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Abstract The aim of this article is to provide a new theorical framework based on 
combinators for the study and implementation of applicative programming languages. 
This formal theory can be viewed as a Computability theory where functions are defined 
in a natural and usable way because Curryfication is abolished, This allows short 
definitions of functions and fast graph reduction machines. 

R~sume : COt article presente un nouveau cadre th~orique base sur les combinateurs pour 
l'etude des langages de programm~tion applicative et leurs raises en (~-uvre. Cotte thOorie 
formelle doit ~tre per~ue comme une theorie de la Calculabilite oO les functions sont 
definies de maniere naturene et utilisable cat" la Curryfication ~ 6t~ abolie, Cela permet 
des definitions t~duites pour les functions et des machines de r(bduction de graphes 
efficaces. 

0 - I n t r o d u c t i o n  

If we look at functional languages, their implementat ions  and theories 

support ing them, we must  r emark  that  ~ is never  a primitive 

concept. It  is carried out th rough  Curryfication or structuration,  

is a mathematical  method allowing the t ransformat ion  of a polyadic funct ion 

into a monadic funct ion [Curry  5Sl, A possible problem is tha t  a single 

application of a polyadic n - a ry  function is conver ted  into n applications of 

unary  functions. That implies in termedia te  terms and reduct ion steps. 

Nevertheless, it is a part iculary clear and consequent ly  safe method used in 

numerous  functional  languages as a basic principle: KRC, ML [ C o u s i n e u  S)l, 

SUGAR, [Glaser 841, SASL [Turne r  791 .... 
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The other manner to get polyadicity from monadiciW is structuration: one 

gives a structure to the arguments of a function. Lisp systems IChs~lloux S41 

use linked lists in order to provide tree binding. ML IML S4l provides cartesian 

product as an alternative to Curryfication. FP systems IB~u:kus 7Sl use the 

sequence which has an ambiguous status: it can be viewed as an array when 

accessed through projections or as a linked list when accessed with head and 

tail functions. The main difficulty with these approaches to polyadicity lies in 

the fact that structures must be represented in order to be coherent. If the 

system talks about arguments lists (as in Lisp), they must be present, at least 

virtually. On the other hand, we know that arrays are inadapted to dynamic 

management and that lists are rather slow. Moreover, the best effective 

representation of arguments sequences depends on their use. That is why it 

seems better to ignore any structure. 

Forseeable developments in hardware conceptions IArviad SZ, l ~ n n i s  791 let 
us hope for a new deal in functional languages implementations. Nevertheless, 
it must be taken into account that Von Neumann architectures are there for a 
long time. Thus, the preceding problematic is still important. 

The theory TO was first presented in l k l l o t  sTsl, It allows to deal with 
polyadic functions in a natural way: functions are not Curryfied, In opposition 
with classical theories and practices, it is not assumed any structure on 
arguments. The task of ar2uments manaRement is reiected on combinator,s. 
The theory TG is issued from Combinatory Logic (CL) ICurry 51)I and the Graal 
programming language lBollot S6bl. The theory has been shown to satisfy 
classical properties: CR-property, Completness, Consistency, definability of 
Partial Recursive Functions and so on. 

It has been pointed out that functions with yariable arity such as +_: 

+ : Xl X2 ... Xn = Xl+X2+...+Xn for every n>_l and natural numbers XI,X2,,,.,Xn 

are not definable in TG whereas they exist in languages such as Lisp, ML and 
FP where such functions are programmable thanks to the use of structures on 
arguments. Therefore the theory is extended (the theory TOE) with two new 
combinators, Classical properties remain true for TOE and it has been 
conjectured that TOE is a conservative extension of TG. Some unformal 
definitions of functions with variable arity are in l~)l lot  STal. 

This article gives a short presentation of the theories TG and TOE_ It proves that 
we have the following conservative extension: Tc c T(~ Then it is given a 
formal definition of functions with variable arity (Fva). The problem of the 
representation of Fva's in TOE is studied. Firstly, we use classical results of 
Computability theory. Then we define computable and totally computable 
Fva's and we prove that they are definable in T~, The ideas of the proofs are 
used to give methods for determining representations of totally computable 
Fva's. A general abstraction algorithm is given. 
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The notion of Fva means  a par t icular  notion of par t ia l  r ecur s ive  funct ion which  

was  t r ea t ed  under  the cover  of ~gding the  a r 2 u m e n t s  sequences .  Tha t  is a 

ma thema t i ca l  we l l - founded  method  un fo r tuna t e ly  not  adap t ed  to compu te r  

science purposes .  In ToE, Fva 's  and polyadic  funct ions  in gene ra l  a re  def ined  

natural ly:  thei r  def ini t ions are Fva 's  and polyadic  te rms .  I t  was  s ta ted  in 

[ k U o t  s7a i  tha t  such defini t ions are  not  possible  in classical theor ies  wi thou t  

the  use of an  h e a v y  m a c h i n e r y  fan a r te fac t )  such as coding, pairing,  lists... 

The ~ m o d e l i s a t i o n .  of funct ional  p r o g r a m m i n g  concepts  in TOE has 

in te res t ing  consequences .  The use of power fu l  uncur ry f ied  combina to r s  

p rov ides  abs t rac t ion  t e r m s  ( t e rms  g iven  b y  an  abs t rac t ion  a lgor i thm)  shor t e r  

tha t  thus  p rov ided  wi th  classical combina tors .  Shor ter  t e r m s  are  f a s t e r  

p rograms .  Moreover ,  ToE is g iven  wi th  a fas t  g r a p h  r educ t ion  mach ine  running  

on classical compu te r s .  It  is tha t  of the  Graal  language [Bel lot  S6bl. I t s  

execut ion t ime  is among  the  bes t  k n o w n  on Von N e u m a n n  compute r s .  

Therefore ,  ToE can be  used v e r y  ef f ic ient ly  in Turne r ' s  like schemes  of 

i m p l e m e n t a t i o n  [ T u r n e r  791. Curryf ied combina to r s  lead to i n t e rmed ia t e  t e r m s  

and reduc t ions  wh ich  are  not  needed  since t hey  do not  a p p e a r  a t  h u m a n  level.  

This w o r k  follows J.W. Backus [Backus 751 w h e n  he r e m a r k s  tha t  c o m b i n a t o r y  

t e r m s  such as (B f) in CL are needless  in practice. 

I - T~ : the theory 

This sect ion descr ibes  br ie f ly  the t h e o r y  and r e p e a t s  f u n d a m e n t a l  t h e o r e m s  

g iven  in IBeUot •7•]. The t h e o r y  is a f o r m a l  s y s t e m  l ldende l~)n  641, 

Alphabet: K,S,T,L,D 

V O , V l , V 2  . . . . .  

( , )  

cons tants  

e n u m e r a b t e  se t  of va r i ab l e s  

reduc t ion  and equa l i ty  symbo l s  

appl icat ion symbo l  

pa ren thes i s  

T e r m s :  t h e y  are  induc t ive ly  def ined  using the  auxi l ia ry  not ion of sequence ,  

- e v e r y  a tom (cons tan t  or  va r i ab l e )  is a t e r m  

- e v e r y  t e r m  is a sequence  

- if a is a t e r m  and s is a sequence,  a s  is a sequence  

- if a is a t e r m  and s is a sequence ,  ( a  : s )  is a t e r m  

- c losure rule  

Remark:  A sequence  is the conca tena t ion  of a f ini te  n u m b e r  of te rms .  Despite 

of appea rance ,  it is not  s t ruc tured .  As a ma t t e r  of fact,  th i rd  f o r m a t i o n  rule  

could have  b e e n  w r i t t e n  "if a is a t e r m  and s is a sequence,  s a  is a sequence",  

Sequence  mus t  be  v i e w e d  as a syntact ic  not ion only. For sake  of readabi l i ty ,  a 

sequence  which  is the  conca tena t ion  of t e r m s  x l  ..... xa  will be  deno ted  x t . . . xa  

and conve r se ly  x l . . .xn  deno tes  a sequence  composed  wi th  some t e r m s  I t  ..... I s  
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Notat ions:  As usual ,  app l i ca t ion  is "assoc ia t ive  to  the  left" so t h a t  an  app l i ca t ion  

( f  : a l . . a n )  : b l . . b m  m a y  b e  w r i t t e n  f : a t . . a n  : b l . . bm.  V a r i a b l e s  a r e  d e n o t e d  

us ing  smal l  l e t t e r s  x,y,z .... w i t h  poss ib le  indexes .  Capi ta l  l e t t e r s  M,N,L .... 

( pos s ib ly  i n d e x e d )  d e n o t e  t e r m s .  If  M and N a re  t e r m s ,  M =__ N d e n o t e s  t he  

syn t ac t i c  e q u a l i t y  of  M and  N. 

Formulas: A ~ m a y  be  P =) Q (P r e d u c e s  to  Q) or  P = Q (P is e q u a l  to  Q) 

w h e r e  P and  Q a re  t e r m s .  

Axiom-schemes and inference rules: 

(K) K : Xl..Xn : YI..Ym,,) XI 

(S) S : F Gt..Gm : Xl..X~ o F : Xi..Xn : (Gt : Xt..Xn) ... (Gin: Xt..Xn) 

(T) T : GI..Gm : XIXz..Xn =) GI : XtXz..Xn : XZ.Xn 

(L) L : F GI..Gm : XI..Xn =) F : Xt..Xn : (G! : Xt..Xn) Xl..Xn 

(D) D '. GtGz..Gm: X=) Gt : X 

D : GI Gz..G,, : XI Xz,Xn =~ GZ : XI Xz..Xa 

Xi=)Yi  l<=i<=n M o N  

(a) (e) 

F : XI..Xn =) F : YI..Yn M = N  

F = ) G  M = N  

(f) (s) 

F : Xl..Xn =) G : Xl..Xn N = M  

M=) N N=) L M - N  , N = L  

(t) ( t ' )  

M = ) L  M = L  

(r) M =) M 

' - ~  a re  se ts  of  ax ioms  w h i c h  all c o n f o r m  to  a g i v e n  pa t t e rn :  (S), 

(K), (T), (L) and  (D) a r e  a x i o m - s c h e m e s  w h e r e a s  o t h e r s  a r e  i n f e r e n c e  ru les .  

T e r m i n o l o g y  is f r o m  [ C u r r y  5S, H i a d l e y  S61. A d e d u c t i o n  of a f o r m u l a  F f r o m  a 

se t  of f o r m u l a s  {FI .... Fn) is a t r e e  w i t h  a x i o m s  and  f o r m u l a s  f r o m  (FI  .... Fa} as 

leafs  and  F as root .  A n o d e  m u s t  be  d e d u c e d  f r o m  its sons  us ing  an  i n f e r e n c e  

rule .  We m a y  w r i t e  TalE, {Fl .... Fn} I-  F. I f  t he  se t  (FI  .... Fa} is e m p t y ,  F is a 

p r o v a b l e  f o r m u l a  and  w e  w r i t e  Tom J- F. 

ExamtHe of proof:  

(t) 

(S) S : K K : x = )  K : x : ( K : x )  (K) K : x : ( K : x ) o  x 

S : K K : x = ) x  

thus:  T G E J - S : K K : x q  x 
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D e f i n i t i o n s :  

a) The notions of ~ and occurrence are classical. It is assumed 

that  they  are known (as usual!). 

b) A ¢ombinator. is a t e rm which does not have  a var iable  as a subterm.  

c) A lhs of an axiom is a redex the corresponding rhs is its contractum. 

d) A ~arba~e is any  te rm corresponding to one of the following pat terns:  

(S : F : XI..X~), (T : GI..Gm : X), (L : F : XJ..Xn), (D : G : Xl,,Xn). Such te rms  

will never  become heads of redexes. 

e) A te rm which contains no redex and no larbaRe as a sub te rm is a 

normal  form (nf). 

f) A te rm M equal  to a nf N is said normalizable_ and N is its normal  form. 

The following theorems are proved in IBellot S7a]. 

D i a m o n d  L e m m a :  If M=*P and M=*Q, there  exists L such that  P=*L and Q=*L. 

Proof: Adapted f rom Tait-Lof proof for CL and k-calculus, 1981, It  can be 

deduced f rom the results  of IKlop 80I on Combinatory  Reduction Systems. 

C h u r c h = R o s s e r  (CR): If M = N, there  exists L such that  M =* L and N ,* L, 

Proof: Classical: the cont rac t ion-expansion path f rom M to N is reduced until it 

becomes a two-s teps  path. The proof uses heavi ly  the Diamond lemma, 

Figures :  M ~ Q M N 

P .......... ) L L 

C o r o l l a r i e s :  The following propert ies  are deduced f rom CR, 

a) I f M = N a n d N i s a n f . , t h e n M = *  N 

b) The normal  form of a te rm is unique 

C o n s i s t e n c y :  TG~ is consistent.  

Proof: S and K are non equal  normal  forms since S cannot  reduce to K. 

I d e n t i t y  c o m b i n a t o r :  Let I = S : K K, then  I : XL.Xn i) Xt. 

Proof: I : XI..Xn ,* S : K K : Xt..Xn =* K : Xt.,Xn : (K Xt,.Xn) =o XI 

A r g u m e n t s  s e l e c t o r s :  Let us define the selectors family  (Pk)k: as follows: 

Pl =_ I Pk+t =_T : (K: Pk) 

then  we  have Pk : Xt..Xn i) Xk if l_<k_<n and Pk : Xt,.Xn has no nf, otherwise,  

Proof: Pk+t: XtXz..Xn =* T : (K : Pk): XtXz.,Xn =* (K : Pk : XIXz,Xn) : X2.,Xn 

• * Pk : Xz..Xn 

am) Xn- l -k  == Xn-(k+l)  

S u b s t i t u t i o n :  If M.NI,.,,Nk are te rms  and xt,...xk are variables,  the parallel 

subst i tut ion of Nl,..,Nk to xi,,..xk in M is denoted [ N t . , N k / x l , , x k ] M  and is 

induct ively  defined as follows: 

[Nl,.Nklxt..xk]xl i_ NJ 

[Nt..Nklxt..xk]c ~_ c if c is an atom dif ferent  f rom the var iables  xt...,xk 

[NI,.Nklxt..Xk](F : Yt..Yn) = [ N t . . N k / x t , . x k ] F  : [ N t . ,N k l x t , ,Xk ] Y t  .... [Nt,.Nk/xt..xk]Yn 
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Combinatory Completness: Let M be a term and Xl,..,Xk be variables, there 

exists a te rm denoted  (zxl,..,xk.M) such that  none of the var iables  xt,..,xk 

appears  in it and (~Xl,..,Xk. M) : NI..Nk =) [NI..Nk/xL.xt]M. 

Proof: (~xl,..,Xk. xi) =__ Pi 

(~i,..,Xk. y)  -_ K : y if y is an atom di f fe ren t  f rom the xl 

(ZxL..,xk. F : ML.Mn) =_ S : (~xL..,xt. F) (~t, . . ,xk. MO...(~L..,xk. M~) 

F i x e d - P o i n t  o p e r a t o r :  There  exists Y such that  Y : F =) F : (Y : F). 

P roof :Y=f ) : f )  wi th  O = S : ( K : S ) ( K : I ) ( S : I I )  

Normalizing extensional fixed=point family: There exists a family (Ya)n_~1 

such tha t  for  each n>l, we have  the following propert ies:  

a) Yn is normalizable 

b) Yn : F is normalizable  w h e n e v e r  F is normalizable 
c) Yn " F : Xi..Xn i, F" (Yn " F)" XI..Xn 

Proof: Yn - ~n : On wi th  ~n =_ ~a. ~f. ~t11..Xn . (f : (a • a • f) : xl..xn) 

Numerals: They are def ined as i terators  following Church's idea for z-calculus, 

[ 0 ] = I ~  [n+1]=[s ] - [n]  wi th  [ s ] _ = S ' ( K - S ) ( K - I ) I  
so that  we have  [ n ] : f x = ) f n x  wi th  f ° x = x  and fn ' l x= fn ( f : x )  

Proof: Recurrence on n. 

Definability: Let f be a n - a ry  funct ion on natura l  numbers ,  f is def inable  in 

T(~ if the re  exists a t e rm [f] such that  for  all numbe r s  mt,..,mn,r, we have: 

f(ml,..,mn) = r iff T ~  j- If] : [ ind.[toni = Jr] 

f(ml,..,mn) undef ined iff [f] : [mt]..[mn] is not  normai izable  

Definability theorem: Partial  Recursive Functions are def inable  in T(~. 
Proof: I p s r s o n a !  notss l ,  facili ted by  polyadici ty  of terms. 

T h e  t h e o r y  TG- Theory  TG is the same as t heo ry  T(~ except  tha t  constants  D 
and L are not  present .  

It  was conjectured in l~ ) l l o t  s7al  tha t  the t heo ry  T(~ is a conserva t ive  
extens ion  of T& Let  us p rove  this: 

Lemma: If P is a Tn-term such that T~ l- P w Q, then To l- P =o Q. 

proof: A contraction of a TG-term P in TG~ consists of the replacement of a 

T~-redex in P by its contractum. Because P is a To-term, the redex must be a 

TG-redex and so is the contractum. Thus the contraction and the resulting term 

are in T& Now, by an elementary induction, we can prove the result because if 

T~ l- P =) Q, every contraction is done in T& 

Theorem: T ~  is a conserva t ive  extens ion of TG. 

Proof: If T(~ 1- P = Q, the re  exists L such tha t  T(~ )- P =o L and T(~ l- Q =) L. By 

the lemma,  TG l- P =) L and T0 [- Q =) L. Therefore ,  Te J- P = Q. 
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Conclus ions  on  T ~ :  To is a t heo ry  as power fu l  as s imilar  theories.  I t  has  

b e e n  ex t ended  wi th  cons tan ts  L and D because  it was  unable  to p rov ide  t e r m s  

such as B: 

B : F Gt..G~ : XI..Xm=) F : (Gt: Xt..Xm),..(Gn : XL.Xm) 

Thanks  to Combina to ry  Completness,  we  are  able to cons t ruc t  a Bn,m for g iven  

n and m. Indeed ,  we  can  cons t ruc t  Bn which  does not  depend  on m bu t  it 

s eems  imposs ib le  to cons t ruc t  a un i form B wi thou t  D and L. 

Functions such as B (or +_ in the in t roduct ion)  are  called Functions w i th  va r i ab le  

~ i t ~  (Fva) in nex t  sections, Fva 's  are def inable  in h-calculus and CL if we  use a 

power fu l  a r te fac t  such as coding a r g u m e n t  sequences  into lists. We in t roduce 

the  un fo rma l  not ion of na tu ra l  def~nabiti ty as def inabi l i ty  w i thou t  ar tefact .  I t  

can be said tha t  na tu ra l  def inabi l i ty  is def inabi l i ty  w i thou t  any  cons t ruc t ion  

ove r  the  t h e o r y  and its aDplication. Par t ia l  Recurs ive  Functions a re  na tu ra l ly  

def inable  in all theor ies  bu t  t h e y  are  funct ions  w i th  f ixed ari ty.  Fva 's  are  

Part ia l  Recurs ive  funct ions  if we  admi t  the  coding of f inite sequences  of 

na tu ra l  n u m b e r s  b y  na tu ra l  n u m b e r s  but  y e t  it is an ar tefact .  

It mus t  be poin ted  out  tha t  na tu ra l  def inabi l i ty  for Fva 's  has  no sense  in a 

Curryf ied  t h e o r y  since funct ions  cannot  have  a va r i ab l e  n u m b e r  of a r g u m e n t s  

w i thou t  an  ar tefact :  end  m a r q u e r  for a rgumen t s ,  sequence  coding, s t ructur ing,  

f i rs t  a r g u m e n t  as a coun te r  and  so on, 

2 - Computability theory and Functions with variable arity 

A funct ion  wi th  va r i ab l e  a r i ty  (Fva) m a y  h a v e  any  e n u m e r a b l e  doma in  of 

definition. For sake  of theor ica l  purpose ,  we  will  consider  on ly  na tu ra l  

n u m b e r s  in this section. We a s s u m e  tha t  e l e m e n t a r y  notions of  

t h e o r y  are  known,  t h e y  are  to be  found  in [Cut l lnd  S0I or [Rogers  671 for  a 

v e r y  comple te  presenta t ion .  This sect ion en te r s  some resu l t s  abou t  

compu tab i l i t y  of Fva 's  which  will help  us to r e p r e s e n t  funct ions  in T(~ 

Notat ions:  N is the  set  of na tu ra l  n u m b e r s .  For each  k>l, N k is the  ca r t e s i an  

p roduc t  of k t imes  N. We def ine  N °° as U N  k. 
k_)I 

Defini t ion:  A set  S is e f fec t ive ly  e n u m e r a b l e  if t he r e  exists  a bi ject ive 

funct ion ~ • S -+ N such tha t  ~ and ~-I are  e f fec t ive ly  comoutab le .  

Propos i t ion:  N °° is e f fec t ive ly  e n u m e r a b l e .  

Proof: The bi ject ion is ~ : N °° -+ N 
(al,..,ak) --) 2 ~I + 2 ~I+~2+! + ...... + 211+82 ..... ~k+k-! _ l 

This appl icat ion is b i ject ive  because  of unici ty of b ina ry  r e p r e s e n t a t i o n  of 

na tu ra l  n u m b e r s ,  and it is k n o w n  how to c o m p u t e  it and its inverse .  For a 

comple te  proof,  see [ C u t l u d  801. 
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D e f i n i t i o n :  A funct ion wi th  var iab le  ar i tv  (Fva) is a funct ion f : N °° -+ N. It can 

be seen as a funct ion which can be applied to any  n u m b e r  of arguments .  

D e f i n i t i o n :  A Fva f • NO°-+ N is an ef fec t ive ly  computab le  (e.c.) Fva if the re  

exists an e f fec t ive ly  computab le  funct ion g : N - ,  N such that  f - g o ~ w h e r e  - 

denotes  extensional  equa l i ty  be tween  functions on any  implicit domain. 

N" )N 

N 

That  is a normal  defini t ion for the effect ive  computabi l i ty  of a Fva. We wiU t ry  

some equ iva len t  definit ions for effect ive  computabi l i ty  of Fva's. 

D e f i n i t i o n s :  If f is a funct ion f rom N °~ into N, we  note  f /Nkthe  res t r ic t ion of f 

to N k. We note  ]k the canonical injection f rom N k into N °° so that  we have: 

i ftNi 
N ,,>N 

injection 

Definition: A Fva f • N °°-* N is a comoutab le  Fva if the re  exists a fami ly  (gk)k_>1 

of e f fec t ive ly  computab le  functions such that  gk: N k --) N is the res t r ic t ion of f 

to Nk,that is to say: gk = f /N k ~ f o ik  

R e m a r k :  A computab le  Fva is not  an ef fec t ive ly  computab le  Fva unless we 

can compute  un i formly  the gk f rom k, Let  us choose gk such that  gk(xt,,,,xk)= I if 

the k - th  P,R. funct ion is total, 0 otherwise.  Each funct ion gk is e f fec t ive ly  

computab le  since it is a constant  function. Nevertheless ,  the Fva g iven  by  the 

fami ly  (gk)k_>l is not  an e.c. Fva since the total p rope r ty  is not  decidable. 

The following defini t ion of computabi l i ty  for  Fva's is easi ly shown to be 

equ iva len t  to the preceding one since ~ and ~-I are  e f fec t ive ly  computable .  

D e f i n i t i o n :  A Fva f - N °°--) N is a comr>utable Fva if there  exists a fami ly  

(hk)k_>t of e f fec t ive ly  computable  funct ions such that  hk: N -+ N and such that  

we have: h k o ~ o l  k= f /N k= f o l k .  

As a mat te r  of fact, we  just  have the following commut ing  diagram: 

N i I i >I¢ 

I i gi ~ hi 

n 
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Def in i t ion:  - G0del n u m b e r i n ~  and Universal  P rog ram - 16odol 31, C u t l u ( l  s01 

Every  e f fec t ive ly  compu tab l e  funct ion f : N k -+ N has a n u m b e r  denoted  {f} 

associated w i th  it, it is its GOdel n u m b e r .  Moreover ,  t he r e  exists  a ( k + l ) - a r y  

funct ion  A k on  na tu ra l  n u m b e r s  such tha t  At({f},nl,..,nk) = m if and  on ly  if 

f(nL..,nk)=m. A k is called the  Universa l  P r o g r a m  and is e f fec t ive ly  computab le .  

The fol lowing not ion is in t roduced  as a subs t i tu te  to e f fec t ive  computabi l i ty :  

Def in i t ion:  A Fva f : N °°--) N is to ta l ly  compu tab l e  if the re  exists  a f ami ly  

(hk)k>t of e f fec t ive ly  c o m p u t a b l e  funct ions  such tha t  (hk o ~ o I t)  is the 

res t r ic t ion of f to N k and such tha t  the Godel n u m b e r s  ((hk})k2I are g iven  b y  an 

e f fec t ive ly  c o m p u t a b l e  funct ion  h, ie: h(k)  - {hk}. 

Theorem:  An effectively" c o m p u t a b l e  Fva is a total ly  compu tab l e  Fva. 

Proo[: The re  exis ts  an e.c. funct ion g : N -+ N such tha t  f - g o/). Thus res t r ic t ion  

of f to N k is fk = g o ~ o I t. On the  o ther  hand,  w e  search  for hk such tha t  

hk o ~ o I t is the  s a m e  as g o 0o  I k. We just  have  to t ake  hk = g i n d e p e n d e n t l y  

of k. Therefore ,  the G0del n u m b e r s  of the (hk)k_>t are g iven  b y  the cons tant  

funct ion  h(k)  = {g} which  is e f fec t ive ly  computab le .  

Theorem:  A tota l ly  c o m p u t a b l e  Fva is an e f fec t ive ly  compu tab l e  Fva. 

Proof: The Fva C such tha t  C(xL..,xk)=k is eas i ly  shown  to be  e f fec t ive ly  

computab le ,  Thus, t he re  exis ts  an e .c .  func t ion  c : N -+ N such that:  C = c o & 

Now: f(xl,..,Xk) = hk(~(Xl,..,Xk)) s At({hk), ~)(Xi,..,Xk)) = &l(h(k),~)(xl,..,Xk)). 

But k is C(XI,..,Xk), 

thus: f(xl,..,Xk) -- A~(h(C(xL,..,Xk)),~(Xt,..,Xk)) = &I(h(c(()(XI,..,Xk))),~)(XI,..,Xk)) 

The funct ion  g(x) = Al(h(c(x)),x) is e.c. since its s u b c o m p o n e n t s  are  e.c. and it is 

bui l t  using subs t i tu t ion  only. Therefore ,  f = g o ~ w i th  g being e.c. 

Conclus ions :  The aim of the in t roduct ion  of total  compu tab i l i t y  was  pa r t l y  to 

show tha t  e f fec t ive  compu tab i l i t y  of Fva mus t  be  consider ing th rough  the 

coding & W h a t e v e r  the  not ion t ha t  we  choose (ef fec t ive  or total  computab i l i ty ) ,  

w e  a lways  need  the  coding. Another  solution would  h a v e  to r equ i r e  the  G0del 

n u m b e r s  ({gk))k>t to be e f fec t ive ly  c o m p u t a b l e  in the  f i rs t  def ini t ion of 

compu tab i l i t y  for  Fva's.  We would  have:  f(xt,..,xk) = gk(xl,..,X~) = A~({gk},Xl,..,Xk) 

Thus: f(xl,.°,xk) = Ak(g(k),xt,..,xk) = Ak(g(C(xl,..,Xk)),Xt,..,Xk) 

The p r o b l e m  is to ex t rac t  A k f r o m  k=C(xt,..,Xk). Therefore ,  this def ini t ion of 

total  compu tab i l i t y  cannot  be  p roved  equ iva l en t  to e f fec t ive  computab i l i ty .  An 

ef fec t ive  c o m p u t a b l e  Fva is a total ly  c o m p u t a b l e  Fva in the  p r e sen t  sense  but  

the  conver se  is not  eas i ly  p rovab le  (if it is reallyt).  

3 - The theory T(I and functions with variable arity 

Let T be the set of T~-terms, T k is the cartesian product TxT•..xT where T 

a p p e a r s  k t imes  and T °O is the  union U T  k. 
41 
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A funct ion w i th  va r i ab l e  a r i tv  (Fva) in T(~ is a funct ion f : ~ --) T. 

D e f i n i t i o n -  A Fva f : T ~ -)  T is r e p r e s e n t a b l e  in T ~  if the re  exists  a t e r m  [f] 

such tha t  f(tt,..,tn) = t iff [f] : tt,,.tn = t. The t e r m  [f] is called a r e p r e s e n t a t i v e  of 

the Fva f. 

The re s t  of this section is devo ted  to the  search for  r e p r e s e n t a t i v e s  of Fva 's  in 

the t heo ry  Tc~. We know tha t  o rd ina ry  funct ions  (wi th  fixed ar i ty)  a re  

def inable  and the re fo re  r e p r e s e n t a b l e  in T ~  (cf. g l). Thus, we  res t r ic t  our  

a t ten t ion  and do not  consider  this par t icular  kind of Fva, 

3.a) Using fixed-points 

Given a Fva f : T ~ -)  T to r epresen t ,  it is some t imes  possible to def ine  it 

recurs ive ly .  The r ecur rence  mus t  be  done on the  length of the a r g u m e n t s  

sequence  and will be  handled  wi th  the D combina to r  which  allows a 

d iscr iminat ion on a r g u m e n t s  count. 

For instance,  let  us consider  the  Fva: d : T ~ ) T 

(tl,..,tk) ~) [k] 

d is an a r g u m e n t  counter ,  I t  could be  e x p r e s s e d  wi th  a recurs ive  scheme:  

d(tO = [I]  

d(tl,tZ,..,tk) ~ 1 + d(tz,..,tk) 

Therefore ,  w e  mus t  have:  

[d] : tl = K : [I]  : t[ 

[ d ] : t l t 2 . . t k  = [ + ] : [ l ] ( [ d ] : t 2 _ t k )  

= S : (K:[+]) (K:[I ] )  [d]  : t2 _ tk 

= T : (K : (S : (K:[+]) (K:[I ] )  [d] ) )  : t l  t 2 . ,  tk 

Using D, w e  obta in  the following recurs ive  equat ion:  

[d] = D : (K : [ I ] )  (T : ( K : ( S  : (K:[+]) (K:[I]) [dD)) 

which  is solved using the  extensional  f ixed-po in t  ope ra to r  of section I and the  

abs t rac t ion  a lgor i thm (this could be  done manua l ly  too): 

[d] = Y : (~d. D : (K : [I]) (T : (K : (S : (K:[+]) (K:[I]) d)))) 

Remark:  I t  can be  p roved  tha t  combina to r  D could be  rep laced  b y  [d]. We can  

cons t ruc t  [d] f r o m  D as above.  The conver se  is qui te  e a s y  to show. 

3.b) Using Church's iterators 

The scheme  of this method  is qui te  similar  to the f ixed-po in t  method bu t  

conclusion is dif ferent ,  It  uses basical ly  the r e p r e s e n t a t i o n  g iven  for total  

compu tab i l i t y  in sect ion 2. Let  f : ~ - )  T be a Fva to r ep resen t ,  w e  t r y  to 

d e t e r m i n e  the  [fk] which  r e p r e s e n t s  f res t r ic ted  to T k and to express  [fk] f rom 

[fk-1], In this sense, it is v e r y  close to r ecurs iv i ty  in 3.a. 
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For i n s t a n c e ,  le t  us  s e a r c h  fo r  a s u c h  tha t :  

a([nl],...,[nk]) = [m+..+nk] w h e r e  nl,. . ,nk a r e  n a t u r a l  n u m b e r s  

W e  h a v e :  a l ( [n l ] )  = [m]  t h e r e f o r e  w e  c a n  t a k e :  [al] = I 

And :  ak([nl],...,[nk]) = [+] : In | ]  ak-1([nz],...,[nk]) 

Thus :  [ak] : [nt]  .. Ink] 

= [+] : Ira] ( [ak-d : [nz] .. [nk]) 

= [+1: (I  : I r a ]  .. [nk]) (T : ( K : [ a k - d )  : [ m ] . .  [nk]) 

- S : (K : [+ ] )  I (T : ( K : [ a k - f l ) )  : [ n i l . . [ n k ]  

Then :  [at] = I 

i a k ] - A : [ a k - t ]  w i t h  A = ( Z a . S  : (K : [+ ] )  I (T : (K : [a]))) 

S u c h  a r e c u r r i n g  f a m i l y  of  c o m b i n a t o r s  is in c a n o n i c a l  f o r m  I R o b i n e t  S21 a n d  

c a n  be  e a s i l y  c o m p u t e d  w i t h  C h u r c h ' s  i t e r a t o r s ,  ie: t h o s e  t a k i n g  t h e i r  p l aces  in 

t h e  t h e o r y  T{~. The  r e s u l t  is: 

[ak] = [ k - I ] : A  I 

But  w e  k n o w  h o w  to c o m p u t e  [k] w i t h  t h e  c o m b i n a t o r  [d] of  s e c t i o n  3.a. W e  

h a v e :  [ k - l ]  = [-] : ([d] : [m]..[nk]) [ I ]  

= [-] : ( [d ]  : I [nl]..[nk]) [2] 

= S : (K : [-]) [d] (K : [2]) : I [m]_[nk]  

L e t  us de f ine :  [d'] = S : (K:  [-]) [d] (K : [2] ) ,  w e  h a v e :  [ k - l ]  = [ d ' ] :  I [ni]..[nk] 

Thus :  [ a ] :  [nL] .. [nk] 

= [ a ~ ]  : [ m ] . ,  ( n k ]  

= [ k - l l :  A I : [ n i l  .. [nk] 

= [ d ' l :  I [nt l . . [nk] :  A I : [ m ] , .  [n t l  

= S  : [d']  (K:A) (K: I )  : l [n t ] . . [nk]  : [ n l ] , . [ n k ]  

= T : (S : [d ']  (K:A) (K:I))  : I [nl]..[nk] 

= L : ( K : ( T  : (S  : [d']  (K:A) (K:I))))  (K:  I)  : [nt]  .. Ink] 

T h e r e f o r e :  la] = L : ( K : ( T : ( S  : ( S : ( K : [ - ] ) [ d ] ( K : [ 2 ] ) )  (K:A)(K: I ) ) ) )  ( K : I )  

P r o p e r t y :  If  w e  k n o w  ifl] a n d  ff Ilk, l] = F : [fk], a r e p r e s e n t a t i v e  of  t he  Fva  f 

is: If] = L : (K : (T : (S : ( S :(K : [-]) [d] (K : I2])) (K:F) (K: [fl]))))  (K:  I)  

P roof :  As  a b o v e .  

3.c) Direct intuition 

The  f o l l o w i n g  e x a m p l e  is t h a t  of a u n i f o r m  c o m p o s i t i o n  o p e r a t o r .  I t  e m p h a s i z e s  

on  t h e  f a c t  t h a t  g e n e r a l  a b s t r a c t i o n s  a r e  n o t  f e a s i b l e  w i t h o u t  d i f f i cu l ty .  The  

d e f i n i t i o n  of  B is: B : F Gt..Gm : XI..X~ = F : (Gt : XI,.Xn) . .  (Gin" Xt..Xn) 

B c o u l d  be  ca l l ed  a f u n c t i o n a l  w i t h  v a r i a b l e  a r i t y .  The  d i f f i c u l t y  is t h a t  w e  h a v e  

t w o  v a r i a b l e  a r g u m e n t s  s e q u e n c e s .  W e  h a v e :  

F : (Gt : Xt..X~) .. (Gin: Xt..Xa) 

= K : F : XL..Xn : (Gt : Xt..Xn) .. (Gin: Xt..Xn) 

= S : (K : F) Gt..Gm : Xt..Xn 
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and: S : (K : F) Gt,,Gm 

= K : S  : GI..Gm : (K: (K : F) : GI..Gm) Gt..Gm 

= L (K :S) (K: (K : F)) : GI..Gm 

= K L : F GI..Gm : (K : (K:S) : F GI..Gm) (S : (K:K) (S : (K:K) I) : F GI..Gm) : GI..Gm 

= S : (K:L) (K:(K:S)) (S : (K:K) (S : (K:K) I)) : F GI..Gm : GI..Gm 

= T (S : (K:L) (K:(K:S)) (S : (K:K) (S : (K:K) I))) : F Gt..Gm 

Therefore ,  we  can choose: B = T : (S : (K:L) (K:(K:S)) (S : (K:K) (S : (K:K) I))) 

This example  sets the p rob lem of an abs t rac t ion  a lgor i thm which embod ie s  

unspecif ied a r g u m e n t s  sequences  and r e tu rn s  a resu l t  which  does not  depend  

on the  length of the  a r g u m e n t s  sequences.  Such an a lgor i thm would  h a v e  been  

useful  to f ind B such that:  B : F Gt..Gm = S : (K : F) Gt..Gm 

3.d) General Abstraction algorithm 

We call ~enera l  abs t rac t ion  the  fact  of abs t rac t ing  an unspecif ied a r g u m e n t s  

sequence  in a t e r m  which can contain par t  of this a r g u m e n t  sequence.  I t  is 

s t rongly  d i f ferent  f rom the notion of abs t rac t ion  in the  Completness  theorem.  

This la ter  abs t rac t ion  deals only  wi th  f inite and k n o w n  a r g u m e n t s  sequences  

and t e r m s  such as (zx,y. x : x y). 

In the  following, we  use xt..xn as the denota t ion  for the  unsoecif ied a rRuments  

seouence.  We just  k n o w  tha t  n>=l and tha t  the  sequence  is composed  wi th  

va r i ab le s  x wi th  numer ica l  indexes.  The purpose  of the  genera l  abs t rac t ion  

a lgor i thm is to compu te  (~xt..xn.M) for a ce r ta in  class of A - t e r m s  so tha t  the 

resu l t  does not  depend  on n (which a lways  r ema ins  unknown) .  A comple te  

a lgor i thm is possible. First at all, we  mus t  def ine the  set  of A - t e r m s  on which 

the a lgor i thm applies.  We mus t  admi t  tha t  va r i ab l e s  xi are  no more  o r d i n a r y  

va r i ab le s  since t hey  a p p e a r  in the  a r g u m e n t s  sequence.  Moreover ,  it is 

in tu i t ive ly  clear  tha t  a A - t e r m  m a y  contain subsequences  like xz..xn-3 which  

implies  tha t  n>_5. Therefore ,  for each  A - t e r m  we  have  a leas t  bound  for  the 

va lue  of the  lengths  of admiss ib le  a r 2 u m e n t s  seouences .  This min imal  va lue  

for  n is included in the  defini t ion of A - t e r m s  as an indexe to A as follows: 

A~=terms and Ak=sequences- they are inductively defined, 

- e v e r y  a tom (constant  or va r iab le )  is an A t - t e r m  

- i f  i is a na tu ra l  n u m b e r  and i>l, t hen  xi is an Ai- te rm 

- e v e r y  Ak- te rm is an A~-sequence 

- i f  kt,k2 are  na tu ra l  n u m b e r s  such tha t  kt>_l, x ~ i . . x n - ~  is an A~I+t2-sequence 

- if s is an Ap-sequence  and t is an Aq=term, then  s t  is an Ak-sequence  

wi th  k - max(p,q). 

- i f  s is an Ap-sequence  and kl,k2 are na tu ra l  n u m b e r s  such tha t  kt_>l, 

s Xkl..Xn-k2 is an Aq-sequence  wi th  q - max(p ,k l+k2)  

- if f is an Ap- te rm and s is an Aq-term,  then  ( f  : s )  is an Ak-sequence  

wi th  k = max(p,q)  

- closure rule  
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Examples: ( S : K S )  is an A t - t e r m ,  

(S : xl : x2..xn-3 K x3 x4 xl..xn) is an As-term 

.Remark: There is no need to introduce formal ly  subsequences  like xp..Iq wi th  p 

and q being natura l  number s  since such a sequence can be wr i t t en  

extensionally, For instance, x&,x7 is exactly the same as x3 x4 x5 x6 xT. 

Property:  Subterms and subsequences  of an Ap-term are respect ively  

Aq-subterms and Aq-subsequences  wi th  some q<_p, 

Substitution in Ak-terms and A~-sequences: Let Xt,,XN be an ordinary 

sequence and M be an Ak-term wi th  k < N, we note n(Xt,,XN)[M] the result  of 

the subst i tut ion of the sequence Xt..XN to the unspecified sequence xt,,xn in M. 

This subst i tut ion is induct ively  defined: 

-r[(Xt..XIq)[a] =__ a ff a is an atom (constant  or variable)  

- rt(Xl..Xl~)[xJJ =_ Xi if i is a natura l  number  

-n(Xl.,XN)[xkl..xn-k2] =_ XkI.,XN-k~ if k l  and k2 are na tura l  number s  

such that  k i>I  

- n(X[..XN)[st] = n(Xt..XN)[s] n(Xt.,X}J)[t] if s is an A-sequence and t an A- te rm 

-r[(Xt..XN)[s Xk1..xn-kZ] = n(XI,.XN)[s] Xkl..XN-kZ if k l  and k2 are natura l  

n u m b e r s  such that  k l> l  and k2>0 

- r~(XI..XN)[f : s] = r/(Xt.,XN)[f] : ~Xt..XI~)[s] if f is a t e rm and s is a sequence 

Examples: 

r [ ( a b c d e f ) [ S  : x| : x z , . x n - 3 K x 3 x 4 x t . . x n ] = S : a : b c K c d a b c d e f  

n ( a b c d e ) [ S  : xl : x z . . x n - 3 K x 3 x ( x t , , x n ] = S : a : b K c d a b c d e  

Now, we have  the tools for expressing the main theorem of this section: 

General Completness theorem," Let M be an Ak-term for some natura l  

n u m b e r  k > I, there  exists a t e rm denoted AM] such that  for e v e r y  sequence 

Xt..XIq wi th  k <_. N, we have: AM] : Xt,.XI~ =* rt(Xt..XN)[M], Moreover,  AM] is given 

by  an abstract ion algorithm. 

Using a cumber some  syntax, this theorem establishes that  we are able to 

un i formly  abstract  an unspecified a rguments  sequence in any  A-term,  For 

instance we are able to find B in 3.c as B =__ AS : (K : xt) ~,,xn], The te rm 

be tween  brackets  is an A~-term. The proof of the theorem is done 

construct ively:  we describe an algori thm which computes  AM]. In  order  to do 

this, we need some technical lemmas (U,V and W) proved in the appendix,  

They set the existence of part icular  combinators  used in the descript ion of the 

General Abstract ion algorithm. 

L e m m a  A :  There exists a combinator  A such that  for e v e r y  te rm F and e v e r y  

sequence XI..X}~, we  have: 

A : F : XL..XN , )  F : Xt..X)~ : XL.XN 
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Proof:  

F :  

(K 

~ T :  

~ T :  

~ K: 

~ L :  

Thus,  

w e  have :  

Xt..XN : Xt..XN 

: F : I Xt..XN) : XL.XN : Xt..XN 

(K: F) : I XL.XN : Xt..XN 

(T : (K :F))  : I XI..XN 

(T : (T : (K : F))) : Xt..XN : (K : I : Xi..XN) XL.XN 

(K : (T : (T : (K : F)))) (K : I) : Xl..XN 

w e  just  h a v e  to set: A = (;ff. L : (K : (T : (T : (K : f)))) (K : I)) 

L e m m a  U: The re  exists  a c o m b i n a t o r  U such  t h a t  for  all t e r m s  F and  M and  

e v e r y  s e q u e n c e  XI..XN, w e  have :  

U : F M : X t . . X N  =* F :Xt . .XNM 

L e m m a  V: The re  exists  a f ami ly  (Vp.q)p_>i.q_,0 of  c o m b i n a t o r s  such  t h a t  fo r  all 

n a t u r a l  n u m b e r s  p>_l and  q>0, e v e r y  t e r m  F and e v e r y  s e q u e n c e s  XI..XN and  

Yt..YM w i t h  M > p+q, w e  have:  

Vp.q : F : Xt..XN : Yt..YM ,* F : XI..XN Yp..YM-q 

L e m m a  W:  The re  exists  a f ami ly  (Wp.q)p_,i.q_)0 of  c o m b i n a t o r s  such  t h a t  f o r  all 

n a tu r a l  n u m b e r s  p>l and  oA0, e v e r y  t e r m  F and  e v e r y  s e q u e n c e  XI..XN of  

l eng th  N >_ p+q, w e  have :  

Wp.q : F : XI..XN ,,) F : Xp..XN-q 

Generalized Abstraction Algorithm: In the computation of aiM], we must 

t ake  in to  accoun t  cases  w h e r e  M is an  a t o m  or a s ingle xi and  cases  w h e n  M is 

an  app l ica t ion  (f : s). In  these  last  cases,  w e  m a k e  an  i n d u c t i o n  on  the  

s e q u e n c e  s. 

a) If  M =__ a and  a is an  a tom, t h e n  aiM] - K : a, s ince w e  have :  

aiM] : XI..XN 

=_ K : a : Xt..XN 
o a 

=_ n(Xt..XN)a 

z n(Xt..XN)M 

b) If  M -_ xi and  i is a n a t u r a l  n u m b e r ,  t h e n  aiM] = Pt, s ince w e  have :  

aiM] : Xt..XN 

-_ Pi :  Xt..XN 

-)  Xi 

- n(Xl..XN)xi 

z rt(Xt..XN)M 

c) If  M =_ F : xp..xn-q w i t h  p and  q be ing  n a t u r a l  n u m b e r s  (p_> l,oA0) and  F be ing  

an  A - t e r m ,  t h e n  aiM] = A : aiWp.q : F] ,  s ince w e  have :  
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d) 

dM] : Xt..X~ 

z A : dWp.q:  F] : X)...X)~ 

"¢' dWt),q : F] : Xt..X)~: Xt..X~) 

,,') tI(Xt..XN)[Wgq : F]: Xt..XN 

") Wp.q : rt(Xt..Xu)[F]: Xt..X)J 

,,~ It(Xt_XN)[F] : Xp..X~-q 

n(Xt..X)0iF : xp..xn-q] 

z n(Xt..X)0M 

If M =_ F : Mi..Mk wi th  k being a na tura l  n u m b e r  and F, Mt,..,Mt being 

A-terms,  then  ,~iM] = S : A[F] ~Mfl.. A[Mt], since we  have:  

AIM] : Xt..X)~ 

z S : AF] dMl],. AMid] : Xl..X~) 

") (AF] :Xt..XN) : (AMt] :Xt..XN)... (AMk]: XLYm) 

,,) rI(Xi..Xu)[F] : n(Xl..XN)[Mt] ... n(Xt..XN)[Mk] 

-- n(Xt..XN)[F] : n(Xt..Xlq)[Mt.Mk] 

=_ n(Xt..XN)[F : Mt.Mk] 

= n(Xt..XN)[M] 

e) If M = F : s t wi th  s being an A-sequence  and F,t being A-terms,  

then  AM] = AU : F t : s], since we  have:  

~IM] : Xt..X~ 

=_ MU : F t : s]:XLXl~ 

w n(XI..XN)IU : F t : s] 

• ) ~Xt..Xu)[U] : n(Xt..XN)[F] n(XL.X~)[t] :n(Xt..X)0[s] 

=) U : n(Xt..XN)IF] n(Xt..X)0it] :n(Xt..XN)is] 

,,) n(Xt..X)0IF] : n(Xt..XN)Is] n(Xt..X)0[t] 

=_ II(Xt..X)0IF] : n(Xt..XN)Is t] 

= n(XI_XN)iF: s t] 

- n(Xt..XN)lM] 

f )  If M = F : s xp..xn-q wi th  p>l ,q>0 being na tura l  numbers ,  s being 

an A-sequence  and F being an A-term,  then  AIM] _= A : ~ V g q :  F : s], since: 

~ M ] :  Xt..X~ 

=__ A : A[Vp.q : F : s] : XI..XI~ 

,,,) AVp.q : F : s] : Xt..Xu : XI..XN 

=) n(Xt..X~)iVp.q : F : s] : Xt..X~ 

.,) n(Xt. .X)O[Vp.ql : n(Xt..X.~)[F] : rt(Xt..XN)[s] : Xt..XN 

,,) Vp.q: n(Xt..X)O[F] : n(Xt..XN)[s] : Xt..XN 

,,,) n(Xt..Xu)[F] : n(Xt..XN)[s] Xp..XN-q 

=_ n(XI..X~)[F] :n(Xl..XlO[s xp..xwq] 

-_ n(Xt..X~)tF: s xp..xn-q] 

=_ n(Xt..X)0iM] 
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The definition of ~M] follows inductive definition of A-terms and A-sequences, 

it contains the sketch of its proof which can be formally done by a recurrence 

on fJ(M) = fJI(M)+6~(M) where  fJl(M) is the number  of subsequences xp..xa-q (for 

some p,q) in M and @(M) the maximal length of an Ak-sequence in M (trivial 

inductive definition). 

E x a m p l e :  Let us compute B = ~ S  : (K : xl) xz..xn] 

B =__ A[S : (K : xt) xz.xn] 

- A : ~Vz.0 : S : (K : xt)] 

- A : (S : A[Vz,o : S] A[K : xl]) 

= A :(S : (S :~Vz,0] A[S]) (S :~[K] ~xt])) 

- A :(S : (S : (K: Vz,0) (K : S)) (S : (K:K) Pl)) 

Thus: B =_ A : (S : (S : (K : W-.0) (K :S)) (S : (K : K) Pt)) 

O p t i m i s a t i o n s :  As usual, an abstraction algorithm is given in a simply 
provable but  unrefined version. There exists almost eve ry  time a bet ter  

technic. For instance, we could remark that if M does not contain any 

occurrence of an xi or an x~-i(even in a sequence), then we have: ~M] _= K : M. 

This allows a simpler version for B since: 

B = A : ~Vz.0 : S : (K : xl)] 

=_ A :(S : ,~Vz.0 : S] A[K :xl]) 

=__ A :(S : (K: (Vz,0:S))(S :(K :K) Pt)) 

Once B is known, it could be used: if F does not contain any occurrence of an xi 

or an xn-~ then we have: ~F : MLMk] =__ B : F AIMt].. ~JMk]. The fields of 

exploration for a better  algorithm are quite unlimited as it is today for 

ordinary combinators. As a matter of fact, combinators U, (Vp,q)p_>t,q_~ and 

(Wp.q)~)_)l,q_~ are a little bit too intricate to be used efficiently in practice. Their 

main virtues are theorical since they made a proved opening in a new field. 

4 - Conclusions 

This article presents a powerful theory of combinators named Tc~ whose main 

differences with Combinatory Logic lCurry 5Sl, ~,-calculus [ B ~ e n d r e s t  SlI, 

Category theory [Cousinesu SSl, URS IStronll 6s] and other functional theories, 

are that combinators are uncurryfied and that functions have naturally a 

variable arity lBellot STal. 

The main consequences of these choices are that ordinary abstractions give 

ve ry  short and efficient terms and that functions with variable arity are 

naturally representable,  that is to say representable without any artefact over 

the theory such as coding, structuration, end markers and so on. The task of 

arguments manipulation is rejected on combinators. 

It has been shown that natural representat ion of functions with variable ari ty 

was not possible in usual languages (Lisp, ML,..) and theories. The theory T(~ 
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has been proved very complete since we have constructed a General 
Abstraction algorithm (the A-algorithm) which computes representations of 
functions with variable arity which are specified under a very general form 
(A-terms), 

The theory is given with a very fast reduction machine which is that of the 
Graal programming language I b t l o t  S6b]. This virtual machine is one of the 
more efficient way of implementation on Von Neumann architectures. Graal 
has been designed using uncurryfied combinators for efficiency and 
generalized functional forms of FP systems for clarity. The result is a new, 
powerful and pleasant functional language where programming is very 
different from that of lambda-languages. Nevertheless, uncurryfied 
combinators can be used for compiled versions of lambda-languages (such as 
Lisp or ML) in a Turner's like approach. That is to say compilation of 
generalized lambda-expressions with the A-algorithm and execution or 
compilation on the Graal reduction machine. The result would be an efficient 
lambda-language allowing functions with variable arity without the previously 
used notion of list or cartesian product. For instance, we could write in some 
general syntax the polyadic addition function: 

#define plus(xLxn) n=I . . . . . .  > xl ; xl + plus(xz.xn) ;; 

This function would be compiled in: 

plus -_ IF : ~eq : (Id] : xl..xn) 11 AIxt] 4+ : xt (plus : x2..xn)] 

with: IF =_ ~,p~,g. ~p : xt..xn : f g : xL.xn] =__ ~,p,f,g,(A : (S : p (K : f) (K : g))) 

and is more naturally expressed that the usual Lisp version below which 

assumes that arguments are structured into a list. The reason for this is 
syntactic at first sight but, more deeply, a lambda-expression cannot express 
arguments managing without giving them a structure or introducing special 

combinators: 

(de plus Ix 
(if (null Ix) 

0 
(+ (car Ix) (apply 'plus (cdr Ix))) 

Therefore, T~-theory, Graa! language and reduction machine are a lot for a 
possible new paint of view on functional programming style and 
implementation on conventional architectures. 
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7 - Technical Appendix 

This a p p e n d i x  is d e v o t e d  to  the  p roof  of  t he  t h r e e  l e m m a s  U, V and  W. 

Combina to r s  E I and  E z of  the  fo l lowing  l e m m a s  a re  s t r o n g l y  used  in the  proofs .  

Notmtion: The n o t a t i o n  M ~ N s t ands  for  N -~ M. 

L e m m a  E~: T h e r e  exis ts  a c o m b i n a t o r  E l such  that :  

E t : F : Xt : Xz.,X)~ =) F : Xt Xz..XN 

Proof:  E t : F : XI : Xz..XI~ 

=) F : Xl Xz.,X)~ 

( K : F  : Xt.,XN) : (K : XI : Xz..XN} X2..XN 

L : (K:  F) (K : X l ) :  Xz,.XN 

Thus,  it suff ices  to take:  E i = ~,f.(~. (L : (K : f) (K : x))) 

L e m m a  Ez: T h e r e  exis ts  a c o m b i n a t o r  E t such  that :  

E 2 : F : XI Xz,.X)~ =) F : Xt : Xz..XN 

Proof :  E t : F : XI Xt..XN 

=) F : Xl : Xz..XN 

F : (I : X! Xz..XN) : Xz..X)o 

B : F I : XI Xz..X~ : Xt..XN 

T : (B : F I) : XI X2..XN 

Thus,  it suff ices  to take:  E 2 - kf.(T : (B : f I)) 

L e m m a  U: T h e r e  exists  a c o m b i n a t o r  U such  that :  

U : F M : X t . . X ~  I)  F:Xt..X)~M 

Proof:  We d i s t ingu i sh  cases  N= 1 and  N> I in o r d e r  to do a r e c u r s i o n  using 

c o m b i n a t o r  D as in sec t ion  3.a. 

~[_~J_-: U : F M : X ~  

=) F : X t M  

F :  (I :XL) (K:  M : Xl) 

B : F I ( K : M ) : X I  

In  case  N=I,  it suff ices  to  have :  U : F M =o 

N> I: U : F M : XI X~,.XN 

q F : X I X z . X N M  

E ! : F : Xl : X2..XN M 

U : (El : F '. Xi) M :X2..XN 

U : (El : F : XL) (K : M: XI) :XZ.XN 

B : U (E I : F) (K : M) : Xt :Xt..XI~ 

Ez: (B : U (E ~ :F)  (K : M)) : XtXz..XN 

In  case  N> I, it suff ices  to  have :  U : F M o 

B : F I ( K : M )  

(-> l e m m a  E I} 

{-> U used  at  l eve l  N - I }  

{-> lemma E 2} 

E2: (B :  U ( E I : F ) ( K : M ) )  
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T h e r e f o r e ,  us ing  the  D c o m b i n a t o r ,  w e  o b t a i n  a p r o p e r  r e c u r s i o n  if: 

U : F M  =) D : ( B ' F I ( K : M ) ) ( E Z :  (B: U ( E t ' F ) ( K : M ) ) )  

it suff ices:  
U =__ ~f,m.(D ' ( B ' f I ( K ' m ) )  (E 2 '  (B:  U ( E  t ' f ) ( K : m ) ) ) )  

T h e r e f o r e :  

U -_ Y ' ( ~ , u . ( ~ f , m . ( D  : ( B ' f l ( K ' m ) )  (E 2 '  (B" u ( E t ' f ) ( K ' m ) ) ) ) ) )  

Lemma D': T h e r e  ex i s t s  a c o m b i n a t o r  D' such  that :  

D' : F G : Xl =) F and  D' : F G : Xt X2..X,, =o G 

Proof:  D'=__ S : ( K : D ) ( S : ( K : K ) P t ) ( S : ( K : K ) P 2 )  

w e  have :  D ' : F G = )  D : ( K : F ) ( K : G )  

Lemma E: T h e r e  ex is t s  a c o m b i n a t o r  E such  that :  

E : F : X t . . X N  =) F:Xt..XN-I w h e n  N> I 

Proof:  We  d i s t i ngu i sh  cases  N=2 and N>2 in o r d e r  to  do  a r e c u r s i o n  us ing  

c o m b i n a t o r  D as in sec t ion  3.a. 

N=2: E : F : Xl X2 

=) F : X I  

F:  (I :XIX2) 

B :F  I ' .XIXz 

Thus,  in case  N=2, w e  m u s t  have :  

N>2: E : F : XIXZ.XN 

=) F : Xt Xz..X)¢-I 

E t : F : Xt : XZ.XNq 

E : (E l : F : Xl): Xz..XN 

B : E (E t : F) : XI: Xz..XN 

EZ: (B :E  (Et :  F)) : XtXz.XN 

E : F  =) B : F I  

{-> l e m m a  E t} 

{-> E used  a t  l eve l  N- I}  

{-> l e m m a  E z} 

Thus,  in case  N>2, w e  m u s t  have :  E : F =) E 2 : (B : E (E l : F)) 

The  f u n c t i o n  w h i c h  m u s t  be  app l i ed  to  XI..XN d e p e n d i n g  on  N is: 

D' : ( B : F I )  (E ~ : ( B : E ( E  ! : F ) ) ) : X z . X N  

and  the  r e s u l t  is: 

D ' :  (B : F I) (E z : (B : E (E l : F))) : X2.XI~: Xt..XN 

K : (D' : (B : F I) (E z : (B : E (E t : F)))) : Xt..XN : XZ.XN: XI..XN 

T : (K : (D':  (B : F I) (E 2 : (B : E (E t : F))))) : Xt..XN : XI.XN 

A : (T : (K : (D':  (B : F I) (E z : (B : E (E l : F)))))) : Xt.XN 

T h e r e f o r e ,  v le  m u s t  have :  

E =) A : ( T : ( K : ( D ' : ( B : F I ) ( E  z : ( B : E ( E  l : F ) ) ) ) ) )  

Then:  

E =_ Y : 0,e. (~f. A : (T : (K : (D' :  (B : f I)  (E z : (B : e (E l : f ))))))))  
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Lemma Z: T h e r e  ex i s t s  a f a m i l y  (Ze)~t of c o m b i n a t o r s  such  tha t :  

Z q : F  XIt_X~ I )  F:Xk.XN-q if N > q  

Proof:  We  d i s t i ngu i sh  cases  q=N- I and  q<N- I in o r d e r  to  do  a r e c u r s i o n  as  in 

t he  p roo f  of  l e m m a  E. 

gl=N- 1: Zq : F XI..X}~ 

!)  F : X I  

F : (I : Xl..Xr~) 

B : F I :  Xt..X/~ 

In  case  q=N- I ,  w e  m u s t  have :  Ze =,) B : F  I 

Q<N-I: Z q : F  XI..XN 

I)  F : XI..XN-q 

E l : F : Xt :Xz..XN-q [-> l e m m a  E t} 

Zq : (E l : F : XI) :Xz..XN {-> Zq used  a t  l eve l  N - I }  

= B :Zq (E l : F) : Xl :Xz..Xs 

E 2 : (B :Zq (E l : F)) : Xl Xz..XN {-> l e m m a  E ~} 

In  case  q<N-l ,  w e  m u s t  have :  Zq =* E z : (B : Zq (E i : F)) 

We  h a v e  q - N - 1  if t he  s e q u e n c e  Xz..XN4q-I)has l e n g t h  I.  T h e r e f o r e ,  t h e  t e r m  

w h i c h  m u s t  b e  a p p l i e d  to  XI..XN is: 

D ' :  (B : F I) (E z : (B :Zq (E l : F))) : Xz..Xn-cqq) 

And  the  r e s u l t  is: 

D' : (B : F I) (E 2 : (B :Zq (E t : F))) : X2..Xn-{qq) : Xt Xz..X}~ 

Zq-1 : ( D ' :  (B : F I) (E 2 : (B :Zq (E t : F)))) : Xz..Xa : Xt X~...XN 

K : (Zq-I : ( D ' :  (B : F I) (E 2 : (B : Zq (E t : F))))) : Xt Xz.XI~ : X2..Xn : XI Xz..XI~ 

T : (K : (Z¢-l : ( D' : (B : F I) (E ~- : (B :Zq (E l : F)))))) : Xt X2..XN : Xt Xz..XN 

A : (T : (K : (Zq-1 : ( D ' :  (B : F I) (E 2 : (B :Zq (E l : F)))))))  : Xt X2..XN 

T h e r e f o r e ,  w e  m a y  have :  

Z q : F  =* A : ( T : ( K : ( Z q - I : ( D ' : ( B : F I ) ( E  2 : ( B ' Z q ( E  t : F ) ) ) ) ) ) )  

And: 

Zq m Y :  

So tha t :  

wi th :  

and:  Zt = E 

(Xz. (xf. (A : (T : (K : (Zq-I : ( D ' :  (B : f I)  (E z : (B : z (E t : f ) ) ) ) ) ) ) ) ) )  

Zq =_ Z:Zq-I 

Z-_xr.  (Y : ( ~ .  ( ~f. (A : (T : (K : ( r  : ( D' : (B : f D (EZ : (B : z (Et : f ) ) ) ) ) ) ) ) ) )  

The  conc lus ion  is e a s y  us ing  Church ' s  i t e ra to r s :  

Zq - [ q - l ] : Z E  

Lemma W: T h e r e  ex i s t s  a f a m i l y  (W1).q)p_>t.q_~ such  that :  

Wp.q : F : Xt..X)~ ~, F : Xp..XN-q if p+q < N 
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Proof:  F i rs t  a t  all, w e  m u s t  r e m a r k  t h a t  Wt.q is exac t l y  Zq of  l e m m a  Z. Now, 

w e  t r y  to  f ind  an  i t e r a t i o n  on  p w h e n  p>1 ( t ha t  imp l i e s  t h a t  N>I ). 

Wp.q : F : XI Xz..XN 

=* F : XI)..XN-q 

Wp-t.q : F : XZ.XN 

K : (Wp-Lq : F) : Xt Xz..XN : Xz..XN 

T : (K : ( W v l . q  : F)) : X! Xz.XN 

T h e r e f o r e ,  it suf f ices  to have :  

Wi).q = ~,w. Cff. (T : (K : ( w : f))))  : Wp-!.q if p>l 

W!.q = Zq 

So t h a t  w e  choose:  Wp.q = [ p - l l  " (~w. (~f. (T " ( K  ( w f ) ) ) ) )  Zq 

Proof:  

N=I:  
11" 

In  case  N= 1, it suf f ices  to have :  

L e m m a  V: T h e r e  ex i s t s  a f a m i l y  (Vp.q)p>t.q_~) such  that :  

Vp .q :F :XI . .XN:Yt .YM=o F:XI..XNYp..YM-q if p + q < M  

We d i s t i ngu i sh  cases  N= I and  N_>I in o r d e r  to  use  D. 

V~.q : F : XI : YI..YM 

F : XI Yp..YM-q 

E t : F : XI : Yp..YM-q 

Wp.q : (E l : F : Xt) : Yt..YM 

Vp.q: F =* kx.  ( W p . q  (E l : F : x)) 

N>I: 
W 

In  case  N> I, it suf f ices  to have :  V p . q  F =* 

Vp.q : F : XI Xz..XN : Yt..YM 

F : XLXz..XN Yp..YM-q 

E ! : F : X! : X2..XN Yp..YM-q 

Vp.q: (E l : F : XI) : X2..XN Yt..Y~ 

B : Vp.q (E l : F) : Xl : Xz..XN : YI..YM 

E Z : ( B : V p . q ( E I : F ) ) : X I X z . X N : Y t . . Y t 4  { - > l e m m a E  z) 

E2: (B : Vp.q (E 1 :F) )  

{-> l e m m a  E t} 
{-> use  of  Vp.q a t  l eve l  N- I)  

T h e r e f o r e ,  w e  m u s t  have :  

Vp.q" F =) D " (kx.  (Wp.q : (E t : F -  x))) (EZ: (B : Vp.q (E t : F))) 

Thus:  

Vp.q = ~.  (D • ( ~ .  (Wp.q : (E t : f -  x))) (EZ: (B • VI).¢ (E i " f ) ) ) )  

And: 

Vp.q - Y : (~,v. (~.  (D : ( ~ .  (Wl).q : (E I • f x))) (EZ: (B : v (E t : f))))))  


