PUBLISHED FOR SISSA BY @ SPRINGER

<Y

RECEIVED: January 21, 2019
ACCEPTED: January 28, 2019
PUBLISHED: February 13, 2019

A theory of reparameterizations for AdS; gravity

Jordan Cotler® and Kristan Jensen®

@Stanford Institute for Theoretical Physics, Stanford University,
Stanford, CA 94305, U.S.A.

b Department of Physics and Astronomy, San Francisco State University,
San Francisco, CA 94132, U.S.A.

E-mail: jcotler@stanford.edu, kristanj@sfsu.edu

ABSTRACT: We rewrite the Chern-Simons description of pure gravity on global AdSs and
on Euclidean BTZ black holes as a quantum field theory on the AdS boundary. The
resulting theory is (two copies of) the path integral quantization of a certain coadjoint
orbit of the Virasoro group, and it should be regarded as the quantum field theory of
the boundary gravitons. This theory respects all of the conformal field theory axioms
except one: it is not modular invariant. The coupling constant is 1/¢ with ¢ the central
charge, and perturbation theory in 1/c encodes loop contributions in the gravity dual. The
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1 Introduction

There has been significant effort devoted to answer the question of whether pure three-

dimensional gravity with a negative cosmological constant (“pure AdS3 gravity”) is dual to

a unitary two-dimensional conformal field theory (CFT). Relatedly, is pure AdSs gravity

a consistent quantum theory? Strong evidence suggests that the answer to both questions

is no. For example, consider the Euclidean partition function Z of pure gravity with torus

boundary. If pure AdSs gravity has a CFT dual, then Z is the torus partition function of
the CFT, and it must satisfy all of the axioms of CFT. In particular, Z should admit a



power series expansion at small ¢ with positive integer coefficients which count the number
of states with a given energy and momentum.

To compute this partition function one must make an ansatz for the integration con-
tour of the path integral of three-dimensional quantum gravity. For a torus boundary of
complex structure 7, Maloney and Witten made a reasonable proposal [1], which amounts
to summing over fluctuations around real, non-singular, Euclidean saddles with bound-
ary complex structure 7. This prescription includes a sum over “topologies”: in order to
specify a Euclidean AdSs geometry with torus boundary one must choose a cycle of the
boundary torus which is contractible in the bulk, and one sums over this choice. By a
suitable modular transformation 7 — 7/ one may always take this contractible circle to be
the spatial one. Within that convention the sum over “topologies” in the Maloney-Witten
prescription becomes a modular sum.

There is a Euclidean BTZ geometry for any such 7/. Its contribution to the bulk
partition function (including the saddle and fluctuations around it) is the Virasoro character
of the vacuum module at complex structure 7/ [1, 2],

= 1
I—k
| Fer
n=2

The states counted are the boundary gravitons and multiparticle states thereof. Here ¢

2
, ¢ =™ kE=_—. (1.1)
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is the Brown-Henneaux central charge [3]. So the “Maloney-Witten” partition function
roughly takes the form

Zaw (7—7 7__) = Z Zac (97—7 97_—) 5 (12)
g€PSL(2;2)

i.e., it is a sum of modular images of the vacuum character. This sum is divergent and
one must regulate it. After employing a modular invariant regularization the resulting
partition function no longer has a well-behaved small ¢ expansion: there are logarithmic
terms in the expansion, in addition to coefficients which are neither positive nor integer.
This cannot be the partition function of a unitary 2d CFT.

There are some loopholes to this argument. For instance, the modular sum is sensible
for extremely small values of the central charge [4]. If one considers quantized k = 1,2, ...
and includes complex saddles, then the regularized sum is sensible as a CFT partition
function and in fact is equal [5] to the “extremal CFT” partition function conjectured by
Witten [6]. For k = 1 there is a known CFT with this partition function, the “Monster
CFT” of Frenkel, Lepowsky, and Meurman [7], but there are no known examples of extremal
CFT with k£ > 2 (and in fact there are good reasons to believe that they do not exist [8, 9]).
However, these complex BTZ solutions do not have a good physical interpretation and it
seems incorrect to include them.

Sometimes there is a rather different answer given to the question of whether AdSs
gravity has a CFT dual. Namely, there is a dual, and that dual is Liouville theory. See [10],
where a boundary Liouville theory was directly obtained from pure AdSs3 gravity on a
Lorentzian cylinder. Of course this answer cannot be correct quantum mechanically —



Liouville theory has no SL(2,R) x SL(2, R)-invariant state, while AdSs gravity has a nor-
malizable vacuum. Moreover, there does not seem to be a clear relation between Liouville
theory and the Euclidean results outlined above.

In this manuscript we show that, perhaps surprisingly, these two approaches to AdSs
gravity are intimately related, and along the way clarify a number of extant puzzles.

Let us first recall the results of [10]. Those authors begin with the Chern-Simons for-
mulation of pure AdS3 gravity on a cylinder, i.e.on global AdS3. Crucially, the bulk Chern-
Simons gauge fields are constrained by the boundary condition that the bulk spacetime is
asymptotically AdS3. Thus, rather than obtaining an ordinary chiral Wess-Zumino-Witten
(WZW) model, one finds that the Chern-Simons theory is equivalent to a constrained
SO(2,1) x SO(2,1) chiral WZW model on the boundary. The first factor is left-moving
and the second right-moving. After a suitable field redefinition this theory can be written
as an ordinary, albeit constrained SO(2,1) WZW model, and this in turn can be rewritten
as a Liouville theory.

However, in this derivation there is an important step which, while familiar from
the canonical quantization of Chern-Simons theory [11], seems to have gone unnoticed
in the AdSs literature. In the quantization of Chern-Simons theory with gauge group
G on a cylinder, one often separates the time direction from the spatial directions, A =
Aodt + A;dzt, gauge-fixes Ay = 0, and then the Chern-Simons path integral reduces to an
integral over flat spatial connections A(Z,t). These may be parameterized in terms of a
gauge transformation parameter ¢g(Z,t) as

A; =g g, (1.3)

and the Chern-Simons action becomes a boundary chiral WZW action where the boundary
value of g is the WZW field. However, this is not the end of the story, as the decomposi-
tion (1.3) is redundant: both ¢(Z,t) and h(t)g(Z,t) give the same bulk field for any h € G,
and so we must identify these two field configurations in the path integral. In this way the
boundary field g is subject to a quasi-local quotient. This quotient is in some ways like a
gauge symmetry, although without an accompanying gauge field.

We have performed the corresponding analysis for AdSs gravity. This analysis is
slightly trickier on account of the asymptotically AdSs boundary conditions, which among
other things forbid gauge-fixing Ay to vanish. Nevertheless, we find that the boundary
model is subject to a quasi-local SO(2,1) x SO(2,1) quotient.

After solving the constraints, the boundary model breaks apart into chiral halves, and
we can discuss each separately. The left-moving part is an unconventional theory of a single
scalar field ¢ with an action

C [ o ((04¢)¢" / 1
S=-g-[d= <¢,2 —(019)9" | , 04 = 5(39 +04), (1.4)
where 6 is an angular coordinate, the prime ' denotes an angular derivative, and C' =
24k is the bare central charge. The field ¢ obeys an unconventional boundary condition



d(0+42m,t) = ¢(0,t)+27, and is subject to the quasi-local SO(2,1) = PSL(2; R) redundancy

an (200 D (#5%) + 0 (a(t) b(t>> PSL(2; R 1.5
t ( 2 > c(t)tan<@)+d(t)’ € PSL(ZR). (15)

The boundary condition is a consequence of the spatial circle being contractible in the bulk.
Taken together, the boundary condition and quotient on ¢ imply that at any fixed time, ¢
is an element of the quotient space Diff(5!)/PSL(2; R). The right-moving half has a second
scalar field ¢ whose action takes the same form with 8; — d_. The left- and right-moving
halves are tied together only by virtue of sharing the same boundary conditions — namely,
they both wind once around the spatial circle.

What is this boundary model? Eq. (1.4) is the quantum field theory of the (left-moving)
boundary gravitons of pure AdS3 gravity. Because the fundamental field ¢ is an element of
Diff(S!) (modulo the quotient) it may be understood as a theory of reparameterizations,
thereby justifying the title of this manuscript.

This theory has appeared in the literature before. It is the Alekseev-Shatashvili
path integral quantization of a certain coadjoint orbit, Diff(5!)/PSL(2;R), of the Vira-
soro group [12] (with a particular choice of Hamiltonian, as we explain later). In fact,
this boundary quantum field theory is commensurate with the work of Maloney and Wit-
ten. In the course of arguing for (1.1), they showed that the classical phase space of
smooth AdS3 metrics continuously connected to global AdSs is precisely (two copies of)
Diff(S!)/PSL(2; R), which admits a geometric quantization described in [13]. Their work
establishes this geometric quantization as a boundary description of quantum gravity on
global AdSs. Our derivation of (1.4) is complementary. Whereas Maloney and Witten
relied on Hamiltonian methods and geometric quantization, we use path integral meth-
ods throughout.

We also note that other authors have recently stated in words that a more careful
version of the analysis of [10] leads to the boundary model (1.4) — see especially [14, 15].
However to our knowledge we are the first to give a path integral derivation of the boundary
theory (1.4) in toto from AdSs gravity, including the quotient and boundary conditions. We
stress that these ingredients are crucial. As we discuss below, they render the boundary
theory well-defined as a quantum mechanical model, with a normalizable vacuum and
discrete spectrum.

For those readers unfamiliar with the quantization of coadjoint orbits, we refer them
to section 2 for a short review. The punchline is that coadjoint orbits of a Lie group lead
to elegant, geometric Hamiltonian systems. The orbits are symplectic spaces [16] and one
may associate a Hamiltonian to any element of the algebra. Under favorable circumstances
these systems may be quantized, either via geometric quantization as in e.g. [13] or via a
phase space path integral [17]. The Chern-Simons formulation of AdS3 gravity gives us
the latter.

While the model (1.4) has been in the literature for nearly thirty years, it seems that
relatively little has been computed with it using standard path integral techniques. Besides



carefully obtaining the model from AdSs gravity, a central focus of this manuscript is to

establish various computational results for this theory. Some of our findings are:

1.

Eq. (1.4) is an ultraviolet-complete two-dimensional theory in its own right. It is a
perfectly sensible CFT in all respects except one: it is not modular invariant. In fact,
the Hilbert space of the model is just the vacuum module, which can be established
by computing the torus partition function. The latter is one-loop exact on account of
the localization formula, and is simply the vacuum character. (Maloney and Witten
obtained the same Hilbert space from their geometric quantization.)

. The action (1.4) may be understood as a Wess-Zumino term for the Weyl and grav-

itational anomalies of a chiral theory with chiral central charge C. The field ¢
also contributes 13 to the anomaly (rather than 1, due to the PSL(2; R) quotient,
which effectively removes the first oscillator), and we find a total chiral central charge
¢ = C + 13 as we explain in section 5. Moreover, 1/C plays the role of the coupling
constant of the model, so that it is weakly coupled at large central charge. Excitations
of the ¢ field correspond to boundary gravitons, and so the model computes loop-
level Witten diagrams with exchanges of the gravitational field. The shift ¢ = C'+ 13
may then be understood as a one-loop renormalization of the central charge, which
in fact is already visible in the direct gravitational computation of [2]. (There is
no contradiction with the statement that the cosmological constant of AdSs gravity
is unnrenormalized in the Chern-Simons formulation [6]. The shift comes from the
boundary excitations rather than the renormalization of a bulk divergence.)

The only PSL(2; R)-invariant local operators of the model are built from products
and derivatives of the stress tensor. This is commensurate with the fact that the
Hilbert space only contains the vacuum and its Virasoro descendants.

. There is also a path integral quantization of other coadjoint orbits of the Virasoro

group, which corresponds to the theory of boundary gravitons in the presence of a
massive particle. In these models the quasi-local PSL(2; R) redundancy is reduced to
a quasi-local U(1) redundancy ¢(0,t) ~ ¢(6,t) + a(t). Many computational features
carry over. The Hilbert space remains a single Verma module, the torus partition
function may be computed exactly, and so on.

In addition to the stress tensor, the model contains bilocal operators invariant under
the PSL(2; R) redundancy, which may be understood as reparameterized two-point
functions of primary operators. The correlation functions of these bilocal operators
encode Virasoro blocks, and the diagrammatic expansion in 1/C computes the 1/c ex-
pansion for the blocks at large central charge. For example, we compute the so-called
“heavy-light” limit of the identity block to O(1/¢) via a one-loop computation, re-
producing the result of [18] (see also [19]) which was computed by algebraic methods.
Our computation is much simpler.

The action (1.4) is Lorentz-invariant, although not manifestly so. This should not
be too alarming since the theory is chiral. However, the lack of manifest Lorentz-



invariance makes it tricky to couple the theory to a background gravitational field,
as one would need to do in order to study higher-genus observables. Using the bulk
Chern-Simons description we solve this problem and couple the theory (1.4) to a
background geometry. We then compute the sphere partition function of the model,
which gives us a consistency check: the sphere partition function encodes the central
charge ¢ which we know by other methods.

7. Bulk spacetimes of different topology lead to different boundary graviton actions. We
deduce the boundary action for fluctuations around a two-sided eternal BTZ black
hole, which roughly speaking is two copies of the model (1.4) subject to a single
(rather than a doubled) PSL(2;R) quotient. This result paves the way for future
discussions [20] of traversable wormholes [21, 22] and perhaps even a semiclassical
“ramp” [23, 24] in AdS3 gravity using this boundary field theory.

Further comments in order. The Schwarzian model that arises in the Sachdev-Ye-
Kitaev model [25-27] and nearly AdSy gravity [28-31] is also embedded within the the-
ory (1.4). The Euclidean version of the Schwarzian model is the theory of a single real
scalar ¢ € Diff(5!)/PSL(2; R) and its Lagrangian is the Schwarzian derivative of tan (% .
It describes the boundary degree of freedom of Jackiw-Teitelboim gravity on Euclidean
AdSs with a linear dilaton. The relation between (1.4) and the Schwarzian model is the
following. (Other work relating Liouville theory to the Schwarzian model can be found
in [15, 32, 33].) Projecting onto the left-moving sector (1.4),! Wick-rotating to Euclidean
time t = —iy and taking the time circle to be very small, namely Ay — 0 with C' = CAy
fixed, the boundary graviton action reduces to that of the Schwarzian model

S — 46; /027r do <‘Z/,/((g))j —¢>’(0)2> = —QZ;/OZW do {tan <¢(29>) ,9} , (1.6)

where {f(z),z} is the Schwarzian derivative. To complete the identification, we note that

the quasi-local quotient and boundary condition on ¢(6,y) imply that the field ¢(#) is now
an element of Diff(S!)/PSL(2;R). This embedding addresses various speculations that
AdS, gravity is the chiral half of AdSs gravity, e.g. [34].

In fact, Jackiw-Teitelboim gravity may be recast as a PSL(2; R) BF theory, and by using
nearly identical methods as our AdS3 analysis one can derive the boundary Schwarzian
model. The Lorentzian case is rather interesting. The bulk geometry in that case is a
non-traversable wormhole with two asymptotic boundaries. Using the usual rules of the
AdS/CFT correspondence one would expect gravity on that spacetime to be dual to two
copies of a single boundary theory in an entangled thermofield double state [35]. However,
this is not the case [36]. The boundary model has non-local constraints tying the two
boundaries together. This is the “non-factorization” property of Jackiw-Teitelboim gravity.

In section 4 we obtain the boundary description of the two-sided BTZ black hole. This
boundary description is not a doubling of the theory on the boundary of global AdSs. It

1Observe that, without the projection, a simple dimensional reduction of the Euclideanized theory would
result in two copies of the Schwarzian theory.



is instead, roughly speaking, two copies of the theory on the boundary of global AdSs,
subject to non-local constraints between the degrees of freedom on the two asymptotic
boundaries. Therefore pure AdSs gravity exhibits a similar non-factorization property, as
anticipated by [36].

Finally, we are able to make a precise connection with the findings of Maloney and
Witten. For Euclidean AdSs geometries with torus boundary, the same logic that leads
to (1.4) leads to a boundary action where the field ¢ is periodic around the cycle which is
non-contractible in the bulk, but winds once around the other cycle. In this way one obtains
a different theory of boundary gravitons describing fluctuations around each bulk “topol-
ogy.” For instance, the theory appropriate for thermal global AdS3 has a partition function
given by the vacuum character at complex structure 7, while the theory appropriate for
the Euclidean BTZ black hole has a partition function given by its S-transformation. The
modular sum amounts to summing up the partition functions for these different CFTs.
From this point of view, the Maloney-Witten prescription is sensible as a path integral
instruction but has no Hamiltonian interpretation within the theory (1.4). (One might
think that summing over these different geometric models amounts to a sum over bound-
ary conditions for the Diff(S!) field ¢, analogous to a sum over winding states or over spin
structures. However this is not the case.)

The remainder of this manuscript is organized as follows. In section 2 we review basic
properties of the coadjoint orbits of the Virasoro group along with their path integral quan-
tization. Our gravitational analysis is contained in sections 3 and 4. We compute the torus
partition function of the model (1.4) and show that it is one-loop exact in section 5, and the
identity Virasoro block in the so-called “light-light” and “heavy-light” limits in section 6.
We discuss the minimally supersymmetric generalization of the boundary graviton action
in section 7. We wrap up with a discussion and some future directions in section 8.

Note added. As this work was nearing completion we were made aware of [37] which has
some overlap with our manuscript. The action obtained by those authors is (two copies
of) the quadratic approximation to the quantization of Diff(S!)/PSL(2;R) discussed at
length below.

2 Review

Consider a Lie group G with algebra g, and let b be a coadjoint vector, b € g*. Coadjoint
vectors are linear maps b : g — R which take adjoint vectors v € g to numbers. We denote
b evaluated on v by b(v). There is a natural G-action on both adjoint and coadjoint vectors
which leaves the pairing b(v) invariant. Specifically, we consider the adjoint action given by
g-v=gug!
b sweeps out a coadjoint orbit, namely M, = {g-b: g € G}. The coadjoint orbit of b is

, and the coadjoint action given by g-b(-) = b(g~! - g). Under this G-action,

a symplectic manifold, equipped with the Kirillov-Kostant symplectic form w which may
be simply written as follows. At the point b € My, any tangent vector X to the coadjoint
orbit can be associated with a vector v € g which generates translation in the X-direction.



Then the Kirillov-Kostant form [16] reads

OJ(Xl,XQ) = —b([’l)l,vg]), (2.1)

where [+, -] is the commutator of adjoint vectors. It is straightforward to show that this two-
form is non-degenerate and closed, and so a symplectic form. Furthermore, w is G-invariant
since b([v1,vs]) is invariant under the group action.

Recalling that the coadjoint orbit My, is swept out under the action of the group G, con-
sider any adjoint vector v. The vector v generates translation along the orbit via exp(tv),
which we take to be in the X-direction. This translation is enacted by a Hamiltonian
function on the orbit, Hx : M; — R, defined via Hy(b) = —ib(v). In particular, the dif-
ferential of Hx produces the constant Hamiltonian vector field v, with flows corresponding
to exp(tv).

With a symplectic space and Hamiltonian in hand, we have the necessary ingredients
for a Hamiltonian system whose phase space is given by the coadjoint orbit M;. Quan-
tizing these orbits leads to elegant quantum mechanical models with a Hilbert space that
is typically a single irreducible representation of G. Correlation functions and partition
functions are simply group-theoretic functions (like characters) of this representation.

Historically, the quantization of coadjoint orbits has been performed using two differ-
ent methods which are not obviously equivalent: geometric quantization, and the phase
space path integral quantization first noted by Alekseev, Fadeev, and Shatashvili [17]. In
the following we will exclusively use path integrals. The starting point for path integral
quantization is to find a presymplectic potential « satisfying

w=da. (2.2)

Denoting coordinates on the coadjoint orbit M, as ¢, one then promotes the coordinates
to functions of time and defines an action functional

Sx = —/dt (:tiozi—l—Hx) . (2.3)

Because this action is first-order in time derivatives, upon Legendre transformation we
recover the Hamiltonian system we started with, with phase space Mjy, symplectic form w,
and Hamiltonian Hy. To see this, note that the canonical momenta m; = —a;(z?) depend
on the 27s and so are not independent coordinates, and thus the phase space is still M, .
The Hamiltonian 7;4° — L is just Hx. And finally, the canonical symplectic form is

. . . 1 . .
wo = dx' ANdm; = —dx" N\ da? 0o = 5(81-04]- — Ojoy)dx" Nda? = w. (2.4)

Quantizing, the relevant path integral is given by
/ e (£)]PE(w) e | (2.5)

where Pf(w) is the Pfaffian of the symplectic form, which provides a suitable measure on
the phase space My,



This procedure is sensible only if a cousin of the Dirac quantization condition holds.
The presymplectic potential « is defined modulo a “gauge redundancy,” a — « + dA.
(These “gauge” transformations are “symplectomorphisms” — coordinate transformations
on phase space which leave the symplectic form invariant.) Thus the phase factor exp(iSx)
is well-defined only if the symplectic form w has quantized periods,

%w:%ﬂ, (2.6)

i.e. if the presymplectic potential « is a connection on a complex line bundle.

In the remainder of this section we review the classification of coadjoint orbits of the
Virasoro group and their path integral quantization. We extensively cull the results of
Witten [13] and Alekseev and Shatashvili [12, 38]. See also e.g. [39-41] which we found
useful. Many results concerning the coadjoint orbits of the Virasoro group are also found
in [42, 43]. Lastly, there are several recent papers related to coadjoint orbits, the Schwarzian
quantum mechanics, and nearly AdSs gravity [15, 44-46].

2.1 Coadjoint orbits of the Virasoro group

Diff(S!) is the diffeomorphism group of the circle. Elements of Diff(S!) are monotone,
single-valued functions ¢ : [0,27) — [0, 27) satisfying ¢(0 + 27) = ¢(0) + 27. The Virasoro
group is the central extension of Diff(S!), which we write as ISEF(Sl). Elements of ]ﬁ(gl)
are pairs (¢(0),a) of a diffeomorphism ¢(#) € Diff(S!) and a number a which multiplies
the central element c. Vectors of the algebra of ]ji?f(Sl) are pairs (f(0), a) of a vector field
f (0)% and a number a which multiplies the central element ¢. We also denote (f(6),a)

by f (0)% — 1ac. The algebra is given by

ic

2T
& [ et - R @0

F1(6) 5~ iase, fa0) 5 — iaac| = (s~ fofl)og +

The generator L, corresponds to the vector field iemg%, and so this algebra leads to a
slightly unconventional parameterization of the Virasoro algebra,

C
[%JM:@—mMHm+ﬁM%M“ (2.8)

which differs from the usual one by Lg usual = Lohere + 53- The commutator in eq. (2.7)
may be understood as the action of the vector (f1(0),a;) on the vector (f2(0),a2),

0 0
O(fr.a1)(f2,a2) = [flae ’f289] . (2.9)
We henceforth denote the action dy, ,,) simply as d;.

A coadjoint vector is a pair (b(f),t) of a quadratic differential b()d#? and a number ¢
which multiplies ¢, the dual of ¢ satisfying ¢(¢) = 1. The pairing of (b,t) with (f,a) is

2T
((b,0), (f,a)) :/0 dobf +ta. (2.10)



The pairing is Virasoro-invariant, which fixes the transformation law of (b,t). Using
the variation of the vector (fa,a2) under the transformation generated by another vec-
tor (f1,a1), we compute

27 1 2
51((0,8), (fara2)) = /0 46 (fobrb(fufy— Fof})b) £adit+t <— /0 d9(f1fé”—f2f{”))

48T
27 t 1z
:a251t+/0 do fo <5lb— (flb’+2bf{— 2417r>> (2.11)
:0’
from which we deduce
tf”/
01b = fib +2bf] — =
0= AR =50 (2.12)

01t =0.

Orbits of the Virasoro group can be divided into two types: those which coincide
with the orbit of a constant coadjoint vector (bg,C') for some by, and those which do
not. The orbits of a constant vector may be labeled by by and C'. The finite form of the
transformation (2.12) by (¢(6),a) € ISEF(Sl) reads

(0,0) = (4(6),€) = (0 - 10 ) (2.13)

where

_ I3 (Y
{f,0}= 7 2<f,> , (2.14)

is the Schwarzian derivative of f with respect to . So points on the coadjoint orbit may
be parameterized in terms of ¢(6), modulo identifications depending on the stabilizer S of
the transformation. The coadjoint orbit is then isomorphic to Diff(S')/S. The stabilizer
depends on the value of by, and there are three distinct cases:

1. by # —%ﬁ. These are the “ordinary” coadjoint orbits of the Virasoro group. The
transformation ¢(6) and ¢(6) + a lead to the same coadjoint vector for any a. Since
¢ is itself an angular variable, so is a. Thus the stabilizer is U(1), generated by Lyg.

2. bg = —48%. This is the “first exceptional orbit.” For this orbit the transforma-

tion (2.13) may be rewritten as

o= (2) ) 19

Using the fact that ¢ is a Diff(S!) field, i.e. ¢(0 + 27) = ¢(0) + 27, we see that the
stabilizer is PSL(2; R). The stabilizer acts on ¢ as

t
wn (2) |t

)+b @0 psL(2:R 2.1
ctan()de7 <0d>€ &R, (2.16)

- | ol

~10 -



under which the transformation (2.15) is invariant. These transformations are gen-
erated by the vectors f(0) = ag + a1e® + a_1e7%, i.e. by Lo and Li;. The orbit,
Diff(S')/PSL(2; R), is also the Teichmiiller space of the disk.

3. by = —%ﬁ, n > 1. These are the “higher exceptional orbits.” Their respective stabi-

lizers are sometimes called PSL(™(2;R). Here, PSL(™(2;R) is the group generated
by Lo together with Ly,. For the higher exceptional orbits the transformation (2.13)

b(6) = —% {tan (”f) ,a} , (2.17)

no atan <%¢> +b
tan <2> — m . (2.18)

may be written as

which is invariant under

There are also orbits which are not generated by the group action on a constant coad-
joint vector. These are, in a sense, perturbations of the exceptional orbits. See Witten [13]
for further discussion. We do not consider such orbits further.

While all coadjoint orbits are symplectic, the first exceptional orbit and the normal

orbits for by > —%

a Virasoro-invariant Kahler form which is in fact the Kirillov-Kostant form. Let us review

and C > 0 are special since they are Kéahler, and furthermore possess

the argument for this structure given by Witten.

The first step in the argument is to determine whether an orbit G/H admits a G-
invariant complex structure. G-invariant complex structures on G/H are in one-to-one
correspondence with H-invariant complex structures at [1] with 1 the origin of G. The
idea is that one uses the G-action to transport the complex structure at the origin to the
rest of the orbit, and H-invariance at the origin guarantees that the resulting complex
structure is well-defined everywhere on the quotient space G/H. At the origin, one may
classify such complex structures at the level of Lie algebras rather than Lie groups. Let g
be the algebra of G, h the algebra of H, and q the complement of § in g satisfying g = hPq.
Here q is isomorphic to the tangent space of G/H at [1]. An almost complex structure at
[1] is a decomposition of q into holomorphic and anti-holomorphic directions,

q=q+ . (2.19)

The almost complex structure is H-invariant on G if the decomposition at [1] is h-closed,
meaning that

h,q+] € ®ar,  VhEbD, gt €q4. (2.20)

The almost complex structure is a complex structure if the holomorphic tangent vectors

are also closed under commutation,

[Q+a qi‘—} € h @ g+, Vqua qi{- €q+. (221)

For the normal orbits of the Virasoro group, we have G = [/)i?f(Sl), and H = U(1) is
the one-parameter subgroup generated by Lg. So q is generated by {L,o} and the natural
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guess for an almost complex structure is to designate the L,~¢ as holomorphic vectors and
the L, ¢ as anti-holomorphic. This guess works, and leads to a Virasoro-invariant complex
structure. The argument is essentially the same for the first exceptional orbit, for which
H = PSL(2; R) and then q is generated by the {Lp~1} and {L,<_1}. Again, this separation
leads to an invariant complex structure, on account of the Virasoro algebra (2.8). However
for the higher exceptional orbits, where H = PSL(”)(Z; R) is generated by Ly and L4, a
separation into positive and negative L,,’s is not H-closed, e.g. [L_y, L1] o< L_,+1, and so
does not lead to an invariant complex structure.

The second part of the argument is to show that not only are the orbits with by >

_C
481

a complex manifold a Kahler form is a symplectic form of type (1,1) (meaning one leg

complex manifolds, but further that they possess an invariant Kéahler form. On

is in the holomorphic direction and one in the anti-holomorphic direction). As we will
see momentarily, the Kirillov-Kostant symplectic form gives exactly such a (1,1) form on
these orbits.

2.2 Phase space path integrals

To construct a path integral quantization of a coadjoint orbit we require two ingredients:
(i) a presymplectic potential o corresponding to the Kirillov-Kostant symplectic form, and
(ii) a suitable Hamiltonian.

Let us now compute the Kirillov-Kostant symplectic form (2.1) on the coadjoint orbits.
Evaluated on a pair of vectors Fy = (f1(0),a1) and Fy = (f2(0), az2), it is

2
W(XlﬂXQ) :_<(bac)7[F17F2]> :_/0 o <b(f1fé_f2f{)_Zl‘gr(flfén_f2f{”)>

C

.o (2.22)
— [T ao{ - )+ (0 i 00)) (il .

where we have used (2.13) to write b = b(¢)) = by¢™? — %{qﬁ,@}. Under an infinitesimal
transformation F' = (f,a), the variation of ¢ is dp¢p = f¢'. Then writing the symplectic
form in terms of a formal one-form d¢ such that d¢(F) = dp¢’ = f¢, the symplectic

form becomes

[ O (oY (6" C{0.0) :
o], 0l (5) 2 (5) + (o= Gz ) wonos)

21 C'd//\d”
N

(2.23)

In going from the first line to the second we have integrated by parts and used identities like
(dp) = d¢’ and d¢’ A d¢’ = 0. The presymplectic potential corresponding to w is simply

B 2w C ¢//d¢/ ,
a—/o df <487r - +b0¢d¢>. (2.24)

Let us briefly return to the question of Kahler structures for the normal orbits as
well as for the first exceptional orbit. At the origin, where ¢(0) = 0, we use the complex

- 12 —



structure to separate vectors into holomorphic and anti-holomorphic parts, f = agLo +
S22 olan Ly + @ L_y,). The symplectic form at the origin is then

n>0
iw = Z 3" <n + c ) day, A day, , (2.25)

and the sum is taken over n > 0 for normal orbits and over n > 1 for the first exceptional

orbit by = —%. Clearly iw is of type (1,1) and moreover is positive-definite provided that
by > —48%. We then conclude that normal orbits obeying this bound possess a Virasoro-
invariant Kahler form. This fact will be useful later in section 5 when we compute the
torus partition function of the quantization of Diff(S!)/U(1) and Diff(S!)/PSL(2; R).

There are two natural Hamiltonians to consider. The first is simply H = 0, which
was used extensively by Alekseev and Shatashvili. Promoting ¢(#) to a function of time,
¢(0,t), the action functional (2.3) becomes the Alekseev-Shatashvili action

Spg = —/d% (4;% + bow’) . (2.26)

Here ¢ is an element of the loop space L (Diff(5')/5), and so ¢(6,t) is monotone in § at
fixed ¢t and respects the boundary condition ¢(0 + 2m,t) = ¢(0,t) + 2w. The field ¢(0,t)
is also subject to a redundancy that depends on the orbit, where now the parameters
appearing in the redundancy can have any dependence on time. For an ordinary orbit,
we identify

6(0,t) ~ ¢(0,t) + al(t), (2.27)

and for the first exceptional orbit, we identify
a(t) tan (200 4 p(t)
tan <¢(92’ ”) ~ <¢(;t)> , (a(t) b(t)> € PSL(ZR). (2.28)
c(t) tan (T) () )

The other natural choice for the Hamiltonian is for it to be the function associated

with Lg. This choice is in fact mandated by Lorentz invariance as we presently explain.
The action Sag in (2.26) has a conserved momentum, given by

2T C o
P —/0 i (24{@ 0} — boo ) , (2.29)

along with zero Hamiltonian. This momentum is in fact bounded below for by > as we

(&
T 487>
will see below. To restore a chiral Lorentz invariance we need to deform by the Hamiltonian
H = P. Using Ly = i% and the pairing (2.10), we construct the corresponding finite

transformation and find that the Hamiltonian corresponding to L is the desired one,

2
4 C
H=— — —byo? ) = P. 2.
o (510,01 - mo?) (2.30)
The corresponding action functional will be central in the remainder of this work, namely
c 2 ((049)¢" / bo
- _ B B=— 2.31

with 91 = £(0p + ;). This theory is entirely left-moving, with H = P.
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The construction above can also be used to obtain a right-moving theory. In (2.1)
we could have chosen the opposite sign for the symplectic form, flipping the sign of the
presymplectic potential a. This in turn would lead, for H = 0, to the same action in (2.26)
but with an overall 4+ sign. That theory has a conserved momentum equal to minus the
expression in (2.29) with Ppere = — Pihere- 10 restore Lorentz invariance one again deforms
by the Hamiltonian corresponding to Lg so that one has H = — Pjre. The resulting theory
is right-moving and its action is given by

/ /!
S = 22; d*x <W + B(8_¢5)¢'> , 0= %(89 — ). (2.32)

We henceforth restrict our attention to the left-moving theory in (2.31) with C' > 0
and B > —1, i.e. to by > —&. For these cases the Hamiltonian (2.30) is bounded below,
as argued by Witten. A variational argument shows us why the Hamiltonian is bounded
below. The variation of H is

SH 1 (C Y
o = 5 (a0} m0?) (2.33)

For by > — 48 , there is a unique critical point of H modulo the U(1) redundancy ¢ ~ ¢+a
which obeys the boundary conditions ¢(6 + 27) = ¢(6) + 27 and ¢'(0) > 0, namely ¢ = 0.
For by = 48 , this is again the unique critical point modulo the redundancy. Expanding
H near the critical point we find

$=0+ e = 27rbo+on n® + B)|¢n|? + O(¢2), (2.34)

where the sum runs over n # 0 for B > —1 and |n| > 1 for the first exceptional orbit
B = —1. Thus, in each case, ¢ = 6 is a local minimum. That H has a unique critical
point with a positive Hessian strongly suggests that H is bounded below. To complete the
argument one needs that the orbits with B > —1 are connected and contractible. It follows
that ¢ = 6 is a global minimum and H is bounded below as

H > 2mby . (2.35)
Wick-rotating to Euclidean time ¢ = —iy, the Fuclidean action corresponding
o (2.31) is
2 ((08)9" o
B ! 2.
Se = g [ s < B0 ) (2:36)

with 9 = 3(0p + i9,). Its real part is

o(Si) = [ dyH (). (2:37)
So not only is H bounded below, but so is the real part of the Euclidean action. Thus

it is at least plausible that the functional integral corresponding to the theory (2.31) is
well-defined.
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A similar variational argument demonstrates that for the other orbits B < —1, H still
has a single critical point but its Hessian is not positive definite: the n = 1 fluctuations
decrease the value of H. It is also easy to exhibit kink-like configurations for ¢(#) which
have arbitrarily large and negative values of H. Thus we expect the path integral to not
exist for orbits with B < —1, i.e. for by < —%, for which the real part of the Euclidean
action is not bounded below.

The action (2.31) describes a two-dimensional chiral quantum field theory. It is nearly
a chiral CFT since it satisfies all of the CFT axioms except modular invariance. Indeed, we
will see later that the spectrum is a single Verma module. In order to avoid any ambiguity,
we will call the theory a QFT rather than a CFT.

The left-moving stress tensor is just the Hamiltonian density
C 2
T=2nT__ = —E{¢, 0} + 2wbog™”, (2.38)
and in fact the field equation for ¢ is just the conservation of this stress tensor,
0.T=0. (2.39)

In this sense, the theory (2.31) is just a theory of the stress tensor, and so is an unconven-
tional kind of hydrodynamics.?

The theory (2.31) is not manifestly Lorentz-invariant. However, this should not be sur-
prising: the theory (2.31) is chiral, and there is no manifestly Lorentz-invariant Lagrangian
for a single chiral boson. What is this chiral theory? The action (2.31) clearly admits a

weak coupling limit C' > 1, and in that limit the semiclassical L,’s

2
s C )
L,=— o /2 ind 2.4
/[) do <247T {¢a 0} bo > € ’ ( 0)
have Poisson brackets
C
{Ln,Ln}pp. = (n—m)Lpym + En35n+m , (2.41)

indicating that C' plays the role of the chiral central charge at large C. At finite C' we
will see that C' has a one-loop exact renormalization. Moreover at the origin of the orbit,
¢ = 0, we have Ly = 2mbg. So at large C' we expect that the Hilbert space of the quantized
theory is a single Verma module with lowest weight state |h) where h has the classical value
h = 2mby + %, which may receive quantum corrections at finite C'. For the first exceptional
orbit, the classical value of h is h = 0, and in this case we expect the Hilbert space to be
the vacuum Verma module. Roughly speaking, the Fourier modes of the field ¢(0) = 0+d¢
correspond to the Virasoro generators L,, and the Virasoro descendant states are built up
by dressing the ground state with excitations of the ¢ field. Later in section 5 we will see
that these expectations are correct.

In the classical theory it is easy to enforce that at any fixed ¢, ¢(0,t) is a Diff(S!)/S
field, i.e. that it is monotone and obeys ¢(0 + 27, t) = ¢(0,t) + 2r. What about in the

2 A naive computation also gives a left-moving stress tensor [12]. However, as we will see in subsection 3.5,
this stress tensor is identically zero after the addition of a suitable improvement term.
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quantum theory? The boundary condition and quotient can be accounted for with standard
techniques, but a priori one might be concerned about enforcing that ¢ is monotone at
fixed t. It turns out that, at least for the Euclidean theory, we can extend the domain of
path integration from monotone ¢ to all ¢: the real part of the action (2.36) diverges for
non-monotone ¢, so that the region of field space with non-monotone ¢ contributes zero
to the Euclidean path integral.

In the Introduction we claimed that the theory (2.31) is ultraviolet-complete. We
presently justify this claim. In this theory one assigns ¢ dimension —1, so that ¢’ and
q.ﬁ are dimensionless. For the first exceptional orbit, it is a straightforward exercise to
demonstrate that there are no candidate relevant local counterterms invariant under the
PSL(2;R) symmetry. Further, there is a unique dimension-2 operator consistent with the
PSL(2;R) and Lorentz symmetries that may be generated, namely the Lagrangian itself.
That is, quantum corrections may only renormalize the bare central charge C. In section 5
we demonstrate that this renormalization is one-loop exact and under it only C' is shifted.

The argument for the normal orbits is similar, although the quotient is smaller and
so there are more invariant local operators. For example, any polynomial in ¢ is U(1)-
invariant and has mass dimension 0. However, Lorentz invariance forbids almost all relevant
and almost all marginal operators from being generated. Indeed the combination of the
Lorentz and U(1) symmetries only allow C' and by to be renormalized, and as above their
renormalization is one-loop exact, shifting C.

The fact that the theory in eq. (2.31) has a single real field with a tunable central
charge is reminiscent of Liouville theory. Of course the two are not the same. The theory
in eq. (2.31) is chiral whereas Liouville is not. The chiral theory has a Hilbert space with
a single Verma module, while Liouville theory has a continuous spectrum. Nevertheless,
there is a precise relation [15, 47], namely that Liouville theory between so-called ZZ-branes
has been argued to reduce to the Alekseev-Shatashvili theory considered here.

At the beginning of this section we mentioned that the path integral quantization of
a coadjoint orbit only exists when the symplectic flux is quantized. This issue is slightly
more subtle when quantizing the orbits of the infinite-dimensional Virasoro group, as the
measure may be anomalous. One requires that [d@]e’® is well-defined. However, this does
not appear to lead to a quantization condition on C.

3 From AdSj3 gravity to coadjoint orbits

Pure AdS3 gravity is described by the action

S = ﬁ /d%\/fg(R +2), (3.1)

plus suitable boundary terms. (Here and throughout we set the AdS radius to unity.)
Famously, it may be rewritten as Chern-Simons theory at the classical level [48] (see [6,
49] for a discussion of quantum aspects thereof). One groups the dreibein ef/[ and spin

A

connection w* gys into one-forms

AL =t et At =t — et (3.2)
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where

1
wh = §EABCch, (3.3)

and flat indices A, B, C are raised and lowered with the Minkowski metric nag. Taking Ja
and .J4 to be generators in the fundamental representation of the so(2,1) algebra,

[Ja,JB] = €apcJ® , tr(JaJB) = 2148 (3.4)

we define the algebra-valued one-forms A = AAJ4 and A = A4J4. The Einstein-Hilbert
action may be rewritten as a difference of Chern-Simons actions for A and A,

1
647G

S = /(I[A]—I[A]), I[A]:tr<AAdA+§A/\AAA> : (3.5)
again up to a boundary term. On a classical solution, the one-forms A and A transform as
independent SO(2,1) connections under the combination of infinitesimal diffeomorphisms
and local Lorentz transformations. In this way, classical pure AdSs gravity can be mapped
to Chern-Simons theory.

As stressed in [6], the Chern-Simons fields are the natural variables in which to quan-
tize three-dimensional gravity in perturbation theory around a classical geometry. Indeed,
in the next subsection we carefully quantize around global AdSs3, accounting for the asymp-
totically AdSs boundary conditions. However, there are various non-perturbative puzzles
as discussed in detail in [6]. Most importantly, one expects a theory of quantum gravity
to include a sum over topologies, whereas the natural procedure in Chern-Simons theory
is to quantize on a constant-time slice of fixed topology. Also, while infinitesimal dif-
feomorphisms and local Lorentz rotations correspond to infinitesimal SO(2,1) x SO(2,1)
gauge transformations for A and A, the same is not necessarily true for globally non-trivial
transformations. Furthermore, this classical map only establishes the local form of the
gauge group of the Chern-Simons theory, but not its global topology. The minimal pos-
sibility is SO(2,1) x SO(2,1), but a priori perhaps one should instead consider a cover
thereof. (Although as we will discuss shortly, physical considerations fix that the group is
SO(2,1) x SO(2,1) [50].)

In the remainder of this section we work out various aspects of the Chern-Simons for-
mulation. In the next subsection we carefully derive the boundary graviton action (1.4)
advertised in the Introduction from the Chern-Simons theory on the cylinder. Related
computations give the appropriate theory when the bulk spacetime is a Euclidean BTZ ge-
ometry. We also couple the theory (1.4) to a background geometry, which allows us to work
toward a description of Chern-Simons theory on handlebody Euclidean AdSs geometries
with higher-genus boundary.

3.1 Cylinder boundary
We begin with global AdS3, described by the metric

dr?
r2 41

g=—(r* +1)dt* + r*do* + : (3.6)
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where 0 is an angular variable with periodicity 2w. The conformal boundary is located
as r — oo. Constant-time slices are disks, so that the total space is a solid cylinder.
Describing the bulk metric with the dreibein

d
e =/r2+1dt, el =rdf, erzir, (3.7)

r2+1
this geometry corresponds to
d

A= 4 Ldat Jo+rdat Jy + ———.J5,

S (3.8)
_ - - d _ ’
A= r2 4 ldae Jo+rde Jy — 27T1J2 ,

T4+

where % = £t + 6.

In the AdSs literature it is common to work in a different convention than the one we
used in the beginning of this section. In this more common convention one writes out the
Chern-Simons gauge fields as 2 x 2 matrices, i.e. takes the J4 and J4 to be the generators
of the fundamental representation of s[(2;R). In this choice, we write out A and A as

dr _ (Vr2H1-r)dzt __ dr (V72 H14r)de
A= 2vr2+1 2 A= 2vr2+1 2 (3.9)
(Vr241+4r)det __dr ’ (Vr2+1-r)dz~ dr ’ ’
2 Nretl 2 2v/r2+1

In the Chern-Simons formulation the Einstein’s equations and torsion-free constraint cor-
respond to A and A being flat. So locally we have

A=gldg, A=gldg", (3.10)

and one may find representatives for g and g,

[P cos <%> —p~Lsin <%) p~Lcos ( ) —psin (%)
T

o
_ 2
g - 9 g == _ 5 (311)
psin (%) p~Lcos (%) p~Lsin (%) p Cos (9”—)

where
p=\Vr2+1+r. (3.12)

These representatives illustrate two facts which will be useful. First, these represen-
tatives are double-valued: going around the circle 8 — 6 + 27 takes us from g — —g and
g — —g. Relatedly, the holonomy in the fundamental representation around the spatial
circle is non-trivial:

Peho” A0 — 1 peliT A — 1 (3.13)

It follows that A and A are singular as SL(2; R) connections.

This seems like an undesirable state of affairs. Global AdS3 ought to be a non-singular
configuration. Fortunately there is a simple remedy: rather than working with SL(2; R)
we quotient it by the Zs subgroup {I, —I}, thereby identifying g € SL(2;R) with —g. The
resulting group is SL(2; R)/Z2 = PSL(2; R) = SO(2, 1). It follows that A and A are perfectly
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non-singular as SO(2,1) connections. What about other covers of SO(2,1) x SO(2,1)?
Similar arguments imply that A and A are singular as connections for any cover except
for the diagonal, SO(2,2) = (SL(Q; R) x SL(2;[R))/ZQ, where the Zy acts as (g1,92) ~
(—g1,—92).°

That is, if we demand that global AdSs is a non-singular configuration, then the gauge
group of the Chern-Simons theory is fixed to be either SO(2,1) x SO(2,1) or SO(2,2). To
our knowledge, the restriction to SO(2,1) x SO(2,1) was first pointed out in [50], although
we have not seen it noted that SO(2,2) is a consistent choice.

In order to determine which choice is the right one we need more than global AdSs.
For example, we could couple to matter. We expect that upon coupling to matter one of
two things will be true. Either matter may only be consistently coupled to only an SO(2, 2)
Chern-Simons gauge theory, in which case the gauge group must be SO(2,2), or both are
allowed, in which case we expect the minimal case SO(2,1) x SO(2,1) is the right one.

In what follows we assume that the global form of the gauge group to be SO(2,1) x
SO(2,1). However, we note that we have performed a similar analysis for SO(2,2) and
have found the same quantum mechanical system on the boundary.

The second fact is the following. SO(2,1) is contractible to its maximum compact
subgroup SO(2). At fixed (¢,r), g and g are maps from the spatial circle # into this
subgroup, winding the group circle exactly once. Because any classical configuration is
locally AdSs, this is an example of a more general lesson: given any solution to Einstein’s
equations with a contractible cycle C, writing the connections A and A as (3.10), the gauge
transformation parameters wind the group circle once around C.

We proceed to quantize on this space following [10, 11]. (For work related to [10] and
the WZW description of Chern-Simons theory on AdSs see [51, 52].) We separate A and
A into temporal and spatial parts,

A= Agdt + Adz’, A= Agdt + Aida’ . (3.14)

The total action, including boundary terms is

Serav = S[A] — S[A] + Spay , (3.15)
with?
S[A] = LI (1[1 AA+ A0F> ,
2]: e ’ (3.16)
Shdy = =7~ d*z (tr'(Af) + t/(47)) .
oM

Here k = é, F is the spatial field strength F = dA+ AN A with d the spatial exterior

derivative, and tr’ denotes the trace in the fundamental representation of SL(2;R). The
unconventional boundary term is required [10] in order to enforce a variational principle

3We would like to thank H. Maxfield for discussions on this point.
4We choose an orientation so that ¢?%" = \/%794 Also, in (3.16), we are using a different convention for k

than in the Introduction, with kthere = 4Kknere-
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consistent with the AdSs boundary conditions,” which are that A and A asymptote as
r — oo as [3, 10]

e ( o Lor?) O ) e (—g; +O(r?) —rda~ +O(r1)>
rdzt +O(r~Y) —Z + O(r=2) )’ O(r—1) &y o2 )7

(3.17)

and A and A are allowed to fluctuate at the indicated powers in 1/r. The connections

describing global AdSs (3.9) clearly respect these boundary conditions. Consistent with

these boundary conditions, we only allow bulk gauge transformations A and A which die

off near the AdS boundary.

The on-shell variation of the action, including the boundary term, is

5Smay = — / @z [t (A_6Ag) + ' (A:545)} | (3.18)
T Jom
which vanishes by the boundary conditions (3.17) as advertised.

The fields Ag and Ay appear as Lagrange multiplier fields inside the action (3.15),
enforcing the constraint that the spatial field strength vanishes. We observe that although
Ag and Ay drop out of the action, they can be gauge-fixed in a way that is consistent with
the asymptotically AdSs boundary conditions. Namely, we may fix them to their values
for global AdS3 in (3.9) as

AO — @+T O 5 AO - _@—T 0 . (3.19)

Before going on, some words are in order regarding gauge-fixing and ghosts. In the
usual equivalence between CS theory on a cylinder and a chiral WZW model on its bound-
ary, one allows for bulk gauge transformations that vanish at the boundary of the cylinder.
The details of the bulk gauge fixing are then immaterial from the point of view of the WZW
model, as any ghosts introduced by the gauge-fixing decouple on the boundary. Indeed,
in the natural gauge choice Ag = 0, the Fadeev-Popov determinant does not introduce a
coupling between the ghosts and the physical degrees of freedom. Similar considerations
hold for our gauge theory in AdS, as we require that all bulk gauge transformations fall off
near the AdS boundary.

The remaining functional integral is taken over the moduli space of flat connections
on the disk, which we parameterize as

A=gl'dg, A=g'dg. (3.20)

This decomposition is redundant: we get the same spatial connection A for g(Z,t) and

h(t)g(¥,t) for any h(t) € PSL(2;R), and similarly for A. We identify these configurations

in the residual integral over g, so that the field g is subject to a quasi-local SO(2, 1) quotient.
In terms of g the original action (3.15) becomes a difference of chiral WZW actions,

S = S_[g) + 5+[q). (3.21)

®A similar boundary term appears in the treatment of ordinary Chern-Simons theory on AdSs3 [53, 54].
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k

T o

S1lg] (/ d*z tr/((gfl)'ﬁig) F é/ tr'(g tdg A g tdg A gldg)> . (3.22)
oM M

Here 0+ = %(89 + 0;) and ' indicates an angular derivative. Now recall the topological
property of the map g we noted above for global AdSs. In the quantum theory we enforce
the same property: around the contractible 6-circle, we integrate over g and g which wind
once around the circle in SO(2,1). It remains to enforce this boundary condition as well
as to translate the AdSs boundary conditions (3.17) into boundary conditions on g and g.

To proceed we find it helpful to use a Gauss parameterization of SL(2;R) group ele-

= (1) (05 () o2

The corresponding spatial connection is

ments as in [12],°

(3.24)

Ao dIn A — U(\2dF)  2UdIn A+ dU — U2(\2dF)
B MNdF —dIn )\ 4 U(\2dF)

Comparing with (3.17) we see that the fields A and ¥ are fixed as r — oo in terms of F as

r F//

with F finite. The constraint on A comes from matching the bottom left components
of (3.17) and (3.24), and the constraint on ¥ comes from matching the diagonal com-
ponents. There are similar relations for the barred fields, for which it is convenient to

SLEYE)

The asymptotically AdS boundary conditions enforce that as r — oo

< [T - F"
A\ = ak \P:_ﬁ. (3.27)

Parameterizing the boundary value of F' as F'|g = tan (%) so that ¢ is an angular variable,

the single-valuedness of g implies that ¢’ > 0 and the winding property amounts to the
boundary condition ¢(6 + 27,t) = ¢(0,t) + 2w. That is, at fixed time, ¢ is an element
of Diff(S1).

That is not the end of the story, as we have to account for the quasi-local SO(2,1)
quotient. In terms of (A, U, F'), the action g(Z,t) — h(t)g(Z,t) is

parameterize g as

e\™2 aF +b dc
F U -0 4+ — F— — = ) 2
A= (cF+d)\, — +cF+d’ —>cF—i—d’ h (ba) (3.28)

®The Gauss parameterization, with F,¥ € R and A > 0, covers PSL(2;R) but not SL(2;R). This is
sufficient for our purposes.
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This action is consistent with the constraints (3.25). It then follows that in the residual
path integral over ¢ we identify

o0.1)\  alt)tan (252) +b(t)
tan( 2 ) *eftytan (492 4 a(r)

(3.29)

So the precise statement is that at any fixed time ¢ is an element of Diff(S')/PSL(2; R).
In the Gauss parameterization (3.23) the kinetic and WZW terms in (3.22) evaluate to

2N\ 22 . .
/ Pzt (g1 o_g) = —/ d*x ( 2 + NPV - T (UF + \If’F)) :
oM oM A 2

) (3.30)
/ tr'((g~'dg)?) :/ dN> N d¥ A dF :/ AN2dU A dF
3 m M oM
with similar relations for the barred fields. The end result is that
k MN(OL
Si[g] = —/ d*x ( (9:) + N2 F (04 m)) (3.31)
T OM A

Plugging in (3.25), which may be viewed as a constraint on the WZW model, and using
F|s = tan (%), we obtain the boundary action

Stlg] = S /d%: (gbﬁaﬂbl - ¢’8i¢> ., C=6k= 3 (3.32)

24 @2 2G

Combined with the boundary condition on ¢ and the quasi-local quotient, we recognize the
left-moving half S as exactly the Alekseev-Shatashvili quantization of Diff(S!) /PSL(2; R)
n (2.31). The coupling constant C' is fixed to the Brown-Henneaux central charge.

What is the path integral measure for ¢7 The bulk measure for A leads to the usual
Haar measure for the boundary degree of freedom g, which in terms of the Gauss parame-
terization (3.23) is

= [[drawaF x. (3.33)
0,t

It is invariant under both the right-action (3.28) and a left-action ¢ — gh~!. Now we
account for the constraints on A and W. Comparing (3.17) with (3.24), we see that the
bottom left entry reads A2F’ = r, and the diagonal entries lead to a linear constraint on
¥. The Haar measure after the constraints then reads

9 FI/ B
HdF/d)\d\If)\cS()\ F'—1)s (q/+ 2TF,) = F, H r (3.34)

0.t

which is invariant under the quasi-local quotient (3.29). (We note that Alekseev and
Shatashvili obtained the same measure for the quantization of Diff(5!)/PSL(2;R) [12].) In
section 5.3 we discuss the measure for the quantization of Diff(S!)/PSL(2; R). At the end
of that subsection we note that the natural measure for the quantization, which we notate
as [d¢|Pf(w), is equivalent to (3.34).
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In summary, we have shown that the Chern-Simons description of gravity on global
AdSs3 is quantum mechanically equivalent to the path integral quantization of (two copies)
of Diff(S!)/PSL(2; R).

Recall that in the quantization of coadjoint orbits one may associate a Hamiltonian
with any element of the Virasoro algebra. We observe that AdSs gravity hands us the
Lorentz-invariant quantization, with Hamiltonian corresponding to Lg. This is a con-
sequence of the boundary term in (3.15). Had we neglected it, we would have instead

C ) <;'5/¢” .
= dx<¢,2 —¢<z>>, (3.35)

obtained an action

i.e. the appropriate action with H = 0 (2.26).

As we mentioned in the Introduction, our analysis here corrects that of [10]. The new
ingredients are: (i) finding the constraint that fixes the field ¥, and more importantly (ii)
accounting for the quasi-local PSL(2;R) x PSL(2;R) quotient and deducing the winding
boundary condition. That is, the new work above demonstrates that the boundary fields
¢ and ¢ are, at fixed time, elements of Diff(5!)/PSL(2;R). Following similar arguments
as [12], we have also shown that the gravitational description leads to the correct measure.

Our analysis immediately extends to Euclidean global AdSs, i.e. to the quantization
of SO(2,1) x SO(2,1) Chern-Simons theory around the space

2

(r? + 1)dy? + r2d6? + 6~ 0+2r. (3.36)

r2 41’

To get to here from global AdS3 we have simply Wick-rotated ¢ = —iy. Repeating our
analysis above leads to the Wick-rotation of (3.32), i.e. to the action

_ C 5 ¢//5¢/
= 5ar d$< 72

S, 19 - ¢’a¢) L O= @iy, (3.37)

We may also obtain the boundary action for fluctuations around Euclidean BTZ black
holes. In these geometries the bulk space asymptotes to a boundary torus, and a cycle of
the boundary torus is contractible in the bulk. When one speaks of a Euclidean black hole,
one refers to a geometry for which the Euclidean time circle is contractible, while “thermal
global AdS3” refers to another geometry where the spatial circle is contractible.

For fixed boundary complex structure 7 there are infinitely many smooth solutions to
FEinstein’s equations which asymptote to the same boundary torus. These geometries are
distinguished by which cycle is contractible in the bulk. There is a unique geometry for
which the spatial circle is contractible. The metric on this space is (3.36), subject to the
further identification

y~y+2rIm(r), 0 ~ 0+ 21 Re(r). (3.38)

Following our algorithm above, the action which describes fluctuations around this space
is the same as for Euclidean global AdSs, (3.37). The only difference is that now the
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boundary conditions are modified to be

(0 + 27, y) = (0, y) + 2,

(3.39)
#(0 + 27Re(7),y + 2nIm(7)) = ¢(0,y) .

We further investigate the properties of these Euclidean black holes in the next subsection.

The derivation above for global AdSs; bears a striking similarity to the so-called
Drinfeld-Sokolov reduction of a chiral SL(2;R) WZW model to the quantization of
Diff(S')/PSL(2; R) described by Alekseev and Shatashvili [12]. The two seem to be almost,
but not quite the same. In the Drinkfeld-Sokolov reduction one starts with a SL(2; R) model
and imposes the constraint on the SL(2; R) current

tr(U-g ') =1, U= <8 é) . (3.40)

1
VT
It is essentially the same as the AdSs boundary condition that fixes A in terms of F

Parameterizing g using Gauss parameters as in (3.23), this constraint fixes A =

in (3.25). However ¥ remains unfixed. Fortunately, ¥ only appears in the constrained
chiral WZW action (3.31) through the last term, which is a total derivative upon plugging
in the constrained value of A. Ignoring that term, the action of the constrained model is
exactly the quantization with H = 0.

However, it is not enough to obtain the action of the quantization. The field ¢ must
also be an element of Diff(S!)/PSL(2;R). The quotient is accounted for in the same way
as in the derivation from gravity, but we have not seen an argument that the boundary
condition ¢(0 + 2w, t) = ¢(0,t) + 27 arises in the reduction.

3.2 More on Euclidean black holes

In the last subsection we derived the boundary model appropriate for global AdS3 as well
as for Euclidean black holes. Our discussion of the Euclidean models was rather brief. Here
we expound on their physics.

Consider a Euclidean BTZ geometry with torus boundary of complex structure T,
whose spatial circle is contractible in the bulk. For pure imaginary 7, such a geometry is
often called “thermal global AdS,” since it is global AdS with compactified Euclidean time.
The relevant boundary action for the holomorphic half was given in (3.37) with a corre-
sponding action for the anti-holomorphic half, subject to the boundary conditions (3.39)
and a quasi-local quotient. This theory is weakly coupled as C' > 1. Let us consider the
holomorphic half. The field equation of the model is

57 — __¢ ¢
a0, 1o fun(2) ). )

Up to the time-dependent PSL(2; R) redundancy, there is a unique solution consistent with
the boundary conditions, given by

Re(T; Y. (3.42)

Po=10—

Im(7

— 24 —



The saddle point approximation to the stress tensor is then

(1) = — 5o+ 0(C?), (3.43)

i.e. the Casimir energy on the circle. Now accounting for the anti-holomorphic half, the
saddle point approximation to the torus partition function reads

10 Z = S [do] + S_[do] + O(C°) = %W(T _F)+0(CY. (3.44)

This partition function is obviously not modular invariant. Among other things, it
does not exhibit Cardy-like behavior at high temperature, as 7 — 0. As we will uncover in
section 5, the torus partition function may be computed exactly via localization. The result
is the vacuum character, of which (3.44) is its large C' approximation. This is consistent
with the fact that the geometric model does not have infinitely many saddles, corresponding
to the infinite number of bulk saddles asymptoting to the same boundary torus. Instead,
the model accounts for fluctuations around a single saddle, without knowledge of the others.
For this reason the geometric model does not exhibit a Hawking-Page transition.

If the spatial circle is the A cycle of the torus, then what one usually means by a
Euclidean black hole is a space for which the B cycle is contractible in the bulk. The
holomorphic half of the action one obtains from such a background is (3.37), with an-
gular derivatives replaced by a normalized derivative along the B cycle. The boundary
conditions become

P(0 +2m,y) = ¢(0,y) (3.45)
¢(0 + 27Re(7),y + 27Im(1)) = $(6,y) + 27, ‘
and the PSL(2; R) quotient identifies
¢,
o0.)) ot (457) +0
tan ~ ; , (3.46)
2 ctan(¢(2’y)) +d
where a, b, ¢, d are functions of # — iﬁg%y satisfying ad — bc = 1. There is again a unique

solution to the equation of motion for ¢ modulo the quotient,

Y
Po = fm(r) (3.47)

The saddle point approximation to the partition function is now given by

—InZ = —Q2Tri7—_7—

212" +0(CY%). (3.48)

This is the semiclassical approximation to the Euclidean BTZ partition function (see
e.g. [53]), which exhibits the requisite Cardy-like growth at high temperature. It is also
the image of the partition function (3.44) under the modular S-transformation 7 — —%,

which swaps the A and B cycles.
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3.3 PSL(2;R) currents

Let us go back to the boundary action describing the boundary gravitons of global AdSs,
and in particular its left-moving half. We identify field configurations under the quasi-local
PSL(2;R) redundancy in (3.29). It is implicit in this statement that the action for the
quantization, eq. (3.32), is invariant under

o0\ alt)tan (25 +o(t)

although this is not manifest. It is straightforward to obtain the corresponding Noether
currents. An infinitesimal h € PSL(2;R) transformation is parameterized by

Eo(t)
ht)=Ih+e+0(), &= (62‘@) jtgf) ) , (3.50)
- 2

t

"

under which F' = tan (%) varies as
OF = ey +eF —e_F?. 3.51
+

After the addition of a suitable improvement term, the corresponding conserved current is

C (0LF 0 F' 0 F"
0 _ 0 _ + + n
J'=0, J'= m{ 7 (F"6F" — F'6F") + 7 (F'6F) — 7 6F} . (3.52)
It follows that, at each time, J? is independent of 6
a.J°
—=0. 3.53
50 (3.53)

From JY we define three families of “conserved charges” by

0J? o.J?

QO:TGO7 Qﬂ:zaa

(3.54)

which we package into a matrix as

[ Qo Q+
Q= (Q —Q()) : (3.55)

Under constant PSL(2; R) transformations A this matrix of charges transforms by conjuga-

tion,
Q — hQh~t. (3.56)
The quadratic Casimir is
67 127
H= E“’(Qz) = (QF+Q+Q-) . (3.57)
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However, under time-dependent transformations ) does not transform covariantly. Under
an infinitesimal transformation A = Iy + ¢ we have

6:Q = [e, Q] + % €. (3.58)

Consequently there are no “gauge-invariant” observables constructed from these charges.

This matrix of charges is nothing more than the current conjugate to the variation
0:g = €g of the group-valued field g, where we now allow € to be a function of ¢ and 6.
Under the variation the chiral WZW action transforms as

65, = ;/d%tr’ (e((0+9)g7 ")) = /d%tr’ (eQ') , (3.59)

which gives
C
Q= (0:g)5 " (3.60)

Using either the expression (3.52) or the variation of Sy above, we find

Q _ _i 8+F/l B F//8+F/
h 127 F? F’3 ’
Qo = Q 0 F' I o.F" F'O.F
07 1o7 \ 2 J2E ’ (361)
C 2F0, F' 9 o+F" F'o,F '
Q+ = 127 <28+F_ fad + 2 pn ’
C [((0.F")? O.F" F'O.F
= 127 < Iz 20, F 2 pn :

For a Euclidean AdSs geometry with torus boundary of complex structure 7 as discussed in
the previous subsection, choosing the 6 circle to be contractible, these charges evaluate to

c i

Sdrtm(r)’ =0 (362

Qi =-Q-=

3.4 Conical defects and the Poincaré patch

Consider a conical defect, described by the Lorentzian metric

dr?

2 2\ 12 292
- dt db
(re 4+ a®)dt* +r +r2+a2’

(3.63)

with « € (0,1). This geometry is supported by a massive probe particle at » = 0, and the
total energy is —% = —Cl—%z. Taking the dreibein to be

A , dr
= T2 + Of2 dt, 61 = Tde, e = \/ﬁ y (364)

the connection A may be written as A = g~ 'dg with

pcos (—O‘g Lsin ( ) r2 r
g= p= —+1+—. (3.65)
o awt 2
psin (— p~Lcos ( ) o o

2
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There are similar expressions for A. The holonomy around the #-circle is now non-trivial.
As above, we proceed by gauge-fixing Ag and integrating over locally flat spatial connections
A with this holonomy. In terms of the Gauss parameterization, one finds that A and ¥
are constrained as in (3.25) with F' finite near the boundary. However, on account of
the holonomy, F' behaves on the boundary as F'|s = tan (%¢> where ¢ is at fixed time a
Diff(S!) field obeying ¢(0 + 2m,t) = ¢(6,t) + 27. Further, only a U(1) subgroup of the
PSL(2;R) redundancy is consistent with this boundary condition, and so ¢ is in fact a
Diff(S1)/U(1) field at fixed time. The end result is that the boundary action is

i C //a /
S =5_[8] + S+[4], Si[@:—% e <¢ ¢/j2t¢ B

a2¢’ai¢> . (3.66)

We recognize this as the quantization of the normal orbits of the Virasoro group, eq. (2.31),

. . . . 2 b
with the identification a® = — B

Near the conical deficit the metric is approximately
1 - R
— a?dt* + 7(617"2 + r2df?), 0~0+2na. (3.67)
e

The periodicity of 6 is also the periodicity of g, which is 2rav. Effectively, the bulk deficit
leads to a deficit in the radius of the Diff(S!) field on the boundary.

For o? < 0 we have the exterior of a BTZ black hole rather than a conical defect.
This geometry is geodesically incomplete and one should instead consider an extension. In
section 4 we adapt our analysis to the two-sided eternal BTZ black hole following a morally
similar derivation for nearly AdSy gravity described in [30] and elaborated on in [36].

The Poincaré patch of AdSs3 is described by the metric

2
r2(—d? + da?) + O (3.68)

r2
where x € R and r > 0. The conformal boundary is at » — oo and it has the topology of
the plane, while constant-time slices are given by half-space. Running through the same
sort of argument as above one finds that the fields A and ¥ are constrained as before but
now F' behaves on the boundary as F'|g = ¢ where at fixed time ¢ € Diff(R)/PSL(2; R).
To be more explicit, ¢ is monotone and obeys the boundary condition
t
lm 2&0 (3.69)

r—+o0 €T

and moreover is subject to the quasi-local quotient

a(t)p(z,t) + b(t)
P ot + dn) 10
The chiral actions are now
C /la /
Sild) = 5 [ ¢ ¢f§¢ . (3.71)

~ 98 —



Unsurprisingly, this action is merely the decompactification limit of the theory (3.32)
on the circle. To see this, we restore the radius of the circle, § ~ 0 4+ 2w L. The boundary
theory (3.32) describing fluctuations around global AdSs is then

2L " /
Sile] = —ﬁﬂ/dt/o df <<Z> (f,§¢ —L‘zqﬁ’am) : (3.72)

where ¢(0 + 27L,t) = ¢(0,t) + 27 and we identify

4 a(t)Ltan (2 ) + b(t)
() S ()

Clearly the L — oo limit gives (3.71).

3.5 Coupling to an external geometry

In the remainder of this section we put the boundary model (3.32) on a non-trivial curved
space. This is tricky because the theory is chiral, and so not manifestly Lorentz-invariant.
However, using the gravity dual and the AdS/CFT dictionary we can repeat the same steps
we used to arrive at the action (3.32), starting from bulk coordinates where the conformal
boundary is naturally equipped with a non-trivial zweibein.

We are not aware of a reference which develops the AdS/CFT dictionary for the Chern-
Simons description of AdS3 gravity with a non-trivial boundary geometry. In what follows
we simply follow our noses.

Our starting point is a bulk dreibein,

e =rE*+0(r™), e =—, (3.74)
r
where E“ is the zweibein on the boundary as » — oco. The spin connection is
_ 1
wapm = (e ) npic (Ones — T unep) . Tiap = 5(Tap — Tpa), (3.75)

from which we find that the asymptotic behavior of A and A are

_(z@+%) ot - (Ya-1) B
A_(2 ) A W R TS R

where ) = %naanbudm“ is the spin-connection one form corresponding to the boundary
zweibein E® and we have defined F+ = E' + E0.

Separating time and space as before, A = Aydt+ A, the action is given by (3.15) where
the boundary term is now modified to be

k E;f E; -
== dr [ =t (A2) — =t (A2 .
Sy = = [ P (T (43) - Zow (89) ) .17
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again to ensure a good variational principle with the asymptotic behavior (3.76). The
bulk functional integral reduces to one over flat spatial connections. Using a Gauss pa-
rameterization (3.23) the boundary conditions (3.76) fix the asymptotic form of A\ and ¥
to be

[r 1 F’
=4/= U=—-—((I "—Q = — .
A f— ) o (( Hf) 9) ) ]: E;_ ) (3 78)
with F' finite on the boundary. The boundary action is now
- C NDL
S =S_[¢] +S:]9], Silo] = —/ d*x ( Qi + /\QF’Di\I/) , (3.79)
61 OM A
where .
1 E
Dy = (at + E%%) . (3.80)

Plugging in the constrained value of the fields (3.78) we obtain the curved space general-
ization of the right-moving half S_ in (3.32). (To obtain the left-moving half we plug in the
same constraints (3.78), but with E; — E, and Qg — —y.) As before, the decomposition
A = g 'dg is redundant and we identify

a(t)F(6,t) + b(t)
c(t)F(0,t) +d(t)

F(0,t) ~ (3.81)
Observe that, whereas in flat space the term involving ¥ in the action was a total
derivative and so dropped out, this term is present in curved space. From the point of view
of the flat space theory it improves the stress tensor as we now discuss.
Let us compute the stress tensor of the model, which we define by

1 4S
T = .
* det(e) 0EY

(3.82)

The usual stress tensor with two curved indices is 7" = TZnAB (E~Y)%. A straightforward
but tedious computation shows that the flat space stress tensor is traceless with

C é C ¢
T:m{m@,e}, T++:m{tan(2>,e}, (3.83)

where we have substituted F' = tan % and F = tan (%) So the stress tensor is indeed
the Schwarzian derivative as advertised in the previous section.

The curved space action (3.79) is not invariant under infinitesimal Weyl rescalings or
local Lorentz rotations, which act on Ej as

S B} =0oEy,  6,El=—ve",E,. (3.84)

This is ultimately due to the anomalies of the chiral theory (3.79), whose central charge at
large C' is approximately C. Recall that in the AdS/CFT dictionary, Chern-Simons terms
in the bulk action correspond to anomalies for the global symmetries of the CFT dual,
essentially by the inflow mechanism. See e.g. [53] for a discussion in AdSj3 gravity. (The
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Weyl anomaly usually arises from a different mechanism [55, 56].) In the present setting, the
Chern-Simons form of the bulk action, combined with the AdS/CFT dictionary, guarantee
that the classical limit of the boundary theory S5 has the anomalies of a left-moving CFT
with central charge C' = 6k = %

That is, the action S+ may be viewed as a Wess-Zumino term for the anomalies of a
chiral CFT with central charge C.

However, we have been unable to ascertain the scheme in which the anomalies are
matched. In quantizing the bulk Chern-Simons theory we have separated time from space,
and in doing so we have broken manifest covariance under coordinate transformations. As
a result the curved space action (3.79) accounts for the anomalies in a non-standard way,
differing by a presently unknown, non-covariant, local counterterm from the usual textbook
presentation of the anomaly [57].

3.6 Sphere partition function

As an illustrative example we put our theory on a sphere of radius L. The partition function
of a non-chiral CFT with central charge ¢ on a sphere of radius L is fixed by the Weyl
anomaly to be

Zep = (uL)5Zy, (3.85)

where p is an energy scale which must be introduced. The constant Zj is unphysical, since
it may be rescaled by a redefinition of y. The coefficient of the logarithm, i.e. ¢, is physical.
A practical way to compute it is to evaluate

8F82 C
W —3  Fe-hZs. (3.86)

The gravitational dual at large c is well-known. The bulk metric where the boundary
is a sphere of radius L is

g=12 (e + dr? (3.87)
r2l241)"

where gg2 = dip? + sin? ¢ df? is the metric of a unit sphere. The classical bulk action

Sen = % / d*z\/g(R +2) (3.88)
evaluated on this solution gives the sphere partition function at large C via
In Zg2 ~ Sgp - (3.89)
This classical action is logarithmically divergent: the integrand is

4L37? sin _ sin
r

VI(R+2)= RV el —4L%rsine + 2

and so its integral divergence near the boundary. Regulating the divergence by integrating

+0(r ), (3.90)

up to r = A, one finds a logarithmic term in the action

1
SEHZEIHA—F---. (3.91)
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Using C' = % we find

F.
O5em  \9fs _ C (3.92)

A OA OA 3’

which by (3.86) gives ¢ ~ C.

In the last subsection we showed how to put the boundary graviton theory in curved
space. We will now show that the sphere partition function of that theory recovers this
logarithmic divergence, and we will use it to compute the one-loop correction to c.

Our starting point is the curved space action we derived in (3.79). Wick-rotating to
Euclidean signature and taking the zweibein to be

EY =dy, E? = siny db, (3.93)
the action (3.79) evaluates to
2 .FID:E F”
= oar /d < — 2siny Dy <csc 7/1F + i cot 1[))) , (3.94)
with
1
F =cscyp F' F = tan ¢ , Di— +cscw 8 . (3.95)
2 81/1
The classical trajectory is
¢o =10, (3.96)

and the classical action is logarithmically divergent:

Selon) = —75 [ v esev. (3.97)

Introducing a position-space cutoff near the poles ¥ = 0,m, i.e. integrating over ¢ €
[A=1, 7 — A71], we find that the classical action Sy = S [¢o] + S_|[¢o] diverges logarithmi-
cally as

850 C

The sphere partition function is at large C

In Zg2 =~ -5y, (3.99)
so that OF o
NS T 3.100

as it should be.

We now compute the one-loop correction. The harmonic analysis for fluctuations
around the classical trajectory is a bit tricky for the choice of coordinates we used above.
Instead it is convenient to parameterize the sphere as

EY =sechydy, E? = sechydf, (3.101)
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where y = arcsech(sinv). Here y € R, with y — +oo corresponding to b — 0,7. Note
that we are effectively parameterizing the sphere as a cylinder.

We proceed by evaluating the action in this background and expanding around the
classical trajectory ¢ = 0 + €(f,y). The quadratic part of S; is, after an integration
by parts,

_i 2 "na .t 15 __1 ;
52_247r &z ("0¢' — € e) | 8—2(69+18y). (3.102)

This is the same quadratic action we find on a torus in section 5. Fourier transforming,
> dw ~ in@--i ~ ~
€(0,y) = / Py Z E(n,w)emeTey é(n,w)* = é(—n, —w), (3.103)
—oo (2m)? £

we use the quasi-local PSL(2; R) redundancy to set an infinite number of modes to vanish,
é(n,w) =0, VYn=-1,0,+1. (3.104)

The quadratic part of S4 then reads

_IC % du
241 | (27)2

Sy > n@® - 1)(w —in)én,w)|?. (3.105)

n#—1,0,1

Recalling the classical part of the computation, we introduce a UV cutoff by integrating
up to a positive-space cutoff near the poles of the sphere. Translated to the y-coordinates,
we take the y-direction to be compact with y € [—InA,In A}, which turns the integral
over w into a sum. We also sum over modes which obey Dirichlet boundary conditions at
y = +1n A, as well as modes which obey Neumann boundary conditions there. Equivalently,
we sum over modes which are periodic in y with a periodicity 4Iln A. Thus, the one-loop
determinant appearing here is that on a long torus of complex structure 7 = % InA. In
section 5 we compute that determinant and find that the chiral half is

1 A
¢n[[—. a=er. (3.106)

Multiplying by the contribution from the right-movers, inserting 7 = % In A, taking A —
oo, and including the classical contribution from Sy, we find

13
o Zg2 1 toop = —So + - InA, (3.107)

so that
0Fg _C+13

A =
OA 3

(3.108)

In other words, the one-loop approximation to the central charge is ¢ = C' + 13.
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4 Doubling and eternal BTZ black holes

Pure AdS; gravity famously has black hole solutions, whose exterior region is described by

the metric

dr?

2 _ 20
r T

with a horizon located at r = r,, and conformal boundary at r — oo. This patch of space-

g=—(r* = ri)dt* + r*do* +

(4.1)

time is geodesically incomplete, and we instead consider its maximal Kruskal extension,
the two-sided eternal black hole described by the metric (see e.g. [58])

_ —4dudv + 77 (1 — uv)*d6?
N (1 + uw)?

(4.2)

See figure 1. This geometry has two horizons located at © = 0 and v = 0, with the exteriors
located in the region uv < 0. There are two asymptotically AdS3 regions, with conformal
boundaries at uv — —1. The past and future singularities are at uv — 1. More useful
coordinates are Rindler-like coordinates in the two exterior regions,

—uw = 2%, arctanh <u + v) = rpTsgn(z), (4.3)
v—u
in terms of which the metric is
4r? 5, o (14222 4dz?
= —"5=5 | —2°d ——df ——s - 4.4
g (1—z2)2( Far Ty T (4.4)

In this choice of coordinates the boundaries are at z — 41, and the horizons at z = 0.
The right exterior region corresponds to 7,60 real with z € (0,1), and the left exterior
region has z € (—1,0). In both exteriors the time 7 increases as one moves up in figure 1.
The coordinates (7,6) parameterize time and space on the two boundaries. The standard
interpretation of the two-sided black hole in the AdS/CFT correspondence is that it is dual
to the thermofield double state of the boundary CFT [35] at an inverse temperature = 2—:
In this section we repeat the procedure of the previous section for these two-sided black
holes. A different approach to quantizing AdSs gravity on single-sided BTZ backgrounds
was taken in [59, 60]. Our first step is to obtain the SO(2,1) x SO(2,1) gauge fields which
parameterize the background, and to write these in term in terms of gauge transformation
parameters g and g. Taking the bulk dreibein in the two exterior regions to be

2z 1427 4dz
eV = imrth, el — mrhdig, 0% — ==, (4.5)
we find
A= = 2(1+ZZ) rnde A= —— - 2(1—Zz) rpdx™ (4.6)
- 1 d ) = 1— o , )
ﬁrhdxi — 1o —ﬁrhdm¥ e

where we have defined the boundary light-cone coordinates 2+ = § + 7. Being flat connec-
tions they may be written locally as

A= g g, A=gldg. (4.7)
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Figure 1. A graphical representation of the Kruskal extended BTZ black hole (4.2). Here u and v
are the standard light-cone coordinates in the plane and 6 is suppressed. The solid black lines are
the asymptotic AdS boundaries, the dashed grey lines are the horizons, and the dotted red lines
are the past and future singularities. The blue lines indicate curves of constant z.

We find the representatives

£\ g . +
p cosh (Thx p~ ' sinh %)

2 _
g = y 9= )
psinh (% p~ ! cosh #) —p~Lsinh (rhf) p cosh (%)
(4.8)
with
1+=2
=4/ —. 4.9
=T (4.9)

The asymptotic behavior of A and A near the AdS boundaries 22 = 1 —2¢is, as z — 1,

—4c O(e) _ de _rpdz
(£ a-(h ) (419

€ 2e

de rpdz” _ _de O(G)
A= 2 c ’ A= % , (4.11)
(0@ 4 ) (””ﬁ i

which we then enforce as a boundary condition. We now quantize the bulk Chern-Simons

and as z — —1,

theory on this spacetime. We do so by again separating one direction from the others.
Rather than separating time from space, we elect to separate

A=Agd0+A, A= Aydo+A. (4.12)

This is physically reasonable. The exterior of a BTZ geometry is the Wick-rotation of
thermal global AdS, in which we analytically continue the boundary spatial circle to real
time. In our quantization on thermal global AdS, we gauge-fixed the component of A and
A along the non-contractible circle, which after the Wick-rotation to BTZ becomes the
f-direction. Then the bulk gravitational action is

Sgrav = S[A] - S[A] + dey,—i— + dey,— ) (413)
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where

1 - - ~
S[A] = _;/M do At <—2A/\69A+A9F> )

1 B (4.14)
Shay+ = 7~ / d*z (tr' (A2) +t (A2)) .
™ JoM 4
Here OM 4 refers to the two boundaries at z — +1. We gauge-fix Ay and Ay to their
values for the BTZ solution. The residual integral is over flat connections A and A, which
we parameterize as

A=gldg, A=gldg. (4.15)
We use separate Gauss decompositions (3.23) for A near the two asymptotic boundaries.
Near the right exterior we find that the boundary conditions (4.10) fix the fields A and ¥
appearing there to be constrained near the boundary z — 1 as
- 1—2z F+

U= (4.16)

2_ 1 ™
1—2F. 2 Py

In the other region we parameterize

_ -1
9= ((1) 1F> (Ao 2) (é (1)> ’ (4.17)

and near the other boundary z — —1 the AdS boundary conditions constrain

)\2: 1 ’Il \IJ:1+Z F,
1+z2F " 2 ThF_’

(4.18)

where Fy = lim,_, 1, F' are the boundary values of the field F'. We see that the boundary
dynamics are now doubled: the Chern-Simons theory may be rewritten as a boundary

model in which the F\ = tanh (%) and F_ = — coth (%) are the dynamical fields.
For the two-sided black hole metric (4.4) we have
bi=b_ =1, (4.19)
so that F~ = —1/F,. More generally we expect that the ¢ (and their barred cousins)
obey the boundary condition
lim O+ _ lim ¢;, lim P+ _ lim ¢—_, (4.20)
T—00 T T—00 T T——00 T T——00 T

and are monotone in T, q'bi > (. Note that these boundary conditions do not fix the value
of the horizon radius 7. Up to a quotient, the ¢4 are Diff(R) fields at fixed 6. As in our
analysis of global AdS3, we have introduced a quasi-local PSL(2; R) redundancy in writing
out A = g~'dg. Namely, both ¢(7,60,z) and h(6)g(r,0,z) lead to the same A for any
h(6) € PSL(2;R). Since the boundary fields ¢+ both come from the same g, the quotient
by PSL(2;R) acts on both ¢4 simultaneously. For

dc
- () "
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we have
aFy +b dF_ —c¢

e — 7%7
cFy +d’ —bF_+a’

and we identify those configurations in the remaining integral over ¢.. The second trans-

formation is equivalent to

aF_+b 1
= — _=——. 4.2
- cF_+d’ 4 e (4.23)
Similar statements apply for the barred fields.

The final result for the boundary action is the quadrupled theory

S = —S_[p4] + Si[o-] + Sy [p+] — S-[¢-], (4.24)
where o )
Si[¢] = —% drdf <¢Z§¢ + (?) ¢ai¢> . (4.25)

The fields ¢+ are, at fixed 6, elements of

Diff(R) x lef([R)/PSL(Q; R (4.26)
as are the ¢4. The final result for the boundary theory is reminiscent of the doubled
Schwarzian theory described in [30] and [36]. Note that the fields ¢_ and ¢_ on the left
boundary have opposite chirality to the fields ¢, and ¢, on the right boundary.

However, this theory is not a doubled version of the boundary graviton action we
obtained for global AdSs in section 3. The theory given above differs by a double Wick-
rotation (along with an analytic continuation in field space, whose combined effect sends
Diff(S!) — Diff(R)), but more importantly the constraints tie the fields on the left and
right boundaries together. Correspondingly, the Hilbert space of this model does not
factorize into a tensor product of left and right states, and the two-sided black hole does
not correspond to the thermofield double state of the “single-sided” model.

We expect that the path integral has an additional non-local constraint between the
fields on the two boundaries, distinct from the simultaneous PSL(2; R) quotient. Recall that
a single copy of the quantization of the coadjoint orbit has a PSL(2; R) Noether current.
See subsection 3.3 for details. The quadrupled theory (4.24) has four sets of PSL(2;R)
currents, which can all be defined so as to have zero angular component. Let us consider
the first two terms, —S_[¢4] and Sy[¢p_], coming from the first SO(2,1) factor of the
Chern-Simons theory. There is a PSL(2; R) charge associated with —S_[¢4] living on the
right boundary, which we call Qr, and a PSL(2; R) charge associated with S [¢_] on the
left boundary, which we call Q. In terms of the asymptotic values g+ = lim,_,41 g of the
field g as z approaches the two boundaries, the charges Qr and Q) are given by

C _ C _
Qr = —@(3—9+)9+1, QL= @(mg_)gf, (4.27)
each satisfying
IQr oQr
5 =0, 5 =0, (4.28)
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on-shell. The two-sided black hole (4.4) has F; = tanh (%T) =—-1/F-=F,(—7+ %), SO
that the charges evaluate to

_ r_ C (01
Qr=-Q = 68 (1 o)‘ (4.29)

One might wonder whether this charge matching condition should hold more generally,
and if it should, how it is imposed in the path integral. Here we simply make two observa-
tions, leaving the complete resolution of this point to future study. First, the condition

Qr=-Qf (4.30)

would be consistent with the simultaneous PSL(2;R) quotient. Both sides transform in
the same way under #-dependent PSL(2;R) transformations. Indeed, the matching con-
dition (4.30) is nothing more than the statement that the simultaneous PSL(2;R) charge
vanishes. Second, the PSL(2; R) quotient does not require that this charge vanishes. In or-
dinary gauge theory, there is a quotient and additionally the time-component of the gauge
field Ag acts as a Lagrange multiplier which sets the total gauge charge to zero. However,
in our context, there is no gauge field. It is presently unclear whether, in the path inte-
gral, the classical condition (4.30) arises from (i) boundary conditions in the far past and
future, (ii) an additional Lagrange multiplier term in the action ~ tr'[4¢(Qr + QT)], or
(iii) a different mechanism entirely.

5 Torus partition function and (TT)

In this section we compute the exact chiral central charge and operator content of the path
integral quantization of Diff(S!)/PSL(2; R) and of Diff(S!)/U(1). We do so by calculating
the torus partition function and the two-point function of the stress tensor on the cylinder.

The partition function of a chiral CFT on a torus of complex structure 7 may be
written as a sum over states,

Z(T) = tr (qLO—i) , q= eQﬂ'iT , (51)

7

where c¢ is the exact central charge.” The partition function may be decomposed into a

sum of Virasoro characters,

Z(7) = g2 h—23 5.2
=t e oo 52)

where the first term is the character of the vacuum module and the other terms represent
a sum over Virasoro primaries of dimension h. The quantizations under consideration are
weakly coupled as C' — oo with 1/C playing the role of the weak coupling, and so we
expect to find ¢ = C' + O(CY).

"Here we work in the usual convention for Lo, namely [Lny L] = (n — m)Lpgm + ﬁ(ng’

rather than that in (2.8).

- n)5"+m7
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For the quantization of Diff(5!)/PSL(2;R) we find that its partition function is the
vacuum character with an exact central charge

c=C+13, (5.3)

which we establish by a localization argument.
The quantization of the normal orbits Diff(S!)/U(1) with by > —48% is secretly
quadratic. Its Hilbert space has a single Verma module with highest-weight state |h) and

c—1

h —
24

= 2mby . (5.4)

To solve for h and ¢, we compute the connected two-point function of the stress tensor on
the cylinder. In the state |h) it takes the form

c h
(T)TO0) = 7wy — 537wy, w=0+1iy, (5.5)
32 sin? (j) 2sin? (5)
from which we find o
c=C+1, h =2mby + — > 0. (5.6)

24
We begin by computing the one-loop approximation to Z(7), and then use a localization
argument to show that the partition function is one-loop exact. We also demonstrate that
the quantization of the normal orbits is a free theory in the appropriate variables, and
compute (T(w)T(0)).

These results match nicely with the literature. In the context of path integral methods,
there is an expectation that the torus partition functions of the geometric models are one-
loop exact, although we have not found a reference which explicitly demonstrates this.
Witten has also performed a Kihler quantization of the orbits Diff(S!)/PSL(2;R) and
Diff(S')/U(1) in [13]. He showed from a variety of viewpoints that the Hilbert space of
the quantization of Diff(S!)/PSL(2;R) is the vacuum module, and that the Hilbert space
of the quantization of Diff(S!)/U(1) is a single Verma module. This first result was crucial
to Maloney and Witten in their argument for the partition function (1.1). Below we give a
direct path integral derivation of this result, which as far as we know is the first to compute
the exact relations for ¢ and A mentioned above.

5.1 One-loop determinants

We begin with the action (2.31) appropriate for the path integral quantization of
Diff(S!)/PSL(2; R), which we reprise here:

_ 2w 8+¢/ d),/ ,
= 247T/dt/ de( e (a+¢)¢) : (5.7)

Wick-rotating to imaginary time, ¢ = —iy, and putting the theory on a torus of complex
structure 7, the Euclidean action is

e [P o)
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where we have defined the complex coordinate z = 0 + iy subject to the identifications
z~z+2mand z ~ z+ 2x7. The field ¢ obeys the boundary conditions

¢(0 +2m,y) = ¢(0,y) + 27,

(5.9)
&0 + 27Re(7),y + 27Im(7)) = ¢(6,v),

and is subject to the local PSL(2; R) redundancy

o(0,y)) _ olv)tan (%52) +bw) a(y) b(y)> ,
tan( 5 ) c(y)tan< <7y>)+d() ( € PSL(2;R), (5.10)

which includes ¢ ~ ¢ + a as a subgroup.

As we mentioned in subsection 2.2, the real part of the Euclidean action is Re(Sg) =
[ dy H(y) with

C 27 /2
H=— do 0 — A1
| (w, %) (5.11)
which we showed is bounded below as H > —s-. It follows that
C
Re(Sg) > —%Im(T), (5.12)

and so we expect that the Euclidean functional integral is well-defined.

We now take C to be very large and compute the partition function to one-loop order
in the small coupling 1/C. We begin by classifying the saddle points of the Euclidean
action. The field equation of the model is

5Sp O - 2\

which modulo the redundancy (5.10) possesses a unique saddle consistent with the bound-
ary conditions, namely

Re(7)
=60-— . .14
%0 Im(T)y (5.14)
The saddle point action is
o= Y (5.15)
0= '

whose real part saturates the bound (5.12). Expanding ¢ in fluctuations around the saddle,

RC(T) )

imy _
m,n

we may use the local redundancy (5.10) to set an infinite number of the modes to vanish:

€mn=—1,0,41 = 0. (5.17)
The quadratic action is
iC < 2 2 3
Sp= S0+ 563 Yo Y am? = 1)(m—n7)|emnl’ + O(e, ) (5.18)
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so that the one-loop approximation to the torus partition function is

Z1 _loop = Nq_% H(m - m’)_% , q =¥, (5.19)
m,n
The infinite product is, excepting the modes n = —1,0, 41, the determinant for a chiral
1 -
boson, det™2(0). Differentiating In Z;_j0p with respect to 7 and performing the sum over
m, we find
OlnZ;_ iC =
o 81‘ loop —7112 -7 Z ncot(mnt). (5.20)

This sum diverges, and we regularize it by writing

chot ™mT —>Z (cot(mnT) +1) —zZn (5.21)

n=2

The first sum converges for Im(7) > 0, and we evaluate the second sum via zeta-function
regularization. Integrating with respect to 7 and exponentiating, we recover Zi_joop up to
an overall normalization constant. It is

by = —-C z =g ] ! = C+13 (5.22)
=——" _ = c= .
0 487 1—loop q 11 1— qna )

which is the Virasoro character of the identity representation with central charge c¢. The
factor of 13 arises from the zeta-regularization,

R 13
Znﬁg(—l)—lz—ﬁ. (5.23)

It is a one-loop renormalization of the central charge, c = C' + 13+ O(1/C).

Writing Z as a sum over states as in (5.1), we see that the Hilbert space of the model
is merely the vacuum and its Virasoro descendants, as advertised. Perturbation theory at
higher orders in 1/C cannot introduce new states, and so may only further renormalize the
central charge c. However, as we will soon see, the one-loop result ¢ = C' + 13 is exact.

The same arguments can be adapted to compute the partition function of the quanti-
zation of Diff(S!)/U(1) for by > — C . We find

o0

c 1 c—1
21 qoop = ¢ 7 h— = 27hy . 5.24
1—loop q 24]‘_[1—(]", 24 oo ( )

n=1

So the Hilbert space is a single Verma module, and it remains to solve for h and c.

5.2 Revisiting the gravitational one-loop partition function

Before going on to discuss the one-loop exactness of the partition function, we pause to
revisit the direct gravitational computation of [2]. The authors of that paper used the
heat kernel to compute the one-loop determinant of pure gravity on both Euclidean AdSg
and on a Euclidean BTZ black hole, which may be understood as an orbifold H3/Z. They
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thereby obtained the one-loop approximation to the torus partition function of pure AdSs
gravity to be the character of the vacuum module,

o0

=] !

n=2 1- qn

2 o0p(T2 T) =

: (5.25)

where c is the one-loop renormalized central charge,

c= g’é( +0<G>> . (5.26)

In their paper, the authors of [2] focused on the infinite product in Z_jo0p , and did
not focus on the renormalization of the central charge. However, it turns out that this
one-loop renormalization is implicitly contained in their calculation, and moreover they
find the same one-loop shift of 13 that we found above.

To see this we begin by parameterizing the partition function as

_ln ZER _ o) _ g1 (5.27)

1—loop —

where SO is the on-shell Euclidean action of pure AdSs gravity, proportional to é > 1,
and S is the O(1) contribution which arises from fluctuation determinants. They (and
we) ignore further corrections to the right-hand-side with inverse powers of é On a
Euclidean spacetime X = H? or H3/Z, a standard computation gives

SO = ﬁvol(X) (5.28)

This expression is divergent, owing to the infinite volume near the conformal boundary of
hyperbolic space. We will come back to this shortly.
Evaluating S(!) for pure gravity on H3 via the heat kernel technique gives their eq. (3.8),

o0
SO = vol(H?) /O fW(e—t(l +8t) — e (1 4 20)) (5.29)
There are two divergences here. The first is the same infinite volume appearing above, and
the second is a divergence in the integral at small ¢. The latter is ubiquitous in the heat
kernel literature and can be treated by any of the standard techniques. One technique,
used in [2], is to analytically continue the integral in ¢ (equivalently, to rewrite the integral
using the integral representation for the Gamma function). Another approach, familiar
from the computation of anomalies, is to integrate in ¢ to a small cutoff € and to take the
O(€%) coefficient of the expansion. Either way one finds

18 oy, (5.30)

1) —
S 61

which still diverges, albeit in the same way as the saddle point action S(©.
The authors of [2] evaluated S(1) on the orbifold H?/Z using the heat kernel on H? and
the method of images. The result is

S — vol(H3/7) / dt_ 1

) 7w(€_t(l+8t) — _4t 1+2t Zh’l|1—q ‘2 (531)
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Treating the first term (which was dropped in [2]) in the same way as on H?, the one-loop
approximation to the partition function on H3/Z then reads

2
S
1
Zlgr_al\gop _ e—(%-‘rlfﬂ)ével(ﬂ—@/z) H g (5.32)
n=2

It remains to regularize the volume of H3/Z. This is a familiar problem in the AdS/CFT
correspondence, an example of what is often called holographic renormalization. One first
regularizes the infinite volume by integrating the volume form on the bulk spacetime up
to a “cutoff slice” near the conformal boundary, adds various covariant boundary terms to
the “cutoff slice,” and then takes the cutoff to the conformal boundary. In any case, the
holographically renormalized volume is

vol(H3/Z) = —Im(7)n?. (5.33)
Inserting into (5.32) gives

2
rav 3L
2 oop = . e=55+13, (5.34)

=1
q_ﬁ H 1_qn
n=2

whose chiral half is the partition function of the geometric model that we found in the

previous subsection. The gravitational result displays the same one-loop shift of 13.

5.3 Localization

It is perhaps an underappreciated result that (up to boundary conditions) any phase space
path integral is invariant under a “hidden supersymmetry,” and that under modest con-
ditions this “supersymmetry” can be used to localize the path integral. See e.g. section 4
of [61]. When this is the case, the one-loop exactness of the path integral follows from
the localization formula of equivariant cohomology, and is in a sense the quantization of
the Duistermaat-Heckman theorem. Here we give a low-brow derivation of the result. Our
approach parallels that of Stanford and Witten [45] in their “physicist’s proof” of the
Duistermaat-Heckman theorem. It also shares several features with [61].

Consider a classical Hamiltonian system on a phase space M with Hamiltonian H and
symplectic form w (keeping in mind the coadjoint orbits of a Lie group). Let x! denote
coordinates on the phase space, and o = a;da’ the presymplectic potential locally satisfying
w = da. Promoting the variables z° to functions of time x(t), an action which leads to
the Hamiltonian H and symplectic form w is (2.3),

S = —/dt(iiai +H).
Consider the thermal partition function of the quantized system,

Z=tr (e_BH ) , (5.35)
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which can be written as a path integral after Wick-rotating time as t = —iy,

. B i
zZ= /[dz’]Pf(w)e_SE’ Sk :/ dy (z“?;;m +H> , (5.36)
0

and the [[dx!] integral is taken over closed loops z'(y) = z'(y + ). The factor of Pf(w)
plays the role of the measure on the phase space at each time. It can be exponentiated by
introducing Grassmann-odd fields ¢ which obey the same boundary conditions as the z?,
namely ¥'(y) = *(y + B). The 9’ are better thought of as ghosts rather than fermions.
In any case, we write

. . , B Ot o
z- / dai|[dyile=55, S = /0 dy (iazai—i—H— ;wijwlz/}J) . (5.37)

This action is invariant under a “hidden supersymmetry” generated by a Grassmann-odd
supercharge @@ (which does not carry a Lorentz index and so resembles a BRST super-
charge). Its action on (z%,v7) is

Q' = ',
) . i ) 9.38
le:vl_iax _ i, (5.38)
dy

where we have defined v* to be the flow generated by the Hamiltonian,
v = w0 H , (5.39)

and w¥ is the inverse of the symplectic form satisfying wikwjk = (5; The variation of ¢ is
nothing but the classical equation of motion for z* in imaginary time,

Vi=—w S

(5.40)

It is straightforward to demonstrate that the action S% is invariant under @), upon using
that w;; = d;a; — 9ja; and that Jywjsy = 0, i.e. dw = 0. Acting on 2!, Q squares to the
equation of motion,

, Y T
Q% = o —iaz : (5.41)
and more generally
0
2 .
=0y —i— , 5.42
Q=i (542)

where 4, is the flow generated by H. So Q% = 0 is simply the classical equation of motion
of the model. It follows that the Ward identities of the “hidden supersymmetry” are
nothing more than the Schwinger-Dyson equations, and, in a sense, the invariance under
Q is content-free. It is then no surprise that @ can be used to localize the path integral
only under special conditions.

One such condition is if there is a metric g;; on the phase space which is invariant
under the flow d,, that is if g;; satisfies

0vGij = Ukakgij + gikajvk + gkjaﬂ)k =0. (5.43)
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When that is the case, not only is

B8 .
V= / dy Q (9, (QU))
0

5 (5.44)
2/0 dy(QijViVj + *(Orgis) V'Y + gij (W o0’ — iayW)W)
@-exact, but it is also @-closed. After some computation we find
B o o o
Qv = [y { gV + i a0} =0, (5.45)
0

Combined with the fact that its bosonic part is also positive-definite, V' may then be used
as a localizing term. Adding it to the action with an arbitrary coefficient,

Sy — Sp +tV, (5.46)

and barring an anomaly in @), the partition function is independent of ¢. Sending t — oo,
the path integral localizes onto trajectories near the classical solutions V¢ = 0 and ¢’ = 0
and is rendered one-loop exact. A standard calculation demonstrates that there is a relative
cancellation between the ghost and bosonic determinants, so that the full partition function
equals the one-loop approximation of the original theory (5.36) without the ghosts, i.e.
Spled 172 (9°SE
Z=> e rlrl et/ <> , (5.47)

dx2

with z. the classical trajectories satisfying V*[z.] = 0.
Now recall that the first exceptional orbit (and the normal orbits with by > —&) of
the Virasoro group are Kéhler and additionally possess an invariant Kahler form. See (2.25)
and the surrounding discussion. This Kéahler form gives a metric invariant under Hamil-
tonian flow on the orbit, which for our theory is the group action generated by Lg. The
existence of an invariant metric on the phase space is precisely the criterion we need to
localize the partition function. We conclude that the thermal partition functions of the
quantizations of Diff(S!)/PSL(2; R) and Diff(S!)/U(1) (with by > —48%) are one-loop ex-
act. Running through another version of the localization argument above with “twisted”
boundary conditions shows that the torus partition functions of these theories at general
T are one-loop exact.
Before going on, we note that there is a natural guess for the measure of our path
integrals that appears to differ from [d¢|Pf(w), namely [38]
H%}j, F:tang (5.48)
0,y
This guess is natural insofar as it is invariant under local PSL(2; R) transformations. By
[dp|Pf(w), we mean that the measure of the phase space path integral is

11 (Pf(w(d))) qub) . (5.49)
6

t

Stanford and Witten [45] showed that the expression in parantheses is equivalent to [, %—f;,

so that [d¢|Pf(w) is in fact equivalent to the naive measure (5.48).
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54 (TT)

The partition function for the normal orbits informs us that the corresponding Hilbert
space is a single Verma module with highest-weight state |h) satisfying

c—1

h—
24

= 27Tb0.

Here we compute the exact stress tensor two-point function on the cylinder and solve for
h and c.

The key step is that the action for the normal orbits is secretly quadratic. Using the
field redefinition

f=In <e ) . B=—3", (5.50)
the Euclidean action and stress tensor become
¢ 2,.09 / C " fl2
- T=—" (-1, 51
S5 = o [ Pa@nS, c <f . (5.51)
The redundancy ¢(z,y) ~ ¢(x,y) + a(y) persists for the f-field,
F(6,y) ~ f(6,y) + VBa(y), (5.52)

and the boundary conditions for ¢ on the Euclidean cylinder become
f(0+2m,y) = f(6,y) +2nVB. (5.53)

Moreover, in these variables the symplectic form becomes the canonical one corresponding
to the action (5.51),
C 2

!
= — . . 4
W= ; df A df (5.54)

Since both the action and measure are quadratic in the f-variable, this appears to be a
free theory. The only potential problem is the quotient. But for the normal orbits the
redundancy is linear in the field f, acting as (5.52), and so this theory is indeed free.

While a similar redefinition exists for the first exceptional orbit, rendering the action
quadratic, that theory is not free. The culprit is the PSL(2; R) quotient. Whereas the
U(1) redundancy acts linearly on f, the PSL(2; R) quotient acts in a non-trivial, non-linear
way. However it is easy to account for the quotient at one-loop level. The quotient simply
removes the n = —1, 0, +1 spatial Fourier modes, and the ensuing determinant immediately
yields the character of the vacuum module.

Moving on, the unique saddle (modulo the U(1) redundancy) is f = v/Bf. Expanding
around it,

f=VBi+e, (5.55)
one finds that the e-propagator is
12 isgn(y)w .
(e(w)e(0)) = el In(1 —u), u = e w=~0+1y. (5.56)

46 —



The stress tensor is T' = 27bg — 15 (e — VB¢ — —) and its connected two-point function

is given by the sum of an exchange diagram and a one-loop diagram. It reads
C+1  2n(ho+ %)

32sin (¥)' 2sin® (%)

(T'(w)T(0)) = (5.57)

from which we infer

C
c=C+1,  h=2mby+ . (5.58)

6 Virasoro blocks

The geometric actions considered in this paper also compute the atomic ingredients of cor-
relation functions of a 2d CFT, namely Virasoro blocks. Consider the four-point function of
local operators O; . Suppressing the anti-holomorphic dependence, the four-point function
is a function of a single conformally invariant cross-ratio u and can be written as

<(91(21)02(22)03(23)(94(24)>:(212)h1+h21(234)h3+h4 Clu), w="2 (6)

with z;; = z; — z;. The function C(u) may be decomposed into a sum of conformal blocks.
These blocks are intimately related to the operator production expansion (OPE): a single
block corresponds to the exchange of a single primary operator Oy of dimension h along
with its descendants between the fusions 010y and O30,. Equivalently, using the oper-
ator/state correspondence, consider the completeness relation for the CFT Hilbert space.
Associating Oy to the primary state |h) = Ox(0)|0), one may write the identity opera-
tor as a sum over irreducible representations of the conformal group as labeled by the
primary states,

1= Z (]h><h| + (descendants)> , (6.2)

h

where the “descendants” refers to the properly normalized descendant states of |h). The
global descendants of |h) are

L™ |h)

R
(RILYL™ R

(6.3)

while the Virasoro descendants include (these states are not all orthogonal and so give an
overcomplete basis for the space of descendant states)

(T2, L75) [R)

s {mi}) = ~ 04
ol Tz, 2 (T 22%) )
We then write
C(u) = ZC12hC34h F(hi; hyu),
" ZZhluh3+h4
Flhishiu) = lim = (0]0; (2)O3(1) (|h) (h] + (descendants) ) Os(u) 04(0)[0),
Z—00  C12hC34h (6 5)
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where ¢;j;, is an OPE coefficient and F is the block. If the second line of (6.5) contains the
global descendants of |h), then F is a global conformal block. If the second line contains
Virasoro descendants, then it is a Virasoro block and we notate it as V. In either case, the
block is an eigenfunction of the corresponding conformal Casimir.

The global blocks are known in closed form and are given by [62, 63]

.F(hi; h;u) = uh 2F1(h — hl + hz, h + h3 — h4; Qh; u) . (6.6)

The Virasoro blocks are not known in closed form. They are approximately known in
various limits, mostly at large central charge ¢ > 1. See e.g. [64-70].

In this section we use the quantization of Diff(S!)/PSL(2;R) to compute the identity
Virasoro blocks at large central charge in two limits. The first is when the external dimen-
sions are “light” compared to ¢, with h; < y/e. The second is in the “heavy-light” limit
of [69], in which one operator is “heavy” with hy = O(c) and the other is “light” with
hr = O(1). In both cases our computations have a simple diagrammatic interpretation.
Our results reproduce those of [68, 69], including the “quantum” corrections of [18, 19].

The identity block )V, appears in the four-point function of two identical operators
01 =05=V, 03 =04 =W. The contribution of V, to the four-point function is

1

(V(21)V(22)W (23)W (24)) = (o122 (20 2w (Vo + (other blocks)) , (6.7)
and from (6.5) it is given by
Vo(hv, hw;u) =140 (i) , (6.8)

in the ¢ — oo limit (with h; fixed). The “1” comes from the vacuum state |0) and the
corrections arise from the Virasoro descendant states of the vacuum o - - - L"%L"%10).

We compute the identity block in the following way. In addition to the stress tensor T
{¢,0}, the path integral quantization of Diff(5!)/PSL(2;R) contains nonlocal operators
invariant under the local PSL(2; R) symmetry. These include bilocal operators, which can

be thought of as reparameterized two-point functions,®

¢'(21)¢(22) >h
(P(21) — 9(22))%)

where 21 and 29 are at the same time and ’ denotes a spatial derivative. (We require

B(h; 21, ZQ) = ( (69)

that z; and 29 are at the same time so that the bilocal is invariant under time-dependent
PSL(2; R) transformations.) Our proposal is that the identity block is proportional to the
two-point function of bilocals,

(B(hv; 21, 22) B(hw; 23, 24))
(B(hv; 21, 22)) (B(hw, 23, 24))

Recalling that in our geometric theory the total central charge is ¢ = C' + 13 and that

Vo(hy, hw;u) = (6.10)

the theory is weakly coupled as C — oo, we immediately recover that the identity block

8These bilocal operators are familiar from the Schwarzian theory [15, 27, 29-31, 33].
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is 1 + O(1/c¢) in the large C limit. The various 1/c corrections are then obtained by

evaluating (6.10) in perturbation theory in 1/C. Roughly speaking, the Fourier modes of

the reparameterization field ¢ correspond to the Virasoro generators L, , and we obtain
1

W to the four-

point function by the reparameterization field. Throughout we find it convenient to first

the full identity block by “dressing” the identity’s contribution

evaluate the block on the cylinder, and then to take the decompactification limit.

The quantization of Diff(S')/U(1) may be used to compute the Virasoro blocks cor-
responding to the exchange of other operators O . However we do not pursue this fur-
ther here.

6.1 The light-light limit

We first work in the limit where we take C' — co and the operator dimensions are relatively
light, scaling no larger than A < y/c. In this limit the identity block exponentiates and is
given by [68]

Vo(hv, hw; u) = exp <2hVCth2 2F1(2,2;4;u)> (1 +0 (\2)) . (6.11)

The argument of the exponential is just the global A = 2 block corresponding to the
exchange of the stress tensor.

We recover this result in steps. First, let us treat @ as a small expansion parameter
and work to first order in it. This is equivalent to evaluating the leading 1/c correction to
Vo in the limit that Ay and hy are held fixed as ¢ — oo.

Our starting point is the two-point function of a dimension-A operator on the cylinder
with the insertions at the same time. It is

1
(2 sin (9%))% ’

which may be obtained from the two-point function in the plane at fixed time, 1 /:c%‘,

(O(61)0(02)) =

(6.12)

after conformally transforming from the plane to the cylinder. In our geometric theory
we consider the bilocal operator, which is a reparameterized two-point function. On the
cylinder it is given by

h
¢'(61)¢'(62)

B(h: 0y, 60,) =
(h: 61, 62) 2<¢(01>;¢(02))2

, (6.13)
4 sin

which is also related to the bilocal operator on the plane, (6.9), upon substituting ¢ —

2
time in order for this operator to be PSL(2; R) invariant.

Expanding around the saddle, ¢ = 0 + €(0,y), we find

tan (Q) into (6.9). Crucially, the two insertions in (6.13) must be at the same Euclidean

1
B(h;01,0,) = - (1 +hTD et 0(62)) , (6.14)

e ()

2
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Figure 2. The exchange diagram which computes the O(1/C') correction to the identity block. The
blobs refer to the bilocal operators, and the vertex factors j1(21 ) and j?fi ) are the linear couplings

of the reparameterized two-point function to the ¢ field and are given in (6.15). The € propagator
is given in (6.22).

where

0
TD e = +é,—cot (;) €12, (6.15)

is the linear coupling of the bilocal to the reparamaterization field. By (6.10) our proposal
is that the identity block on the cylinder is given by

_ (B(hy;01,65)B(hw; 03, 64))
Y0 Bl :01,02) (Bl 05,01)) (6.16)

where the insertions (61,602) are at the same Euclidean time, as are (63, 604). Without loss

of generality we take (61, 62) to be inserted at Euclidean time y and (03, 604) at Euclidean
time 0, with y > 0. That is, the four insertions are at

wy =01 + 1y, wo = Oy + 1y, w3 = O3, wy = 04 . (617)

To evaluate the block at arbitrary times we simply compute it for these values of w; , and
then analytically continue the final result exploiting that the block is holomorphic in its
arguments. In any case, we have

Vo= 1+ b (7 T 9 +0 (g ) (6.18)
whose O(1/C') part is a tree-level exchange diagram of the e field between the two bilocals,
represented in figure 2. (Since in our proposal we divide by the expectation value of the
bilocals, the identity block is given by the sum of connected diagrams between the two
bilocals, and so at O(1/C') we do not include the one-loop renormalization of the bilocals.)

To proceed we require the ¢ propagator. The quadratic action on the cylinder is

C

%2 = 9

d%((ée')e” - (66)6') . (6.19)

Fourier transforming as

e(w) = / h ;7:2 3 entterg(p) (6.20)

- ( n=-—o00

— 50 —



Figure 3. The diagram with n exchanges of the ¢ field between two bilocals.

where p = (n,w), the Fourier-space propagator is

247 1

Fzm(n% — 1) (wy — iny) (2m)26®) (p1 + p2) . (6.21)

(€(p1)é(p2)) =

The zero modes n = —1,0,+1 for all w are pure “gauge,” and may be set to zero by a
suitable local PSL(2; R) transformation. Removing those modes and Fourier-transforming
back to position space, we find the position-space propagator

(e(w)e(0)) = / h dgf)‘f T Oy )e(py))
e n1,n2#—1,0,+1
(6.22)

6 (_1 i 3< (1 - <)2 111(1 _ C)) ’ C _ eisgn(y)w’

2 ¢

where in going from the first line to the second we have used Cauchy’s theorem. Evaluating

the exchange diagram in (6.18), taking the decompactification limit by rescaling w; = az;
and sending o — 0, and then putting the four insertions at z; = oo, 20 = 1, 23 = u, and

12hy hw 2 1

2hyh 1
VW 20 Fy(2,2:4,u) + O <02> ,

z4 = 0, we find

(6.23)
=1+

which matches (6.11) to O(1/C).

Now we wish to recover the exponentiation (6.11) in the limit where h/4/c is held
€

fixed. To do so we rescale the € field as € — 7c SO that the e-propagator is O(1) and

the interaction vertices with n reparameterization fields scale as O(C'~"/2). We also write
h; = v/Cb;. In the large C limit with b fixed, the corrections to the bilocal in (6.14)
exponentiate as

0 2h
(2 sin (;)) B(h;wi,wy) = exp (f) <j1(21) e+ \/15]1(22) e+ 0 <é>>) ,  (6.24)

where
@ _ 1 2 2 1 2
e (4 - ) )

is the quadratic coupling to the e-field. The block is then approximately given by

Vo = (exp (v Ty - ¢) exp (hw 7’ - €)) (1 +0 (\%)) . (6.26)
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As C' — oo we neglect self-interactions of the e-field as well as the higher order couplings
jl(;l > of the bilocal to the reparameterization field. The remaining terms in (6.26) that
contribute have n powers of 51(21 ). € which are contracted with n powers of jg(i) - €, and are
represented in figure 3. There are n! such contractions and each is weighted by a factor of

hn‘;l!;vlv arising from the exponentials. Thus the contribution with n exchanges is % times

the single-exchange to the n'® power. So the single exchange (6.18) exponentiates as

Vo = (i:u (hvhw<<(~71(21) (T3 E)»)n> (1 o <\1FC'>>

n=0 (6.27)
— exp <2h‘glwu22F1(2,2;4, u)) <1 +0 <\%>) ,

recovering (6.11) as we sought.

The subleading corrections in 1/C' to the block are given by the sum over connected
diagrams. In the limit where hy and hy are held fixed, there are several diagrams which
contribute to the block at O(1/C?). These include the one-loop renormalization of the
e-propagator, as well as tree-level diagrams. The latter also determine the O(1/ \@) cor-
rection to (6.27).

6.2 The heavy-light limit

The identity block is also known in the “heavy-light” limit, in which one of the operators
is “heavy” with dimension hy = O(c), while the other is “light with dimension hy =
O(1). This block is most naturally written in a different kinematic limit than the one we
considered above, namely

<OH(OO)OL(1)OL(U)OH<O)> (6.28)

Conformally transforming to the cylinder, so that the heavy operators put us into the state
|hgr), this limit is equivalent to the two-point function of the light operator in the heavy
state, which is known [69] to be

(hir|OL(w)OL(0) ) = (M’M)M <1+0 (1)) R 24Z‘H. (6.29)

2

The O(1/c) corrections were computed in [18, 19], and higher order corrections were com-
puted in [71].

There is quite a bit of physics already in the leading order result. As the dimension of
the heavy operator is increased from 0, there is a transition at hg = 57, which corresponds
to the mass of the lightest BTZ black hole. Below this threshold, o € (0,1), the leading
order result is periodic around the circle with a new periodicity 8 ~ 0 + %’r Above this
threshold it is periodic in imaginary time with y ~ y + %‘, i.e. it obeys a KMS relation

— o
2

the KMS condition, and indeed the 1/c corrections are not periodic in imaginary time. We

with an effective inverse temperature 3 Of course the full correlator does not obey

refer the reader to [69] for further discussions of the physics of this quasi-periodicity and
its relation to the Eigenstate Thermalization Hypothesis.

~52 -



In the notation of the previous subsection with O; = Oy = Oy, the leading order
result (6.29) corresponds to

a-w=\" 1

ou(l —u) 2

V = ——"— 1+40| - . 6.30
o= (3525) (100 (3)) 63
(Recall that we normalize the identity block so that Vy — 1 as u — 0.) Conformally
transforming to the thermal cylinder at inverse temperature 8 and performing an analytic
continuation to the second sheet, this gives the identity’s contribution to the out-of-time-
ordered four-point function which has been used as a definition for quantum Lyapunov
growth [25, 72]. This contribution well-approximates the full answer for the four-point
function in the limit of large central charge and a large higher-spin gap, and when both

of those conditions hold true the four-point function grows with a maximal [73] Lyapunov
exponent 27/ [74]

2hy,
(On(t)OL(0)Or(H)O0L(0))s 1 1
wouontown (L) (1e0(2)). s

where t, = % log(c) and we have written the denominator to first order in hTH (This

result is presented in a convention in which the heavy insertions are at imaginary times
0, g and the light insertions are at g, %)

In the remainder of this section we obtain the leading order result for the heavy-light
block (6.29) as well as its O(1/c) corrections. In principle we could compute it via the two-
point function of bilocal operators on the cylinder, with one bilocal corresponding to the
insertions of the heavy operator and the other to the light insertions. The heavy operator
strongly “backreacts” on the reparameterization field, and to proceed one must solve for
the latter in the presence of the heavy bilocal. To efficiently proceed we place the heavy

insertions in the infinite past and future. The classical trajectory is then modified to

/ 24
¢ = b, ag=1/1— 7ChH . (6.32)

One way to obtain this is to use that the classical stress tensor on the cylinder is now

modified to be
c e B c

which may be integrated to give (6.32). The field equation of the model is just the conser-
vation of the stress tensor, and so this configuration is indeed a saddle.

The modified saddle (6.32) no longer obeys ¢(0 + 27) = ¢(0) + 2w. The insertion of
the heavy operator has twisted the boundary conditions for the reparameterization field,
and in fact (6.32) is the unique saddle consistent with the new boundary conditions. This
twisting also breaks the local PSL(2; R) redundancy down to a local U(1) redundancy, so
that we identify ¢(0,y) ~ ¢(0,y)+a(y). Both this, and the fact that we are now working in
a state |hy) rather than the vacuum |0), evoke the quantization of the normal orbits of the
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Virasoro group Diff(
¢ is a standard Diff(

)/U(1). Indeed, if we redefine ¢ogq = qgPnew so that the redefined
) field obeying ¢(0 + 27) = ¢(0) + 27, the action is redefined as
(

5o\ ) , C AT A B ,
) [ (B o). wn

(Recall that precisely this mechanism — the radius of the Diff(S!) being modified by a
change in the energy — was at work in the description of conical defects in AdS3 presented

Sl
81

SE i d2:C (

= 2r

in subsection 3.4.) This is the action for the quantization of a normal orbit with by =
Cog

— 12 (2.36). Solving for hy gives

C
har = 2mbo + o (6.35)

which matches our exact relation between the weight by of the primary state, and the C
that we found in eq. (5.58). It will be important later that in this setting the exact central
charge is

c=C+1, (6.36)

rather than ¢ = C' + 13 as it is for the quantization of Diff(S!)/PSL(2;R).

In this setting our proposal is that the four-point function (6.29) is given by an appro-
priately renormalized expectation value of a bilocal operator corresponding to the insertion
of the light operators in the state |hg),

(hz|OL(w)OL(0)|he) = (B(hr;w,0))q . (6.37)

Evaluating the bilocal (6.13) in the reparameterized background (6.32) sourced by the
heavy operator gives the classical approximation as C — oo,

2hp,

1
(B(hr:0,0))a = | — 20 _ (1 +0 <>> . (6.38)
2sin (O‘TOO) ¢
Analytically continuing 6 — w, this matches the leading order result (6.29) using that ag
becomes a as C' — oo.
The O(1/C) corrections to the block are computed by the one-loop approximation

to (6.37). In the background (6.32), the coupling of the bilocal operator (6.13) to the
reparameterization field ¢ = apf + \% is given by

2h
: (o hop) LR ) 2 ’(2) 1
B(h;01,02) = <2Sin(ao2el2)> (1+ \ﬁcjlz eta ( B (J12 7 €)"+hThs €)+O (03/2>> 5

(6.39)
where
j{él) €= ate cot <a0912> €12,
0 2 2 ? (6.40)
/(2) Lle+es 1 o fapbia) o
J19 -e:—2< o2 — g ese <2> 612> .
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w2 X et

Figure 4. The one-loop diagram which gives the O(1/C) correction to the identity block in the
2
heavy-light limit. The coupling to the reparameterization field is given by %(J{% “€)?+h leléQ) -€.

It then follows that

2sin (%42

(B(hr;w,0))q = (
with
Vizjelw) = 5 (T - 9%,
) (6.42)

Virelw) = (72 )~ T2 (1= Dot (20)

The last term in V. arises from expanding the tree-level result (6.38) to O(1/¢),

(0% 2 « 2 —042 aw aw
<2sin (Oagw)> N (25111(”2“’)) <1_hL(c1a2 ) (1_7C0t (7))+O <cl2>> ’
(6.43)

using that ag = /1 — % and C' = ¢—1. The self-interactions of the € field are suppressed

as O(1/+/C), and so the O(1/C) approximation to the block is given by the one-loop bubble
diagram represented in figure 4.
We require the e propagator. The Fourier space propagator is now

24’

iny1(n? — a?)(w —ing)

(€(p1)é(p2)) = (2m)*6®) (p1 + p2), (6.44)

which implies

()0 = [ TG5E 3D eI epi(p)

mna70 (6.45)
= g 2In(1 — ) +®(¢, 1,a) + (¢, 1,—a)),  (=eWv,
where ®(w, s,a) is the Lerch transcendant
[o@) wn
(p(wa 87 a) - Z m . (646)
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For s =1 it is related to a certain incomplete Beta function as
B(w,a,0) = w'®(w, 1,a). (6.47)

We are now in a position to evaluate the O(h? /c) and O(hr/c) corrections in (6.41).
Both are logarithmically divergent, and so must be appropriately renormalized. We do so
via background subtraction, defining the renormalized expectation value of the bilocal by

(B(hr;wi,w2))r = (B(hr;wi, w2))a — ((B(hr; wi, w2))a—1)w, saw; - (6.48)

With this scheme, the expectation value of the bilocal is exactly the two-point function
of a dimension hjy, operator in the limit & — 1. In evaluating the coincident limits of the
propagator in (6.41) we also use a point-splitting procedure in which we take one of the
insertions to be slightly after the other in Euclidean time. This gives

6

() = (€(0)e(0))a = *E(Ha + H_n) + O(9),
602 (6.49)
(€2 = (€(0)€(0))e = el (Ho + H_o 4 2In(—i6)) + O(5),

where Im(d) # 0 and H, is the harmonic number. We also perform a point-splitting
procedure even for the contributions at nonzero separation, taking the two insertions of
the bilocal to be at infinitesimally different Euclidean times. Putting the pieces together,
we find

Vh2)e = 6(—csc (%)2 (B(eiw’a’0)+B(€_iw,a70)+§(eiw, —a,0)+B(e™ ™, —a,0)

YH,+H_o+2In (zsin (%)) ) +2In (asin (%) cse (%)) +1) ,

1 ow iw —iw iw —iw
Vije=—5 05 (77 (B(@(e™, 1,0) +B(e7, 1,0) +@(e, 1, —a) + @(e ™, 1, —a))
+cos(aw) (6(Ha+ H-q+im)=5)+12In (~2isin (5 ) ) +5)
1 13a%2-1 aw 29 . /ow
_J_TwCOt (7)—{—1211& (—aSID (2)) s (650)

where we have used (6.47). This result precisely matches the O(1/¢) correction computed
in [18], upon replacing ¢ in eq. (1.4) of their manuscript with —iw.

We expect that further subleading corrections to the block in 1/c are computed by
higher loop corrections. In particular, the O(1/C™) corrections should be computed by the
n-loop diagrams. It would be interesting to test if this is indeed the case using the known
O(1/c?) and O(1/c?) corrections computed in [71].

7 Supersymmetry

There are a number of obvious generalizations to the geometric models considered in this
work. One may consider the quantization of the coadjoint orbits of a Virasoro-Kac-Moody
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group, or of super-Virasoro groups with varying amounts of supersymmetry. In grav-
itational terms these quantizations respectively correspond to (the chiral half of) pure
gravity and Chern-Simons theory on AdSs, or to (the chiral half of) pure supergravity
on AdSs;. Upon reduction, one expects these theories to respectively yield the version
of the Schwarzian theory enhanced with global symmetries obtained in [75, 76], or the
super-Schwarzian theory of [77].

In this section we consider the coadjoint orbits of the N/ = 1 super-Virasoro group and
set up their path integral quantization, focusing on the analogue of the exceptional orbit
Diff(S1)/PSL(2; R) with AdS3 supergravity in mind. Most of this section is not new, but
we have found the literature to be a bit scattered and misleading in places. Thus our goal
here is to summarize the main results, and to pave the way for future computations like
those considered in this work, e.g. of super-Virasoro blocks in the heavy-light limit.

We now turn our attention to the N' = 1 super-Virasoro group. See e.g. [78-81]. We
have found [80] especially helpful. The quantum mechanical models we so obtain will be
2d chiral theories with A/ = 1 superconformal symmetry. The AN/ = 1 generalization of
Diff(5!) is the diffeomorphism group of the supercircle Diffy (5!"). The supercircle S is
parameterized by a bosonic periodic variable ¢ ~ ¢ + 27 and a Grassmann-odd coordinate
6,? which we sometimes group together into a supercoordinate X = (¢, ). The + subscript
refers to the spin structure. The supercircle is equipped with a superderivative

D:fz+a§y pr=?

A superreparametrization of the supercircle is a change of super-coordinates (@, 6) con-
strained so that the superderivative rescales homogeneously,

- 0 0
06 05 (72

Solving this constraint leads to the condition
Dp—0D0=0. (7.3)

Purely bosonic solutions are given by @ = f(p), 0 = \/f/(¢)f. The most general solution
is [77] given in terms of a Grassmann-even function f and Grassmann-odd one 7 as

G=Slerone). =V (0l 300 (@) . (1

The bosonic function f is a standard Diff(S!) field obeying f(¢ + 27) = f(¢) + 2, while
n(p + 27) = £n(p) depending on the spin structure. In any case, under superreparame-
terizations, the superderivative, super-one-form dy + 0df, and super-measure dX = dpdl
rescale homogeneously as

D= (DO)'D,  dp+60df = (DO)*(dp+6d0), dX = (D8dX,  (7.5)

9Beware that we are switching notation in this subsection relative to the rest of the manuscript: 6 is
now the fermionic coordinate, rather than the coordinate along the S!.
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so that D@ plays the role of the Jacobian of the transformation. More generally, one defines
h-superdifferentials, which are superfields A that transform as

AX) = (D)2 A(X). (7.6)
An infinitesimal superreparameterization
p=¢+dp, O0=0+050, (7.7)
may be packaged into a superfield as
V =469+ 040. (7.8)

Here V is a supervector field, an adjoint vector of the algebra of Diffi(Sm). In terms of
V we have §0 = %DV and 6D0 = %QV. A straightforward computation demonstrates that
V transforms as a —1 differential. The infinitesimal form of this transformation gives the
supercommutator of supervector fields,

1
o, Vo = [Vi, Vo] = V10V, — Va0V + §DV1DV2, (7.9)

which defines the commutator of the algebra of Diffy (S'!). In more detail, an infinitesimal
superreparameterization,

56 =6alp) +0me), 50 =male) + 24(0), (7.10)

corresponds to a supervector

Va = &a(p) + 20m2(e) , (7.11)

whose components transform under another infinitesimal superreparamterization V; as
5160 — 16! _goe! 19 5110 = E11h — Eom — 1 AR 7.12
182 = &185 — &85 + 2mnz, 1m2 = &1my — &amy 5 (m261 —m&) - (7.12)

The N = 1 super-Virasoro group Iﬁi(gm) is the central extension of the diffeo-
morphism group of the supercircle. Introducing a central element ¢, vectors are now the
combination of a supervector field V' and a number a and we group them as (V,a), or
equivalently V' — iac. The commutator is now deformed by

1 1
[(V1,a1), (Va,a0)] = <V18V2 = V20Vi + S DVADVy, — o~ /dX(V182DV2 — VQaQDvl))

48T
(7.13)
From this we recover the standard presentation of the A/ = 1 super-Virasoro algebra. We
define the generators L,, to correspond to the bosonic transformation ¢ = e and the
Grassmann-odd generators G, correspond to the Grassmann-odd ones 7 = Viye# | with
v =1land p € Z or Z + % depending on the spin structure. With this identification
eq. (7.13) then implies
c
[Lnu Lm] = (n - m)Ln—i-m + Ensén—km )
n
(L Gl = (5 = 1) G (7.14)
c
{Guv GV} = 2L,u+u + §/~L25p,+l/ )

which differs from the usual algebra by Lo usual = Lo,here + 51
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Coadjoint vectors of Diffy(S!') are Grassmann-odd, %—diﬂ'erentials B. Coadjoint vec-

tors of its central extension are the combination of a Grassmann-odd superfield B and an
ordinary number ¢, which we denote as (B,t). The pairing between (B,t) and an adjoint
vector (V,a) is

(B,1),(V,a)) = /dXBV+ta. (7.15)

This pairing must be super-Virasoro-invariant, which fixes the variation of the coadjoint
vector under a transformation generated by (V,a) to be

to*DV
2m (7.16)

1
0B =VOB + gB@V + §DVDB —
da=0.

Consider the orbit of a constant coadjoint vector (By = 0bg, C'). The finite form of the
transformation (7.16) under a superreparameterization is

(By,C) — (B(X),C) = <§b0(D§)3 — 2i’;S(JZ,)(),(J) , (7.17)

where

(7.18)

B 4g 30D20
S(E.X) =2 (D ) _,D'D 9)

DO D62

is the N/ = 1 super-Schwarzian derivative. (We use a slightly different normalization for
the super-Schwarzian than is common in the literature. Ours reduces to the ordinary
Schwarzian {f(p), ¢} under a bosonic transformation @ = f(¢),0 = \/f'(¢)f.) These
orbits are isomorphic to ]Si?fi(S”l) /S, where S is the stabilizer of the orbit. To gain some
intuition about the orbits, note that at a point (B(X),C) on the orbit, the generator Lo
corresponds to the function

Lo = —/dX (CS(X,X) — ébo(Dé)?’) (7.19)
241
so that at the origin (By,C) one has Ly = 2mby. The quantization of the orbit leads to
a quantum mechanical model whose Hilbert space is composed of a single super-Verma
module with a highest weight state |h) satisfying h = 27bgy + %, where C plays the role of
the central charge up to an O(C®) one-loop exact correction.
Calling the periodic spin structure “Ramond” and the anti-periodic structure “Neveu-
Schwarz,” the analogues of the first exceptional orbit of the Virasoro group are
1. Ramond: by = 0. For this value the quantization leads to h = %, which is the
dimension of the Ramond vacuum at large C. This orbit is exceptional in that the
superreparameterizations (f(¢),n(¢)) and (f(¢) + a,n(p) + B) lead to the same
coadjoint vector for any (a, ). The stabilizer is generated by Lo and Gy, i.e. by a
constant supervector V.
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2. Neveu-Schwarz: by = —48%. At this value one has h = 0, which is the correct
dimension of the Neveu-Schwarz vacuum. For this value the stabilizer is OSp(1]2),
which is generated by the supervector V = ag + oy + a_je % + 29(51/26w/2 +

B_1/0e” /%), i.e. by (L_1, Lo, L1,G_1 /2, Gy 2).

In each case the quantization leads to the vacuum module, as we will demonstrate shortly.
Orbits with larger by are “normal,” and are stabilized by Lq alone.

The Kirillov-Kostant supersymplectic form at a point (B, C'), evaluated on two super-
vectors (V1,a1) and (Va, ag) is given by

w((Vlv al)? (V27 a2)) = _<(Bv C)v [(Vlval)v (VQ, a2>]> (7'20)
= —/dX {B <V18V2 — VhoV1 + ;D‘/ID‘/Q>

C

———(V10°DVy — V20°DV7) & .

48T

We would like to write this as a two-form. To do so we need to write the infinitesimal
variation of a superreparameterization X generated by a vector V as a formal one-form.

That variation is nicely packaged into the super one-form U = d¢ 4 0df with
U(V) = 6dy¢+ 00y = (DF)?V, (7.21)

where 8y ¢ and 8y0 denote the variations of ¢ and 6 generated by V. (In our review
of the coadjoint orbits of the Virasoro group, the analogue of U was d¢, which satisfied
d¢(F) = 6p¢ = f¢'. However note that unlike d¢p, U is not closed: dU = df A df.) Using
this relation to eliminate Vi and V3 in (7.20), and substituting (7.17), we then perform the
superspace integral using

U| = df + f'ndn,

N S , (7.22)
DU| =n (df' + f'n'dn) + 2f'dn,

allowing us to write w in terms of the fields f and 1. We find after a suitable integration
by parts

C (df' Adf"

27
=— | ded — (T ady Ady — d(gn'n"dn + 2 d
w /0 90{487r( iz +4dn’ ANdn' —d(nn'n"dn + 2{f,¢}n n)> .

+ bo(df A df' + 2f ndf A dn+ fdn A dn)} ,

which is clearly closed. The bosonic part is just the symplectic form on the Virasoro orbits
in (2.23). In this presentation we also read off the presymplectic potential w = da as

2m " e
=" /0 di {4; (‘ffif +4ndy’ — " dn — 2{f, w}ndn> — bo(f'df — f’%dn)} :
(7.24)
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This last expression can be recast as a superspace integral

C D% - L
o= /dX {%T(Dé)SDUJFbOQ(DQ)U} . (7.25)

To perform a path integral quantization we must do two things. First, we promote
the superreparameterization to be a function of time. Second, we are interested in the
Hamiltonian corresponding to Lo (7.19), which may be written as

27 C
Ly = —/O dep {m ({f, XX —mn') +mn" + 30'0") — bof?(1 — 7777’)}

21 C "2 (726)
_ d (L 49 L") = b F2(1 — ot
/0 s0{48ﬂ(f,2 +2{f, ¢}m nn) 0f"( nn)}
following superspace integration. The action — [ dt(c;dz’ + H) is then
_ C f//a f/
SN=1 = - / depdt {m < f,Z +2{f, 0Indyn — 40’0 + nn'n"d4n
(0S| (7.27)

Its bosonic part coincides with (2.31). Its Euclidean continuation t = —iy is

" /!
SE=t =/d2:v {Qir <ff(,92f +2{f,w}nén—4n’5n’+nn’n”5n> +2bo(f’5f—f’2n5n)} :
(7.28)
Let us briefly consider these models on a torus of complex structure 7, as in our analysis
in section 5. We have four choices of spin structure, depending on whether the fermion
n is (anti-)periodic around each of the two cycles. In all cases the unique saddle point
consistent with the boundary conditions is

fo=v— iﬁggy no=0. (7.29)
Expanding around this saddle,
f=fote, n=x, (7.30)
the quadratic action is
Sy = /d2l‘ {Zir (€"0€¢" — 4X'dx") + 2bo (€ De — ng)} ) (7.31)

Following our discussion above eq. (7.20), consider the special case of the Ramond
model with by = 0. In this setting the “gauge” redundancies identify

e(p,y) ~elp,y) +aly),  x(ey) ~x(py) +aly), (7.32)
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so that the n = 0 spatial Fourier modes of € and n are “pure gauge” and may be consistently
set to zero. The saddle point action vanishes, and the Fourier space quadratic action is then

Sr Z Zn m —nt)|emnl|* +422n (v =nT)XpmXnm | > (7.33)

m=—00 n#0 v n#0

where v € Z if y is periodic around the “time” circle and v € Z + % if x is anti-periodic.
Let us call the former case R-R and the latter NS-R. The one-loop approximation to the
partition function is

Hu,n(’/ —nT)

Zl—loop(T) = H (m — pT) .

(7.34)

Evaluating the determinant gives

0
Zl loop H

n= 1

3

(7.35)

where + refers to the fermion boundary condition around the “time” circle. These are of
course the vacuum characters

Zr-r(T) = trr ((-UFQLO_i) ,  Zns-r(7T) =trR (qLo_i) ; (7.36)

with the usual convention for Lg, using that Ly = 57 in the (non-degenerate) Ramond
vacuum. This computation does not give the central charge directly, but a computation of
the two-point function of the stress tensor on the cylinder reveals that the chiral central
charge is not renormalized,

cg =C. (7.37)

Here, the “R” in cg is short for “Ramond.”

It might be surprising that the R-R partition function is nonzero as the fermion y has
a zero mode. However, for this orbit the zero mode is pure “gauge.” For more general
Ramond orbits, this zero mode persists but is no longer pure gauge, leading to the usual
result that the non-vacuum R-R character vanishes.

Now consider the Neveu-Schwarz model at by = — which we expect to produce the

C
487
Neveu-Schwarz vacuum module. In this case the “gauge redundancy” identifies

e(,y) ~ €(p,y) + ao(y) + a—1(y)e ™™ + a1 (y)e'?,

. . 7.38

X(@:y) ~ x(p,9) +b_1(y)e 2 + by (y)e'?/?, (7:3%)

and so removes the n = —1,0, +1 spatial Fourier modes of ¢ and the v = —%, +% modes
of x. The quadratic action is modified to

71'0 . 2 2
SNs = ﬁ” + — Z Z in(n® —1)(m —n7)|emn|
m=—oon#—1,0,4+1
(7.39)

1
F1E Y (1= 1) 0= |

v n;ﬁi%
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where v € Z if we impose periodic boundary conditions around the “time” circle and Z + %
with antiperiodic boundary conditions. The one-loop approximation to the torus partition
function gives

c Hl/n(y_nT)

Zictloop =4 Y| H T (7.40)
oo Hm,p(m - pT)
which leads to )
oo — =
_eNs 1Fq¢" 2 15
Zlfloop =q 1 H W , ens = C + ? , (7.41)
n=2

where + refers to the fermion boundary condition around the “time” circle. These are the
characters of the Neveu-Schwarz vacuum with a renormalized central charge cys,

ZR_Ns = trns ((—I)FqL07i> , ZNS—NS = trns (qLO*i> . (7.42)

Recall that an important observable in the quantization of the orbits of the Virasoro
group was the bilocal operator, which we viewed as a reparameterized two-point function.
In section 6 we gave significant evidence that correlation functions of these bilocals are
Virasoro blocks. The natural guess for bilocal probes of the supersymmetric theory studied
here is, on the infinite plane,

( Vl VQ ) " i nn!
B(h; z;,0;) = = = — , V=¢ 4060, (743)
(1 — p2 — 6162)?

although we do not know for sure if this guess is correct.

There is some literature on the quantization of coadjoint orbits of super-Virasoro
groups with extended SUSY, e.g. [82-84]. The quantization of the orbits of the N' = 2
super-Virasoro group in particular is related to the N/ = 2 supersymmetric version of
the SYK model presented in [77]. Although it is rather interesting we do not pursue it
further here.

8 Discussion

There is common lore that the dual to pure AdSs gravity is Liouville theory. This lore
can be traced back to [10]. The claim cannot be correct as stated, as we discussed in the
Introduction. We have revisited the matter, and after careful treatment have shown that
pure gravity on global AdS3 can be rewritten as a cousin of Liouville theory, as anticipated
by various authors [14, 15]. This cousin is two copies of the path integral quantization
of a certain coadjoint orbit of the Virasoro group. This path integral quantization has
appeared in the literature before, going back nearly 30 years to a paper of Alekseev and
Shatashvili [12]. However, relatively little has been computed with it using standard path
integral techniques.

In this manuscript we have carefully obtained this theory from gravity, paying close
attention to the quotient and boundary conditions. Our analysis complements that of
Maloney and Witten, who arrived at a theory of boundary gravitons which is a geometric
quantization of the same coadjoint orbit. We derived related models for gravity on other
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spacetimes, including conical deficits and two-sided BTZ geometries. These models are all
weakly coupled at large central charge, and one virtue of our reformulation is that it may
be used to compute loop-level physics in the dual quantum gravity. We have developed
in detail the technology to compute observables in perturbation theory in 1/¢, namely the
sphere and torus partition functions and Virasoro blocks. Along the way we computed
several effects that are one-loop in the bulk, including the “heavy-light” block to O(1/c).
Our calculations appear to be substantially simpler than those of previous approaches, like
the heat kernel computation of the one-loop torus partition function in [2] or the algebraic
approach to the heavy-light block in [18].

In the remainder of this discussion we comment on some of the curious aspects of our
results, and outline some speculations and directions for future research.

It has long been known that the quantization of the coadjoint orbits of a group pro-
vides a computational engine for calculating group-theoretic quantities. Since the defining
data of two-dimensional CFT, like blocks or characters, is determined by representation
theory, it is not surprising that the technology of quantized coadjoint orbits computes
them. What is surprising to us is that the geometric actions in this paper allow for much
easier calculations of CFT data, such as Virasoro blocks at large central charge, than those
in the existing literature. This diagrammatic approach to computing CFT data begs fur-
ther exploration. Concretely, in section 6 we computed the “heavy-light” block to O(1/¢)
from a one-loop computation. We expect that higher loops compute higher-order terms
in the 1/c expansion. Besides verifying this explicitly, by comparing with known results
for the blocks [71], there must be “non-perturbative” contributions to the blocks that are
suppressed as exp(—c). Are there instanton configurations in our theory which account
for these?

Relatedly, our theory should prove useful for computing the large ¢ limits of Virasoro
blocks for higher-point functions, about which relatively little is known. For example,
the three-point function of bilocal operators should compute the Virasoro six-point iden-
tity block.

The rewriting of AdSs gravity as a boundary field theory is analogous to the rewriting
of Jackiw-Teitelboim theory on nearly-AdSo spacetimes as the Schwarzian theory. In both
cases, the natural way to parameterize the boundary excitations is as reparameterization
fields, and there are bilocal probes which, at least in nearly-AdSs, correspond to matter
fields in the gravity dual. Furthermore, certain partition functions of the geometric actions
considered here as well as that of the Schwarzian theory are one-loop exact [45]. As
emphasized in [36], Jackiw-Teitelboim theory on nearly-AdS, spacetime is a self-consistent
theory of quantum gravity which is capable of supporting wormholes but is devoid of black
hole microstates. Our geometric actions behave analogously for AdSs gravity, and indeed
our analysis seems to verify the conjectures of [36] regarding non-factorization in pure
AdSs gravity.

Another shared feature of nearly-AdSs and AdSs gravity is the following. The
Lorentzian version of the Schwarzian quantum mechanics has exponentially growing modes
which are pure “gauge”: they are removed by the PSL(2; R) quotient of the model. These
modes do not appear in time-ordered correlation functions, but they do appear in out-of-
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time-ordered correlation functions and are responsible for the maximal Lyapunov exponent
27 /. Similar exponentially growing modes are also present in our geometric actions —
these modes are likewise pure “gauge,” but are unleashed by out-of-time-ordered correla-
tors, leading to the maximal Lyapunov exponent one finds from the identity block [74].

The PSL(2; R)-invariant bilocal operators were crucial in this manuscript. For example,
we presented significant evidence that the connected two-point function of bilocals is the
Virasoro identity block. What is the gravity dual of a bilocal probe? The bilocal operators
in the Schwarzian theory are well-understood in nearly-AdSs gravity: they correspond to
boundary insertions of sources for operators dual to bulk matter fields. Our intuition is
that, in our geometric model, the probe is dual to a bulk Wilson line which ends on the AdS
boundary at the two points of the bilocal. However we do not yet have a firm argument
that this is the case. If this proposal is correct, then perhaps the machinery we developed
in section 6 can be used to clarify previous speculations (e.g. [85]) regarding bulk Wilson
lines and blocks. We expect the analysis of the recent work [86] to be especially useful.

Using the AdS/CFT dictionary we obtained the curved space version of the quantiza-
tion of Diff(S!)/PSL(2;R), which we then used to compute the one-loop approximation to
the sphere partition function of AdSs gravity. It would be interesting to use this curved
space version to study higher-genus Euclidean observables and quantum corrections thereof.
One such observable is the position-space Rényi entropy, interpreted as the partition func-
tion on a branched cover of a Riemann surface.

In a sense, the quantization of Diff(S!)/PSL(2;R) considered in this text is an exotic
sort of hydrodynamics, at least according to a particle-physics-oriented definition of hydro-
dynamics as a theory of conserved quantities. The only local operators of the model are
built from its stress tensor, and the field equation is merely its conservation. So the action of
the model is, in that precise sense, an action for (non-dissipative) hydrodynamics. However
this action has little obvious relation to other effective actions for fluids recently developed
in e.g. [87-89]. Those systems are also theories of reparameterizations, however the sym-
metry principles underlying them are rather different. In those theories the analogue of the
¢-space has a fixed thermal vector. There is no such geometric interpretation for our model.

However, it may still be possible to arrive at the actions in this manuscript by some
other effective field theory-like arguments. After all, our theory is minimal: it is just
a Wess-Zumino term for the anomalies of a chiral CFT, and the quantum theory has
the minimum possible spectrum consistent with conformal (but not modular) invariance.
Indeed, the authors of [90] have recently proposed effective actions for energy fluctuations
beyond the gradient expansion which seem capable of hosting the quasi-local PSL(2; R)
symmetry so crucial in this manuscript. Can our theory be understood as an example
of the “hydrodynamics” considered there? More generally, since our theory describes the
dynamics of pure AdSs gravity, one expects on physical grounds that our theory serves as
an effective description of two-dimensional CFTs satisfying all of the requisite properties
required for a semiclassical gravity dual, namely large central charge, a sparse spectrum,
and a large higher-spin gap. This is the outlook taken by the authors of [37]. From that
point of view it would be useful to quantify the applicability of our geometric model as an
effective description.
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The BMS3 asymptotic symmetry of flat-space gravity has been successfully obtained
from a suitable flat-space limit of AdS3 gravity [91-93]. This raises the question: what is
the flat space limit of our construction, and what does it have to do with soft limits in
three dimensional Minkowski space? Or for that matter with coadjoint orbits of BMS3?
We expect that the quantization of Diff(S!)/PSL(2;R) suitably encodes the dressing of
matter S-matrix elements by soft quanta, reminiscent of the dressing of bilocal probes that
gave us Virasoro blocks in section 6. We note that there has already been significant effort
devoted toward this end, including [14, 94, 95].

There has been a recent explosion of activity on the so-called 77T deformation of
Zamolodchikov and Smirnov [96, 97], including the question of its holographic dual (see
e.g. [98]). Here we simply note that, as far as pure Einstein gravity is concerned, one can
study the TT deformation directly by a suitable deformation of the theory of boundary
gravitons obtained in this manuscript, just as one can study the Lorentz-breaking JT'
deformation [99] of Einstein gravity with a U(1) Chern-Simons theory.

One loose end left by our work is a puzzle regarding the quantization of parameters.
In the path integral quantization of coadjoint orbits, well-definedness of the path integral
requires quantized periods of the symplectic flux. For the quantization of affine Lie groups,
which leads to chiral WZW models, this condition is the usual one that the level must
be integer. We did not find such a quantization condition when treating the orbits of
the Virasoro group. We are not sure if this should be surprising. After all, we find the
quantization of Diff(S!)/PSL(2;R) directly from the Chern-Simons formulation of AdSs3
gravity. The latter has gauge group SO(2,1) x SO(2,1) (and not a cover thereof, as we
discussed in section 3). The bare central charge C' characterizing the coadjoint orbit is
related to the SO(2,1) Chern-Simons level as C' = 24k, and one expects the latter to be
integral [6]. Here we note that if C' is indeed a multiple of 24, then the exact chiral central
charge ¢ = C + 13 is not.

Another loose end concerns an analogy with nearly AdSs gravity. Kitaev [100] (see
also [22]) has shown that one way to arrive at the Schwarzian theory is to consider the
problem of a charged particle on the hyperbolic disc in the presence of a magnetic field, in
a limit were the mass is tuned so that the particle remains near the boundary of the disc.
The naive computation of the particle’s action gives a Liouville quantum mechanics, rather
than the Schwarzian theory. However, after appropriately quotienting out by the PSL(2; R)
isometry of the disc, one may use a field redefinition to rewrite the quantum mechanics
as the Schwarzian theory. Is there a similar way to arrive at our geometric model from a
string propagating on AdSs in the presence of a uniform NS flux? A naive computation
leads to Liouville theory, rather than our action. Perhaps, after passing to Hamiltonian
form and quotienting out by the PSL(2; R) x PSL(2; R) isometry of AdSs, one lands on the
geometric model instead.
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