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Abstract

In this paper, we propose a stochastic version of the classical Tseng’s forward-backward-
forward method with inertial term for solving monotone inclusions given by the sum of a maximal
monotone operator and a single-valued monotone operator in real Hilbert spaces. We obtain
the almost sure convergence for the general case and the rate O(1/n) in expectation for the
strong monotone case. Furthermore, we derive O(1/n) rate convergence of the primal-dual gap
for saddle point problems.
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1 Introduction

In this paper, we study the following inclusion problem:

find x∗ ∈ H such that 0 ∈ Ax∗ +Bx∗, (1.1)

where H is a separable real Hilbert space, A : H → 2H is a maximal monotone operator and
B : H → H is a monotone operator. The solution set of (1.1) is denoted by (A+B)−1(0).

This problem plays an important role in many fields, such as equilibrium problems, fixed point
problems, variational inequalities, and composite minimization problems, see, for example, [1, 9, 2].
To be more precise, many problems in signal processing, computer vision and machine learning can
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be modeled mathematically as this formulation, see [19, 33, 3] and the references therein. For
solving the problem (1.1), the so-called forward-backward splitting method is given as follows:

xn+1 = (I + λA)−1(xn − λBxn), (1.2)

where λ > 0.

The forward-backward splitting algorithm for monotone inclusion problems was first introduced
by Lions and Mercier [28]. In the work of Lions and Mercier, other splitting methods, such as
Peaceman– Rachford algorithm [31] and Douglas-Rachford algorithm [22] was developed to find
the zeros of the sum of two maximal monotone operators. Since then, it has been studied and
reported extensively in the literature; see, for instance, [41, 10, 14, 6, 13, 25, 40] and the references
therein. Recently, stochastic versions of splitting algorithms for monotone inclusions have been
proposed, for example stochastic forward-backward splitting method [37, 36], stochastic Douglas-
Rachford splitting method [11], stochastic reflected forward-backward splitting method [29] and
stochastic primal-dual method [38], see also [19, 4, 32] and applications to stochastic optimization
[37, 17] and machine learning [35, 24].

Motivated and inspired by the algorithms in [41, 37, 36, 42, 29], we will introduce a new
stochastic splitting algorithm for inclusion problems. The convergence and the rate convergence of
the proposed algorithm are obtained.

The rest of the paper is organized as follows. After collecting some definitions and basic results
in Section 2, we prove in Section 3 the almost sure convergen for the general case and the strong
convergence along with the rate convergence in the strongly monotone case.

In section 4, we apply the proposed algorithm to the convex-concave saddle point problem.

2 Preliminaries

Let H be a separable real Hilbert space endowed with the inner product 〈 | 〉 and the associated
norm ‖ · ‖. When (xn)n∈N is a sequence in H, we denote strong convergence of (xn) to x ∈ H by
xn → x and weak convergence by xn ⇀ x.

We recall some well-known definitions.

Definition 2.1 Let A : H → 2H be a set-valued mapping with nonempty values.

(1) A is said to be monotone if for all x, y ∈ H, u ∈ Ax and v ∈ Ay, the following inequality
holds 〈u− v | x− y〉 ≥ 0.

(2) A is said to be maximally monotone, if it is monotone and if for any (x, u) ∈ H × H,
〈u− v | x− y〉 ≥ 0 for every (y, v) ∈ graA = {(x, y) : y ∈ Ax} (the graph of mapping A)
implies that u ∈ Ax.

(3) We say that A is φA-uniformly monotone, if there exists an increasing function φA : [0,∞[ →
[0,∞] that vanishes only at 0 such that

(

∀(x, u), (y, v) ∈ graA
)

〈x− y | u− v〉 ≥ φA(‖y − x‖). (2.1)

2



If φA = νA| · |
2 for some νA ∈ ]0,∞[, then we say that A is νA-strongly monotone.

(4) Let Id denote the identity operator on H and A : H → 2H be a maximal monotone operator.
For each λ > 0, the resolvent mapping JA

λ : H → H associated with A is defined by

JA
λ (x) := (Id+λA)−1(x) ∀x ∈ H. (2.2)

Definition 2.2 A mapping T : H → H is said to be

(1) firmly nonexpansive if

‖Tx− Ty‖2 ≤ 〈Tx− Ty | x− y〉 ∀x, y ∈ H,

or equivalently

‖Tx− Ty‖2 ≤ ‖x− y‖2 − ‖(I − T )x− (I − T )y‖2 ∀x, y ∈ H.

(2) L-Lipschitz continuous with L > 0 if

‖Tx− Ty‖ ≤ L‖x− y‖ ∀x, y ∈ H. (2.3)

Let Γ0(H) be the class of proper lower semicontinuous convex functions from H to ]−∞,+∞].

Definition 2.3 For f ∈ Γ0(H):

(1) dom f = {x ∈ H, f(x) < +∞}. The subdifferential of f at x ∈ dom f is

∂f(x) = {u ∈ H, ∀z ∈ dom f : f(z) ≥ f(x) + 〈u | z − x〉}.

(2) The proximity operator of f is

proxf : H → H : x 7→ argmin
y∈H

(

f(y) +
1

2
‖x− y‖2

)

. (2.4)

(3) The conjugate function of f is

f∗ : a 7→ sup
x∈H

(

〈a | x〉 − f(x)
)

. (2.5)

(4) The infimal convolution of the two functions ℓ and g from H to ]−∞,+∞] is

ℓ � g : x 7→ inf
y∈H

(ℓ(y) + g(x− y)). (2.6)

Note that proxf = J∂f and

(∀f ∈ Γ0(H)) (∂f)−1 = ∂f∗. (2.7)

We now recall some results which are needed in sequel.
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Lemma 2.4 ([39]) Let A : H → 2H be a set-valued maximal monotone mapping and λ > 0. Then
the domain of the resolvent of A is the whole space, that is D(JA

λ ) = H, and in addition JA
λ is a

single-valued and firmly nonexpansive mapping.

Lemma 2.5 ([8], Lemma 2.4) Let A : H → 2H be a maximal monotone mapping and B : H → H
be a Lipschitz continuous and monotone mapping. Then the mapping A+B is a maximal monotone
mapping.

Following [27], let (Ω,F,P) be a probability space. A H-valued random variable is a measurable
function X : Ω → H, where H is endowed with the Borel σ-algebra. We denote by σ(X) the σ-field
generated by X. The expectation of a random variable X is denoted by E[X]. The conditional
expectation of X given a σ-field A ⊂ F is denoted by E[X|A]. A H-valued random process is a
sequence (xn) of H-valued random variables. The abbreviation a.s. stands for ’almost surely’.

Lemma 2.6 ([34, Theorem 1]) Let (Fn)n∈N be an increasing sequence of sub-σ-algebras of F, let
(zn)n∈N, (βn)n∈N, (θn)n∈N and (γn)n∈N be [0,+∞]-valued random sequences such that, for every
n ∈ N, zn, βn, θn and γn are Fn-measurable. Suppose that

∑

n∈N γn < +∞,
∑

n∈N βn < +∞ a.s.
and

(∀n ∈ N) E[zn+1|Fn] ≤ (1 + γn)zn + βn − θn a.s..

Then zn converges a.s. and (θn)n∈N is summable a.s..

According to the proof of Proposition 2.3 [17], we have the following lemma.

Lemma 2.7 Let C be a non-empty closed subset of H and let (xn)n∈N be a H-valued random
process. Suppose that, for every x ∈ C, (‖xn+1 − x‖)n∈N converges a.s.. Suppose that the set of
weak sequentially cluster points of (xn)n∈N is a subset of C a.s.. Then (xn)n∈N converges weakly
a.s. to a C-valued random vector.

3 Main results

In this section, we propose a novel stochastic forward-backward-forward algorithm for solving the
problem 1.1 and analyse its convergence behaviour. Unless otherwise specified, we assume that the
following assumptions are satisfied from now on.

Assumption 3.1 In what follows we suppose the following assumptions for A and B:

(A1) The mapping B : H → H is L-Lipschitz continuous and monotone;

(A2) The set-valued maping A : H → 2H is maximal monotone.

(A3) The solution set P = zer(A+B) = (A+B)−1(0) 6= ∅.

The algorithm is designed as follows.
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Algorithm 3.2 Step 0: (Initialization) Choose θ ∈ [0, 1]. Let (λn)n∈N be a positive sequence,
(ǫn)n∈N ⊂ [0,+∞) satisfying

+∞
∑

n=0

ǫn < +∞. (3.1)

(3.2)

Let x−1, x0 be H-valued, squared integrable random variables and set n = 0.
Step 1: Given xn−1, xn (n ≥ 0), choose αn such that

αn =







min

{

ǫn
‖xn − xn−1‖

, θ

}

if xn 6= xn−1,

θ if xn = xn−1.
(3.3)

Let rn be a random vector. Compute

wn = xn + αn(xn − xn−1),

yn = (I + λnA)
−1(wn − λnrn).

Step 2: Let sn be an unbiased estimator of Byn, i.e., E[sn|Fn] = Byn. Calculate the next iterate
as

xn+1 = yn − λn(sn − rn), (3.4)

where Fn = σ(x−1, x0, r0, x1, r1, . . . , xn, rn).
Let n := n+ 1 and return to Step 1.

Remark 3.3 Some remarks on the algorithm are in order now.

(1) Algorithm 3.2 is an extension of the forward-backward-forward splitting method in [41] which
is in the deterministic setting. In the setting of this method, we do not need the cocoercive
condition as in [17, 18, 36].

(2) When αn = 0, Algorithm 3.2 reduces to (3.2) in [42]. However, the conditions for the
convergences are different from that in [42].

(3) In [20, 21], for solving (1.1), the authors designed stochastic forward-backward-forward split-
ting methods which require a large number of samples in each iteration. Our results are also
different from that in [20, 21].

(4) Evidently, we have from (3.3) that

αn‖xn − xn−1‖ ≤ ǫn. (3.5)
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Lemma 3.4 Let (xn) be generated by Algorithm 3.2, then the following holds:

‖xn+1 − p‖2 ≤ ‖wn − p‖2 − (1− λ2
nL

2)‖wn − yn‖
2 + λ2

n

(

‖sn −Byn‖
2 + ‖rn −Bwn‖

2
)

+ 2λ2
n

(

〈sn −Byn | Byn − rn〉+ 〈Byn −Bwn | Bwn − rn〉
)

+ 2 〈yn − wn − λn(Byn − rn) | yn − p〉+ 2λn 〈Byn − sn | yn − p〉 , (3.6)

for any p ∈ P.

Proof. We have

‖xn+1 − p‖2 = ‖yn − λn(sn − rn)− p‖2

= ‖yn − wn − λn(sn − rn) + wn − p‖2

= ‖wn − p‖2 + ‖yn − wn − λn(sn − rn)‖
2 + 2 〈yn − wn − λn(sn − rn) | wn − p〉

= ‖wn − p‖2 + ‖yn − wn − λn(sn − rn)‖
2 + 2 〈yn − wn − λn(sn − rn) | wn − yn〉

+ 2 〈yn − wn − λn(sn − rn) | yn − p〉

= ‖wn − p‖2 + ‖yn − wn − λn(sn − rn)‖
2 − 2‖wn − yn‖

2 + 2λn 〈sn − rn | yn − wn〉

+ 2 〈yn − wn − λn(sn − rn) | yn − p〉

= ‖wn − p‖2 − ‖wn − yn‖
2 + λ2

n‖sn − rn‖
2

+ 2 〈yn − wn − λn(Byn − rn) | yn − p〉+ 2λn 〈Byn − sn | yn − p〉 . (3.7)

Note that

‖sn − rn‖
2 = ‖sn −Byn +Byn − rn‖

2

= ‖sn −Byn‖
2 + 2 〈sn −Byn | Byn − rn〉+ ‖Byn −Bwn +Bwn − rn‖

2

= ‖sn −Byn‖
2 + 2 〈sn −Byn | Byn − rn〉+ ‖Byn −Bwn‖

2 + ‖Bwn − rn‖
2

+ 2 〈Byn −Bwn | Bwn − rn〉

≤ ‖sn −Byn‖
2 + 2 〈sn −Byn | Byn − rn〉+ L2‖yn − wn‖

2 + ‖Bwn − rn‖
2

+ 2 〈Byn −Bwn | Bwn − rn〉 (3.8)

By combining (3.7) and (3.8) we obtain

‖xn+1 − p‖2 ≤ ‖wn − p‖2 − (1− λ2
nL

2)‖wn − yn‖
2 + λ2

n

(

‖sn −Byn‖
2 + ‖rn −Bwn‖

2
)

+ 2λ2
n

(

〈sn −Byn | Byn − rn〉+ 〈Byn −Bwn | Bwn − rn〉
)

+ 2 〈yn −wn − λn(Byn − rn) | yn − p〉+ 2λn 〈Byn − sn | yn − p〉 .

The proof is complete.

Theorem 3.5 Let (xn)n∈N be generated by Algorithm 3.2. The followings hold

(i) Assume that (λn)n∈N be a sequence in

]

ǫ,
1− ǫ

L

[

and the following conditions are satisfied for

Fn = σ(x−1, x0, r0, x1, r1, . . . , xn, rn)
∑

n∈N
E[‖sn −Byn‖

2|Fn] < +∞ a.s.. and
∑

n∈N
‖rn −Bwn‖

2 < +∞ a.s. (3.9)

Then (xn)n∈N converges weakly to a random varibale x : Ω → zer(A+B) a.s..
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(ii) Suppose that A or B is uniformly monotone. Let (λn)n∈N be a sequence in ]0,+∞[ such that
(λn)n∈N ∈ ℓ2(N)\ℓ1(N) and

∑

n∈N
λ2
n‖rn −Bwn‖

2 < ∞ a.s and
∑

n∈N
λ2
nE[‖sn −Byn‖

2|Fn] < +∞ a.s., (3.10)

where (∀p ∈ ]0,∞[) ℓp(N) =
{

(λn)n∈N | (∀n ∈ N) λn ∈ R,
∑

n∈N
|λn|

p < +∞
}

. Then (xn)n∈N

converges strongly to a unique solution x a.s..

Proof. From Lemma 3.4, taking conditional expectation given Fn on both sides of (3.6)), using
E[sn|Fn] = Byn we get

E[‖xn+1 − p‖2|Fn] ≤ ‖wn − p‖2 − (1− λ2
nL

2)‖wn − yn‖
2 + λ2

nE[‖sn −Byn‖
2|Fn] + λ2

n‖rn −Bwn‖
2

+ 2λ2
n 〈Byn −Bwn | Bwn − rn〉+ 2 〈yn − wn − λn(Byn − rn) | yn − p〉 .

(3.11)

Since yn = (I + λA)−1(wn − λnrn), we obtain

wn − yn
λn

− rn ∈ Ayn

which is equivalent to
wn − yn

λn
− rn +Byn ∈ (A+B)yn.

We have 0 ∈ (A+B)p, using the uniformly monotone of A+B, we get

〈

wn − yn
λn

− rn +Byn | yn − p

〉

≥ φ(‖yn − p‖), (3.12)

which implies

〈yn − wn − λn(Byn − rn) | yn − p〉 ≤ −λnφ(‖yn − p‖). (3.13)

Using (3.5) and Cauchy-Schwarz inequality, we estimate the term ‖wn − p‖2 in (3.11) as follows:

‖wn − p‖2 = ‖xn + αn(xn − xn−1)− p‖2

= ‖xn − p‖2 + 2αn 〈xn − p | xn − xn−1〉+ α2
n‖xn − xn−1‖

2

≤ ‖xn − p‖2 + 2αn‖xn − p‖‖xn − xn−1‖+ α2
n‖xn − xn−1‖

2

≤ ‖xn − p‖2 + 2ǫn‖xn − p‖+ ǫ2n

≤ (1 + ǫn)‖xn − p‖2 + ǫ2n + ǫn . (3.14)

Therefore, from (3.11), using (3.13) and (3.14), we derive

E[‖xn+1 − p‖2|Fn] ≤ (1 + ǫn)‖xn − p‖2 − (1− λ2
nL

2)‖wn − yn‖
2 + λ2

nE[‖sn −Byn‖
2|Fn]

+ λ2
n‖rn −Bwn‖

2 + 2λ2
n 〈Byn −Bwn | Bwn − rn〉 − 2λnφ(‖yn − p‖) + ǫ2n + ǫn. (3.15)
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(i) In general case, i.e. φ = 0. We have

2 〈Byn −Bwn | Bwn − rn〉 ≤ 2‖Byn −Bwn‖‖Bwn − rn‖

≤
ǫ

1− ǫ
‖Byn −Bwn‖

2 +
1− ǫ

ǫ
‖rn −Bwn‖

2

≤
ǫ

1− ǫ
L2‖yn − wn‖

2 +
1− ǫ

ǫ
‖rn −Bwn‖

2. (3.16)

Hence, (3.15) implies that

E[‖xn+1 − p‖2|Fn] ≤ (1 + ǫn)‖xn − p‖2 − (1− λ2
nL

2(1 +
ǫ

1− ǫ
)‖wn − yn‖

2 + λ2
nE[‖sn −Byn‖

2|Fn]

+ λ2
n(1 +

1− ǫ

ǫ
)‖rn −Bwn‖

2 + ǫ2n + ǫn

≤ (1 + ǫn)‖xn − p‖2 − ǫ‖wn − yn‖
2 + λ2

nE[‖sn −Byn‖
2|Fn] +

λ2
n

ǫ
‖rn −Bwn‖

2

+ ǫ2n + ǫn. (3.17)

We have that
∑∞

n=1 ǫn < ∞ which implies
∑∞

n=1 ǫ
2
n < ∞. Therefore, using the conditions in

Theorem 3.5 and Lemma 2.6, (3.17) implies that

‖xn − p‖ converges and ‖wn − yn‖ → 0 a.s..

We have

‖xn − yn‖ ≤ ‖xn − wn‖+ ‖wn − yn‖

≤ αn‖xn − xn−1‖+ ‖wn − yn‖ → 0. (3.18)

Let us set
zn = (I + λnA)

−1(wn − λnBwn). (3.19)

Then, since JλnA is nonexpansive, we have

‖yn − zn‖ ≤ λn‖Bwn − rn‖ → 0 a.s.. (3.20)

Hence

‖wn − zn‖ ≤ ‖wn − yn‖+ ‖yn − zn‖ → 0 a.s.. (3.21)

Let x∗ be a weak cluster point of (xn)n∈N. Then, there exists a subsequence (xnk
)k∈N which

converges weakly to x∗ a.s.. By (3.18), ynk
⇀ x∗ a.s.. It follows from ynk

⇀ x∗ that znk
⇀ x∗.

Since znk
= (I + γnk

A)−1(wnk
− γnk

Bwnk
), we have

wnk
− znk

γnk

−Bwnk
+Bznk

∈ (A+B)znk
. (3.22)

Since B is L-Lipschitz and (λn)n∈N is bounded away from 0, it follows that

wnk
− znk

γnk

−Bwnk
+Bznk

→ 0 a.s.. (3.23)
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Using [2, Corollary 25.5], the sum A + B is maximally monotone and hence, its graph is closed
in Hweak × Hstrong [2, Proposition 20.38]. Therefore, 0 ∈ (A + B)x∗ a.s., that is x∗ ∈ P a.s. By
Lemma 2.7, the sequence (xn)n∈N converges weakly to x̄ ∈ P a.s. and the proof is completed.

(ii) In case A+B is uniform monotone.
We rewrite (3.15) as

E[‖xn+1 − p‖2|Fn] ≤ (1 + ǫn)‖xn − p‖2 − (1− λ2
nL

2)‖wn − yn‖
2 + λ2

nE[‖sn −Byn‖
2|Fn]

+ λ2
n‖rn −Bwn‖

2 + 2λ2
n 〈Byn −Bwn | Bwn − rn〉 − 2λnφ(‖yn − p‖)

+ ǫ2n + ǫn. (3.24)

We have

2 〈Byn −Bwn | Bwn − rn〉 ≤ ‖Byn −Bwn‖
2 + ‖rn −Bwn‖

2

≤ L2‖yn − wn‖
2 + ‖rn −Bwn‖

2 (3.25)

Using (3.25), from (3.24) we have

E[‖xn+1 − p‖2|Fn] ≤ (1 + ǫn)‖xn − p‖2 − (1− 2λ2
nL

2)‖wn − yn‖
2 + λ2

nE[‖sn −Byn‖
2|Fn]

+ 2λ2
n‖rn −Bwn‖

2 − 2λnφ(‖yn − p‖) + ǫ2n + ǫn. (3.26)

From
∑

n∈N λ2
n < +∞, we derive lim

n→+∞
λn = 0. We have that











∑

n∈N ǫn < +∞
∑

n∈N λ2
nE[‖sn −Byn‖

2|Fn] < +∞ a.s.
∑

n∈N λ2
n‖rn −Bwn‖

2 < +∞ a.s..

(3.27)

Therofore (3.26) and Lemma 2.6 imply

‖xn − p‖ converges and
∑

n∈N
λnφ(‖yn − p‖) < +∞ a.s.. (3.28)

Since
∑

n∈N λn = ∞, it follows from
∑

n∈N
λnφ(‖yn− p‖) < +∞ that lim infn→∞ φ(‖yn− p‖) = 0.

Thus, there exists a subsequence {nk}n∈N such that ‖ynk
− p‖ → 0. It follows from (3.18) that

‖xnk
− p‖ → 0 a.s.. Therefore, we infer that ‖xn − p‖ → 0 a.s.. This completes the proof.

Remark 3.6 With respect to Theorem 3.5, we observe the following.

(1) The conditions in (3.10) are satisfied if sequences (‖rn−Bwn‖
2)n∈N, (E[‖sn −Byn‖

2|Fn])n∈N
are bounded.

(2) Theorem 3.5 removes the assumption (iii) of Theorem 3.2 in [37], i.e. supn∈N ‖xn −xn−1‖
2 <

+∞ and
∑

n∈N αn < +∞.

(3) The algorithm (3.2) of [42] is a particular case of our algorithm when αn = 0. The condition
(3.9), i.e.

∑

n∈N E[‖sn − Byn‖
2|Fn] < +∞ and

∑

n∈N ‖rn − Bwn‖
2| < +∞ is weaker the

conditions
∑

n∈N
√

E[‖sn −Byn‖2|Fn] < +∞ and
∑

n∈N
√

‖rn −Bwn‖2 < +∞ of Theorem
3.1 in [42].
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(4) For general case, i.e. A is maximally monotone and B is monotone and Lipschitz, the proposed
algoritms in [20, 21] require a large number of samples in each iteration, all are unbiased
estimates. However, Algorithm 3.2 only requires sn is unbiased estimate. The range of the
step size λn in Theorem 3.5 is more extended than that in Theorem 1 of [20]. In case rn and
sn is the average of samples as in [20, 21], we can obtain the same results as there.

For the rate convergence in uniformly monotone case, we define the function

ϕc : ]0,+∞[→ R : t 7→







tc − 1

c
if c 6= 0

log t if c = 0.
(3.29)

The following Lemma establishes a non asymptotic bound for numerical sequences satisfying a
given recursive inequality. The proof is obtained similarly to the proof of Lemma 3.1 in [36].

Lemma 3.7 Let α ∈]12 , 1], β > 1. Let a, b ∈]0,+∞[, a ≤ β. Set αn =
a

nα
, βn =

b

nβ
. Let (sn)n∈N

be a sequence such that

(∀n ∈ N) 0 ≤ sn+1 ≤ (1− αn)sn + βn. (3.30)

Let n0 be the smallest integer such that, for every n ≥ n0 > 1, it holds αn < 1, set t = 1−2α−1 ≥ 0.
Then for every n ≥ 2n0, the followings hold

(i) If α = 1, we get

sn+1 ≤ sn0

( n0

n+ 1

)a
+

b

(n+ 1)a
(

1 +
1

n0

)a
ϕa+1−β(n). (3.31)

(ii) If 1/2 < α < 1, we have

sn+1 ≤

(

bϕ1−β(n) + sn0
exp

(

an1−α
0

1− α

))

exp

(

−at(n+ 1)1−α

1− α

)

+
b2β−α

a(n − 2)β−α
. (3.32)

Proof. We recall the definition of ϕc in (3.29). Note that, ϕc is a increasing function and for δ ≥ 0,
2 ≤ m ≤ n, we get:

ϕ1−δ(n+ 1)− ϕ1−δ(m) ≤
n
∑

k=m

k−δ ≤ ϕ1−δ(n). (3.33)

We have

sn+1 ≤ sn0

n
∏

k=n0

(1− αn) +

n
∑

k=n0

n
∏

i=k+1

(1− αi)βk. (3.34)
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Let us estimate the first term in the right hand side of (3.34). Using (3.33) and the inequality
1− x ≤ e−x ∀ x ∈ R, we have

n
∏

k=n0

(1− αn) =

n
∏

k=n0

(1− ak−α) ≤ e
−a

n∑

k=n0

k−α

≤







( n0

n+ 1

)a
if α = 1

exp
(

a
1−α (n

1−α
0 − (n+ 1)1−α)

)

if 1
2 < α < 1.

(3.35)

To estimate the second term in the right hand side of (3.34), let us consider firstly the case α = 1.
We have

n
∑

k=n0

n
∏

i=k+1

(1− αi)βk ≤
n
∑

k=n0

e
−a

n∑

i=k+1

i−α

βk

≤
n
∑

k=n0

(k + 1

n+ 1

)a b

kβ
=

b

(n+ 1)a

n
∑

k=n0

(1 +
1

k
)aka−β

≤
b

(n+ 1)a
(

1 +
1

n0

)a
ϕa+1−β(n). (3.36)

From (3.34), using (3.35) and (3.36), for α = 1, we get

sn+1 ≤ sn0

( n0

n+ 1

)a
+

b

(n+ 1)a
(

1 +
1

n0

)a
ϕa+1−β(n). (3.37)

We next estimate the second term in the right hand side of (3.34) in case 1/2 < α < 1. Let m ∈ N

such that n0 ≤ n/2 ≤ m+ 1 ≤ (n+ 1)/2. We have

n
∑

k=n0

n
∏

i=k+1

(1− αi)βk =
m
∑

k=n0

n
∏

i=k+1

(1− αi)βk +
n
∑

k=m+1

n
∏

i=k+1

(1− αi)βk

≤ exp
(

−
n
∑

i=m+1

αi

)

m
∑

k=n0

βk +
b

a ·mβ−α

n
∑

k=m+1

n
∏

i=k+1

(1− αi)αn

≤ b · exp
(

− a

n
∑

i=m+1

i−α
)

m
∑

k=n0

k−β +
b

a ·mβ−α

n
∑

k=m+1

(

n
∏

i=k+1

(1− αi)−
n
∏

i=k

(1− αi)
)

≤ b · exp
( a

1− α
((m+ 1)1−α − (n+ 1)1−α)

)

ϕ1−β(n) +
b2β−α

a(n− 2)β−α

≤ b · exp
(−at(n+ 1)1−α

1− α

)

ϕ1−β(n) +
b2β−α

a(n− 2)β−α
. (3.38)

Combing (3.35) and (3.38), for 1/2 < α < 1, we have

sn+1 ≤ sn0
exp

( a

1− α
(n1−α

0 − (n+ 1)1−α)
)

+ b · exp
(−at(n+ 1)1−α

1− α

)

ϕ1−β(n) +
b2β−α

a(n− 2)β−α

≤

(

bϕ1−β(n) + sn0
exp

(

an1−α
0

1− α

))

exp

(

−at(n+ 1)1−α

1− α

)

+
b2β−α

a(n − 2)β−α
. (3.39)
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Theorem 3.8 Suppose that A or B is µ-strongly monotone. For α ∈]1/2, 1], a > 0, define

(∀n ∈ N) λn =
4a

µnα
. (3.40)

Suppose that there exist constants c and θ > 1 such that

(∀n ∈ N) E[(2‖rn −Bwn‖
2 + ‖sn −Byn‖

2)|Fn] ≤ c a.s. (3.41)

and ǫn = O(n−θ). Set β = min{2α, θ}, assume that a ≤ β. Then

E[‖xn − p‖2] =











O(nα−β) if 1/2 < α < 1,

O(n−a) +O(n1−β) if α = 1, a 6= β − 1,

O(n−a) +O( lnn
na ) if α = 1, a = β − 1.

(3.42)

Proof. Using the strong monotonicity of A+B, we rewrite (3.26)

E[‖xn+1 − p‖2|Fn] ≤ (1 + ǫn)‖xn − p‖2 − (1− 2λ2
nL

2)‖wn − yn‖
2 + λ2

nE[‖sn −Byn‖
2|Fn]

+ 2λ2
n‖rn −Bwn‖

2 − λnµ‖yn − p‖2 + ǫ2n + ǫn. (3.43)

Using Cauchy-Schwarz inequality, we have

‖xn − p‖2 ≤ 2
(

‖xn − yn‖
2 + ‖yn − p‖2

)

≤ 4
(

‖xn − wn‖
2 + ‖wn − yn‖

2
)

+ 2‖yn − p‖2

≤ 4ǫ2n + 4‖wn − yn‖
2 + 2‖yn − p‖2 (3.44)

which is equivalent to

‖yn − p‖2 ≥
‖xn − p‖2

2
− 2ǫ2n − 2‖wn − yn‖

2. (3.45)

Hence (3.43) implies that

E[‖xn+1 − p‖2|Fn] ≤ (1 + ǫn −
λnµ

2
)‖xn − p‖2 − (1− 2λ2

nL
2 − 2λnµ)‖wn − yn‖

2

+ λ2
nE[‖sn −Byn‖

2|Fn] + 2λ2
n‖rn −Bwn‖

2 + 2λnµǫ
2
n + ǫ2n + ǫn. (3.46)

We have that there exists n0 ∈ N such that ∀n ≥ n0











ǫn ≤ λnµ
4 ,

1− 2λ2
nL

2 − 2λnµ ≥ 0,

2λnµǫ
2
n + ǫ2n + ǫn ≤ 2ǫn.

(3.47)

Therefore (3.46) implies that for n ≥ n0, we have

E[‖xn+1 − p‖2] ≤ (1−
λnµ

4
)E[‖xn − p‖2] + cλ2

n + 2ǫn

= (1− an−α)E[‖xn − p‖2] +
16ca2

µ
n−2α + 2ǫn (3.48)

12



From the definition of θ, β, there exist n1 ∈ N and b > 0 such that ∀n ≥ n1, we get

E[‖xn+1 − p‖2] ≤ (1− an−α)E[‖xn − p‖2] + bn−β. (3.49)

Using Lemma 3.7, we obtain:

In case 1/2 < α < 1, from (3.32), we have E[‖xn − p‖2] = O(nα−β).

In case α = 1, from (3.31) and (3.29), we get

E[‖xn − p‖2] =

{

O(n−a) +O(n1−β) if a 6= β − 1

O(n−a) +O( lnn
na ) if a = β − 1

(3.50)

which proves the desired result.

Remark 3.9 Here are some remarks.

(1) The strong almost sure convergence of the iterates is obtained from the condition (3.10).

(2) It follows from (3.42) that the best rate O(1/n) is derived with α = 1, θ ≥ 2 and a > 1.
This result is similar to the result in Theorem 3.4 (iii) [36]. Note that, we do not require B
is cocoercive as in [36].

(3) The rate O(1/n) is faster than the rate O(log n/n) in [29].

(4) In [20], the authors proved the linear convergence of E‖xn − p‖2. However, as mentioned
above, in each iteration, the algorithm requires a large number of samples and the oracle
complexity is still O(1/ǫ) which is equal to the complexity as in Theorem 3.8.

From Theorem 3.5 and Theorem 3.8, we have the following Corollary:

Corollary 3.10 Let f ∈ Γ0(H) and h : H → R be a convex differentiable function, with L-Lipschitz
continuous gradient, given by an expectation form h(x) = Eξ[H(x, ξ)]. In the expectation, ξ is a
random vector whose probability distribution is supported on a set Ω ⊂ R

m, and H : H×Ω → R is
convex function with respect to the variable x. The problem is to

minimize
x∈H

f(x) + h(x), (3.51)

under the following assumptions:

(i) zer(∂f +∇h) 6= ∅.

(ii) It is possible to obtain independent and identically distributed (i.i.d.) samples (ξn)n∈N, (ξ′n)n∈N
of ξ.

(iii) E[∇H(x, ξ)] = ∇h(x) for ∀x ∈ H.
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Let (λn)n∈N be a sequence in ]0,+∞[. Let x−1, x0 be in H. Define

(∀n ∈ N)









wn = xn + αn(xn − xn−1),
yn = proxλnf

(

wn − λn∇H(wn, ξn)
)

xn+1 = yn − λn

(

∇H(yn, ξ
′
n)−∇H(wn, ξn)

)

,
(3.52)

where (αn)n∈N is defined as in Algorithm 3.2. Denote Fn = σ(ξ0, ξ
′
0, . . . , ξn−1, ξ

′
n−1, ξn). Then, the

followings hold.

(i) If f is µ-strongly monotone (µ ∈ ]0,+∞[), and there exists a constant c such that

E[(‖∇H(yn, ξ
′
n)−∇h(yn)‖

2 + ‖∇H(wn, ξn)−∇h(wn)‖
2)|Fn] ≤ c a.s.. (3.53)

Assume that ǫn = O(n−2) then for λn =
8

µn
∀n ∈ N, we obtain

E
[

‖xn − x‖2
]

= O(1/n), (3.54)

where x is the unique solution to (3.51).

(ii) If f is not strongly monotone, let (λn)n∈N be a sequence in
]

ǫ, 1−ǫ
L

[

. Assume that

{

∑

n∈N E[∇H(wn, ξn)−∇h(wn)‖
2|Fn] < +∞ a.s..

∑

n∈N E[∇H(yn, ξ
′
n)−∇h(yn)‖

2|Fn] < +∞ a.s..
(3.55)

Then (xn)n∈N converges weakly to a random variable x : Ω → zer(∂f +∇h) a.s..

Proof. The conclusions are followed from Theorem 3.5 & 3.8 where

A = ∂f,B = ∇h, and (∀n ∈ N) rn = ∇H(wn, ξn), sn = ∇H(yn, ξ
′
n). (3.56)

4 Saddle point problem

Now, we study the primal-dual problem which was firstly investigated in [15]. This typical struc-
tured primal-dual framework covers a widely class of convex optimization problems and it has found
many applications to image processing, machine learning [15, 16, 26, 12, 30]. Based on the duality
nature of this framework, we design a new stochastic primal-dual splitting method and research
the ergodic convergence of the primal-dual gap.

Problem 4.1 Let H and G be separable real Hilbert spaces. Let f ∈ Γ0(H), g ∈ Γ0(G) and
h : H → R be a convex differentiable function, with Lh-Lipschitz continuous gradient, given by an
expectation form h(x) = Eξ[H(x, ξ)]. In the expectation, ξ is a random vector whose probability
distribution P is supported on a set Ωp ⊂ R

m, and H : H×Ω → R is convex function with respect
to the variable x. Let ℓ : G → R be a convex differentiable function with Lℓ-Lipschitz continuous
gradient, and given by an expectation form ℓ(v) = Eξ[L(v, ξ)]. In the expectation, ζ is a random
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vector whose probability distribution is supported on a set ΩD ⊂ R
d, and L : G×ΩD → R is convex

function with respect to the variable v. Let K : H → G be a bounded linear operator. The primal
problem is to

minimize
x∈H

h(x) + (ℓ∗�g)(Kx) + f(x), (4.1)

and the dual problem is to

minimize
v∈G

(h+ f)∗(−K∗v) + g∗(v) + ℓ(v), (4.2)

under the following assumptions:

(i) There exists a point (x⋆, v⋆) ∈ H × G such that the primal-dual gap function defined by

G :H× G → R ∪ {−∞,+∞}

(x, v) 7→ h(x) + f(x) + 〈Kx | v〉 − g∗(v)− ℓ(v) (4.3)

verifies the following condition:

(

∀x ∈ H
)(

∀v ∈ G
)

G(x⋆, v) ≤ G(x⋆, v⋆) ≤ G(x, v⋆). (4.4)

(ii) It is possible to obtain independent and identically distributed (i.i.d.) samples (ξn, ζn)n∈N
and (ξ′n, ζ

′
n)n∈N of (ξ, ζ).

(iii) ∀x ∈ H, v ∈ G, we have E(ξ,ζ)[(∇H(x, ξ),∇L(v, ζ))] = (∇h(x),∇ℓ(v)).

Using the standard technique as in [15], we derive from (3.52) the following stochastic primal-dual
splitting method, Algorithm 4.2, for solving Problem 4.1. The weak almost sure convergence and
the convergence in expectation of the resulting algorithm can be derived easily from Corollary 3.10
and hence we omit them here.

Algorithm 4.2 Choose θ ∈ [0, 1]. Let (λn)n∈N be a positive sequence, (ǫn)n∈N ⊂ [0,+∞) satisfying

+∞
∑

n=0

ǫn < +∞.

Let (x−1, x0) ∈ H2 and (v−1, v0) ∈ G2. Iterates

For n = 0, 1, . . . ,


































αn =







θ if xn = xn−1,

min

{

θ,
ǫn

‖xn − xn−1‖

}

if xn 6= xn−1.

wn = xn + αn(xn − xn−1)
un = vn + αn(vn − vn−1)
yn = proxλnf (wn − λn∇H(wn, ξn)− λnK

∗un)
zn = proxλng∗(un − λn∇L(un, ζn) + λnKwn)

vn+1 = zn − λn(∇L(zn, ζ
′
n)−∇L(un, ζn)) + λnK(yn − wn)

xn+1 = yn − λn(∇H(yn, ξ
′
n)−∇H(wn, ξn))− λnK

∗(zn − un)

(4.5)

15



For simple, set µ = max{Lh, Lℓ} and let us define some notations in the space H × G where the
scalar product and the associated norm are defined in the normal manner,























x = (x, v), wn = (wn, un), xn = (xn, vn), yn = (yn, zn),

rn = (∇H(wn, ξn),∇L(un, ζn)),

sn = (∇H(yn, ξ
′
n),∇L(zn, ζ

′
n)),

∇h(wn) = (∇h(wn), ℓ(un)), ∇h(yn) = (∇h(yn),∇ℓ(zn)).

(4.6)

Theorem 4.3 Let (λn)n∈N be a sequence in
]

0, 1√
1+ǫ(µ+‖K‖)

[

(ǫ > 0) such that

C = λ2
nE‖sn −∇h(yn)‖

2 + (1 +
1

ǫ
)λ2

nE‖rn −∇h(wn)‖
2 < ∞. (4.7)

For every N ∈ N, define

ŷN =

( N
∑

n=0

λnyn

)

/

( N
∑

n=0

λn

)

and ẑN =

( N
∑

n=0

λnzn

)

/

( N
∑

n=0

λn

)

. (4.8)

Then the following holds:

E[G(ŷN , v)−G(x, ẑN )] ≤

(

1

2
(1 + ST )(‖(x0, v0)− (x, v)‖2 +C)

)/( N
∑

n=0

λn

)

, (4.9)

where S =
∑

n∈N
ǫn and T =

∏+∞
n=0(1 + ǫn).

Proof. Since ℓ is convex, we get

ℓ(zn) ≤ ℓ(v) + 〈∇ℓ(zn) | zn − v〉 . (4.10)

From (4.5), we have

− (zn − un + λn∇L(un, ζn)− λnKwn) ∈ λn∂g
∗(zn), (4.11)

and hence, using the convexity of g∗,

g∗(v) − g∗(zn) ≥
1

λn
〈zn − v | zn − un + λn∇L(un, ζn)− λnKwn〉 . (4.12)
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Therefore, we derive from (4.10), (4.12) and (4.3) that

G(yn, v)−G(yn, zn) = 〈Kyn | v − zn〉 − g∗(v) + g∗(zn)− ℓ(v) + ℓ(zn)

≤ 〈Kyn | v − zn〉+
1

λn
〈v − zn | zn − un + λn∇L(un, ζn)− λnKwn〉

+ 〈∇ℓ(zn) | zn − v〉

= 〈K(yn −wn) | v − zn〉+
1

λn
〈v − zn | zn − un〉

+ 〈∇ℓ(zn)−∇L(un, ζn) | zn − v〉

=
〈

K(yn − wn)−∇L(zn, ζn+1/2) +∇L(un, ζn) | v − zn
〉

+
1

λn
〈v − zn | zn − un〉

+
〈

∇l(zn)−∇L(zn, ζn+1/2) | zn − v
〉

=

〈

vn+1 − zn
λn

| v − zn

〉

+
1

λn
〈v − zn | zn − un〉

+
〈

∇l(zn)−∇L(zn, ζn+1/2) | zn − v
〉

(4.13)

By the same way, we have
h(yn)− h(x) ≤ 〈∇h(yn) | yn − x〉 , (4.14)

and
− (yn − wn + λn∇H(wn, ξn) + λnK

∗(un)) ∈ λn∂f(yn), (4.15)

which implies

f(yn)− f(x) ≤
1

λn
〈x− yn | yn − wn + λn∇H(wn, ξn) + λnK

∗(un)〉 . (4.16)

In turn, we have

G(yn, zn)−G(x, zn) = h(yn)− h(x) + 〈K(yn − x) | zn〉+ f(yn)− f(x)

≤ 〈∇h(yn) | yn − x〉+ 〈K(yn − x) | zn〉

+
1

λn
〈x− yn | yn − wn + λn∇H(wn, ξn) + λnK

∗(un)〉

=
1

λn
〈x− yn | yn − wn〉+

〈

x− yn | ∇H(wm, ξn) +K∗(un − zn)−∇H(yn, ξn+1/2)
〉

+
〈

∇h(yn)−∇H(yn, ξn+1/2) | yn − x
〉

=
1

λn
〈x− yn | yn − wn〉+

〈

x− yn |
xn+1 − yn

λn

〉

+
〈

∇h(yn)−∇H(yn, ξn+1/2) | yn − x
〉

. (4.17)

It follows from (4.13) and (4.17) that

G(yn, v)−G(x, zn)

≤
1

λn

(

〈x− yn | yn − wn〉+ 〈x− yn | xn+1 − yn〉
)

+ 〈∇h(yn)− sn | yn − x〉 , (4.18)
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which is equivalent to

2λn

(

G(yn, v) −G(x, zn)
)

≤ ‖wn − x‖2 − ‖yn − x‖2 − ‖yn − wn‖
2 −

(

‖xn+1 − x‖2 − ‖xn+1 − yn‖
2 − ‖yn − x‖2

)

+ 〈∇h(yn)− sn | yn − x〉

= ‖wn − x‖2 − ‖xn+1 − x‖2 − ‖yn − wn‖
2 + ‖xn+1 − yn‖

2 + 〈∇h(yn)− sn | yn − x〉 , (4.19)

which implies

2λnE
[

G(yn, v)−G(x, zn)
∣

∣Fn] ≤ ‖wn − x‖2 − E[‖xn+1 − x‖2|Fn]− ‖yn − wn‖
2

+ E[‖xn+1 − yn‖
2|Fn], (4.20)

where Fn = σ(ξ0, ζ0, ξ
′
0, ζ

′
0, . . . , ξn−1, ζn−1, ξ

′
n−1, ζ

′
n−1, ξn, ζn).

Taking expectation both side of above inequality, we get

2λnE
[

G(yn, v)−G(x, zn)
]

≤ E‖wn − x‖2 − E‖xn+1 − x‖2 − E‖yn − wn‖
2 + E‖xn+1 − yn‖

2. (4.21)

Now, we estimate the first and the last term in the right side of (4.21). For the first term, using
(3.5), we have

‖wn − x‖2 = ‖xn + αn(xn − xn−1)− x‖2 = ‖xn − x‖2 + α2
n‖xn − xn−1‖

2

+ 2αn 〈xn − x | xn − xn−1〉

≤ ‖xn − x‖2 + ǫ2n + 2ǫn‖xn − x‖

≤ (1 + ǫn)‖xn − x‖2 + ǫ2n + ǫn. (4.22)

For the last term of (4.21)

‖xn+1 − yn‖
2 = ‖xn+1 − yn‖

2 + ‖vn+1 − zn‖
2. (4.23)

From (4.5), we get

‖xn+1 − yn‖
2 = ‖λn(∇H(yn, ξ

′
n)−∇H(wn, ξn)) + λnK

∗(zn − un)‖
2

= λ2
n‖(∇H(yn, ξ

′
n)−∇h(yn)) +∇h(yn)−∇H(wn, ξn)) +K∗(zn − un)‖

2

= λ2
n

(

‖∇H(yn, ξ
′
n)−∇h(yn)‖

2 + ‖∇h(yn)−∇H(wn, ξn)) +K∗(zn − un)‖
2

+ 2
〈

∇H(yn, ξ
′
n)−∇h(yn) | ∇h(yn)−∇H(wn, ξn)) +K∗(zn − un)

〉

)

, (4.24)

which implies that

E‖xn+1 − yn‖
2 ≤ λ2

nE[‖∇H(yn, ξ
′
n)−∇h(yn)‖

2]

+ λ2
nE[‖∇h(wn)−∇H(wn, ξn)) +∇h(yn)−∇h(wn) +K∗(zn − un)‖

2]

≤ λ2
nE[‖∇H(yn, ξ

′
n)−∇h(yn)‖

2] + (1 +
1

ǫ
)λ2

nE[‖∇h(wn)−∇H(wn, ξn)‖
2]

+ (1 + ǫ)λ2
nE[‖∇h(yn)−∇h(wn) +K∗(zn − un)‖

2]. (4.25)
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The last term in the right side of (4.25) can be bounded

‖∇h(yn)−∇h(wn) +K∗(zn − un)‖
2 = ‖∇h(yn)−∇h(wn)‖

2 + ‖K∗(zn − un)‖
2

+ 2 〈∇h(yn)−∇h(wn) | K
∗(zn − un)〉

≤ L2
h‖yn −wn‖

2 + ‖K‖2‖zn − un‖
2

+ 2Lh‖K‖‖yn − wn‖‖zn − un‖. (4.26)

From (4.25) and (4.26), we get

E‖xn+1 − yn‖
2 ≤ λ2

nE[‖∇H(yn, ξ
′
n)−∇h(yn)‖

2] + (1 +
1

ǫ
)λ2

nE[‖∇h(wn)−∇H(wn, ξn)‖
2]

+ (1 + ǫ)λ2
nE[L

2
h‖yn − wn‖

2 + ‖K‖2‖zn − un‖
2 + 2Lh‖K‖‖yn − wn‖‖zn − un‖]. (4.27)

Similarly to (4.27), we have

E‖vn+1 − zn‖
2 ≤ λ2

nE[‖∇L(zn, ζ
′
n)−∇ℓ(zn)‖

2] + (1 +
1

ǫ
)λ2

nE[‖∇ℓ(un)−∇L(un, ζn)‖
2]

+ (1 + ǫ)λ2
nE[L

2
ℓ‖zn − un‖

2 + ‖K‖2‖yn − wn‖
2 + 2Lℓ‖K‖‖zn − un‖‖yn − wn‖]. (4.28)

Combining (4.27) and (4.28), we derive

E‖xn+1 − yn‖
2 ≤ λ2

nE‖sn −∇h(yn)‖
2 + (1 +

1

ǫ
)λ2

nE‖rn −∇h(wn)‖
2

+ (1 + ǫ)(µ + ‖K‖)2λ2
nE‖yn − wn‖

2 (4.29)

From (4.21), (4.22) and (4.29), using the condition of λn, i.e. λn ≤ 1√
1+ǫ(µ+‖K‖) , we get

2λnE
[

G(yn, v)−G(x, zn)
]

≤ (1 + ǫn)E‖xn − x‖2 − E‖xn+1 − x‖2 + cn, (4.30)

where cn = λ2
nE‖sn −∇h(yn)‖

2 + (1 + 1
ǫ )λ

2
nE‖rn −∇h(wn)‖

2. It follows from (4.30) that

E‖xn+1 − x‖2 ≤ (1 + ǫn)E‖xn − x‖2 + cn. (4.31)

Using above inequality n times, we obtain

E‖xn+1 − x‖2 ≤
n
∏

i=0

(1 + ǫi)‖x0 − x‖2 +
n
∑

i=0

n
∏

j=i+1

(1 + ǫj)ci

≤ T‖x0 − x‖2 + T
∑

n∈N
cn = T‖x0 − x‖2 + TC. (4.32)

Summing (4.30) from n = 0 to n = N , we have

2
N
∑

n=0

λnE
[

G(yn, v) −G(x, zn)
]

≤ ‖x0 − x‖2 +
N
∑

n=0

ǫnE‖xn − x‖2 − E‖xn+1 − x‖2 +
N
∑

n=0

cn

≤ ‖x0 − x‖2 + S(T‖x0 − x‖2 + TC) + C

= (1 + TS)(‖x0 − x‖2 + C). (4.33)

Using the convexity-concavity of G, we obtain the desired result.
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Remark 4.4 Here are some remarks.

(1) The upper bound of (λn)n∈N in Theorem 4.3 can be written as
1− ǫ′

µ+ ‖K‖
, where ǫ′ ∈]0, 1[.

Indeed, for ǫ < 1
(1−ǫ′)2

− 1, we get λn < 1√
1+ǫ(µ+‖K‖) .

(2) In the deterministic setting, the convergence rate of the primal-dual gap for structure convex
optimization involving infimal convolutions were also investigated in [5, 7]. Furthermore, in
the deterministic case and αn = 0 ∀n ∈ N, our result is one in [7]. The convergence rate
O(1/N) of the primal-dual gap also obtain in [23].

(3) In the stochastic setting, our result is the same convergence rate of the primal-dual gap as in
[38, 29].
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