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Abstract

In Van den Akker, Van Hoesel, and Savelsbergh [1994], we have studied a time-
indexed formulation for single-machine scheduling problems and have presented a
complete characterization of all facet inducing inequalities with right-hand sides 1
and 2 of the convex hull of the monotone extension of the set of feasible schedules.
In this paper, we discuss the development of a branch-and-cut algorithm based on
these facet inducing inequalities. We describe separation algorithms for each class
of these inequalities, and elaborate on various other important components of the
branch-and-cut algorithm, such as branching strategies, cut generation schemes, and
primal heuristics. We present our computational experiences with the algorithm for
the problem of minimizing the total weighted completion time on a single machine
subject to release dates.
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1 Introduction

Scheduling problems are concerned with the optimal allocation of resources to a set
of tasks or activities over time. These resources are generally scarce so the allocation



inevitably gives rise to competition among tasks that are vying for their use. For an
excellent survey of sequencing and scheduling see Lawler, Lenstra, Rinnooy Kan, and
Shmoys [1993]. We restrict our attention to single-machine scheduling problems, i.e.,
problems in which there is only a single resource. Many single-machine scheduling prob-
lems are naturally formulated as integer programs with variables indexed by pairs (7,1),
where j denotes a job and t denotes a time period. These formulations are commonly
referred to as time-indered formulations and have been studied by several researchers
(Sousa [1989], Sousa and Wolsey [1992], Crama and Spieksma [1993], Van den Akker,
Van Hoesel, and Savelsbergh [1994], Van den Akker [1994]). For a survey of these re-
search activities and of other formulations that have been proposed for single-machine
scheduling problems we refer to Queyranne and Schulz [1994].

In Van den Akker, Van Hoesel, and Savelsbergh [1994], we have studied the polyhe-
dral structure associated with a time-indexed formulation for single-machine scheduling
problems and have presented a complete characterization of all facet inducing inequal-
ities with right-hand sides 1 and 2 of the convex hull of the monotone extension of the
set of feasible schedules. In this paper, we discuss the development of a branch-and-cut
algorithm based on these facet inducing inequalities and we present our computational
experiences with the algorithm for the problem of minimizing the total weighted comple-
tion times on a single-machine subject to release dates, i.e., 1|r;| > w;C;, which is known
to be NP-hard (Lenstra, Rinnooy Kan, and Brucker [1977]). Developing a branch-and-
cut algorithm involves a lot of engineering, especially when dealing with large linear
programs and large numbers of cuts. We elaborate on several such engineering aspects
and show that handling them properly is of crucial importance to the overall performance
of the algorithm.

This paper is organized as follows. In the first part, we concentrate on the separation
algorithms that have been developed for each class of facet inducing inequalities. In
the second part, we discuss various other important components of a branch-and-cut
algorithm; we investigate different branching strategies and cut generation schemes, and
develop several primal heuristics. We have conducted various computational experiments
and their results are reported throughout the second part.

2 A time-indexed formulation for single-machine schedul-
ing problems

The usual setting for nonpreemptive single-machine scheduling problems is as follows. A
set of n jobs has to be scheduled on a single machine. Fach job j (j = 1,...,n) must be
processed without interruption during a period p;. The machine can handle no more than
one job at a time and is continuously available from time zero onwards. We are asked to



find an optimal feasible schedule, that is, a set of start times such that the capacity and
availability constraints are met and a given objective function is minimized.

A time-indexed formulation is based on time-discretization, i.e., time is divided into
periods, where period ¢ starts at time ¢ — 1 and ends at time ¢; the planning horizon is
denoted by 7', which means that we consider the time-periods 1,2,...,T. We consider
the following time-indexed formulation for single-machine scheduling problems:

n T_p]‘l'l
min Z Z Cit
7=1 t=1
subject to
T—pj+1

Z_: zip =1 (j=1,...,n), (1)

t

Zn: Z r;s <1 (t=1,....,71), (2)

S:t—pj-|—1
$]t€{071} ((]:1,,717 15:177/‘T_p]_|_1)7

where the binary variable z;; for each job j (j = 1,...,n) and time period ¢ (¢ =
1,...,7 — p; + 1) indicates whether job j starts in period ¢ (z;+ = 1) or not (2;; = 0).
Constraints (1) state that each job has to be processed exactly once, and constraints (2)
state that the machine handles at most one job during any time period.

In Van den Akker, Van Hoesel, and Savelsbergh [1994], we have given a complete
characterization of all facet inducing inequalities with right-hand side 1 and 2 of the
convex hull of the monotone extension of the set of feasible schedules. These facet induc-
ing inequalities form the basis of the branch-and-cut algorithm discussed in this paper.

Before we can present these facet inducing inequalities with right-hand side 1 and
2, we have to introduce the following notation. The set of indices (j,t) of variables
with nonzero coeflicients in an inequality is denoted by V. The set of variables with
nonzero coefficients in an inequality associated with job j defines a set of time periods
Vi ={s|(j,s) € V}. If job j is started in period s € V;, then we say that job j is started
in V. With each set V; we associate two values

[; = min{s|s —p; + 1 € V;}
and

u; = max{s|s € V;}.



For convenience, let [; = oo and u; = —oo if V; = (). Note that if V; # 0, then [; is the
first period in which job j can be finished if it is started in V', and that u; is the last
period in which job j can be started in V. Furthermore, let | = min{/;|j € {1,...,n}}
and u = max{u;|j € {1,...,n}}.

Below, we present four theorems defining the structure of all facet inducing inequal-
ities with right-hand sides 1 and 2. For proofs of these results, we refer the reader to
Van den Akker, Van Hoesel, and Savelsbergh [1994]. For presentational convenience, we
use z(.5) to denote Z(j,s)es 7;, and denote valid inequalities with right-hand side 1 by
z(V) < 1 and valid inequalities with right-hand side 2 by x(V1) 4 22(V?) < 2, where
V=ViuvZand VInVv?=4.

Theorem 1 A facet inducing inequality (V') < 1 has the following structure:

Vi =[l—pi1,ul,
Vi=lu-p;,l] (j€{2,...,n}), (3)

where l =11 <wup =w. O

This theorem says that a facet inducing inequality with right-hand side 1 can be repre-
sented by the following diagram:

Next, we study the structure of valid inequalities with right-hand side 2. Consider
a valid inequality (V1) + 22(V?) < 2. Clearly, at most two jobs can be started in
V =V'UVZ Let j € {1,....,n} and s € V,. It is easy to see that, if job j is started in
period s, at least one of the following three statements is true.

1. It is impossible to start any job in V' before job j, and at most one job can be
started in V' after job j.

2. There exists a job ¢ with ¢ # j such that job ¢ can be started in V before as well
as after job j and any job j' with j’ # j, 7 cannot be started in V.

3. At most one job can be started in V' before job 7, and it is impossible to start any
job in V after job j.



Therefore, we can write V = L U M U U, where I, C V is the set of variables for which
statement (1) holds, M C V is the set of variables for which statement (2) holds, and
U C V is the set of variables for which statement (3) holds. Analogously, we can write
V=L, UM;UU,.

For both the sets L; and the sets U;, we can show that they have the same structure
for all but two jobs. Therefore, to study the structure of valid inequalities with right-hand
side 2, it suffices to consider three situations, based on the jobs with the deviant intervals
L; and U;. The following three theorems describe the structure of the inequalities in each
of the three situations.

Theorem 2 A facet inducing inequality (V') + 22(V?) < 2 with | = I} < Iy < 1%,
where [* = min{l; | j € {3,...,n}}, and uw = uy > uy > u*, where v* = max{u; | j €
{3,...,n}}, has the following LMU-structure:

Ly =l=pi,lo), My =[u" = pi, "]\ (L1 U Uy),
L2 = [12 — pg,l], M2 = [max{u*,lg} - pg,min{l*,UQ}] \ (L2 U UQ),
L]:[l*_pjvl]v M]:[UQ_pjle]\(L]UU])v

Up = [ug — p1,u,

Uy = [u_p27u2]7 (4)
Ui =[u—pj,u] (G €{3,....,n}),

where [ug — p;, [ C L; and [u —p;, 1] CU; forallje{3,....,n}. O

This theorem says that a facet inducing inequality a(V?') + 22(V?) < 2 with [ = ; <
lo <I* and w = uy > ug > u* can be represented by the following diagram:

l—p I u* —P1_ * Uz — p1 u
1 | | L
lo — p2 I max{u*, b} — pomin{l*, uz}u — p2 Us
2 I <2
F—p; lug—p; U — Py u?
et T3 —
L M U

Theorem 3 A facet inducing inequality x(V*')+2x(V?) < 2 withl = I < ly < I*, where
F=min{l; | j € {3,....n}}, v = wy > uz > u*, where v* = max{u; | j € {4,...,n}},



and l; > Iy or u; < us for all j € {2,...,n} has the following LMU-structure:

le[l—pl,lz], ]\41:®7
Ly = [l = p2,1], My = [ug —po, "]\ (L2 U Uy),
Ly =[I* = p3,l], Mz =[u*—ps,l\(L3UUs),
Ly =" =pp ], Mj=lus = pj, L]\ (L UU;),
Ul — [US—PMU]»
Uy = [u— pa,u”],
5
Us = [U—P37U3], ( )
j=lu—pju] (G€{4,....n}),

where {* < y*. O

This theorem says that a facet inducing inequality z(V1) 4+ 22(V?) < 2 with [ = 3 <
ly <, u=wu; >uz>u"andl; > lyoru; < wugforall j € {2,...,n} can be represented
by the following diagram:

l—p l2 u3 —p1 U

1 | | |

12—])2 l ulgi_—_]_)Q____|I* U — p2 u*
2 L1

P—ps lu" —psl u—ps 3 < 2.
r====1

3 I

" —p; l us :_12']12 U — p; u*
je{4,...,n} P

L M U

Theorem 4 A facet inducing inequality (V') 4+ 2z(V?) < 2 with | = Iy and u = uy has
the following LM U-structure, where I' = min{l; | j € {3,...,n}} and v’ = max{u; | j €

{3,...,n}}:

Ll = [l — pl,min{lg,l’}], M1 = [U/ - pl,min{l’,ul}] \ (Ll U Ul),
Ly =l = pa. 1], My = [max{w’, Iz} — p2, I'| \ (L2 U U2),
Lj:[l/_pjvl]v M]:®7
Uy = [u— p1,u],
Uy = [max{ulvul} - p27u]7 (6)
U]‘:[u—p]‘,u/] (j€{3,....n}),

where [I' — p3,1] C Ly and [u — py,u/] C Uy. O



Note that I’ and «’ do not necessarily coincide with * and u* because it is possible that
lo > {"and uy < . This theorem says that a facet inducing inequality z(V?1)+22(V?) < 2
with [ = [ and w = wuy can be represented by the following diagram:

l—p min{ls, '} «' —p1 min{l',u1} w—p w1
1 | |
lo — p2 ! max{u',lo} —p2 !’ max{ui,u'} — ps U
2 1 o | <2
U'—p; 1 U — Py u’
jel3,...n)
L M U

3 Separation

The separation algorithms for the four classes of facet inducing inequalities presented
in the previous section are based on the enumeration of a small subset of all possible
inequalities that may cut off the current fractional point.

To illustrate the underlying idea consider the class of facet inducing inequalities with
right-hand side 1. Let & be the current LP solution and let F' be a subset of variables
with Z;; > 0 for all (j,¢) € F" and Z(F') > 1. Any facet inducing inequality z(V') < 1 with
F CV cuts off Z. Obviously, there may be many facet inducing inequalities that cut off
Z, but it suflices for the separation algorithm to identify only one of them. Qur separation
algorithm exploits this observation and restricts the search for a violated inequality to a
subset of all facet inducing inequalities. The subset of facet inducing inequalities is chosen
such that if there exists a violated inequality, then there exists a violated inequality in
this subset.

Recall that each facet inducing inequality (V) < 1 is completely determined by a
job k, which w.l.o.g. is called job 1, and values [ and u. Our separation algorithm restricts
the search for a violated inequality to the subset of facet inducing inequalities covering F’
for which w—1{is minimal; minimal in the sense that there does not exist a facet inducing
inequality (V') < 1 with FF C V' and v’ —I' < w—1, i.e.,, u — [ cannot be decreased
without removing nonzero variables from the inequality.

Consider a three-job problem with p; = 4, po = 4, and p3 = 3. The LP solution
Tis = Tig = Tor = T = %, x31 = 1 violates the three inequalities with structure (3)
given by the diagrams below



456789 56789 56 7 89 10
1 LLs [ 2] 1 15 A 1 L2 Al
2 2 < 1; 2 2 < 1; 2 2 < 1;
3 | 3 3 -

Only the middle diagram represents a facet inducing inequality that covers I and is
minimal with respect to v — [.

It can be shown that a facet inducing inequality (V) < 1 that covers F' is minimal
with respect tou—1if #y ;_,, 41 > 0 and 21, > 0. We refer to this condition as the positive
subset condition. As a consequence of the positive subset condition, all potential violated
minimal facet inducing inequalities (V') < 1 can be enumerated in time polynomial in
the number of fractional variables in the current LP solution, whereas the total number
of facet inducing inequalities with right-hand side 1 is polynomial in the planning horizon
T.

The development of separation algorithms for facet inducing inequalities with right-
hand side 2 are also based on the identification of positive subset conditions.

This section is organized as follows. First, we consider facet inducing inequalities
with right-hand side 1. Second, we consider facet inducing inequalities with right-hand
side 2. For each type of inequality, we will study the structure of a minimal violated
facet inducing inequality and identify a positive subset condition. We then proceed by
presenting eflicient separation algorithms that can be derived from the results obtained.
In the sequel, # denotes the current LP-solution. As we start with the LP-relaxation of
the original formulation, Z satisfies (1) and (2).

3.1 A separation algorithm for facet inducing inequalities with right-
hand side 1

To identify violated facet inducing inequalities with right-hand side 1, we have to identify
violated inequalities with structure (3).

Lemma 1 If & violates a facet inducing inequality x(V) < 1, then &;5 < 1 for all
(j,s)eV.

Proof. Let 2(V) <1 be facet inducing. Let Z;, = 1 for some (j,s) € V. Since Z satisfies
(1), Z;o = 0 for any s’ # s. Because of the validity of (V) < 1, any job j’ that is started
in V' overlaps job j during some time-period. Hence, if &,/ > 0 for some (j',s') € V
with j # j, then the workload of the machine is greater than 1 during some time period.
Since inequalities (2) state that during any time period the workload of the machine is
at most 1, it follows that ;= 0 for all (j/,s') € V with j” # j. We conclude that then



(V) =1,1ie., Z does not violate z(V) < 1. O

The following lemma shows that the separation can be restricted to the identification
of inequalities satisfying the positive subset condition which states that #1;,_, 41 > 0
and #1, > 0. By this condition % — [ is minimal in the sense that it cannot be decreased
without removing nonzero variables from the inequality.

Lemma 2 [f & violates a facet inducing inequality x(V') < 1, then we may assume that
jl,l—prl-l > 0 and %1, > 0.

Proof. Let Z violate a facet inducing inequality z(V') < 1. Since Z satisfies (2), we
must have [ < u. Suppose Z1,—p,+1 = 0. If we increase [ by 1, then the variable x1 ;_p, 41
is removed from (V') < 1 and the variables z; ;44 with j # 1 such that u—p; < [+1 are
added to this inequality. In this way we obtain another facet inducing inequality. Since
in the original inequality #7;_p,+1 = 0, Z also violates the new inequality. We conclude
that if Z9;-p,+1 = 0, then we obtain another violated inequality by decreasing u — [.
We may hence assume #;_p,4+1 > 0. In the same way we can show if #;, = 0, then
we obtain another violated inequality by decreasing u, i.e., by decreasing u — [. We may
hence also assume that %4, > 0. O

Since the current LP-solution & satisfies the equations (1), for a violated inequality
(V) < 1 we must have V; # ) for some j € {2,...,n} and hence u — max{p; | j €
{2,...,n}} < I. A facet inducing inequality (V) < 1 is determined by a job j and
time periods [ and u. It is easy to see that the number of such inequalities is of order
N Pmax, Where ppac denotes the maximal processing time. However, the number of in-
equalities satisfying the positive subset condition is bounded by the square of the number
of fractional variables in the current LP-solution and hence the number of inequalities
that have to be checked by the separation algorithm is bounded by this number. The
resulting separation algorithm is as follows.

SepRHS1(x)

begin
for all jobs j € {1,...,n} do
for all I such that 0 < #;;_p,41 <1 do
for all u such that [ < v <!+ max{p; | i # j} and 0 < £, < 1 do
if Zse[l—pj,u] jjs + Zz;ﬁ] Zse[u—p,,l] Lis > 1
then violated inequality identified;
end.



3.2 A separation algorithm for facet inducing inequalities with right-
hand side 2

Facet inducing inequalities with right-hand side 2 are inequalities with structure (4),
(5), or (6). Because of the complexity of the necessary conditions for an inequality with
one of these structures to be facet inducing (see Van den Akker [1994]), the separation
algorithm is not restricted to facet inducing inequalities but considers all nondecompos-
able inequalities with one of these structures, where an inequality (V') + 22(V?) < 2
is called nondecomposable if it cannot be written as the sum of two valid inequalities
with right-hand side 1. As we have done in the previous subsection, we will study the
characteristics of violated inequalities satisfying the positive subset condition. The study
proceeds in three phases and will be presented in the form of several lemmas. For reasons
of brevity, we have omitted the proofs of these lemmas. The interested reader is referred

to Van den Akker [1994].

Lemma 3 [f & violates the inequality x(V')+2x(V?) < 2 and satisfies all valid inequal-
ities x(W) < 1 with W CV, then &5, < 1 for all (j,s) € V.

Recall that the positive subset condition implies that some function of the parameters
is minimal in the sense that it cannot be decreased without removing nonzero variables
from the inequality. As the positive subset condition is derived in three phases, the
minimization of this function also proceeds in three phases. The following lemma shows
that the positive subset conditions that are derived in the first phase imply that « — [
is minimal. In the first phase, we do not consider the classes of inequalities separately.
If & violates some inequality (V') 4 2z(V?) < 2 for which u — [ is not minimal, then
the violated inequality that can be obtained from it by minimizing v — [ may be of a
different type. For example, if  violates an inequality with structure (4) for which u —1
is not minimal, then by minimizing v — [ we may obtain an inequality with structure (6).

Lemma 4 If & violates the inequality (V') +2x(V?) < 2 with structure (4), (5), or (6)
then we may assume that one of the following holds:

(a) a(V1) + 22(V?) < 2 has structure (4) or (5), &1 1—p,4+1 > 0, and T1, > 0;

(b) a(V') + 22(V?) < 2 has structure (6), &14-p,+1 > 0, and &3, > 0.

In the second phase, we distinguish between inequalities with structure (4) or (5) and
inequalities with structure (6). This means that if there exists a violated inequality with
minimal u — [ that has structure (4) or (5), then the separation algorithm will identify a
violated inequality with one of these structures and the given [ and u. The same is true
for inequalities with structure (6).

10



For l; = [* or ug = w* an inequality with structure (4) also has structure (5). The
following lemma shows that it is beneficial for the separation algorithm to check some of
the inequalities with structure (4) while it is considering inequalities with structure (5).
Therefore, in the separation algorithm these inequalities are also seen as inequalities with
structure (5), i.e., we allow structure (5) with [; = [y and u; = us for some j € {2,...,n}.
The following lemma shows that for a violated inequality with structure (4) or (5) the
positive subset condition implies that wg) — I3 is minimal, where u() equals ug, if the
inequality has structure (4) and equals ug if the inequality has structure (5).

Lemma 5 If & violates an inequality x(V')+2x(V?) < 2 with structure (4) or (5), then
we may assume that one of the following two holds:

(a) a(V1) + 22(V?) < 2 has structure (4), T31,—p,41 > 0, and gy, > 0;

(b) (V') + 22(V?) < 2 has structure (5) possibly with l; = ly and u; = us for some
j S {2, .. .,n}, j2,12—p2+1 > 0, and jSug > 0.

Consider an inequality with structure (6) and suppose that Iy > I'. Tt is easy to
see that if we set [, = I’, then the only part of the inequality that may be changed is
the interval M,. Therefore, the inequality remains valid. Therefore, we assume [, < [/,
although by this assumption we may drop the condition that [; = min{s|s—ps+1 € V5}.
Analogously, we assume uy > u'.

The following lemma shows that for a violated inequality with structure (6) the
positive subset condition implies that (I3 — I)* 4+ (u — uq)* is minimal, where 27 =
max{xz,0}. The expression ({3 —[)T stems from the fact that since, by definition, Iy > [,
I3 cannot be decreased if I; = [. Analogously, we find the expression (u — uy)™.

Lemma 6 If & violates x(V') 4+ 22(V?) < 2 with structure (6), then we may assume
that

(a) if ly > I, then %, > 0;

(b) if uy < u, then &3,4,—p,41 > 0.0

In the third phase, each of the classes of inequalities is considered separately. The
following lemma shows that for inequalities with structure (4) separation can be restricted
to violated inequalities for which (I* —I3)" 4 (ug — u*)¥ is minimal, where the expressions
(I*—13)T and (uy — u*)* stem from the conditions on the parameters stating that 5 < [*
and uy > u*.

Lemma 7 If & violates x(V1) + 22(V?%) < 2 with structure (4), then we may assume
that

(a) if I* > lg, then either &y« > 0, My # 0, and I* is the maximum of My, or Fg« > 0,
My # 0, and I* is the mazimum of M ;

11



(b) if u* < ug, then either Zyys_p,11 > 0, My # 0, and u* — py + 1 is the minimum of
My, or Gayr—py41 >0, My # 0, and u* — py + 1 is the minimum of M,. O

Note that for an inequality z(V?') + 22(V?) < 2 with structure (4) with Iy < [* we
have that My # () and [* is the maximum of My if and only if u* —p; < I* < ug — py. The
other conditions in the above lemma can be rewritten in a similar way. For inequalities
with structures (5) and (6), we can derive similar lemmas which show that separation
can be restricted to violated inequalities for which respectively (I* — I3)T + (u3 — u*)*
and (I' = 13)T + (u; — «/)* are minimal.

Based on the previous lemmas, we can derive a separation algorithm for inequalities
(V1) + 22(V?) < 2 with structure (4), (5), or (6). As for facet inducing inequalities
with right-hand side 1, the algorithm is based on enumeration of fractional variables in
the current solution. We will only present the algorithm that identifies violated inequal-
ities with structure (4). The identification of violated inequalities with other structures
proceeds in a similar way. Furthermore, we will not describe the algorithm in complete
detail, but only provide an overview.

In the description of the separation algorithm I3,(j1, 72,1, l2, I*, w*, uz, u) denotes the
value of the left-hand side of the inequality with structure (4) for Z with job j; as job 1,
job jo as job 2, and the numbers [, 5, [*, u*, us and u as indicated. The number of such
inequalities is O(n?T*p2,,). If the current solution satisfies all valid inequalities with
right-hand side 1, then, by Lemma 3, the number of inequalities that are checked by the
separation algorithm is bounded by the sixth power of the number of fractional variables
in the current solution. The separation algorithm is as follows.

SepRHS2a(x)
begin
for j; and [ such that i’jl,l—p]’1+1 > 0 and such that there exists a u with Z;, , > 0 and
u > 1+ ppin do
for j, and I3 such that i‘j%lb P
< 1+ maxips | # 1) do
for us such that z;, ,, > 0, us > Iy, Uj, # 0 if L;, = 0, and such that there exists a u
with &;, , > 0, u —max{p; | j # j1} < uz < u, and u > { + pmin do
for u such that #;, , > 0, u —max{p; | j # j1} < uz < u, and
u > I+ ppin do
if iy — pj, > 1{L;, = 0}

+1>0,j2 # j1, la >, and

then
SepRHS2al.2empty(Z, j1, j2, , l2, us, u);
else
ifU2 S U _pj2 {U]2 = m}
then

SepRHS2aU2empty(Z, j1, ja, !, l2, ua, u);

12



else {L;, # 0 and U;, # 0}
SepRHS2anonempty (&, j1, j2, {, l2, ta, u);
end.

SepRHS2aL2empty(Z, j1, ja, 1, l2, us, u)
begin
u* =y
for I* = I3 and {* > [5 such that condition (a) of Lemma 7 is satisfied do
if Iza(jl,jz,l,lz,l*,u*,UQ,U) > 2
then violated inequality identified;
end.

SepRHS2aU2empty(Z, j1, ja, !, ls, us, u)
begin
I = usg;
for u* = us and u* < uy such that condition (b) of Lemma 7
1s satisfied do
if IZa(jl,jZa l, 12, l*, U*, us, U) > 2
then violated inequality identified;
end.

SepRHS2anonempty(z, ji, jo, l, [z, us, u)
begin
= by (M, = 0}
for u* = uy and u* < uy such that &;, y»_p,_j,41 >0, M;, # 0, and
u* — pj, + 1 is the minimum of M;, do
if Iza(jl,jz,l,lz,l*,u*,UQ,U) > 2
then violated inequality identified;
w* = us; {M;, = 0}
for I* >[5 such that &;,;» >0, M;, # 0, and I* is the maximum of M;, do
if Iza(jl,jz,l,lz,l*,u*,UQ,U) > 2
then violated inequality identified;
for [* >[5 and u* < us such that the conditions from
Lemma 7 are satisfied do
if Iza(jl,jz,l,lz,l*,u*,UQ,U) > 2
then violated inequality identified;
end.

4 A branch-and-cut algorithm for 1|r;| ¥ w;C;

Based on the separation algorithms derived in the previous section, we have developed
a branch-and-cut algorithm for the problem of minimizing the sum of the weighted
completion times on a single machine subject to release dates, i.e., 1|r;|> w;C;. In
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this section, we describe the main components of the branch-and-cut algorithm and we
report on its performance. We investigate the quality of the lower bounds obtained by
adding violated inequalities, we discuss possible branching strategies and cut generation
schemes, and we develop several primal heuristics. Finally, we present the computational
results of the two variants that perform best.

The branch-and-cut algorithms have been implemented using MINTO, a Mixed IN-
Teger Optimizer (Nemhauser, Savelshergh, and Sigismondi [1994]). MINTO is a software
system that solves mixed-integer linear programs by a branch-and-bound algorithm with
linear relaxations. It also provides automatic constraint classification, preprocessing, pri-
mal heuristics, and constraint generation. Moreover, the user can enrich the basic algo-
rithm by providing a variety of specialized application functions that can customize
MINTO to achieve maximum efficiency for a problem class. Qur computational experi-
ments have been conducted with MINTO 2.0/CPLEX 3.0 and have been run on a IBM
RS/6000 model 590. In all our experiments MINTO’s preprocessing, primal heuristics,
and cut generation have been deactivated.

For our computational experiments, we have used sets of 20 randomly generated
instances with uniformly distributed parameters; the weights are in [1, 10], the release
dates are in [0, % > 7—1 p;], and the processing times are in [1, pmay]. We consider sets of
20-job instances with pnax equal to 5, 10, and 20, respectively, and sets of 30-job instances
with pmax equal to 5 and 10, respectively. Recall that the number of constraints is n+ 7T
and the number of variables is approximately nT'. Since T" > 377, p;, the size of the
linear program increases when the number of jobs increases as well as when the processing
times increase. For the 30-job problems we did not consider pya = 20, since the memory
requirements were too large.

4.1 Quality of the lower bounds

The goal of our first experiments was to evaluate the quality of the lower bounds obtained
by just solving the LP-relaxation, by solving the LP relaxation in combination with
facet inducing inequalities with right-hand side 1, and by solving the LP-relaxation in
combination with facet inducing inequalities with right-hand side 1 and 2. The results
for one hundred instances, twenty in each of the sets, are summarized in Table 1. Let
Zrp denote a lower bound on the optimal value Zjp of the integer program. The gap
Grp corresponding to this lower bound is defined by
Gy = 2P~ 218 g0,
Zrp

Note that this gap is expressed as a percentage. In Table 1, we report for each set of
twenty instances corresponding to the same combination (7, pmax) the following numbers:
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o (75 and GPE%: the average gap after solving the LP-relaxation and the maximum
of these gaps;

o GFV and G the average gap after the addition of cuts with right-hand side 1
and the maximum of these gaps;

o (5 and GP?*: the average gap after the addition of cuts with right-hand side 1
and 2 and the maximum of these gaps.

LP 1 2
(0, pas) || G | GEF | G [ G | Gy | G
(20, 5) 0.379 | 1.346 || 0.157 | 1.228 || 0.058 | 0.572
(20,10) 0.64 | 1.959 || 0.233 | 1.337 || 0.054 | 0.407
(20,20) 0.507 | 1.657 || 0.126 | 0.966 || 0.047 | 0.385
(
(

30, 5) 0.390 | 1.309 || 0.179 | 0.664 | 0.121 | 0.599
30,10) 0.478 | 1.099 || 0.121 | 0.934 || 0.096 | 0.592

Table 1. Quality of the bounds.

The results in Table 1 do not reflect the fact that many instances were solved to
optimality just by adding cuts. Table 2 provides statistics on the frequency with which
optimal solutions were found. More precisely, we report:

e nyp: the number of instances for which the optimal solution of the LP-relaxation
was integral;

e nq: the total number of instances that were solved to optimality after the addition
of cuts with right-hand side 1;

e n9: the total number of instances that were solved to optimality after the addition
of cuts with right-hand side 1 and 2.

These results show that the bounds obtained are excellent, even the initial linear
relaxation is always within two percent of the optimum, and that both classes of in-
equalities are effective in reducing the integrality gap. Table 1 indicates that for most of
the instances the addition of cuts with right-hand side 1 closes at least half of the inte-
grality gap and that addition of cuts with right-hand side 2 reduces this gap even further.
From Table 2 we conclude that the addition of cuts with right-hand side 2 significantly
increases the number of instances that are solved without branching.
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(nvpmax) npp | 1 | 12
(20,5) |5 | 1218
(20,10 |0 |6 |16
(20,20) 4 13 | 17
(30,5 |5 |6 |8
(30,10 |0 |5 |9

Table 2. Number of instances that were solved to optimality.

4.2 Branching strategies

When the addition of cutting plane fails to solve the problem, we resort to branch-and-
bound. In this section, we discuss three branching strategies that can be used in the
branch-and-cut algorithm and we evaluate their performance. The first two strategies
are general branching strategies, in the sense that they can be used for any 0-1 integer
program, whereas the third strategy exploits the structure of feasible schedules.

General branching strategies for 0-1 integer programs are based on fixing variables,
either a single variable (variable dichotomy) or a set of variables (GUB dichotomy).
We have explored both strategies. In the first, we branch on the fractional variable z
closest to 0.5. We set z;; = 1 on one branch, i.e., we force job j to start in time period
t, and z;; = 0 on the other branch, i.e., we prevent job j from being started in time
period t. In case of ties, we select the variable with the smallest ¢. In the second, we
branch on the assignment constraint 3 ;<c7_, 41 ¢j¢ = 1 for the job j that covers the
largest time interval, i.e., the job j for which the difference between the first and last
period with positive z;¢ is maximum. We set ZlStSLt*J zj; = 0 on one branch, i.e, we
force job j to start not later than [¢*|, and 2o lt*|<t<T—p,+1 £jt = 0 on the other branch,
i.e., we force job j to start before |t*| + 1, where we have chosen ¢* to be equal to
ZIStST—pJ-I—l(t — 1)a 1, the mean start time suggested by the current LP solution. The
second branching scheme has the advantage that it divides the search space more evenly,
which is a desirable characteristic of a branching strategy.

The above branching strategies specify how the current set of feasible solutions is to
be divided into smaller subsets. They do not specify how the subproblem to be solved
next is to be selected. We have considered two selection strategies: depth-first search and
best-bound search. Depth-first search is usually applied to get (hopefully good) feasible
solutions fast; experience shows that feasible solutions are more likely to be found deep
in the tree than at nodes near the root. Having a good feasible solution is necessary to
be able to prune nodes and thus to reduce the size of the branch-and-bound tree. Best-
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bound search is motivated by the observation that to prove optimality the node with
the best bound has to be evaluated, so it may as well be explored first. Computational
experiments have revealed that the branching strategies based on variable and GUB
dichotomy work best with best-bound search of the tree.

The positional branching strategy, which is the traditional branching strategy used
in combinatorial algorithms, exploits the structure of feasible schedules and fixes jobs
at a certain position in the schedule. At level d in the branch-and-bound tree the jobs
in positions 1,...,d — 1 have already been fixed and some job j is fixed at position d.
Fixing a job j in position d is accomplished by fixing its start time at the maximum of
its release date and the completion time of the (d — 1)th job. Note that this can be done
because the objective function is nondecreasing in the completion times of the jobs. As
a dominance rule, we do not allow a job to be fixed in position d if its release date is so
large that it is possible to complete some other job that has not yet been fixed before
this release date. The subproblems at level d are defined by fixing the jobs that have
not yet been fixed at position d. The order in which these subproblems are selected is
determined on the basis of the mean start times suggested by the current LP solution,
i.e., the jobs are put in nondecreasing order of ZlgtST—pj-I-l tz ;. This strategy works
best in combination with depth-first search of the tree.

In Tables 3a and 3b, we compare the performance of the different branching strategies
for the two sets of 30-job instances with pmax = 5 and pmax = 10. Since the majority of
the 20-job instances were solved to optimality in the root node, we do not report results
for these instances. In the first three rows of the tables, we report on the number of
nodes in the branch-and-bound tree: the average number (n?V), the maximum number
(n™*%), and the standard deviation (o). In the last three rows of the table, we report
on the computation time. Several observations can be made based on these results.

(30,5) | positional GUB variable

branching | dichotomy | dichotomy
n® 52.30 6.60 489.90
npmax 255 29 7545
On 66.02 7.63 1641.01
(A 7.98 6.08 213.12
grmax 20.31 23.99 3307.94
oy 5.50 4.55 716.77

Table 3a. Performance of the different branching strategies for n = 30 and ppax = 5.
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(30,10) | positional GUB variable

branching | dichotomy | dichotomy
n® 26.57 19.35 169.05
n'max 286 247 2661
On 56.62 52.86 578.68
v 23.27 53.15 477.38
gmax 384.63 691.51 7269.59
o 60.10 146.96 1585.95

Table 3b. Performance of the different branching strategies for n = 30 and pmax = 10.

First, the branching strategy based on variable dichotomy is clearly inferior to the other
two. Second, GUB branching requires fewer nodes than positional branching. However,
evaluating fewer nodes does not translate into faster solution times. There are two factors
that, in our opinion, contribute to this phenomenon. Positional branching fixes many
more variables which reduces the size of the linear programs that have to be solved. In
addition, in a depth-first search strategy consecutive linear programs differ only slightly.
Consequently the basis of last solved linear program is a good starting basis for the
current linear program. In a best-bound search strategy consecutive linear programs
are likely to differ considerably. Consequently, the basis of the last solved linear program
does not provide a good starting basis for the current linear program. Furthermore, since
many cuts are generated during the solution process, the basis associated with the basis
associated with the last linear program solved in the parent node does not provide a good
starting basis either. A final observation is that there is a high variance in complexity
among the instances. With GUB branching all but one instance are solved in fewer than
20 nodes and less than 60 seconds; the one difficult instance solves in a little less than
250 nodes and 700 seconds. To verify whether this is typical behavior, we tested GUB
branching and positional branching on an extended set of 40 instance with pyax = 10.
The results for this extended set of instances can be found in Table 4 and show a similar
pattern.

An advantage of the branching strategy based on GUB dichotomy is that it can be
applied for all objective functions > 7, ZtT:_ler ;¢ j¢, whereas the positional branching
strategy is based on the assumption that it is most favorable to start a job as early
as possible and can only be applied if the objective function is nondecreasing in the
completion times of the jobs.

On the other hand, with the positional branching strategy the total number of nodes
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(30,10) | positional GUB

branching | dichotomy
n® 133.38 29.05
npmax 2108 573
On 370.06 95.92
v 83.49 59.98
gmax 638.79 691.51
o 158.91 142.37

Table 4. Performance of the different branching strategies for n = 30 and pmax = 10.

in the branch-and-bound tree only depends on the number of jobs, whereas for the
branching strategy based on GUB dichotomy the number of nodes depends on the number
of jobs as well as on the planning horizon; hence on the size of the processing times. This
suggests that positional branching may perform better for instances with large processing
times.

4.3 Cut generation schemes

In this subsection, we study the influence of different cut generation schemes on the
performance of the branch-and-cut algorithm. Cut generation schemes try to find the
proper balance between the expected increase in performance due to stronger bounds
that result from the addition of cuts and the expected decrease in performance due to
the effort required to identify violated cuts and to solve larger and more difficult linear
programs. Cut generation schemes specify, among other things, when we try to identify
violated inequalities, which of the identified violated inequalities are added, and when
inactive inequalities are deleted.

The experiments of the previous section showed that 30-job instances with ppax =5
are relatively easy, in the sense that their solution requires very few nodes, and that a
large sample of 30-job instances with ppax = 10 is necessary to be able to draw reliable
conclusions. Therefore, the remaining experiments have been conducted with a set of 40
randomly generated 30-job instances with ppa.. = 10.

We have investigated various possible cut generation schemes that specify choices
related to which classes of cuts to use and when to use them.

R12T12: At all nodes, add cuts with right-hand side 1 and 2.

R12T1: At the root node, add cuts with right-hand side 1 and 2; in all other nodes, add
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cuts with right-hand side 1.

R12: At the root node, add cuts with right-hand side 1 and 2; in all other nodes, do not
add cuts.

R1T1: At all nodes, add cuts with right-hand side 1.

The performance of these variants is shown in Table ba and 5b. We report the per-
formance of these variants with positional branching as well as with GUB branching.
Again, n®¥ and n™#* denote the average and maximum number of nodes, and ¢* and
M3 denote the average and maximum computation time.

RI12T12 | R12T1 Ri12 | RITI

nv 133.38 | 220.90 | 377.07 | 422.07
pmax 2108 3677 7504 4764
(A 83.49 71.25 | 75.62 | 64.01

pmax 638.79 | 528.46 | 816.73 | 595.59

Table ha. Cut generation schemes with positional branching.

RI12T12 | R12T1 Ri12 | RITI

n*v 29.05 67.42 | 107.70 | 89.97
pmax 573 1981 3443 1595
[ 59.98 69.54 | 66.09 | 59.81

pmax 691.51 | 889.87 | 991.02 | 846.20

Table 5b. Cut generation schemes with GUB branching.

Several observations can be made based on these results. First, the cut generation
scheme R12T12, i.e., generating cuts with right-hand side 1 and 2, clearly results in the
fewest number of evaluated nodes. However, evaluating fewer nodes does not translate
into faster solution times. For positional branching, cut generation scheme RI1T1, i.e.,
generating only cuts with right-hand side 1, is much faster than R12712 even though
it generates considerably more nodes, and for GUB branching cut generation scheme
R1T1 is about as fast as RI12T12 although it generates more nodes. This is probably
due to the fact that the linear programs that result if cuts with right-hand side 2 are
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added are more difficult because they are denser than cuts with right-hand side 1. So
far the two best variants of the algorithm are positional branching with cut generation
scheme RI1TI and GUB branching with cut generation scheme R127T12. We prefer cut
generation scheme R12T12 over R1T1 for GUB branching because it seems to be more
robust in the sense that the maximum number of evaluated nodes and the maximum
computation time over all instances are the smallest. For the remainder, we will restrict
our computational experiments to these two versions.

The cut generation schemes discussed above specify choices related to which classes
of cuts to use and when to use them. We have also considered cut generation schemes
that try to improve the performance by limiting the number of violated inequalities that
will be added to the active linear program. In fact, such a cut generation scheme has
been active during all previous experiments. When MINTO processes a node, it monitors
the changes in the value of the LP solutions from iteration to iteration. If it detects that
the total change in the value of the LP solution in the last three iterations is less than
0.5 percent, i.e., 0.005 times the value of the current LP solution, it forces MINTO to
branch. This feature is incorporated in MINTO to handle the ‘tailing-off” effect exhibited
by many cutting plane algorithms. Tailing-off refers to a situation in which for several
consecutive iterations violated inequalities are identified and added to the current linear
program, but the objective function value only marginally improves. In such situations,
it may be more advantageous to branch than to continue generating cuts.

The experiments carried out to evaluate the quality of the bounds, discussed in Sec-
tion 4.1, revealed that it is impossible to predict the change in objective function value
after the addition of violated inequalities. It frequently happened that the objective func-
tion hardly changed for several iterations before improving significantly. Consequently,
it is very likely that MINTO, with default settings, would sometimes force branching too
soon. To ensure the best possible bound at the root node, we have chosen to deactivate
forced branching in the root node.

To evaluate the effect of different forcing strategies on the performance of the al-
gorithms, we have investigated the following three strategies: no forced branching, no
forced branching at the root node but forced branching at all other nodes, and forced
branching throughout the tree. The results are shown in Tables 6a and 6b. The follow-
ing observation can be made based on these results. First, the strategy that we adopted
works well. Second, the tailing-off effect is much stronger when cuts with right-hand side
2 are used.

There are various other ways to limit the number of violated inequalities that will
be added to the active linear program: limit the number of cuts that is added in a
single round of cut generation, limit the number of rounds of cut generations per node
evaluation, and limit the number of nodes at which cut generation takes place (this is
sometimes referred to as the cut frequency). All these did not seem to have a significant
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no forcing | root forcing | forcing
n® 27.92 29.05 | 56.12
npmax 419 573 1419
v 130.33 59.98 | 56.45
gmax 2396.48 691.51 | 804.85

Table 6a. Forcing strategies with GUB branching.

no forcing | root forcing | forcing
n® 432.70 422.07 | 409.80
nmax 5036 4746 4746
v 65.55 64.01 | 62.32
gmax 602.62 595.59 | 608.17

Table 6b. Forcing strategies with positional branching.

positive effect on the performance of the basic algorithm. In most cases, the performance
of these variants was actually worse.

Finally, we have experimented with cut generation schemes in which inequalities are
deleted when they have been inactive for a number of consecutive iterations, i.e., the
dual variable associated with the inequality has been 0 for a number of consecutive
iterations. Again, such a cut generation scheme has been in effect during all previous
experiments. To control the size of the active linear program MINTO monitors the
dual variables associated with all the inequalities that have been generated during the
solution process and, if the value of a dual variable has been equal to zero for fifty
consecutive iterations, MINTO will deactivate the corresponding inequality. Deactivating
an inequality means deleting it from the active linear program and storing it in a cut
pool. Every time the active linear program is solved and a new linear programming
solution exists, the inequalities in the cut pool will be inspected to see if any of them are
violated by the current solution. If so, these inequalities will be reactivated. Reactivating
a inequality means adding it to the active formulation and deleting it from the cut pool.
The cut pool has a fixed size and is maintained on a first-in-first-out basis, i.e., if the
pool overflows the inequalities that have been in the pool the longest will be deleted.
As soon as a cut is deleted from the cut pool it can never be reactivated again. Table
7 shows the effect of different thresholds for deletion (10, 50, 1000) for GUB branching.
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A threshold for deletion specifies the number of consecutive iterations in which the dual
variable associated with a constraint has to be equal to 0 before it is deactivated. Note
that setting the threshold to 1000 for this application is equivalent to no cut deletion. We

10 50 1000
nv 28.82 | 29.05 30.42
n'max 573 573 595
[ 75.98 | 59.98 80.06
tmax 1 901.98 | 691.51 | 1320.93

Table 7. Effect of different thresholds for cut deletion.

conclude that cut deletion greatly influences the computation time and that MINTO’s
default setting is appropriate for our application. We have not performed the same
experiment for positional branching, but it is very likely that our conclusions are also
applicable to positional branching.

4.4 Primal heuristics

In this subsection, we describe the primal heuristics that have been incorporated in the
branch-and-cut algorithm. The availability of good feasible solutions is important for
various reasons. In case of depth-first search (which we do in case of positional branching)
it may significantly reduce the number of nodes that has to be evaluated, since any node
with a lower bound greater than or equal to the value of the best known solution can be
skipped from further consideration. In case of best-bound search (which we do in case of
GUB branching) it will not reduce the number of evaluated nodes by much, but it will
reduce the set of unevaluated nodes that has to be kept, which is important for large
integer programs because it reduces the chance of running out of memory. Furthermore,
good feasible solutions are essential for effective reduced cost fixing.

We have implemented four primal heuristics. The first heuristic is derived from
Smith’s rule (Smith [1956]). Smith’s rule solves 1|| > w;C}, i.e., the case without re-
lease dates. Smith’s rule states that 1|| 3~ w;C; is solved by scheduling the jobs in order
of nondecreasing p;/w; ratio. Our first heuristic schedules the jobs according to the fol-
lowing rule: at each decision point schedule the available job with the smallest p;/w;
ratio, where the first decision point is the smallest release date, and the kth decision
point is either the completion time of the job scheduled in the (k£ — 1)th position or,
in case there are no jobs available at that time, the smallest release date among the
unscheduled jobs.
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The other three heuristics schedule the jobs according to some ordering based on
the values of the current linear programming solution. We have used the following three
orderings:

e schedule jobs in order of nondecreasing mean start time ZtT:_lpJH(t — D)

e schedule jobs in order of nondecreasing maximum start time argmaz{x;;};
e schedule jobs in order of nondecreasing first start time argming{a;; > 0}.

In most situations, the ordering based on the mean start time provides the best feasible
solution. However, since these heuristics take very little time we always apply all of them.
Furthermore, note that these heuristics are applied every time that a linear program has
been solved, whereas the first heuristic is applied only once.

Let zpyp denote an upper bound on the optimal value zyp of the integer program.
The gap Gy p corresponding to this upper bound is defined by

FUB — ZIP % 100%
zrp

Gup =
In Table 8a and 8b, we report for those 30-job instances that were not solved to optimality
by the initial LP-relaxation the following numbers:

o G2V, and G)NAY 1 the average gap for the first heuristic and the maximum of these

gaps;

o G, and G22X: the average gap for the best of the other three heuristics when

init nat
applied to the solution of the initial LP relaxation and the maximum of these gaps;

o v . and G722%: the average gap after the root node has been evaluated and the

maximum of these gaps;

Observe that the gap after the root node has been evaluated may differ for the two
variants we consider, since we do not generate cuts with right-hand side 2 with the
positional branching scheme. The computational results show that the solutions to the

av max Gav. (Gmax av max
ratio ratio it et root root

9.03 | 1752 | 147 | 6.94| 0.19 | 1.23

Table 8a. Performance of the primal heuristics when cuts with right-hand side 1 and 2

are added.
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av max Gav. (Gmax av max
rateo rateo it et root root

9.03 | 1752 | 147 | 6.94| 0.44 | 2.22

Table 8b. Performance of the primal heuristics when only cuts with right-hand side 1

are added.

LP-relaxations encountered during the solution process provide good starting-points for
obtaining primal solutions; the heuristics based on these fractional solutions provide
much better primal solutions than the first heuristic.

4.5 Overall performance and conclusions

Our final experiments aim at assessing the overall quality of the branch-and-cut algorithm
that we have developed. We have tried to do this in three ways. First, we compare the
performance of our branch-and-cut algorithm to that of a commercially available TP
solver. Second, we compare the performance of our algorithm to the performance of other
branch-and-cut algorithms that have been developed by other research groups for the
same or related single-machine scheduling problems. Finally, we compare the performance
of our branch-and-cut algorithm to the performance of combinatorial branch-and-bound
algorithms for the same problem.

In Table 9, we present the results of the two variants of our algorithm that perform
best, i.e., GUB branching plus cuts with right-hand-side 1 and 2 (GUB12), positional
branching plus cuts with right-hand side 1 (POS1), as well as the results of the CPLEX
mixed integer optimizer [CPLEX Optimization Inc. 1994]]. For each instance the optimal
value (Zjp) is given. For the variants GUB12 and POS1 we report on the number of
nodes ( #nds), the computation time in seconds (time), the number of linear programs
that had to be solved (# lps), and the number of cuts that has been added (# cuts).
As CPLEX does not generate cuts, we only report on the number of nodes and the
computation time. CPLEX was allowed to evaluate at most 50000 nodes. Consequently,
it did not find the optimal value for all instances. Therefore, we give for each instance
the value of the best solution that was found (Zcp). Furthermore, *****” indicates
that CPLEX did not have enough memory. The results show that incorporating problem
structure, in the form of cuts, primal heuristics, and branching strategies results in a
faster and more robust algorithm.

Sousa and Wolsey [1992] developed a branch-and-cut algorithm using the time-
indexed formulation, but with different classes of inequalities and different separation
algorithms. We have only been able to compare our algorithms on a set of 4 instances.
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GUBI12 POS1 CPLEX

Zip || #nds time | #lps | Fcuts || #nds time | #lps | Fcuts || #nds | time Zop
1 9665 1 9.89 16 124 16 | 13.39 44 176 || 50000 | 4248 | 9668
2 7128 1 7.41 4 41 1 6.52 4 41 || 50000 | 2793 | 7128
3 9102 1 17.78 30 488 1 18.02 30 488 || 28534 | 2087 | 9102
4 9148 1 9.70 9 135 1 8.8b 11 139 1391 105 | 9148
5 888H 15| 25.35 33 98 36 | 23.42 63 133 || #rrx
6 9506 1 16.08 4 39 1 14.29 6 44 338 55 | 9506
7 | 10688 7|1 15.93 20 131 65 | 25.53 90 170 || 35029 | 2494 | 10688
8 9252 1 15.86 5 61 1 14.80 5 I
9 | 11350 17| 53.05 73 821 4| 76.27 75 1257 || *rHx
10 | 6495 9 12.60 27 86 286 | 52.51 337 130 203 22 | 6495
11 | 9980 1 11.26 21 148 1 10.42 21 148 358 49 | 9980
12 | 11081 15 | 38.91 84 616 141 | 93.09 | 221 900 || HAkH*
13 | 8361 1 8.50 3 17 1 7.46 3 17 61 15 | 8361
14 | 10060 14 | 42.01 78 544 90 | 71.12 166 Ha1 || HHAE*
15 | 12139 T 3297 47 433 126 | 60.47 173 447 || 50000 | 6936 | 1214
16 | 9739 247 | 691.51 | 607 2152 182 | 384.63 | 375 1727 || *rrax
17 | 10719 13| 19.16 40 144 44 | 15.56 61 86 || 50000 | 4608 | 10719
18 | 11085 1 9.76 2 53 1 8.41 2 53 4 7| 11085
191 9925 1 10.83 3 25 1 9.42 3 25 831 78 | 9925
20 | 10080 33 | 14.51 42 65 64 | 16.71 75 64 1557 | 113 | 10080
21 | 10512 1 13.01 13 71 1 12.24 13 71 193 23 | 10512
22 | 11518 7T 23.70 32 207 700 | 553.89 | 886 803 || HAkH*
23 | 9053 23 | 55.93 83 641 32 | 56.11 81 BOT || HAkH*
24 | 8627 1 11.01 6 61 1 10.29 6 I
25 | 9880 57 | 156.76 160 885 1010 | 638.79 | 1142 994 || HHAE*
26 | 7690 1 10.59 10 48 1 9.64 10 48 || HHAEH
27 | 12057 1] 22.73 42 465 1] 24.35 42 465 6658 | 561 | 12057
28 | 8710 11 ] 25.86 56 348 194 | 169.10 | 289 832 || 50000 | 4594 | 8710
29 | 8986 1 8.91 10 33 1 7.93 11 39 42 7| 8986
30 | 10330 1 7.5b 2 16 1 7.37 2 16 1829 | 146 | 10330
31 | 10614 1 11.62 7 97 1 10.24 7 A
32 | 9782 1 6.90 4 35 1 6.03 4 35 || ARk
33 | 11418 78 | 600.79 | 221 1313 12 | 205.43 70 803 || HAkH*
34 | 6668 573 | 269.08 | 815 840 || 2108 | 564.08 | 2281 808 || HAHH*
35 | 10527 3| 25.74 59 405 14 | 31.78 60 418 || HHHrx
36 | 5839 1 6.94 4 32 1 6.19 4 32 147 13 | 5839
37 1 7791 1 10.85 13 93 1 9.66 13 93 388 45 | 7791
38 | 8949 5 15.85 20 116 27 | 17.10 46 133 || Horrxk
39 | 8674 5 13.97 19 164 159 | 27.16 171 141 4022 | 286 | 8674
40 | 11688 3| 38.37 44 865 6| 41.35 49 BGT || HAHH*

Table 9: Performance of the variants GUB12 and POS1 and of CPLEX
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Each one is solved at the root node by both algorithms. Therefore, we cannot make any
meaningful comparative statements. Crama and Spieksma [1993] developed a branch-
and-cut algorithm for the case in which all processing times are equal. They tested their
algorithm on two classes of problems. The first one has randomly generated objective co-
efficients ¢;¢. The second one has objective coefficients ¢;; = w;(t —r;) if r; <t < d; and
cjt = M otherwise, where M is some large integer; these instances model minimization of
the weighted sum of the completion times subject to release dates and deadlines, where
release dates and deadlines may be violated at large cost. For both problem classes the
performance of the algorithms is comparable. However, their branch-and-cut algorithm
incorporates classes of cuts that have been derived specifically for problems with equal
processing times, whereas our algorithm does not.

For the problem 1|r;| > w;C;, several combinatorial branch-and-bound algorithms
have been developed, i.e., branch-and-bound algorithms that are not based on linear
programming relaxations. An example is the algorithm of Belouadah, Posner, and Potts
[1992]. The lower bounds in their algorithm are based on job-splitting. It turns out that
the number of nodes that has to be evaluated by their algorithm is much larger than the
number of nodes that has to be evaluated by our algorithm, but that their algorithm
requires much less computation time. This indicates that our lower bounds are better,
but that we need much more time to compute them. This is due to the fact that we
have to solve large linear programs. Recall that the size of the linear programs increases,
when the processing times increase. Therefore, their algorithm can handle instances with
larger processing times. However, our branch-and-cut algorithm can easily be applied to
many types of scheduling problems with various objective functions, whereas these com-
binatorial branch-and-bound algorithms are typically designed for one specific problem
type.

We conclude that the strength of the presented branch-and-cut algorithm is that it
can be applied successfully to a wide range of single-machine scheduling problems, but
that its weakness is the fact that in its current form it is limited to instances with a
relatively small number of jobs and relatively small processing times, because otherwise
the time to solve the linear programs becomes prohibitive. In a sequel paper (Van den
Akker, Hurkens, and Savelsbergh [1995]), we will investigate column generation as a way
of handling this weakness.

Finally, we like to make some general observations. First, the integrality gap, i.e., the
difference between the optimal value of the integer program and the value of the linear
programming relaxation, may not be a reliable indicator of the difficulty of the prob-
lem. The average integrality gap for the most difficult class of instances we considered
(n = 30, pmax = 10) is only 0.48 percent and the maximum gap is just 1.10 percent.
However, most of the instances are very hard to solve. Second, developing a successful
branch-and-cut algorithm involves much more than designing and implementing sepa-
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ration algorithms. It also requires the development of appropriate branching schemes,
primal heuristics, and cut generation schemes. The importance of the latter is often
overlooked. For our algorithms the choice of the appropriate cut generation scheme was
crucial to achieving good overall performance.
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