikely
to be kinematically allowed, and only the N; — ~G mode is guaranteed to be kinematically
allowed for a gravitino LSP. Furthermore, even if they are open, the decays N, — ZG and
N; — ROG are subject to strong kinematic suppressions proportional to (1 — m% /m%l)4 and

(1 —m3o/ m%l)‘l, respectively, in view of eq. (7.5.5). Still, these decays may play an important

role in phenomenology if (F') is not too large, N has a sizable zino or higgsino content, and
mg, is significantly greater than mgz or myo.

A charged slepton makes another likely candidate for the NLSP. Actually, more than one
slepton can act effectively as the NLSP, even though one of them is slightly lighter, if they
are sufficiently close in mass so that each has no kinematically allowed decays except to the
goldstino. In GMSB models, the squared masses obtained by €g, fir and Tr are equal because
of the flavor-blindness of the gauge couplings. However, this is not the whole story, because one
must take into account mixing with €, fip, and 7, and renormalization group running. These
effects are very small for e and iz because of the tiny electron and muon Yukawa couplings,
so we can quite generally treat them as degenerate, unmixed mass eigenstates. In contrast,
Tr usually has a quite significant mixing with 7, proportional to the tau Yukawa coupling.
This means that the lighter stau mass eigenstate 7; is pushed lower in mass than e or [ig,
by an amount that depends most strongly on tan . If tan/ is not too large then the stau
mixing effect leaves the slepton mass eigenstates €g, [ig, and 7; degenerate to within less than
m, ~ 1.8 GeV, so they act effectively as co-NLSPs. In particular, this means that even though
the stau is slightly lighter, the three-body slepton decays €z — er*7; and Jir — ur=7; are not
kmematlcally allowed; the only allowed decays for the three lightest sleptons are e — eG and
fir — pG and 7, — 7G. This situation is called the “slepton co-NLSP” scenario.

For larger values of tan (3, the lighter stau eigenstate 7; is more than 1.8 GeV lighter than €g
and iz and Nl. This means that the decays NI — 771 and €g — eT7; and igr — pTT; are open.
Then 7 is the sole NLSP, with all other MSSM supersymmetric particles having kinematically
allowed decays into it. This is called the “stau NLSP” scenario.

In any case, a slepton NLSP can decay like (= (G according to eq. (7.5.5), with a width
and decay length just given by egs. (9.5.1) and (9.5.2) with the replacements x;, — 1 and
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mg, — my. So, as for the neutralino NLSP case, the decay { — (G can be either fast or very
slow, depending on the scale of supersymmetry breaking.

If \/(F) is larger than roughly 103 TeV (or the gravitino is heavier than a keV or so), then the

NLSP is so long-lived that it will usually escape a typical collider detector. If N, is the NLSP,
then, it might as well be the LSP from the point of view of collider physics. However, the decay
of N into the gravitino is still important for cosmology, since an unstable N is clearly not a
good dark matter candidate while the gravitino LSP conceivably could be. On the other hand,
if the NLSP is a long-lived charged slepton, then one can see its tracks (or possibly decay kinks)
inside a collider detector [150]. The presence of a massive charged NLSP can be established by
measuring an anomalously long time-of-flight or high ionization rate for a track in the detector.

10 Experimental signals for supersymmetry

So far, the experimental study of supersymmetry has unfortunately been confined to setting lim-
its. As we have already remarked in section 6.4, there can be indirect signals for supersymmetry
from processes that are rare or forbidden in the Standard Model but have contributions from
sparticle loops. These include p — ey, b — s7, neutral meson mixing, electric dipole moments
for the neutron and the electron, etc. There are also virtual sparticle effects on Standard Model
predictions like R, (the fraction of hadronic Z decays with bb pairs) [246] and the anomalous
magnetic moment of the muon [247], which exclude some models that would otherwise be viable.
Extensions of the MSSM (including, but not limited, to GUTs) can quite easily predict proton
decay and neutron-antineutron oscillations at potentially observable rates, even if R-parity is
exactly conserved. However, it would be impossible to ascribe a positive result for any of these
processes to supersymmetry in an unambiguous way. There is no substitute for the direct detec-
tion of sparticles and verification of their quantum numbers and interactions. In this section we
will give an incomplete and qualitative review of some of the possible signals for direct detection
of supersymmetry. LHC data and analyses are presently advancing this subject at a very high
rate, so that any detailed and specific discussion would be obsolete on a time scale of weeks or
months. The most recent experimental results from the LHC are available at the ATLAS and
CMS physics results web pages.

10.1 Signals at hadron colliders

At this writing, the CERN Large Hadron Collider (LHC) has already excluded significant chunks
of supersymmetric parameter space, based on proton-proton collisions amounting to about 5 fb=*
at /s =7 TeV, 20 fb~! at /s =8 TeV, and 4 fb~! at /s = 13 TeV. In many MSUGRA and
similar models, gluinos and squarks with masses well above 1 TeV are already excluded by
LHC data, superseding the results from the CDF and D@ detectors at the Fermilab Tevatron
pp collider with /s = 1.96 TeV. Future planned increases in LHC integrated luminosity suggest
that if supersymmetry is the solution to the hierarchy problem discussed in the Introduction,
then the LHC has a good chance of finding direct evidence for it within the next few years.

At hadron colliders, sparticles can be produced in pairs from parton collisions of electroweak
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strength:

q — CfC;. NN, ud — CF N, du — C; Nj, (10.1.1)
@q — G, v ud — 017, du — 0,7}, (10.1.2)

as shown in fig. 10.1, and reactions of QCD strength:

99 — 99, @d;, (10.1.3)
99 — 9, (10.1.4)
99 — 99, @q;. (10.1.5)
9 — Ggj, (10.1.6)

as shown in figs. 10.2 and 10.3. The reactions in (10.1.1) and (10.1.2) get contributions from
electroweak vector bosons in the s-channel, and those in (10.1.1) also have ¢-channel squark-
exchange contributions that are of lesser importance in most models. The processes in (10.1.3)-
(10.1.6) get contributions from the ¢-channel exchange of an appropriate squark or gluino, and
(10.1.3) and (10.1.5) also have gluon s-channel contributions. In a crude first approximation,
for the hard parton collisions needed to make heavy particles, one may think of the Tevatron as
a quark-antiquark collider, and the LHC as a gluon-gluon and gluon-quark collider. However,
the signals are always an inclusive combination of the results of parton collisions of all types,
and generally cannot be neatly separated.

At the Tevatron collider, the chargino and neutralino production processes (mediated pri-
marily by valence quark annihilation into virtual weak bosons) tended to have the larger cross-
sections, unless the squarks or gluino were rather light (less than 300 GeV or so, which is now
clearly ruled out by the LHC). In a typical model where C; and N, are mostly SU(2), gauginos
and N1 is mostly bino, the largest production cross-sections in (10.1.1) belong to the CHer
and C, N, channels, because they have significant couplings to v, Z and W bosons, respectively,
and because of kinematics. At the LHC, the situation is typically reversed, with production
of gluinos and squarks by gluon-gluon and gluon-quark fusion usually dominating. At both
colliders, one can also have associated production of a chargino or neutralino together with a
squark or gluino, but most models predict that the cross-sections (of mixed electroweak and
QCD strength) are much lower than for the ones in (10.1.1)-(10.1.6). Slepton pair production
as in (10.1.2) was quite small at the Tevatron, but might be observable eventually at the LHC
[248]. Cross-sections for sparticle production at hadron colliders can be found in refs. [249], and
have been incorporated in computer programs including [230],[250]-[256].

The decays of the produced sparticles result in final states with two neutralino LSPs, which
escape the detector. The LSPs carry away at least 2mg, of missing energy, but at hadron
colliders only the component of the missing energy that is manifest as momenta transverse to
the colliding beams, usually denoted Fr or ER (although ]ZT or paiss might be more logical
names) is observable. So, in general the observable signals for supersymmetry at hadron colliders
are n leptons + m jets + Kr, where either n or m might be 0. There are important Standard
Model backgrounds to these signals, especially from processes involving production of W and
Z bosons that decay to neutrinos, which provide the Fr. Therefore it is important to identify
specific signal region cuts for which the backgrounds can be reduced. Of course, the optimal
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Figure 10.1: Feynman diagrams for electroweak production of sparticles at hadron colliders
from quark-antiquark annihilation. The charginos and neutralinos in the t-channel diagrams
only couple because of their gaugino content, for massless initial-state quarks, and so are
drawn as wavy lines superimposed on solid.

sl

Figure 10.2: Feynman diagrams for gluino and squark production at hadron colliders from
gluon-gluon and gluon-quark fusion.

134



q p 9 q : g
"l
ql
q g q : J
cq T - q
q g P q -
g g
q A /D SR g
¢  §F 7 d q N L
~ . N 7
g g ><
7 N
a ¢ _____ q a 7 NI

Figure 10.3: Feynman diagrams for gluino and squark production at hadron colliders from
strong quark-antiquark annihilation and quark-quark scattering.

choice of cuts depends on which sparticles are being produced and how they decay, facts that
are not known in advance. Depending on the specific object of the search, backgrounds can be
further reduced by requiring at least some number n of energetic jets, and imposing a cut on a
variable Hrp, typically defined to be the sum of the largest few (or all) of the py’s of the jets and
leptons in each event. (Unfortunately, there is no standard definition of Hr.) Different signal
regions can be defined by how many jets are required in the event, the minimum pr cuts on those
jets, how many jets are included in the definition of H7, and other fine details. Alternatively,
one can cut on meg = Hp + Fr rather than Hyp. Another cut that is often used in searches is
to require a minimum value for the ratio of Fr to either Hr or meg; the backgrounds tend to
have smaller values of this ratio than a supersymmetric signal would. LHC searches have also
made use of more sophisticated kinematic observables, such as My [257], a [258], and razor
variables [259].

The classic Fr signal for supersymmetry at hadron colliders is events with jets and Fr but
no energetic isolated leptons. The latter requirement reduces backgrounds from Standard Model
processes with leptonic W decays, and is obviously most effective if the relevant sparticle decays
have sizable branching fractions into channels with no leptons in the final state. The most
important potential backgrounds are:

e detector mismeasurements of jet energies,

o W+jets, with the W decaying to fr, when the charged lepton is missed or absorbed into
a jet,

e /+jets, with Z — vo,
e (t production, with W — fr, when the charged lepton is missed.

One must choose the Fr cut high enough to reduce these backgrounds, and also to assist in
efficient triggering. Requiring at least one very high-pr jet can also satisfy a trigger requirement.
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Figure 10.4: A complete Feynman dia-
gram for a clean (no high-py hadronic
jets) trilepton event at a hadron col-
lider, from production of an on-shell
neutralino and a chargino, with subse-
quent leptonic decays, leading in this
case to utu~et + Fr.

In addition, the first (QCD) background can be reduced by requiring that the transverse direction
of the K is not too close to the transverse direction of a jet. The jets+Fr signature is a favorite
possibility for the first evidence for supersymmetry to be found at the LHC. It can get important
contributions from every type of sparticle pair production, except slepton pair production.
Another important possibility for the LHC is the single lepton plus jets plus Fr signal [260].
It has a potentially large Standard Model background from production of W — /{v, either
together with jets or from top decays. However, this background can be reduced by putting a

cut on the transverse mass variable mr = \/ 2p5- Fr[1 — cos(A¢)], where A¢ is the difference in
azimuthal angle between the missing transverse momentum and the lepton. For W decays, this
is essentially always less than 100 GeV even after detector resolution effects, so a cut requiring
myp > 100 GeV nearly eliminates those background contributions at the LHC. The single lepton
plus jets signal can have an extremely large rate from various sparticle production modes, and
may give a good discovery or confirmation signal at the LHC.

The same-charge dilepton signal [261] has the advantage of relatively small backgrounds. It
can occur if the gluino decays with a significant branching fraction to hadrons plus a chargino,
which can subsequently decay into a final state with a charged lepton, a neutrino, and N;.
Since the gluino doesn’t know anything about electric charge, the charged lepton produced from
each gluino decay can have either sign with equal probability, as discussed in section 9.4. This
means that gluino pair production or gluino-squark production will often lead to events with two
leptons with the same charge (and uncorrelated flavors) plus jets and Fp. This signal can also
arise from squark pair production, for example if the squarks decay like ¢ — ¢qg. The physics
backgrounds at hadron colliders are very small, because the largest Standard Model sources for
isolated lepton pairs, notably Drell-Yan, WW =, and ¢t production, can only yield opposite-
charge dileptons. Despite the backgrounds just mentioned, opposite-charge dilepton signals,
for example from slepton pair production, or slepton-rich decays of heavier superpartners, with
subsequent decays ¢ — (Ny, may also eventually give an observable signal at the LHC.

The trilepton signal [262] is another possible discovery mode, featuring three leptons plus
Fr, and possibly hadronic jets. At the Tevatron, this would most likely have come about from
electroweak C Ny production followed by the decays indicated in eq. (9.1.4), in which case high-
pr hadronic activity should be absent in the event. A typical Feynman diagram for such an event
is shown in fig. 10.4. It could also come from gg, ¢g, or qq production, with one of the gluinos or
squarks decaying through a C; and the other through a N, in a variety of different ways. This
is the more likely origin at the LHC, at least in most benchmarks based on MSUGRA or similar
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Figure 10.5: The theoretical shape of the dilep-
ton invariant mass distribution from events with
Ny — 0 — ¢(T¢/~N;. No cuts or detector effects
are included. The endpoint is at My* = myg, (1 —
m%/m?%)l/z(l — m%{l/m%)l/z.

Events/GeV

Mg Me
models. In that case, there will be very high-pr jets from the decays, in addition to the three
leptons and Fr. These signatures rely on the N> having a significant branching fraction for the
three-body decay to leptons in eq. (9.1.4). The competing two-body decay modes Ny — hON;
and Ny — ZN; are sometimes called “spoiler” modes, since if they are kinematically allowed
they can dominate, spoiling the trilepton signal. This is because if the No decay is through an
on-shell h° or Z°, then the final state will likely include jets (especially bottom-quark jets in the
case of h°) rather than isolated leptons. Although the trilepton signal is lost, supersymmetric
events with % — bb following from Ny — hON; could eventually be useful at the LHC, especially
since we now know that Mo = 125 GeV.

One should also be aware of interesting signals that can appear for particular ranges of
parameters. Final state leptons appearing in the signals listed above might be predominantly
tau, and so a significant fraction could be realized as hadronic 7 jets. This is because most models
based on lepton universality at the input scale predict that 7 is lighter than the selectrons and
smuons. Similarly, supersymmetric events may have a preference for bottom jets, sometimes
through decays involving top quarks because #; is relatively light, and sometimes because by is
expected to be lighter than the squarks of the first two families, and sometimes for both reasons.
In such cases, there will be at least four potentially b-taggable jets in each event. Other things
being equal, the larger tan S is, the stronger the preference for hadronic 7 and b jets will be in
supersymmetric events.

After evidence for the existence of supersymmetry is acquired, the LHC data can be used
to extract sparticle masses by analyzing the kinematics of the decays. With a neutralino LSP
always escaping the detector, there are no true invariant mass peaks possible. However, var-
ious combinations of masses can be measured using kinematic edges and other reconstruction
techniques. For a particularly favorable possibility, suppose the decay of the second-lightest
neutralino occurs in two stages through a real slepton, Ny — 00 — (¢~ N;. Then the resulting
dilepton invariant mass distribution is as shown in fig. 10.5. It features a sharp edge, allowing a
precision measurement of the corresponding combination of Ny, £, and Ny masses [263, 264, 265],
cuts will distort the shape, especially on the low end. There are significant backgrounds to this
analysis, for example coming from ¢ production. However, the signal from N has same-flavor
leptons, while the background has contributions from different flavors. Therefore the edge can
be enhanced by plotting the combination [eTe™] 4+ [uTp~] — [etpu~] — [uFe™], subtracting the
background.

Heavier sparticle mass combinations can also be reconstructed at the LHC [265]-[272] using
other kinematic distributions. For example, consider the gluino decay chain ¢ — ¢¢* — chNz
with Ny — 00* — (T¢~N; as above. By selecting events close to the dilepton mass edge as
determined in the previous paragraph, one can reconstruct a peak in the invariant mass of the
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jjlte~ system, which correlates well with the gluino mass. As another example, the decay
qr, — qu with N2 — hON1 can be analyzed by selecting events near the peak from h° — bb.
There will then be a broad jbb invariant mass distribution, with a maximum value that can be
related to myg,, mg, and mg,, since myuo = 125 GeV is known. There are many other similar
opportunities, depending on the specific sparticle spectrum. These techniques may determine
the sparticle mass differences much more accurately than the individual masses, so that the
mass of the unobserved LSP will be constrained but not precisely measured.f

Following the 2012 discovery of the 125 GeV Higgs boson, presumably h°, the remaining
Higgs scalar bosons of the MSSM are also targets of searches at the the LHC. The heavier
neutral Higgs scalars can be searched for in decays

A/ H® — 7 ptus, bb, t, (10.1.7)
HY — hR°, (10.1.8)
A — ZRh — Tebb, (10.1.9)

with prospects that vary considerably depending on the parameters of the model. The charged
Higgs boson may also appear at the LHC in top-quark decays, if my+ < m;. If instead mpy+ >
my, then one can look for

bg — tH™ or gg — tbH ™, (10.1.10)

followed by the decay H~ — 7, or H~ — tb in each case, or the charge conjugates of these
processes. More details on Higgs search projections and experimental results are available at
the ATLAS and CMS physics results web pages.

The remainder of this subsection briefly considers the possibility that the LSP is the gold-
stino/gravitino, in which case the sparticle discovery signals discussed above can be significantly
improved. If the NLSP is a neutralino with a prompt decay, then N, = ~G will yield events
with two energetic, isolated photons plus Fr from the escaping gravitinos, rather than just
Fr. So at a hadron collider the signal is vy + X + Fr where X is any collection of leptons
plus jets. The Standard Model backgrounds relevant for such events are quite small. If the
N decay length is long enough, then it may be measurable because the photons will not point
back to the event vertex. This would be particularly useful, as it would give an indication of
the supersymmetry-breaking scale /(F'); see eq. (7.5.5) and the discussion in section 9.5. If the

N decay is outside of the detector, then one just has the usual leptons + jets + Fr signals as
discussed above in the neutralino LSP scenario.

In the case that the NLSP is a charged slepton, then the decay ¢ — (G can provide two extra
leptons in each event, compared to the signals with a neutralino LSP. If the 7y is sufficiently
lighter than the other charged sleptons €g, fir and so is effectively the sole NLSP, then events
will always have a pair of taus. If the slepton NLSP is long-lived, one can look for events
with a pair of very heavy charged particle tracks or a long time-of-flight in the detector. Since

tA possible exception occurs if the lighter top squark has no kinematically allowed flavor-preserving 2-body
decays, which requires m;, < mg, +m; and my < me +mp. Then the t; will live long enough to form hadronic
bound states. Scalar stoponium might then be observable at the LHC via its rare v decay, allowing a uniquely
precise measurement of the mass through a narrow peak (limited by detector resolution) in the diphoton invariant
mass spectrum [273, 274].
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slepton pair production usually has a much smaller cross-section than the other processes in
(10.1.1)-(10.1.6), this will typically be accompanied by leptons and/or jets from the same event
vertex, which may be of crucial help in identifying candidate events. It is also quite possible
that the decay length of ¢ — ¢G is measurable within the detector, seen as a macroscopic kink
in the charged particle track. This would again be a way to measure the scale of supersymmetry
breaking through eq. (7.5.5).

10.2 Signals at e"e™ colliders

At eTe™ colliders, all sparticles (except the gluino) can be produced in tree-level reactions:
ete” = CfCy, NiN;, (70, vv*, 47", (10.2.1)

as shown in figs. 10.6-10.10. The important interactions for sparticle production are the gaugino-
fermion-scalar couplings shown in Figures 6.3b,c and the ordinary vector boson interactions.
The cross-sections are therefore determined just by the electroweak gauge couplings and the
sparticle mixings. They were calculated in ref. [241], and are available in computer programs
[230], [250]-[253], [275].

All of the processes in eq. (10.2.1) get contributions from the s-channel exchange of the Z
boson and, for charged sparticle pairs, the photon. In the cases of C;f 5’; . N;N;, €hégn, é5ér,
éféﬁ, and 7.V production, there are also t-channel diagrams exchanging a virtual sneutrino,
selectron, neutralino, neutralino, neutralino, and chargino, respectively. The t-channel contribu-
tions are significant if the exchanged sparticle is not too heavy. For example, the production of
wino-like C;C pairs typically suffers a destructive interference between the s-channel graphs
with v, Z exchange and the t-channel graphs with 7, exchange, if the sneutrino is not too heavy.
In the case of sleptons, the pair production of smuons and staus proceeds only through s-channel
diagrams, while selectron production also has a contribution from the t-channel exchanges of
the neutralinos, as shown in Figure 10.8. For this reason, the selectron production cross-section
may be significantly larger than that of smuons or staus at ete™ colliders.

The pair-produced sparticles decay as discussed in section 9. If the LSP is the lightest
neutralino, it will always escape the detector because it has no strong or electromagnetic in-
teractions. Every event will have two LSPs leaving the detector, so there should be at least
2mg, of missing energy (F). For example, in the case of Cf CT production, the possible signals
include a pair of acollinear leptons and K, or one lepton and a pair of jets plus £, or multiple
jets plus F. The relative importance of these signals depends on the branching fraction of the
chargino into the competing final states, Ci1 — (vN; and qq’ N;. In the case of slepton pair
production, the signal should be two energetic, acollinear, same-flavor leptons plus F. There is
a potentially large Standard Model background for the acollinear leptons plus £ and the lepton
plus jets plus £ signals, coming from W*W ™~ production with one or both of the W bosons
decaying leptonically. However, these and other Standard Model backgrounds can be kept under
control with angular cuts, and beam polarization if available. It is not difficult to construct the
other possible signatures for sparticle pairs, which can become quite complicated for the heavier
charginos, neutralinos and squarks.

The MSSM neutral Higgs bosons can also be produced at eTe™ colliders, with the principal
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Figure 10.6: Diagrams for chargino pair production at e*e™ colliders.
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Figure 10.8: Diagrams for charged slepton pair production at ete™ colliders.
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Figure 10.9: Diagrams for sneutrino pair production at e*e™ colliders.
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Figure 10.10: Diagram for squark production at ete™ colliders.
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Figure 10.11: Diagrams for neutral Higgs scalar boson production at ete™ colliders.
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processes of interest at low energies
ete” = K27, ete” — hYAY, (10.2.2)

shown in fig. 10.11. At tree-level, the first of these has a cross-section given by the corresponding
Standard Model cross-section multiplied by a factor of sin?(3 — «), which approaches 1 in the
decoupling limit of m 40 > my discussed in section 8.1. The other process is complementary,
since (up to kinematic factors) its cross-section is the same but multiplied by cos?(5 — a), which
is significant if m 40 is not large. If y/s is high enough [note the mass relation eq. (8.1.21)], one
can also have

ete” - H"H, (10.2.3)
with a cross-section that is fixed, at tree-level, in terms of mpy+, and also
ete” = HZ, ete” — HYA, (10.2.4)

with cross-sections proportional to cos?(3 — a) and sin?(3 — a) respectively. Also, at sufficiently
high /s, the process

ete™ — v .h° (10.2.5)

following from W*W ™ fusion provides the best way to study the Higgs boson decays, which can
differ [193, 194, 195] from those in the Standard Model.

The CERN LEP eTe™ collider conducted searches until November 2000, with various center
of mass energies up to 209 GeV, yielding no firm evidence for superpartner production. The
resulting limits [276] on the charged sparticle masses are of order roughly half of the beam energy,
minus taxes paid for detection and identification efficiencies, backgrounds, and the suppression
of cross-sections near threshold. The bounds become weaker if the mass difference between the
sparticle in question and the LSP (or another sparticle that the produced one decays into) is less
than a few GeV, because then the available visible energy can be too small for efficient detection
and identification. Despite the strong limits coming from the LHC, some of the limits from LEP
are still relevant, especially when the mass differences between supersymmetric particle are
small.

For example, LEP established limits mg,, > 99 GeV and m;,, > 95 GeV at 95% CL, provided
that m;, —myg, > 10 GeV, and that the branching fraction for £ — Ny is 100% in each case.
The limit for staus is weaker, and depends somewhat more strongly on the neutralino LSP
mass. The LEP chargino mass bound is approximately mg > 103 GeV for mass differences
mea, —mpyg, > 3 GeV, assuming that the chargino decays predominantly through a virtual W, or
with similar branching fractions. However, this bound reduces to about mg > 92 GeV for 100
MeV < mg — myg, < 3 GeV. For small positive mass differences 0 < mg — myg, < 100 MeV,
the limit is again about mg > 103 GeV, because the chargino is long-lived enough to have a
displaced decay vertex or leave a track as it moves through the detector. These limits assume
that the sneutrino is heavier than about 200 GeV, so that it does not significantly reduce the
production cross-section by interference of the s- and t-channel diagrams in fig. 10.6. If the
sneutrino is lighter, then the bound reduces, especially if ms —m; is positive but small, so that
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Figure 10.12: The theoretical shape of the lepton en-
ergy distribution from events with ete™ — (0~ —  Events/GeV
(+0~N;N, at an ete~ collider. No cuts or initial
state radiation or beamstrahlung or detector effects
are included. The endpoints are Eaxmin = ‘[(1 —

m% /m?)[1 £ (1 - 4m?/s)'/?], allowing precision re-

construction of both ¢ and N; masses. - >

the decay C; — ¢ dominates but releases very little visible energy. More details on these and
many other legacy limits from the LEP runs can be found at [276] and [277].

If supersymmetry is the solution to the hierarchy problem, then the LHC may be able to
establish strong evidence for it, and measure some of the sparticle mass differences, as discussed
in the previous subsection. However, many important questions will remain. Competing theories
can also produce missing energy signatures. The overall mass scale of sparticles may not be
known as well as one might like. Sparticle production will be inclusive and overlapping and
might be difficult to disentangle. A future ete™ collider with sufficiently large /s should be
able to resolve these issues, and establish more firmly that supersymmetry is indeed responsible,
to the exclusion of other candidate theories. In particular, the couplings, spins, gauge quantum
numbers, and absolute masses of the sparticles will all be measurable.

At an ete™ collider, the processes in eq. (10.2.1) can all be probed close to their kinematic
limits, given sufficient integrated luminosity. (In the case of sneutrino pair production, this
assumes that some of the decays are visible, rather than just 7 — Vﬁl.) Establishing the
properties of the particles can be done by making use of polarized beams and the relatively
clean eTe™ collider environment. For example, consider the production and decay of sleptons
in ete™ — (¢~ with £ — ¢N;. The resulting leptons will have (up to significant but calculable
effects of initial-state radiation, beamstrahlung, cuts, and detector efficiencies and resolutions) a
flat energy distribution as shown in fig. 10.12. By measuring the endpoints of this distribution,
one can precisely and uniquely determine both my, and mg . There is a large WHWw- —
(0"~ vy background, but this can be brought under control using angular cuts, since the
positively (negatively) charged leptons from the background tend to go preferentially along the
same direction as the positron (electron) beam. Also, since the background has uncorrelated
lepton flavors, it can be subtracted. Changing the polarization of the electron beam will even
further reduce the background, and will also allow controlled variation of the production of
right-handed and left-handed sleptons, to get at the electroweak quantum numbers.

More generally, inclusive sparticle production at a given fixed eTe™ collision energy will result
in a superposition of various kinematic edges in lepton and jet energies, and distinctive distribu-
tions in dilepton and dijet energies and invariant masses. By varying the beam polarization and
changing the beam energy, these observables give information about the couplings and masses
of the sparticles. For example, in the ideal limit of a right-handed polarized electron beam, the
reaction

epet = CHCT (10.2.6)
is suppressed if C; is pure wino, because in the first diagram of fig. 10.6 the right-handed
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electron only couples to the U(1)y gauge boson linear combination of «, Z while the wino only
couples to the orthogonal SU(2), gauge boson linear combination, and in the second diagram
the electron-sneutrino-chargino coupling involves purely left-handed electrons. Therefore, the
polarized beam cross-section can be used to determine the charged wino mixing with the charged
higgsino. Even more precise information about the sparticle masses can be obtained by varying
the beam energy in small discrete steps very close to thresholds, an option unavailable at hadron
colliders. The rise of the production cross-section above threshold provides information about
the spin and “handedness”, because the production cross-sections for (}(; and (f(; are p-
wave and therefore rise like 3% above threshold, where /3 is the velocity of one of the produced
sparticles. In contrast, the rates for é;éf and for chargino and neutralino pair production
are s-wave, and therefore should rise like 8 just above threshold. By measuring the angular
distributions of the final state leptons and jets with respect to the beam axis, the spins of the
sparticles can be inferred. These will provide crucial tests that the new physics that has been
discovered is indeed supersymmetry.

A sample of the many detailed studies along these lines can be found in refs. [279]-[283]. In
general, a future ete™ collider will provide an excellent way of testing softly-broken supersym-
metry and measuring the model parameters, if it has enough energy. Furthermore, the processes
ete™ = h%Z, hPA°, H°Z H°A°, H*H~, and h'v.i7, should be able to test the Higgs sector of
supersymmetry at an ete™ collider.

The situation may be qualitatively better if the gravitino is the LSP as in gauge-mediated
models, because of the > decays mentioned in section 9.5. If the lightest neutralino is the NLSP
and the decay N1 — 7G occurs within the detector, then even the process ete™ — N1 N1 leads to
a dramatic signal of two energetic photons plus missing energy [149]-[151]. There are significant
backgrounds to the vy signal, but they are easily removed by cuts. Each of the other sparticle
pair-production modes eq. (10.2.1) will lead to the same signals as in the neutralino LSP case,
but now with two additional energetic photons, which should make the experimentalists’ tasks
quite easy. If the decay length for N, — ~G is much larger than the size of a detector, then the
signals revert back to those found in the neutralino LSP scenario. In an intermediate regime for
the N, — ~G decay length, one may see events with one or both photons displaced from the
event vertex by a macroscopic distance.

If the NLSP is a charged slepton (, then ete™ — (0~ followed by prompt decays { — (G will
yield two energetic same-flavor leptons in every event, and with a different energy distribution
than the acollinear leptons that would follow from either CN'fr C~'1_ or ¢t~ production in the
neutralino LSP scenario. Pair production of non-NLSP sparticles will yield unmistakable signals,
which are the same as those found in the neutralino NLSP case but with two additional energetic
leptons (not necessarily of the same flavor). An even more striking possibility is that the NLSP
is a slepton that decays very slowly [150]. If the slepton NLSP is so long-lived that it decays
outside the detector, then slepton pair production will lead to events featuring a pair of charged
particle tracks with high ionization rates that betray their very large mass. If the sleptons decay
within the detector, then one can look for large-angle kinks in the charged particle tracks, or a
macroscopic impact parameter. The pair production of any of the other heavy charged sparticles
will also yield heavy charged particle tracks or decay kinks, plus leptons and/or jets, but no
F unless the decay chains happen to include neutrinos. It may also be possible to identify the
presence of a heavy charged NLSP by measuring its anomalously long time-of-flight through the

143



detector.

In both the neutralino and slepton NLSP scenarios, a measurement of the decay length to
G would provide a great opportunity to measure the supersymmetry-breaking scale /(F'), as
discussed in section 9.5.

10.3 Dark matter and its detection

Evidence from experimental cosmology has now solidified to the point that, with some plausible
assumptions, the cold dark matter density is known to be [163, 277]

Qpah? ~ 0.120, (10.3.1)

with statistical errors of about 2%, and systematic errors that are less clear. Here Qpy is the
average energy density in non-baryonic dark matter divided by the total critical density that
would lead to a spatially flat homogeneous universe, and h is the Hubble constant in units of
100 km sec™! Mpc~!, observed to be h? ~ 0.46 with an error of order 3%. This translates into
a cold dark matter density

pom ~ 1.2 x 107% GeV/cm?, (10.3.2)

averaged over very large distance scales.

One of the nice features of supersymmetry with exact R-parity conservation is that a stable
electrically neutral LSP might be this cold dark matter. There are three obvious candidates:
the lightest sneutrino, the gravitino, and the lightest neutralino. The possibility of a sneutrino
LSP making up the dark matter with a cosmologically interesting density has been largely ruled
out by direct searches [284] (see however [285]). If the gravitino is the LSP, as in many gauge-
mediated supersymmetry breaking models, then gravitinos from reheating after inflation [286]
or from other sparticle decays [287] might be the dark matter, but they would be impossible to
detect directly even if they have the right cosmological density today. They interact too weakly.
The most attractive prospects for direct detection of supersymmetric dark matter, therefore,
are based on the idea that the lightest neutralino N; is the LSP [75, 288].

In the early universe, sparticles existed in thermal equilibrium with the ordinary Standard
Model particles. As the universe cooled and expanded, the heavier sparticles could no longer be
produced, and they eventually annihilated or decayed into neutralino LSPs. Some of the LSPs
pair-annihilated into final states not containing sparticles. If there are other sparticles that are
only slightly heavier, then they existed in thermal equilibrium in comparable numbers to the
LSP, and their co-annihilations are also important in determining the resulting dark matter
density [289, 290]. Eventually, as the density decreased, the annihilation rate became small
compared to the cosmological expansion, and the N, experienced “freeze out”, with a density
today determined by this small rate and the subsequent dilution due to the expansion of the
universe.

In order to get the observed dark matter density today, the thermal-averaged effective anni-
hilation cross-section times the relative speed v of the LSPs should be about [288]

(cv) ~ 1pb ~ a?/(150 GeV)?, (10.3.3)
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Figure 10.13: Contributions to the annihilation cross-section for neutralino dark mat-
ter LSPs from (a) t-channel slepton and squark exchange, (b) near-resonant annihilation
through a Higgs boson (s-wave for A%, and p-wave for h°, H°), and (c) t-channel chargino
exchange.
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Figure 10.14: Some contributions to the co-annihilation of dark matter N; LSPs with

slightly heavier N, and C;. All three diagrams are particularly important if the LSP is
higgsino-like, and the last two diagrams are important if the LSP is wino-like.
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Figure 10.15: Some contributions to the co-annihilation of dark matter N, LSPs with

slightly heavier sfermions, which in popular models are most plausibly staus (or perhaps
top squarks).

so a neutralino LSP naturally has, very roughly, the correct (electroweak) interaction strength
and mass. More detailed and precise estimates can be obtained with publicly available computer
programs [238, 239], so that the predictions of specific candidate models of supersymmetry
breaking can be compared to eq. (10.3.1). Some of the diagrams that are typically important
for neutralino LSP pair annihilation are shown in fig. 10.13. Depending on the mass of NI,
various other processes including Ny Ny —ZZ, Zh, h°h0 or even WEHTF, ZA° KA, hOHO,
HOA° HOHC A°A° or H* H~ may also have been important. Some of the diagrams that can
lead to co-annihilation of the LSPs with slightly heavier sparticles are shown in figs. 10.14 and
10.15.

If Ny is mostly higgsino or mostly wino, then the the annihilation diagram fig. 10.13c and the
co-annihilation mechanisms provided by fig. 10.14 are typically much too efficient [291, 292, 293]
to allow the full required cold dark matter density, unless the LSP is very heavy, of order 1 TeV
or more. This is often considered to be somewhat at odds with the idea that supersymmetry
is the solution to the hierarchy problem; on the other hand, it is consistent with the lower
bounds set on sparticle masses by the LHC. However, for lighter higgsino-like or wino-like LSPs,
non-thermal mechanisms can be invoked to provide the right dark matter abundance [187, 294].
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A recurring feature of many models of supersymmetry breaking is that the lightest neutralino
is mostly bino. It turns out that in much of the parameter space not already ruled out by LEP
with a bino-like Nl, the predicted relic density is too high, either because the LSP couplings
are too small, or the sparticles are too heavy, or both, leading to an annihilation cross-section
that is too low. To avoid this, there must be significant contributions to (ocv). The possibilities
can be classified qualitatively in terms of the diagrams that contribute most strongly to the
annihilation.

First, if at least one sfermion is not too heavy, the diagram of fig. 10.13a is effective in
reducing the dark matter density. In models with a bino-like N, the most important such
contribution usually comes from €g, i, and 7; slepton exchange. The region of parameter
space where this works out right is often referred to by the jargon “bulk region”, because it
corresponded to the main allowed region with dark matter density less than the critical density,
before Qpyh? was accurately known and before the highest energy LEP searches had happened.
However, the diagram of fig. 10.13a is subject to a p-wave suppression, and so sleptons that are
light enough to reduce the relic density sufficiently are, in many models, also light enough to
be excluded by LEP or LHC searches, or have difficulties with other indirect constraints. In
the MSUGRA framework described in section 7.6, the viable bulk region takes mg and m;
less than about 100 GeV and 250 GeV respectively, depending on other parameters. Within
MSUGRA, this part of parameter space has now been thoroughly excluded by the LHC. If the
final state of neutralino pair annihilation is instead tf, then there is no p-wave suppression.
This typically requires a top squark that is less than about 150 GeV heavier than the LSP,
which in turn has m ~ between about m; and m; + 100 GeV. This situation does not occur in
the MSUGRA framework, but can be natural if the ratio of gluino and wino mass parameters,
M;/Ms, is smaller than the unification prediction of eq. (8.3.1) by a factor of a few [295].

A second way of annihilating excess bino-like LSPs to the correct density is obtained if
2my, A Mmgo, Or My, or myo, as shown in fig. 10.13b, so that the cross-section is near a
resonance pole. An A° resonance annihilation will be s-wave, and so more efficient than a p-
wave h® or HY resonance. Therefore, the most commonly found realization involves annihilation
through A°. Because the A%b coupling is proportional to mytan 3, this usually entails large
values of tan 8 [296]. (Annihilation through A is also possible [297], if the LSP mass is close
to mpo/2 = 62.5 GeV.) The region of parameter space where this happens is often called the
“A-funnel” or “Higgs funnel” or “Higgs resonance region”.

A third effective annihilation mechanism is obtained if N, mixes to obtains a significant
higgsino or wino admixture. Then both fig. 10.13c and the co-annihilation diagrams of fig. 10.14
can be important [292]. In the “focus point” region of parameter space, where |u| is not too
large, an LSP with a significant higgsino content can yield the correct relic abundance even
for very heavy squarks and sleptons [298]. This is motivated by focusing properties of the
renormalization group equations, which allow |p|? < mZ in MSUGRA models [299, 300]. In fact,
within MSUGRA, squarks are required to be very heavy, typically several TeV. This possibility
is attractive, given the LHC results that exclude most models with squarks lighter than 1 TeV.
It is also possible to arrange for just enough wino content in the LSP to do the job [301], by
choosing M; /M, appropriately.

A fourth possibility, the “sfermion co-annihilation region” of parameter space, is obtained
if there is a sfermion that happens to be less than a few GeV heavier than the LSP [289]. In
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many model frameworks, this is most naturally the lightest stau [302], but it could also be the
lightest top squark [303]. A significant density of this sfermion will then coexist with the LSP
around the freeze-out time, and so annihilations involving the sfermion with itself or with the
LSP, including those of the type shown in fig. 10.15, will further dilute the number of sparticles
and so the eventual dark matter density.

It is important to keep in mind that a set of MSSM Lagrangian parameters that “fails”
to predict the correct relic dark matter abundance by the standard thermal mechanisms is
not ruled out as a model for collider physics. This is because simple extensions can completely
change the dark matter relic abundance prediction without changing the predictions for colliders
much or at all. For example, if the model predicts a neutralino dark matter abundance that
is too small, one need only assume another sector (even a completely disconnected one) with
a stable neutral particle, or that the dark matter is supplied by some non-thermal mechanism
such as out-of-equilibrium decays of heavy particles. If the predicted neutralino dark matter
abundance appears to be too large, one can assume that R-parity is slightly broken, so that
the offending LSP decays before nucleosynthesis; this would require some other unspecified dark
matter candidate. Or, the dark matter LSP might be some particle that the lightest neutralino
decays into. One possibility is a gravitino LSP [287]. Another example is obtained by extending
the model to solve the strong CP problem with an invisible axion, which can allow the LSP to
be a very weakly-interacting axino [304] (the fermionic supersymmetric partner of the axion).
In such cases, the dark matter density after the lightest neutralino decays would be reduced
compared to its naively predicted value by a factor of mpsp/m &,» brovided that other sources
for the LSP relic density are absent. A correct density for neutralino LSPs can also be obtained
by assuming that they are produced non-thermally in reheating of the universe after neutralino
freeze-out but before nucleosynthesis [305]. Finally, in the absence of a compelling explanation
for the apparent cosmological constant, it seems possible that the standard model of cosmology
will still need to be modified in ways not yet imagined.

If neutralino LSPs really make up the cold dark matter, then their local mass density in
our neighborhood ought to be of order 0.3 GeV/cm?® [much larger than the density averaged
over the largest scales, eq. (10.3.2)] in order to explain the dynamics of our own galaxy. LSP
neutralinos could be detectable directly through their weak interactions with ordinary matter, or
indirectly by their ongoing annihilations. However, the dark matter halo is subject to significant
uncertainties in density, velocity, and clumpiness, so even if the Lagrangian parameters were
known exactly, the signal rates would be quite indefinite, possibly even by orders of magnitude.

The direct detection of N; depends on their elastic scattering off of heavy nuclei in a detector.
At the parton level, Nj can interact with a quark by virtual exchange of squarks in the s-channel,
or Higgs scalars or a Z boson in the t-channel. It can also scatter off of gluons through one-
loop diagrams. The scattering mediated by neutral Higgs scalars is suppressed by tiny Yukawa
couplings, but is coherent for the quarks and so can actually be the dominant contribution
for nuclei with larger atomic weights, if the squarks are heavy. The energy transferred to the
nucleus in these elastic collisions is typically of order tens of keV per event. There are important
backgrounds from natural radioactivity and cosmic rays, which can be reduced by shielding and
pulse-shape analysis. A wide variety of current or future experiments are sensitive to some, but
not all, of the parameter space of the MSSM that predicts a dark matter abundance in the range
of eq. (10.3.1).
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Another, more indirect, way to detect neutralino LSPs is through ongoing annihilations. This
can occur in regions of space where the density is greatly enhanced. If the LSPs lose energy
by repeated elastic scattering with ordinary matter, they can eventually become concentrated
inside massive astronomical bodies like the Sun or the Earth. In that case, the annihilation
of neutralino pairs into final states leading to neutrinos is the most important process, since
no other particles can escape from the center of the object where the annihilation is going on.
In particular, muon neutrinos and antineutrinos from NN, — WHW~ or ZZ , (or possibly
NN, = 757~ or v, although these are p-wave suppressed) will travel large distances, and can
be detected in neutrino telescopes. The neutrinos undergo a charged-current weak interaction in
the earth, water, or ice under or within the detector, leading to energetic upward-going muons
pointing back to the center of the Sun or Earth.

Another possibility is that neutralino LSP annihilation in the galactic center (or the halo)
could result in high-energy photons from cascade decays of the heavy Standard Model particles
that are produced. These photons could be detected in air Cerenkov telescopes or in space-based
detectors. There are also interesting possible signatures from neutralino LSP annihilation in the
galactic halo producing detectable quantities of high-energy positrons or antiprotons.

More information on these possibilities, and the various experiments that can exploit them,
can be found from refs. [288] and papers referred to in them.

11 Beyond minimal supersymmetry

In this section I will briefly outline a few of my favorite variations on the basic picture of the
MSSM discussed above. First, the possibility of R-parity violation is considered in section
11.1. Another obvious way to extend the MSSM is to introduce new chiral supermultiplets,
corresponding to scalars and fermions that are all sufficiently heavy to have avoided discovery
so far. This requires that the new chiral supermultiplets must form a real representation of the
Standard Model gauge group; they can then have a significant positive effect on the Higgs boson
mass through loop corrections, as described in section 11.2. However, the simplest possibility
for adding particles is to put them in just one gauge-singlet chiral supermultiplet; this can raise
the Higgs boson mass at tree level, as discussed in section 11.3. The resulting model is also
attractive because it can solve the p problem that was described in sections 6.1 and 8.1. Two
other solutions to the p problem, based on including non-renormalizable superpotential terms
or Kahler potential terms, are discussed in section 11.4. The MSSM could also be extended
by introducing new gauge interactions that are spontaneously broken at high energies. The
possibilities here include GUT models like SU(5) or SO(10) or Eg, which unify the Standard
Model gauge interactions, with important implications for rare processes like proton decay and
i — evy. Superstring models also usually enlarge the Standard Model gauge group at high
energies. One or more Abelian subgroups could survive to the TeV scale, leading to a Z’ massive
vector boson. There is a vast literature on these possibilities, but I will concentrate instead on
the implications of just adding a single U(1) factor that is assumed to be spontaneously broken
at energies beyond the reach of any foreseeable collider. As described in section 11.5, the broken
gauge symmetry can still leave an imprint on the soft supersymmetry-breaking Lagrangian at
low energies.

148



11.1 R-parity violation

In the preceding, it has been assumed that R-parity (or equivalently matter parity) is an exact
symmetry of the MSSM. This assumption precludes renormalizable proton decay and predicts
that the LSP should be stable, but despite these virtues R-parity is not inevitable. Because of
the threat of proton decay, one expects that if R-parity is violated, then in the renormalizable
Lagrangian either B-violating or L-violating couplings are allowed, but not both, as explained
in section 6.2. There are also upper bounds on the individual R-parity violating couplings [72].

One proposal is that matter parity can be replaced by an alternative discrete symmetry that
still manages to forbid proton decay at the level of the renormalizable Lagrangian. The Z,
and Z3 possibilities have been cataloged in ref. [306], where it was found that provided no new
particles are added to the MSSM, that the discrete symmetry is family-independent, and that
it can be defined at the level of the superpotential, there is only one other candidate besides
matter parity. That other possibility is a Z3 discrete symmetry [306], which was originally called
“baryon parity” but is more appropriately referred to as “baryon triality”. The baryon triality
of any particle with baryon number B and weak hypercharge Y is defined to be

73 = exp (27i[B — 2Y]/3). (11.1.1)

This is always a cube root of unity, since B—2Y is an integer for every MSSM particle. The
symmetry principle to be enforced is that the product of the baryon trialities of the particles
in any term in the Lagrangian (or superpotential) must be 1. This symmetry conserves baryon
number at the renormalizable level while allowing lepton number violation; in other words, it
allows the superpotential terms in eq. (6.2.1) but forbids those in eq. (6.2.2). In fact, baryon
triality conservation has the remarkable property that it absolutely forbids proton decay [307].
The reason for this is simply that baryon triality requires that B can only be violated in multiples
of 3 units (even in non-renormalizable interactions), while any kind of proton decay would have
to violate B by 1 unit. So it is eminently falsifiable. Similarly, baryon triality conservation
predicts that experimental searches for neutron-antineutron oscillations will be negative, since
they would violate baryon number by 2 units. However, baryon triality conservation does allow
the LSP to decay. If one adds some new chiral supermultiplets to the MSSM (corresponding to
particles that are presumably very heavy), one can concoct a variety of new candidate discrete
symmetries besides matter parity and baryon triality. Some of these will allow B violation in the
superpotential, while forbidding the lepton number violating superpotential terms in eq. (6.2.1).

Another idea is that matter parity is an exact symmetry of the underlying superpotential,
but it is spontaneously broken by the VEV of a scalar with P = —1. One possibility is that
an MSSM sneutrino gets a VEV [308], since sneutrinos are scalars carrying L=1. However,
there are strong bounds [309] on SU(2).-doublet sneutrino VEVs (V) < my coming from the
requirement that the corresponding neutrinos do not have large masses. It is somewhat difficult
to understand why such a small VEV should occur, since the scalar potential that produces
it must include soft sneutrino squared-mass terms of order m2 ;. One can get around this by
instead introducing a new gauge-singlet chiral supermultiplet with L=—1. The scalar component
can get a large VEV, which can induce L-violating terms (and in general B-violating terms also)
in the low-energy effective superpotential of the MSSM [309].

In any case, if R-parity is violated, then the collider searches for supersymmetry can be
completely altered. The new couplings imply single-sparticle production mechanisms at colliders,
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Figure 11.1: Decays of the N; LSP in models with R-parity violation, with lepton number
not conserved (a)-(e) [see eq. (6.2.1)], and baryon number not conserved (f) [see eq. (6.2.2)].

besides the usual sparticle pair production processes. First, one can have s-channel single
sfermion production. At electron-positron colliders, the A couplings in eq. (6.2.1) give rise to
ete™ — v. At the LHC, single sneutrino or charged slepton production, ¢q¢ — U or { are
mediated by )\ couplings, and single squark production gg — ¢ is mediated by A" couplings in
eq. (6.2.2).

Second, one can have t-channel exchange of sfermions, providing for gaugino production in
association with a standard model fermion. At electron-positron colliders, one has ete™ — C;/
mediated by 7, in the ¢-channel, and ete™ — N,v mediated by selectrons in the t-channel, if
the appropriate A couplings are present. At the LHC, one can look for the partonic processes
qq — (]A\f; or C; or g)+ (¢orv), mediated by t-channel squark exchange if A" couplings are present.
If instead A" couplings are present, then gqg — (]AV/Z or C; or §) + ¢, again with squarks exchanged
in the t-channel, provides a possible production mechanism.

Next consider sparticle decays. In many cases, the R-parity violating couplings are already
constrained by experiment, or expected from more particular theoretical models, to be smaller
than electroweak gauge couplings [72]. If so, then the heavier sparticles will usually decay to
final states containing the LSP, as in section 9. However, now the LSP can also decay; if it is a
neutralino, as most often assumed, then it will decay into three Standard Model fermions. The
collider signals to be found depend on the type of R-parity violation.

Lepton number violating terms of the type A as in eq. (6.2.1) will lead to final states from
N, decay with two oppositely charged, and possibly different flavor, leptons and a neutrino, as
in Figure 11.1a,b. Couplings of the X’ type will cause N, to decay to a pair of jets and either a
charged lepton or a neutrino, as shown in Figure 11.1c,d,e. Signals with L-violating LSP decays
will therefore always include charged leptons or large missing energy, or both.

On the other hand, if terms of the form A" in eq. (6.2.2) are present instead, then there are
B-violating decays N; — ¢¢'q” from diagrams like the one shown in Figure 11.1f. In that case,
supersymmetric events will always have lots of hadronic activity, and will only have physics
missing energy signatures when the other parts of the decay chains happen to include neutrinos.

There are other possibilities, too. The decaying LSP need not be N;. Sparticles that are not
the LSP can, in principle, decay directly to Standard Models quarks and leptons, if the R-parity
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violating couplings are large enough. The t-channel exchange of sfermions can produce a pair of
Standard Model fermions, leading to indirect sparticle signatures. Or, if the R-parity violating
couplings are sufficiently small, then the LSP will usually decay outside of collider detectors,
and the model will be difficult or impossible to distinguish from the R-parity conserving case.
Surveys of experimental constraints and future prospects can be found in [72].

11.2 Extra vectorlike chiral supermultiplets

An interesting way to extend the MSSM is by adding extra particles in chiral supermultiplets. It
has now become clear that together the new fields must form a vectorlike (self-conjugate) repre-
sentation of the Standard Model gauge group. Otherwise, the only way the new fermions could
have masses large enough to have avoided discovery would be through extremely large Yukawa
couplings to the Higgs VEVs. These couplings would in turn lead to very large corrections to
the 125 GeV Higgs boson production cross-section at the LHC through loop effects, as well as
corrections to electroweak precision observables, both in contradiction with the observations. In
contrast, the addition of chiral supermultiplets with vectorlike quantum numbers to the MSSM
does not lead to such problems, and can help to raise the lightest Higgs boson mass up to 125
GeV in models where it would otherwise be too light [310]-[314].

If the new vectorlike chiral supermultiplets live in the fundamental representation of SU(2),,
or SU(3)., or are charged under U(1)y, then they must come in pairs with opposite gauge
quantum numbers. If we call such a pair ®; and ®;, then there is an allowed superpotential
mass term of the form

which does not involve any interactions with the Higgs boson. Note that such electroweak singlet
mass terms can arise from whatever mechanism also gives rise to the pu term of the MSSM.
Three such possible mechanisms are described below in sections 11.3 and 11.4. Whatever that
mechanism is, it is reasonable to suppose that it operates the same way to produce the masses
M; with the same order of magnitude as pu, i.e. at the TeV scale.

Because the new vectorlike particle have mostly electroweak singlet masses, they do not
impact Higgs boson production and decay, and decouple from precision electroweak observables
involving the Z and W self-energies and the Standard Model fermions. In order for the lightest
of the new particles to not cause problems as stable relics from thermal production in the early
universe, one may suppose that either ®; or ®; has the same gauge quantum numbers as one of
the MSSM quark and lepton chiral superfields, allowing small mixing Yukawa couplings to the
Higgs boson. This small mixing allows the new vectorlike fermions to decay to Standard Model
fermions.

If they are indeed at the TeV scale, the new particles can be pair-produced at the LHC,
either through gluon fusion or through s-channel W or Z boson diagrams. Thus one can look
for heavy cousins of the top quark, bottom quark, and/or tau lepton; call them ', ¥, and 7'.
These fermions will have decays that depend on the choice of mixing terms between them and
the Standard Model fermions. The easiest way to minimize possible flavor problems in low-
energy experiments is to assume that the mixing is primarily with the third family. Then the
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relevant decays will be:

t'— Zt, B, Wb, (11.2.2)
V¥ — Zb, h%, Wt, (11.2.3)
= Zr, h'r, W, (11.2.4)

with branching ratios that depend on the type of mixing Yukawa coupling. The possibilities
and the resulting branching ratio predictions are discussed in detail in [313]. If the Yukawa
couplings that mix the new fermions to the Standard Model fermions are larger than about
107, these 2-body decays will occur promptly within collider detectors. The scalar partners
of these fermionic states are likely to be much heavier, because they have soft supersymmetry-
breaking contributions to their masses. In addition, for a given mass, production cross-sections
for scalars tend to be lower than for fermions, so it is most likely that the new vectorlike fermions
will be discovered first.

In order to raise the Higgs boson mass, one can also introduce a Yukawa coupling between the
new chiral supermultiplets and the MSSM Higgs fields. As an example, suppose there are extra
vectorlike chiral supermultiplets in the following representations of SU(3), x SU(2)p x U(1)y:

Q = (3,2,41/6), Q = (3,2,-1/6), (11.2.5)
u = (3,1,+2/3), U= (3,1,-2/3). (11.2.6)

Then the allowed superpotential terms include:
W = MgQQ + MyUU + kH,QU (11.2.7)

where Mg and My, are electroweak singlet masses as in eq. (11.2.1), and & is a Yukawa coupling,
which can be large and yet provide only a subdominant contribution to the masses of the
vectorlike states. There is an infrared-stable quasi-fixed point at k£ ~ 1.05, giving a natural
expectation for its magnitude [313]. This coupling mediates a positive 1-loop contribution to
lightest Higgs scalar boson mass, provided that the masses of the new scalars are larger than
the masses of the new fermions. (This is similar to the 1-loop contribution from the top/stop

sector.) An approximate formula for this contribution, with several simplifying assumptions, is
[312]:

A(m2y) = 4%/@4@2 sin' 3 [In(z) — é(5 1)1 = 1/2) (11.2.8)
Here * = M2Z/M2, and it is assumed that the scalars in Q,Q,U, and U are approximately
degenerate with each other with average mass Mg, and likewise for the new fermions with
average mass Mp ~ Mg ~ My, that kv, is a small perturbation on these masses, and that the
mixing in the new scalar sector is small. It is also assumed that the Higgs bosons are in the
decoupling limit described at the end of section 8.1. For x > 1, eq. (11.2.8) is positive definite
and monotonically increasing with x. For example, with x = 4, the correction to the Higgs boson
mass can be about 10 GeV. (Results for the Higgs mass correction with these assumptions relaxed
can be found in [313]; mixing in the scalar sector increases the Higgs mass correction.) Note
that even in the limit of very large Mp, the contribution to m?, does not decouple, provided
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only that the hierarchy = > 1 is maintained. Despite this non-decoupling contribution to m2,,
the contributions to precision electroweak observables do decouple quadratically (like m#, /M2 ),
and so are quite benign [313].

The positive contribution to the Higgs mass from extra vectorlike quarks is a plausible way
to rescue supersymmetric theories that would otherwise have difficulty in accommodating the
125 GeV Higgs boson. For example, GMSB models typically predict much lower mjo, unless
all of the superpartners are well out of reach of the LHC, because they imply small top-squark
mixing. However, including extra vectorlike quarks with a large Yukawa coupling allows the
MSSM superpartners to be as light as their direct experimental limits in GMSB models, while
still allowing mpo = 125 GeV [315]-[317].

11.3 The next-to-minimal supersymmetric standard model

The simplest possible extension of the particle content of the MSSM is obtained by adding a
new gauge-singlet chiral supermultiplet that is even under matter parity. The resulting model
[318]-[322] is often called the next-to-minimal supersymmetric standard model or NMSSM or
(M+1)SSM. The most general renormalizable superpotential for this field content is

1 1
Wimssm = Wussm + ASH Hg + 5%53 + 5#552, (11.3.1)

where S stands for both the new chiral supermultiplet and its scalar component. There could
also be a term linear in S in Wyumssm, but in global supersymmetry it can always be removed
by redefining S by a constant shift. The soft supersymmetry-breaking Lagrangian is

1 1
LNMSSM— - pMESM_ (o SH, Hy — gans‘“) + 519552 + 1S +c.c.) —m3|S|? (11.3.2)

The tadpole coupling ¢ could be subject to dangerous quadratic divergences in supergravity [323]
unless it is highly suppressed or forbidden by some additional symmetry at very high energies.

One of the virtues of the NMSSM is that it can provide a solution to the p problem mentioned
in sections 6.1 and 8.1. To understand this, suppose we set! ;g = ;& = 0 so that there are no mass
terms or dimensionful parameters in the superpotential at all, and also set the corresponding
terms bg = b = 0 and ¢t = 0 in the supersymmetry-breaking Lagrangian. If \, k, ay, and a,
are chosen auspiciously, then phenomenologically acceptable VEVs will be induced for S, H?,
and HY. By doing phase rotations on these fields, all three of s = (S) and v, = vsin 8 = (H?)
and vy = vcos 3 = (HY) can be made real and positive. In this convention, ay + Ax*s and
a,, + 3\ Kkv,vg/s will also be real and positive.

However, in general, this theory could have unacceptably large CP violation. This can be
avoided by assuming that A\, x, a) and a, are all real in the same convention that makes s, v,,
and v, real and positive; this is natural if the mediation mechanism for supersymmetry breaking
does not introduce new CP violating phases, and is assumed in the following. To have a stable
minimum with respect to variations in the scalar field phases, it is required that a) + Aks > 0
and a,(ay + Aks) + 3Aka v, vg/s > 0. (An obvious sufficient, but not necessary, way to achieve
these two conditions is to assume that Ax > 0 and a,, > 0 and a) > 0.)

"The even more economical case with only ¢ ~ m3_  and A and ay nonzero is also viable and interesting [322].
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An effective p-term for H,H, will arise from eq. (11.3.1), with
Lot = AS. (11.3.3)

It is determined by the dimensionless couplings and the soft terms of order myg, instead of being
a free parameter conceptually independent of supersymmetry breaking. With the conventions
chosen here, the sign of per (or more generally its phase) is the same as that of A. Instead of
egs. (8.1.8), (8.1.9), the minimization conditions for the Higgs potential are now:

mi, + A (s* +v? cos® B) — (ay + Aks)scot B — (m%/2) cos(28) = 0, (11.3.4)
my;, 4+ X (s* + v sin® B) — (an + Ars)stan f + (m3/2) cos(28) = 0, (11.3.5)
m% 4+ A% + 26257 — a.s — (kA + ay/2s)v?sin(26) = 0. (11.3.6)

The effects of radiative corrections AV (v,,vq,s) to the effective potential are included by re-
placing m% — m% + [0(AV)/0s]/2s, in addition to eq. (8.1.13).

The absence of dimensionful terms in Wywmssy, and the corresponding terms in VNAMSSM)
can be enforced by introducing a new symmetry. The simplest way is to notice that the new
superpotential and Lagrangian will be invariant under a Z3 discrete symmetry, under which
every field in a chiral supermultiplet transforms as ® — €*™/3®, and all gauge and gaugino
fields are inert. Imposing this symmetry indeed eliminates u, ug, b, bs, and t. However, if this
symmetry were exact, then because it must be spontaneously broken by the VEVs of S, H,
and Hy, domain walls are expected to be produced in the electroweak symmetry breaking phase
transition in the early universe [321]. These would dominate the cosmological energy density,
and would cause unobserved anisotropies in the microwave background radiation. Several ways
of avoiding this problem have been proposed, including late inflation after the domain walls
are formed, embedding the discrete symmetry into a continuous gauged symmetry at very high
energies, or allowing either higher-dimensional terms in the Lagrangian or a very small p term
to explicitly break the discrete symmetry.

The NMSSM contains, besides the particles of the MSSM, a real P = +1 scalar, a real
Pr = +1 pseudo-scalar, and a P = —1 Weyl fermion “singlino”. These fields have no gauge
couplings of their own, so they can only interact with Standard Model particles by mixing with
the neutral MSSM fields with the same spin and charge. The real scalar mixes with the MSSM
particles h° and H°, and the pseudo-scalar mixes with A°. One of the effects of replacing the
1 term by the dynamical field S is that the lightest Higgs boson squared mass is raised, by an
amount bounded at tree-level by:

A(mio) < Mo?sin?(28). (11.3.7)

This extra contribution comes from the |Fs|? contribution to the scalar potential. Its effect is
limited, because there is an upper bound A < 0.8 if one requires that A not have a Landau
pole in its RG running below the GUT mass scale. Also, the neutral Higgs scalars have reduced
couplings to the electroweak gauge bosons, compared to those in the Standard Model, because of
the mixing with the singlets. Because the 125 GeV Higgs boson discovered by the LHC appears
to have properties like those of a Standard Model Higgs boson, it seems unlikely to have a large
admixture of the single field S. This means that there could be a yet-undiscovered neutral Higgs
scalar that is mostly electroweak singlet and even lighter than 125 GeV.
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H,|H;| Q| L d|e
Peccei-Quinn charge | +1 | +1 | -1 | =100 [0

gl

Table 11.1: Peccei-Quinn charges of MSSM chiral superfields. These charges are not unique,
as one can add to them any multiple of the weak hypercharge or B—L.

The odd R-parity singlino S mixes with the four MSSM neutralinos, so there are really five
neutralinos now. The singlino could be the LSP, depending on the parameters of the model, and
so could be the dark matter [320]. The neutralino mass matrix in the ¥/° = (B, W°, HY, H?, 5)
gauge-eigenstate basis is:

M, 0 —gva/V2  gv/V?2 0
0 M, gva/V2  —gu./V2 0

My = | —g'va/V2  gva/V2 0 “As A |- (11.3.8)
Ju V2 —gu./V2 —As 0 —\Ug
0 0 — v, —A\vg 2Ks

[Compare eq. (8.2.2).] For small v/s and \v/ks, mixing effects of the singlet Higgs scalar and the
singlino are small, and they nearly decouple. In that case, the phenomenology of the NMSSM
is almost indistinguishable from that of the MSSM. For larger A, the mixing is important and
the experimental signals for sparticles and the Higgs scalars can be altered in important ways
[319]-[322], [236].

11.4 The p~-term from non-renormalizable Lagrangian terms

The previous subsection described how the NMSSM can provide a solution to the y problem. An-
other possible solution involves generating p from non-renormalizable Lagrangian terms. If the
non-renormalizable terms are in the superpotential, this is called the Kim-Nilles mechanism[68],
and if they are in the K&hler potential it is called the Giudice-Masiero mechanism[69].

It is useful to note that when the p term is set to zero, the MSSM superpotential has a
global U(1) Peccei-Quinn symmetry, with charges listed in Table 11.1. This symmetry cannot
be an exact symmetry of the Lagrangian, since it has an SU(3). anomaly. However, if all other
sources of Peccei-Quinn breaking are small, then there must result a pseudo-Nambu-Goldstone
boson, the axion. If the scale of the breaking is too low, then the axion would be ruled out by
astrophysical observations, so one must introduce an additional explicit breaking of the Peccei-
Quinn symmetry. This is what happens in the NMSSM of the previous section. On the other
hand, if the scale of Peccei-Quinn breaking is such that the axion decay constant is in the range

10°GeV < f < 102 GeV, (11.4.1)

then the resulting axion is of the invisible DFSZ type [324] that is consistent with present
astrophysical constraints. This is an enticing possibility, since it links the solution to the strong
CP problem to supersymmetry breaking.

To illustrate the Kim-Nilles mechanism, consider the non-renormalizable superpotential
Au

W =
2Mp

S?H, Hy, (11.4.2)
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where S is an SU(3). x SU(2) x U(1)y singlet chiral superfield, and A, is a dimensionless
coupling normalized by the reduced Planck mass Mp. From Table 11.1, S has Peccei-Quinn
charge —1. If S obtains a VEV that is parametrically of order

(S) ~ /Mot Mp, (11.4.3)

then the spontaneous breaking of the Peccei-Quinn symmetry gives rise to an invisible axion of
the DFSZ type [324], with a decay constant f ~ (S) that will automatically be in the range
eq. (11.4.1). The low-energy effective theory will then contain the usual p term, with

Au

2Mp_<52> ~ Miofts (11.4.4)

M —_=
simultaneously solving the p problem and the strong CP problem. It is natural to also have a
dimensionless, holomorphic soft supersymmetry-breaking term in the Lagrangian of the form:

Lo = 2 S2H Hy o+ coc, (11.4.5)
Mp

where a; is of order mgog. The b term in the MSSM will then arise as

B g2
b= 315, (11.4.6)

and will be of order m2,,

To ensure the required spontaneous breaking with a stable vacuum, one can introduce an
additional non-renormalizable superpotential term, in several different possible ways [325]-[328].
For example, one could take [328]:

as required for electroweak symmetry breaking.

As
W =-"2-8%5" 11.4.7
o , ( )
where S’ is a chiral superfield with Peccei-Quinn charge +1. This implies a scalar potential that

stabilizes S and S’ at large field strength:

[As|®

Vs = |Fs|* + |Fs|* =
s = |Fs|"+ |Fy| IRy

ISS2(1SI? + |S']). (11.4.8)

There is also a soft supersymmetry-breaking Lagrangian:

Lo = Viors = m2|S|? +m3| S| — (&525’2 + c.c.) , (11.4.9)
4Mp

where m% and m?%, are of order m?2;, and ag is of order my,. The total scalar potential Vi + Viof:
will have an appropriate VEV of order eq. (11.4.3) provided that m%, m%, are negative or if ag
is sufficiently large. For example, with m% = m2%, for simplicity, there will be a non-trivial
minimum of the potential if |ag|? — 12m%|A\s|> > 0, and it will be a global minimum of the

potential if |ag|* — 16m%|\g|* > 0.
One pseudo-scalar degree of freedom, a mixture of S and S’, is the axion, with a very small
mass. The rest of the chiral supermultiplet from which the axion came will have masses of order
Megoft, but couplings to the MSSM that are highly suppressed. However, if one of the fermionic
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members of this chiral supermultiplet (a singlino that can be properly called an “axino” a, and
which has tiny mixing with the MSSM neutralinos NZ) is lighter than all of the MSSM odd R-
parity particles, then it could be the LSP dark matter. If its relic density arises predominantly
from decays of the would-be LSP Nl, then today Qpyh? today can be obtained from that one
would have obtained for N if it were stable, but just suppressed by a factor of m; [mg,. It is
also possible that the decay of Ny to @ could occur within a collider detector, rarely and with a
macroscopic decay length but just often enough to provide a signal in a sufficiently large sample
of superpartner pair production events [328].

There are several variations on the theme given above. The non-renormalizable superpoten-
tial could instead have the schematic form S®S’ + SS'H, H, as in the original explicit model of
this type [325], or S3S" + S?H,H, as in [327], or SS” + S?H,H, as in [328], each entailing a
different assignment of Peccei-Quinn charges for the gauge singlet fields, but with qualitatively
similar behavior. One can also introduce more than two new fields that break the Peccei-Quinn
symmetry at the intermediate scale.

The Giudice-Masiero mechanism instead relies on a non-renormalizable contribution to the
Kahler potential in addition to the usual canonical terms for the MSSM Higgs fields:

K = H,H} + H,H; + (%HquX* tee) 4. (11.4.10)
P

Here A, is a dimensionless coupling parameter and X has Peccei-Quinn charge +2, and is a
chiral superfield responsible for spontaneous breaking of supersymmetry through its auxiliary
F field. Giudice and Masiero showed [69] that in supergravity, the presence of such couplings
in the Kahler potential will always give rise to a non-zero p with a natural order-of-magnitude
of mgoge. The b term arises similarly with order-of-magnitude m? . The actual values of y and
b depend on contributions to the full superpotential and Kéhler potential involving the hidden-
sector fields including X; see [69] for details. These terms do not have any other direct effect on
phenomenology, so without faith in a complete underlying theory it will be difficult to correlate
them with future experimental results.

One way of understanding the origin of the p term in the Giudice-Masiero class of models
is to consider the low-energy effective theory below Mp involving a non-renormalizable Kéhler
potential term of the form in eq. (11.4.10). Even if not present in the fundamental theory, this
term could arise from radiative corrections [329]. If the auxiliary field for X obtains a VEV,
then one obtains

= ]\Z—‘;(F}) (11.4.11)
This will be of the correct order of magnitude if parametrically (F%) ~ mgosMp, which is
indeed the typical size assigned to the F-terms of the hidden sector in Planck-scale mediated
models of supersymmetry breaking. The b term in the soft supersymmetry breaking sector
at low energies could arise in this effective field theory picture from Kahler potential terms of
the form K = %’;Y*ZHUHd, where (Fy) ~ (Fyz) ~ mgMp. However, this is not necessary,
because with p ;Z 0, the low-energy non-zero value of b will arise from threshold effects and
renormalization group running. One could also identify both of the fields Y, Z with X, at the
cost of explicitly violating the Peccei-Quinn symmetry.
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11.5 Extra D-term contributions to scalar masses

Another way to generalize the MSSM is to include additional gauge interactions. The simplest
possible gauge extension introduces just one new Abelian gauge symmetry; call it U(1)x. If it
is broken at a very high mass scale, then the corresponding vector gauge boson and gaugino
fermion will both be heavy and will decouple from physics at the TeV scale and below. However,
as long as the MSSM fields carry U(1)x charges, the breaking of U(1)y at an arbitrarily high
energy scale can still leave a telltale imprint on the soft terms of the MSSM [330].

To see how this works, let us consider the scalar potential for a model in which U(1)x is
broken. Suppose that the MSSM scalar fields, denoted generically by ¢;, carry U(1)x charges x;.
We also introduce a pair of chiral supermultiplets S, and S_ with U(1)x charges normalized
to +1 and —1 respectively. These fields are singlets under the Standard Model gauge group
SU(3)c x SU(2)p x U(1)y, so that when they get VEVs, they will just accomplish the breaking
of U(1)x. An obvious guess for the superpotential containing S, and S_ is W = MS,S_,
where M is a supersymmetric mass. However, unless M vanishes or is very small, it will yield
positive-semidefinite quadratic terms in the scalar potential of the form V = |M|*(|S; [*+]S_|?),
which will force the minimum to be at S, = S_ = 0. Since we want S, and S_ to obtain VEVs,
this is unacceptable. Therefore we assume that M is 0 (or very small) and that the leading
contribution to the superpotential comes instead from a non-renormalizable term, say:

A g2

= . 11.5.1

w oI S8 (11.5.1)

The equations of motion for the auxiliary fields are then Fg = —0W/0S, = —(\/Mp)S;.S? and

F§ = —0W/0S5_ = —(A\/Mp)S_S?%, and the corresponding contribution to the scalar potential
is

V—\F2F2—N54S2S2S4 11.5.2

e = s+\+|s|—Mg(|+\|_\+|+\|_\). (115.2)

In addition, there are supersymmetry-breaking terms that must be taken into account:

a

Vi = mi S +m? |S_ [ = (-

5252 + c.c.) : (11.5.3)
The terms with m? and m? are soft squared masses for Sy and S_. They could come from a
minimal supergravity framework at the Planck scale, but in general they will be renormalized
differently, due to different interactions for S, and S_, which we have not bothered to write
down in eq. (11.5.1) because they involve fields that will not get VEVs. The last term is a
“soft” term analogous to the a terms in eq. (5.1), with a of order mg.g. The coupling a/2Mp is
actually dimensionless, but should be treated as soft because of its origin and its tiny magnitude.
Such terms arise from the supergravity Lagrangian in an exactly analogous way to the usual
soft terms. Usually one can just ignore them, but this one plays a crucial role in the gauge
symmetry breaking mechanism. The scalar potential for terms containing S, and S_ is:

1 2
V= s0x (1S4 = IS-1* + @il dil®)” + Vi + Vior. (11.5.4)
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The first term involves the square of the U(1)x D-term [see egs. (3.4.11) and (3.4.12)], and gx
is the U(1)x gauge coupling. The scalar potential eq. (11.5.4) has a nearly D-flat direction,
because the D-term part vanishes for ¢; = 0 and any |S;| = |S_|. Without loss of generality, we
can take a and \ to both be real and positive for purposes of minimizing the scalar potential. As
long as a® —6A*(m3 +m?) > 0, there is a minimum of the potential very near the flat direction:

(S4)? = (S)? & [a+ /a2 = 6X2(m3 + m2)| Mp /6 (11.5.5)

(with (¢;) = 0),s0 (S4) =~ (S_) ~ O(Vmgo Mp). This is also a global minimum of the potential
if a —8X\*(m2 4+ m?2) > 0. Note that m2 +m? < 0 is a sufficient, but not necessary, condition.
The Vg contribution is what stabilizes the scalar potential at very large field strengths. The
VEVs of S, and S_ will typically be of order 10'° GeV or so. Therefore the U(1)x gauge boson
and gaugino, with masses of order gx(S1), will play no role in collider physics.

However, there is also necessarily a small deviation from (S} ) = (S_), as long as m? # m?.
At the minimum of the potential with 0V/0S, = 0V/0S_ = 0, the leading order difference in

the VEVs is given by
<S+>2 - <5—>2 = —(Dx)/gx = (mz_ - mi)/2g§<, (11.5.6)

assuming that (S,) and (S_) are much larger than their difference. After integrating out S,
and S_ by replacing them using their equations of motion expanded around the minimum of
the potential, one finds that the MSSM scalars ¢; each receive a squared-mass correction

Am? = —x;9x{Dx), (11.5.7)

in addition to the usual soft terms from other sources. The D-term corrections eq. (11.5.7) can
be roughly of the order of m2;, at most, since they are all proportional to m? —m?. The result
eq. (11.5.7) does not actually depend on the choice of the non-renormalizable superpotential, as
long as it produces the required symmetry breaking with large VEVs; this is a general feature.
The most important feature of eq. (11.5.7) is that each MSSM scalar squared mass obtains a
correction just proportional to its charge z; under the spontaneously broken gauge group, with
a universal factor gx(Dx). In a sense, the soft supersymmetry-breaking terms m3 and m?
have been recycled into a non-zero D-term for U(1)y, which then leaves its “fingerprint” on the
spectrum of MSSM scalar masses. From the point of view of TeV scale physics, the quantity
gx{Dx) can simply be taken to parameterize our ignorance of how U(1)x got broken. Typically,
the charges z; are rational numbers and do not all have the same sign, so that a particular
candidate U(1)y can leave a quite distinctive pattern of mass splittings on the squark and
slepton spectrum. As long as the charges are family-independent, the squarks and sleptons with
the same electroweak quantum numbers remain degenerate, maintaining the natural suppression
of flavor-mixing effects.

The additional gauge symmetry U(1)x in the above discussion can stand alone, or may per-
haps be embedded in a larger non-Abelian gauge group. If the gauge group for the underlying
theory at the Planck scale contains more than one new U(1) factor, then each can make a con-
tribution like eq. (11.5.7). Additional U(1) gauge group factors are quite common in superstring
models, and in the GUT groups SO(10) and FEjg, suggesting optimism about the existence of
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corresponding D-term corrections. Once one merely assumes the existence of additional U(1)
gauge groups at very high energies, it is unnatural to assume that such D-term contributions
to the MSSM scalar masses should vanish, unless there is an exact symmetry that enforces
m?% = m2. The only question is whether or not the magnitude of the D-term contributions
is significant compared to the usual minimal supergravity and RG contributions. Therefore,
efforts to understand the sparticle spectrum of the MSSM may need to take into account the
possibility of D-terms from additional gauge groups.

12 Concluding remarks

In this primer, I have tried to convey some of the more essential features of supersymmetry as
a theory of physics beyond the Standard Model. One of the nicest qualities of supersymmetry
is that so much is known about its implications already, despite the present lack of direct
experimental evidence. The interactions of the Standard Model particles and their superpartners
are fixed by supersymmetry, up to mass mixing effects due to supersymmetry breaking. Even
the terms and stakes of many of the important outstanding questions, especially the paramount
issue “How is supersymmetry broken?”, are already rather clear. That this can be so is a
testament to the unreasonably predictive quality of the symmetry itself.

At this writing, LHC searches have been performed based on 5 fb™! at /s = 7 TeV, 20
fb~! at /s = 8 TeV, and 4 fb~! at /s = 13 TeV. These searches have not found any evidence
for superpartners, and have put strong lower bounds on the masses of squarks and the gluino
in large classes of models. Even for the weakly interacting superpartners, the mass limits have
begun to exceed those from LEP, in some cases greatly so. The earliest search strategies used by
ATLAS and CMS were tuned to simple and optimistic templates, including the the MSUGRA
scenario with new parameters m3, m; /2, Ao, tan B and Arg(p), and the GMSB scenario with
new parameters A, Mpyess, N5, (F), tan 5, and Arg(u). However, the only indispensable idea
of supersymmetry is simply that of a symmetry between fermions and bosons. Nature may
or may not be kind enough to realize this beautiful idea within one of the specific frameworks
that have already been explored well by theorists. More recent searches reported by the LHC
experimental collaborations probe the more general supersymmetric parameter space, including
R-parity violating models, and models in which small mass differences or decay modes with
softened visible energies make the detection of supersymmetry more difficult.

While the present lack of direct evidence for sparticles is disappointing, it is at least consistent
with the observation of myo = 125 GeV. As noted above, this value of the lightest Higgs boson
mass points to top squarks that are quite heavy, at least within the MSSM with small or moderate
stop mixing. In many model frameworks, the top-squark masses are correlated, through radiative
corrections, with the masses of the other squarks and the gluino. Therefore, based only on the
information that myo = 125 GeV, one could have surmised that supersymmetry probably would
not be discovered early at the LHC, and that perhaps even with y/s = 13 or 14 TeV the discovery
of sparticles is not favored, contrary to earlier expectations. A more optimistic inference one
could draw is that the MSSM is likely to be augmented with additional particles or interactions
that raise the h? mass, as discussed for example in sections 11.2 and 11.3.

It is also worth nothing that most of the other theories that had been put forward as solutions
to the hierarchy problem are in no better shape than supersymmetry is, given the discovery of
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the 125 GeV Higgs boson as well as the lack of other evidence for exotic physics at the LHC in
the runs at 7 and 8 TeV. In fact, many of the competitors to supersymmetry in this regard have
now been eliminated. Therefore, based on a belief that the hierarchy problem needs a solution
at the TeV scale, and the alternatives are less than compelling, I personally maintain a guarded
optimism that supersymmetry will be discovered at the LHC in the higher energy runs that
have just begun.

If supersymmetry is experimentally verified, the discovery will not be an end, but rather a
beginning in high energy physics. It seems likely to present us with questions and challenges
that we can only guess at presently. The measurement of sparticle masses, production cross-
sections, and decay modes will rule out some models for supersymmetry breaking and lend
credence to others. We will be able to test the principle of R-parity conservation, the idea that
supersymmetry has something to do with the dark matter, and possibly make connections to
other aspects of cosmology including baryogenesis and inflation. Other fundamental questions,
like the origin of the u parameter and the rather peculiar hierarchical structure of the Yukawa
couplings may be brought into sharper focus with the discovery of superpartners. Understanding
the precise connection of supersymmetry to the electroweak scale will surely open the window
to even deeper levels of fundamental physics.
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