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This is a compendium of indefinite and definite integrals of products of the Error function with
elementary or transcendental functions. A substantial portion of the results are new.
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1. Introduction

Integrals of the error function occur in a great variety of applications, usually in problems
involving multiple integration where the integrand contains exponentials of the squares of the argu-
ments. Examples of applications can be cited from atomic physics [16].! astrophysics [13]. and
statistical analysis [15]. This paper is an attempt to give an up-to-date exhaustive tabulation of
such integrals.

All formulas for indefinite integrals in sections 4.1, 4.2, 4.5, and 4.6 below were derived from
integration by parts and checked by differentiation of the resulting expressions. Section 4.3 and the
second half of 4.5 cover all formulas given in [7]. with omission of trivial duplications and with a
number of additions: section 4.4 covers essentially formulas given in [4], Vol. 1, pp. 233-235.
All these formulas have been re-derived and checked. either from the integral representation or
from the hypergeometric series of the error function. Sections 4.7, 4.8 and 4.9 originated in a more
varied way. Some formulas were derived from multiple integrals involving elementary funections,
others from existing formulas for integrals of confluent hypergeometric funetions, and still others.
a small portion, were compiled directly from existing literature. In connection with the last three
sections, the reader should refer to [3] and [4]. Vol. 11, pp. 402, 409-411.

Throughout this paper, we have adhered to the notations used in the NBS Handbook [9] and
we have also assumed the reader’s familiarity with the properties of the error functions, for which
he is referred to [5]. In addition. the reader should also attend to the following conventions:

(i) z=x+iy=r exp (if) is a complex variable,

Rz)=x, I(z)=y, |z|=r, argz=0;

(ii) the parameters a, b, and ¢ are real and positive except where otherwise stated;

(iii) unless otherwise specified, the parameters n and k represent the integers 0, 1, 2 . . .,
whereas the parameters p, ¢, and ¥ may be nonintegral;

(iv) the integration constants have been omitted for the indefinite integrals;

(v) when x is used (instead of z) as the integration variable, it means that the formula has been
established only for real x, though it may still be valid for certain complex values;

(vi) the integration symbol ][ denotes a Cauchy prineipal value.

*An invited paper. This paper presents the results of one phase of research carried out at the Jet Propulsion Laboratory, California Institute of Technology,
under Contract #NAST-100, sponsored by the National Aeronautics and Space Administration.

“*Present address: Jet Propulsion Laboratory, California Institute of Technology, Pasadena, Calif. 91103

' Figures in brackets indicate the literature references at the end of this paper.
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2. Glossary of Functions and Notation

eu(Z)

—Ei(—z) =E:(2)

Ei(x)

Fila: b; z2)=M(a, b, z)

WFilay . . .aes by ... b z)

H,(x)
H,(x)
II'(Z)
J.(z)
K.(z)
Ls

My, o(2)
Y.(2)

si(z)

Ula, b,z)=WV(a, b, z)
Wy elz)

£
Gaussian Probability Funection Lo e~ 2t
2w J-x

Fresnel Integral J- cos (g:z) dt
0

®eosi

Cosine Integral -—I
2

dt

Parabolic Cylinder Function
n ZA
Truncated Exponential b T

Exponential Integral f Tdt
4

. [ﬂk)u zn

] !
Exponential Integral —]‘: E—f—dt
=
~ y - . O (a]ni
Confluent Hypergeometric Function 2 7 -
n=>0 ,)H' n.
: ; . z iy jn - o
Generalized Hypergeometric Function Z @)
n=p 1IN - -

Hermite Polynomial

Struve Function

Modified Bessel Function

Bessel Function

Modified Bessel Function
Generalized Laguerre Polynomial
Whittaker Function

Neumann Function (Bessel Function of Second Kind)

Probability Function e~®2dy

1 J’f
Voml_.
Pochhammer’s Symbol I'(p+n)/T'(p)

Legendre Polynomial
Associated Legendre Function of the First Kind

Fresnel Integral fz sin (g tz) dt
0 ?

Sine Integral —fx sin r%

Confluent Hypergeometric Funetion
Whittaker Function
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v Euler’s Constant 0.5772156649 . . .

I'(p) Gamma Function
Y(p- z) Incomplete Gamma Function ,[.z e~ltP—1dt
I'(p. z) Incomplete Gamma Function J’: e~'tP-1dt
{(z) Riemann’s Zeta Function i k—#

=0
P(z) Psi Funetion % [InI'(z)]

3. Definition and Integral Representations

3.1. Definitions and Other Notations

2 2
1. erf (z2)=—= 1t
=

: 2 * :
2. erfe (z)= f e Pdt=1—erf (z).
'\/; z

3. erfi (z)=—1 erf (iz)=——2— " etdt.

\/7_ru

Some authors use the above notations without the factor , and some use ®(z) for erf (z).

Vn
4. wiz)= e ** erfe (—iz).

For real x, Dawson’s integral is defined as

9. Flx)=

\‘/2; e~* erfi l_r)Z? S wix)].

The error function is also closely related to the Gaussian probability functions:

6. erf (x)=2PxV2)-1=AxV?2).

3.2. Integral Representations

2

2

1. erf (az)=

7 1
f e—a' (dt
0

E

. 2
2. erfe (az)=—= e‘"’*‘f”fe—tr=+2rrz.-1dr
Va 0

2a w?
—_—, e — (¥ + 2uz+c)
) T exp (c az) J. e dz.
3

S

3. erf (uz+
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4. erfc (£)=2—a exp (C__z_z_.) J‘x e—tuttt+2zt+e)fy
g \/; a*/ Jo

b b da o
5. e2ab f( x+ —) + e 200 erf (ax——) =—— | e-wri-biridy
et erf |ax+~ o

x

a2 J’ = e Crd,  Rla)>0, R(k)>0.

6. erfc (az)= —?; e
V 0 (242

[l

, 2z ., J" e~ "t*dt
. erfe =— ¢~ = 0, <, z#0.
7. erfc (az) et , Bt R(a) larg z| < 7, z
4 1 e—rdt
S— 2 —__ -2 >
8. 1—[erf (x)] ﬁ_ef J:} @+ x>0

iy iy 4 ., it
9. erf (x+ )+erf (x—*)=—— eyl f e~ cos xydx
¢ 2 2) Vm

LY iy mj e
10. erf(x 2) erf(x 2) L_\/;e" e * sin xydx

11, erf (x)=-2— reﬁ €S0 cos (a2 sin O+ 0/2)d0, x#0

12. erf [:c]l=l Jx e~! sin (2x\/§) L
m™ Jo t

4. Integrals of Product of Error Functions With Other Functions

4.1. Combination of Error Function With Powers

ot

exp (—a??)

. J.erf (az)dz=1z erf (az) +a\1/1—r

1

2. j fe dz=1z erfc = —a?z?

erfe (az)dz=z erfc (az) u\/;exp( a
3. J‘I erfc (ax)dx= ] , |arg a| < =

0 aVm 4
4jf )dzl {[}-Li( (—a®s?)
. €er. (az 2 Z €er az 4 2 er a\/— exp a

1 1

5. Jerfc (az}zdzzi 2% erfe (az) +@ erf (az) —2ai/; exp (—a’z?)

= I ™
6. J; erfc (ax)xdx—zgw |arg a|{z



« [
n+l rf ( ) + e—(ﬂz? =1 I (5 i l) zﬂ—!k
e az :
n+1 a\/;(n%-l} J.Z—ll I (E—k-Fl) g%
2

1
1=; r(f+§)

n+] an+l\/—

7 J’ erf (az)z"dz=

erf (az), j=0orl,2l—j=n+1
; (n+2)(n+1) ! n49\ gt
8. J‘ erf [az}z*"f*dz:—mf erf (az)z"dz+ (zz—-g?) m erf (az)

1
+7
aVm(n+3)

L (n
y Zn+l fo —1 ! (E+l) Zn—2k
9. jt‘rft (az)z"dz=——— nt1) erte ﬂZ}_a\/— (n+1) 2 (—’—k—kl) azk
2

zn+2e-a=az

e —atz?

5 1
1—1 [ (”2)
an+l\/_

erf (az), j=0orl,2l—j=n+1

(n+2)(n+1)

n+2) 2

10. J' erfe (az)z"2dz= erfc (az)z"dz + (zz— 2 erfe (az)

2(n+3)a* (n+3)
_; zufze—n‘zzl‘
aVm(n+3)
r (£+ 1)
11. J.x erfe {ax}x’*(i,t:—“‘z———' larg a| <2
0 (n+ 1)\/7_1'{.'."“ 4
12.3J‘ erf (az)z"'dz=1In z erf (az) —2if In ze-*#*dz
Vi
13. furfc (az)z"'dz=In z erfe (az}+2—af In ze~*#*dz
Var

) g erf (az) i
14. fer{ (az)z "dz= (n—l)z"—'+ n_])\/_fz" e ¥z, n=2

, it e riC (az) —azst -
15. f erfc (az)z dz__(n—l)z"—‘_(n__l)\/; o e dz, n=2

16. ferf(az)z”dzz 2 il — 1

+ p
——————y(E+1,a%?), p>—2,p#—1
p+1 (p+1)a1’+'\/_y( b

* See appendix for integrals on the right-hand sides of eqs (12 w0 15).



Zp+1 1 (
. . dz = erfe (az) +———— —— i et >—1
17 ferfc (az)zrdz o erfe (az) {p—t—]}a"”\/_ a’z?), p
18. JT erfe (ax)-x»”dx———-li ( +]) |arg a|{E.p>—l
0 (p+1) H'“\/_ 4

19 fz f (ax)x?—2d L I (p) larg a| < i D<p<l
: erf (ax)xr2dx=——-T (2 ), ; = j
0 %(1—‘!)} 2 4

4.2. Combination of Error Functions With Exponentials and Powers ?

1 1 b2
. J. erf {az)e“dz—g ebz erf {az}—g exp (4 2) erf( ;—a)

i

J‘ erfe [az)e""dz"l eb? erfe (az]-i—l exp (bz ) erf (az— i)
b b 4 2a

5]

°= 1 ( b? ) : ( b ) 3
~brx —— —— i [
. J" erf (ax)e"rdx A A erfe 5a)" Rb) >0, |arg a| < /4

.

= 1 b? b 1 T
; s Alss = o (a2
; J:. erfe (ax)eb*dx p €XP (402) [1+ erf (2&) ] B |arg (b—a)|< 3

o

J‘ erf [az]e"‘zdz.:-]- erf (az)eb* (2.—'1—)—l exp ( bz) { (— l) erf (t)—
]l b b b 4a? 2a% b

a

o

J‘ erfe (az]e"‘-’zdz=% erfc (az)e? (z—%)

e
+bexP(4a.z){(2&2 b) erf (¢) - ﬂ_e ,t=az

1 b2 b b 1
br —_—_ e g Py
J; erf (ax)e b xdx= R exp ( ) [b s 2} erfe (2a)+ab\/;- R(b) =0,

=

o s}

1
9.4 J erf (az)eb?z'dz=(—1) B!’:_*-? eb* erf (az)e,(— bz)

2a "l—mj
— 1= 2 exp (—a%2+ bz)dz
G &

*In this section a and b can take any value on the complex plane other than the origin, except where otherwise stated.
1 See appendix for the integrals on the right-hand sides of eqs (9 1w 12).

% 1 b? b 1 b 1 1
br = il e — Tk
. Jl-l BHE (e b P (40 ) [26!2 b] [1+erf (2{1) j|+52+ab\/;‘

1 e"'“},
T

b

2a

m
.(_
Jarg a] <7

|arg (b—a)| <i£

(—az——

2a



10. b J‘ erf (az)et*z"dz+n J’ erf (az)eb2z"'dz

1
= ebzzn-1 [z erf (az)+ e—"’zﬂ
aVm

n!
11. J- erfe (az)et2zdz=(—1) e = b erfe (az)ea( — bz)
v — TWmnl n — hk
—}—2i = (=5 z exp (— a2z + bz)dz
\/; prti !

k=0

12. b f erfe (az)ePz"dz+n f erfc (az)ebzz"1dz

= gbzzn-1 [z. erfe (az) —

I e !z{l
aV

+f (bz" + nz"1) exp (— a*z* + bz)dz

3. | e bryng o 2 o bQ)D v
13. J; erf (ax)e x(;r—(;r) E?“’ (2a) * exp (8( e I(a \/2)

(= 1)k nl(a)kn drk

o / q q
;.-—Zn b+ (n—k)! dg"* [mp( “f{ (2)]

g=2,  Ab) >0,

8 lo

larg a| <

4
£ ﬂ'
14. J- erfc (ax)e*x"dx = (—1)"+!
i

In+1

2\12 s b
+(1’r) 2 EMJ(BH'J) f)-ud.--]( 2)

T
larg (b—a)| =

4.3. Combination of Error Function With Exponentials of More Complicated Arguments

. J‘" e—* erf [x)dxz\/T; (erf a)?

- Vo 1 b
G / —h2at e A N WO =1 =
2. J:: erf (ax)e***dx D tan—! 2

= 1 a+b T
3. f erfe (ax)e? ™ dx= In [ :|. b may be complex, larg a| < —
0 2Vmrb la—b 4
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4. fz erf (ax)e P xdx=_——
o

5. | erfe (ax)etr'xd =i[

s 8 . eric \ax)e Xdax 252

6.

-3

8.

9.

1

1=

12.

13.

14.

15

16.

17

18.

S

J‘ erf (ax)e P x2dy = ————
i

2b2 (a2+b2 lfﬂ’

a
(a®—b%)172

— tan-

il

4 9\/x

1 J'z erfc {uxle‘"’f‘x“dx=l— [1 tan—! f:

2V

o 1 p
—b2r? =B s
J;I erf (ax)e rPdx = \/_b-‘ I' (2+1) o (2 2+1

x
J’ erfe (ax)e*xPdx=
0

IFp+1)

R(b*) > R(a®), R(D*) >0

b
a

)
b (a2 + %) |

a

b*(a*+ b%)

—1], R(a?) > R(B)

]. |arg:a|<E

é._ﬂ_z)
2 )

R(b?) >0,

Vo [+ L)art =i

J::c erfe (x)e**xP- ‘dx—% sec (p;r) I’ (E)

= ¢
erf (ax)e v —
U] X

=
J‘ erl (iax)e 2*r*-brgy =
0

-

J‘x erf (x)efartdPdy =— —— erf (
a

bc:l (a*+b%)12+a
2 " (@+ %) —a

a+ (a*+b%)12

=In ) 2

b?

Var b

J.x erf (Ix)e.—l.ruru}xdx-—.l; |:l+2 Ei (_

fx erfe (r:x}f’“”x":’dx=% (1—2a?)e” erfe (a) + =
1

Vo la 4

(x—1)p2-1 1

1
2ai \/7 AER (@

(p+] p+2‘p+3‘£)
2 g2l

2 7 2

0<p<l1

R(b*) >0

)

V)

. b*
Ei (— E{-};),

R(b*) < R(a®),

R(b)>0, |arga|<=

R(a?) >0

= oof (g)e-dsdgym— T oo () . (@
[ erf (ax)e? x‘dx—g T exp (85) Ky (85)

Vr

£
f erfeilax)e®™ =——"——dy=—— e 222 2=I]"
1

J: erfe (%)

- 1
xe m

air?

eTxp—i(l _xﬁ') —A{p+ II.".’dx_

= S‘_

= I'(p ;r(

(2) D.yop(a V3),

) 2—;»’2(,-’12,‘40_;’ (a } r

Z(p) >—2

R(p)>—1

4
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[3V]

wn

ert (x)e{a?—xt) " Bxde=— (¢*"—1), a=0

I ¥o

)

< v

f erfc (x)e**(a?—22)Vixdy =2 [1—e® erfc (a)], a>0
1l

) 2
: -F erf I[x)erl‘"(az—n:z)?"lacdx=;]r3‘1'2 Lp)l'— v(p+1i, a%), p=0
0 2 F(p+3)

(1—e-2w),  R(a) >0, R(b)>0

=

E ~b2r? =
erf (x) et xdy— e bz

=g

erfc ( ) "’"’xdx—ilb—! e-2ab, Rla) =0, R(b*) =0
. fx erfc (:—:) e—b2rz %=—Ei(—2ab), R(a) =0, R(b?) =0
{
P S
-, erfe (ax)e xdx= 12 ¢ (1+ab) — [ Ei(—ab)]
: ® . PR dx .
: erf (ax)[1—e %] ?Z}H—]n (ab)+ [—Ei(—ab)]
{

b

erfec (ax)e %:—Ei(—2ab}, H(a) =0, R(b*) >0

N

hz

= 2
erf (ax)e ﬂ?—:?{] — 1)

2R

€ = f { ) ;ﬁz 2 ab
- |, erfe ax)e i
30. Jx erfe C) exp (—"— b‘xz) [qin 2bCi(2b) — cos 2bsi(2b) ]
(1]

L 1 1
: L erfe (i) exp (——b’ ”) x [H](Qb —Y,(2b)] 3 |arg b| < g
32. J‘ erfe ( ) exp (——b :rz) =72—T [Ho(2b)— Yo(2b)], |arg b| 4%

3 * arfe a P 2_i —q"’.".r!] i :_1._ —2ab {E 0T, -
; ju |:t.l"i( (x) (x2+ 2a?) A7 axe e Py dx 554 € |arg b| 3 Ha)=>0

: J - erfe (a.x +£) P 7

=Ha2+ c2) " a+ (a2 +c2)2]! exp | —2bla+ VaZ+ c?)], Rib)=>0, Rla>+c2) >0

2
f {2 cosh ab— e—"erf (b g )—- et erf (ﬂ'}ﬂ) } e-ler-a2ir2yfy —
i

e—bt"

2x 2%

C2_.a2

a=>0,b>0,R(c*) >0



36.

37.

38,

o

L

b

-]

o

17,

13.

J.z cosh (2bx) exp [(a cosh x)?| erfc (a cosh x)dx
0
=3 sec (bme™2Ky(a?). Rla)=0,—3s<Rb) <3

fz {exp [— (x—a)]— exp [ — (x+aR]} erf (x)dx= V7 erf (a/ V2)

J: {exp|—(x—a)*]+exp|— [\x-l— a)|} erf (-x)dx=—2\/j {1+ [erf [u;‘\/ﬁ)]!}-

4.4 Definite Integrals From Laplace Transforms Involving Erf (V ax)

: J-I e~brlenw erf (Vax)ldx=(b—a) ' alb)'?, b>a
(]

J‘x e~trlenr erfe (Vax)dx]= b-12(Vb+ Va)!
0

: J‘x e-tfeer erf (Vax) — 20ax/m)M2dx= (b— a)(a/b)32, b>a

: fx et (mx) "2 — al?etr erfe (Vax)ldx= (Vb+ Va)!
]

J‘x e~ bl — e erfe (Vax)|ldx= \/(;b_'l\/g+ Va)-!

J‘I e~ t*er erfe (Vax)+ 2(ax/m)V2 —1]dx= alVb+Va)y1b-32
i

. J‘x e 071 — 2ax/m) 2+ (2ax — 1)e?* erfe (Vax)dx= ab-\(Vb+ \/c_r.}—2

0
[: e[ (x/m)2 — a'2xen erfe (Vax)ldx=(4b)"2(Vb+ Va)2
1]

\/E—%)z

" e-x[8axerr erfc (Vax)— 8(ax/mN2+ l|dx=b""! (——-———
J; [ Vb+ Va

jx e‘*"'le"\/;x (2ax+3) erfe (Vax)—2(x/7) 2(ax+ 1)]=— Vb+ \/E}—3
0

: jt e b[(2a%x2 + Sax + 1)e** erfc (Vax)— 2(ax + 2) (ax/m)2]= Vb(Vb+ Va)?
n

fr e~ b1[2(8a*x* + 8ax+ 1)e™ erf (V ax) — 8(ax/m)*(2ax+ 1)— 1]dx
0
=b-'(Vb—Vap(Vb+Vars, b>a

J.: e~ bT[(2a'2x' 2+ 1 )xe™ erf (Vax)— 2(ax3/m)2]dx= b-12(\Vb+ \/a)"", b>=a
i
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14.

15

16.

17.

18.

s

2]

on

-3

oo

O

10.

_[1 e (da?x? 4 12ax + 3 )xe™™ erfe (Vax)— 2(a3x®/7)V2(2ax + 5)|dx = 3(Vb+ Va)*

fx et ae* erfe (@)-F\/&‘e” erfe (Vex)—celdx=(a—c)(b—c)™! \/E(\/E+\/g =

jm e bIgliZecr erf (Vbx)+ c1i2etr exfc {\/Ec)—c”ze“‘]dx
0

fi ebr [2(£)Ur23"””“’—'u erfe ( £
0 m 2

©

o= 1/2 2 A 2
—bx XN e ﬁ) ( a _“_]
[ e [aG)ememen +{e+ ) e (302) -3

4.5. Combination of Error Function With Trigonometric Functions

fx erfe (ax) sin bxdx =~
i

)

; f erfc (ax) cos bxdx=——
(i

: f: erfc (Vax) sin bxdx =

; fx erfe (Vax, cos bxdx=( a2

2a?

az+ b2

1

b -] 1
. j erfe (ax) cos (bxdx=—-—— exp
0

= (&—C}\/Elb—c)”b—lfz(\/l_;-F Va)yi, b>c

—avh
) ] dx=% :
Vx b3

dle (1 —e—aF).

; 1 . & B
3 f erf (az) cos bzdz——b sin bz erf [azl+2h exp ( 402)

2b

: f erfe (az) cos bzdz=% sin bz erfe (az)— EL{—‘ exp (—

i [1- o (<3) |

b i 4a?) |

L ex (—b—l) erf (i)

b P\ T 2a)°

()bl
4a*) b2 £ip

1 ( al2
b \a*+ b

|arg al <3

b2

b2

™

|arg a

2

m

<3

~i)

12
)' @+ b2 —al 2, a)> |Ib)

_ib

)— eri'(a.z—i—
a

b) + erf (az +

; j erf (az) sin bzdz=—% cos bz erf (az)-i“ﬁ exp (—%) {erf (az—i

{erf' (az

. 1 : 1 b* :
: [ erfe (az) sin bzdz=—3 cos bz erfe (az)— 57 exp (—@) {er{ (

b

2a

L
ar =

2a

; ib ; ib
) {eri (uz—ﬁ) —erf (az+%

) + erf (uz i

)”2 [(a*+b2)'2+a]-12,  F(a) >|F(b)]

at+ b2+ abV?2

J-x erf (ax) sin bixtdx=
(1]

4oV 2w

(1n

at+ bt —abV?2
11

+ 2 tan-

n-!

abV2

b2 — a2

)

a=>0

Q
2a

)]

ib

2

2a) |

))
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14.

15

16.

17.

18.

19.

20.

21.

22

23.

24.

!

f erfe (ax) cos bxxVPdx=
0

J

o«

)

I j: [erfe (ax)— erfe (bx)]
]

fz erfc(ax) sin bx sin ex —==1In
1]

J-x erfe (ax) sin bxe“””’dx’—\;—j exp (_) erfc (i)

*x

}

(252)s

a"”\/'r_ﬂp-i- 2) o

(p+2 p+3 3 p-i-il-._ﬁ)

rfe i bdx= : .
erfc (ax) sin bxx"dx 2 2 ‘9 2 1@

Rla) >0, Z(p) >0

r(2 )
(2+l - (p-f—] pt2 1 pi3d. _ﬁ),
a" "Wa(p+l) 20" 2 "2 2% 4gt
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= sinbe , b o.f B b
g j” erf (ax) : dx=- [ Ea( 4.a2)]+ Vr erf (4a2)
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j“ erf (ax) = dx—E [—'Et ("—4&2)]
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cos px {Ei (—f;)—E" (_%)}
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b

(—1F

= i x : A,ﬂ -
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k=1

= 2
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dx_1

ez b| —J‘: erf(ax) sin bx sin cx % c+b
1] ;.

x 2 c—b
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4a? 2a
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erf (iax) sin bxe~®*dx= I;{f exp (_'—)

i a2re f .. — l ﬁ — ._.ﬁ
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27.
28.

29,
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0 2a 2a
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£

3
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B

* e T HIN L (1Y 3
L erfc (ax) x sin x sinh xdx= [2 cos (202) | p sin (2{12) 2]

2p
(p*+ )

4.6. Combination of Error Function With Logarithms and Powers

jerf{uz) Inzdz=(Inz—1) [z erf (az)

j(‘.rfc (az) Inzdz= (Inz—1) [z erfe (az) —

: erfe (ax) In xdx=—
f 0 a \F

jerfc (f:z)zlnzu‘zz‘lz2 erf (az) Inz _lz—

2

1

(k+1) ferf(az)z‘f Inzdz=zk*'erf (az) Inz+
a

—jz"" erf (az)dz—

k
aVm

(k+1) J.erfc (az)zk Inzdz=z¥+' erfe (az) Inz—

—fz" erfe (az)dz+

k
aVm

_|_

5 For the elementary integrals in eqs. (4 to 8), see appendix.
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2a Vr
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o
In xe—2***dx

T
]

av T

zh=1n ze-2**dz

av T

a mw

zk—-1e—@2% |n zdz
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2a Vi
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zk In ze 222
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2a V'

1
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f In ze—**#*dz

f In ze—"2%;
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(41 [ erfe (amyet =L ED_[ L

N mak+i Lk+1

w23

e mal

4.7. Combination of Two Error Functions

ﬁ(i\ﬂufw_l)

a

(a+b—Va>+b?)

1
ab\Vm

. J’:c erf ((—)) erfc (ax)dx
0 X

=J‘: erf (bx) erfe (%)‘:Tz

J‘; erfe (b) erfe (ax) dx

—J- erfe (bx) erf(,(

=L hE
26\ a?/’

1 b
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bV a
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axe
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05) e J
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1
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2
)—e"b erf(b+2ax

2x

w
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e~200 4 =2 [ Ei(—
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4.8. Combination of Error Function With Bessel Functions

b

b 2a
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4.9. Combination of Error Function With Other Special Functions
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5. Appendix. Some Relevant Integrals Involving Elementary Functions
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