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Abstract: The parabolic Anderson problem is the Cauchy problem for the heat
equation dyu(t,z) = Au(t,z) + £(2)u(t,z) on (0,00) x Z? with random potential
(£(2): z € Z%). We consider independent and identically distributed potentials, such
that the distribution function of £(z) converges polynomially at infinity. If w is
initially localised in the origin, i.e., if u(0,2) = 1o(z), we show that, as time goes
to infinity, the solution is completely localised in two points almost surely and in
one point with high probability. We also identify the asymptotic behaviour of the

concentration sites in terms of a weak limit theorem.

1. INTRODUCTION AND MAIN RESULTS

1.1 The parabolic Anderson model and intermittency.

We consider the heat equation with random potential on the integer lattice Z¢ and study
the Cauchy problem with localised initial datum,

du(t,z) = Au(t,z) + &(2)u(t, 2), (t,z) € (0,00) x Z4,

w(0,z) = Lo(z), z e 74, (1)

where

(Af)(z) =D [fy) - f(z)], z€Zf: 27 >R

y~z

is the discrete Laplacian, and the potential (£(2): z € Z%) is a collection of independent
identically distributed random variables.

The problem (1.1) and its variants are often called the parabolic Anderson problem. It origi-
nated in the work of the physicist P. W. Anderson on entrapment of electrons in crystals with
impurities, see [An58]. The parabolic version of the problem appears in the context of chem-
ical kinetics and population dynamics, and also provides a simplified qualitative approach to
problems in magnetism and turbulence. The references [GM90], [M094] and [CM94| provide
applications, background and heuristics around the parabolic Anderson model. Interesting
recent mathematical progress can be found, for example, in [GHO06], [HKMO06], and [BMRO07],
and [GKO05] is a recent survey article.

One main reason for the great interest in the parabolic Anderson problem lies in the fact
that it exhibits an intermittency effect: It is believed that, at late times, the overwhelming
contribution to the total mass of the solution u of the problem (1.1) comes from a small
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number of spatially separated regions of small diameter, which are often called the relevant
islands. As the upper tails of the potential distribution gets heavier, this effect is believed
to get stronger, the number of relevant islands and their size are believed to become smaller.
Providing rigorous evidence for intermittency is a major challenge for mathematicians, which
has lead to substantial research efforts in the past 15 years.

An approach, which has been proposed in the physics literature, see [Z+87] or [GK05],
suggests to study large time asymptotics of the moments of the total mass

Ut)=> u(tz), t>0. (1.2)

2€Z4

Denoting expectation with respect to & by (-), if all exponential moments (exp(A{(z))) for
A > 0 exist, then so do all moments (U (¢)P) for t > 0, p > 0. Intermittency becomes manifest
in a faster growth rate of higher moments. More precisely, the model is called intermittent if

p\1/p
lim sup (U@P)

Whenever ¢ is nondegenerate random, the parabolic Anderson model is intermittent in this
sense, see [GM90, Theorem 3.2]. Further properties of the relevant islands, like their asymp-
totic size and shape of potential and solution, are reflected (on a heuristical level) in the
asymptotic expansion of log(U(t)P) for large t. Recently, in [HKMO6], it was argued that
the distributions with finite exponential moments can be divided into exactly four different
universality classes, with each class having a qualitatively different long-time behaviour of
the solution.

It is, however, a much harder mathematical challenge to prove intermittency in the original
geometric sense, and to identify asymptotically the number, size and location of the relevant
islands. This programme was initiated by Sznitman for the closely related continuous model
of a Brownian motion with Poissonian obstacles, and the very substantial body of research he
and his collaborators created is surveyed in his monograph [Sz98]. For the problem (1.1) and
two universality classes of potentials, the double-exponential distribution and distributions
with tails heavier than double-exponential (but still with all exponential moments finite),
the recent paper [GKMO07| makes substantial progress towards completing the geometric
picture: Almost surely, the contribution coming from the complement of a random number of
relevant islands is negligible compared to the mass coming from these islands, asymptotically
as t — oo. In the double-exponential case, the radius of the islands stays bounded, in the
heavier case the islands are single sites, and in Sznitman’s case the radius tends to infinity
on the scale t1/(4+2),

Questions about the number of relevant islands remained open in all these cases, and consti-
tute the main concern of the present paper. Both in [GKMO07] and [Sz98] it is shown that an
upper bound on the number of relevant islands is t°(!), but this is certainly not always best
possible. In particular, the questions whether a bounded number of islands already carry the
bulk of the mass, or when just one island is sufficient, are unanswered. These questions are
difficult, since there are many local regions that are good candidates for being a relevant
island, and the known criterion that identifies relevant islands does not seem to be optimal.
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In the present paper, we study the parabolic Anderson model with potential distributions
that do not have any finite exponential moment. For such distributions one expects the
intermittency effect to be even more pronounced than in the cases discussed above, with
a very small number of relevant islands, which are just single sites. Note that in this case
intermittency cannot be studied in terms of the moments (U (¢)P), which are not finite.

The main result of this paper is that, in the case of potentials with polynomial tails, almost
surely at all large times there are at most two relevant islands, each of which consists of
a single site. In other words, the proportion of the total mass U(t) is asymptotically con-
centrated in just two time-dependent lattice points. Note that, by the intermediate value
theorem, the total mass cannot be concentrated in just one site, if this site is changing in
time on the lattice. Hence this is the strongest form of localisation that can hold almost
surely. However, we also show that, with high probability, the total mass U(t) is concentrated
in a single lattice point.

The intuitive picture is that, at a typical large time, the mass, which is thought of as a
population, inhabits one site, interpreted as a city. At some rare times, however, word
spreads that a better site has been found, and the entire population moves to the new site,
so that at the transition times part of the population still lives in the old city, while part
has already moved to the new one. This picture inspired the term ‘two cities theorem’ for
our main result, which was suggested to us by S.A. Molchanov. The present paper is, to the
best of our knowledge, the first where such a behaviour is found in a model of mathematical
physics.

Concentration of the mass in a single site with high probability has been observed so far
only for quite simple mean field models, see [FM90, FG92]. The present paper is the first
instance where it has been found in the parabolic Anderson model or, indeed, any comparable
lattice-based model. We also study the asymptotic locations of the points where the mass
concentrates in terms of a weak limit theorem with an explicit limiting density. Precise
statements are formulated in the next section.

1.2 The parabolic Anderson model with Pareto-distributed potential.

We assume that the potentials £(z) at all sites z are independent and Pareto-distributed with
parameter « > d, i.e., the distribution function is

F(z) =Prob(é(z) <z)=1—2"1, x> 1 (1.4)

In particular, we have £(z) > 1 for all z € Z%, almost surely. Note from [GM90, Theorem 2.1]
that the restriction to parameters o > d is necessary and sufficient for (1.1) to possess a
unique nonnegative solution u: (0,00) x Z? — [0, 00). Recall that

Ut)=>_ ult,z2)

z€7Z4

is the total mass of the solution at time ¢ > 0. Our main result shows the almost sure
localisation of the solution u(t, - ) in two lattice points Zt“) and Zt(2)7 as t — oo.
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Theorem 1.1 (Two cities theorem). Suppose u: (0,00) x Z¢ — [0,00) is the solution to
the parabolic Anderson problem (1.1) with i.i.d. Pareto-distributed potential with parameter
o > d. Then there exist processes (Z\": t > 0) and (Z\”: t > 0) with values in Z%, such that
ZM # 72 for allt >0, and

- u(t, Z\V) +u(t, Z)

=1 almost surely.

Remark 1. At least two sites are needed to carry the total mass in an almost sure limit the-
orem. Indeed, assume that there is a single process (Z;: t > 0) such that u(¢, Z;) > 2U(t)/3
for all large t. As u( -, z) is continuous for any z € Z%, this leads to a contradiction at jump
times of the process (Z;: t > 0). From the growth of U(t) one can see that this process is
not eventually constant, and thus has jumps at arbitrarily large times. o

Our second result concerns convergence in probability. We show that the solution wu(t, - ) is
localised in just one lattice point with high probability.

Theorem 1.2 (One point localisation in probability). The process (Z\": t > 0) in Theo-
rem 1.1 can be chosen such that
lim 7u(t’Zt(l))
t—o00 U(t)
Remark 2. The proof of this result given in this paper uses strong results provided for the
proof of Theorem 1.1. However, it can be proved with less sophisticated tools, and a self-
contained proof can be found in our unpublished preprint [KMS06]. o

=1 in probability.

Remark 3. We conjecture that the one-point localization phenomenon holds for a wider class
of heavy-tailed potentials, including the stretched exponential case. We also believe that it
does not hold for all potentials in the ‘single-peak’ class of [HKMO6]. o

Remark 4. The asymptotic behaviour of log U(t) for the Anderson model with heavy-tailed
potential is analysed in detail in [HMS08]. In the case of a Pareto-distributed potential it
turns out that already the leading term in the asymptotic expansion of log U(t) is random.
This is in sharp contrast to potentials with exponential moments, where the leading two
terms in the expansion are always deterministic. More precisely, introducing

d 2¢B(a — d, d)
= d g=" 1.5
1=4-q ™ gi(d—1) (15)
where B(-,-) denotes the Beta function, in [HMSO08, Th. 1.2] it is shown that
(logt)? _
ta+1 logU(t) =Y, where P(Y <) = exp{—0y?°}, (1.6)
and = denotes weak convergence. Note that the upper tails of Y have the same asymptotic
order as the Pareto distribution with parameter a — d, i.e., P(Y > y) < ¢y ® as y — oo.
The proof of [HMSO08, Th. 1.2] also shows that there is a process (Z;: t > 0) such that
logt)?
(:qgﬂ) logu(t, Z;) =Y, where P(Y <) = exp{—0y? ). (1.7)

Note, however, that a combination of (1.6) with (1.7) does not yield the concentration
property in Theorem 1.2 since the asymptotics are only logarithmic. Much more precise
techniques are necessary for this purpose. o
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In Section 1.3 we see how the process (Z;": t > 0) in Theorem 1.2 can be defined as the
maximiser in a random variational problem associated with the parabolic Anderson problem.
Our third result is a limit theorem for this process. Recall the definition of ¢ and 6 from (1.5),
and denote by | - | the ¢'-norm on RY.

Theorem 1.3 (Limit theorem for the concentration site). The process (Z\”:t > 0) in
Theorem 1.2 can be chosen such that, as t — oo,

Z0 <loft)qﬂ . x0,

where XM is an R%-valued random variable with density

> exp{—fy"}dy
W(xy) = a/ exp{ )
Pr(@) o (y+qlag|)ot?

Remark 5. The proof of this result uses the point process technique developed in [HMSO08].
A more elementary proof can be found in our unpublished preprint [KMS06]. o

Remark 6. If we choose the processes (Z{":t > 0) and (Z”:t > 0) such that, with
probability tending to one, u(t, Z{") and u(t, Z{*) are the largest and second largest value
of u(t, z), we show that , as t — oo,

(Zt(l)a Zt(z))(lngt)fH-l . (X(l),X(Q)),
where (X®, X®) is a pair of R%valued random variables with joint density
*  gexp{—0Oy?—*}d
p(ml,m):/ : p{—0y"“}dy
0

y + qlz1 ) (y + gqlag])ott

By projecting this result on the first component we obtain the convergence in distribution
statement of Theorem 1.3, where the density of X is given by

o0 dxs aexp{—Oyi—}
&) _
P (a1) = d
(1) /0 </Rd<y+q|m\>a+l> (v+ame

The inner integral equals y¢=*"1299B(a + 1 — d,d)/(d — 1)!. Recalling (1.5) and using
the functional equation B(x + 1,y) (z +y) = B(z,y) z for x,y > 0, yields

00 d—a [ee) d—a
o _ dea_1exp{—0y*} exp{—0y“~*}dy
pV(z1) = a—de/ y PV T gy =« ,
() =(a=d}b | (y + gla1])® o (y+gm))et

using integration by parts in the last step. Moreover, from the proof of Theorem 1.3 one can
easily infer the joint convergence

(80 (g0, 8 ATy ),

where the joint density of (X,Y) is

exp { —de_o‘}

(z,y) — « :
(y + q|z[)o+t ¢
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1.3 Overview: The strategy behind the proofs.

Throughout the paper we will say that a statement occurs eventually for all t when there
exist a time tg such that the statement is fulfilled for all ¢ > t3. Note that when a statement
is said to hold true almost surely eventually for all ¢, the corresponding ¢y can be random.

As shown in [GM90, Theorem 2.1}, under the assumption a > d, the unique nonnegative
solution u: (0,00) x Z4 — [0,00) of (1.1) has a Feynman-Kac representation

u(t,z) =Eo [exp { /Ot £(Xs) ds}]l{Xt = z}], t>0,zeZ (1.8)

where (Xs: s > 0) under Py (with expectation Eg) is a continuous-time simple random walk
on the lattice Z? with generator A starting at the origin. Hence, the total mass of the
solution is given by

U(t) = Eq [exp { /Otg(xs) dsH.

Heuristically, for a fixed time ¢ > 0, the paths (X;: 0 < s < t) that have the greatest impact
on the average U(t) spend most of their time at a site z which,

e has a large potential value £(z),
e and can be reached quickly, i.e., is sufficiently close to the origin.

For p € (0,1), the strategy A;”” of wandering to a site z during the time interval [0, pt) and
staying at z during the time [pt, t] has, for |z| > ¢, approximately the probability

Py (477) ~ exp { — |21 icl) }

0 (A7) ~ exp | — [2|log et +n(2) ¢

where 7(z) = log N(z) and N(z) denotes the number of paths of length |z| starting at zero
and ending at z (see Proposition 4.2 for details). Then the integral in the Feynman-Kac
formula is bounded from below by ¢(1 — p)&(z) for the paths of the random walk following
the strategy A;””. Hence, we obtain by optimising over z and p € (0,1),

1 2], 2] m(2)7 _
TlogU(t) £ sup, ngﬁ) [(1 = p)E(z) — 7 log ot T} = max Py(2),
where
2,(2) = [£(2) - Poge(2) + %21 psez) > 121, (1.9

The restriction t£(z) > |z| arises as otherwise the globally optimal value p = |z|/(t£(z))
would exceed one. This bound, stated as Proposition 4.2, is a minor improvement of the
lower bound obtained in [HMS08]. In addition, we show that max ®; also gives an asymptotic
upper bound for % log U(t), which is much harder and constitutes a significant improvement
of the bound obtained in [HMS08], see Proposition 4.4. Altogether

1

—logU(t) ~ max ®;(z),

o U () ~ max (2
and it is plausible that the optimal sites at time ¢ are the sites, where the two largest values
of the random functional ®; are attained. This is indeed the definition of the processes
(Z:t>0)and (Z,>: t > 0), which is underlying our three main theorems.
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The remainder of the paper is organised as follows:

In Section 2 we provide several technical results for later use. In particular, we study the
behaviour of 7(z) and of the upper order statistics of the potential £, and we derive spectral
estimates similar to those obtained in [GKMOT].

In Section 3 we study the asymptotic properties of the sites Zt(l), Zt@), and Zé?’), where ®;
attains its three largest values, as well as the properties of @t(Zt(i)), for i+ = 1,2,3. Here
we prove Proposition 3.4, which states that, almost surely, the gap ®;(Z") — ®;(Z") is
eventually large enough. This is the main reason for u(¢, z) being concentrated at just two
sites Z," and Z;”. Observe that a similar statement about the gap ®;(Z") — ®,(Z") is
not true as, by continuity, there are arbitrarily large times ¢ such that ®;(Z;") = ®,(Z”),
which is the main technical reason for the absence of one point almost sure localisation.

In Section 4 we study the total mass of the solution and its relation to ®;. We split U(t)
into five parts according to five groups of paths, and show that only one of them makes an
essential contribution, namely the one corresponding to paths which visit either Zél) or Zt(z)
and whose length is not too large. Then we prove Propositions 4.2 and Proposition 4.4,
which are the very precise upper and lower approximations of %log U(t) by ®,(Z;") needed
for Theorem 1.1.

In Section 5 we prove Theorem 1.1. We split the probability space into three disjoint events:
e the gap ®4(Z\") — ®4(Z”) is small and the sites Z" and Z> are close;
e the gap ®4(Z,") — ®4(Z”) is small but the sites Z" and Z> are far away;
e the gap ®4(Z,") — ®4(Z”) is large.
Correspondingly, we prove Propositions 5.1, 5.2, and 5.3, which justify Theorem 1.1 for each
event. In each case, we decompose u(t, z) in two components (differently for different events)
and show that one of them localises around Z;" and Z”, and the other one is negligible.

Finally, in Section 6 we prove Theorems 1.2 and 1.3. We use the point processes technique
developed in [HMSO08], which readily gives Theorem 1.3. Theorem 1.2 is obtained using a
combination of the point processes approach and Theorem 1.1.

2. NOTATION AND PRELIMINARY RESULTS

For z € Z4, we define N(n, z) to be the number of paths of length n in Z? starting at the
origin and passing through z. Recall that N(z) = N(|z|, z), where here and throughout the
paper | - | denotes the £!-norm. For n > |z|, we define

n(n, z) = log N(n, z) and n(z) = log N(z).
It is easy to see that 0 < n(z) < |z|logd. We define two important scaling functions

t g+1 t q
— d = — 2.1
" <logt> e (logt> ’ 1)

where 7; will turn out to be the appropriate scaling for Z;” and a; for ®;(Z\"), i = 1,2, 3.

For each r > 0, denote &V = | ix{(z) and
<r

2|
&7 = max {£(2): |2| <1, &(2) #£ & V) < i}
for 2 <i < {,, where ¢, is the number of points in the ball {|z| < r}. Hence,

D> 6D > g0 > > g
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are precisely the potential values in this ball.

FixO0O<p<o< % so that 0 <1 — £, and v > 0. We define four auxiliary scaling functions

1 L 14 (e
fr=(ogt)~a™", g =(logt)a=a"", k= [|rg)?], me=Llregel’],
and two sets

F, = {z € Z%: |z| < rigy, Ji < ky such that £(z) = &) },

Ttgt

Gy = {z € Z%: |2| < rigs, 3i < my such that £(z2) = &0t

which will be used throughout this paper. In words, F;, respectively Gy, is the set of those
sites in the ball {|z| < r;g;} in which the k; — 1, respectively m; — 1, largest potential sites are
attained. Hence F; C Gy, and Fy, respectively Gy, has precisely k; — 1, respectively m; — 1,
elements.

2.1 Two technical lemmas.

We start by proving an estimate on 7(n, z), which we will use later in order to prove that if
z is a point where the potential is high, then a path passing through z only contributes to
the Feynman—Kac formula if its length is close to |z|.

Lemma 2.1. There is a constant K such that for all n > |z|,

2den
n—|z|

n(n, z) —n(z) < (n —|z]) log + K.

Proof. We fix z = (z1,...,24) € Z% and without loss of generality assume that z; > 0.
Denote by P, . the set of paths of length n starting at the origin and passing through z.
Each y € Py, , can be described by the vector (y1,...,yn) of its increments, where |y;| = 1 for
all i. Since the path y passes through z, there is a subsequence (y;,, ... ,yilz‘) corresponding
to a path from P, .. Thus, every path from P, . can be obtained from a path in P, . by
adding n — |z| elements to its coding sequence. As there are only 2d possible elements and
(nf|z|) possibilities where the elements can be added, we obtain an upper bound

> < N(z)% < N(z)e (%>n—|z|,

with K such that m! > e~ (m/e)™ for all m. Taking the logarithm completes the proof. [J

N(n,z) < N(z)(2d)" <n — 2|

In the next lemma we derive some properties of the upper order statistics of the potential &,
which will be used later to prove that ®;(Z") is an approximate upper bound for %log U(t).

Lemma 2.2. There exists ¢ > 0 such that, with probability one, eventually for all t
(i) £ < &ng <197° and &75) /&5 <t
(i) FyN{|z| < tlatDote} = o
(7i1) Gy is totally disconnected, that is, if x,y € Gy then |z —y| # 1.

~

Proof. (i) Note that £(z) = alog &(z) defines a field of independent exponentially distributed
random variables. It has been proved in [HMS08, (4.7)] that, for each s € (0,1),
log S}"m d— kK

= almost surely.
n—oo logn Q
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Substituting n = r,g; and K = p, respectively k = o, we obtain

(kt) _ (my) _
logérge _ (d—p)lg+1) o logérg _ (d—o)(g+1) (2.2)
t—oo  logt ! t—oc  logt o

The result follows, since % € (0,q) for p € (0,1) and (dfpzx(qﬂ) > (dfa)a(qﬂ) forp <o.

(i) Because o < 1 — £, we can pick ¢ and € small enough such that o + g—g + %5 <1-4
Then by [HMS08, Lemma 3.5] we obtain

(d—p)q
d

max £(z) < tg[(Q-l—l)a-i-c]-‘rs _ tqa—l—%d-i-a <t —c

|z|<tla+Do+e
eventually, which, together with the first part of (2.2) implies the statement.
(7i1) For each n € N, denote h,, = |n?] and
n—{zEZd |z| < n,3i < hy, such that (2) =&}

Since Gy = G lrege|» 1t suffices to show that Gn is totally disconnected eventually.

First, consider the case d > 2. The set Gn consists of h, different points belonging to the
ball B,, = {|z| < n}. Denote them by aq,...,an,_1, where a; is such that &(a;) = &3. For
i # j, the pair (a;, a;) is uniformly distributed over all pairs of distinct points in B,,. Hence
the probability of a; and a; being neighbours, written a; ~ a;, can be estimated by

2d
by —1’

where ¢, is the number of points in B,,. Summing over all pairs, we get

Prob(ai ~ aj) < max Prob(ai ~zlaj = z) <
|z[<n

2dh?
Prob(Gn is not totally disconnected) Z Prob (a; ~ a;) < 7 ”1 <Cn?*~1  (2.3)
0<i<j<hn no

for some C' > 0. As 0 < 1/2 and d > 2, this sequence is summable. By the Borel-Cantelli
lemma G, is eventually totally disconnected.

The situation is more delicate if d = 1. Pick ¢’ € (0,1/2) and denote h!, = [n° | and
{ZGZd |z| < n,3i < hj, such that (2) =&}

Further, let p, = 2U°g2 ) such that p, < n < 2p,.

It is easy to see that G’ is totally disconnected eventually. Indeed, (2.3) remains true
with G, and h,, replaced by G’ and h},, respectively and one just needs to notice that
S0 2720 =d) < o for d =1 and o’ < 1/2.

The final step is to prove that (A}n - CA}’zpn. Let ¢, be the cardinality of éépn N B, and
observe that for this purpose it suffices to show that ¢, > h,. Indeed, on this set the s,
largest values of £ over B, are achieved. We actually prove a stronger statement, showing
that there are at least hgp, points from G/2pn in the ball B),. From now on we drop the
subscript n. We write

o /

= {G,O, e 7ah/2p_1},
where a is such that {(a}) = éz Let X = (X;: 0 <i < hy,) with X; = 1{|aj| < p} and

h,—1

X[ =) X
=0
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Since hy, = o(p) and |By| = 2p + 1, [Bay| = 4p + 1, we obtain, using that the points in (A?'Qp
are uniformly distributed over B, without repetitions, that for large p

PI‘Ob(XJ:1|XZ:.’E1VZ<])<3/4 and PI‘Ob(X]:O‘XZIQZZ\V/l<j)<3/4
for all j < hfy, and all (zo,...,z;1) € {0,1}/. Hence, for all z € {0, 1},
Prob(X = z) < (3/4)"2».

This yields
hop—1 hap—1

Prob (|X| < hg) = »_ > Prob(X=2)< > ( %p) (3/4)"20 < hap(h,) 2= (3 /)2
i=0 |z|=i =0

< exp {—hb, log(4/3) + hoplog by, + log hap} = e~ |

for some ¢ > 0. Since this sequence is summable, we have | X| > hg, eventually. U

2.2 Spectral estimates.

In this section we exploit ideas developed in [GKMO07]. Let A C Z% be a bounded set and
denote by Z4 € A the point, where the potential £ takes its maximal value over A. Denote
by

g4 =E&(Za) — ZG/IR?}(A}&Z)

the gap between the largest value and the rest of the potential on A. Denote by A* the
connected component of A containing Z4. Let 74 and va be the principal eigenvalue and
eigenfunction of A + ¢ with zero boundary conditions in A* extended by zero to the whole
set A. We assume that vy4 is normalised to v4(Z4) = 1. Recall that under P, and E, the
process (X;: t € [0,00)) is a simple random walk with generator A started from z € Z4. The
entrance time to a set A is denoted 74 = inf{t > 0: X; € A}, and we write 7, instead of 7(.,.
Then, as in [GKMO07, (4.4)], the eigenfunction v4 admits the probabilistic representation

va(2) —Ez[exp{/OTZA [€(X,) — 7] ds}n{m <ra}],  zeA (2.4)

It turns out that v, is concentrated around the maximal point Z4 of the potential.

Lemma 2.3. There is a decreasing function ¢: (2d,00) — R4 such that lim ¢(z) =0 and,
for any bounded set A C Z% satisfying g4 > 2d, e

loalld > walz) < wlga)-

2€A\{Za}

Proof. Tt suffices to consider z € A*. By the Rayleigh—Ritz formula we have

a = sup {(A+ ), f): f € (2%), supp(f) € A, ||fll2 = 1}
> sup {((A+§)0,,0,): 2 € A"} =sup{&(z) —2d: z € A*}
=¢{(Z4) — 2d.

Since the paths of the random walk (X;) in (2.4) do not leave A and avoid the point Z4
where the maximum of the potential is achieved, we can estimate the integrand using the
gap ga. Hence, we obtain

va(z) <E; {eXp {72,(&(Za) — 94 — ’YA)}} <E. {eXp { —724(8a4 - 2d)}]
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Under P, the random variable 7z, is stochastically bounded from below by a sum of |z — Z 4|
independent exponentially distributed random variables with parameter 2d. If 7 denotes
such a random time, we therefore have

[z—Zal 2d \ |z—Zal
< (RE[e~(8a—2d) — (== )
ot = (sl 1) = (2)
The statement of the lemma follows easily with
e(@) = (Y 4/ (> /),
2€74 2€Z4\{0}

which obviously satisfies the required conditions. O
Let now B C Z? be a bounded set containing the origin and  C B. Denote

99,32316135( z) — Igg{cgé( z).

and denote, for any (¢, 2) € (0,00) x Z4,
uq,B(t,z) = Eo exp / &(X ds} X =2} 1{rq < t,7Bc > t}|.

Lemma 2.4. Assume that go.p > 2d. Then, for all z € Z4 and t > 0,

(a) uq,p(t, 2) ZUQ B, y) v oui B vma)u (2):
yeQ
> zep\o ue,B(t;2)
(b)
> sen ue,B(t, 2)

Proof. (a) This is a slight generalisation of [GKMO07, Th. 4.1] with a ball replaced by an
arbitrary bounded set B; we repeat the proof here for the sake of completeness. For each
y € Q, by time reversal and using the Markov property at time s, we obtain a lower bound
for uq p(t,y) by requiring that the random walk (now started at y) is at y at time u and has

not entered Q\{y} before. We have

< o(go,B)-

uq,B(t,y) exp / &(X ]l{Xt =0} 1{ro\yy < t, 7B > t}}
>E exp / &(X ]l{Xu =yt {To\(y} > U, TBe > u}}
x E, [exp{ 5( )ds}ll{Xt_u — 0} {rpe >t — u}]. (2.5)

Using an eigenvalue expansion for the parabohc problem in (B\Q) U {y} represented by the
first factor on the right hand side of the formula above, we obtain the bound

2
exp / &(X ds 11{Xu = y}]l{m\{y} > U, Tpe > u}} > e“V(B\Q)U{y}MM(y)z,
lvm\Q)u 3
where we have used that Z(p\q)u{y} = ¥ since go p > 0. Substituting the above estimate
into (2.5) and taking into account that v(p oyugy)(y) = 1, we obtain

t—u
E, [exp{ ; £(X5) ds}]l{Xt,u =0}1{rpe >t — u}} < e_“V(B\Q)U{y}||v(B\Q)U{y}||%uQ,B(t, Y).

The claimed estimate is obvious for z ¢ B. For z € Q, it follows from v(p\)u{z}(2) = 1,
which is implied by go g > 0 and hence Z(p\q)u(.} = 2. Let us now assume that z € B\Q.
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Using time reversal, the strong Markov property at time 7, and the previous lower bound
with v = 7, we obtain

uQBtz ZE exp / &(X ds H{Ty—m<t73c>7y}
yeN
t—u

E, [exp{ ; &(Xs) ds}]l{Xt,u =0}1{rge >t — U}LZTJ

2 i
<> ua st y)llvmau 3 E- [exp {/0 [€(Xs) = vB\@) Uiy} ds}l{Ty < Tpe}
yeN

=Y ua st Yllvmeuw B s (2)-
yeN

(b) It suffices to apply Lemma 2.3 to A = (B\Q) U {y}, note that ga > gqo p, and use
monotonicity of ¢. Using (a), we obtain

> uap(t2) <Y uasty) Y llvmauwBomau ()

2€B\Q yeQ 2€B\Q
<Y uon(ty) (o) < ©(ea.s) Y uas(ty),
ye yeEB
which completes the proof. O

3. PROPERTIES OF THE MAXIMISERS Z,” AND VALUES ®;(Z,"”)

In this section we introduce the three maximisers Zt(l), Z;2> and Zt(g) and analyse some of
their crucial properties. In Section 3.1 we concentrate on the long term behaviour of the
maximisers themselves, and in Section 3.2 we prove that the maximal value ®;(Z;") is well
separated from ®;(Z\).

3.1 The maximisers Z{", Z{* and Z{®.
Recall that Z", Z{* and Z| ® denote the first three maximisers of the random functional ®;
defined in (1.9). More precisely, we define Z,” to be such that

Oy(ZV) = max By(2),  B(Z27)= max <1>t() O(Z) = max Py(z). (3.1)
zezd zezd\ {7z} zezi\{z{",2{"}

Lemma 3.1. With probability one, Zt(l), Z(Q) and Z(S) are well-defined for any t > 0.

Proof. Fix t > 0. Let ¢ € (0,1 — f) By [HMSO08, Lemma 3.5] there exists a random radius
p(t) > 0 such that, almost surely,

) < €0 < |l < B,

Consider |z| > max{p(t), edt}. If t£(z) < |z| then ®;(z) = 0. Otherwise, using n(z) < |z|logd
and estimating £(z) in two different ways, we obtain

for all |z] > p(t). (3.2)

Pi(z) < &~ T log = 5 [ dt} <

Thus, @, takes only finitely many positive values and therefore the maxima in (3.1) exist. O
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Remark 7. The maximisers Z", Z> and Z” are in general not uniquely defined. However,
almost surely, if ¢y is sufficiently large, they are uniquely defined, for all ¢t € (tg,00) \ T,
where 7' is a countable random set, and for ¢ € T' it can only happen that Z, M — =27, ) 4 Z, @)
or Z, M £ Z, ) — =27 ) Thus, the non-uniqueness only occurs at the time when the maximal
(or the second maximal value) relocates from one point to the other. It can be seen from
the further proofs (see Lemma 3.2) that T" consists of isolated points. o

To prove Proposition 3.4 below, we need to analyse the functions ¢ — CDt(Zt(i)), 1=1,2,3,
locally. It turns out that they have some regularity and that, using rather precise asymptotics
for |Z”| and ®;(Z"), we can have good control on their increments.

Lemma 3.2. Let € > 0. Fori=1,2,3, almost surely eventually for all t,
(i) ®(Z") > as (logt) ¢ and £(Z”) > a;(logt)™¢;
(Z( )) > |Z( )|

(i) t§

(131) r¢(logt)™ i < 1Z] < 1y (logt)@ d+5,
)
)

(iv) ®u(Z) — @4(Z") < “ay (log u)ﬁ% for all u > t;
(v) u— By (ZY) is increasing on (t,00).

Proof. As an auxiliary step, let us show that, for any ¢ > 0 and any i € N,

—C

=0 > ra (log ) eventually. (3.3)

Obviously, the distribution of & is given by

i—1
Prob (g <) = 3 () ey

k=0

where £, ~ kqr? is the number of points in the ball {|z| < r}, and 4 is a positive constant.
Using that (12”) <tk ~ kErdk | we get

Prob (£~ < rg(log r)7¢) < (1+0(1)) Z K% (log )k (1 — r~4(log r)e)tr=F

< (1+o(1))iry " (logr) @D (1 — r~¥(logr) @)=+
= exp {—rq(logr)“* (1 +o(1))},

which is summable along the subsequence r, = 2". Hence, by the Borel-Cantelli lemma the
inequality (3.3) holds eventually along (r,)nen. As &V is increasing, we obtain eventually
g 4 2¢

g0 > ¢l _(2U°g2rj) (1og2U°g27"J) > 27 (logr —log2)~° >7“g(log7")_ ,

9llogy 7]

which is equivalent to (3.3).

Now we prove parts (i) — (v) of the lemma. We assume throughout the proof that ¢ is
sufficiently large to use all statements which hold eventually.

(1) Let 21, 22, z3 be the points where the three largest values of ¢ in {|z| < ri(logt)™¢} are
achieved. Take ¢ < e(av — d)/(2a) and observe that (3.3) implies for each i eventually

d . )
£(z) > ri* (logt) ™= (log ¢ — eloglog t) ™ > ay(logt) = 2.
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By [HMSO08, Lemma 3.5] we also have
log&(z;) < log 5(1(10gt <logr; < (q+1)logt.

We obtain, observing that t£(z;) > ta:(log t)jE*Qc > r¢(logt)™¢ > |z, that

Z; € T
Dy(2;) > &(z) — ’;’ log &(z;) > at(log t)_Fd_QC - ?t(q +1)(logt)* = > ay(logt) ™
as %d +2¢ < e and (r/t)logt = a;. Since the inequality is fulfilled for the three points 21, 29

and z3, it is also fulfilled for the maximisers Zt(l), Zf) and Zf), completing the proof of the
first inequality in (7). As ®;(Z”) # 0 we must have £(Z{”) > |Z\”|/t, and hence

”\ n(Z") 127, 12 :
log == > &,(Z{") — d/e.
: - log o > ®(Z]") — dfe

€z = 2u(z) + 2 g (20 - >0, (Z) +

The second inequality in (i) follows now from the lower bound for ®.(Z;").
(43) This is an obvious consequence of (i) as ®;(Z;”) # 0.

(#i7) To prove 1the upper bound, let us pick ¢ € (0, E(ggd)). Then for each z such that
2] > r¢(logt)a-a" we obtain by [HMS08, Lemma 3.5, eventually,

£ < 213 log D) <01/

Hence (i7) implies that z # th , which implies the upper bound on ]Zéi)|.

To prove the lower bound, suppose that |Z\"| < 74(log t) ~°. By [HMS08, Lemma 3.5],
E(Z) < 12715 log |20 )3 < a(logt) 5+,

which contradicts (i) if we pick ¢ € (0, £2).

(iv) Let t be large enough so that the previous eventual estimates hold for all w > ¢. Then,

for each s € [t,u], according to (iii), we have that ®,(Z{") is the ith largest value of ®, over

a collection of finitely many points. Hence s — (1)5(25')) is a continuous piecewise smooth

function. On the smooth pieces, using again [HMS08, Lemma 3.5] and (4i7) with /2, we

can estimate its derivative by
d (i)‘

. Z
L z0) = 21,
dS ( s) 82

Finally, we obtain

1257

log \Zs(i)\g+c <% (log s)ﬁ%.
s

AR cIJt(Zt<z>) :/ Eq)s(zél))ds < u au(logu)aldﬂ,
t

which completes the proof.

(v) Using n(z) < |z|logd in the second, and (7) in the last step, we see that

d o 120 W) _ 128, &2y
(1)) _ s s s s
T De(87) = = loed(20) - =5 2 T e =y

eventually for all ¢. O

g&(Z§)

S

> 0,
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3.2 Lower bound for ®;(Z{") — ®,(Z>).

In this section we prove that ®;(Z;") and ®;(Z\”) are well separated from each other. The
crucial estimate for this is provided in Lemma 3.3.

First, it is important to make the density of the random variable ®;(z) explicit. Observe
that, on the set {t&(z) > z}, the event {®;(z) < z} has the form {x.({(2)) < =z —n(z)/t},
where we abbreviated a = |z|/t and introduced the map x,(z) = x —alogx. Note that x, is
an increasing bijection from [a,00) to [a — aloga, o), hence on {t&(z) > z} we can describe
{®¢(z) < x} using the inverse function v, : [a — aloga, o) — [a,0) of x4. In order to also
include the complement of {t{(z) > z}, we extend 1, to a function R — [a,c0) by putting
a(x) = a for < a — aloga. Then we have, for each t, z, and x > 0,

{@u(2) <2} = {6() < v (o = n()/1)}, (3.4)

Lemma 3.3. Fiz 8 > 1+ -1 and let \, = (logt)™". Then there exists a constant ¢ > 0
such that

Prob (®,(Z{") — ®,(Z”) < 2a;\) < )], fort > 0.

Proof. This proof, though tedious, is fairly standard and is carried out in four steps. In the
first step, we show that there exists a constant C; > 0 such that, for all sufficiently large t,
and all s > (logt)~/2,
Prob(®4(Z") € d(as), ®1(Z,") — ®4(Z,V) < 2ar)r)
3
< Cy aj A} Prob(®4(Z,") < ass) { Z (azs + |ti‘ log L%')*a*l} ds. (3.5)

2€74
In the second step we evaluate the infinite sum and show that there exists Co > 0 such that
—a-1 1 d—a-—
> (s Elog 3) ™ < Gopt st 59
2€7%
To bound the right hand side of (3.5) further, we show in the third step that there exists a
constant C3 > 0 such that, for all (logt)~1/2 < s <1,
Prob(®(Z;") < a;s) < exp { — C3 Sd_o‘} . (3.7)

In the fourth step we combine these three equations and integrate over s to get the result.

For the first step we use independence to obtain
Prob(®4(Z") € d(as), ®4(Z,") — @4(Z,7) < 2a )
< Z Prob(®4(z1) € d(azs); P4(2) € arls — 2X, s] for i = 2,3;

zl,zg,zgezd

distinet Py (2) < ags for z & {21, 22, 23})

Prob(®;(z) € d(ass)) Prob(®4(2) € ai[s — 2), 5) (38)

< <Z§z:d Prob(®¢(z) < a;s) ) (zgzjd Prob(®:(z) < ats) )2

X H Prob(®:(z) < a;s) .

z€74
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All the denominators in (3.8) converge to one, uniformly in z and s > (logt)~'/2 — 2);.
Indeed, by (3.4), we get

Prob(®(2) < as) = Prob(€(2) < wisi(ars — "))

> Prob(£(z2) < ars — 2 |logd+ Llyog 2l |) > Prob(£(2) < azs — 2) > 1+ 0(1),

using that n(z) < |z|logd, zlog(x/d) > —d/e, and 1, (z) > z+aloga (with a = |z|/t), where
the latter is obvious for < a —aloga and follows from v, (x) = x4+ alog e (z) > z+aloga
otherwise.

Further, we use (3.4) to observe that, by a coordinate transformation, the density of ®:(z)
at x is given as

z z —a—1 . z z z z
Halo= B a(ugle—B) " it o225 B Hiogld

T

If t is large enough, the latter condition is satisfied for z = a;s, all z and s > (logt)~/2—2)\,,
and moreover, using again 1, (x) > = + alog a, we have

i s~ 5) 2 = 22 1 g5 s+ 1o
t

Hence, if ¢ is big enough to satisfy a;[(logt)~1/2 — 2)\;] > t9/2 we get

L (2) 1 414q/2 |2] : 2 t9/2
mzﬁ%(ats—"tz)zmt a/ +10g%217¥1>151{tw7“—10g(rd)} log .

Differentiating the equality ¥4 (z) — alog 1, (x) = x with respect to z, for > a, we obtain
Yl (x) = (1 — a/tpe(x)) L. This implies that, as t T oo,

1/’/%\ (ars — @) = ( |Z|/¢\ | (CltS (z))) — 1 uniformly in z and s.

Hence

Prob(®,(2) € d(ats)) < (a+o(1)) as (ars + \zl log‘ I) a-1

Integrating (3.9) over the interval [s — 2\, 5] yields

Prob(®:(z) € arfs — 2\, s]) < (o + 0o(1)) 2ar X (ar(s — 2X) + |Z‘ log |dt|) et

ds. (3.9)

Using that xlog(z/d) > —d/e we obtain

at(8—2>\) ||10g| 2] —1_ 26Lt)\t >1_ Zat)\t >1+0(1)
CLS—{—lIlOg‘l CLtS—d/e_ ’

I2|

ags + ‘Z| log
hence, uniformly in z € Z% and s > (logt)~1/2 — 2);,
Prob(®:(z) € aifs — 2\, s]) < (o + o(1)) 2a: M (azs + lz| - log 1z |) ot (3.10)

Inserting (3.9) and (3.10) in (3.8), and estimating all denominators uniformly by a constant
factor yields (3.5).

In the second step we estimate the infinite sum in (3.6). Recalling that r{ = a and that the
number of points in the ball {|z| < r} is equal to xgr?(1 + o(1)) we obtain

Z (a s+ 12l 7 log |Z‘) —a-l < Z (ats — g)fa*l
|z|<r¢/logt |z|<r¢/logt
d (3.11)
t -1 _d—a—1

< (kg +0(1)) W = o(at s )
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We have log ‘d| > (1+o(1)) q[logt] uniformly over all z € Z¢ with |z| > r;/logt. Therefore,
Z (as + |z| log |Z|) '< (1+0(1)) (ags)™ ! Z (1+g¢ JTZL logt) —ot

|z|>r¢/ logt |z|>r¢/ logt

(rts)d —a—1 -1 _d—a—1
:(1+O(1))W e (1+q’.’1)|) dISCgCLt S .

Combining this with (3.11) yields (3.6).
In the third step we show (3.7) by a direct calculation. First, let us show that for £ > 0

z|

w\ (ars) < ags + (g+¢)logt (3.12)

t
| <rilogt and (logt)~ 2 <s

Tﬂl | (ars) = ags + u log w%(ats),

< 1. By definition,

hence it suffices to prove that . (azs) < t97¢.

t
Assume this is false for some large ¢, z and s. Then using the monotonicity of z — x—alogz
for x > a, we obtain

175 > ap > aps = 1z (ags) — |i’ log ¥ (ags) > 17 — |j| (q+¢)logt > tI+e — 4773
t t
which is a contradiction. Now we can compute
Prob(®4(Z,") < ais) = H Prob(®(z) < as) < H Prob< < Yz (as — 77(:)))
2€Z4 Tor L <|z|<r¢logt '
< I Prob( <at8+u(q+e)logt>
logt<| z|<r¢logt
using (3.4), ¥ (ars — —) < 2 (ags) and (3.12). Inserting the explicit form of the distri-
t

t
bution function we get

Prob(®(Z{") < ays) < exp { — (1 + o(1)) Z (ass + 12 ‘(q +¢)logt) “}
"L <Jz|<ry logt

<ew{ 0o [ )

using a Riemann sum approximation as in the second step. This proves (3.7).

Coming to the fourth step, we now use (3.5), (3.6) and (3.7) to get
Prob(®4(Z;") — ®(Z) < 2a1\)
< Prob(®4(Z;") < az(logt)~/?)
+ / Prob(®,(Z") € d(as), ®1(2,") — ©1(Z{) < 2a.)\,)
(logt)=1/2
<exp{ — Cy(logt) " }

1 d—a ()
3.2 exp{—C3s*"*}ds ds
+ G103 A [/(logt)1/2 Sedrn ) SS(a—d+1):|'
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The first term is 0o(A?) by choice of \;, and the expression in the square bracket is bounded
by an absolute constant. This completes the proof. O

Now we turn the estimate of Lemma 3.3 into an almost sure bound.
Proposition 3.4. Almost surely, eventually for all t,
O(ZV) — 21 Z) > arhe.

Proof. Let € € (0,28—1) be such that § > 1+~ d+2€ and let t,, = e®", where vy € (26’ oo E)

Note that v < 1. Since A?, =n 28 is summable, Lemma 3.3 and the Borel-Cantelli lemma
imply that

by (Zfi)) — &y, (Zt(i)) > 2a, M, eventually for all n.
For each t € [ty, tp41) we obtain by Lemma 3.2(iv,v)
0(2y") = @u(Z) = @4, (Z1)) = Dt,,0, (Zy)

tn+1 ( tn+1)

= [®4,(2)) = @1, (Z))] = [®1,,,(Z1),,) — @1, (Z))]
t —t 1
> 2a4, M, — % ag,.,, (log tn+1)a—d+€. (3.13)

n
Notice that eventually
t —t
St =TT 1 = 7 (14 o(1) = y(log )T (14 0(1)) < (log )21,
n
Denote by n(t) the integer such that ¢ € [t, ), tp)41). Since tni1/tn — 1 we have t,,4) ~
and t,,(4)41 ~ t. Substituting this and the last estimate into (3.13), we obtain

(Z1) — ®(Z5) > 2a:0(1 + 0(1)) - at(logt) a2 () 4 o(1)) > gy

eventually since \; = (logt)™ and (logt)a—d —a—Atlte 0(1), which makes the second term

negligible compared to the first one. O

4. TOTAL MASS OF THE SOLUTION

In this section we show that the total mass U(t) of the solution can be well approximated
by exp{t®;(Z")}. The main tool is the Feynman-Kac formula in (1.8) and a technical
lemma provided in Section 4.1. In Section 4.2 we prove the lower bound for %log U(t). In
Section 4.3 we split the set of all paths into five path classes four of which turn out to give
negligible contribution to the Feynman—Kac formula for U(t). In Section 4.4 we show that
the remaining class yields a useful upper bound for %log U(t).

4.1 A technical lemma.

We bound contributions to the Feynman—Kac formula for U (t) coming from path classes that
are defined according to their number of steps and the maximum along their path. Denote
by J; the number of jumps of the random walk (Xs: s > 0) up to time ¢t. Recall the notation
from the beginning of Section 2 and let H = (H;)¢>0 be some family of sets H; C Fy, and let
h = (ht)¢>0 be some family of functions h;: 74 — Ny. Denote by

Una(t) = Bo[ exp { [ €0 ds}1 {32 € F\His mae €06) = €021, hul2) < < )]

the contribution to the total mass that comes from paths which attain their maximal poten-
tial value in some z € F; \ H; with step number in {h¢(z),..., [rig:]}.
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Lemma 4.1. There is § > 0 such that, almost surely, for t — oo,

(0) S logUn() < max {@y(2)+5 max [nn,2) —n(z) - 252 ogé(2)] } +0(07),

z€F\H¢ n>he(z)
1
b) ~1 t) < P t170).
(b) $logUmalt) < _max. =)+ O(t'~?)
Proof. We write Uy p,(t) as
Unn(t) = > Ut 2), (4.1)
ZeFt\Ht

where we define, for any z € Z4,

Uit ) = Eo [ exp /5 )ds }1{ max £(X,) = (), hu(z) < s < rige}].

s€0,t]

Denote by
Ruz{yz@mmwuwMECﬂfﬂrmzodw—ypﬂZLﬂgﬁﬂw%=ﬂ@}

the set of all discrete time paths in Z% of length n starting at the origin, going through z, such
that the maximum of the potential over the path is attained at z. Let (7;);en, be a sequence
of independent exponentially distributed random variables with parameter 2d. Denote by E
the expectation with respect to (7;). Averaging over all random paths following the same
path y (with individual timings) we obtain

[rege]

Unp(t.z)= Y > Unal(t,z,y), (4.2)

n= ht(Z) y€7’n z

where

n—1 n— n—1 n
Unn(t,z,y) = (2d)""E [exp { an(yi) + (t - Zn>§(yn)}ﬂ{ ZTZ' <t< Zn}] .
i=0 i= i=0 i=0
Note that, as y can have self-intersections, some of the values of £ over y may coincide.
We would like to avoid the situation when the maximum of £ over y is taken at more than
one point. Therefore, for each path y, we slightly change the potential over y. Namely, we
denote by i(y) = min{i: {(y;) = £(2)} the index of the first point where the maximum of
the potential over the path is attained. Then we define the modified version of the potential
¢v: {0,...,n} — R by
gy _ { 5(%)7 if ¢ 7& z(y),
' i) + 1, ifi=i(y).
Repeating the computations (4.16) and (4.17) from [HMS08] we obtain

£(z) 1
g —g=¢ H1+£ ORI

Let us now find a lower bound for the number of sites on the path where the potential is
small compared to £(z) or, more precisely, we estimate the number of indices 1 < i < n such
that £(y;) € Gf. First, we erase loops that the path y may have made before reaching z for
the first time and extract from (yo, ..., ¥;(,)) a self-avoiding path (yi,, ..., ¥; (y)) starting at

it < 0 T
i#i(y El(y)

the origin, ending at z and having length I(y) > |z|, where we take iy = 0 and
ijp1 = min{i: y # yi; VI € [i,i(y)]}-
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Since this path visits {(y) different points, at least {(y) — m; of them belong to Gf. By
Lemma 2.2 (ii) we have |z| > t(@+1)o+¢ > 4, and hence I(y) — m; is eventually positive.
Second, for each 0 < j < I(y) — 1, consider the path (y;,+1,--.,¥i;,; 1), which was removed
during erasing the j-th loop. Obviously, it contains an even number i;41 —4; — 1 of steps, as
Yi; = Yij.1—1 and y;; and y;,,, 1 are neighbours. Notice that, as G is totally disconnected
by Lemma 2.2 (7ii), at least half of the steps, (ij41 —4; —1)/2, belong to G§. Third, consider
the remaining piece (Y;(y)+1,---,Yn). Again, since Gy is totally disconnected, there will be at
least (n — i(y))/2 points belonging to Gf. Summing up these three observations, we obtain
that y makes at least

=i =1 n—i(y) n—iy) n—l2)
— — — R —— > — _
my + g 5 + 5 I(y) —my + 5 > |z| —me + 5

steps that belong to Gf.

Now we can continue estimating Upy p(t, z,y). Recall that the potential is at most ffntgtt)

the set GY. If we drop the terms corresponding to the points from G, in (4.3), we obtain

Unn(t,zy) < ot€(2) [f(z) B (mt)] (| =yt k2l \z|).

Ttgt
Substituting this into (4.2) and using |P, .| < N(n, z), we get

Ttgt

H\H

1 tg ) (IZ\ R H)
ElOgUH,h(t z) < Z Ttgt]
n=h(z) Y€Pn, =

1 te(z m |2]—me+ 252
<qlog, max {N(n2)eSe(z) - ] | N o)
n(n, 2)

t

— max {5(2) + — %[M me + 2’ q log (£(2) — éfﬂ;"gtt))} +0(1).

hi(2)V|z|<n<rig:

In order to simplify the expression under the maximum, we decompose

n—\z
21— me + "1 tog (e2) - i)

— |

2

(my)

} log&(z) + [|z] —my + n_2|2|} log (1 — g(tzt)) —mylog&(2)

and show that the last two terms are negligible. Indeed, for the second term, we use
Lemma 2.2 () in the second step to obtain, for each § < ¢,

n
= [|z| +

(my¢) (m¢)

=m0 (1 5] < s 1 5| < e - e
Ttgt

uniformly for all n > |z|. For the third term, we use [HMS08, Lemma 3.5] and obtain
log £(z) < O(logt) uniformly for all |z| < rig;. For § < (¢ + 1)(1 — o) this implies that

melog&(z) < O((regs)” logt) = O(t9T170).
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Hence, there is a small positive § such that

togUa(t2) < max  {e()+ L0 lag 4 228 hoge()} + 000)
= e+ 2 Elggs) (14)
1 |z _
+ n ht(z)vrlg%ﬁgngt {n(n, z) —n(z) — nTH logf(z)} +O(t? 6).
To prove (a), observe that for each z € F; we have £(z) > ed. Hence either t£(z) > |z| or
e+ 1 Eliges) < e2) - Phog 2 < o)1 - 106 D] <00

In any case we obtain, using (4.1) and (4.4),

1 1
T logUna(t) = e [; log U n(t, 2)} +o(1)

1 _ _ n—lz] q—6
< max @)+ 5 max {n(n,2) () ~ " log€(2) }] + O(07).

To prove (b), we show that the second term on the right hand side of (4.4) is negligible.
Let z € F;. By Lemma 2.2 (i) we have £(z) > t¢ eventually. Further, for n > |z|, we use
Lemma 2.1 and the substitution » = n/|z| — 1 to get
max n,z) —n(z) — "2lo z}<max[n—zlo 2CI¢]—FK
ht(z)\/\z|§n§rtgt{n( ) 77( ) 2 gg( ) T on>|z| ( | |) g(ﬂ*\Zl)\/&(Z)
2de(r + 1)
rte/2
If ¢ is large enough, the expression in the square brackets is negative for » > 1, hence the

maximum is attained at some r < 1. Using this to estimate the numerator and optimising
the estimate, we obtain

< |zl max [r log } + K. (4.5)
r>0

2de(r + 1) del o/
7} — } — 4dt=2, (4.6)

Finally, since |z| < 7.9, we obtain, combining (4.5) and (4.6) and, if necessary, decreasing d
so that it satisfies § < ¢/2,

1 < max [r1
e e e s

max {77(71, z)—n(z) — N—T|Z| logf(z)} < rigy 4dt=? + K = O(tq+1_5),

hi(2)V|z|<n<rigt

Using this on the right hand side of (a) completes the proof. O
4.2 A lower bound for the growth of the mass.

We now derive a lower bound for U(t), which is a slight improvement on the bound given
in [HMS08, Lemma 2.2]. This argument does not rely on Lemma 4.1.

Proposition 4.2. Almost surely, eventually for all t
1
n logU(t) > ®4(Z") — 2d + o(1).

Proof. The proof follows the same lines as in [HMS08, Lemma 2.2], so that we will shorten
some computations if they are the same as there. Let p € (0,1] and z € Z% with |z| > 2.
Denote by

APP = (T = |2], X, = 25 € [pt.1])
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the event that the random walk X reaches the point z before time pt, making the minimal
possible number of jumps, and stays at z for the rest of the time. Denote by P\(:) the
Poisson distribution with parameter A. Then, using Stirling’s formula, we obtain

N(Z)Pdet(‘ZDPQd(l—p)t(o)
(2d)

’ZL — 2dt + O(log yz\)},

ept

Po(A7") =

—exp {n<z> ~ |2]log

where the last error term is bounded by the multiple of log |z| with an absolute constant. As
£(z) > 0 almost surely for all z, we obtain, for all p and z as above,

U(t) =Ko [exp {/Otf(Xs)dsH > =PEE P (A2P)

|Z|t —2dt + O(log 2]} -

> exp {t(1 = p)(2) + (=) — |z log

Since log |z| = o(t) for |z| < ¢ for any fixed positive 3, this implies

1 n(z) |z ||
“logU(t) > - + B2 Plee 2L —2d + ) .
; log U(t) Or?,?i{l 1<ITIZE\E{1€5 [(1 p)é(2) r ; log ppe 2d + o(1) (4.7)

Let 7 € (g, 1) and 8 = (1 —7)"}(1 +¢), e > 0. By [HMS08, Lemma 3.5] there is 7o such
that £ < 77 for all 7 > ro. We thus have, using the bound 7(z) < |z|logd and a similar
computation as in [HMS08, Lemma 2.2],

nz) =, |zl o |2l |2|
ma; 1-— 2)+ —%t — —log— | < ma 1-— — —log ——
|z|>max{)1("0,t5} ( P)f( ) t t & ept | — |z|>max{)1(“0,t5} ( p)§|2| t & dept
7 e
< ma, z 1—p—t-log— || <0, 4.8
= lelsmax{ro.?) [’ | ( P ® dep )] (48)

eventually for all £. Recall that %log U(t) > 0 and take t large enough so that 7 > ry.
Then (4.8) implies that the maximum in (4.7) can be taken over all z instead of |z| < tP.
It is easy to see that this maximum is attained at p = % unless this value exceeds one.

Substituting this p into (4.7) we obtain

Hog(t) 2 max [e(2) + ™2 Eliog (o) 1qte(2) > [21y - 20+ o)

= 0,(Z") — 2d + o(1),

which completes the proof. O

4.3 Negligible parts of the total mass.

In this section we show that the main contribution to the Feynman-Kac formula for U(t)
comes from those paths that pass through Zél) or Zt@) and do not make significantly more
than |Z"| A |Z{®| steps. For this purpose, we define five path classes and show that the
latter four of them each give a negligible contribution to the total mass U(t).
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In the sequel, we assume that J is taken small enough so that Lemma 4.1 holds and ¢ < g¢.
We decompose the set of all paths [0,#] — Z? into the following five classes

'{Jt<ngt,3ze{z<” Z}: max §(X.) = £(z>7Jt<lz!(1+t‘5/2>}, i=1,
s€|0,t
{Jt<rtgt,aze{Z£”,Z(”} max £(X,) = §<z>,Jtz!zr(1+t*5/2>}, i=2,
€|0,t
Aj= 0 (< ng 32 € FMZY, 207} max 6(X) = €(2) | i=3,
t
{ < g max £(X) <€l i=4,
{Jt>7“t9t}, i =5,

and split the total mass into five components U(t) = Z?:l U;(t), where

Ui(t) Eoexp/§ ds]lA] 1<i<5.

Lemma 4.3. Almost surely, limy_,o, U;(t) /U (t) =0 for 2 <i <5.
Proof. Casei = 2: Denote hy(z) = |z|(14+t7%/?) and H; = F,\{Z\", Z\”}. By Lemma 4.1 (a),

1 1
n log Us(t) < n log U i (t)

1 — _ n—l2 q—6
= Ze{;n(lf)ixzm)} {(I) () + *n>lsz(1?ft 5 [77(71,2) n(z) 5 logﬁ(z)} } + O(t17°).

(4.9)

For each z € {Z", Z{”} we have by Lemma 3.2(i), for any ¢ > 0, that £(z) > (2de)?t9=¢
eventually. Together with Lemma 2.1 this implies

1
n—|z| 2dené(z)” 2
max n,z) —n(z) — ——=1o 2)| < max n —|z|)log =—==—| + K
o X oy [77( ) —1(2) = =5 log&( )} X 572y [( |2]) log === }

< max [(n— |2]) log ™ | | } + K = |z| max {rlog w} + K.
n>|z|(1+t=9/2) r>t=9/2

It is easy to check that, eventually for all ¢, the function under the maximum is decreasing

on (t_%,oo) if ¢ < ¢. Since § < g we can choose ¢ so small that § < ¢ — ¢. The maximum

5/2

[
is then attained at r = ¢~%/2 and, as |z| > "1~ 1 by Lemma 3.2 (mz) we obtain

max {77(71, z) —n(z) + n%M logE(z)] —|2|t™ 5/2 log ( ) LK< jqr1-%
n>|z|(1+t-9/2)

eventually for all ¢. Combining this with (4.9) and using Proposition 4.2 we finally get

L Us(t)
TN

Case i = 3: Pick hy(z) = 0 and H, = {Z{", Z{”}. By Lemma 4.1 (b) we obtain

< max (B,(29) =197 %} — ®,(Z2) + O(t7%) = —t97 % + O(t7%) — —cc.
1= )

11og Us(t) < ! SlogUnp(t) < max Dy(2) + O(t17°) = d4(Z) + O(t17°).
zezd\{zM z{?}

It remains to apply Propositions 4.2 and 3.4 to get eventually

1 Us(t)
118 T

<UZ) = D Z) + O(197%) < —agh + O(177%) — —c0.
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Case i = 4: We estimate the integral in the Feynman—Kac formula by tﬁﬁfg)t. Lemma 2.2 (7)
implies that there is ¢ > 0 such that eventually

1
Zlog Us(t) < R0 < i,

Ttgt —

On the other hand, it follows from [HMS08, Th. 1.1] that, for each ¢ > 0, we have }log U (t) >
t97¢ eventually. Since ¢ can be taken smaller than ¢, the statement is proved.

Case i = 5: We decompose the Feynman—Kac formula according to the number J; of jumps.
Observe that the integral there can be estimated by t{(]lt) and use that J; has Poisson distri-
bution with parameter 2dt. Thus, we obtain

Z Eo exp /5 ds ]l{Jt_n}} Z exp{tgﬁj) 2dt + log (th) }

n>rige n>rige

Pick 0 < € < v/(¢+1) and assume that ¢ is large enough. It follows from [HMS08, Lemma 3.5]

that & < ng(log n)é“ for all n > ryg;. Further, it follows from Stirling’s formula that
n! > (n/e)" for all n > ryg;. Then, for all n > r.g;, we obtain, using monotonicity in n,

te) — 2dt + log( ) < tna (logn)e ey n log =75 2det _nk.
Combining the last two displays we obtain that Us(t) = o(1). O

4.4 An upper bound for the growth of the mass
Lemmas 4.1 and 4.3 make it possible to prove an upper bound for %log U(t), which is
asymptotically equal to the lower bound of Proposition 4.2.

Proposition 4.4. Fixz 6 > 0 as in Lemma 4.1. Then, almost surely, eventually for all t,
1
JlogU(t) < 4(Z") + O(t™").

Proof. Consider H; = @ and hy = 0. Then Up(t) = Ui(t) + Ua(t) + Us(t). Since for the
remaining two functions we have Uy(t) + Us(t) < U(t)o(1) by Lemma 4.3, we obtain by
Lemma 4.1 (b) that +logU(t) < 2log U p(t)(1 + o(1)) < ®4(Z") + O(t779). O

5. ALMOST SURE LOCALISATION IN TWO POINTS

In this section, we prove Theorem 1.1. In Section 5.1 we introduce a decomposition into three
events, formulate our main steps and provide some technical preparation. The remaining
Sections 5.2-5.4 give the proofs of the localisation on the three respective events.

5.1 Decomposition into three events.
In the proof of Theorem 1.1, we distinguish between three disjoint events constituting a
partition of the full probability space:

o O,(ZV) — ®,(Z?) is small and the sites Z{" and Z{* are close to each other;
o O,(ZV) — ®,(Z?) is small but the sites Z," and Z;> are far away from each other;
o O(ZV) — ®,(Z7) is large.

and prove the two point localisation on each event by different arguments. To be precise, for
1 = 1,2, denote by

I = {z € 74 |z — ZP| + min{|z|, |2} < 12911 + t_5/2)}
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the set containing all sites z such that there is a path of length less than |Z{”|(1 + t9/2)
starting from the origin passing through both z and Zé”. Further, denote

Iy ={ze€2% |2~ Z"| + min{|2|, | Z"|} < |Z"|(1 + 6t7°/2)}.
In Sections 5.2-5.4 we prove the following three propositions.
Proposition 5.1. Almost surely,
Jim [U(t)_l 3 uft, z)} 1{®,(Z) — 3,(Z2) < ah/2, 22 € TV} = 0.
— 00
zezd\{z",zPy
Proposition 5.2. Almost surely,
lim [U(t)_l 3 uft, z)} 1{®,(Z0) — 3,(Z2) < athe /2, Z2 ¢ TV} = 0.
— 00
zezi\(z{",2{"}
Proposition 5.3. Almost surely,
lim [U(t)_l 3, z)]n{rbt(z;“) —3(Z) > a2} = 0.
t—o0
zezi\{zM}

Obviously, Theorem 1.1 follows immediately from the three propositions. For each of them,
the idea of the proof is to decompose u into a sum of two functions u; and wus (which is
different in different cases) such that wug is negligible and localisation of w; can be shown
with the help of our spectral bounds derived in Section 2.2. If the gap between ®;(Z;") and
®,(Z?) is small (Cases 1 and 2) then both points Z\" and Z> contribute to the total mass.
However, the strategy of the proof is different, since in the second case the points Zél) and
Zt(Q) do not interact as they are far away from each other, whereas in the first case they do.
If the gap between ®;(Z") and ®;(Z;”) is large (Case 3) only the site Z" contributes to
the total mass. In the remaining part of this section, we prove a lemma, which is used in
the proof of each of the three propositions.

Lemma 5.4. There is ¢ € (0,q) such that, almost surely eventually for all t,
(i) &(2) < €(Z7) = t97¢ for all z € TA{Z", 27},
(i1) €(2) < &(Z7) —197¢ for all z € TN\{ZVY if ©(Z)) — @(Z7) > arhi/2,
(iii) €(2) < &(ZP) —t97¢ for all z € TVN\{Z\"V, ZP} if ©(Z1) — u(Z7) < aghe /2,
(iv) TS C Ty. If Z¥ € T{" then T\® C Ty.
Proof. We prove (i)—(iti) simultaneously, first making the following observations:
(1) By Proposition 3.4 we have ®;(Z") — ®;(2) > az\/2 for all z ¢ {Z\V, Z*}.
(2) ®(Z") — By(2) > B(ZV) — B(Z7) > aghe/2 for all z # ZV by assumption.

(3) Using Proposition 3.4 and our assumption we obtain ®;(Z;>) — ®(Z\") > ai\¢/2.
Hence ®(Z,7) — ®@4(2) > ©(Z7) — @4(ZY) > ay\y/2 for all z ¢ {2V, 2V},

Thus, to show (i)—(iii), it suffices to prove that there exists ¢ € (0, ¢) such that eventually
£(2,") = €(z) > t17°
for each i € {1,2} and each z satisfying
Dy(2") — 4(2) > ar)/2  and |z — Z| +min{|z|, |2} < |Z|(1 +6t7°/2).  (5.1)
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Assume that the statement is false. Then given ¢ < ¢ there is an arbitrarily large ¢ and
z € 7% satisfying (5.1) with £(Z{”) — £(2) < t97¢. Then

() () ; 1Z{"| o £(2)
D(Z") — By(2) = [€(2,7) — €(2)] + " lgf(Zéi)) o)
Ll |70 WY _ (s

We can bound the second summand by zero if £(2) < £€(Z,”). For &(2) > £(Z(”), we use the
inequality logz < 2 — 1 for > 0 to obtain, by Lemma 3.2 (iz), eventually

701 0 SC) _ IA71E0) €2
€(2") (")

In both cases we obtain the estimate for the first two terms

(2)
(2 — £(2)] + 12

< &(2) - €(Z").

n log ffé?)) < max{f(Z,f")) —&(2),0} <t97¢ = o(ar\y).

We prove that the remaining two terms in (5.2) are of order o(a:\:) as well. First, assume
that |z| < |Z;”|. Then (5.1) implies

127 < |2 = 27| + 12| < |1Z01(1 + 6772). (5.3)
Notice that 7(Z") < n(|z — Z| + |Z{"|, 2) as to any path of length |Z{”| passing through

Zt(” we can add a path of length |z — Z,gi)\ in such a way that it passes through z. Using
Lemma 2.1, Lemma 3.2 (i7) and (5.3) we obtain

n(Z") = n(2) <nllz = 2,71 +12,"], 2) — (=)

) ) (4) (%)
<(lz — 7@ + 791 _ 121 1o 2d‘3(|z__Zt H‘_‘Zz D + K
> (| t ’ | t | — | |) g |Z—Z§Z)|+\Z§Z)\—|Z\

- i i 2de((2+t~9/2)| 2V |-
< (Gt 6/2,22 )| 4 2(|Zt( )‘ _ ’ZD) log e(( |Z<i)|z“2|t =E) + K
t

) (4)
22| = |2]) log Zor L+ 0@,
t

Substituting this as well as the estimate for the first two terms into (5.2) we obtain

iy _ < 2z71-12) 5de|Z;" |
(I)t(Zt ) (I)t(z) = t log (|Z§2)|f\z|)\/@ + O(at)\t)'

By Lemma 3.2 (i) we have §(Zt(“) > t97¢/4 a5 ¢ is large enough. By assumption we then have
£(z) > €(Z) —t97¢ > t97¢/2_ Hence the expression under the logarithm is positive only if
|Z| — |2| < 5de|Z”|t=9/2+¢/4 which is smaller than t7/2t1+¢/2 by Lemma 3.2 (44). Since
¢ < q we obtain ®;(Z{") — ®;(2)<o(a;\;).

Finally, consider |z| > |Z{”|. For the third term in (5.2) we notice that (5.1) implies that
2| < 1Z7|(1 +6t~%/2). Then we use Lemma 3.2 (431) and [HMSO08, Lemma 3.5], which gives

|21 |Zt EEZ N og £(2) < 667927129 log (1217 |aF0(1 4 6t9/2)a+0) =o(az\y).

For the last term in (5.2) we obtain from (5.1) that n(Z\") < n(|Z{°|(1 4+ 6t=%/?), z). Hence,
by Lemma 2.1,

n(Z{") = n(z) < (12011 +6t7°72), 2) = n(z)

(i) —5/2 2de| 21V | (146t ~/2)
< (1Z71(1 + 6t7°7%) — |2]) log 26377 i + K.
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Notice that, for a > 0, z +— zlog £ is an increasing function on (0, a/e). Since |z| > |Z;"| we
have |Z("|(1 4 6t79/2) — |2| < 6t9/2|Z{|, which is smaller than 2d|Z\”|(1 4+ 6t=%/2). Hence
we obtain

n(Z") = n(z) < 66072 2" log LG < O,

This proves that the last term in (5.2) is also bounded by o(a;A;). It remains to notice
that we have proved ®,(Z;”) — ®;(z)<o(a;)\;), which contradicts to our assumption that
Oy(Z) — ®4(2) > agh/2. This proves (i)—(iii).

(iv) The first statement is trivial. To prove the second one, we pick z € T\"’. For any
such z there exists a path of length less than | Z,”|(1 + t%/2) starting at the origin and going
through z and Z{*. If |2| < |Z{”| we can choose the path in such a way that it ends at Z,>. If
|z > |Z®| then |z—Z| < |Z{?|#9/2 and so there is a path of length less than | Z”|(1+2t%/2)
starting at the origin, going through z and ending in Zt(2). In either of the cases, there is
then a path of length less than | Z>|(1 4 2t%/2) + | Z{" — Z?| starting in the origin, passing
through z, Z{* and ending at Z;"

Observe that since Z{> € T'\", there is a path of length less than |Z{"|(1 + t~9/?) going
through Z" and Z”, which in particular implies |Z;”| < |Z:"|(1 +t~9/2). If | Z;?| < | Z}"],
then Z* € I'\" implies |Z| + | 2" — 27| < |Z{"|(1 4 t~%/2) and so

1Z2|(1 4 2t9/%) 4120 — 22| < | Z|(1 + 3t797%) < | 2V |(1 + 5t7972).
If | 27| > |2, then Z\* € T'\" implies |Z{" — Z\7| < |Z{"|t~%/? and so
1ZP|(1+ 2672 + |20 — 22| < |Z0|(1+ 02 (1 + 267072) |z |t
< |Z2)(1 4 5t79/2).
In each case we obtain that z € I'y, which completes the proof. O

5.2 First event: ®;(Z ") is close to ®4(Z;>), and Z{" is close to Z .
In this section we prove Proposition 5.1. Let us decompose u into v = uq + ug with

ui(t,2) = B[ exp /g )ds F{Xe = 2147 0 o, < g > 1],

us(t, z) = IEO exp / &(X ds}]l{Xt =z} 1{7 (z0 22y > tor mre < t}}

We show that u; is localised in Z;" and Z;” (see Lemma 5.5) and that the contribution of
ug is negligible (see Lemma 5.6).

Lemma 5.5. Almost surely,

Jim U@ it 2) | H{@UZ") = ®i(Z7) < ahi/2, 27 €T} =0
zezd\{z", 2P}

Proof. We further split u; into three contributions u; = w11 + u1,2 + u1,3 with

uy;(t,z) = IEO exp / (X ds}]l{Xt = z}]lcl]
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with
{thu) <t,ms > t}, j=1,
Cij = {TZt(l) > t’TZt(Q) < t’T[Ff)]C > t}, j=2,

{th(l) > t,TZt@) <t, T[ng)]c <t,Tre > t}, j=3.

Observe that the sets C11, (12, C13 are disjoint on the event {Zt@) e F,(fl)} since Ff) c I'y by
Lemma 5.4 (iv). Furthermore, on this event, their union is equal to the event

{T{Z,El),Zt(Q)} <t, e > t}
appearing in the definition of (¢, 2). Hence, we indeed have uy = w1 + ui 2 + ui 3.

We now fix a sufficiently large ¢ and argue on the event {®;(Z\"”) — ®,(Z\?) < a;\/2, Z\> €
[V}, We also fix some ¢ € (0,¢) and use this to distinguish between two cases.

(1) First, we assume &(Z>) < &(ZV) — t97¢. We show that uj 1 and w9 are localised
around Zt“) and Zéz), respectively, and that the contribution of uq 3 is negligible.

Let us fix ¢ large enough and pick B = I'y, Q@ = {Z{"} to study u1; and B = I'’\{Z"},
Q= {Z®} to study uj 2. For the first choice we have

gos =&(Z") — max  £(2) =min{{(Z") — max  &(2), &(ZV) - &(27)} = t97¢
ro{(zM} ro{z", 2}

by our assumption and Lemma 5.4 (7). For the second choice we get

go.s =£&(Z) - E(z) > 107

max
zer\{z" 2V}

by Lemma 5.4 (44), using that ®;(Z{") — ®;(Z®) < a;\¢/2. Now we apply Lemma 2.4 and
use the monotonicity of ¢ to obtain

ZzeFt\{Zt(”} ul,l(t7 Z)
ZzeFt ul,l (t’ Z)

2 er@ (70 7@y w12t 2)

< (1176 and < (t?7°). (5.4)

Lzer®\(z) 2(t2)
Obviously, the estimate remains true if we increase the denominators and sum over all z the
larger function u(t, z), which will produce U (t). For the numerators, notice that u; 1(¢,2) =0

for all z ¢ T as the paths from C1; do not leave Ty, and uj o(t, 2) = 0 for all z ¢ T{\{Z"}
as the paths from C12 do not leave this set. Hence (5.4) implies

Ul D ua(t,2) et ) =o(1) and UE)™" D wia(t,2) < (%) = o(1),
zezd\{zM} zezd\{z?}

which proves the localisation of w1 and wuy 2.

To prove that uq 3 is negligible, observe that the contributing paths do not visit Zt(1> and
are longer than | Z\”|(1 +t~%/2) (the latter is true as they pass through Z{” and leave I'\”).
Thus, they do not belong to the set A; (defined at the beginning of Section 4.3) and so,
using Lemma 4.3, we obtain

> urs(t,z) < Ua(t) + Us(t) + Ua(t) + Us(t) = U(t) o(1).
2€7Z4
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(2) Now we consider the complementary case &(Z,”) > ¢£(Z\") — t97¢. Let us pick B =T}
and Q = {Z{", Z"}. We have
g0, = min{¢(Z{"),6(27)} = max - £(2)
ern\ (7" 2%}
> E(ZM) =177 — max  £(z) > 1972 —q1e,
et (7", 2%)

where we used our assumption on the difference between £(Z{") and £(Z”) and Lemma 5.4 (i)
with the constant ¢/2. By Lemma 2.4 we now obtain, as t — oo,

2eragz® g2y 1t 2)
ZzeI‘t u1 <t7 Z)
Again, the denominator will only increase if we replace it by U(t). For the numerator, we

observe that uy(t,z) = 0 for all z ¢ I'; as the paths corresponding to u; do not leave T'.
This completes the proof. Il

< (172 117 = o(1)

Lemma 5.6. Almost surely,

lim [U(t)—l 3 uslt, z)} 1{Z* e TV} = 0.

t—o00
2€74

Proof. We further split us into the three contributions us = ug 1 + ug 2 + us 3, where

ug (t,z) = Eg [exp { /Ot £(Xs) ds}]l{Xt = z}]lCQj]

with
(A1UAyUAz) N {mpe < t}, j=1,
CQj = {T{Zt(l)fzt(Q)} >t or Tre < t} N (Al UAyU A3) N {Tff > t}7 J=2,
(A4UA5), Jj=3,

where we recall the events Ay, ..., As defined at the beginning of Section 4.3. Since Ay, ..., As;
are pairwise disjoint and (U2_; 4;)¢ = @, the sets Ca1, Caz and Cag are pairwise disjoint as
well, and their union is equal to the set

{T{Zt(l)zt(z)} >t or Tre < t}
appearing in the definition of uy(t, 2). Hence, we indeed have up = ug 1 + ug 2 + ua 3.

We argue on the event {Z;> € T'\"}, but only for us(, z) this condition will be essential.
Each path contributing to wug; leaves I'y and so passes through some point z ¢ I’él) U Féz)
according to Lemma 5.4 (iv). If the path also passes through Z;” for i = 1 or i = 2 then its
length must not be less than |Z\”|(1 4+ ¢~9/2). Hence, by Lemma 4.3,

> uga(t,z) < Ua(t) + Us(t) = U(t)o(1).
2€7Z4

To bound ug 2 we observe that as e > t, the alternative 7 > ¢ must be satisfied.

{z".2}
Hence we can use Lemma 4.3 to get

> uga(t,z) < Us(t) = U(t)o(1).

2€Z4
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Finally, to bound us 3 we simply use Lemma 4.3 and obtain

> ugs(t,z) < Ua(t) + Us(t) = U(t)o(1),
2€74
which completes the proof. Il

5.3 Second event: ®4(Z.") is close to ®;(Z;>), but Z{" is far from Z>.

In this section we prove Proposition 5.2. Again, we decompose uv = u1 + ue such that u
is localised in Zél) and Zt@)7 and that wuo is negligible. In order to show that we further
decompose u1 and ug as

2 4
ui(t,z) = Zuu(t, z) and wg(t,z) = ZUQJ(t, z),
j=1 j=1
where the functions w; ; are defined by

ui(t, z) = Eo[exp { /Ot £(Xs) ds}]l{Xt = z}ﬂcij}

with
Cij = { {rg < tmpye > 8, =
{TZ,S” > t,TZEQ) < t,T[Ff)]C > t}, Jj=2,
and
(A1 U AU A3) N {thm <t Tpm)e < t}, J=1
Coy = (A1 U AU A3) N {thm > t,rzég) > t}, ] i 2,
(AT UAUA3)N {thu) > t,7‘Z§2) < t,T[Ff)]C <t}, j=3,
(A4 U A5) N (C11 U Cr2)s, j=4,
where we again recall the definition of the disjoint sets Ay, ..., A5 from Section 4.3. It is easy

to see that the six sets Ci1, Cio, Ca1, Cag, Cos and Cay are pairwise disjoint and exhaustive.
Lemma 5.7. Almost surely,

Jim U073 wlt, )| e Z") - 0:(27) < /2, 2 ¢ TV} = 0.
— 00
zezd\{z), 2P}
Proof. We argue on the event {®;(Z,") — ®4(Z>) < a;\/2, Z> ¢ TV}, We now fix ¢ large

enough and pick B = T'\", Q = {Z"} to study w11 and B = T\’\{Z\"}, Q@ = {ZP} to
study 2. Since Z\> ¢ I'{" we have for the first choice

go.8 = &(Z") - max £(z) 277,
zert\(z{"}

using parts (7) and (iv) of Lemma 5.4. For the second choice, we also obtain

go.B = £(4,7) - o) @) NOELE
zerPh\{z),zPh

by Lemma 5.4 (i) since the condition ®;(Z\")—®(Z”) < a;\¢/2 is satisfied. By Lemma 2.4
and using monotonicity of ¢ we now obtain

2zeri gz i 2)
Zzerg) u,1(t, 2)

2er\(z0,20 12t 2)

<t and < (7).

Lserz0y 2t ?)
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Increasing the denominators to U(t) and taking into account the fact that ui1(¢,2) = 0 for
all z ¢ TV and uy 2(t, 2) = 0 for all z ¢ I'\”\{Z;"”} completes the proof. O

Lemma 5.8. Almost surely,

lim [U(t)—l 3 u2(t,z)} = 0.

t—o0
z€Z4

Proof. Observe that

AN [{ <47 <tpu{r 20 > 6T ym > thu {TZ(l) > 67 S 6T < t}} =0

) [F(l)]c ; [F(2)

and therefore the union with A; can be skipped in the definition of Cy1, Cao and Cs3. By
Lemma 4.3 we obtain, almost surely,

Y uz(t,2) S Ua(t) + Us(t) = U(t)o(1)  for j=1,2,3
z€Z4%
Note that, obviously, . zau24(t,2) < Us(t) 4+ Us(t) = U(t) o(1) almost surely. O

5.4 Third event: The difference between ®:(Z;"”) and ®;(Z”) is large.

In this section we prove Proposition 5.3. Here we decompose u = u; + ue and further
U = U1 + U22 + u2,3 where

uy(t, 2) :]Eo[exp{/otf(X }]l{Xt = z}]l{T o <t, (e >t}

ugj(t,z) = Eo[exp { /Otf(Xs) ds}ll{Xt = z}]lc%}

with
(AyUAuAs)N{T (1)>t} j=1,
Coj =14 (A1UA2UA3)N {ngl) <t, Tirie <t}, j=2,
(A4 U A5) N CY, j=3.

Again, it is easy seen that u is equal to the sum of the functions u; and ug 1, u22 and ug 3.
Lemma 5.9. Almost surely,
lim [0 3 ua(t,2)| 1{®(Z) — 0u(Z8) = ahe/2} =0,
zez\{zM}
Proof. We fix ¢ large enough and argue on the event {®,(Z") — ®,(Z{*) > a;\/2}. Pick
B=T{", Q={Z"}. We have
go.5 =&(Z7) — max  £(z) >tT¢
F(l)\{Z(l)}

by Lemma 5.4 (ii) since the condition ®;(Z{") — ®;(Z”) > a;\;/2 is satisfied. Using
Lemma 2.4 we obtain

Zzergl)\{zt(l)} Uy (t7 Z)

Zzergl) Ul(t, Z)

Increasing the denominators to U(t) and taking into account the fact that w;(¢,z) = 0 for
all z ¢ I‘f:l) completes the proof. Il

< p(t779) = o(1).
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Lemma 5.10. Almost surely,

lim [U()71 ua(t 2) | 1{@(Z) = @(Z7) > ahi/2} = 0.

t—o00
2€Z4

Proof. We argue on the event {®;(Z\") — ®;(Z”) > a;\¢/2}. Denote hy(z) = 0 and H; =
{Z{"}. By Proposition 4.2 and by Lemma 4.1 (b) we have

%log |:U(t)fl Z ug(t, z)] < %bg [U(t)*1 Z up p(t, z)}

ZEZd ZEZd
<DUZP) = D(Z) + O(197%) < —agh/2 + O(t77%) — —oo0.

Further, since A; N {TZ(1) < t,T[Fu)]C < t} = & the union with A; can be skipped in the
t t

definition of C. Then by Lemma 4.3 we obtain, almost surely,
D uga(t, z) < Us(t) + Us(t) = U(t)o(1)
2€74

Obviously, we also have ) __;au23(t,2) < Uy(t) + Us(t) = U(t)o(1) almost surely. O

6. ONE-POINT LOCALISATION IN LAW AND CONCENTRATION SITES

In this section we prove Theorems 1.2 and 1.3, the convergence assertions for u(t, Z;") /U (t) in
probability and for (Z;", Z{?) /r, in distribution. This easily follows from our earlier almost-
sure results, using a point process convergence approach. Background on point processes
and similar arguments can be found in [HMSO08].

Consider the Radon measure pu(dy) = ;&% on (0,00] and, for any r > 0, the point process
on R? x (0, 00] given by
&(z
=D e(/rx,.y  Where X, = ,fz/ (6.1)
2€74

where we write €, for the Dirac measure in x. Furthermore, for any ¢, consider the point
process on R? x (0, co] given by

II; = Z €(z/re,®e(2)/at)
z€Z4: oy (Z)>0

Finally, define a locally compact Borel set
H = {(z,y) € R x (0,00]: y > gl[/2},
where RY is the one-point compactification of R%.

Lemma 6.1. For each t, Il; is a point process on
=R\ ((Rd x (—00,0)) U {(0,0)}).
Ast — oo, Il converges in law to a Poisson process 11 on H with intensity measure

(6%
do, dy) = de® —— & 1o dy.
V(e dy) = de® o et Huso) &
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Proof. Our first goal is to write II; as a suitable transformation of ¢,, on H. Introduce
H' = R¥1\ {0} and a transformation T}: H — H' given by

Tt(a:,y):{ (:L’,y—q|x\—(5(t,x,y)) if  # oo and y # oo,

00 otherwise,
Here ¢ is an error function satisfying 6(¢, z,y) — 0 as t — oo uniformly in (x,y) € K, where

Ky, ={(z,y) € H: [y| > n}.

Recalling that t% = 10; 5, we see that
P
CE I P B CI IO Y LS CR WA RIEY
(77 Q¢ tat tCLt a¢ tat Q¢ Tt
1
073 Tt logt Tt 073 tCLt Qg Tt
The same fact also implies that %’i) < ]%H‘;ﬁf for all z € Z% and t > 0. Hence, we have

I, = (Cm | o thl) ’ﬁ eventually for all ¢. (6.2)

To show the convergence, we define the transformation T: H — H' by T'(z,y) = (z,y—q|z|)
if # # oo and y # oo and T'(x,y) = oo otherwise. By [HMS08, Lemma 3.7] {,|x is a point
process in H converging, as r — oo, in law to a Poisson point process (|y with intensity
measure Leby®pu|y, where Leby denotes the Lebesgue measure on RY. Using (6.2), it now
suffices to show that

Crt|H % frt_l - C|H © T717
as the Poisson process on the right has the required intensity by a straightforward change

of coordinates. This convergence follows from [HMS08, Lemma 2.5], provided that the
conditions (7)-(7i7) stated there are satisfied, which we now check.

(i) T is obviously continuous.

(i4) For each compact set K’ C H’ there is an open neighbourhood V' of zero such that
K' c H'\'V'. Since T'(z,y) — (0,0) as (z,y) — (0,0) and since T; — T uniformly on K¢,
there exists an open neighbourhood V' C H of zero such that T(V) C V' and T3(V) C V'
for all ¢ large enough. Hence, for K = H \ V, we obtain T-*(K') c T-*(H'\ V') C K and
similarly T, '(K') ¢ K for all t.

(7i1) Recall that 6(¢,z,y) — 0 uniformly on K¢, and observe that

B . o0 ady _ a L —
(Leby@u)(K,) = /]Rd d /nv(qx|/2) o+ (2/4q) /]Rd ((2n/q) V |z|)> ’

as n — oo as |x|™“ is integrable away from zero for « > d. O

Lemma 6.2. We have

(1) (2) (1) (2)
(Zt Zy” 2u(Z) (2 )) = (X0, X® Y0 y®)
re N re s as s a; ’ ) ) ’

where the limit random variable has the density

a? exp{—0y3 *}
y1 + qlz1])2 T (y2 + glae])o !

p(x1, 2, y1,Y2) = ( I{y1 > y2}.
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Proof. Tt has been computed in the proof of [HMS08, Prop. 3.8] that v(R? x (y, o)) = fy?=2
for y > 0. For any relative compact set A C H x H such that Lebogi2(0A) = 0, we obtain
by Lemma 6.1,

= /AProb(Ht(dxl x dy1) = (dxg x dy2) =1,
Ht(Rd X (y1,00)) = Ht(R X (y2,91)) )
— /AProb(H(dxl x dy;) = 1) Prob(II(dzy x dys) = 1)
Prob(H(Rd x (y1,00)) = 0) Prob(H(Rd X (y2,71)) = 0)
= /AV(Rd X (y2,00)) v(day, dyr)v(das, dys) = AP($1,$2,y1,yz)d$1 dzz dy1 dys.

It remains to notice that

/p(xl, x2,Y1,y2) dry dze dyy dys = Prob(H( x (0,00)) > 2) =
RxREx{ (y1>y2>0)}

since II(R? x (0, 00)) = oo with probability one. O

Proof of Theorem 1.2. We use the same decomposition u(t, z) = uq (¢, z) +ua(t, 2) as we used
to prove Proposition 5.3. By Lemmas 5.9 and 5.10 it suffices to show that

Jim Prob (@(Z") — ®(Z7) > as\e/2) = 1. (6.3)

Since, by Lemma 6.2, (®:(Z\")/ar, ®¢(Z\>)/as) converges weakly to a random variable
(Y Y®) with density, we obtain (6.3) because Ay — 0. O

Proof of Theorem 1.3. The result follows from Lemma 6.2 by integrating the density function
p(x1,x2,y1,y2) over all possible values of y; and y3. We obtain

p(e1,2) = / o’ exp{—0yy “Ydyrdys /°° aexp{-0y"}dy
’ { o (1 +alza ) (g2 + qlz))*t o (y+ gl (y + glaz])> !
Y1>y2>
This completes the proof of Theorem 1.3. O
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