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Abstract

A three-dimensional Immersed Smoothed Finite Element Method (3D IS-FEM) using 4-node
tetrahedral element is proposed to solve 3D fluid-structure interaction (FSI) problems. The 3D IS-
FEM is able to determine accurately the physical deformation of the nonlinear solids placed within
the incompressible viscous fluid governed by Navier-Stokes equations. The method employs the
semi-implicit Characteristic-Based Split (CBS) scheme to solve the fluid flows and Smoothed
Finite Element Methods (S-FEM) to calculate the transient dynamics responses of the nonlinear
solids based on explicit time integration. To impose the FSI conditions, a novel, effective and
sufficiently general technique via simple linear interpolation is presented based on Lagrangian
fictitious fluid meshes coinciding with the moving and deforming solid meshes. In the
comparisons to the referenced works including experiments, it is clear that the proposed 3D IS-
FEM ensures stability of the scheme with the second order spatial convergence property; and the

IS-FEM is fairly independent of a wide range of mesh size ratio.
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1. Introduction

Fluid-Structure Interaction (FSI) with moving boundaries and largely
deformable nonlinear solids and structures are challenging problems in numerical
simulations in terms of accuracy, robustness and efficiency. With the continual
improvements in computer hardware, great efforts have been made by the
numerical scientists in the community of computational solid mechanics and fluid
dynamics to develop increasingly robust and accurate numerical
methodology/technique for the FSI simulation. Among numerous numerical
methods for FSI problems, one typical class of methods have been proposed based
on the moving-mesh techniques, such as Arbitrary Lagrangian-Eulerian (ALE)
methods [1-4], space-time (ST) methods [5-12] and so on. Based on the moving-
mesh techniques, the fluid-structure interfaces are explicitly depicted in the
discrete model of the FSI system, and the meshes for the fluid and solid structures
are movable in the FSI simulations with the moving boundaries or interfaces.
Alternatively, based on the immersed-type methods a class of methods using fixed
fluid grid or mesh have been proposed, such as the Immersed Boundary (IB)
methods [13-18], Immersed Finite Element Method (IFEM) [19-23], 2D
Immersed Smoothed Finite Element Methods (2D IS-FEM) [24, 25] and so on.
These effective numerical methods to solve FSI problems broadly include three
key modules: (1) implementation of the fluid-structure interactions; (2) solver for
transient responses of the nonlinear solids; (3) solver for transient fluid flows.

The first module is always embedded in the process of solving the fluid and
solid problems so as to implement the fluid-structure interactions correctly. The
numerical methods for the fluid and solid problems may need meshes or grids to
discretize the fluid and solid domains. In the methods based on the moving-mesh
techniques, the fluid-structure interface always coincide with the fluid mesh or
grid, such as the adaptive meshing technique, Arbitrary Lagrangian-Eulerian
(ALE) methods or space-time (ST) methods, as illustrated in Fig. 1(a). In this
class of methods the fluid-structure interactions can be directly imposed on the
interface by either the monolithic approach (i.e., the fluid and solid problems are
solved simultaneously using a single solver) or the partitioned approach (i.e., the
fluid and solid problems are solved separately using two distinct solvers).
However, dealing with the problems with moving boundaries, the re-meshing

operation is often necessary which is difficult and computational expensive



especially for 3D FSI problems. In order to avoid re-meshing, a class of
immersed-type methods using fixed fluid grid or mesh has been proposed
following the original immersed boundary (IB) method [13, 14], such as the
hybrid Cartesian/immersed boundary (HCIB) methods [15-18], immersed finite
element method (IFEM) [19-23], 2D Immersed Smoothed Finite Element Method
(2D IS-FEM) [24, 25] and so on. The immersed-type methods allow the fluid-
structure interface to cut cross the fluid mesh or grid, as shown in Fig. 1(b). In
most of the IB methods, the fluid domain is discretized by fixed Eulerian mesh or
grid, whereas a set of Lagrangian fiber network is used to present the structure
being immersed inside the fluid [15-18]. As such, the interactions between the
fluid and solid should be carefully treated. A smoothed approximation of the
Dirac delta function is designed to distribute the nodal FSI forces and velocity
fields between the Eulerian and Lagrangian domains. In 2D problems, the major
disadvantage of the IB methods results from the assumption of the one-
dimensional fiber-like immersed structure, by which the structure only carries
mass but does not occupy volume. Therefore, it is difficult to use IB methods to
represent the solids with the complex nonlinear constitutive law, which occupy
finite volume in the fluid. To overcome this drawback, IFEM [19-23] has been
developed and is able to represent the true physics of the nonlinear solids with the
use of the standard FEM procedure. IFEM immerses the whole solid body inside
the fluid and imposes the FSI conditions by means of meshfree approximation or
FEM interpolation.

Being inspired by the IB and IFEM methods and with the goal of solving
general 3D FSI problems, a novel three-dimensional Immersed Smoothed Finite
Element Method (3D IS-FEM) is proposed in this work, which follows the main
frame and procedure of the 2D IS-FEM in [25]. This approach adopts the efficient
direct forcing technique from IB/HCIB to calculate the fluid-structure interaction
force, thus enabling the IS-FEM to analyze the physical motion and deformation
of the nonlinear solid as per IFEM. The solvers for the solid and fluid problems in
the IS-FEM employ the well-developed numerical methods, such as the Smoothed
Finite Element Methods (S-FEMs) for the solid part, and the semi-implicit
Characteristic-based Split (CBS) method for the fluid part.

FEM is a popular choice for solving the transient responses of solids and

structures. For simple preprocessing, 3-node triangular (T3) element for 2D cases



and 4-node tetrahedral (T4) element for 3D cases are preferred for meshing the
domain with complex geometry. However, due to several undesired features such
as the overly-stiff behavior, poor accuracy, and difficulties in handling
incompressibility, T3 and T4 element are usually not adopted in the standard
commercial FEM procedure for solids in which robustness is key. Based on the
gradient/strain smoothing technique [26] and the Generalized Smoothed Galerkin
(GS-Galerkin) weak form or weakened weak (W2) form [27-33], a family of
Smoothed Finite Element Methods (S-FEM) [34, 35] has been proposed, which
can greatly improve the performance of the T3 and T4 elements. The 3D IS-FEM
mainly utilizes two types of S-FEMs: Face-based S-FEM using T4 element (FS-
FEM-T4) for compressible solids, and Selective S-FEM using T4 element
(Selective S-FEM-T4) for nearly incompressible solids. Moreover, as a special
case of S-FEM [35], FEM-T4 is adopted in some numerical examples, which
serves to demonstrate that our proposed scheme is also available for the standard
FEM procedure.

For solving the fluid flow in the FSI problems, any stable and robust
numerical method, which is able to use T3 or T4 element and effectively suppress
spurious oscillations resulting from the convective characteristic of convection-
dominated flows, the restriction of LBB condition and so on, can serve as a
suitable candidate for the fluid solver in IS-FEM. Various reliable numerical
methods have been reported to solve the incompressible Navier-Stokes fluid flow
under the framework of Galerkin procedure, such as the pressure-stablizing
method introduced in [36] for the Stokes flow and the Pressure-Stablilizing
Pertrov-Galerkin (PSPG) formulation introduced in [37] for Navier-Stokes
equations, streamline upwinding / Petrov-Galerkin (SUPG) formulation [38],
Galerkin Least-Square techniques (GLS) [39], Taylor—Galerkin method [40],
Characteristic-based Split (CBS) algorithm [41, 42] and so on. In this work, the
semi-implicit CBS scheme is employed, which avoids any possibility of spurious
solutions. Moreover, one important feature of CBS scheme is that it allows equal
interpolation for all the primitive variables, such as the fluid velocity and pressure.
Users can employ the simplest 4-node triangular (T4) elements for the efficient
preprocessing and numerical calculations.

In Section 2, the explicit scheme for dynamics analysis of nonlinear solids

based on central difference time integration combined with the S-FEM is



described. Galerkin procedure based on the semi-implicit CBS method for the
incompressible viscous fluid flow is reviewed in Section 3. In Section 4, the
immersed methodology for coupling of the solid and fluid by means of the
fictitious Lagrangian fluid mesh is proposed. Following various numerical

examples provided in Section 5, the conclusions are drawn in Section 6.

2. Brief review of S-FEM for explicit dynamics
analysis of solids

In order to describe the motion and deformation of the nonlinear solid,

assume at the time t(r) the solid body occupies the solid domain Q' with a

closed boundary ‘I™.Here, s denotes the solid appearing as the superscript on
the right, while 7 denotes the time step number appearing as the superscript on
the left. At the initial stage (7 =0) the solid occupies the domain °Q’ (so called
the initial or referential configuration) with the boundary °I"’. The material

coordinates of the solid are denoted as X, = Oxf ,(i=1,2,3 for 3-D) at the initial
configuration, and at the current configuration of the time t(z‘) the spatial

coordinates are denoted as “x; . The governing equation can be written as the
following total Lagrangian description

ox:
N.BC: nio; = f"" onT}; (1
V.BC.:vi=v/ , onI’;

1.C: °Py =P, v ="',

Ji? i

tpg=pa

Here, N.B.C. denotes the natural boundary conditions, V.B.C. denotes the velocity

boundary conditions, and I.C. denotes the initial conditions. In Eq.(1), P]f is the
first Piola-Kirchhoff stress tensor, p° is the initial density of the solid, u; is the
displacement, a; is the acceleration, v, is the velocity, I'; is the natural

boundary with the outward surface normal 7’ and the prescribed traction force



fi*, o, isthe Cauchy stress tensor and I'; is the essential boundary with the

ij
prescribed velocity V..

Both S-FEM and the standard FEM (regarded as the special case of S-FEM)
are employed in this work. The main difference between S-FEM and FEM is the

smoothing operation on the spatial gradient or strain field in S-FEM. Suppose that

s
ele

the initial solid domain °Q’ is discretized by a set of N’ nodes and N
elements. The material coordinates of the solid nodes are denoted as

X, (I =1toN; ) In both FEM and S-FEM, the displacement u; and velocity v;

are interpolated by the standard FEM procedure:

s _ 0Fs,,s s _ 0 Fs,,s
ui _Z cDIuIi 4 vi _z cDlvli’ (2)

1 1

where ®} is the FEM shape function calculated at the initial configuration. In

the standard FEM, the spatial gradient of the field is directly calculated as follows:

0. s _ 0 A s 0.5 _ K s
=2 Py =2 W 3)

I 1

where ‘@) i = o0'® /X ; is the derivatives of the shape function at the initial

configuration. However, generally the above direct calculations of the spatial
gradient are not used in S-FEM, and the smoothing operations on the spatial

gradient of the field in the smoothing domains are alternatively required.

In S-FEM, the domain °Q)’° is divided into N?, non-overlapped smoothing
domains °Q}’ with the boundaries T}, (isd =1,2,...,N; d) , as illustrated in
Fig. 2(a). Each smoothing domain "Q}? is associated with a representative
material point X ,. The smoothing of the gradient of the displacement field in

OQsd

., can be implemented as follows:

(X, )= jw w (X)W (XX =X}, )dQ (4)
where u;, =0u; /0X; are the gradient of the displacement field, and &, are

the so-called smoothed gradient. The smoothing function W(XS;XS -X d)

should satisfy partition of unity and the following Heaviside type piecewise

constant function is employed:



W(XS;XS X, iy =volume(Oijd) N E)

0 XS 0 Qsd

isd

) {1/‘/155’ XS OQYd

Introducing the divergence theorem, Eq.(5) can be recast to
S5 s 1
ui,j (thd) Vbd J.

where Onjd is the outward surface normal of the smoothing domain boundary

u! (X, ) °n}'dl (6)

OFfs‘fi . Substituting Eq.(2) into Eq.(6), the smoothed gradient of the displacement

field can then be written as

b_tifj(x;sd):z[v{dj "o (X:,) n;deru;:Zoci;J( )i (7)

1 isd

where CD 1., 18 the smoothed derivatives of shape function.

In the finite deformation analysis, the deformation gradient, F, =u, ; +9,

11’

the primary strain measure. The smoothing operation on the deformation gradient

F;; yields the following smoothed deformation gradient F;:

i ij *
B (%)=

Using Fij , one can easily construct the smoothed Green strain, the smoothed right

%J.O duvon“’dl“+5 ZOQJY ( m,)u,l+5 (8)

sd

Cauchy-Green deformation tensor, the smoothed Piola-Kirchhoff stress and so on.
There are mainly two types of smoothing domain in 3D S-FEM with T4
element, such as the face-based smoothing domain as shown in Fig. 2(b) and the

node-based smoothing domain as shown in Fig. 2(c), leading to Face-based
Smoothed FEM (FS-FEM-T4) and Node-based Smoothed FEM (NS-FEM-T4),
respectively. The employment of FS-FEM-T4 can greatly improve the
performance of the simplest linear T4 elements and provide superior
computational efficiency and accuracy on comparing with the standard FEM-T4
procedure [34, 35]. The combination of these two types of S-FEM as Selective S-
FEM is used to remove volumetric locking in the analysis of the nearly
incompressible solids. The detailed implementations of FS-FEM, NS-FEM and
Selective S-FEM can be found in [35].

In this work, the explicit time integration based on the central difference
algorithm is employed to obtain the transient dynamics solutions of the nonlinear

solids [43]. The well-known equation of motion is given in the following form:



A ©
subject to the boundary conditions. Here, M, is the entry of the lumped mass

s,ext
i

is the external force vector in the standard FEM form, f,?"i”’ is the

L

matrix, f;

internal force vector, defined in the total Lagrangian formulation as

£ =, (@ PdS . (10)

1,j7 ji

If FEM is employed, f;"" is calculated following the standard FEM procedure.

Ii

In S-FEM, f;’"’” is evaluated based on the smoothed derivatives of the shape

function (see [34, 35] for details).
In this research, two types of nonlinear elastic materials are employed in the
numerical examples. One is the isotropic Saint Venant-Kirchhoff elastic material

with the following strain energy density function,

l//(E)=%/1(trE)2Jr,utrE2 (11)

where E is the Green strain tensor, and A and u are the Lamé constants of
the linearized theory. The second type is the nearly incompressible Mooney-
Rivlin hyperelastic material, defined by the following strain energy density

function,

- - 1
‘P=A10(Il—3)+A01(12—3)+5K(J—1) (12)
where A, and Aj, are the material constants, x is the bulk modulus,

I,=11;"" and I,=11;”".Here, I,, I, and I, are the three invariants of the

right Cauchy-Green deformation tensor C, and J is the determinant of the
deformation gradient F . For the nearly incompressible materials some special
techniques should be adopted to remove volumetric locking, such as selective

reduced integration (SRI) in FEM or Selective S-FEM. If A, =0, the description

in Eq.(12) is reduced to Neo-Hookean description.
Using the explicit time integration based on the central difference method
[43], we provide the following flowchart to perform the dynamics analysis of the

nonlinear solids.



Flowchart 1: Explicit dynamics analysis for nonlinear solids

(1) Loop over all the solid elements, and compute *®; and OCDjJ. at the initial
configuration.
(2) Compute the lumped mass matrix M, .

(3) Setupthe LC., "v;, "Py, “uj,and #(7)=0 with the time step number
7=0.
(4) Compute the external force ' f;"" .

(5) Call the subroutine Solid_ExDyna_3D( 7, At, “u}, *v;, “a},, M},, "' f7) .

1J° Ii

s,int

(5.1) Compute the (smoothed) internal force 7]7,,. , and the residual force
T+lﬁf — 7+l If,ext _ rﬁ;,int.

(5.2) Compute the nodal acceleration ‘a; =M I"J' i fi -

(5.3) Partially update the nodal velocity e zvfi ="V, +At’a, /2 .

(5.4) Apply the velocity boundary conditions, and update the nodal

+l_ s T+1/2_ s

displacement “"u;, = "u, + AtT v, .

(5.5) Compute the internal force o f,f’"” , and the residual force

r+]fs _ t+l psext v+l psint
Ii — Ii Ii

(5.6) Compute the nodal acceleration “"'a; =M, ™' f; .
(5.7) Update the nodal velocity, “'v; ="' +At™a) /2 .

1 s 1.5 1 s . .
(5.8) Return "“u;, v, "a, to the main routine .

6) Update the solid nodal variables “u® = "', v =", “a’ ="a’
1i 1i° Ii Ii°

r=7+1, t=t+Ar. Go to Step(4) and continue with the next time step.

3. Brief Review of CBS method for incompressible
viscous fluid flow

The conservation form of Navier-Stokes (N-S) equations for the

incompressible viscous fluid flow are given as follows



ovl o op’ OT;

Lt — (V)= ;
or ag(’ M=o G P8
v _ o

ox/ ot

V.BC: gl (v.)=v/ -/ =0 onT/ ; (13)
. f.
PBC.:p' —p’ =0 onl';
1.C: W =%/ "pl ="p/
where V' = p/v/ . Here, P.B.C. denotes the pressure boundary condition. p’ is

f

the fluid density, ' is the fluid dynamic viscosity, v/ is the fluid velocity,

p’ s the fluid pressure, g, is the acceleration of gravity, and T/ isthe

ij
deviatoric stresses. The superscript f on the right denotes the fluid. The fluid
problem is solved based on the Eulerian mesh, hence the nodes of the fluid mesh
are fixed with the coordinates x/ .

The Galerkin procedure based on the semi-implicit form of CBS method [41,
42] is employed to solve the incompressible viscous fluid flow. For the sake of

simplicity only the fully-discrete equations are provided here (see [41, 42] for the

detailed derivations). A set of finite element mesh using T4 elements with N/

nodes and N’/ elements is used to discretize the fluid domain Q. The

ele

coordinates of the fluid nodes are denoted by x; (I lto N/ ) The primitive

unknown variables, the fluid velocity v/ and the pressure p’, can be

interpolated by the following standard FEM procedure
Zcbf’v,{ ;T —Z(I)f’ / (14)

where @/ is the shape function of the fluid node 1 . Using the above spatial
discretization, the time discretization based on the CBS algorithm leads to the
following three steps to calculate the fluid velocity and pressure at the new time

t(r+1).

Step 1: On the intermediate momentum calculation

st f
f VT Vi o et _cpf Ar, K/ i fe
MIJ : : C Ji Fli - 11 vyt f + f]i
At 2 (15)

_* foTefg.
= RHS; +°f*;



Step 2: On the pressure calculation

1 .
H[i r+lpf ——_— 0O Vf- : (16)

J 1Ji Ji
At

Step 3: On the momentum correction

T+l f .. f ko f i
—V ~ Vi T+ vl Vl ot f
M JlAt 4 =""RHS; =M, —* L —Glpls (17)
where,
. 0 ’vf(I)f
My =, plojwia0, =] plo] %m,
j
- 00] e a(wef) o(vir)
Fl=| —F'T/dQ, ‘K] = ! —2dQ,
Ii _[Qf A f U .[Qf ax[ P fo
=j ,(DfTTijfnde, fg—J o/ p’ g.dQ, (18)
ob/ oD oD’
f_ fant 925
Y IQ’ ox! ox/ O = J.Qf i ox/ ae

l

f
Gl =], of aCDJ dQ,

The mass matrix M ,’; in the above equations is lumped. Under Step 2, the
iteration scheme, the Preconditioned Conjugate Gradient (PCG) scheme, is
employed to solve Eq.(16). The invariant matrices Hj, and M are assembled
only once at the beginning. The right hand sides under Step 1 and Step 3, denoted
by 'RHS;] and ""'RHS] , respectively, will be used in the calculation of the FSI

forces. The above semi-implicit CBS algorithm is conditionally stable, and the
critical time step Ar can be determined accordingly [42, 44]. The flowchart to

calculate the incompressible viscous fluid flow is given below.

Flowchart 2: CBS for incompressible viscous fluid

(1) Loop over all the fluid elements, and compute ®/ and 6®/ /ox/ .
(2) Compute the lumped mass matrix M, and the matrix H},.

(3) SetupIL.C., ™/, °pl, t(r)=0, and the time step number 7=0.
(4) Call subroutine Fluid_CBS_3D(z, At, v/, “pl, M}, H}, ™g/. (v;j)).

(4.1) Compute vJ, using Eq.(15).



(4.2) Apply the P.B.C., and obtain “"'p/ using Eq.(16) .
(4.3) Use Eq.(17) and apply V.B.C. g/, (v;) to get “'v/.
(4.4) Return “'v/ and “'p/ to the main routine.
(5) Update v/ =", "p/ =""p/, r=7+1 and t=t+Ar.Go to Step(4)

and continue with the next time step.

4. Immersed S-FEM for Fluid-Structure Interaction

4.1 Governing equations and FSI conditions

In this work, the 3D FSI problem involves a deformable nonlinear solid body
immersed within the incompressible viscous fluid. As illustrated in Fig. 3, firstly
we assume that the fluid always exists everywhere in the fluid domain Q. The
solid domain “Q° is always completely immersed inside Q’.The sub-domain
of Q/ overlapping the solid domain “Q’ is denoted by Q" =°Q° witha
closed fluid-structure interface “T"* = "T*. Obviously, this FSI problem consists
of a fluid and a solid part. These two parts are coupled by additional FSI
conditions. The FSI conditions in this research are introduced based on the
following assumption: the fluid particles residing in Q* are bound to the solid
particles, i.e., the motions of the fluid particles in Q" are identical to the
motions of the bound solid particles. This assumption is presented by the FSI
velocity condition in Eq.(19). The mentioned assumption indicates the non-slip
condition at the fluid-structure interface. The FSI forcing condition in Eq.(19)
reveals that, when the solid and fluid particles in Q” are constrained to satisfy

the first equation of Eq.(19), a pair of interacting forces, f>™ and £/,

appear and are applied on the solid and fluid particles, respectively.
Overall, the governing equations for the FSI problems comprise three parts:
(1) the governing equations for the fluid flow given by Eq.(13); (2) the governing
equation for the solid given by Eq.(1); (3) the FSI conditions given as follows .
FSI conditions

FSI velocity condition: v/ =v' for x € Q”; (19)

FSI forcing condition: ;"™ = — £/ for x e Q”.



The solution scheme for the IS-FEM is composed of three main modules: (1)
solving the fluid problem with the FSI conditions; (2) solving the solid problem
with the FSI conditions; and (3) identify the FSI conditions. The key point is to
identify and implement the FSI conditions in Eq.(19) properly and accurately. In
the proposed IS-FEM, the FSI velocity condition is imposed on the fluid particles
in "Q”, and the corresponding FSI forcing condition is applied as the external
force acting on the solid particles. The FSI velocity condition can be achieved
straightforwardly from the solid velocity field. However, the FSI forces have to be
determined carefully. Below shows the detailed algorithm to advance the
solutions at the next time step 7+1 from the time step 7.

In the formulations, the fluid problem is solved in the whole fluid domain

including the overlapping domain €’ , with the proper B.C., I.C. and FSI
conditions. Similarly, under the given I.C., B.C. and the proper FSI conditions, the
motion and deformation of the nonlinear solid body are calculated taking into
account simultaneously the interactions with the fluid.

The fluid domain Q/ and the solid domain Q' are discretized by two
different sets of meshes, respectively. The fluid problem is solved using Eulerian
mesh, and the solid problem is solved using Lagrangian mesh. These two sets of
meshes are not required to coincide. It is also not necessary to adopt the same type
of the element. In this work, only the simplest linear element, 4-node tetrahedral
(T4) element, is employed for the 3D simulations.

To establish the solution procedure of IS-FEM in the following sub-sections,
firstly we assume that, at the time t(r) , the status of the fluid and solid are

already known, i.e., v, “p/, v, “a,, ‘u;,and the FSI force °f;" are

known variables. At the initial stage 7 =0, all these variables can be given as the
initial conditions. The boundary conditions for the solid and fluid problems
expressed in Eq.(1) and Eq.(13) apart from the fluid-structure interaction, are

satisfied by default without special indication in this section.

4.2 Solving the solid problem with FSI forcing condition

We start the FSI analysis by solving for the motion and deformation of the

solid in terms of the known nodal values ‘v,, “a;,and "u, atthe time step 7.



f

The nodal FSI forces  f;*™" are computed from the fluid status v/ and *p/

at the time step 7 (see details in the subsection 4.4), and assembled to the total

external force as follows

T+1fl.iv,ext — 7+1 l.iv,ext + rflf,FSI. (20)

Applying the total external force “*'f;* on the solid nodes, and calling the

subroutine Solid_ExDyna_3D in the Flowchart 1, one can solve for the solid

n+l_ s n+l s

variables ""'vi., ""a’, and ""'u;. And the configuration "’ of the solid is then

transformed to “"'Q)’. The overlapping domain “Q” is transformed to

QP =Y as plotted in Fig. 3(a)

4.3 Identifying FSI velocity condition and solving fluid problem

n_.s

As the outcome of the subsection 4.2, the nodal velocities"v;, and ""'v, are

known for all the solid nodes. Because the fluid and solid meshes usually do not

f

coincide, the FSI velocity condition v/ =v; for xe Q" can not be imposed on

the fluid nodes x/ € ""'Q” directly. Hence, data fitting techniques have to be

employed to map the solid velocity field to the fluid nodes. One of the most
frequently used tools is the discretized Dirac delta function in IB methods [13,
14], and the similar procedure using meshfree approximation [21]. In this work, a
simple linear interpolation scheme with the help of the fluid and solid FEM
meshes is utilized, which has been reported in [23].

To implement the FEM interpolation, a search algorithm has to be carried out

to find which solid element at the configuration “*'Q° covers the fluid node

x/ € 'O of interest. Due to the motion and deformation of the solid body, this

searching procedure has to be carried out at every time step after the new
configuration “"'Q’ is obtained. After searching, for every fluid node

x/ e "'Q" | one can find a corresponding solid element covering it. One should
note that one solid element may cover more than one fluid node. Suppose a solid

[ T+l 8 T+l 8

element with the nodes X

s

7+1 : :
;s X, Txp,and "7x; isfound to be covering

the fluid node x/ € ""'Q" of interest, as shown in Fig. 3(b). The solid velocity



field can be interpolated to this fluid node so as to obtain the velocity '/ as

follows

H“ﬁ . ”1(1)‘ (r+l f ) s (for X{ c r+leiv) 1)

ai
a=1,J,K,L

where '®° ( “x! ) is the FEM shape function at the configuration “*'Q)°. The

FSI velocity condition can then be identified, and imposed on the fluid nodes

x/ € " Q" in the following form
r+1g1fw(v£)_r+1v£ r+1§£s:0 , X{EHIQJ‘&. (22)

Appending "' g/, (v,’: ) to "gl (Vh ) leads to the following modified fluid

V.B.C:

+l _f Y.+l f _ t+l=f f 7+l t+lAfs 7+l f T+l M f5
gvchFSI (Vli ) VI[ - vIl E r and th VJ: Q (23)

+l _f 7+l f

Simply replacing g/, (v} ) by gl Urs (v,f ) in the call on the

subroutine Fluid_CBS_3D in the Flowchart 2, the fluid status will be updated. The

results of this step are the fluid velocity “*'v/ which satisfies the fluid V.B.C.

and the FSI velocity condition, and the fluid pressure "*'p/ which satisfies the

fluid P.B.C.

4.4 Identifying FSI forcing condition

The scheme to calculate the FSI forces acting on the fluid and solid particles
is similar to the direct forcing method [15] or the first-order temporal differencing
method [16]. As described in Section 4.2, the FSI velocity condition is directly
imposed on the fluid nodes. However, if the Navier-Stokes equations are solved

without the FSI velocity condition “'g/,, (v,f ) i.e., the fluid particles

x/ € ™' Q" are not bound to the corresponding solid particles, the CBS

procedure will lead to the nodal fluid velocities “*'¥/ , which can be written in the

following form in terms of Eq.(17)

r+l‘7f _ rvf |
M}, # = "RHS] . (24)



In the subsection 4.3, the nodal fluid velocities solved satisfying the FSI

velocity condition are “*'v/ . On the fluid nodes x/ € "'Q”, one may note that
™5/ are different from the “*'v/. Suppose the nodal force “*'f;/™" is applied

on each of the fluid nodes x/ € 'Q” so as to introduce a velocity increment

7+l

Av’. thereby enabling the “*'¥/ to take on “*'v/ (as illustrated in Fig. 3(c)), we

have
Sy = 4 Av) (x] e TR, (25)
+l_ f

Furthermore, the change of “v/ to “'v/ can be viewed as the result of the

nodal forces “"'F/ acting on the fluid nodes x/ € "'Q” through the period

from t(r) to t(r+1), as provided in the following form
Y (for x/ e ”leS). (26)

Substitution of Eq.(24) and Eq.(25) into Eq.(26) yields

1 Hsf Fy_7,f
S ( v,l.+Avﬁ) V3

Ji
i At I At

= ”'RHS}; + hf,FSl (for xf € ”lQ-ﬁ').
(27)

Next, one can recast the above equation considering Eq.(15) and Eq.(17) as

T+1Vf _ z'vf
T+l o fLFST _ f Ji Ji o+l f
Ii - Mu T_ RHSIi
ag s (28)
T T
Vi~ Vi

=M} —"RHS] +G}, ™" p7.

i

According to the FSI forcing condition, the FSI forces as applied on the solid can

be obtained by £ =" £/ However, because the solid mesh usually

does not coincide with the fluid mesh, the FSI force ' ;"™

can not be directly

achieved by the integrations in Eq.(18) on the fluid mesh.

Note the assumption that the fluid particles are bound to the solid particles, so

T+l s T+l  fc T+l s

that each solid node " x; carries one fictitious fluid node “"x;° = "7 x,.
Naturally, these fictitious fluid nodes can be used to construct a mesh coinciding
with the solid mesh, so called the fictitious fluid mesh. The fictitious nodes and

fictitious fluid mesh defined on the fictitious fluid domain “"'Q” are illustrated

in Fig. 3(d). All these fictitious fluid particles possess the fluid properties, velocity



and pressure. Due to the FSI velocity condition, the nodal velocities ““'v/¢ of

these fictitious fluid nodes “'x/ can be immediately obtained via
T fc _t_ s . T+l fc _ T+l s T+l fe _ tHl s
Vi = Vi > Vi T Vi ( X = X/) (29)

A search process is invoked to find the fluid element covering the fictitious fluid
node “'xJ of interest for obtaining the value of the fluid pressure field on these

fictitious fluid nodes. Suppose the fluid element with the nodes “*'x/, ™'x/,

“x/,and ""'x/ is found which covers the fictitious fluid node “'x/ of
interest, one can perform the following interpolation to calculate the pressure
value on the fictitious fluid node x/
= Y @ (X))l (30)
a=1,J ,K,L
where @/ (T*lei‘) is the shape function of the fluid element. It is worth noting
that, the fictitious fluid mesh is not featured in the calculations for the fluid part as

outlined in the subsection 4.5, and is only used to perform the FEM interpolation

and to evaluate the following numerical integration.

The FSI force ™' ™ can be evaluated on the fictitious fluid mesh, as

follows
t+l s, FSI _ _ t+l o fc,FSI
fli - Ii
+l_ fe T fc
— fe Vi = Vi tfer fe  Ttpfe At Ty fer. fo fer fe
__Mu lAt —— Cu Vi — F1i _7 Ku Vii +G1Ji pPj
. fe T fe 8(rvfc(l)fc)
_ fe VJ' — vJ' f R fe J J )t fe
=-M —_I Pl OF =L VO (31)
At Q ﬁxj
. T_ fcp fo T fc g fe
_Irﬂgﬁ’ —ax_ﬁ, Tij dQ—?J‘H,Qﬂ_P Pz Pz vy d€2
J k j

LD
fe J Tt fe
... — - prao

The gradient of the velocity 07 v/ / 6x/f.'” and the spatial derivatives of the shape

function &7 ®J /0x/ need to be updated at the current configuration “'Q*

and the integrations are computed numerically using the fictitious fluid mesh.
Strictly, the components of the FSI force in Eq.(31) are equivalent to the
drag and lift forces applied on the solid immersed in the fluid. Neglecting the



second order term of At¢ on the right hand side of Eq.(31), one can recast Eq.(31)

in terms of the divergence theorem

fb;,FSIZ_J’Qp(DIA J‘pq)l (Jl)dQ J'anA, .dQ+J.Qq)1a_de

A i X 32

=, 0, 2 ’dQ [ p®yndQ-[ @ TndQ+[ @ pndQ

s,FSI

The summing up of the nodal forces f,""> yields the following which are

the same as the drag and lift forces found in [45] often used in CFD,

foSt ZfIsFSI__ p_dQ J.pv dQ— J. p de+I pndQ. (33)

4.5 Solution procedure for IS-FEM

Following the detailed discussions in the above subsections, the overall

procedure for 3D IS-FEM is presented below.

Flowchart 3: 3D IS-FEM for FSI problems

)

2)

3)
“4)
®)

(6)
(7
®)

(€))

Initialization: Discretize the fluid domain Q' and solid domain °Q° at

initial configuration; compute @}, OCI)jl, o/, <Df .» the lumped the mass

f
matrices M,,, M}, ,

M =M;, and the matrix HJ,.

Set up the I.C.: for fluid, v} and °pj ; forsolid, °v; and °P;;and the

Izj’

initial FSI force °f;"™ .
Set the time step counter 7 =0 and t(r) =0 .

17 1 JFSI
Calculate T+ f[?,ext __ 7+l ps.ext + flv S, )

1

Call the subroutine Solid_ExDyna_3D( 7, At, “u,, V.., “al, M, ™ £") and

>»

T+l s T+l s

obtain “u;, “'v!, and "'a}. Update the coordinates of solid nodes as

T+l _s r+1 K

X, =X, +
Calculate "%/ for x] € 'Q” via the FEM interpolation in Eq.(21).
Construct the new modified fluid V.B.C. ""g/, . (Vn ) in Eq.(23) .

Call the subroutine Fluid_CBS_3D(t, At, v}, "p}, M}, H},

> >

+_f f . T+l f +l __f
T g heUFst (vﬁ))and obtain “"v; and " p; .

Call the subroutine FSI_Force_3D(™"'x},""'v: ™' p/*).



(9.1) Update the coordinates of fictitious fluid node “'x/f = ""'x} ;

(9.2) Calculate "' ®f.

(9.3) Get the nodal fluid velocities at fictitious fluid nodes v} = *'v? |

(9.4) Calculate *'p/° via the FEM interpolation in Eq.(30).

(9.5) Calculate ' ,j’Fs' using Eq.(31), and return to the main routine.

. Lot f Tt f t f _t+l __f s _ t+l_.s T.s _ T+l_s
(10) Update the variables: ‘v, = "v;, "p; =" p;, ‘u,="u;, ‘v,="vy,

s _ T+l s t pof,FSI __ v+l o f,FSI rxs _ T+l _s

i — Ii ° Ii Ii > i 'xli 4

T=7+1, t(r):t(r)+At; go

to Step. (6) and continue with the next time step.

In the solution procedure, both the CBS for the fluid part and the explicit time
integration for the solid part are conditionally stable, so the time step At has to

be chosen carefully. The critical time step At, is determined by At =

min(Atjr, At! ) The At is the critical time step for the solid problem,
determined by the size of solid elements and material properties (see details in

[43]). The CBS method in [41, 42] provides the means to determine the critical
time step At . In this research, the constant time step is used which satisfies
At <Az, .

Previous works on Finite Element Immersed Boundary Method have reported
that the ratio 4’ /h* between the Eulerian fluid mesh size 4’ and Lagrangian
solid mesh size A’ can affect the stability of IB method [22, 46]. There is also a
suggestion that the size of the fluid mesh should not be too small compared to the
solid mesh in order to prevent any unphysical “leaking” phenomenon [20, 23] in
IFEM. In the proposed 2D IS-FEM [25], the effect of the ratio h’ /h° is
investigated numerically, which clearly demonstrates no numerical artifact is
observed even for very fine fluid mesh used, and the stability fairly independent
of a wide range of the mesh size ratio is assured. In the 3D IS-FEM, the numerical
examples in Section 5 also demonstrate the stability of the 3D IS-FEM is not
affected by the ratio 4/ /h’ for a wide range similar to the 2D IS-FEM. In the

3D IS-FEM, there is no strict limitation to A’ /h*, which is usually selected to be
0.251t02.0.



Another common numerical issue is the incompressibility constraint of the
solid. Some numerical methods require computational expensive volume
correction algorithms [23]. For the IS-FEM using volumetric-locking-free
Selective S-FEM, there is no additional volume correction operation required to
satisfy the incompressibility constraint, because it is able to solve the physical
deformation of the nearly-incompressible solids in terms of the constitutive law. If
the solid material is compressible, the IS-FEM using FS-FEM for 3D or ES-FEM
for 2D also works for the cases with small strains or small volume changes such

as beam bending problem.

5. Numerical Examples

5.1 Piston in a tunnel with incompressible viscous fluid (Example 5.1)

A solid piston moving inside a tunnel with a square cross section is analyzed
in this example, as illustrated in Fig. 4. The geometry parameters of the fluid and
solid domains are given by a=0.5m, b=2m, d=0.5m. At the initial position of the
piston, /=0.1m. The properties of the incompressible viscous fluid are

o/ =1.0kg/m’ and ' =0.1Pa-s. The solid piston is modeled as St. Venant
material with the following properties: the density p* =1.0x10° kg/m’, Young’s

modulus E* =1.0x10° Pa and Poisson’s ratio v’ =0.3. The deformation of the

piston is very small; hence, the piston can be viewed as a “rigid” body. The fluid
and solid domains are discretized using irregular T4 elements, as plotted in Fig. 4.
In order to study the convergence properties of 3D IS-FEM in space, the fluid

domain is discretized by a series of meshes as tabulated in Table 1.

Table 1 Meshes for Example 5.1

Meshes for fluid Meshes for solid

MS(1) MS(2) MS(3) MS(4) MS(i) MS(ii)
N, 2745 10956 43754 182819 1383 135
N, 12674 56844 239925 1040793 6081 400
h 1/16 1/24 1/40 1/64 h/24 h/8

N, : number of nodes; N, : number of elements; 4 : average element size



The solid piston is forced to move inside the fluid tunnel along the x,

direction with a constant velocity v; . Consequently, a laminar fluid flow will be

induced due to the motion of the solid piston. The I.C. and B.C. for the fluid and
solid piston are given as follows.

V.B.C. for fluid: slip boundary conditionon x/ =0, x/ =a, x{ =0 andx] =a

P.B.C. for fluid: p’ =0 on x/ =0 and x] =b;
LC. for fluid: *v! =0, (i=1,2,3).
V.B.C. for solid: v/ =0, v; =0 and v;=20m/s on x; =0, x/ =a, x;=0
and x; =a.
L.C. for solid: °v; =0, (i=1,2,3).

Under the above boundary and initial conditions, the exact velocity solution
of the fluid flow can be determined as v/ =v/ =0 and v] =2.0m/s. Using the
proposed IS-FEM procedure and the standard FEM discretization for the fluid and

solid parts, one can easily solve this simple 3D FSI problem and implement the

convergence and accuracy studies. Fig. 5 shows the contour plots of the velocity

f

component v] and the pressure p’ with the streamlines on the slice surfaces

x/ =al/2 and x/ =a/2 atthetime f=0.6s. The streamlines and the velocity
contour plots clearly show the stable laminar flow solved using different
combinations of the solid and fluid meshes.

Notably, Fig. 5(b) shows that, when using quite small mesh size ratio
h' I h* =1/8, the proposed IS-FEM still works well and can produce the stable
fluid velocity and pressure solutions with no numerical artifact and unphysical
oscillations observed.

The spatial convergence and accuracy studies are carried out in virtue of the

errors in the fluid velocity and pressure solutions. The L2 error norms e, and e,

in the fluid velocity and pressure solutions are defined by

Npor Nug
N D] RN L) T

I=1
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In this example, the reference solution v;“ is given by the exact solution. All the

errors are calculated at the time 7=0.6s.

Fig. 6 shows that the convergence rates for the fluid velocity solutions are
1.88 using the finer solid mesh MS(i) and 1.84 using the coarser solid mesh
MS(ii), and the convergence rates for the fluid pressure solutions are 1.86 using
the finer solid mesh MS(i) and 1.80 using the coarser solid mesh MS(ii).The
convergence rates are very close to the theoretical convergence rate 2.0. One can
clearly observe that the coarse solid mesh degrades the convergence rate and the

computation accuracy.

5.2 3D lid-driven cavity flow with a hyperelastic solid wall (Example
5.2)

A 3D lid-driven cavity fluid flow with an incompressible hyperelastic solid
wall is analyzed in this example as illustrated in Fig. 7. The length and the height
of the fluid domain are [ =2.0m, and the thickness is b =0.2m. The solid wall is
located at the bottom surface of the fluid domain, with the length [ =2.0m, the

thickness b =0.2m and the height a =0.5m. The properties of the fluid are
givenas p’ =1.0kg-m* and g/ =0.2kg(m-s) . In this example, the
constitutive model of the solid wall is set to be the incompressible neo-Hookean
material, with the material constant A, =0.1kg (m -5 )_l , Ay, =0 and x=0.

This example has been solved in 2D cases under plane strain condition as a
benchmark problem to examine the interactions between the incompressible
viscous fluid and the hyperelastic nonlinear solid, using immersed-type methods
and the ALE method [23, 25, 47]. In order to compare the 3D solution with the
reported 2D plane strain solution, the proper boundary conditions for the fluid and
solid should be enforced. Under the following boundary conditions, the 3D

solution in the x,x, plane is comparable with the 2D plane strain solution.
V.B.C. for fluid: v/ =v, v/ =v/ =0 on the top lid surface x, =1; non-slip
conditions on four surfaces x, =0, x,=a,and x,=0;and vy =0 on two

surfaces x; =0 and x; =b .The fluid lid velocity v is defined as follows in



order to remove the singularities at the left-top and right-top corners of the fluid

field,

sin® (7x, /0.6) x, €[0.0,0.3]
v=11.0 x €(0.3,1.7) (35)
sin’ (7 (x, —2.0)/0.6) x &[1.7,2.0]
P.B.C. for fluid: p’ =0 ontheline (//2,0,x;).
LC. for fluid: v/ =0 and p’ =0 atthetime t=0.
V.B.C. for solid: v; =0 (i=1,2,3)on four surfaces x, =0, x, =a,and x,=0;
and v; =0 ontwo surfaces x,=0 and x,=b.
LC. forsolid: v =0 and p’ =0 atthe time t=0.

Both the fluid and solid domains are discretized irregularly using T4
elements, as illustrated in Fig. 7. Several sets of the fluid and solid meshes are
employed for the spatial convergence and accuracy studies, as listed in Table 2.
The deformation of the solid wall is analyzed using Selective S-FEM. The cavity
fluid flow driven by the moving lid produces the FSI force applied on the top
surface of the solid wall and causes the soft solid wall to deform largely. The
deformation continues until the steady state is reached where the FSI force and the
internal force of the solid are in balance. In this example, the FSI system is

considered to have reached the steady state if the kinematics energy of the solid

n_.s

wallis |"v; < 107", The fluid velocity and pressure fields and the deformed

mesh of the solid are visualized in Fig. 8. The velocity amplitude is calculated by
V= (V12 +v] +v2 )1/2. Fig. 8 evidently shows the fluid solutions calculated using the
coarser fluid and solid meshes still agree reasonably well with those using finer
meshes. In particular, the employment of much finer fluid mesh than solid mesh,

i.e., the mesh size ratio A’ /h* is at very small value of 1/10 ( see Fig. 8(c)),
the proposed method is still quite stable and does not lead to numerical artifact
solution. No unphysical velocity and pressure solutions are observed, which has

been reported in [23].

Table 2 Meshes for Example 5.2

Meshes for fluid Meshes for solid



MS(1) MS(2) MS@3) MSH) MS() MS6) MS(T) MS3E) MS(ii)

N, 1392 4603 7626 9413 13172 18416 218636 240 1083

h /720 1/30 1/36 1/40 1/44 1/50 1/160 1716 1/30

N,, : number of nodes; N,,: number of elements; £ : average element size

Under the properly prescribed boundary conditions, the motions of the fluid

and solid particles remain mainly in the x,x, plane, depicted by the iso-surfaces

of the fluid velocity at the values v=0.05m/s, v=0.20m/s and v=0.25m/s
in Fig. 8. The planar motions of the fluid and solid particles satisfy essentially the
plane strain assumption. As such, the solutions in this 3D FSI problem can be
compared with the referenced 2D FSI problem under plane strain condition. The
comparisons are shown in Fig. 9 with the 2D reference solutions found in the
references [23, 25, 47], respectively. The profiles of the 3D FSI solutions at the

steady state are given by the nodes located on the slice surface x, =b/2. There is

a good agreement between the 2D and 3D FSI solutions.
Spatial convergence studies are carried out using the solid mesh MS(ii) and

the fluid meshes MS(k), (k = 1 to 6). The L2 error norms in the fluid velocity and

ef

pressure solutions are given in Fig. 10. The reference solutions v, o

and p in
Eq.(34) are computed using the very fine fluid mesh MS(7) and the solid mesh
MS(ii). In as much as the fluid and solid meshes are all irregular meshes, the
nodal solutions of the fluid velocity and pressure on the meshes MS(k), (k =1 to
6) are obtained by the linear interpolations from the reference nodal solutions on

MS(7). The spatial convergence rate for the fluid velocity and pressure solutions

are 1.85 and 1.61.

5.3 Sphere falling inside fluid under gravity (Example 5.3)

A solid sphere falling under the gravity inside a cylinder tank filled with
incompressible viscous fluid is analyzed in this example. The sphere starts falling
from the state of rest under the gravity force. During the falling process, the FSI
force is applied on the sphere, including buoyant force, viscous force and others.
The sphere accelerates from the initial rest state due to the imbalance between the

gravity and FSI forces. As the velocity increases, the FSI force becomes larger



and larger and finally balances the gravity force leading to the terminal settling
velocity Vv .

In this example, the diameter of the solid sphere is given as D and the
diameter of the cylinder tank is 5D. The height of the tank is H , as shown in Fig.
11. The valuesof D and H are given in Table 3. The fluid is the water at

25 °C, with the properties: p’ =997.13 kg-m~> and x/ =891x10™" kg(m-s)_1 :

Three experiments with different solid spheres are tested, and the corresponding
material properties and sizes are tabulated in the Table 3. The terminal settling
velocities for the three cases have been reported in experiments [48]. In terms of
the experimental data, the Reynolds number can be determined according to the
falling velocity and the diameter D . In both the experiment and numerical
simulation, the fluid in the tank is initially unperturbed and in hydrostatic state.

The Young’s modulus and Poisson ratio of the spheres in the three numerical
simulations are given as E* =1x10* kg (m sz)il and 0’ =0.3.The

deformations of the solid spheres are very small, so the spheres can be viewed as
essentially “rigid”. Therefore this, for all practical purposes, becomes a fluid-
particle interaction (FPI) problem. Much has been accomplished in computation
for FPI problems during the period 1996-2001. Reference [49] reported the first
3D finite element FPI computation, where the number of particles ranged from 2
to 5, and particle-particle interactions (collisions) were taken into account. The
reference [50] reported the 3D computations with the number of particles reaching
100 for the first time, and reference [51] reported the 3D computations where the
number of particles reached 1000 for the first time. Reference [52] is where
methods were introduced for FPI computations in spatially-periodic 3D domains,
results were reported with the number of particles reaching 128, and an extensive
study was presented focusing on the number particle needed in a periodic cell.
The initial distance between the center of the spheres and the top surface of

the tank is set at 2D. The boundary and initial conditions are given as follows:
V.B.C for fluid: v/ =0 (i=1,2,3) on all surfaces of the tank (e.g., non-slip
condition);

P.B.C for fluid: p’ =0 on the surface x,=0;

L.C. for fluid: v/ =0 (i=1,2,3);

V.B.C for solid: no velocity boundary conditions are applied;



L.C. for solid: v/ =0 (i=1,2,3).

The acceleration of the gravity is g =9.8m-s7".

Table 3 Experimental set-up of sphere falling inside the fluid medium under

gravity
T D MUT S Kol Navker
(kg-m%) H (m) v
C¢ 250 sx10* 10D 0.0741 41
Cizse 7670 2x10° 30D 0.636 1400
Cse 700 4x10® 30D 0.973 4300

For the Case #1, the cylindrical fluid domain and the solid sphere are
discretized using two sets of fluid and solid meshes: MS(1) irregular T4 meshes
with 56248 nodes for the fluid and 514 nodes for the solid, as shown in Fig. 11;
MS(2) irregular T4 meshes with 185329 nodes for the fluid and 1534 nodes for
the solid. The Case #2 and Case #3 employ MS(3) : irregular T4 meshes with
367461 nodes for the fluid and 1534 nodes for the solid.

The results of the numerical simulations are visualized in Fig. 12 and Fig. 13
. Fig. 12 shows the snapshots of the iso-surfaces of the fluid velocity component

v, atthe values of v.=-0.01m/s, v,=-02m/s and v, =-0.2m/s for the

three cases, respectively. Fig. 13 plots the contours of the fluid velocity

component v, and the fluid pressure on the slice plane x=0 at the settling

stage. For Case #1, the maximum Reynolds number at the settling stage is a small
value at Re =41. As such, the fluid flow around the sphere always remains
axisymmetric about the vertical axis passing through the center of the sphere. In
this case, the trajectory is vertical and produces a stable wake flow, which can be
clearly observed in Fig. 12(a) and Fig. 13(a). The pressure contour plots in Fig.
13(a) clearly show that, in Case#1 the movement of the sphere only perturbs the
fluid hydrostatic pressure field slightly in the regions near the solid sphere. In the
far-zone of the wake region the fluid pressure field still retains the characteristics
of the hydrostatic pressure. The Reynolds numbers for Case #2 and Case #3 at the
settling stage are relatively larger at Re = 1400 and Re = 4300, respectively. In the



short period after the sphere begins falling, due to the small falling velocity the
instantaneous Reynolds number is small. Hence, the fluid flow around the sphere
in the wake region is fairly axisymmetric, as shown in the Fig. 12(b) at #=0.06s
and Fig. 12(c) at 1 =0.08s, respectively. Once the falling velocity and the
associated Reynolds number increase to sufficiently large values, the fluid wake
flow becomes unsteady and cannot keep to the axisymmetric behavior, as
illustrated in Fig. 12(b) and Fig. 12(c). One can observe that at the settling stage
the wake flow of Case #3 as shown in Fig. 12(c) and Fig. 13(c) is more unsteady
than that of Case #2 as depicted in Fig. 12(b) and Fig. 13(b). This is attributed to
the much higher Reynolds number at the settling stage for Case #3. The pressure
fields for Case #2 and Case #3, as depicted in Fig. 13(b, c), are significantly
disturbed.

The histories of the average velocity v_ of the solid sphere are compared

with the experimental results in Fig. 14. The figure shows that for all the three
cases the terminal settling velocities achieved by the numerical simulations
display good agreements with the experimental results when fine meshes are used.
It clearly demonstrates that the proposed IS-FEM scheme provides the valid FSI

force, which is in final equilibrium with the gravity force.

5.4 Flow passing a cylinder with a flexible flag (Example 5.4)

In two dimensional FSI analysis, a benchmark FSI problem of a cylinder with
a flexible flag in the downstream side is often used to verify the numerical FSI
scheme [53, 54]. In this example, this benchmark is extended to three dimensions
as illustrated in Fig. 15. The fluid domain is a cuboid channel with the geometry
parameters given as: L=2.5m, W=0.02m and H =0.41m. The geometry
parameters of the solid cylinder and flag are: w=0.05m, [=0.35m and

h=0.02m . The location of the cylinder is determined by ¢ =0.2m. The inflow
velocity v/ (t) is prescribed at the left surface x, =0 with the following

parabolic profile

_1—cos(7t/2) (<20

<l
~
—~~
~
~—
I
<

where v =1.5Ux, (H —x,)/ (H 1 2)*.(36)
=20

<l

The mean inflow velocity is U when the inflow is steady after about 7=2.0s.



Using the same geometric model of the fluid and solid domains, three cases
examined in [53] are tested in this example with the different solid material

properties and inflow velocity, as tabulated in Table 4.

Table 4 Problem set-ups for Example 5.4

Parameter FSI-1 FSI-2 FSI-3
o' 10°kg -m™ 1 10 1
v* 0.4 0.4 0.4
@ 10°%kg (m-s*) 0.5 0.5 2.0
p’ 10°kg -m™ 1 1 1
' kg(m-s)_l 1 1 1
Um-s 0.2 1 2
Re=2p'rU /|y’ 20 100 200

The calculation starts at the rest state of the fluid and solid for all the cases.

And the boundary conditions are prescribed as follows:
V.B.C. for fluid: "v; =v” (r), 'v; ="v; =0 at x,=0; v/ =0 (i=1,2,3) at
x,=0 and x,=H; "v;=0 at x,=0 and x,=W;

P.B.C. for fluid: “p’ =0 at x,=L;

V.B.C. for solid: v =0 (i=1,2,3) if \/(xl —0)2 +(x, —c)2 =r.

The fluid domain is discretized by the irregular T4 mesh with 145344 nodes
and the solid domain is discretized by the irregular T4 meshes with 2084 nodes.
The average mesh size for the solid flag is approximately 2* = h/4 , and the

average mesh size for the fluid domain in the vicinity of the flagis 4’ =h/8 as

shown in Fig. 15. FS-FEM-T3 is employed for analyzing the large deformation of
the flexible flag. The displacement solution at the point A (0.6,0.2,0.01) on the

right tip of the flag is measured and compared with the reported reference
solutions.
Due to the low Reynolds number Re =20 for the case FSI-1, it finally

results in a steady state solution. At the steady state the FSI force applied on the

deformed flag are in balance with the internal force, and u; of the point A takes
on a constant value u; =8.314x 10 m, which agrees very well with the reference

solution uj =8.209x10"*m [53]. The contour of the fluid pressure field with



streamlines at the steady state is plotted in Fig. 16. The Reynolds number of the
case FSI-2 is Re=100, hence, the system settles into a large-amplitude self-excited
oscillation following the initial transient quiescent period. The oscillating flag
produces a regular vortex pattern that is advected along the channel, which is
shown in Fig. 17. Fig. 17(a) provides the snapshots of the pressure contour with

instantaneous streamlines in one period of the flag oscillation. The vertical tip

displacement at point A inis u; ~0.001 £0.083 m, fairly comparable with the

reference solution u; ~0.00123+£0.0806 m. The histories of u at the point A

are given in Fig. 17(b). The period of the oscillation is 7' = 0.52s. The case FSI-3
with Re=200 also develops a periodically oscillating fluid flow with regular
vortex pattern similar to the case FSI-2, shown in Fig. 18. The period of the FSI-3

is approximately 7 = 0.19s. The vertical tip displacement at point A is

u; ~0.001+£0.036 m, agreeing well with the reference solution

u; ~0.00148+£0.03438 m.

7. Conclusions

In this work, 3D FSI problems are successfully solved by the proposed
Immersed Smoothed Finite Element Method (IS-FEM). The IS-FEM is a kind of
partitioned approach, consisting of three main modules: semi-implicit Galerkin
procedure based on Characteristic-based Split (CBS) scheme for the transient
incompressible viscous flows; Smoothed Finite Element Methods (S-FEM) using
explicit time integration for dynamics analysis of the nonlinear solids; immersed
methodology for evaluating fluid-structure interactions based on a set of novel
Lagrangian fictitious fluid mesh. The Lagrangian fictitious fluid mesh coincides
with the moving solid mesh, in which the geometry information can be naturally
achieved with ease. The method is implemented via the simplest 4-node
tetrahedral element, which has advantages in simple pre-processing, adaptive
analysis and convenient data exchange of the velocity and pressure fields between
the Eulerian fluid mesh and the Lagrangian solid mesh. Numerical examples are
compared with the reported reference numerical and experimental results leading

to the following conclusions:



(1) The moving boundary in the fluid flow can be tracked without any
difficulty using the immersed methodology in 3D IS-FEM. No sophisticated re-
meshing is required.

(2) Good agreements with the published reference numerical and
experimental results verify the validity and accuracy of the 3D IS-FEM.

(3) IS-FEM possesses the second order convergence rate for the fluid velocity
and pressure in space, which arise from the Galerkin procedures of CBS and S-
FEM schemes.

(4) No reported “leaking” phenomena and unphysical solutions are observed

while employing both coarse and fine fluid mesh. The stability of 3D IS-FEM is

not affected for a wide range of the size ratio (upto A’ /h’ =1/10 is examined
in this research).

(5) It is worthy to note that the calculation of FSI force only needs the fluid
pressure being interpolated, and the implementation of the nodal FSI velocity
condition can be interpolated easily from the solid velocity field. All these
interpolations are performed by simple linear interpolation based on T4 element.

(6) The proposed operations in Section 4 are general algorithms, and provide
possibility and flexibility for users to choose other fluid solvers, e.g., Finite

Volume method (FVM) and Finite Difference Method (FDM), and so on.
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Fig. 1 Conceptual illustrations of two types of methods for solving FSI problems: (a) the fluid-

structure interfaces always coinciding with fluid mesh or grid; (b) the fluid-structure interfaces

immersed inside the fluid mesh or grid



Fig. 2 Tllustrations of the smoothing domains for S-FEM: (a) non-overlapping smoothing domain;
(b) face-based smoothing domain for FS-FEM-T4; (c) node-based smoothing domain for NS-
FEM-T4



Qf

rclgzﬁ — r\lgzx

T+l

s
7
‘K

r+11—f.s — r+11—~r
(b)

Qf

r_ Je
1

fictitious
fluid mesh

(d)

Fig. 3 Procedure for the IS-FEM to solve FSI problems from the time step z to the time
step 7+1: (a) solve the solid problem and update the solid configuration, (b) obtain the
velocity of fluid nodes x/ € 'Q" by FEM interpolation, (c) solve the fluid problem
with FSI velocity condition, (d) illustration of fictitious fluid mesh and fictitious fluid

nodes. O: solid nodes; M fluid nodes; @: fictitious fluid nodes



Fluid tunnel

vy

b aVav; 0y
KO0
KRR ,‘e' i 5'7 0
KRR KDY
= ey O s g
RO OREK A
PRI
R g
S )
e N A
Oy AN N T
ORI
QK »;15 Ve K
TAVAVAY,

Solid piston

=
‘A‘ 'H'
aoky
o lﬁ“;‘v "" "
o 1 o X
w,v 11' s X
‘A'A s ,ilﬁ‘#,vlg'#iﬂ'#é

A
Ay AN
u"'ﬁu’g{:{#.u"‘m’l

'AVA KH )qm! K
‘) KN Qm
mv suﬁ% ﬂmﬂg‘

TaVay, AV
AVA‘E‘E E«I‘

Fig. 4 Example 5.1: a moving piston in a tunnel. Left: Fluid domain and T4 mesh for solid piston;

right: T4 mesh for the fluid domain



contour of v/

contour of v/

(b)

contour of p’

Fig. 5 Results for Example 5.1: contour plots of the fluid velocity component and pressure with
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Fig. 8 Results for Example 5.2 solved using meshes: (a) MS(3) and MS(i); (b) MS(3) and MS(ii);
(c) MS(7) and MS(i); (d) MS(7) and MS(ii) (top row: slice contour plots of the fluid velocity
amplitude; mid row: slice contour plots of the fluid pressure; bottom row: iso-surfaces of the fluid

velocity at 0.05m/s, 0.2m/s and 0.25m/s)
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Fig. 9 Profiles of the deformed hyperelastic wall solved using different meshes
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Fig. 10 Spatial convergence properties of Example 5.2 in (a) fluid velocity solutions and (b)

pressure solutions ( /: average element size)



DXUARCI RS
SR
R
WEEE

T4 Mesh for fluid domain

T4 Mesh for solid sphere

8D

Fig. 11 Example 5.3: sphere falling inside the fluid medium under gravity (only T4 mesh for half

of the fluid domain is plotted)



D)
" ‘ S

At

0.06s 0.12s 0.18s 0.30s 006s 0.12s 0.18s 0.30s 008s 0.16s 0.24s 0325
(@) (b) (©

-~

Fig. 12 Results for Example 5.3. Snapshots of iso-surfaces of v_:(a) v, =-0.01m/s for Case #1,

(b) v, =-0.2m/s for Case #2; (c) v, =-0.2m/s for Case #3



t=0.3s t=0.52s

2426402 2.12E+03 3.87E+03
230E+02 2.02E+03 3.68E+03
2.18E+02 191E+03 3.48E+03
2.06E+02 181E+03
1.94E+02 1.70E+03
1.82E+02 1.60E+03
1.70E+02 > 1.50E+03
1.58E+02 > 1.39E+03
1.46E+02 1.29E+03
1.34E+02 A 1.18E+03
1.22E+02 1.OSE+03
_  ——— L10E+02 9.70E+02
— 9.85E+01 z@ 2 8.66E+02
$65E01 A 7.61E+02
7.46E+01 S =9 - 6.56E+02
= ss—— 6.27E+01 5.51E+02
- 5.07E+01 - Z 4.46E+02
3.88E+01 341E+02
2.69E+01 2.36E+02
149E+01 g 131E+02
2.98E+00 2.62E+01

S
(@)
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fluid pressure (bottom row) in the slice plane x=0 : (a) Case #1; (b) Case #2; (c) Case #3
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Fig. 16 Results for Example 5.4 (case FSI-1): the contour plots of the fluid pressure and

streamlines on the slice x; =W /2 at the steady state
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Fig. 17 Results for Example 5.4 (case FSI-2) (a) snapshots of the fluid pressure contours and

streamlines on the slice x; =W /2 ; (b) history of displacement component of the point A
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Fig. 18 Results for Example 5.4 (case FSI-3) (a) snapshots of the fluid pressure contours and

streamlines on the slice x; =W /2 (b) history of displacement component of the point A



