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Abstract: Few studies have investigated the existence and uniqueness of solutions for fractional
differential equations on star graphs until now. The published papers on the topic are based on the
assumption of existence of one junction node and some boundary nodes as the origin on a star graph.
These structures are special cases and do not cover more general non-star graph structures. In this
paper, we state a labeling method for graph vertices, and then we prove the existence results for
solutions to a new family of fractional boundary value problems (FBVPs) on the methylpropane
graph. We design the chemical compound of the methylpropane graph with vertices specified by
0 or 1, and on every edge of the graph, we consider fractional differential equations. We prove the
existence of solutions for the proposed FBVPs by means of the Krasnoselskii’s and Scheafer’s fixed
point theorems, and further, we study the Ulam-Hyers type stability for the given multi-dimensional
system. Finally, we provide an illustrative example to examine our results.

Keywords: fractional differential equation; boundary value problem; methylpropane graph; the
Caputo fractional derivative; stability

1. Introduction

Some natural phenomena throughout the world have been studied using initial and
BVPs for many years. Due to the broad diversity of BVPs, many academics have turned
to mathematical tools and computer simulation software to explore a variety of practical
processes. It has recently been shown that fractional differential equations may be used to
describe many diverse applications in the applied sciences (see for examples, [1-10]). One
of our purposes in this work is to extend the theoretical aspects of some applied concepts in
chemistry to increase our abilities to model some processes in chemical reactions. Once that
is accomplished, computer engineers will be able to build software that allow everyone
to conduct chemical experiments without utilizing real materials. This will allow for the
most effective management of the environmental resources that are available. We may
utilize fractional calculus for this, which is useful in similar situations. It is possible to solve

Mathematics 2022, 10, 568. https:/ /doi.org/10.3390/math10040568

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10040568
https://doi.org/10.3390/math10040568
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-3463-2607
https://orcid.org/0000-0003-4501-9269
https://orcid.org/0000-0002-1574-1800
https://orcid.org/0000-0001-5350-2977
https://doi.org/10.3390/math10040568
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10040568?type=check_update&version=2

Mathematics 2022, 10, 568

2 of 26

fractional differential-equation-based mathematical models, derive the solution functions,
then examine the qualitative behavior of solutions under specific boundary constraints
using certain approaches. As may be shown in several published publications, some
problems have been addressed before (see for examples, [11-23]).

Water pipes, gas transmission lines, population increase and computer network expan-
sion are only a few examples of industrial and medical areas where new applied models
have been developed to analyze the processes devised by engineers in these disciplines.
There has been some interest in studying mathematical models that are expressed on graphs
via ordinary or fractional differential equations, due to their graph representation. In fact,
on a graph, BVPs are specified on every edge as a set of differential equations, along with
particular boundary conditions at every vertex of the graph.

In 1980, Lumer’s work on differential equations defined on graphs is the preliminary
stage for this theory [24]. The local operators established on ramification spaces were used
to study generic evolution equations. Nicaise explored the propagation of nerve impulses
using a similar system [25]. With respect to a geometric graph with linear differential
equations, Zavgorodnij investigated those solutions that were coordinated on their inner
vertices in 1989 [26]. An adjoint boundary problem was formulated by him, and the
adjointness criteria were established [26]. On the basis of graph representation, Gordeziani
et al. have studied the uniqueness-existence of solutions to ODEs in 2008 [27] and solved
the given BVP using the double sweep method and provided a numerical methodology.

In the majority of the referenced studies, differential equations were evaluated on
a graph and their solutions were determined using numerical as well as computational
techniques. The existence aspects of solutions to fractional BVPs on graphs is, however,
only established in a few publications using approaches from fixed point theory [28,29].

Graef et al. were the first researchers who used fixed point theory to explore the
existing results [28]. They presented a three-vertex-star graph G = V(G) U £(G), in which
V(G) = {po,p1,p2} and E(G) = {e; = Pipo,e2 = papo}, the vertex py regarded as
junction node, the edge e; = p;pj connecting the vertices p; to py having length I; = |pipp|
fori =1,2 (Figure 1). Atevery ¢; = er()), by considering the origin at boundary vertices
p1 and py, a local coordinate system is made together with the coordinate t € (0,1;). A
nonlinear fractional differential equation system was developed by Graef et al. on each
edgee; = ﬁ as follows (i = 1,2)

—Doyi(t) = gi(Hhi(t yi(t)),
in which, t € (0,];) via the BCs

y1(0) = y2(0) =0, yi(li) = y2(la), D hyi(l))+ Dfya(la) =0,

where g € (0,a), « € (1,2], gi € C([0,1;],R) and h; € C([0,}] x R,R) with g;(t) # 0 on
[0,1;], D§ and Dg regarded as RL-fractional derivatives. Their desired results are obtained
by applying Schauder’s theorem and the contraction principle.

P1 'Pa

Figure 1. Star graph G having two edges.

Mehandiratta et al. in 2019 [29] presented an extension of star graph having n
edges and n + 1 vertices. Authors made a generic star graph G that including V(G) =
{po,p1,---pn} and E(G) = {e1 = p1po, €2 = P2pP0, - - -,€n = PnP0}, in which l; = |pipo| is
considered as the length of e; joining vertices p; to po (i € NY).
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The following system consists of the BVPs that Mehandiratta et al. defined them on
the edges of the above graph G as

“Day(t) = fi(t,yi(1),“Dhyi(t)), (t€ (0,1)),

. (1)
¥i(0) =0, yi(l;) = vk () (i # k), ;}/Q(li) =0,

inwhich0 < B < a—1a € (1,2], fi € C([0,}] x R%,R), and °D] is the y"-Caputo
derivative. The authors presented the transforms v = f € 0,1} and r(v) = y(t) = y(l;v)
for t € [0,1j], and showed that the equality “Dgy(t) = I7*(“Dgr(v)) holds. Next, they
transformed the system of FBVPs on the graph (1) to the succeeding system of FBVPs over
the interval [0, 1] by performing these transformations

“Diri(v) = (v, 7;(0), 1 P DEri(0)), (v € [0,1))

with 1;(0) = 0, 1;(1) = (1) fori # kand Y1, 1 'r/(1) = 0, with r;(v) = w(liv) and
hi(v,y,w) = fi(liv,y,w) fori € NJ.

These works have inspired us to expand their BVPs to a novel BVP on the methyl-
propane graph. In fact, it is a generalized graph compared to star graphs. In the future,
new scholars may generalize these notions to different graphs as new ideas.

2. Preliminaries

The Graph in the context of methylpropane compound is introduced in this section for
defining a new category of fractional BVPs on it. Let us first bring the attention of readers
to two crucial aspects regarding the methodologies employed in [28,29].

(1) As shown in Figures 1 and 2, the authors of both articles assume that G is a star
graph with one junction node pg, but in general, graph G may not be a star graph and may
have more than one junction node. Figure 3 shows five junction nodes, as an example.

p ()
¢ e e o
)

Figure 3. A non-star graph G with five junction nodes.
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(2) It is important to note that both articles treat the length of every edge as a variable
leil =1 forie {1,2,...,n}, where n represents how many vertices there are in the graph
G. Then, for the normalization of all edges, they use change of variable and transform
[0,1;] to interval [0, 1], whereas in the beginning, one might assume that all edges are the
same length |ej| = 1 without determining boundary vertex as the origin on each edge.
A novel approach for labeling the vertices is proposed as a means of achieving this goal.
This allows us to label each vertex of the graph with either 0 or 1. To put it as another
way, each vertex has a different name (label) based on the direction of related edge. A
vertex’s label and its ending vertex’s label are treated as 0 and 1, respectively, when we
move along an edge arbitrarily. Hence some labels are 0, some are 1, some are both 0 and 1
and each origin in every edge is not fixed; it is changed with each change in direction of the
corresponding edge. It is not necessary to normalize the length of all edges utilizing the
mentioned transforms; therefore, we are permitted to select one of the two vertices of each
edge as its origin. Figure 4 shows an example of how labeling may be used in this situation.
We begin to walk along the edges of this graph in the first step from the blue vertex.

" 0
i A :

@ o O

=

s

o
e

5
|,_\Oil/|
Figure 4. A general graph G with labels 0 or 1.

In this paper, on the methylpropane graph, we investigate several desirable existence
theorems for solutions of a new class of FBVPs (Figure 5).

Figure 5. A sketch of methylpropane HC(CH3s)j in the graph settings.

The chemical compound of methylpropane or isobutane has the molecular formula
HC(CH3)3, where (H) and (C) are hydrogen and carbon. Methylpropane is an isomer
of Butane, which is used as a precursor molecule in the petrochemical industry. This
compound consists of three carbon—carbon bonds and three sub-branches CHj. Inspired
by this structure, Hydrogen atoms and carbon atoms are regarded as the graph’ vertices.
Graph'’s edges stand for the chemical bonds that occur between atoms. This molecular
graph is not a star graph, thus the technique applied in [28,29] which assigns the origin at
boundary nodes except the junction node py, will not work here because there exist more
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than one junction node on this graph (four junction nodes). Consequently, we must adopt
a new approach. We may label the vertices of this graph with either 0 or 1, and we can
regard unit value |; = 1 as the length of each edge (see Figure 6).

@
i o :
€4

ay

Figure 6. The graph of HC(CHj3)3 with labels 0 or 1.

The existence of solutions in relation to the multi-dimensional nonlinear multi-term
FBVPs are studied in this manuscript by defining the graph of methylpropane labeled with
0 or 1, as shown above:

“Dfz(t) = hi(t,zj(t), z; (1)) + ki(t,zj(#), Zi(t)),  (t € [0,1])

2i(0) +“Dfz(0) + 24(1) =0, ®

[ @)+ Dhaye) + @) dz =0,

where ¢ € (1,2), p € (0,1), hj,k;j € C([0,1] x R%,R) for j € N} := {1,2,...,13}, in
which n = 13 stands for the number of edges of methylpropane graph s.t. |ej| = 1, and
¢ Dg regards the 8""-Caputo derivative. Here in the boundary conditions, we consider the

values of the unknown functions z;, and their B-derivatives (CDg zj) and their first-order
derivatives (z;) in the terminal points, and also we consider the integral of sum of them in
the mid-points of the time domain [0, 1].

Regarding the relationship between the above system of FBVPs and the molecular
graph of methylpropane, it should be noted that the main reason for this study is the
growing importance of chemical graph theory. This field of mathematics relates graph
theory to chemistry, and investigates the chemical changes resulting from interatomic
bonds along bond lines and their effects, and these studies are performed in the form of
various models of fractional differential equations. Instances of these new applications can
be found in bio-macromolecules and chemical kinetics. As the main idea of this work, the
results of the given fractional BVPs (2) about the existence of solutions can be interpreted
in various meanings in relation to organic chemistry. As a result, any solution z;(t) at every
edge e; might represents the bond polarity, bond strength, bond energy, etc. Moreover, the

integer and fractional order derivatives of the unknown functions z;, i.e., z;. (t) and CDg zi(t)

can interpret some chemical notions in this direction. Because CDg zj(t) has a nonlocal
nature, it can show some useful properties of the curves of solutions over a large extent of

a time interval [0, 1] during a chemical interaction, while z;. (t) has a local nature and it can

interprets the velocity of the same chemical interactions at a specific time t € [O, 1]. Further,
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h; and k; are defined as functions of these quantities with respect to the time f on each edge
6]', ] € N%3

On the other hand, as we said above, n = 13 shows the number of edges of the
methylpropane graph and this index can be changed by increasing or decreasing the
number of edges in different molecular structures. In other words, we can generalize this
number to each arbitrary value k € N and this change will not affect the computational
disorder. We are sure that in the future, the theory of chemical reactions and also chemical
graph theory may benefit from some aspects of these developments. Similarly, see some
recent works in this regard [30-33].

Now, we recall some basic definitions and properties of fractional calculus. Assume
¢ > 0. Then we define RL-fractional integral of the continuous function z : [a,b] — R by

L) = g ) (¢ - 0% =@ <,

such that the above integral exists [34,35].
Letr —1 < ¢ < r. Thenr = [¢] + 1. We define the Caputo derivative of the function
z € C")([a,b],R) as

“Di=(t) = wl_ﬂ) _/Ot<t =) @) A,

such that the above integral exists [34,35]. It is known that for n — 1 < ¢ < n, the solution
of “DYz(t) = 0is z(t) = my + mit + mst> + - - -+ m’_ "~ 1; also, we have

n—1 )
Ig(cDgz(t)) =z(H) + Z m;ft] = z(t) + my + mit + m§t2 4.4 mfzilt”’l, 3)
j=0

where mg, ..., m;,_; € R [36]. The Krasnoselskii and Scheafer fixed point theorems are
main tools which we use for our analysis.

Lemma 1. [37] We assume £ # @ as bounded, convex closed set in the Banach space M. Consider
Y and Y, on € so that Y1z + Yow € &€ whenever z,w € &, and (a) the operator Y1 is compact
and continuous, (b) the operator Y; is a contraction. Then dy € £ withy = Y1y + Yoy.

Lemma 2. [37] Consider M as a Banach space and a completely continuous mapping Y on M.
Then {z € M : z=vYz, v € (0,1)} is not bounded or there exist a fixed point of Y inn M.

3. Main Theorems Regarding the Existence

The present section is assigned to the results of existence theory on the graph of
methylpropane (Figure 6). To begin it, we consider the Banach spaces M; = {z; : zj, z;- €

C[0,1]} with [zl pg; = sup,epoq) |2j()] 4 sup;coq) |z;(t)| for j € Ni3. Then the product

space M = (Mq, My, ..., Mj3) equipped with the norm ||z = (z1,23,...,213)[|m =

Z}-il Hz]~||M]. is a Banach space.

Lemma 3. Let ; € C[0,1], j € N{, 9 € (1,2) and B € (0,1). Then z; is a solution of the BV Ps
“Dizj(t) = ¢j(t),

2j(0) +Dfz(0) +24(1) =0, @

[ 25(0) +Dhzy(@) + (@) az =,



Mathematics 2022, 10, 568 7 of 26

which is given by
_re=g9t
Zj(t)—/o W d€+ 1/ ¢j(&)dg
1—t¢

/o1 /og @_nn:s»))l9 m) dmdg + / / g ") g(m)dmde (5)
+/01 /05 W%(m)dmd@],

_3r(3—-p)+2 . N13
where A = TArG-p) # land j € Np°.

Proof. Consider zj as the solution of the problems (4) (j € N13). So by (3), there are
constants a( /) (]) € R such that z(t) = Iggoj(t) (]) + a(])t ie.,

t(+ _ x\0-1 . .
z(t) :/0 (=9 1“((:19)) 1) d§+a(()]) +a§])t. (6)

. t(t— 9-2 .
Thus, we obtain z;.(t) = /0 (1"(19621)%@) di§+a§]) and

_ m9—p-1 N
Dl = [ s w@ e+l

and so

/ £)dz = // (m) dmdé + 4 +§a§),

/ &) de = // 5 m)" " o (m) dmdé +a¥,

b (&~ li G __ 1
/ DP2i(#) d = // gy i dmde b s

By using the first boundary condition, we obtain

v+ [ Lo g0 ae =0 7)

Further, by the linearity of the integral in the second boundary condition, we have

1 1 1
| 5@dz+ [ Dhz@de+ [ Z@)az=o,

and it gives

yo—p-1
// (m) dmdz + al)) + al +/ %goj(m)dmdg

// 5 m) ()dmd§+a])—0 ®)
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By some simple calculations on two latter Equations (7) and (8), and by considering
3r(3—p)+2
2I'(3—-p)

”’5j>:(A1—1)l/()1 (;( // m) dmdg
// g ") % ) dmdg — // om — mwl (m) dmd¢ .

Then by substituting agj ) into (7), we obtain

: 1 _ x\9-2
i = [ e

(Al_l)[/ (1(_ 9i(&) dE — // (m) dmd@

// g g <P] ) dmdg — // s li )dmdé]

() ()

Next, we substitute the values of a;” and a;
that z; satisfies (5). This completes the proof. [

the constant A = # 1, we obtain

into Equation (6). In this case, we see

Here by considering (3), define the operator 7 on M by

(a2 20 = (Tz) (1), (Tazs) (1)), ©)

where (7; : M; = M),

t _ x\0-1
T = [ (6 50, + ke 50, ()] a¢

_ _ x\9-2
Tl A = T G R R R B

_ —_ )91
% /01 /OC ({31"(19; [h]-(m,z]-(m),z}(m)) + kj(m,zj(m),z;(m))] dmdé&

— )2
+/01 /O@‘(iw—)l)[hj(m,zj(m),z}(m)) +kj(m, zj(m), zj(m))] dmdg

C m)®- ﬁ 1 !
+ / / [ (m, 2 (m), Z4(m)) + k;(m, z;(m), Z4(m))] dmd |,
forallt € [0,1] and z; € M. For convenience in writing, put

1 |A—1]+1 14 14| 1

Ko = A_1T(@12) " [A-1r@+1) " A_1T®@) [A-1T@-p+2)
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A-1+1 1 . 1 . 1
A—1T(®) " [A-1r@+2)  [A-1T@-B+2)  [A-1T@+1)

K= (10)

We now analyze the fractional BVP (2) with different conditions by terms of the
existence criterion.

Theorem 1. Let hy, ..., h13:[0,1] x R? — Randky, ..., ki3 : [0,1] x R?> — R be continuous
functions. Suppose that there exist continuous maps é4,...,613 : [0,1] = Rt and py, ..., 13 :
[0,1] — RY, and continuous non-decreasing maps, ¢1, ..., 13 : R™ — R and ¢,..., x13 :
Rt — RT s.t.
2 2
Ihj(t, 21, 22) < () (Y Nzil), Tkt 21, 22) | < wi(8)x; (3 I=il)-

i=1 i=1

In addition, assume that continuous maps o, . ..,013 : [0,1] — R exist s.t.
|ki(t,z1,22) — kj(t, 91, 92)| < 0j(£) (|21 — q1] + |22 — q21),

forallt € [0,1], z1,22,q1,92 € Rand j € NP If A* := (K§ + K5) T2 |loj|| < 1, then the
fractional BVPs (2) has a solution, where || || = sup;¢(oq) |oj(t)], and ICO and IC} are given
in (10).

Proof. Set [|0;]| = SUP;co,1] 10;(t)| and [|ui|| = SUP;co,1] |14j(t)|. We select the appropriate
constant p so that

13
p =Y (il N8l + i gl ll) {5 + K73 (11)
j=1
where K7’s are given in (10). Define subsets

Bp = {Z = (21,22,...,Z13) eM= (Ml,Mz,...,M13) : HZHM < p},

where p is given in (11). Define 7; and 73 on B, as

Tilzz,-z0) () = (20 (0, (TP 2) (1), .. (TP 210) (1)),
Ta(z1z2, 0 za) () = (G20 (0, (B 22) (1), . (B z0) (1)),

where
i t _ 1971
(20 = [ ez, o)

— _ x\9-2
= (}(f_) (65,2 ©) e

1—t l/ / (m,zj(m),z;(m))dmdc
b [ 2y m) 2] ) it

[ 1h]<m,z]~<m>,z;<m>>dmdg,
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and

‘ _ =81
(a0 = [ ke @) @

0

_ _ x\9-2
pia %ff (€50, 2(0)

“l

// Kj(m, zj(m), )(m)) dmdg

L o o amee]

for each t € [0,1] and z; € M;. Assume that ¢7 = SUP, e, ¢i(llzjllv,) and xj =
SUP, ¢ ;(j(||zj|\M].). Now for every z = (z4, ..., z13),9 = (q1,-- -, 713) € By, we have

(m,zj(m), z}(m)) dmdg

. , _ x\9-1
0+ )] < [T I 50, 5@ + I aie a1 de

t+]A] 1 (1-8)"?

Y AST ) FeoT [m]-(c,z,»(@,z;-@))+|kj<¢,q,»<c>,q;-<c>>|} dz

ey </ Ly zom), )+ g, ) | e

b

Dhm4m4wm+hW%WMWm@M@

1 (8 (& — m)0—B-1 / /
Y w[mj(m,zi(m),zmﬂ + m g g dmd§>

to(p_ @01
< [ S 5@l + Ol lag)] 8¢

_ x\9-2
A (}w‘f_)l) 506121 + 1@l laa)]

1t
A

e 5 ") (65 (m)5 (12 Lws,) + 1)y gyl )] dmde

m)¢;(l1zjllag;) + 1 (m)x; (1971 a1,)] dmd
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[ I gy g ) + )l ) dmdé‘)

< (16197 + Il ) [ + ol 1
= \ ooy 110X ) Ive 1y Y la—1re) T1a—yre r2)

1 1
BTSN CES |A—1|1"(19—ﬁ+2)}

- (najnqo;f + ||u,»|x;f)/cs,

and

. 9-2
()0 + T a0 < [ 525 I 20,50+ I ae.ae1) de

1 _ x\0-2
i ) e [|hj<c,zj<¢>,z;-<¢>>| MCCUGRENIE:
|A_1|<// I om0 20+ g ),
ml9 2
[ oo ) -+ o) | et

/ / 5 m)® Pl [|hj(m,z]'(m),2}(m))+|kj(mr‘7f(m)’q;(m))@ dmdg)

< <||5j||¢j + ||#j||7g> [r(ﬂ) T oAre) A1 +2)

1 1
TSI CES |A—1|1"(19—[3+2)}

- (||5]«||4>; T IIVjIIX}‘>/Ci‘-

This yields

1Tz + T4l m = ZIIT] 2+ T4, < Z (I9llg7 + [lsllx7 ) (K + K7) < p,
j=1

and so || 71z + T2g||m < p and Tiz + T2q € B,. The continuity of 77 is proved from the
continuity of the functions ;. We now prove the uniform boundedness of the operator7;.

We have

. t _ x\9-1
(T05)0] < [ CE e m @)

t+|A] 1 (1—¢)%2
|A—|1|| 0 (F(ﬂg) 117(8,2(8). ()] 4

+
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+|i:§| [/ / mz]( m),z m))|dmd§
/ / ’h (m,zj(m), z;(m))| dmdg
/ / C m)®= ﬂ 1 hj(m, z;(m) |dmd§]

< 1167ll9(1z;(8)| + 1Zj(1)) | A1_+1I?(|19> Az 1\%(19 +2)

|A—1]+1 n 1 ]
|A—1T(8+1) [A-1T(®—-B+2)
= [1;ll¢;(0) Ko
Further, note that

[(TV2) (8)] < 1161195 (0) K
for all z in B,. Thus,

1Tzl m = ZIIT’ZJIIM < Zl\él\% )(Kog + K1)
j=1

So 7; is uniformly bounded on B,. Now, we are going to show the compactness of the
operator 77 on By. To do this, let 0 < t1,t, < 1with t; < tp; therefore, we conclude

Tz e~ (R =) < [ [(tzg)w_lr(&)(t1 =0 T e zi0), 242))  de
+/,:2 @Efg;ﬂw (8,2)(2),2)(2))| d&
(ﬁitff/ (i&g 132, %(2),7/(2))| dé
|§:t11| l/ S o, 25 m) 2| g
/ / !h (m, zj(m), 2 (m))| dmdé
+// o mﬁﬁl |j(m, 2j(m), zi(m)) | dmdg
< |r5(jl9|4_z(f)) [ (b= )0 4 (b2 — 11)® + 88 — 9] + |5j||fj£pi(;z(l9—) t)

+

16]1¢;(0) (t2 — t1) 1 1 1
AT [r(19+2) Trern T F(ﬂ—ﬁ+2)]
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Hence, |(7'1(j)z]-)(t2) — (7'1(j)2<)(t1)| — 0 as t; — t. Similarly, one can see that

(T2)) (82) = (TVz) (t1)] = 0,

as t; — tp; therefore, we obtain ||(71z;)(f2) — (T1z;)(t1) || x tends to zero as t; — t5. Thus,
T1 will be equi-continuous, and is compact on B, due to the Arzela—Ascoli property. Further,

take z,q € B,. Therefore

) 91
(=)0 - ) < [ ¢ %r (2,2/(8),2/(8) — k(2 4;(2), 4/(©))] &

Ear (1—C> ;k (8,2(8),2/(2)) — ki(&,4(8), q7(2))| &

A1 Jo T(@-
+ |i: t1| (/ / (m,zj(m), z(m)) — k;(m, q;(m), q;(m))| dmd¢
S 2 2 0n) o on),f o) chmce

§ m)®= ﬁ 1
v [ e (m,(m), z}(m))—k,-(m,q,(m),q;-(m))ldmdc)

_ x\0-1
< ¢ 1"(619)) 0i(©)(12(8) — 4;(Q)] + 2)(&) — /(&) ) A&

_ x\9-2
+ A OO0 ©)0) — @)1+ 20) — @) e

— : 01
i |i—tl| </01 /og %"ﬂmﬂl%(w) —q;(m)| + |zj(m) — q;(m)]) dmdg

_ 9-2
- /o1 /OC (gr(ﬂri)l)”f(m) (Izj(m) — qj(m)| + |zj(m) — gj(m)|) dmdg

m)®= ;3 1
S >(|z]-<m>—q]-<m>|+|z;<m>—q;<m>|>dmd¢>

< llojliKollzj — gjllm;,
and in the similar manner,
(T2 (8) = (g, ()] < N0 12 — 4L,
Therefore, we have that

13 i . 13
1Tz~ Tagllpa = YN T2z = T gl < (K5 +K5) Y Nl iz — gl aa,
j=1 j=1
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and so
1722 = T2qllpm < A"z = qllag-

Since A* < 1, 73 is a contraction on B). Utilizing Lemma 1, we deduced that a fixed
point of 7 exists that satisfies the fractional BVPs (2). [

In order to demonstrate the validity of the aforementioned conclusion, we give an
abstract example.

Example 1. Consider the multi-term multi-dimensional DEs
“Dy¥z1(t) = (t,z1 (1), 21 (1) + k(b7 (1), 21 (1)),

cDIBzy (1) = hy(t, za(F), 2 (1)) + ka(t, 22(8), 24 (1)),

(12)
“Dy*z3(t) = ha(t,z3(t), 25(t)) + ka(t,z3(t), 235(1)),
“Dy*za(t) = ha(t, za(t), 24 (1)) + ka(t, za(t), Z4(1)),
under the integral BCs
zj(0) 4+ “DJ*z;(0) + zZi(1) =0, (j=1,234)
(13)

[ (0 + D850 + 2] dz =0,

where 9 = 1.38, B =047, n = 4, and "D(l)'38 and "D8'47 are derivatives of order v € {1.38,0.47}
of the Caputo type. Set hj € C([0,1] x R, R), (j = 1,...,4) by

i, 2(0) (1) = 1201 1O
_z()] 0.4|sin £(t)]
hy(t,z(t), £(t)) = 5 52(0)] T 21 2lsinl(0)]’
(e, 20, 6) = U aretan z(1) + 7531172)'5'%')'
ha(t, z(t), £(t)) = %t|z(t)| +0.125[£(t)|é!,

and also kj € C([0,1] x R3,R),(j=1,...,4) by

b 1,200, £0)) = 55 (e g + 1sin 00,

sinz(t arctan /(t
falt 20, 0(1) = (2] [arcan )]

ks (b 2(1), £(t)) = 0.01¢]2(1)| + 75 | arctan £(¢)],

4t |z(1)] [E(1)]
alt2(0), £00) = 55 131 + OO T

Define ¢; : R™ — Ras ¢pyu(z) = zforallz € RY and j = 1,...,4. Further, we know that
for each nonnegative real number z, sinz < z and arctanz < z; therefore, we have

1

. !
s (Isinz|+ |21)

|h1(t,z(t),2'(t)| <
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1
< /
< sl +12D) = s nlel + 121,
1 .
[ha(t2(1), 2'(1))| < (|2 + |sinz'])
1
< g2+ 12 = *ch(IZH\Z'I),
t+1
|hs(t,z(t),2'(t))] < W(|arctamz| + |2])
t4+1 S .
< ——
t
gt 2(8), 2/ (9)] < G (2l + 1)
et , et ,
< 2zl +12']) = S allz + |2]),
8 8
o o 1 1 41
inwhichforj=1,...,4,6; € C([0,1], R™) are given as 6, (t) = Z—H,Jz(t) = 5,53(t) =00

and 54(t)

[ka(t,2(4), 7' (1))] <

<

[ka(t,2(t),2' (1))

IN

IN

|k (t,z(t),2' (1))

IA

| /\

|ka(t,z(t),2'(1))]|

IN

<

in which for j = 1,...

t 4t
ua(t) = 100" and py(t) = 100°

/4, 1 € C([0,1],R") are given as p1(t) =

,4. Then we obtain

(2] + | sinZ])
1000
(2 +12]) = (2] + I2]),
1000 \F T 10007‘1 2z

1 . ,
200_i_t(|s1nz| + |arctanz'|)

1 o1 /
m(|z|+\arctanz/|)

! !

(24 1) =zl + 121,
4t ,
m(|z|+\z )
4t 4t )
2 (el + 1) = - xallel + 21,

t

1000 pa(t) =

= éet. FEurther, we define nondecreasing and continuous mappings x; : R* — R* by
Xj(z) =zforallze R andj=1,...

1

200 + ¢

On the other hand, by the mean value theorem, we know

that | sina — sinb| < |a — b| and |arctana — arctanb| < |a — b| for all a,b € R. Thus, for

21,229,401, 4> € R, we estimate

|k1 (t,Zl(f),Zz(f)) — kl(f,gl (f),fz(t))‘

< 7000
1000

t

|z1(t) — €1(t)| + | sinza(t) — sin£5(t)])
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< L (2t — ()] + |za(t) — (1)),

‘kz(t,Zl (t),Zz(f)) — kz(f,fl (t), éz(t))‘

< 500 T3 (| sinzy (t) —sinfq(t)| + | arctanz,(t) — arctan £5(t)|)
= 2001+ (12108 = (D] + [22(8) = La(B)]),

k3 (t, z1 (), 22(t)) — k3(t, €4(t), L2 (1))

| /\

160 (|z1(t) — €1(t)| + | arctan zy(t) — arctan £, (t)|)

180 (Iz1(8) = &(B)] + |z2() = L2(1)]),

| /\

and

|ka(t,z1(t), z2(t)) — ka(t, £1(t), £2(1))|

4t

< 205 (21(0) = 2(8)| + [22(0) — E2(0))
4t
< <05 (1210 = (0] +[22(6) = ).
Hence, oy (t) = ﬁ o (t) = 2001+t’ o3(t) = ﬁ, and oy(t) = %, where ||oy|| =

1 1 4
1000’ llox|| = 300" H¢73|| = —, |loy| = 100’ and so 2?21 |ojl| =~ 0.056. According to the
obtained values, we obtain A ~ 2.2364, Kj ~ 5.1371, K ~ 3.4112, and so K + K3 ~ 8.5483.

Hence,

= (Ko +K7) Z llojll = (K5 + K1) (lonll + lloz|l + lles]| + lloa]l) ~ 0.4787048 < 1.
=

Application of Theorem 1 leads us to infer that the fractional BVPs (12) and (13) possesses a
solution.

In the following, we investigate a special case of the fractional BVPs (2) on the methyl-
propane graph (Figure 6). Assume that k;(f,z;(t), z]’(t)) = 0 are constant functions. Then
the fractional problems (2) are converted into the following BVPs on the methylpropane
graph under the integral BCs

“DYz(t) = hy(t,z(1), Z(1), (j € N}?)

2j(0) +“Dpz;(0) +2(1) =0, (14)

[ 5(0) + D) + @)] a6 =0,
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where ¢ € (1,2), and h; : [0,1] x R — R are continuous functions. By utilizing the
Scheafer’s theorem, we prove our next existence criterion. Before that, with adequate
regard for Lemma 3, define Y on M as

Y(z1,22,...,213)(t) i= ((lel)(t)/ e (Y13Z13)(f))/ (15)

where

t _ x\0-1
O e R L

- _ x)9-2
*5o1 ) (;w)) 1(82(8),2(8)) dg

H[/ [ o,
// hj(m,zj(m),zj(m)) dmdg

19 /3 1
*/ / 6 i g hi(m, zj(m), zj(m)) dmdZ |,

forallt € [0,1],z; € Mj,and j € N13. In the following, the existence property for FBVPs
(14) are proved under the boundedness assumption for the continuous functions h;.

Theorem 2. Regard the continuous functions hy, ..., h3 : [0,1] x R> — R. Assume that the
constants g; > 0 exist with |h;(t,z1,22)| < o] forall 21,2z, € R, (j € N}*) and V't € [0,1]. Then
the FBV Ps (14) have solutions on each edge of the methylpropane graph.

Proof. Regarding the definition of operator Y, clearly, the fractional BVPs (14) have solu-
tions if and only if there exist a fixed point of Y on M = M x - - x Mj3. Initially, we

check that Y is complete continuous. Continuity of iy, ..., hj3 implies that of Y : M — M.
Assume a bounded set O in M and z; € M;. Then we have

t (¢ x\0-1
0] < [ L s @)

t+ Al (18"
A=1]Jo T(8—

o 4 LS

1 ¢ —m 9-2 ’
bk @rw)1>|hf<mfzf'<m>'zf<m”’d”1d§

‘h (&,2i(£),7;(¢))] dg

j(m,z]-(m),z}(m))| dmd¢

) ﬁ 1
// C m) |\hj(m, zj(m),z;(m))| dmdg
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[ 14 14| n 1 N [A—1]+1 n 1 ]
A—1T(0) " [A—1T(@+2)  [A-1T(@+1)  |A—1T(0—p+2)

= oo,
Vt € [0,1], and Kj is introduced in (10). Similarly,
A—1]+1 1 1 1 .
< = 0;
|(Yjz) (1) Qf[m AT TASITe D) AT —p+2) A= 1|1"(19+2)} ok,
vt € [0,1], in which K7 is as (10). Thus [[Y;z;(t)[|a;, < j(K§ + K7), and [[Yz(#)[| 0 =

Z]l-il Yz (t )||M < Z] 10j(Kg + KY) < co. From this we deduced that Y is uniformly

bounded. To conflrm the equi-continuity of operator Y, assume z = (z1,2,...,213) € O
and 0 < 1, t, < 1with t; < f,. Then

02 5) = ()0 < [ S ()Ul_wl] I14(€,21(),2(0)) | A&
+/t1t2 “2;(?)” (8,2(£),2(2))| d&
e, (;(:96) hy(8,21(2), (@) d
|t2:t11| [/ / ](m zj(m), 2j(m))| dmd¢
+/01/06({J;(_197i);2 |j(m, zj(m), zj(m))| dmdg

yo—p-1
—i—// ‘: ) ‘hj(m,zj(m),z;-(m))|dmd§]

—1’(19Qj—1)[_(tz_t1>ﬂ+<t2_f1)‘9+t§_t§9]+m
Q'(tZ*tl) 1 1 ,
+ ]|A—1| {r(ﬁ+2>+r(‘9+1)+1"(19_[3+2)]

The right-side converges to zero (no depending upon z € O) as t; — t,. Similarly, we
have
[(Yjz))' (t2) = (Yjzj) (t1)] = O,

ast; — tp. Hence, ||Yz(t2) — Yz(t1)|| a4 — Oasty — tp. This gives that Y is equi-continuous
on M. Hence Y is completely continuous by Arzela—Ascoli theorem. Assume a subset

Q:={(z1,20,...,213) € M : (z21,220,...,213) =VY(21,2,...,213), V€ (0,1)}
of M. We prove the boundedness of Q). Let (21,2, ...,213) € Q. Then

(21,22,.. .,213) = VY(Z],Zz,. ..,Z13),
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|z

!
]

(D] < voy

and so z;(t) = v(Yjz;) forall t € [0,1] and j € Nj>. Thus,

to(p_ mo—1
|z]~<t>|3v</0 LR GG
t+[Al 1 (1-9)"
211y T MA@ e
d:i[// ](mz]( m))| dmdg
1 ¢ _mﬂ—2
+/0/0(§”(19—)1) hi(m,zj(m),z;(m))| dmdg

)0=F=1
/ / 6 ‘hj(m,zj(m),z;(m))|dmd@])

[ 1+ A n 1 N A—1|+1 n 1 ]
|A—=1T(®) [A—-1T(@+2) [A-1T@+1) [A-1T(@—p+2)
:VQ]*K:S,
and
[A—1+1 1 1 1

A—1T(@) " TA_1T@+2)  JA_1T(@—p+2)  |A_1T@+1)

} = ijICf.

These inequalities follow that

13 13
Izllm =Y lIzjllm, < v Y- ej(KG +KF) < oo
= =

therefore () is bounded. Utilizing Lemmas 2 and 3, we find out that in M, Y possesses a
fixed point, which is a solution of (14). O

4. Ulam-Hyers Stability

Since the concept of stability is so important in determining the solutions to many
dynamical systems, due to this importance, we here establish two Ulam-Hyers and the
generalized version of stabilities in relation to the fractional multi-dimensional BVP on the
methylpropane graph (14). For more information, see [38—43]. In consistence with [41], we
define the following notions:

Definition 1 ([41]). The fractional multi-dimensional BVP on the methylpropane graph (14) is
Ulam—Hyers stable if 3 d;‘lj € Ry st Vej > 0and Vz}*(t) € C([0,1],RR) as a solution function
satisfying

"Dz} (1) — (1,2} (1), 7] ()] < e, (16)

3zj(t) € C([0, 1], R) fulfilling the multi-dimensional BVP on the methylpropane graph (14) with

|27 (8) =z ()| < ey, te[01].



Mathematics 2022, 10, 568

20 of 26

Definition 2 ([41]). The fractional multi-dimensional BVP on the methylpropane graph (14)
is generalized Ulam—Hyers stable if 3G; € C(R",R") with G;(0) = 0s.t. Ye; > 0and
Vz]’f(t) € C([0,1], R) fulfilling

“DYz; (1) — hy(t, z;f(t),z;f’(t))‘ <

3z(t) € C([0,1],R) satisfying the multi-dimensional BVP on the methylpropane graph (14) with

|z (1) —zj(t)] < Gjle;), t€[0,1].

Remark 1. Definition 1 = Definition 2.

Remark 2. z7 (t) € C([0,1], R) is named as a solution for (16) iff 3 H; € C([0,1], R) depending

on z]’f s.t.

(1) [Hj(t)| <ej, t €[0,1]. /
(2) CDgz;f(t) = hj(t,z}(t),z] (t)) + H;(t), t € [0,1].

We now study the above stabilities for the fractional multi-dimensional BVP on the
methylpropane graph (14).

Theorem 3. Assume that the assertion

!

it 25 (1,25 (8) = i, 2(8), 2 (8)] < L5 (1] — 2] + |2} —2])),

for some E;-‘ > 0. Then the fractional multi-dimensional BVP on methylpropane graph (14) is
Ulam—Hyers stable on [0, 1] and is generalized Ulam—Hyers stable if

LIKG <1, jeNp,
for which K is given in (10).

Proof. Ve; > 0and Vz; € C([0,1], R) fulfilling

DYz (t) — hi(t, ) (1), 2] (1)| <ej,

one can find H; € C([0,1],R), which satisfies
“DYzi(t) = hj(t,z} (1), 2} (1)) + Hi(t),

with |H;(t)| < e;. It gives
t(p_ m)0-1 )
0= [ i (e 5@ @) + @) ac

_ _ x\0-2 ,
8 G (e @5 @)+ @) a2

_ —m 9-1 ,
+H /01 AEW(hj(m,z;(m),z; (m))—l—Hj(m)) dmd¢

+ /01 /05 W (i, (). 2] () + o)) g
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// (&—m)?F1 mﬁﬁl hi(m, z; (m), ,*( m)) + Hj(m ))dmdzj],

Consider zj(t) € C(J,R) to be the solution of (14), which is

2

_ -1 _ 19
= [ ¢ rflﬁ) e @@+ =7 [ Gl e a5 de

“l

(m,zj(m),z (m)) dmd¢

(m,zj(m),z (m)) dmd¢

// e=m™ P mﬁﬁl hi(m,zj(m),z (m))dmdgf.

We estimate

t(f— &)1 ,
550 -501 < [ UL i@ ©.5 ©) - e 5@

_ x\0-2 ,
=y (}w))m@z@ ()~ Iy(E,5(8), ()| dé

e [ S i, ), = 0n) — g, 23 ), 2§ o)) g

_ m)o2 /
A (gm _)1> [y (m, 2} (), 25 (m)) = i (m, 2j(m), 2j(om)) | dmdl

)
19 ,B 1 ,
(/ /’ 5 ™) nz%(m)zf(m))—hﬂnu@(m)zﬂm)ﬂdmd@]

t Al -9
e e e P GIE:

@:;[//
v [ e ’””1 )dmdc]

M 1+ 14| n 1
% [A—=1T(¥) |A-1T(d+2)

Syl andg + [ [ Eo M ) amag

< Lillz -

A-1+1 1 }
A—1T@+1) " [A—1T(0—p+2)
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"‘SJ{

1+ 14| n 1 N |A—1]+1 n 1 ]
IA—1T(8) |[A-1T(®+2) [A-1T(B+1) |A-1T(-p+2)

=¢Kg + KoL ||z — zl.

Hence
Iz = zj|l < &Ko + KoL ||z — zll,

in which K is known in (10). From above, we obtain that

ek
Iz} =7l < =
o 1= KL
and thus by taking d;j = W, we find that the multi-dimensional methylpropane
— KL

*

FBVP (14) is Ulam-Hyers stable (Kj £} < 1). Further, for Gi(ej) = with G;(0) =

&0
1= KoLs
0, we have the generalized Ulam-Hyers stability for the mentioned multi-dimensional
methylpropane FBVP (14). O

Example 2. Consider the multi-term multi-dimensional DEs
“DFBzy () = hi(t,z1(t), 21 (1)),

“DEBzo(t) = ho(t,za(t), 25(t)),

(17)
“Dy*z3(t) = ha(t z3(1), 25(t),
“Dy*z4(t) = ha(t, z4(t), 2 (1)),
under the integral BCs
5(0) +<D§V5(0) +2(1) =0, (j=1,234)
(18)

[ 50 +D85(0) + 26 dz =0,

where 9 = 1.38, B =047, n = 4, and "D(l)'38 and "D8'47 are derivatives of order v € {1.38,0.47}
of the Caputo type. Set hj € C([0,1] x R, R), (j = 1,...,4) by

I (t,2(1), £(t)) = |Si“8‘z(t)| + ‘4(8”' +e,
_ 0.1ejz(t)] e|sin £(t)] .
ha(t,2(0),40) = 557 + 500 + [smeq 25
1 ()]
hs(t,z(t),0(t)) =2+ 700|a1rctanz(t)| + 750 S 700[()]”
ha(t,2(1), 0(1)) = B%\Z(t)\ +0.0125e|¢(t)| — 21t.

By the mean value theorem, we know that |sina — sinb| < |a — b| and |arctana —
arctanb| < |a — b| forall a,b € R. Thus, for z1,25, {1, (> € R, we estimate

[l (t,z1(8), z2(8)) — ha (8, €2 (1), €a(t)) |
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< = (|sinzy (t) — sin €1 (£)] + |z2(t) — £2()])

X =

<

(lz1(8) = &1 (B)] + |z2(t) — L2(1)]),

®| =

|ha(t, 21 (t), 22(t)) — ha(t, £1(t), £2(t))|

< (21 () — (0)] + [ sinza(0) = sin (1)
< 22 (12 () — (1) + |2 () — (),

|ha(t,z1(t),22(t)) — ha(t, €1 (), Lo(t))]

1
< %ﬂ arctanzq (t) — arctan {1 (t)| + [z2(t) — €2(1)|)
1
< mﬂzl(f) — 0 (8)] + |z2(t) — L2(t)]),
and
|ha(t,z1(t), 22(t)) — ha(t, £1(t), L2(t))|
e
< %“Zl( ) = G (B)] 4 |z2(t) — L2(t)])
e
=< %ﬂzl( ) = L1(t)| + |z2(t) — L2(H)]).
* = 1 e % * L «_ € . .
Hence, L] = g Ly = 5 L3 = 700" and L = 50" According to the obtained values, we

obtain A ~ 2.2364 and K ~ 5.1371. Since,
LIK) ~0.64213 <1, L5K;~0.27843 <1,
L35 ~0.007338 <1, LK ~0.17401 < 1.

Then by taking the constants

. K . Kg
dj, = TR 14.354653, dj = Tk 7.119337,
KCx Ks
=0 ~517 df = "0 ~6219324
= ToKE 5.175085, dj, =KL 6.219324,

the conclusion of Theorem 3 confirms that the fractional system of BVPs (17) and (18) is Ulam—Hyers
stable. Moreover, by defining the functions

Kt K
Giler) = lleoﬁ ~ 14.354653¢;, Ga(en) = 1_827% ~ 7.119337¢,,
0~1 0~2
K K
Gs(e3) = 1—837()& ~ 5.175085¢5, Gales) = 1—84TOL ~ 6.219324¢,,
073 0~4



Mathematics 2022, 10, 568 24 of 26

so that Gj(0) =0, (j = 1,2,3,4), we see that the conclusion of Theorem 3 implies that the fractional
system of BV Ps (17)—-(18) is the generalized Ulam—Hyers stable.

5. Conclusions

In this study, we extended the technique applied in [28,29] to the non-star methyl-
propane graph and studied a new family of multi-term multi-dimensional FBVPs on every
edge of the graph by introducing a labeling method for vertices. We discussed the existence
of solutions for aforesaid FBVPs with the aid of Krasnoselskii and Schaefer fixed point
theorems. Moreover, the stability analysis in the sense of Ulam-Hyers and generalized
Ulam-Hyers was investigated. In addition, we prepared an abstract example to explain one
of our results. In view of the importance of differential equations in chemical graph theory,
we designed our FBVPs (2) on the molecular graph representation of methylpropane as an
example of a non-star graph. This research is of pivotal nature for fractional mathematical
modeling on different chemical compounds of molecules in the framework of complicated
non-star graphs. Our suggested FBVPs are applicable on a vast range of graph struc-
tures, especially digraphs, which are usually utilized in medical technologies in relation
to protein networks. In our future projects, we plan to study more problems on the graph
representation of different molecular structures by using analytic and numerical methods.
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