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COEMUN. STATIST.-THEORY METH., 1 9 ( 5 ) ,  1811-1525 (1990) 

A SURVEY OF TESTS FOR EXPONENTIALITY 

Steven Ascher 

Robert  Wood Johnson Pharmaceut ical  Research I n s t i t u t e  
Sp r i ng  House, Pa, 19477 
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A wide s e l e c t i o n  o f  t e s t s  f o r  e x p o n e n t i a l i t y  i s  d iscussed and 

compared. Power computa t ions ,  us ing  s i m u l a t i o n s ,  were done f o r  each 

procedure .  C e r t a i n  t e s t s  (e .g .  Gnedenko (1969),  L i n  and Mudholkar 

(1980),  H a r r i s  (1976),  Cox and Oakes (1984),  and Deshpande (1983) )  

per formed w e l l  f o r  a l t e r n a t i v e  d i s t r i b u t i o n s  w i t h  non-monotonic hazard 

r a t e s ,  w h i l e  o the rs  (e .g .  Deshpande (1983),  G a i l  and Gas tw i r t h  (1978) ,  

Kolmogorov-Smirnov ( L i  1 l i e f  o rs  ( l g b g ) ) ,  Hahn and Shap i ro  ( l 9 6 7 ) ,  

H o l l a n d e r  and Proschan (1972) '  and Cox and Oakes (1984) )  f a r e d  w e l l  

f o r  monotonic hazard r a t e s .  Of a l l  t h e  procedures compared, t h e  score 

t e s t  p resented i n  Cox and Oakes (1984) appears t o  be t h e  bes t  i f  one 

does n o t  have a  p a r t i c u l a r  a l t e r n a t i v e  i n  mind, 

3 .  INTRODUCTION 

Ex tens i ve  l i t e r a t u r e  e x i s t s  on t e s t s  f o r  e x p o n e n t i a l i t y .  Many 

procedures  have been proposed rang ing f rom H a r t l e y ' s  F Max t e s t  

( H a r t l e y  (1950) )  t o  t h e  score  t e s t  o f  Cox and Oakes (1984).  There 

does n o t  appear t o  be any agreement as t o  wh ich  procedure i s  t h e  bes t ,  

o r  even on how t o  d e f i n e  b e s t ,  

Copyright @ 1990 by Marcel Dekker, Inc 
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1812 S C H E R  

S p u r r i e r  (1984)  o f f e r s  adv i ce  and comments on a  v a s t  number o f  

t e s t s  f o r  e x p o n e n t i a l i t y ,  b u t  does n o t  s imu l t aneous l y  compare t h e  

procedures .  Lee, Locke, and S p u r r i e r  (1980) d i scuss  seve ra l  one-sided 

t e s t s  and do power s i m u l a t i o n s  t o  compare them. Comarisons a r e  a l s o  

p resen ted  i n  D 'Agos t i no  and Stephens (1986) .  The purpose o f  t h i s  

paper  i s  t o  d i scuss  and compare a  w ide  s e l e c t i o n  o f  t e s t s  f o r  

e x p o n e n t i a l i t y ,  b o t h  one-sided and two-s ided.  Power computa t ions ,  

u s i n g  s i m u l a t i o n s ,  were done f o r  each procedure .  

2 .  DESCRIPTION OF TESTS 

L e t  XI, X 2 , .  ~. ,XN be a random sample f r om a  p o p u l a t i o n  w i t h  

d e n s i t y  f u n c t i o n  f X ( . ) .  The n u l l  hypo thes i s  under c o n s i d e r a t i o n  i s  

Ho: f X ( x )  = h EXP { - h x )  i e . ,  t h e  random v a r i a b l e  X i s  

e x p o n e n t i a l l y  d i s t r i b u t e d  w i t h  parameter h) where x 2 0 and X > 

0. Each o f  t h e  t e s t s  d iscussed here  i s  s c a l e  i n v a r i a n t  ( i . e . ,  l. 

does n o t  have t o  be s p e c i f i e d ) ,  Normal ized spac ings ,  wh ich  a r e  used 

i n  s e v e r a l  t e s t s  a r e  d e f i n e d  as :  Di = ( N - i + l ) ( X  - ( i )  ' ( i -11) '  
where i = 1,2,. . . ,N, X  ( 0 )  = 0, and . ..<X 

X(l)5X(2)i - (N) a r e  t h e  
o r d e r  s t a t i s t i c s ,  A d e s c r i p t i o n  o f  t h e  procedbres  under e o n s i d e r a t t o n  

f o l l o w s .  

1- Gnedenko's F - t e s t :  Q(R) - Th i s  procedure  i s  due t o  Gnedenko 

(1969)  and i s  d i scussed  by L i n  and Mudhojkar (1980) and Fercho 

and R inge r  ( 1 9 7 2 ) ,  The N da ta  p o i n t s  a r e  o rde red  and s p l i t  i n t o  

two groups w l t h  g roun  one c o n t a i n i n g  t h e  f i r s t  R p o i n t s  and 

group two t h e  rema in ing  N-R. The t e s t  statistic i s ,  

I f  t h e  n u l l  h y p o t h e s i s  o f  e x p o n e n t i a l i t y  i s  t r u e ,  t h e n  Q ( R )  has 

an F d i s t r i b u t i o n  w i t h  2R and 2(N-R) degrees o f  freedom. The 

hypo thes i s  i s  r e j e c t e d  f o r  bo th  sma l l  and l a r g e  va lues  o f  Q ( R ) .  

Fercho and R inge r  recommend s e t t i n g  R = N/2 and c l a i m  t h e  t e s t  
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TESTS FOR EXPONENTIALITY 1813 

i s  well sui ted f o r  Weibull a l t e r n a t i v e s  and Gammas with monotone 

hazard r a t e s ,  

2- Har r i s '  modification of Gnedenko's F- tes t :  Q 1 ( R )  - This t e s t  was 

proposed by Harris (1976)  and discussed by i i n  and Mudholkar 

(1980) .  The t e s t  s t a t i s t i c  i s :  

Q i ( R )  i s  d i s t r i b u t e d  as  an F with 4R and 2(N-2R) degrees of 

freedom, given the  nul l  hypothesis i s  t r u e .  The hypothesis i s  

re jected f o r  both small and large values of Q ' ( R ) .  This 

procedure i s  claimed t o  be powerful aga ins t  the log normal 

dSstrSbut5on (which has a  U shaped hazard) and i n f e r i o r  f o r  

monotone hazards. Harris recommends s e t t i n g  R N / 4 .  

3- Lin and Mudholkar's Bivariate  

i s  e s s e n t i a l l y  a combination 

proposed by Lin and Yudholkar 

F-test :  B F ( R )  - T h i s  t e s t ,  which 

of t e s t s  one and two above, was 

( 7980 ) .  Let 

P M 
1 D j / Q  2 Di / R  
i = l  i=N-Ril 

F !  = -- and FU = 

N-R N-R 
2 D j / ( N - 2 R )  2 D - i / ( N - 2 R )  
i=R+l l = R t l  

Conditional on t h e  n u l l  hypothesis,  F L  and Fcl j o i n t l y  fo1iow 

a  b ivar ia te  F d i s t r i b u t i o n .  Rejection of exponenlia3ity wil l  

occur i f  e i t h e r  FC o r  FU i s  not within some in te rva l  ( a , b ) .  

T h i s  interval  i s  determined by using t h e  following theorem from 

Hewett and Buigren ( 9 9 7 1 ) :  For any 0 5 a  5 b  <+m, P(a _4 F L  
2 < D, a  ( FU 5 blHO) "P(a 5 F 5 b ) ] ,  where F i s  - 

Snedecor's F random variable  w i t h  2R and 2(N-2R) degrees of 

freedom, The r i g h t  h a ~ d  s ide  of the  inequa l j ty  i s  s e t  equal t o  

1 - 8 (where a i s  the desired Type I e r r o r )  and assuming 
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1814 ASCHER 

equal tail probabilities for F ,  a and b are easily obtained. 

This procedure i s  claimed to be powerful against alternatives 

with non-monotone hazards (e.g. log normal). Lin and Mudholkar 

(1980) recommend using R - N/10. 
4 -  Skewness and Kurtosis: KUSK - The test statistic proposed here 

is : K - (R, + 0.5)/R2, where 
A A 

= ;:/$ (sample 

skewness coefficient) and R 2  - p4/p$ (sample kurtosis 

coefficient). When the null hypothesis i s  true, 

(B, t 0.5)/b2 assumes a value of 0.5. Lower and upper 

critical values for K are obtained using simulations. For small 

sample sizes, this test will be misleading as both ill and B 2  

are sensitive to outliers. 

5 -  Hollander and Proschan's "New Better Than Used" test: HP - This 

procedure, which is proposed by Hollander and Proschan ( 1 9 7 2 ) ,  

is usually applied to one-sided alternatives (new better than 

used or new worse than used). In this paper, since no knowledge 

of the alternative hypothesis was assumed, the test was 

two-sided. The test statistic is: 

The authors provide a table of approximate lower and upper 

critical values and the following Normal approximation: 

where E 

(N-1 )(N-2)[ 

(TIHo) = N(N-1)(N-2)/8 and VAR(T]Ho) = j1.5(N) 

(5/2592)(N-3)(N-4) + (N-3)(7/432) t (1/48)]). When 

the null hypothesis is true and N approaches infinity, T* has an 

asymptotic Normal distribution with mean 0 and variance 1 ,  

6- The WE test: WE1 - The WE test statistic proposed by Hahn and 

Shapiro (1957) and discussed by bee (1980) and Lee, Locke, and 
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TESTS FOR EXPONENTIALITY 

Spurrier (1980) is: 

- 
where s2 is the sample variance and X is the sample mean. A 

table of lower and upper critical values rnay be found in iee 

(1980). 

7 -  The Gini statistic: G - This procedure, introduced by Gail and 

Gastwirth ( 1 9 7 8 ) ,  has the following test statistic: 

The authors provide a table of approximate lower and upper 

criiical values and the following Normal approximation: 

where E(G\Ho) = 0.5 and VAR(GIHo) 1 / [ 1 2 ( N - I ) ] ,  Under the 

assumption of exponentiality, G* has an asymptotic standard 

Normal distribution even for samples as small as 10. Good power 

is claimed for Weibull, Uniform, and Gamma alternatives. The 

Gini statistic may also be adapted to data which i s  censored at 

X where R 5 N. 
( R !  

8 -  The Lorenz statistic: L - Gail and Gastwirth (1978) found that 

the Lorenz statistic yielded a powerful test for 

exponentiality. The test statistic is: 

where 0 < p < 1 and [Np] i s  the largest integer less than or 

equal to Np. The authors provide lower and upper critical 

values and recommend setting p = 0.5. 
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1816 ASCHER 

9 -  The P i e t r a  s t a t i s t i c :  P - T h i s  p r o c e d u r e  i s  d i s c u s s e d  b y  G a i l  

and G a s t w i r t h  ( 1 9 7 8 )  who p r o v i d e  t h e  f o l l o w i n g  t e s t  s t a t i s t i c :  

The a u t h o r s  p r o v i d e  l o w e r  and u p p e r  c r i t i c a l  v a ? u e s .  

1 0 -  E p s t e i n :  EPS - T h i s  t e s t  i s  due t o  E p s t e i n  ( 1 9 6 0 j  and i s  

d i s c u s s e d  by  F e r c h o  and  R i r q e r  ( 1 9 7 2 ) .  :he t e s t  s t a t i s t i c  i s :  

where  i n  i s  t h e  n a t u r a l  l o g a r i t h m .  

G i , ~ e n  t h e  n u l l  h y p o t h e s i s  i s  t r u e ,  EPS i s  a p p r o x i m a t e l y  

d i s t r i b u t e d  a j  a  C h i - s q u a r e  w i t h  hi-1 degrees  o f  i r e e a o m .  The 

h y p o t h e s i s  i s  r e j e c t e d  f o r  l a r g e  v a l u e s  o f  EPS. T h i s  p r o c e d c r e  

i s  c l a i m e d  t o  be p o w e r f u l  a g a i n s t  Gamma and W e i b u l l  alternatives. 

11 - Ko lmogorov -Smi rnov  t e s t :  KSL - 1-he p a r a m e t e r  X was e s t i m a t e d  

by t h e  i n v e r s e  o f  t h e  sample mean and c r i t i c a l  v a l u e s  p r o v i d e d  

oy ii I ?  j e f o r s  !1969)  w e r e  u s e d .  

1 2  - Deshpande 's  t e s t :  J . o  - T h i s  p r o c e d u r e  was p roposed  b y  Deshoande 

( 1 9 8 3 )  i o r  t e s t i n g  e x p o n e n t i a l i t y  a g a i n s t  d i s t r i b u t i o n s  w i t h  

i n c r e a s i n g  f a i l u r e  r a t e s ,  The t e s t  s t a t i s t i c  i s  computed as 

f o l l o w s :  M u i t i p l y  Xi, i - 1 , 2  , . , . ,  N b y  b  ( b  - 0 . 5  o r  0 . 9  h e r e )  

and a r r a n g e  X I , . . . ,  XN and bY , , . . . ,  bXN t o g e t b e r  i n  

i n c r e a s i n g  o r d e r  o f  m a g n i t u d e .  C a l c u l a t e  t h e  q u a n t i t y  

N 

where  R .  i s  t h e  r a n k  o f  Xi. O n e - s i d e d  c r i t i c a l  v a l u e s  
1 

o b t a i n e d  by  s i m u l a t i o n  f o r  t h i s  W i l c o x o n - t y p e  s t a t i s t i c  a r e  

p r o v i d e d  by  t h e  a u t h o r  f o r  b  - 0.5 and 0 . 9 ,  when N 5 I .  7he 

a u t h o r  recommends u s i n g  J .  5 whenever  t h e  a l t e r n a t i v e  

d i s t r i b u t i o n  i s  s u s p e c t e d  o f  l y i n g  i n  Lhe l a r g e r  new b e t t e r  t h a n  

D
ow

nl
oa

de
d 

by
 [

N
ov

os
ib

ir
sk

 S
ta

te
 T

ec
hn

ic
al

 U
ni

ve
rs

ity
] 

at
 0

2:
40

 1
7 

Ja
nu

ar
y 

20
12

 



TESTS FOR EXPONENTIALITY 1817 

used class and J.9 when the alternative is the restricted 

increasing failure rate average class. Since we are assuming no 

a priori knowledge about the alternate distribution, two-sided 

critical values For N = 20 were obtained by simulation, and used 

in this study. Deshpande also gives L> following Normal 

approximation to the test: n" [J.b-M(F3 is asymptotically 

norm all^ distributed with mean 0 dnd varian,.e 4c where under the 

assumption of exponentiality, R ( F )  = (b+l)-' and 

4 1 2(1 -b) 2b 
1 

c : -  ( I t - - + - . +  I 
bt2 2b+1 btl b2+b+l - (s 1 I- d 

1 3 -  Hartley's F Max test: HARlF - This test, which was proposed by 

Hartley (1950)  and discussed by Fercho and Ringer (1972). 

resulted from a test for homogeneity of variances, The test 

statistic is: 

H A R l F  - Max(Wi)/Min(Wi), where 1 5 i 5 K ,  

K =- the number of groups, and R - the size of each group. Given 

the nu1 l hypothesis is true, I H A R l t  has an F Max distribution 

with 2R and K degrees of freedom. The hypothesis i s  rejected 

For large values of I~ARIF, When N : 20, Fercho and Ringer 

recommend setting K 2 and R - 1 0 .  

I 4  Cox and Oakes Score test: COX - ?his procedure, which i s  found 

in Cox and Oakes (1984), is oased on the score function: 

where the first summation i s  taken over all the ~ncensored 

(observable) points and d is the number of uncensored points. 

In the present case, all the points are observable (i,e. 

d = N). Ry using the information matrix, an asymptotic standard 

Normal deviate may be computed. lhe hyoothesis of 

exponentiality i s  rejected for both large and small values of 
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1816 ASCHER 

the deviate. A pleasing feature of this procedure is the 

ability to handle censored data. The authors claim the test to 

be useful against alternative hypotheses which specify monotone 

hazard functions, 

15- Wong and Wong's Extremal Quotient Test: EXQT - This test, which 

is proposed by Wong and Wong (1979), is based on a quantity 

known as the extremal quotient: Q - X(n)/X(l), where X 
( 1  1 

and X are the smallest and largest order statistics of the 

sample, respectively. The authors provide critical values for 

this test, which rejects the nuli hypothesis for large values of 

Q 

When discussing critical regions for rejection of the null 

hypothesis in the above tests, no knowledge of the alternative 

hypothesis was assumed. Hence, for tests which could be one-sided or 

two-sided, the two-sided option was used. Tests with this option 

included qumbers 1 ,  2, 4-9, and 14. 

There are many tests for exponentiality which are not discussed 

here. Some of these include the use of Cramer-von Mises statistics 

with censored data (Pettitl (1977) and Sirvanci and Levent (1982)), 

modifications of Epstein's test lo K groups of R items (Epstein 

(1960)), extensions of the WE1 test (Shapiro and Wilk ( 1 9 7 2 ) ) ,  

modifications of the Kolmogorov-Smi rnov procedure (Margo1 in and Maurer 

(1976) and Durbin (1975)), a test based on the empirical 

characteristic function (Epps and Pulley (7986)), and procedures 

proposed by Jackson (19671, Morar~ (19511, Proschan and Pyke (1967), 

Bickel and Doksum (1969), Chen, Hollander, and I-angberg (1983)" Koul 

(l978), Kimber (1985). and Spinelli and Stephens (1987). The work of 

Spurrier ( 19841, Lee, Locke and Spurrier (l98O), arid Stephens (1986) 

also provide comments and references about other tests for 

exponentiality not mentioned here. 

3. POWER RESULTS - - -. -- 

?he tests for exponentiality described in section 2 were compared 

witn respect to power against a broad class o f  alterndte distributions 
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TESTS FOX EXPONEUTIALITY 1519 

( s e e  T a b l e  I ) .  T h i s  c l a s s  i n c l u d e d  t h r e e  d i s t r i b u t i o n s  w i t h  

m c n o t o n ' i c a i l y  d e c r e a s i n g  h a z a r d  r a t e s  (gammas w i t h  shape p a r a m e t e r s  

0 . 5  and 0.7 and w e i b u l l  w i t h  shape p a r a m e t e r  D.B), n i n e  w i t h  

m o n o t o n i c a l l y  i n c r e a s i n g  h a z a r d  r a t e s  ( u n i f o r m  on 0  t o  1 ,  gammas v f t h  

shape p a r a m e t e r s  1 . 5 ,  2 ,  and 4 ,  w e i b u l l s  w i t h  shape paramete rs  1 . 2  and 

1 . 5 ,  b e t a s  w i t h  shape p a r a m e t e r s  1 . 2  and 2,1, and t h e  t r i a n g u l a r  

d i s t r i b u t i o n ) ,  and t h r e e  whose h a z a r d  r a t e s  a r e  non-monoton ic  ( l o g  

n o r m a l s  w i t h  shape p a r a m e t e r s  0 .6  and 1,O and b e t a  w i t h  shape 

p a r a m e t e r s  0 . 5 ,  1 . 0 ) .  I n  a d d i t i o n ,  t o  i n v e s t i g a t e  s e n s i t i v i t y  t o  

o u t l i e r s  t h e  f o l l o w i n g  " c o n t a m i n a t e d "  e x p o n e n t i a !  d i s t r i b u t i o n s  were 

c o n s i d e r e d :  a, )  18  o b s e r v a t i o n s  f r o m  a  n e g a t i v e  e x p o n e n t i a l  

d i s t r i b u t i o n  of  mean 1 and 2 o b s e r v a t i o n s  f r o m  a  n e g a t i v e  e x p o n e n t i a l  

o f  mean 3 J i . e . ,  h = 1 / 3 1  and b . )  18 f r o m  a  n e g a t i v e  e x p o n e n t i a l  o f  

mean 1 and 2 f r o m  a  n e g a t i v e  e x p o n e n t i a l  o f  mean 5  (i . e . ,  h 115 

see T a b l e  I ) .  Smal! d e v i a t i o n s  f r o m  t h e  n e g a t i v e  e x p o n e n t i a l  

d i s t r i b u t i o n  were examined b y  c o n s i d e r i n g  f ?om t h e  above, t h e  t w o  

gamma d i s t r i b u t i o n s  w i t h  shape paramete rs  0 .7  and 1 . 5  and t h e  w e i b u l l  

w i t h  shape p a r a m e t e r  1 . 2  ( s e e  T a b l e  I ) .  These t h r e e  d i s t r i b u t i o n s  a r e  

s i m i l a r  i n  shape t o  t h e  n e g a t i v e  e x p o n e n t i a l .  The d e n s i t y  f u n c t i o n s  

f o r  t h e  a f o r e m e n t i o n e d  d i s t r i b u t i o n s  may be f o u n d  i n  P a t e l ,  Kapad ia ,  

and Owen ( 1 9 7 6 ) .  

I h e  sample s i r e  'was f i x e d  a t  20 and 1000  v a l u e s  o f  each  t e s t  

s t a t i s t i c  were  s i m u l a t e d  i o r  each a l t e r n a t e  d i s t r i b i ~ t i o n .  A t y p e  I 

e r r o r  o f  0.05 was u t i l i z e d .  S i m u l a t i o n s  done w i t h  t h e  a l t e r n a t e  

d i s t r i b u t i o n  s e t  equa l  t o  t h e  n e g a t i v e  e x p o n e n t i a l  ( x  1)  d i d  n o t  

y i e l d  any i n c o n s i s t e r ~ c i e s  w i t h  t h e  p r e s e t  t y p e  I e r r o r .  N o t e  t h a t  

each  e n t r y  o f  T a b l e  I i s  s u b j e c t  t o  maximum s t a n d a r d  d e v i a t i o n  o f  

0.0158 ( [ ( 0 . 5 ~ / 1 0 0 0 ] "  0 . 0 1 5 8 ) ,  

The b a s i c  a s s u m p t i o n  u n d e r l y i n g  t h e  s i m u l a t i o n s  was t h a t  t h e  u s e r  

bad n o  knowledge o f  t h e  a l t e r n a t e  d i s t r i b u t i o n .  Hence, c r j l i c a l  

r e g i o n s  f o r  t e s t s  w h i c h  had a  o n e - s i d e d  o r  t w o - s i d e d  o p t i o n ,  d e r c  

t w o - s i d e d .  The p o i n t  o f  d i s c u s s i n g  d i f f e r e n t  h a z a r d  shapes, w h i l e  

s t i l l  u s i n g  t w o - - s i d e d  r e j e c t i o n  r e g i o n s ,  was t o  assess  each t e s t  i n  

t h e  b r o a d e s t  p o s s i b l e  sense .  S i n c e  an  a l t e r n a t e  d S s t r i h u t i o n  mus t  

have a  p a r t i c u l a r  h a z a r d  shape, we a r e  l o o k i n g  a t  t h e  conseauences of 
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TESTS FOR EXPONENTIALITY 1 8 2 1  

assuming no a priori knowledge of its shape. Obviously, if one does 

have knowledge of the shape, then the more specialized one-sided 

critical regions should be employed where appropriate as should the 

two -sided regions. 

When the alternate distributio~ possessed a non monotonic hazard 

rate the Gnedenko ( Q ( 2 ) ) ,  Harris ( Q L ( 2 ) ) ,  Lin and Mudholkar ( B F ( 2 )  and 

B F ( 4 ) ) ,  Cox and Oakes, and Deshpande ( J . 5 )  tests did relatively well 

for the set of distributions copsidered. Lin and Mudholkar claim that 

their procedure and that of Harris are powerful in detecting 

non monotonic hazards, The results of lable 1 seem to support these 

claims. Since Harris' test i s  similar to that of Gnedenko it is not 

surprising that the Gnedenko test performs well for non-monotonic 

hazards. These results however are not consistent with the 

recommendations to use Q(10) and Q 1 ( 5 )  when the sample size is 20, but 

do appear consistent with advice to use B F ( 2 )  and 3 . 5 .  The Epstein, 

KUSK, Hartley, Deshpande ( J . 9 ) ,  and extremal quotient procedures did 

relatively poorly for the set of distributions considered, 

Many of the tests considered did relatively well when the alternate 

distribution possessed either a monotonically increasing or 

monotonically decreasing hazard rate. Cox and Oakes, Deshpande ( 3 , 5 ) ,  

Gnedenko, Lin and Mudholkar, and Hollander and Proschan all claim 

their procedures are powerful for detecting monotonic hazards. The 

results in Table I seem to support their claims, although the Lin and 

Mudholkar and Gnedenko procedures appear better suited to alternatives 

with non-monotonic hasards. She Gini , lor en^, and Pietra procedures 

as discussed in Gail and Gastwirth (1978) as well as the Hahn and 

Shapiro (WE1 ) and Kolmogorov-Smi rnov procedures, also performed 

relatively well. Harris' procedure, as claimed by Lin and Mudnolkar, 

does not appear to do well for monotonic hazard rates. ?he Epstein, 

KUSK, Deshpande j J . S ) ,  ana extrerna? quotlent procedures also did 

relatively poorly. 

She Hahn and Shapiro ( W E ] )  and KUSK procedures did relatively well in 

the presence of outliers. This result is not surprising as these 

procedures are essentially functions o f  the sample variance which i s  
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1 8 2 2  ASCHER 

greatly influenced by outliers. Hence, larger values of the test 

statistics are generally produced which in turn increases the 

probability of rejecting the null hypothesis of exponentialily. 

When the alternate aistribution being considered was nearly 

exponential, the procedures due to Cox and Oakes, Deshpande ( 5 . 5 1 ,  and 

Hollander and Proschan performed relatively well. 

4. SUMMARY 

When a priori nothing i s  known ~ b o u t  the ajternate distribution (i .e, 

hazard shape) the score procedure as described in Cox and Oakes (1984) 

appears to be the "best" for the class of alternate distributions 

considered here. This test also did well in rejecting exponentiality 

for alternate distributions which were nearly exoonential in shape, The 

Cox and Oakes procedure i s  easy to compute and can also accommodate 

censored data* Procedures which also performed well were: Reshpande 

( J . 5 ) ,  Lorenz, Gnedenko ( Q ( 2 ) ,  Q ( 4 ) ,  and Q ( 5 ) ) ,  Hollander and Proschan, 

L i n  and FIudholkar ( B F ( 2 )  and H i j c i ) ) ,  Pietra, Gini , Kolrnogorov-Smi rnov, 
and Hahn and Shapiro ( W E 1 ) .  

ioihen the alternative distribution possessed a non-monotonic hazard 

the Gnedenko, Harris, Lin and Hudholkar, Cox and OaKes, and Deshpande 

( J . 5 )  procedures all fared relatively well. When the hazard was 

rnonotoni c the Cox and Oakes, Deshpanae ( 3 , 5 ) ,  Ko~mogorov -Smi rnov, 

Hollander and Proschan, Gini, iorenz, Pietra, and Hahn and Shaprio ( # E l )  

procedures all did relatively well. 

It would be more desireable to tailor the choice of rest to specific 

knowledge about the alternate distribution. If  a monotonic hazard is 

suspected, a more specialized (i .e., one -sided test) procedure would be 

more appropriate, while the use of a two-sided test may be more 

appropriate for non-monotonic hazards. As mentioned earlier, this paper 

examined the consequences of using the more generalized test (i.e., 

two -sided), when a choice was present. 

A j i  of the test procedures analy7e3 i n  % $ i s  paper are easy to 

compute. Many tests were not co~sidered here as there is a large nuwber 
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TESTS FOR EXPONENTIALITY 1823 

of available procedures to test for exponentiality. Please note that 

the results presented are influenced somewhat by the choice of alternate 

distributions. An attempt was made to select a fairly representative 

sample. 
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