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Introduction

In 1955, J.A. Green [5] gave a description of all the irreducible complex
characters of the general linear group GL,(k) with coefficients in a finite field k.
In particular, he proved an interesting formula for the inner product of two class
functions on GL,(k). This formula is very suggestive and may be regarded as
an analogue of Weyl’s integration formula used in the character theory of compact
semisimple Lie groups. However, there exists a disadvantage in the Green’s
method. Namely, it is too combinatorial theoretic and there seems no direct way
of relating it to the structure of GL, as a linear algebraic group defined over k.
The purpose of this paper is to prove a general inner product formula for certain
type of class functions on a finite Chevalley group G(k) and to show, when G=
GL,, that this provides a new interpretation and proof of the Green’s formula.

The main contents of the paper are as follows. In section 1 and 2 we recall
some known results on class functions on finite groups and reductive linear alge-
braic groups. In section 3 we prove the main theorem (Theorem 3.1) mentioned
above. Section 4 is devoted to prove a key lemma (Lemma 3.3). In the proof,
the following theorem due to R. Steinberg [13] plays an important role:

Let G be a connected reductive linear algebraic group defined over k. Then the
number of maximal tori of G defined over k equals to that of unipotent elements of G
defined over k.

In sectoin 5 we consider the special case G=GL,, and show that the inner
product formula of Green follows easily from Theorem 3.1.

It can be conjectured (see, for example, [6] [7] [8]) that a similar formula
exists for general G. Our main theorem in section 3 may be considered as a
first step in this direction.

Notations

For a group G and a subset X of G, Zy(X), No(X) denote the centralizer
and normalizer of X in G and C¢(X) the G-conjugacy class of X. If Gis a linear
algebraic group defined over a finite field k, G(k) denotes the finite group of its
k-rational elements and G the identity component of G.  Zg(X), Naq(X) de-
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note the centralizer and normalizer of X in G(k) and Csce(X) the G(k)-conjugacy
class of X. Finally, if S is a finite set, | S| denotes the number of its elements.
1. Class functions on finite groups

Let G be a finite group. A(G) denotes the complex vector space of all com-
plex valued class functions on G. The inner product in 4(G) is defined by

(% Xo= o T (@0 (6 % AG).
Let H be a subgroup of G. We define the induction map V —ig,s[V] of
A(H) into A(G) in the usual manner:

(L) (D) = %%)—'z W) (WeCx)NH).

2. Reductive linear algebraic groups

Until the end of section 4, unless otherwise stated, G denotes a connected
reductive linear algebraic group defined over a finite field k. All the lemmas
in this section are well known.

Lemma 2.1. Let G be as above. Then G has a Borel subgroup B defined
over k and B always contains a maximal torus T, of G defined over k. Any two
such couples (B, T,) are conjugate by an element of G(k).

This is proved in [9; 2.9].

DrriniTION 2.1. G is said to be of Chevalley type if T, in Lemma 2.1
splits over k.

Lemma 2.2. Let C be Cartan subgroup of G, i.e. the centralizer group
Zo(T) of a maxiaml torus T of G. Then C=T.

For a proof see [1; p.316].

Lemma 2.2. Let s be a semisimple element of G. Then a maximal torus
T contains s if and only if T is contained in Z(s),.

Proof. By Lemma 2.2, Z(T)=T. Hence T contains s if and only if
Zg(T)>s. This means Zg(s)DT. By the connectedness of T, this is equiva-
lent to Z;(5),DT.

A closed subgroup P of G is called parabolic if it contains a Borel subgroup.
As is well known P is connected and

(2.1) Ng(P)=P.,
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Lemma 2.4. Let P, and P, be parabolic subgroups of G defined over k.
Then P,N P, is a connected subgroup of G defined over k and contains a maximal
torus of G.

This is proved in [2; 4.5, 4.6].

Lemma 2.5. Let G be a connected semisimple group defined over k and s a
semisimple element of G(k).

(a) The identity component Z(s), of the centralizer group of s in G is a con-~
nected reductive group defined over k.

(b) Zg(s), contains all of the unipotent elements of Zs(s).

These are proved in [13; 9.4, 15.4].

Lemma 2.6. Let G be a connencted semisimple group defined over k. Let
x be an element of G(k), and s and u its semisimple and unipotent parts. If Pisa
parabolic k-subgroup of G containing x, P\ Z(s), is a parabolic k-subgroup of the
connected reductive k-group Z(s), containing u.

Proof. It is sufficient to prove the assertion for the case when P is a Borel
subgroup. This case is proved in [11; 3.6].

The number of G(k)-conjugacy classes of maximal tori defined over k is
finite. In particular, if G is of Chevalley type there is a bijection between the
G(k)-conjugacy classes of maximal tori and the conjugacy classes of the Weyl
group W=N(T)/T (T a maximal torus) of G. See [9] and [10] for the details.
Here we quote only the following result.

Lemma 2.7. Let G be of Chevalley type and T a maximal torus of G defined
over k and W the finite group defined by W r=Ncu(T)[T(R). If c1 is the con-
Jugacy class of W corresponding to T, Wr=Z y(w) (wecr). In particular, if T,
is as in Lemma 2.1, Wy =W.

The number of G(k)-conjugacy classes of parabolic k-subgroups is also
finite. Let G be of Chevalley type and B, T, be as in Lemma 2.1. B deter-
mines a simple roots system of G with respect to T,. Then, as is well known,
the parabolic k-subgroups containing B are in one-to-one correspondence with
the subgroups of W=Wr generated by simple reflections. Moreover, an
arbitrary parabolic k-subgroup is G(k)-conjugate to one and only one such
parabolic subgroup.

3. An inner product formula

The main purpose of this section is to prove Theorem 3.1 and discuss briefly
the connections with the works of other authors’, Before stating the theorem,
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we first introduce some notations. For x= G, x, and x, denote its semisimple
and unipotent parts, respectively. Let P be a parabolic k-subgroup of G and ¢
an element of A(P(k)), i.e. a class function on P(k). For Q= Csu)(P) we define
$?= A(Q(k)) by
(3.1) %) = dlgxg™)  (x€QO(k)
if O=g"'Pg(ge=G(k)). By (2.1) this is well defined. Define a subspace of A(P
(k)) by

B(P(k)) = {p€ A(P(k)); d(x) = d(x;) (x& P(k))} .

Let ¢ be an element of B(P(k)) and T a maximal torus of G defined over k.
Then we define a function on T'(k):

(3.2) $(t) = Zoo1¢°(t),

where the summation is over the set of all parabolic k-subgroups Q& Ce(P)
containing T'. If there is no such parabolic subgroup ¢% is defined to be
identically zero. Clearly, ¢% is invariant under the action of Wiy=N¢u(T)/T
(k). Let T,---, T, be a set of representatives of G(k)-conjugacy classes of ma-
ximal tori of G defined over k. For brevity, we write W, for W r,.

Theorem 3.1. Let P and P' be parabolic k-subgroups of G and ¢ and
¢’ be elements of B(P(k)) and B(P'(k)), respectively. Then

(3.3) (trawrcwl Pl trwrcwld)ew = 25— W%/_i (¢I;;, (;b,};‘;)Ti(k) ’

where ¢p%.’s are W ~invariant functions on T; (k) defined by (3.2).

Let P be a fixed parabolic k-subgroup of G and let & be the subset of Cge,

(P) x G(k) consisting of all pairs (Q, x) such that Q=x. For ac G(k) we define
the following subsets of &:

P(a) = {0, )= F}
and P([a]) = {(O, ) P; x& Cep(a)} -

If (Q, x) is an element of P, (Q, ;) also belongs to . Thus we can con-
sider the mapping:

(3:4) J:(Q, %) = (O, %)

from @ to itself. G(k) acts on P([a]) (hence also on<P) by (g, (O, x))—(g0g7",
£%g™")-

Lemma 3.1. Let ¢ be an element of A(P(k). Then
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tpcrcan| Pl(X) = 2e3:0%(x) (xeG(k),

where the sum is over the set of all Q€ Ceu,y(P) which contain x.

Proof. Let a be an element of G(k). By the definitions of P(a) and P
([a]) we have

(3.5) P([a]) = U.P(x) (x€ Ceula))
= UoX(Q, a0 Cow(P)),

where X(Q, a)={(0, x); x€ Q(k)N Ceus(a)}. Consider the function:
(3.6) (Q, x) — ¢%(x)

defined on &. By (2.1) this function is constant on each G(k)-orbit in <.
Hence if x& Cey(a)

>, nePnd(x) = E(Qk,meﬂkaﬁg(“)
and if Q=Ceu(P)
E(Q,x)EX(Q,aD(bQ(x) = E(P,x)EX(P,a)¢P(x) .
Hence by (3.5) we see that
2@, me Prapd (%)

_ _|G®)]
= m {ZCQ,a)EC_P(a)d)Q(a)}

_ IG(R)| P
=P X, wexcr, P (%)}

Thus by (1.1)
2w pwd(a) = Ipcrcan[Pl(a)

as required.

G(k) acts on f(P). Let O be the set of all G(k)-orbits in f(&F). For a
semisimple elements of G(k), O([s]) denotes the set of all G(k)-orbits in P([s]).
Clearly O= U,O([s]). Let ¢ be an element of B(P(k)). Then the function on
&P defined by (3.6) is constant on f (o) (0= 0). We denote this constant value
by ¢°. This combined with Lemma 3.1 gives the following lemma.

Lemma 3.2. Let ¢ be an element of B(P(k)). Then

e[ P](x) = 2ocoxsyN (P x, 0)‘750 ’
where N(P, x, 0)=|L(x)Nf'(0)].



6 N. KAWANAKA

REmARK 3.1. Let ¢ be as above and define ¢,& B(P(k) by

d(x)  if (P, x)e f(0)
0 if (P, )& (o).
Then N(P, x, 0)¢°=1ipw»cm[Po](¥)-

Let P’ be another parabolic k-subgroup of G. Replacing P with P/, we
define &/, P'(x), P'([#]), f/, O’ and O’ ([s]) as above.

.0) = {

Lemma 3.3. Let o and o’ be elements of O and O’, respectively. Then

2zecawlN (P, %, )N(P', x, 0')

_ww G . T
i =1l W;I IT:(k)I {ZtETi(k)La(P’ Tu t)La’ (P ’ Tn t)})

where Ly(P, T, t)=1{(Q, t)co,; QDT >t}]|.

A proof of this key lemma will be given in the next section. Assuming
this, we can now prove Theorem 3.1. By Lemma 3.2 and Lemma 3.3 we see
that the left hand side of (3.3) equals to

m%zﬂzoeo,o/eol{erG(k)N(P, X, O)N(P,) Xy 0’)} ¢o('l;o’ ‘

— K4 __.—._1 . . o . 7%
- 2 t=1| W,| | T,(k)| ZtETi(k){zoLo(P) T,, t)(i) }{ZaLa(P’ Tn t)}(nb } .

This is the right hand side of (3.3). In fact, by the definitions of L (P, T}, ?)
and ¢° we have

EoEOLo(P » T t)‘l’a = ¢11D‘,'(t) .

In the remainder of this section, we consider some special cases of Theorem
3.1. Let B and T, be as in Lemma 2.1 and U the maximal unipotent k-sub-
group. Let § be a character of T,(k) and extend it to a linear character of
B(k) by putting

O(tu) = 6(2) =T, (k), uc U(k).
By Lemma 2.1 we see that
07, = 20"  (weWr,),

where 6 is the character of T(#) defined by 6“(t)=0(w 'tw). Thus by
Theorem 3.1,

. -’ 1 w w
(tswscwl0] tpwscunl))ew = W, (22,07, 2240 )Tl(/a) .
il
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This equals to 1 if and only if 86" for all we W . Hence iguycumld] is irre-
ducible if and only if 66" for all we W ;. See [12; section 14], where a di-
fferent proof is given.

Let G be of Chevalley type and P, P’ its parabolic k-subgroups. W(P) and
W(P’) denote the corresponding subgroups of the Weyl group W=W . in the
sense of section 2. Then

(ipck>->cck>[lp], il leow = Cwerswll wes)s tweess>wll wees) w s

where 1p, 1ypy, -+ are functions on P, W(P),--- which are identically 1. In fact,
this easily follows from Theorem 3.1 and Lemma 3.4(b) given below. More
generally a similar formula holds ([3]) for an arbitrary finite group with a (B,
N)-pair. Recently, Curtis, Iwahori and Kilmoyer [4] proved deeper results in
this direction.

Lemma 3.4. Let P and T be a parabolic subgroup and a maximal torus
of G defined over k. Put

L(P, T) = |{QeCeu(P); ODT}|.

(@) L(P,T)= [ NeaT) | l{ﬁlf(i)cl(k)(T); ScP}|

(b) If G is of Chevalley type, the G(k)-conjugacy class of P and T deter-
mine a subgroup W(P) and a conjugacy class c; of W=Wy , respectively. (See
section 2.) Then

L(P, T) = iwwprswll wee)(w) (wecq).

Proof. (a) can be proved easily. To prove (b), we first note that

H{SeCew(T); SCP} = 3]s, |N—|Pl;%|—-)|,

where the sum is over a set of representatives of P(k)-conjugacy classes of maxi-
mal tori of G contained in {S& Csu(T); SCP}. By Lemma 2.7 and its proof
given in [10], it is easy to see that this expression is equal to

| P(R)| 1
[ TR [ Z weex(v:)]

2

where the sum is over a set of representatives of the conjugacy classes of W(P)
which intersect with ¢;. Hence by (a) and Lemma 2.7 we have
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 INew(D)w PR 1
P, T) = =3my T Z4TT®)] 1Zwerlo)]

— IZW(w)| ICW(‘ZU)ﬂ W(P)|
| W(P)]

(wecy)

= tyerwllwe)(w) -

4. Proof of Lemma 3.3.

As mentioned in the introduction, the proof of Lemma 3.3 depends on the
following theorem due to R. Steinberg [13; 14.16, 15.3].

Theorem 4.1. Let H be a connected reductive linear algebraic group de-
fined over a finite field k of q elements. Let n be the dimension of H, and s and r
the dimensions of a Cartan subgroup and a maximal torus, respectively.

(a) The number of maximal tori of G defined over k is ¢"°.

(b) The number of unipotent elements of G(k) is ¢"".

Remark 4.1. In [13], part (a) of the above theorem is proved by a com-
binatorial calculation and part (b) using the values of the Steinberg character.
It is desirable to prove these two assertions by a uniform principle.

Lemma 4.1. Let G be a connected reductive group defined over a finite
field k and P,, P, parabolic k-subgroups of G. Then the number of maximal tori
of P,N\ P, defined over, k equals to that of unipotent elements of (P, P,) (k).

Proof. By Lemma 2.2 and Lemma 2.4, a Cartan subgroup of PN P, is
a maximal torus of P, P,. Hence the lemma follows from Theorem 4.1.

Lemma 4.2. Let G, P, P', O, O' f, ' be as in section 3. Fix o=O and
0'cO’'. Then
(1) H{yeGk); (P, y)ef7(9), (P, y)e fH(0)}
= |{(T, e TxG(k); PNP' DT>t (P, t)eo, (P, t)co'}|,
where T is the set of all maximal tori of G defined over k.
Proof. By the decomposition of a connected reductive group into the
product of its semisimple part and the central torus, we can easily reduce the

lemma to the case when G is semisimple. Let ¢ be a semisimple element of
(PNP') (k). Then by the uniqueness of the Jordan decompositions we have

{yeGk); ye PN P, y, = t}|
= | {unipotent elements of (Zo(£)NPNP')(k)}|.

This equals to
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(%) | {unipotent elements of (Z(¢),N PN P’'(k)} |

by Lemma 2.5(b). By Lemma 2.5 (a) and Lemma 2.6 we can apply Lemma
4.1 to the connected reductive group Z(t), and its parabolic subgroups Z4(2),
NP, Zs(t),NP’. Then we see that the number (*) is also the number of maxi-
mal tori of G which are defined over k and are contained in Z4(2),NP NP'.
Hence using Lemma 2.3 we have

(4.2) [{yeGk); yePNP',y,=1t}| = |{TeT; PNP'DT>4} |.
The left hand side of (4.1) equals to
2 HyeGk): yePN P, y, = 1},

where the sum is over the set of all semisimple elements ¢ for which (P, f)eo
and (P’, t)eo’. By (4.2) this equals to the right hand side of (4.1). The
lemma is proved.

We can now prove Lemma 3.3.  We first remark that
N(P, x, o)N(P’', x,0")
= [{(Q, 0, %); (O, ¥ f ()N L(x), (O, ®)E ()N P/ (2)} |
and

L(P, T, )Ly(P', T, ¥)
= (@, 0" T, 0); ONQ' DT3¢, (Q, Heon (), (O, €0’ NP} .

Hence
(4.3) 3 ecewN (P, %, 0)N(P’', x, 0')

= H(©Q, 0 ); (0, »)ef(0), (O, )Ef (0N}
and

m |G CALAP.T.
(44) 2 i=1 ' VV,| [T,(k)l {ZtET,'(iOLD(P’ Tn t)La (P’ Tn t)}

= {0, 0, S, $); T253s, 0NO'DS, (O, s)eo0, (Q', 5)0}]|.
The right hand side of (4.3) equals to that of (4.4) by Lemma 4.2. This proves

the lemma.

5. The finite general linear groups GL (k)

In this section, G denotes the general linear group GL, considered as a con-
nected reductive algebraic group defined over a finite field k. G is of Cheval-
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ley type. In fact, the group T, of all diagonal elements in G is a maximal
torus of G which splits over k. B denotes the group of all upper triangular
elements in G. This is a Borel k-subgroup of G containing T,. W=Wg, is
naturally isomorphic to the symmetric group S, of degree =.

DerINITION 4.1. A sequence p=(n,, #,,*-, n,) of positive integers is called
a partition of n if n+n,A--+n,=n and n,=zn,>--=n,>0. We denote
the set of all partitions of # by M.

Let u=(n,, n,-+-, n,) be a partition of n. P, denotes the subgroup of G
consisting of all elements

An Aw Alr i
0 Azz Azr

e GL,
0 0 A"

for which 4;,eGL,(i=1, 2, ---, r). This is a parabolic k-subgroup containing
B. Let W(P,) be the subgroup of W which corresponds to P, in the sense of
section 2. 'Then

W(Py)==Su=8, X Sp, X - X 8,,C S, .

The conjugacy classes of W=.JS,, are parametrized by the partitions of n.
Using a standard notation to describe elements of S,, a set of representatives
of conjugacy classes of S, is given by {w.}., where

Wy, = (1’ 2’ ey nl)(n1_|_1’ ey n1+n2)...(n1+...+nr_1+l’ ceey n) .

T denotes the set of all maximal tori of G defined over k. Let T, be a representa-
tives of the G(k)-conjugacy classes of T corresponding to w,. In the following,
we write 4,[¢], pV(pE B(Pu(k)), W, for iPy,(k)—»G(k)[(xb]s Tae WT,L-

Let I(T.(k)) be the space of W-invariant functions on Tyw(k). Put I(G(k))
= @Pueml(T.k)) and define an inner product on I(G(k)):

( Brcr» = Lnem| Wl (ap, Bu) 7t

where a=(a,) and 8=(3.) are elements of I(G(k)).

In section 3 we defined an element ($f)uc I(G(k)) for each pe B(Py(k)) (&
€ M). Moreover, by Theorem 3.1 we have

(iE[‘f’]» in[‘!’])ccm = 2 Yem| Wl ﬂ(‘f’ﬁ»‘l’ﬂ)q‘,um

for p= B(P(k)) and V= B(P,(k)) (£, 7€ M). Hence the mapping A =( A W)ucas
from a subset of A(G(k)) into I(G(k) defined by
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(5-1) {i£[¢]/\ = (it[d’]A")#EM
= (piuen  (EEM, = B(P(k)

can be extended to a linear isometric transformation from a subspace of A(G(k))

into I(G(k)).
Theorem 5.1. Let the notations be above. Then A is a unitary trans-

Sformation from A(G(lk)) onto I(G(kR))= Pucml(Tu(R)), that is,

(5.2) (X Xo)aw = 2wenm! Wul (XL 8, XD8) 1y -

Corollary.
(a) Let X be an element of B(G(k)). Then

XN =X|Tuk) (ueM).
(Cf. [5; Theorem 8].)

(b) Let X be an element of A(G(kR)) and T.(k) be the set of all regular ele-
ments (see [9; p. 216]) contained in Tw(k). 'Then
X0 Tuk) = XITUR)  (weM).
(Cf. [5; p. 423, Examples 1].)

ReEmMARK 5.1. As mentioned in the introduction, it is interesting to com-
pare the formula (5.2) with the Weyl’s integration formula:

— 1 - 2
[ S @@ = | AR 1D ar.

Here G denotes a compact semisimple Lie group and T its maximal torus,
which is uniquely determined up to G-conjugacy. dx and dt are the Haar

measures on G and T normalized by Scdx=g dt=1. W is the Weyl group
T

of G. f, and f, are arbitrary class functions on G and D(¢) is a function on T
independent of f, and f,.
To prove the theorem we need the following

Lemma 5.1.

(@) Ty can be so chosen that P,DOT\.

(b) Let a be an element of I(Tu(k)). If Tu is chosen as in (a), o can be
extended to an element of B(P.(k)) by

a®) = alt)  if x.ECpu(t) (te Tu(k))

and o(x)=10 otherwise.
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(c) Let acTu(k) be extended to an element of B(Pu(k). Then
au(t) = L(Pu, T)a(t)  (t2Tu(k),
where L(Pu, Tu)=1{0& Couw(Ps); 0O Tu}| -

Proof. We use the explicit form of T given in [8; p. 126]. (a) is easy.
(b) follows from the fact that two elements of Tu(k) are P.(k)-conjugate to each
other if and only if they are conjugate by an element of Nge(Tp) N Pu(k). To
prove (c) we first note that the number of P.(k)-conjugacy classes of {S&Cgw
(Tw); Sc P} equals to that of W(P,)-conjugacy classes of C(w.) N W(P,) by
the theroy given in [10; section 2]. The latter number is easily seen to be 1.
Thus any two elements of {S& Cguy(Tw); ST Pu} are Pu-conjugate to each other.
Hence if Q& Cgu(Py) contains Ty, (O, #) is G(k)-conjugate to (Py, t') for some
elements ¢’ T,u(k) which is Wy-conjuagte to t. 'This implies that $(f)=¢"u(?)
for = I(Tu(k)). (c) follows from this.

(Proof of Theorem 5.1)

We first note that dim A(G(k))=dim I(G(k)) as complex vector spaces.
(See [8; p.127].) Hence it is sufficient to show that A is surjective. We write
p>v(p, ve M) if P.2P,. By induction on this order we shall show that for
an arbitrary ¢ I(Tu(k)) there exists an element X & A(G(k)) such that X e=¢
and X*w'=0 (u/#=p). When p={1, ---, 1}, i.e. Tu=T,and P,=B, put X=i,[¢
[IW]]. Then by (5.1) and Lemma 5.1(c) the assertion follows. For general
put X,=iu[¢/L(Pyu, Tw)]- Then X{v»=¢ and X{w=0 for p’>p. By the induc-
tion hypothesis there is an element X, such that Xfv=X{* for <<z and X{»=0
for. v=p. Put X=X,—X, Then X satisfies the conditions. This proves the
theorem. Corollary (a) is trivial by (5.1). Let 7 be a regular semisimple ele-
ment of G(k) contained in T.(k). Then a parabolic subgroup Q contains 7 if
and only if QO contains Ty.. In fact, if Q contains 7, O contains a maximal torus
S containing r. By a property of regular semisimple elements ([9; 1.7(c)]) S=
T.. Hence Q contains T.. The converse is obvious. From this fact and (3.2)
and Lemma 3.1, we have

i[¢](r) = ¢ilr) (P B(Py(K)), E€M).
Hence Corollary (b) follows from Theorem 5.1.
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