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Abstract

In this paperwe presentan approachto the nonlinearmodelreduction
basedon representingthenonlinearsystemwith a piecewise-linearsys-
temandthenreducingeachof thepieceswith aKrylov projection.How-
ever, ratherthanapproximatingtheindividualcomponentsaspiecewise-
linear and thencomposinghundredsof componentsto make a system
with exponentiallymany differentlinear regions,we insteadgeneratea
smallsetof linearizationsaboutthestatetrajectorywhichis theresponse
to a ‘training input’. Computationalresultsandperformancedataare
presentedfor a nonlinearcircuit anda micromachinedfixed-fixedbeam
example. Theseexamplesdemonstratethat the macromodelsobtained
with the proposedreductionalgorithm are significantlymore accurate
than modelsobtainedwith linear or the recentlydevelopedquadratic
reductiontechniques.Finally, it is shown that the proposedtechnique
is computationallyinexpensive, andthat themodelscanbeconstructed
‘on-the-fly’, to acceleratesimulationof thesystemresponse.

1. Intr oduction

Integratedcircuit fabricationfacilities are now offering digital system
designerstheability to integrateanalogcircuitry andmicromachinedde-
vices,but suchmixed-technologymicrosystemsareextremelydifficult
to designbecauseof thelimited verificationandoptimizationtoolsavail-
able. In particular, thereareno generallyeffective techniquesfor auto-
matically generatingreduced-ordersystem-level modelsfrom detailed
simulationof theanalogandmicromachinedblocks. Researchover the
pastdecadeonautomaticmodel-reductionhasleadtoenormousprogress
in strategiesfor linearproblems,suchastheelectricalproblemsassoci-
atedwith interconnectandpackaging,but thesetechniqueshave been
difficult to extendto thenonlinearproblemsassociatedwith analogcir-
cuitsandmicromachineddevices.

In this paperwe presentan approachto the nonlinearmodelreduction
basedon representingthenonlinearsystemwith a piecewise-linearsys-
temandthenreducingeachof thepieceswith Krylov subspaceprojec-
tion methods.However, ratherthanapproximatingthe individual com-
ponentsas piecewise-linearand then composinghundredsof compo-
nentsto makeasystemwith exponentiallymany differentlinearregions,
we insteadgeneratea small setof linearizationsaboutthe statetrajec-
tory which is theresponseto a ”training input”. At first glance,suchan
approachwould seemto work only whenall theinputsarevery closeto
thetraininginput,but asexampleswill show, this is not thecase.In fact,
themethodeasilyoutperformsrecentlydevelopedtechniquesbasedon
quadraticreduction.

Westartin thenext sectionby describinga circuit anda micromachined

Figure1: The nonlinear circuit example.

device example,to make clearthenonlinearmodelreductionproblem,
andthenin Section3 we describetheexisting nonlinearreductiontech-
niquesin amoreabstractsetting.In Section4, wepresentthetrajectory-
basedpiecewise-linearmodelorderreductionstrategy andoutlineanap-
proachfor acceleratingtheneededsimulation.Examplesareexamined
in Section5, andin Section6 we presentourconclusions.

2. Examplesof nonlinear dynamic systems

A largeclassof nonlineardynamicsystemsmaybedescribedusingthe
following statespaceapproach:�

dx � t �
dt � f � x � t ���
	 Bu� t �

y � t � � CTx � t � (1)

wherex � t ��� RN is avectorof states,f : RN  RN is anonlinearvector-
valuedfunction, B is an N � M input matrix, u : R  RM is an input
signal,C is anN � K outputmatrix andy : R  RK is theoutputsignal.

In thispaperwewill focusontwo distinctexamplesof nonlinearsystems
which may be describedby equations(1) and,dueto their highly non-
linear dynamicbehavior, illustratewell the challengesassociatedwith
nonlinearmodelorderreduction.

The first example,consideredby Chenet al. [1], is a nonlinearcircuit
shown in Figure1. Thecircuit consistsof resistors,capacitorsanddiodes
with a constitutive equationid � v� � exp � 40v��� 1.1 For simplicity we
assumethatall the resistorsandcapacitorshave unit resistanceandca-
pacitance,respectively (r � 1,C � 1). In thiscasetheinput is thecurrent
sourceenteringnode1: u � t � � i � t � andthe (single)outputis chosento
bethevoltageat node1: y � t � � v1 � t � .
1In the linear model,consideredlater on, we assumethat id � v� � 40v
andin thequadraticmodel– id � v� � 40v 	 800v2.



Figure 2: Micr omachined fixed-fixed beam (following Huang et
al. [8]).

Theotherexampleis amicromachinedfixed-fixedbeamstructureshown
in Figure2. Following Huanget al. [8], the dynamicbehavior of this
coupledelectro-mechanical-fluidsystemcanbe modeledwith 1D Eu-
ler’s beamequationand2D Reynolds’ squeezefilm dampingequation
givenbelow:

EI
∂4u
∂x4 � S

∂2u
∂x2 � Felec 	�� w

0
� p � pa � dy � ρ

∂2u
∂t2 (2)

∇ ����� 1 	 6K � u3 p∇p� � 12µ
∂ � pu�

∂t
(3)

wherex, y andzareasshown in Figure2, E is Young’s modulus,I is the
momentof inertiaof thebeam,S is thestresscoefficient,ρ is thedensity,
pa is theambientpressure,µ is theair viscosity, K is theKnudsennum-
ber, w is the width of the beamin y direction,u � u � x � t � is the height
of thebeamabove thesubstrate,andp � x � y� t � is thepressuredistribution
in thefluid below thebeam.Theelectrostaticforceis approximatedas-

sumingnearlyparallelplatesandis givenby Felec � � ε0wv2

2u2 , wherev is
theappliedvoltage.

Spatialdiscretizationof equations(2) and (3) using a standardfinite-
differencescheme(cf. [17]) leadsto a large nonlineardynamicsystem
in form (1). In thiscasethestatevectorx consistsof heightsof thebeam
above the substrate(u) computedat the discretegrid points,their time
derivatives,andthevaluesof pressurebelow thebeam.In this casewe
selectouroutputy � t � asthedeflectionof thecenterof thebeamfrom the
equilibriumpoint (y � t ��� r � t � – cf. Figure2).

3. Model Order Reduction for nonlinear systems

Supposetheinitial dynamicsystem(1) is of orderN, i.e. is describedby
N states.Themaingoalof modelorderreductiontechniquesis to gener-
ateamodelof thissystemwith q states(whereq � N), while preserving
accuratelytheinput/outputbehavior of theoriginal system.Virtually all
thenumericalmodelorderreductionstrategiesarebasedon theconcept
of projectingthestatesof the initial systemontoa suitablyselectedre-
ducedorderstatespace.Thismayalsobeviewedasperformingachange
of variables:

x � Vz (4)

wherez is aq-th orderprojectionof thestatex (of orderN) in thereduced
orderspaceandV is anN � q orthonormalmatrix representinga trans-
formationfrom theoriginal to the reducedstatespace.In otherwords,
columnsof V defineanorthonormalbasiswhichspansthereducedorder
statespace.

Substituting(4) in (1) andmultiplying thefirst of theresultingequations

byVT yields: �
dz� t �

dt � VT f � Vz� t ���
	 VTBu� t �
y � t � � CTVz� t ��� (5)

Therearetwo key issuesconcerningrepresentation(5) of the initial dy-
namicsystem(1). Thefirst oneis selectinga reducedbasisV, suchthat
system(5) providesgoodapproximationof the initial system(1). For
thelinearcase(i.e. if f ��� � is a lineartransformation),thereareanumber
of methodsfor determiningV. They include:selectingvectorsfrom or-
thogonalizedtime-seriesdata[8], computingsingularvectorsof theun-
derlyingdifferentialequationHankel operator[6] or examiningKrylov
subspaces[1], [2], [4], [7], [10], [11], [12], [15], [17]. The approach
basedon usingtime-seriesdataextendsdirectly to thenonlinearcases,
andtheHankel operatorandKrylov subspacebasedstrategiescanbeex-
tendedto thenonlinearcaseusinglinearization(Taylor’s expansions)of
thenonlinearsystemfunction f ��� � [1], [2], [11], [17].

Theotherkey issuein applyingformulation(5) for reducedordermodel-
ing is findingarepresentationof VT f � V � � whichallowslow-coststorage
andfastevaluation.Suppose,N � 100� 000andq � 10. If noapproxima-
tionsaremadeto thenonlinearfunction f ��� � , thencomputingVT f � Vz�
requiresO � 100� 000� operationsandis too costly. Thesimplestapprox-
imation for f ��� � , which allows O � q� (not O � N � ) storageandevaluation
of VT f � V � � is basedonTaylor’sexpansionaroundtheinitial state(equi-
librium point) x0:

f � x��� f � x0 �
	 A0 � x � x0 �
	 1
2

W0 � x � x0 �
��� x � x0 �
where � is theKronecker product,andA0 andW0 are,respectively, the
JacobianandtheHessianof f ��� � evaluatedat theinitial statex0. Thisap-
proachleadsto thefollowing reducedordermodelsproposedin [1], [2],
[11] and[17]. For thelinearcase,thereducedordermodel(5) becomes:�

dz� t �
dt � VT f � x0 ��	 A0r z 	 VTBu� t �

y � t � � CTVz� t � (6)

whereA0r � VTA0V is a q � q matrix. The quadraticreducedorder
modelis givenby [11]2:�

dz� t �
dt � VT f � x0 �
	 A0r z 	 1

2W0r � z � z�
	 VTBu� t �
y � t � � CTVz� t � (7)

whereW0r � VTW0 � V � V � is aq � q2 matrix. In theaboveformulations,
due to the fact that the reducedmatricesare typically denseandmust
be representedexplicitly, the costof computingVT f � Vz� term andthe
costof storingthe reducedmatricesA0r (A0r andW0r in the quadratic
case)areO � q2 � (in the linear case)andO � q3 � (in the quadraticcase).
Therefore,althoughthe methodbasedon Taylor’s expansionsmay be
extendedto higherordersof nonlinearities[11], this approachis limited
in practiceto cubic expansions,dueto exponentiallygrowing memory
andcomputationalcosts.For instance,if we considerquarticexpansion
of order q � 10, then the memorystoragerequirementexceedsq5 �
100� 000elements,andthecomputationalcostis O � q5 � . In mostcasesit
becomesinefficient to useso computationallyexpensive reducedorder
models.

4. Piecewise-linearmodelorder reduction

As describedin the previous section,reducedorder modelsbasedon
Taylor seriesexpansionbecomeprohibitively expensive whentheorder
of includednonlinearitybecomeslarge.Ontheotherhand,asimplelin-
earizedreducedordermodel(6), althoughcomputationallyinexpensive,
2An alternative formulationof thequadraticreducedordermodelis pre-
sentedin [1]. Both formulationsgive almostidenticalresults.



maybeappliedonly to weaklynonlinearsystemsandis usuallyvalid for
a very limited rangeof inputs [17]. This leadsus to proposingan ap-
proachtowardsmodelorder reductionbasedon quasi-piecewise-linear
approximationsof nonlinearsystems.The ideais to representa system
asa combinationof linear models,generatedat different linearization
pointsin thestatespace(i.e. differentstatesof the initial nonlinearsys-
tem). Thekey issuein this approachis thatwe will beconsideringmul-
tiple linearizationsaroundsuitablyselectedstatesof thesystem,instead
onrelyingon a singleexpansionaroundtheinitial state.

4.1 Piecewise-linearrepresentation
Let us assumewe have generateds linearizedmodelsof the nonlinear
system(1), with expansionsaroundstatesx0 ������� � xs! 1:

dx
dt � f � xi �
	 Ai � x � xi ��	 Bu

wherex0 is theinitial stateof thesystemandAi aretheJacobiansof f ��� �
evaluatedat statesxi . We now considera weightedcombinationof the
above models:

dx
dt � s! 1

∑
i " 0

w̃i � x� f � xi �
	 s! 1

∑
i " 0

w̃i � x� Ai � x � xi �
	 Bu (8)

wherew̃i � x� are weightsdependingon statex. (We assumethat, for
all x, ∑s! 1

i " 0 w̃i � x� � 1.) The choiceof weightsis discussedlater on in
this section.Assumingwe have alreadygenerateda q-th orderbasisV
(cf. (4)) we mayconsiderthefollowing reducedorderrepresentationof
system(8): �

dz
dt � � Ar � w � z� T � z 	 γ � w � z� T 	 Bru
y � Cr z

(9)

whereBr � VTB, Cr � CTV, Ar �$#A0rA1r ����� A � s! 1� r % andAir � VTAiV,
γ �&# γ0 ����� γs! 1 % �'

VT � f � x0 �(� A0x0 ���������)� VT � f � xs! 1 �(� As! 1xs! 1 �+*
and # z0 � z1 �������)� zs! 1 % arerepresentationsof linearizationpointsx0 ������� � xs! 1
in thereducedbasis:# z0 � z1 ��������� zs! 1 % �&#VTx0 � VTx1 ������� � VTxs! 1 %
Finally, w � z� �,#w0 � z�
����� ws! 1 � z� % is avectorof weights(norm -.-w � z�/-0- �
1 for all z). At this point we needto find a procedurefor computing
theweightswi , givencurrentstatez andthe linearizationpointszi . We
assumethatweightswi for thereducedmodelsAri arecomputedbased
ontheinformationaboutthedistances-0- z � zi -.- of thelinearizationpoints
from thecurrentstatez. Werequirethatthe‘dominant’modelA jr is the
onecorrespondingto thelinearizationpointzj whichis theclosestto the
currentstateof thesystem.

Thefollowing procedureof computingwi ensuresthattheaboverequire-
mentis satisfied:

1. For i � 0 ���������1� s � 1� compute:di � -.- z � zi -.- 2.
(Alternatively we maytake di � -.-Cr � z � zi �2-.- 2.)

2. Computem � min 3 di : i � 0 ������� �1� s � 1��4 .
3. For i � 0 ���������1� s � 1� computewi � � exp � di ��5 m��� ! 25 �
4. Normalizewi .

Onemay notethat, in the above procedure,the distribution of weights
changesrather‘sharply’ asthecurrentstatez evolvesin thestatespace,
i.e. oncee.g.zj becomesthe point closestto z, thenweight w j almost
immediatelybecomes1. Thisprovidesarationalefor referringto model

Figure 3: Generation of the linearized modelsalong a trajectory of
a nonlinear systemin a 2D statespace.

(9) asa piecewise-linearreducedordermodelof nonlinearsystem(1).
Clearly, theprocedurepresentedabove providesonly anexample.Nev-
ertheless,asshown in thefollowing sections,it maybeeffectively used
in practice.

4.2 Generationof the piecewise-linearmodel
So far it hasnot beendiscussedhow to generatethe weightedmodel
given by (8) or, morespecifically, how to selectlinearizationpointsxi .
We may assumethat linearizationof a nonlinearsystem,generatedat
statexi is valid or accuratefor agivenstatex if thisstateis ‘closeenough’
to the linearizationpoint xi , i.e. -0- x � xi -.-�6 ε, which meansthat x lies
within a ball (in an N-dimensionalspace)of radiusε and centeredat
xi . Supposewe would like to cover an N-dimensionalstatespacewith
suchballs. (Thereforeassuringthat for any statewe will find a valid
linearizedmodel.) Then, assuminge.g. that the statespaceis an N-
dimensionalhypercube: # 0;1% �7����� # 0;1% � RN, N � 1000andε � 0 � 1,
thetotal numberof modelsto begeneratedwould equalroughly101000.
This is clearly a totally infeasibleapproach,dueto enormousmemory
andcomputationalcosts.

Insteadof finding linearizedmodelscovering the entireN-dimensional
statespaceweproposeto generateacollectionof modelsalongasingle,
fixedtrajectoryof thesystem.3 This meanswe generatea trajectoryby
performingasinglesimulationof thenonlinearsystemfor afixed‘train-
ing’ input. (In fact, we may performa fasterapproximatesimulation,
whichis discussedlateronin thissection.)Thisprocedureis depictedin
Figure3. Given a training input signalu � t � andinitial statex0 we pro-
ceedasfollows: 1) We generatea linearizedmodelaroundstatexi (ini-
tially i � 0); 2) We simulatethebehavior of thenonlinearsystemwhile-0- x � xi -.-26 δ, i.e.while thecurrentstatex is closeenoughto thelastlin-
earizationpoint;3) Wetakeanew linearizationpointxi 8 1 � x (i : � i 	 1)
andreturnto step1). In thisprocedurewemayfix themaximumnumber
of modelswewantto generate.It shouldbestressedthatthispiecewise-
linear approachis different from methodspresentede.g. in [3] or [9],
wherepiecewise-linearapproximationsof individualelementsof thecir-
cuit (e.g.diodesor transistors)areconsideredandavery largecollection
of linearmodelsis used.In our algorithm,thepiecewise-linearapprox-
imationappliesto a trajectoryof theentire nonlinearsystem,andthere-
fore thenumberof linearizedmodelsmaybekeptsmall.

3Theideaof usingacollectionof linearizedmodelsalonge.g.anequilib-
rium manifoldor a giventrajectoryis alsousedin designof gainsched-
uledcontrollersfor nonlinearsystems– cf. [14], [16].
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Figure 4: Comparison of systemresponse(micromachined beam
example)computed with linear, quadratic and piecewise-linearre-
duced order models (q � 40 and q � 41) to the step input voltage
u � t �9� 9 (t : 0). The piecewise-linearmodel was generatedfor the
7-volt stepinput voltage.

As illustratedin Figure3, the procedureproposedabove allows oneto
‘cover with models’only the part of the state-spacelocatedalong the
‘training’ trajectory (curve A). Let us assumethat the reducedorder
model(5) is composedof linearmodelsgeneratedalongthis trajectory.
If a certainsystem’s trajectory, correspondingto a given input signalu,
lieswithin theregionof thestatespacecoveredby thesemodels,weex-
pectthattheconstructedpiecewise-linearmodel(5) will suitablyapprox-
imatetheinput/outputbehavior of theinitial nonlinearsystem(cf. curve
B).4 It shouldalso be stressedat this point that, althoughthe consid-
eredtrajectorystayscloseto the ‘training’ trajectoryin thestatespace,
the correspondinginput signalcanbe dynamicallyvery different from
the ‘training’ input. In otherwords,we mayapply thepiecewise-linear
modelfor inputswhich aresignificantlydifferentfrom the‘training’ in-
put,providedthecorrespondingtrajectoriesstayin theregionof thestate
spacecoveredby thelinearizedmodels(cf. resultsin Section5).

Whenthe input signalcausesthe trajectoryto leave the region covered
by the linearizedmodels(cf. curves C and D in Figure 3), then the
piecewise-linearmodel (5) will most likely not provide a significantly
betterapproximationto the nonlinearsystemthan a simple linear re-
ducedmodel(6). This situationhasbeenillustratedin Fig. 4. Dueto a
differencein amplitudesbetweenthe‘training’ input (u � t ��� 72) andthe
testinginput (u � t ��� 92) thepiecewise-linearmodelis no longerableto
reproduceaccuratelythe responseof thenonlinearsystem.Now, if we
generatethepiecewise-linearmodelwith a9-volt traininginput (cf. Fig-
ure5), thenthis modelis ableto reproduceaccuratelythenonlinearre-
sponse. One shouldnote that in this casethe piecewise-linearmodel
is able to accuratelymodel the dynamicsof a highly-nonlinearpull-in
effect (thebeamis pulleddown to thesubstrate),which is of particular
importancein applications[8]. Onemaynotefrom thegraphthatthelin-
earmodelis notableto reproducethisphenomenon,while thequadratic
modelis unableto reproducethe correctdynamics.Still, this example
shows that if the piecewise-linearmodel is to be usedfor inputs with
very differentscalesoneshouldconsidermorecomplicatedschemesof
generatinglinearizedmodels,basede.g.onmultiple traininginputs.

4Theadditionalrationalefor thisobservationis thatin typical situations
thedimensionsof observableandcontrollablespacesof a dynamicsys-
tem are much smaller than the dimensionof its statespace. (This is
expectedto betruefor theexamplesof nonlinearSISOdynamicsystems
presentedin Section2.)
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Figure 5: Comparison of systemresponse(micromachined beam
example)computed with linear, quadratic and piecewise-linearre-
duced order models (q � 40 and q � 41) to the step input voltage
u � t �;� 9 (t : 0). The piecewise-linearmodel was generatedfor the
9-volt stepinput voltage.

One may note that the proposedmethodof generatingthe piecewise-
linearmodelof a nonlineardynamicsystemrequiresperformingsimu-
lation of the initial nonlinearsystem(1) which maybevery costly, due
to the initial sizeof theproblem. In orderto reducethecomputational
effort we notethat it is unnecessaryto computetheexact trajectoryfor
the ‘training’ input in orderto generatea collectionof linearizedmod-
els. In fact it sufficesto computeanapproximatetrajectoryandobtain
only approximatelinearizationpoints.This leadsusto a fastsimulation
algorithm,which may be summarizedin the following points:5 1) Us-
ing basisV we constructa reducedorderlinearizedmodelaroundstate
xi (initially i � 0); 2) We simulatethe reducedorderlinear systemob-
tainedin Step1 while -.-Vz � xi -.-<6 δ, i.e.whenthecurrentreducedorder
statez is closeenoughto the last linearizationpoint; 3) We take a new
linearizationpointxi 8 1 � Vz (i : � i 	 1) andreturnto Step1.6

Matrix V, whosecolumnsdefinethe reducedorderbasisusedto rep-
resentapproximatelystatevectorsof the system,is computedwith a
proceduredescribedin thenext section.

4.3 Generationof the reducedbasis
ThereducedorderbasisV �=# v1 ������� vq % , wherevi � RN, is obtainedin the
following threesteps:

1. We considerthe linearizationof the dynamicsystem(1) around
theinitial statex0:�

dx � t �
dt � f � x0 �
	 A0 � x � x0 �
	 Bu� t �

y � t � � CTx � t � (10)

whereA0 is theJacobianof f � x� , evaluatedatx � x0. Weconstruct
an orthogonalbasisṼ � 3 v1 ��������� vl >M 4 in the l -th order Krylov
subspace:

Kl � A ! 1
0 � A! 1

0 B� � span3 A ! 1
0 B �������)� A ! l

0 B 4�� (11)

5Detailsof this fastsimulationalgorithm,in thecontext of modelorder
reduction,areto bepresentedin a forthcomingjournalpaper.
6This approachsharesfeatureswith reducedbasismethodsfor solving
parabolicproblems[5]



usingtheArnoldi algorithm[17] (or blockArnoldi algorithm[13]
if thenumberof inputsM : 1). Thischoiceof basisṼ ensuresthat
l momentsof thetransferfunctionof thereducedorder linearized
modelmatchl momentsof the transferfunction for the original
linearizedmodel(10) [11].

2. We orthonormalizethe initial statevectorx0 with respectto the
columnsof Ṽ andobtainvectorvlM 8 1. To this endwe may use
e.g.theSVD algorithm.

3. We takeV asa unionof Ṽ andvlM 8 1: V �&# Ṽ;vlM 8 1 % .
So, the final sizeof the reducedbasisequalsq � lM 	 1. The last two
stepsensurethatwe will beableto representexactly the initial statex0
in thereducedbasisV. (Notethatif theinitial stateof thesystemis zero,
then steps2 and 3 becomeunnecessary.) Exact representationof the
initial stateguaranteesthat we will correctlystartthe fastapproximate
simulationof thenonlinearsystemin thereducedorderspace.7

5. Computational results

This sectionpresentsresultsof computationsusingpiecewise-linearre-
ducedordermodels,obtainedwith theMOR techniqueproposedin Sec-
tion 4. Our main goal is to find out whetherthis techniquedoesreally
generatea modelof oursystem.Let usrecallthat,in theproposedMOR
algorithm,themodel(whichbasicallyconsistsof acollectionof reduced
orderq � q matricesA0r , A1r , ..., A � s! 1� r) is obtainedby performinga
fastsimulationfor a given training input signal. In order to show that
we have indeedgenerateda modelwe shouldverify that it givescorrect
outputsfor notonly for theinput it wasgeneratedwith, but alsofor other
inputs.

This verificationwasdoneexperimentally. We consideredour nonlin-
earcircuit for N � 100andgenerateda reducedorderpiecewise-linear
modelof orderq � 10 usinga stepinput i � t � � H � t � 3� . For this ex-
ample,thelinearizationpointchanged4 times,thereforeourmodelcon-
sistedof 5 reducedordermatricesA0r , ...,A4r . Thereducedordermodel
wastestedfor a cosinusoidalinput i � t � � � cos� 2πt 5 10�?	 1��5 2. There-
sultsareshown in Figure6. Onemay notethat the outputvoltageob-
tainedwith thepiecewise-linearreducedordermodelaccuratelyapprox-
imatesthereferencevoltage(thecurvesoverlapalmostperfectly).

Figure7 providesananalogoustestfor theexampleof amicromachined
fixed-fixedbeamdescribedin Section2. In this casethe reducedorder
model(q � 41) wasgeneratedfor the8-volt steptraininginput voltage.
(Themodelused9 linearizationpoints.)Thenit wastestedfor a cosinu-
soidalinput with a 7-volt amplitude.Onceagain,thetransientobtained
with the proposedmodel matchesvery accuratelythe referenceresult
obtainedwith thefull nonlinearmodelof orderN � 880.

Figures6 and7 alsoprovide a comparisonof the proposedpiecewise-
linear reducedordermodelwith linear andquadraticreducedmodels,
generatedusing methodsdescribedin [1], [11] and [17]. It is appar-
entfrom thegraphsthatthepiecewise-linearreducedordermodelgives
significantlymoreaccurateresultsthanthelinearandquadraticreduced
ordermodelsusingTaylor’sexpansionsaroundtheinitial state.It should
bestressedat this point thatall models(linear, quadraticandpiecewise-
linear)wereof thesameorderand,moreover, appliedthesamebasisV
(obtainedwith theproceduredescribedin Section4.3).

7Above we presentedonly the simplest(andthe leastcomputationally
expensive) algorithmof generatingthereducedbasisV. Onemayeasily
extendthisschemeto constructabasiswhichincludese.g.statesusedas
subsequentlinearizationpointsandbasisvectorsfor Krylov subspaces
correspondingto thesestates.
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	 1��5 2.
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System response for input voltage v(t) = 7cos(4π t)

full nonlinear model, N=880         
linear reduced model, q=40          
quadratic reduced model, q=40       
piecewise−linear reduced model, q=41

Figure 7: Comparison of systemresponse(micromachined beam
example)computed with linear, quadratic and piecewise-linearre-
ducedorder models(of order q � 40 and q � 41) for the input volt-
ageu � t � � 7cos� 4πt � . The piecewise-linearmodel wasgeneratedfor
the 8-volt stepinput voltage.

Table1 showsacomparisonof performanceof thediscussedMOR tech-
niquesand the reducedordersolvers. All the algorithmswere imple-
mentedin Matlab. The testswere performedin a Linux workstation
with PentiumIII Xeon processor. Onemay note that performancefor
linearandpiecewise-linearMOR algorithmsis comparable.Thegener-
ationof thequadraticmodelis significantlymoreexpensive, dueto the
costlyreductionof theHessianmatrix, which requiresq2 computations
of thematrix-vectorproductW � x � x� , whereW is a full orderN � N2

Hessianmatrix (in this caserepresentedimplicitly – cf. [1]).

Thememorycomplexity of thepiecewise-linearreducedordersolver is
O � sq2 � , wheres is the numberof linearizationpoints. Consequently,
the memorycost is roughly s times larger than for the linear reduced
ordersimulator(for which this costis O � q2 � ). Thecostof thequadratic
reducedordersolver is O � q3 � (thereducedorderHessianmustbestored



MOR Model generation Simulation
method time [s] time [s]
linear
MOR 44.8 1.18
quadratic
MOR 2756.5 31.5
piecewise-
linearMOR 80.7 8.0

Table1: Comparisonof the timesof generationof the reducedmodel
and reduced order simulations for the quadratic and piecewise-
linear MOR techniques.The initial problemhad sizeN � 1500. The
reducedmodel had sizeq � 30. The testswere run for the nonlinear
circuit example.

explicitly asamatrix),soif s @ q, thenthememoryrequirementsfor the
piecewise-linearsolver areapproximatelythesameasfor thequadratic
solver. For our examples(cf. Figures6 and7), s � 5 @ q5 2 ands � 9 @
q5 4, respectively, so in fact the memoryusedby the piecewise-linear
algorithmequaledroughlyonly half (andaquarter)of thememoryused
by thequadraticsolver.

6. Conclusions

In this paperwe have proposedanefficient numericalapproachtowards
automaticmodelorder reductionandsimulationof nonlinearsystems.
The resultsobtainedfor the examplesof a nonlinearcircuit anda mi-
cromachinedbeamindicate that this methodprovides good accuracy
for differentapplications.The methodalsoproves to be characterized
by low computationalandmemoryrequirements,thereforeproviding a
cost-efficientalternativefor thenonlinearMOR techniquesbasedon lin-
earandquadraticmodels.

Although thealgorithmin its currentstatehasproved to bevery effec-
tive, a numberof its aspectsrequirefurther investigation,including the
procedureof merging(weighting)thelinearizedmodelsor themethodof
selectinglinearizationpoints. Therearealsomany possibleextensions
of the presentedtechnique,which may includeapplicationof multiple
reducedbases(insteadof a singlebasisgeneratedat the initial state)in
thereducedorderpiecewise-linearsimulatorsor developingschemesfor
automaticmodelgenerationwith multiple ‘training’ inputs,which may
allow one to extend the validity of the quasi-piecewise-linearreduced
ordermodelto inputswith differentscalesof amplitudes.

It shouldbe stressedthat applicationof the discussedpiecewise-linear
reducedorderapproachis not limited to theclassof SISOor MIMO dy-
namicsystemsfound in circuit or MEMS modeling. It may be easily
extendedfor usein macromodelingof secondordersystemsarisingin
e.g.coupleddomainproblemsinvolving micromachinedelectromechan-
ical devices.

This work wassponsoredby theDARPA compositeCAD program,the
NSFprogramin computer-aideddesign,theDARPA muri program,and
grantsfrom Synopsys,CompaqandIntel.
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