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Editor’s Note: Deceptively simple

devices require complex analyses.

That’s the theme for this month’s Edi-

tor’s Choice paper reprinted from Tri-

bology Transactions. The paper enti-

tled, “A Transient Dynamic Analysis

of Mechanical Seals Including Asperity

Contact and Face Deformation,”

received the 2002 Frank P. Bussick

Award from STLE’s Seals Technical

Committee. 

The author, Dr. Itzhak Green,

received this recognition for his highly

regarded efforts to analyze what first

appears as patently simple, flat, lapped

face seals. When these devices are put

into service, however, frictional heating,

centrifugal effects and other tribological

and mechanical phenomena cause dis-

tortion which must be managed. Since

seal designers can only manage what

they understand, models like the one

described in this paper go a long way to

developing improved seals. It just goes

to show that even the simplest of sys-

tems offer complexities in the field of tri-

bology.

Dr. Christopher DellaCorte, 
TLT editor

A Transient Dynamic Analysis of

Mechanical Seals Including Asperity

Contact and Face Deformation©

Abstract
Face seals are typically designed to be in contact at standstill. However, as

speed and pressure build up, the seal faces deform from their factory flat

conditions because of viscous and dry friction heating, as well as mechan-

ical and centrifugal effects. It is imperative that such deformations form a

converging gap for radial flow to ensure stable operation and to promote

favorable dynamic tracking between stator and rotor. A numerical simula-

tion is presented for the transient response of a face seal that is subjected

to forcing misalignments while speeds and pressures are ramped up and

down. Asperity contact forces and transient face deformation caused by vis-

cous heating are included.  A new closed-form solution is obtained for the

elastoplastic contact model, which allows seamless transition between

contacting and noncontacting modes of operation. The model is then used

to calculate face contact forces that occur predominantly during startup

and shutdown. The viscous heating model shows that the time-dependent

deformation (coning) is hereditary and that it lags behind the instanta-

neous heat generation. The dynamic analysis provides a numerical solution

for the seal motion in axial and angular modes. The eventual build up of

hydrostatic pressure and coning during startup generates opening forces

and moments that separate the seal faces, resulting in noncontacting oper-

ation. The reverse occurs during shutdown; however, because of the ther-

mal time constant a seal may continue to leak even after it returns to stand-

still. The analysis and simulation results compare very well with a closed-

form solution that predicts a critical speed of separation of contacting

seals.

Keywords
Mechanical Seals; Face Seals; Transient; Dynamics; Contacting; Noncon-

tacting; Asperity Contact; Coning; Face Deformation.
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Introduction
Mechanical face seals are lapped flat when new. However,

changes in operating conditions, particularly during

startup and shutdown, inevitably cause the faces to

deform from their initial flat state. Such deformations are

caused in part by viscous heating, pressure, centrifugal

effects, etc.(2), (23) It has well been established that face con-

ing has a paramount effect on seal dynamics.(5), (6), (7) Such

dynamics determines the relative position between stator

and rotor which in turn directly affects viscous (and per-

haps frictional) heating.  Hence, all of the aforementioned

effects are entangled. It is, therefore, necessary to solve

the dynamics and face deformation in one coupled system

when transients are concerned.

Quasi-static transient analyses of face seals have been

performed by Parmar,(17) and Harp and Salant,(11) who

assumed perfect alignment (axisymmetric conditions),

stable operation, displacement in the axial mode only,

and no inertia terms (i.e., dynamics has not been consid-

ered). Parmar(17) included a finite element code to calcu-

late deformations within an iterative procedure, where

others used an influence coefficients technique similar to

that formulated by Taylor,(26) and Ruan, et.al.(23) However, in

practical seals manufacturing tolerances, assembly imper-

fections, and field conditions (e.g., bent shafts, gravity)

impose upon the rotor and stator misalignments that

force the system in the angular mode. Green and Etsion(6),

(7) have demonstrated that the axial mode of motion is

actually quite benign, and even if a seal is stable in the

axial mode it may be unstable in the angular mode. 

Furthermore, the coupling that exists between axial

and angular modes prevents the idealization of a single

degree of freedom (or axisymmetric) analysis for practical

CONTINUED ON PAGE 54

Nomenclature

B = balance ratio

C = centerline clearance, Co+Z

Co = design clearance

DZ = axial damping coefficient

D = angular damping coefficient

E = equivalent modulus of elasticity,

F = force

h = local film thickness

H = hardness of the softer material

I = transverse moment of inertia, m•rg

2

/2

KZ = axial stiffness coefficient

K = angular stiffness coefficient

M = moment

MXi = moment due to stator initial misalignment

m = stator mass

p = pressure

Q* = flow

Q = normalized flow, 

r = radial coordinate

t = time

Z = axial degree of freedom

β = face coning

γ = relative misalignment

γo = relative misalignment caused by rotor

runout alone

γr = rotor runout

γs = stator nutation

γsi = stator initial misalignment

γsI = steady-state stator response due to γsi alone

γsr = steady-state stator response due to γr alone

θ = angular coordinate

µ = viscosity

v = Poisson’s ratio

σ = surface heights composite standard 

deviation

τ = thermal time constant

Ψ = precession

ω = shaft angular velocity at steady-state

Subscripts

c = contact

cls = closing force

f = fluid film

g = gyration radius

hyd = hydraulic force

i = inner radius

o = outer radius

r = rotor

ref = reference value

s = stator, or flexible support

spr = spring closing force
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seals. Likewise, the technique of time invariant influence

coefficients is useful only for quasi-static processes. In

real seals undergoing transients, thermal inertia is bound

to create a lag between cause and event, i.e., there is a lag

between the instant of viscous heating and face deforma-

tion. In other words the seal behavior is hereditary.

The works by Green and Etsion(7) and Green and Barns-

by,(5) do solve the coupled problem of axial and angular

modes, and are capable of solving for stability, steady-

state, and transient responses. However, they have not

included contact mechanics or time dependent deforma-

tion, as these analyses consider noncontacting operation

only. It is the intent of this work to rectify this prob-

lem.While the technique presented here is equally appli-

cable to incompressible and compressible seals, for con-

ciseness only results pertaining to incompressible seals

will be presented.

Closed-form solutions to GW/CEB Contact Model
At startup or shutdown seal faces start at contact or come

into contact. Likewise, an excessive relative tilt between

stator and rotor, as caused by transient dynamic

responses, may also cause face contact. Chang, et.al.(1)

developed a plastic contact model (CEB) that supple-

mented the Greenwood and Williamson(10) elastic contact

model (GW). Notably, the CEB model contains approxi-

mations: (1.) the shape of the contact area is not accu-

rately captured, (2.) the volume assumed to be conserved

during plastic deformation is set arbitrarily, and (3.) that

outside this volume an asperity remains undeformed

(although beneath the plastically deformed region the

asperity is bound to deform also elastically). Since the

transition from the elastic regime (GW) to the plastic

regime (CEB) is abrupt, Zhao, et.al.(27) proposed a mathe-

matical (polynomial) template to allow a “smooth transi-

tion” between the two regimes.  Because eventually any

contact model accumulates statistically the contribution

of all asperity contact points, the integration process

tends to diminish the deviations between the various

models (suggesting a dominance by the statistics rather

than by the models). All aforementioned models apply to

static conditions. In the absence of an elastoplastic

dynamic contact model the GW/CEB model is chosen

here, despite its aforementioned limitations.

The following analysis is not limited to seals, unless oth-

erwise noted. The original CEB work calculated the various

integrals numerically because of the perceived complexity

confederated by the Gaussian distribution.  To bypass such

cumbersome numerical integrations the Gaussian distribu-

tion has commonly been replaced with simplified expo-

nential distribution functions to allow for closed-form solu-

tions (see Greenwood and Williamson,(10) Etsion and Front,(3) Poly-

carpou and Etsion,(21)Hess and Soom,(12),(13) and Liu, et. al.(14)). 

This work is different: (1.) the Gaussian distribution is

not compromised, (2.) the integration results are

obtained mathematically for the plastic regime exactly,

and (3.) the mean value theorem is used to approximate

the integrals for the elastic regime. This work adheres to

the definitions and nomenclature of Chang, et.al.(1) and

Etsion and Front,(3) and the reader is referred to that work.

Therefore, in this section β=ηRσ (distinguished from face

coning). Also here, η is the areal density of asperities, R is

the asperity radius of curvature, K is maximum contact

pressure factor, h*=h/σ is the dimensionless mean separa-

tion, σ is the standard deviation of surface heights, σs is

the standard deviation of asperity heights, and ys is the

distance between the means of asperity and surface

heights. The latter two normalized parameters are σ*
s = σs

/σ and ys =
*
ys /σ . Also the height of an asperity measured

from the mean of asperity heights, z, is normalized z*= z /σ.

An “average” contact pressure is now defined by pc=F/An

where F is the contact force and An is a nominal contact

area. Then the elastic and plastic components are calcu-

lated, respectively, by

(1a)

(1b)

where

(2a)

(2b)

The integrals contain the following definitions: a = h*-

y*
s; a1 = a + ω*

c /2; a2  = a + ω*
c,where the critical interference

is ω*
c = σ*

s / Ψ2, and Ψ is the plasticity index as defined by

Greenwood and Williamson.(10) The Gaussian distribution

is given by

(3)

The Elastic Contact Model – 
Approximate Solution
In many applications Ψ2 >>1 (as it is typically in mechan-

ical seals). Since also σ*
s ≈ 1 then ω*

c << 1. This condition

is not mathematically necessary, but it may improve upon

the approximation.

The integrand in Eq. [2a], f(z*) = (z*- a)3/2 ϕ*(z*), is con-

tinuous; hence, the mean value theorem can be used,

(4)

where f (ξ) is the mean value of f (z*) calculated at some ξ
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[̈a,a2].  Noting that a2 - a = ω*
c  in Eq. [4], and applying to

the integral of Eq. [2a], gives

(5)

The compromise in the results depends only upon where

ξ is selected.  If the mean is assumed to prevail at the

mid-range ξ = z* = a + ω*
c  /2 = a1, it leads to an approxi-

mation of Eq. [2a]

(6)

Substitution in Eq. [1a] yields

(7a)

Although not used here, but for completeness, the

elastic area of contact is also obtained.  Using Eq. [42] in

Chang, et.al.,(1) and applying similarly the mean value the-

orem gives,

(7b)

The Plastic Contact Model – Exact Solution

The integration of Eq. [2b] is carried out mathematically

to yield exactly

(8)

The complimentary error function, erfc(•), is calculated

using either intrinsic functions, subroutine packages, or it

can easily be hand-coded.(22) Upon substitution of Eq. [8]

in Eq. [1b] results in

(9a)

The plastic area of contact is defined by Eq. [43] in

Chang, et.al..(1) Hence, the exact solution is

(9b)

Collecting the elastic and plastic contributions, the

total average contact pressure over a nominal area An is

(10)

It is emphasized that all results obtained here are

derived in closed-form, so there is no overhead associated

with their computation. Moreover, the Gaussian distribu-

tion is not approximated (as was done elsewhere) and par-

ticularly, the result in Eq. [9a] is exact. Since mechanical

seals predominantly inherit large plasticity indexes, Eq.

(9a) is dominant, and practically pc ≈ pcp. Nevertheless, Eq.

[10] is used for the force and moment balance, allowing

seamless seal transition between contacting and noncon-

tacting modes of operation. After face liftoff, or during

noncontacting operation, h* becomes sufficiently large (h*

>3) to make this model mathematically moot. 

Face deformation
This work strictly adheres to the kinematical model devel-

oped by Green and Etsion.(6), (7) For conciseness the model

will only be briefly described, while emphasis is placed

upon new information that pertains to the current task.

Figures 1 and 2 are taken from the aforementioned work

to assist in model description.

The film thickness distribution is directly influenced by

face deformation, which is caused by thermally and

mechanically induced effects. The thermal deformation is

caused by viscous and frictional heating, where the

mechanical deformation is caused by fluid pressure, cen-

trifugal effects, and contact. These deformations can be

calculated by a finite element structural analysis.  This

method, however, requires a large amount of computing

time because the deformation calculations have to be

repeated at every instant (see e.g., Parmar,(17)) due to the

coupling between the lubrication, heating, and the defor-

mation processes.  To bypass this time consuming calcu-

lation Taylor,(26) and then Ruan, et.al.,(23) devised an influ-

ence coefficient technique that was also used by Harp and

Salant.(11) This technique assumes that the deformation is

linearly dependent upon the external loadings.  

The approach also assumes that the deformations

occur instantaneously as the loads are applied, or implic-

itly assumes quasi-static conditions. When mechanical

loadings are of concern, indeed the seal structure reacts

(deforms) without lag. However, when thermal loadings

are of concern deformations lag behind. Specifically, con-

sider viscous heating in a transient state: the temperature

field in the seal elements is governed by the time depend-

ent Fourier Equation. The deformation (face warping)

then, as caused by the temperature gradients in the mate-

rial, changes and evolves in time. 

Thus, a transient analysis must account for this time

dependent warping as viscous heating and the film thick-

ness are entangled. To implement time dependent spatial

influence coefficients is a cumbersome process. Instead, a

pragmatic approach is proposed here. First, only viscous

heating is considered here, because experience shows that

this is the dominant effect in face warping once thermal

deformation takes place, which causes the frictional heat-

ing to vanish sharply.(17) However, if deemed necessary the

treatment of frictional heating can easily be implemented

using the same technique outlined here (this will be high-

lighted later). Second, similar to Parmar,(17) mechanically
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induced deformations are not included as they are typi-

cally much smaller than thermally induced deformations,

but if deemed important their inclusion is trivial.(23)

Consider the time dependent Fourier Equation. Sup-

pose that a solid is at a uniform reference temperature and

a unit heat source is applied to the solid boundary. The

temperature field would propagate in a monotonic fash-

ion, and would exponentially change in time at any point

in the solid.(16) The spatial temperature gradient that is

formed, coupled with the elastic governing equations,

would in turn deform the boundary in a likewise monoto-

nic fashion. Finite element codes are well suited to solve

the thermal and the elastic problems seamlessly. That face

warping is shown schematically in Figure 3, where β repre-

sents axisymmetric and linear face coning (see Figure 2).  

The axisymmetric linear shape may be assumed as a

first approximation, but if the faces deform in some

curved or wavy fashion, then other spatial shape functions

can likewise be used because the solution of the time-

dependent Fourier equation is separable in time and

space (i.e., solved by separation of variables). Particularly,

since the transient dynamic analysis herein is by defini-

tion non-axisymmetric it can easily accommodate non-

axisymmetric deformations.

Instead of a unit source, the deformation is obtained at

a reference value of the film thickness and speed, denoted

as href, and ωref, respectively, where β ref is the asymptotic

value of the deformation for these conditions. It seems

that the warping behavior resembles a first order system

response, in which case, since viscous heating, and thus

warping, are proportional to ω 2/h,(23) a governing equation

can be formed1: 

(11)

Note that when h = href and ω = ωref are applied at t=0,

then Eq. [11] can be written as

(12)

where δ = β/ βref and u(t) represents a unit step function.

The solution of this equation is

(13)

where τ is the time constant of the process. When t/τ =1,

δ achieves the value of 0.632, which allows the extraction

of τ from the transient deformation results originating

from the finite element solution (see Figure 3). The right
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Figure 2. Relative postion between 
stator and rotor.

Figure 3. Schematic of face deformation 
vs. time

Figure 1. Seal kinematical model.
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1Eq. [11] is similar to Eq. [6-132] in Szeri(25) for a marching processes.

With knowledge of the boundary conditions and the deformation at one

instant in time, one can compute the deformation at all later times.
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hand side of Eq. [11] suggests that the larger the speed

and the smaller the film thickness, the larger the defor-

mation. However, h = h(t) and ω = ω(t), i.e., they are func-

tions of time in a transient response. Hence, in these con-

ditions Eq. [11] becomes 

(14)

where f(t)=[href /h(t)][ω(t)/ω ref ]2. [Note that if THD is

accounted for (e.g., Pascovici, and Etsion,(18)) and the vis-

cosity becomes time dependent, then the right hand side

of Eq. [11] and f(t) can be augmented, i.e., multiplied by

µ(t)/µref, and the outlined procedure remains intact.] The

general solution of Eq. [14] is (see Meirovitch (15))

(15)

Hence, the deformation at any time is obtained by con-

volution of the forcing function f(t) and a kernel solution

ϕ(t)/τ, where 

Here s is the Laplace variable, and L-1 is the inverse

Laplace transform. The initial condition of the deformation

is δ(0) (in a typical face flat seal this is zero, but any other

initial value can be used). The solution of Eq. [14] is thus

(16)

where the star product represents the convolution

expressed in Eq. [15]. Clearly the deformation at any

instant depends upon the entire deformation history, i.e.,

the process is hereditary. For this reason the quasi-static

assumption used in other work may not be suitable to

describe transient processes. There are two exceptions to

this conclusion and they are the limiting cases of τ: 

(1.) The time constant is very large τ → ∞. In this case

dδ/dt → 0 and the solution is simply δ(t)= δ(0), i.e.,

the deformation is equal to the initial value and

remains constant throughout. This may represent the

case when viscous heating has a negligible effect

upon the deformation.

(2.) The time constant is very small τ → 0. In this case (see

Eq. [14]) δ =f(t), i.e., the deformation occurs instanta-

neously. In this situation the quasi-static solution

may be justified. However, the consequences of let-

ting τ → 0 may be erroneous because if the system is

brought instantaneously to stand still (i.e., if the heat

generation has become immediately nil), the seal

faces may still be warped, and leakage would con-

tinue until the faces cool off completely. Only careful

examination of τ compared to other time scales in the

problem (e.g., in dynamics, the inverse of the eigen-

values and/or shaft speed) will reveal whether letting

τ → 0 is justified. [For mechanically induced warping,

by definition, τ =0.]

Clearly the solution presented above can equally be

applied to asperity friction, if so desired. The frictional

heating generated would add to the viscous heating, and

face deformation would only be expedited. Once pressure

builds up in a radially converging gap, faces lift off rapidly

(see also Parmar,(17) and the results that follow) negating the fric-

tional heating effects and leaving viscous heating to dom-

inate. Once noncontacting operation has been established

frictional heating is moot along with the contact forces. 

While the solution given in Eq. [16] is viable, the

numerical implementation of convolution coupled with

dynamics, although possible, is more cumbersome than

the technique presented subsequently.

Transient operation conditions
To represent time-varying conditions (startup, running,

and shutdown) the following generic function is assumed:

(17)

where V is a desired steady-state value representing

generically the rotor angular velocity, Ψr = ω,or the seal

inner or outer pressures, pi, or po, respectively. Judicious

use of t1, t2, and t3, such that 0≤ t 1≤ t 2≤ t 3, can bring about

function combinations of constant, ramp-up-and-down,

step, etc. It is not necessary that the various values of ti be

the same for speed and pressure.

Simultaneous solution of transient dynamics
The analysis herein pertins to a mechanical seal having a

flexibly mounted stator configuration. The kinematical

model and analysis strictly conform in essence and

nomenclature with Green and Etsion.(6),(7) That work in the

current analysis can be regarded as having τ → ∞ and t1 =

0, t2 = t3 → ∞. Because of this conformity the kinematical

model is not repeated.  Only essential and new informa-
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tion are added here.  Note particularly the new definition

of rotor precession, Ψr, which will be discussed below.

The rotating seal seat (rotor) is rigidly mounted to the

rotating shaft. The flexibly supported seal ring (stator) is

attempting to track the misaligned rotor (see Figure 1). The

rotor misalignment is represented by a tilt γr  measured

between the out-normal to its plane and the axis of shaft

rotation. Similarly, the stator may have, prior to final

attachment to the rotor, an initial misalignment, γsI, meas-

ured with respect to the axis of shaft rotation. At rest, and

with a zero pressure differential, the stator is pressed

against the rotor by supporting springs. This forces the

stator into the same tilt as that of the rotor where both

rest on asperity contact. During operation, however, the

mating faces separate and the stator detaches from the

rotor to assume its own tilt, γs. This tilt is a result of the

combined effects of both γr and γsi. The tilt angles γi, γr, and

γs are all very small, typically less than one milliradian

and, therefore, they can be treated as vectors. Since γi is

fixed in space and γr is rotating at the shaft speed ω, the

resultant vector γs will possess a time-varying precession

(whirl) speed,  
.

Ψ. Green and Etsion,(6) expressed the vector

γs as follows:

(18)

where 
→γsI is the response to 

→γsi alone and is fixed in space,

while 
→γsr is the response to 

→γr alone and thus is whirling at

the shaft speed. The relative misalignment between the

stator and rotor, γ, is also a rotating vector, given by the

vector subtraction and its magnitude:

(19)

where Ψr(t) is the time varying rotor precession angle and

is obtained by the analytical integration of Eq. [19]. Figure

2 shows the relative position between the seal compo-

nents. The tilt vector γo is the relative misalignment γ in

the special case when γsI = 0, and using Eqs. [18]-[19]

gives:

(20)

The support moments and force are

(21-a)

(21-b)

(21-c)

where KsZ and DsZ are, respectively, the axial stiffness and

damping coefficients of the support.  Note here that the

term γsi in Eqs. [21] is the initial stator misalignment that

produces an inertial forcing function.  This is the result of

manufacturing and assembly imperfections (tolerances),

or the action of gravity.  For conciseness it is assumed in

this work (without loss of generality) that γsi = 0.

The closing force is due to hydraulic pressure and

spring preset

(22)

where ri, ro, rb are the seal inner, outer, and balance radii,

respectively.  Bo and Bi are area ratios, one of which is des-

ignated as the balance ratio, B: if po > pi then B = Bo, if pi >

po then B = Bi.

The flow is governed by the incompressible Reynolds

equation assuming isoviscous conditions (see comment fol-

lowing Eq. [14] concerning time-dependent viscosity). Hence,

(23)

where the operator →∇ is presumed to be in cylindrical co-

ordinates.  Since the intent here is to solve a transient

behavior from contact to separation, it seems as if the flow

factors such as those obtained by Patir and Cheng(19), (20)

need to be included. However, as will be shown later, even

the heavily overbalanced seals examined here do not have

a ratio h/σ less than three. Consequently the flow factors

asymptotically approach the value of unity and, therefore,

can be ignored. The solution of Eq. [23] for the pressure is

presented in closed-form in Green and Etsion,(6), (7) and is

not repeated. The only compromise imbedded in the solu-
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Table 1. Reference Case ( =2 s, B = 0.75) 

ri = 0.0355 m ro = rg = 0.0408 m µ = 1.2 � 10
-3

Pa s r = 10
-3

rad

K Zs = 5 � 10
5

N/m D Zs = 300 N s/m F spring = 20 N m = 1 kg

ref = 5 � 10
-6

rad href = 0.3 � 10
-6

m ref = 500 rad/s (0) = 0

H = 1 GPa R = 1.7 � 10
-6

m K = 0.6 Co = 10
-6

m

E = 24.07 GPa =10
-7

 m = 6.6167 =4.16�10
11

Transient Properties, pi = 100 kPa = const (see Eq. [17])

Steady-state value 

between t1 and t2

t1 t2 t3

Po = 500 kPa 3 s 6 s 9 s

= 1500 rad/s 3 s 6 s 9 s

Table 1. Reference Case  ( τ = 2 s, B = 0.75)
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tion is that of the “narrow seal approximation,”(4) which is

well justified for most mechanical seals.

Clearly the solution for p is dependent upon h and

δh/δt (see Eq. [23]). Using Figure 2, and noting that C = Co

+ Z, where Co is the designed centerline clearance, leads

to the local film thickness

(24)

where β is the time-dependent coning angle (see Eq. [11]),

and γ is the relative misalignment. The latter is calculated

by using Eq.[19]. The stator degrees of freedom are the

axial displacement, Z, the nutation, γs, and the precession,

Ψ. At every instant of time the interface induces tilting

moments and an axial force that are obtained by integrat-

ing the fluid film pressure, p, combined with the contact

pressure, pc (from Eq. [10]), over the sealing dam area:

(25a)

(25b)

(25c)

A numerical integration is used because intermittent contact

and/or cavitation make the problem nonlinear. Cavitation

(a condition more likely to happen in low-pressure and

high-speed seals, but unlikely otherwise) is handled here
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Figure 4a. Balance ration effects upon transient 

response  ( τ = 2 s).
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Figure 4b. Balance ration effects upon coning and 

flow  (τ = 2 s).
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Figure 5a. Thermal time constant effects upon the 

transienet response  ( B = 0.75).
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Figure 5b. Time constant effects upon coning and 

flow ( B = 0.75).

CONTINUED FROM PAGE 59

using the half-Sommerfeld boundary condition. Since and

Z, γs, and Ψ are time dependent then h, p, Mfx, Mfy, and FfZ are

time dependent as well. The equations of motion(6),(7) as formu-

lated by Green and Barnsby(5) are cast in a state space form,

including now the time-dependent face coning of Eq. [11],

(26)

These are subject to the initial conditions. Z(0) =

-0.65C0, γS (0)  = γr,
.
Z(0) = 

.
γS (0) = Ψ (0) =

.
Ψ (0) = β (0) = 0. Note

that the lubrication problem, dynamics, and face warping

are all coupled. This nonlinear set of seven equations is

integrated in time by efficient multistep ordinary differen-

tial equation solvers.(24) The solution gives a simultaneous

dynamic simulation for the transient response of the seal

including face deformation caused by viscous heating.

Parametric Investigation
A tyical reference case is selected (see Table 1).  For those

href and ω ref specified, a thermal time constant, τ, and a ref-

erence (steady-state) coning, βref, have been extracted

from transient coning results calculated by an FEA code

(see discussion following Eq. [13]).  [The value of τ = 2 s is by

and large consistent with that of 4 s reported by Parmar(17)
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to reach steady-state coning]. In the present analysis the

seal is set into motion from rest at easy contact (hmin/σ =

0.35Co/σ = 3.5). According to Eq. [17] the speed, Ψr, and

pressure drop, po - pi, are simultaneously ramped up to

their respective maximums, held constant at steady-state

values, and then ramped down to zero (the inner pressure

is held constant).  In this analysis two effects will be

examined:

Balance ratio effects
Upper and lower balance ratios of 0.65 and 0.85 are com-

pared against the reference value of 0.75, while the thermal

time constant is held fixed at 2 s. The transient results are

shown as a function of normalized time, ωt/2π, in Figure

4(a) for the normalized kinematical variables, and in Figure

4(b) for the normalized coning and flow rate (see Nomencla-

ture for normalization). It is seen that in all cases an initial

transient occurs as speed,  
.

Ψr, and pressure difference, p0 -

pi, develop, i.e., when the balance ratio becomes meaning-

ful. Following that the seal starts and returns to contact

exactly at or close to γ = 0 and (hmin/C0 = 0.3). Since here σ =

0.1µm and C0 = 1µm, then λ = hmin/δ =3 validating that flow

factors(19) are moot in this application even at contact.

The combination of thermal deformation (i.e., coning)

and an evolving pressure drop induce a hydrostatic open-

ing force that separates the faces from contact at rest to a

noncontacting mode of operation. Hence, except for very

short durations at startup or shutdown, viscous shear

remains the only heating source. As can be seen in Figure

4(b) the coning is time varying, starting at the initial value

of zero (i.e., flat faces at rest and in contact) to a maxi-

mum, then upon shutdown as speed decreases, the faces

cool off and the coning decreases. Nevertheless, there

remains some coning even at the end of the cycle because

the time constant prevents an immediate reaction to zero

heat generation. The flow, which increases with increased

coning and pressure drop, goes down to zero even though

there is some coning left. This is because at the end of the

cycle the pressure drop goes also to zero. However, if the

pressure in the seal chamber had been still elevated, flow

would have continued even at complete shutdown (this

case will be demonstrated subsequently).

The effect of the balance ratio is almost intuitive: the

larger the balance ratio the smaller the dynamic response,

the larger the heat generation, the larger the coning, the

smaller the leakage. (While wear is not part of the model,

it is likely that also wear increases with the balance ratio.)

There is one exception though: it is seen from Figure 4(a)

that at the intermediate (i.e., reference) value of 0.75, the

relative tilt is smaller than 0.65 or 0.85. This is the result

of a smaller angular transmissibility (see Green and Etsion(6)).

Also, the decrease of the balance ratio from 0.85 to 0.65 in

steps of 0.10, approximately doubles the flow rate at each

step. It can also be seen that the thermal time constant is

delaying the dynamic response of the seal, as discussed

in the introduction. This effect is now further investigated.

Thermal time constant effect
In this section the balance ratio is held constant at 0.75,

while letting τ take on values of 0, 2, and 4 s. In addition, for

the reference condition the outer pressure, po, is ramped up

with speed as previously, but upon shut down the pressure

remains at its maximum in order to simulate a condition of

elevated pressure in the seal chamber even during shut-

down. The dynamic response, deformation, and flow are

shown in Figure 5. It is obvious that when τ = 0 the dynamic

response is in phase with the deformation, showing a sym-

metric behavior having a constant steady-state value

between startup and shutdown. At τ = 2 s the deformation

(coning) is delayed, and with it the system transient

response is delayed until the steady-state value is reached,

after which the system goes through a shutdown process.
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Figure 6 Separation speed of a contacting seal.
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However, at τ = 4 s the delay prevents the system from

reaching the steady-state value before the seal shuts down.

During the shutdown process the seal behavior is very sim-

ilar in these three cases as the pressure drop decreases

with speed (and with it the viscous heating).

It is interesting to note that when the outer pressure in

the seal chamber remains elevated at shut down, po=500

MPa, and letting t2/t3 _= 9 s, the seal at the end of the cycle

ends up at a static balance where Z/Co=0, γro/Co=0.275, and

hmin/Co=0.78. That is, the seal faces remain open where the

combination of elevated hydrostatic pressure drop and

coning generate flow even at stand-still (see Figure 5(b)).

Then the coning drops off more rapidly as the flow cools

off the faces. The total volumetric flow is the integral of Q

in time, i.e., it is the area contained under the curve of Fig-

ure 5(b). It is obvious that such a behavior adds consider-

ably to flow escaping the seal even after shut down. It is

concluded that the thermal time constant has a signifi-

cant role during startups and shutdowns and in transients

subject to similar time scales.

The CPU execution time is typically of the order of one

minute on a 866 MHz PC for each of the aforementioned

numerical examples.

Separation speed of contacting seals
The computer code presented here has demonstrated its

capability to seamlessly simulate the transition of seals

going from contacting to noncontacting mode of opera-

tion, and vice versa.  The works by Green,(8) and Green and

Bair(9) presented a closed-form solution for the separation

speed of contacting seals.  It is interesting to verify the cur-

rent numerical simulation with the said work predictions.

However, to achieve a closed-form solution, some simpli-

fying assumptions had to be made.  To comply with the

conditions of the previous work it is assumed now that the

pressure drop is nil, τ → ∞, and the rotor speed, 
.

Ψr is lin-

early ramped from zero to an arbitrarily “high target speed”

of ω = 105 rad/s at a rate of  
..
Ψr = 104 rad/s2 (all other condi-

tions in the base case of Table 1 remain unchanged). 

The results of the simulation for the kinematical vari-

ables are shown in Fig. 6 where the inset magnifies the

neighborhood of separation.  It can be seen that perfect

contacting state prevails until the vicinity of (ωt/2π)=1870,

beyond which the seal sharply opens up axially and angu-

larly.  A quick calculation using Eq. [17] reveals that at that

instant the shaft speed is   
.

Ψr = 1175 rad/s2. This value is close

to the separation speed of 1131 rad/s predicted by the closed-

form analysis of Green and Bair,(9) (yielding a 4 percent dif-

ference). The aforementioned work assumed perfectly rigid

surfaces, while here the analysis uses a finite interface

stiffness (the GW/CEB contact model) which allows the

faces to remain in contact a bit longer. It can be reasonably

stated that the current numerical analysis is confirmed

analytically. Of course, for realistic seals where the said

idealization is not feasible the current numerical formula-

tion remains the only viable design tool. The CPU execu-

tion time for this example is approximately two minutes.

Conclusions
A transient dynamic analysis which includes time-

dependent thermal deformation of the faces is presented.

The proposed model shows that the thermal face defor-

mation is hereditary by virtue of a finite thermal time con-

stant. Instead of using a numerical convolution to capture

the lag between cause and effect, the deformation model

easily fits into a state-space form that already contains

the dynamic equations of motion. These are integrated

simultaneously by efficient multistep techniques. The cur-

rent formulation circumvents the formidable task of a

transient dynamic analysis coupled with a time depend-

ent finite element analysis for the heat transfer and face

deformations. The current formulation also includes a

new closed-form solution for the mechanics of asperity

contact, which allows a seamless dynamic simulation of

real seals as they transition from contacting to noncon-

tacting modes of operation, and vice versa.  

The results show that thermally induced coning com-

bined with a hydrostatic pressure drop lifts the faces off

even at a fairly high balance ratio. After lift-off (and in the

absence of stator initial misalignment) the stator synchro-

nously tracks the rotor in time-delayed noncontacting

mode of operation. A time lag takes place between the ini-

tiation of rotor rotation, heating, and lift-off. It is shown

that a real seal can continue to leak even after shutdown

when the pressure drop remains elevated because of resid-

ual coning in the faces that cool off gradually. The com-

puter code is verified against a closed-form solution that

predicts the separation speed of contacting seals where the

numerical simulation yields a less conservative (higher)

critical speed because of interface compliance. Although

the examples solved here pertain to incompressible fluids,

the analysis can be equally applied to compressible seals;

however, viscous heating effects would likely be smaller

because of lower gas viscosity, but instead dry face friction

may become dominant to generate a similar deformation

pattern and dynamic behavior. <<
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