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Abstract: In a series of ten papers (see the flow chart at the end of §I), of which this
is the first, we prove that the temperature zero renormalized perturbation expansions
of a class of interacting many—fermion models in two space dimensions have nonzero
radius of convergence. The models have “asymmetric” Fermi surfaces and short range
interactions. One consequence of the convergence of the perturbation expansions is the
existence of a discontinuity in the particle number density at the Fermi surface. Here,
we present a self contained formulation of our main results and give an overview of the
methods used to prove them.
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1. Introduction

The concept of a Fermi liquid was introduced by L. D. Landau in [L1, L2, L3] and has
become the generally accepted explanation for the unexpected success of the indepen-
dent electron approximation. An elementary sketch of Landau’s well known physical
arguments can be found in [AM, pp. 345-351]. More thorough and technical discussions
are presented in [AGD, pp. 154-203] and [N].

Roughly speaking, at temperature zero, the single particle excitations of a nonin-
teracting Fermi gas become (almost stable) “quasi—particles” in a Fermi liquid. The
quasi—particle spectrum has the “same structure” as the noninteracting single particle
excitation spectrum and the quasi—particle density function n(k) still has a jump at
the “Fermi surface”. The quasi—particle interaction at temperature zero is encoded in
Landau’s f—function f(kr, K}).

Itis well known that there are a number of potential instabilities that can drive an inter-
acting fermi gas away from the Fermi liquid state. See, for example, [MCD, §1.2,4.5].
One of the most celebrated is the BCS instability for the formation of Cooper pairs
leading to superconductivity in 2 and 3 dimensions. This is a potential instability for any
time reversal invariant system [KL, L].

Another important instability is the Luttinger instability. There are solvable models
in one space dimension that exhibit qualitatively different behavior from that of a three
dimensional Landau Fermi liquid. In particular, the quasi—particle density function n (k)
is continuous across the “Fermi surface” but has infinite slope there. These systems are
called Luttinger liquids. For a rigorous treatment of Luttinger liquids in one dimension,
see [BG] and the references therein.

Anderson [A1, A2] suggested that a two dimensional Fermi gas should exhibit behav-
ior similar to a one dimensional Luttinger liquid. Theorem 1.4, which is proven in this
series of papers, rigorously shows that this is not the case for the class of models consid-
ered here. In particular, we show that the density function n(k) has a jump discontinuity
across the Fermi surface (Theorem 1.5). The existence of the Landau f-function and its
basic regularity properties follow directly from Theorem 1.7.

The standard model for a gas of weakly interacting fermions in a d-dimensional
crystal at low temperature is given in terms of

e asingle particle dispersion relation (shifted by the chemical potential) e(k) on R?,
e an ultraviolet cutoff U (k) on R?,
e an interaction V.

Here k is the momentum variable dual to the position variable x € R?. The Fermi surface
associated to the dispersion relation e(k) is by definition

F={keR!|ek) =0}

The ultraviolet cutoff is a smooth function with compact support that fulfills 0 < U (k) <1
for all k € RY. We assume that it is identically one on a neighbourhood of the Fermi
surface!.

I'In particular, we assume that F' is compact.
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We use renormalization group techniques to show that, for d = 2 and under the
assumptions on the dispersion relation e(k) specified in Hypotheses I.12below, such a
system is a Fermi liquid whenever V is small enough (the precise statement is given
in Theorem 1.5 below). Renormalization is necessary since the Fermi surfaces for the
noninteracting (thatis V = 0) and interacting systems (V # 0) do not, in general, agree.
We therefore select (V—dependent) counterterms de(k), from the space in Definition
I.1, below, in such a way that the Fermi surface of the model with dispersion relation
e(k) — Se(k) and interaction V is equal to F.

Definition L.1. The space of counterterms, &, consists of all functions Se(kK) on R? that
are supported in { k € R? | Uk) =1 } and for which the L'-norm of the Fourier
transform is finite. That is

/d‘lx 8" (x)| < oo,

where 8" (x) = [ (g‘i—‘;,e—'k'x Se(k).

The temperature Green’s functions at temperature zero (also known as the Euclid-
ean Green’s functions) for this model can be described in field theoretic terms using
the anticommuting fields v/, (xo, X), Vo (x0, X), where xo € R is the temperature (or
Euclidean time) argument and o € {?, |} is the spin argument. For x = (xo, X, o) we
write ¥ (x) = ¥ (x0, X) and ¥ (x) = Y5 (x0, X).

For a model with dispersion relation e(k) — e (k) and interaction V = 0, the Green’s
functions are the moments of the Grassmann Gaussian measure, d (Lc(s¢), Whose covari-
ance is the Fourier transform of

U (k)

C(ko, k; de) = tko — e(K) + Se(k)

Precisely, for x = (xo, x,0), x' = (x,x,0’) e R x R? x {1, |},

dd—Hk

o | GmyE ¢ kX =¥=C (ks Se),

C(x,x'; 8e) = / Y ()Y () dice (b, ¥) = 55,
where < k,x —x" >_= —ko(xo — xp) + k- (x —X) for k = (ko, k) € R x R?. To
simplify notation we set
Ck)=C(k;0) , C(x,x)=C(x,x';0).
The interaction between the fermions is determined by the effective potential
Vi, ¥) = / V (x1, X2, %3, X4) ¥ (x1) ¥ (22) 9 (x3) ¥ (x4) dx1dxzdxzdxs.
RxRIx {1, 4

We assume that V is translation invariant and spin independent. For some results, we
also assume that V obeys

V(Rox1, Rox2, Rox3, Roxs) = V(—x1, —x2, —X3, —X4) (L.1)
and

V(—xz, —X1, —X4, _-x3) = V(-xla X2, X3, -x4)s (12)
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where Ro(xg,X,0) = (—xp,X,0) and —(x9,X,0) = (—x9, —X, o). We call (I.1)

“ko—reversal reality” and (I.2)“bar/unbar exchange invariance”. Precise definitions and

a discussion of the properties of these symmetries are given in Appendix B of [FKTo2].
In the case of a two—body interaction v(xg, X), the interaction kernel is

V((x1,0,%1,01), -+, (x4,0,%4,04)) = —%8(;” 22)8 (x3.x4)8 (x1,0—x3,0)V (x10-x30.x1-x3),  (L.3)

where 8 ((x0,x,0),(xj.x',06")) = 8(x0—x))8 (x—x')8 ». If the Fourier transform, v(ko, k), of
the two—body interaction v(xg, X) obeys v(—kg, k) = v(ko, K) , then the interaction
kernel V has all four symmetries mentioned above. In addition, )V always conserves
particle number.

We briefly discuss the norms imposed on interaction kernels. For a function
Fxt, -+, x)on (R x RY x {4, | D" we define its L{—Ls,—norm as

I fllie = max — sup / [Tdx; 1o xl.

SIS xjp €RXRIx{H 4} 7 ot
i#io
A multiindex is an element § = (8¢, 81, - - - , 84) € Ng x Ng. The length of a multiindex
8 = (80,81, ---684)is |8] = 8¢ + 81 + --- + 84 and its factorial is 8! = 8p!81!--- 84!,
For two multiindices 8, 8" we say that § < 8" if §; < & fori =0, 1, --- , d. The spatial

part of the multiindex § = (8¢, 81, ---84) is 8 = (61, - -84) € Ng. It has length |§| =
81+ -+84. Foramultiindex § and x = (xo, X, 0), x’ = (x, X', 0’) € RxRIx {1, |}
set

(x —x)° = (xo — x0)® (x1 —x])*" -+ (xg — x)*.
We fix rg, r > 6 for the numbers of temporal and spatial momentum derivatives that we
will control. The norm imposed on an interaction kernel will be

max m [T 50 —Xj)s"fV(m,X2,X3,X4)H‘ .
BineNOxNg I<i<j<4 by 1,00
for 1<i<j<4

Z18; jl=r, XI5; j.ol=ro

When V is of the form (1.3),

max m [T 550G —x)%V(x1,x2, x3, x4)m
8, jeNgxNg l<i<j<4 1,00
for 1<i<j<4

Z18; jl=r, XI8; j.ol=ro

1 )
= max ﬁ/ x’v(x)| dx.
seNg

18] <r

Formally, the generating function for the connected Green’s functions is

G(@. §: 8e) = log 5 / PV V) KUV dpic (), (L4)
where the source term is

RS /dx PP () + P (X)p (x). 1.5)
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The counterterm is implemented in

Ko =1 3 [ dvdfxaly se” - ) i (50 (. 9)
oe{t.)}
and Z = fev(‘p"ﬁ) e~ KW e) duc(y, ) is the partition function. The fields ¢, ¢ are

called source fields and the fields ¥, ¥ are called internal fields. The connected Green’s
functions themselves are determined by

—_ w n n —_
G(9. d; de) = Zﬁf [1 dxidyi Gon(x1, y1, -+, xn, yns 8€) [] @ (xi)p (3i).
n=1 i=1 i=1
Observe that for §e € £, formally,
G(¢. §: 8e) = log & / VYV dpcisey (. ).

where Z' = [ YY"V ducse (¥, ¥). See [FKTo2, Lemma C.2].

We show in this paper that, for d = 2 and under the Hypotheses I.12 on e(k), there
exists, for every sufficiently small interaction, a counterterm §e € £ such that connected
Green’s functions G, (+; §e) exist and have Fermi surface F. This statement needs to
be made precise, because the functional integrals in the definition of G are not, a priori,
well defined due to the singularities of the propagator. This problem is dealt with by a
multiscale analysis.

We introduce scales by slicing momentum space into shells around the Fermi surface.
We choose a “scale parameter” M > 1 and a function v € Cgo([%, 2M]) that takes

values in [0, 1], is identically 1 on [%, M] and obeys

w .
v(szx) =1
j=0

for 0 < x < 1 (see also [FKTo2, §VIII]). The function v may be constructed by
choosing a function ¢ € Cgo((—2, 2)) that is identically one on [—1, 1] and setting
v(x) = p(x/M) — ¢(Mx) for x > 0 and zero otherwise.

Definition 1.2.

i) For j > 1, the j™ scale function on R x R? is defined as
VD (k) = v (sz (k3 + e(k)2)> .
By construction, v/ is identically one on

{k=(k0,k)€Rde|\/% 1 <|iko—e(k)|§m#}.

=
The support of v is called the j™ shell. By construction, it is contained in

{keRxR| < liko — e(W)| < V2M 57 }.

11
VM M=

The momentum k is said to be of scale j if k lies in the j™ shell.



6 J. Feldman, H. Knorrer, E. Trubowitz

ii) Forreal j > 1, set
vED (k) = o (M7 + e(k))).
By construction, v\Z9) is identically 1 on
[keRxR!|iko — e(k)| < VM- }.
Observe that if j is an integer; then for |iky — e(k)| > 0,

U(Zj)(k) =Y l)(i)(k).

i>j

The support of v'Z1) is called the j™ neighbourhood of the Fermi surface. By con-
struction, it is contained in

[keR xR ||iky — e®)| < V2M; .

The support of (p(M 2j=2 (k% + e(k)z)) is called the j™ extended neighbourhood. It
is contained in

{keRxR!||iko — e(k)| < V2M 15 }.
iii) For real } > 1, the covariance with infrared cutoff at scale j and counterterm Se is

UKk) — v(z;)(k)
tkog — e(K) + de(kK)[1 —vED(K)]’

C™*P (ko, k; de) =

Do Ak ey .
CIR(J-)(_X’ x';8e) = 85,0 WeK X=X >_CIR(}-)(k; se).
Also write
C*"P (k) = CR"D(k;0)  ,  C"P(x,x)) = C"P(x, x'; 0).

The Grassmann Gaussian measure d (LR (5 IS Characterized by
/ YOV () dpera o) (. ¥) = C"P(x, x'; Se),

/ Y ()Y (&) dpere o) (W ¥) = / Y ()Y (x) diera o) (W, ) = 0.

Remark I.3.
i) As the scale parameter M > 1, the shells near the Fermi curve have j near 400, and
the neighbourhoods shrink as j — o0. Also,

lim C™¥ (k) = C(k)
j—00

pointwise.
ii) Our ultraviolet cutoff U (k) cuts off spatial directions only and does not restrict
ko. The entire ultraviolet regime, that is, large ko, will be treated in a first step. To

do so, we pick an integer jo > 2 and integrate out a covariance containing the factor
U (k) — v>7) (k). See Theorem V.8.
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Even for the cutoff, and hence bounded, covariance C'*@ | it is not a priori clear that
the generating functional

Gi(p, ¢V, 8e) =log & f TV VYD dp i s (W D).

where Z =/6’W(1'/”‘/_/) dpera) 50 (W2 V),

or the corresponding connected Green’s functions, Ga,;;(x1, y1, - , Xp, Yn), defined
by

Gi¢. V. 8e) =) o / T dxidyi GanpCer. yr.-- on. ) [T @GS ).
n=1 = =

make sense for a reasonable set of V’s and §e’s. On the other hand, it is easy to see,
using graphs, that each term in the formal Taylor expansion of the Grassmann function?
Gi(¢,¢;V, 8e(V)) in powers of V is well-defined for a large class of V’s and de(V)’s.

The Taylor expansion of | PV V) ducwre (W, ¥) is Yoro1Gin(V, ..., V), where
the n'" term is the multilinear form

GinOVro V) =5 / TV ) - V(W ) diere (W, 1)

restricted to the diagonal. Explicit evaluation of the Grassmann integral expresses G; ,
as the sum of all graphs with vertices Vi, ---, V, and lines C R The (formal)

Taylor coefficient ZTI e %g}mp, OtV 4+ t,Vn, 0)‘t L of G;(¢, ¢; V, 0)
1= =Ip=

is similar, but with only connected graphs. Choosing de to be an appropriate function
of V produces renormalized connected graphs>. We prove here that, under suitable
hypotheses, for each j, the renormalized formal Taylor series for g;(¢, oV, Se(V))

converges to an analytic* function of V with a radius of convergence that is indepen-
dent of 7. We further show that the limit as § — oo exists.

Theorem 1.4. Assume that d = 2 and that e(K) fulfills the Hypotheses I.12 below. There
is an open ball, centered on the origin, in the Banach space of translation invariant and
spin independent interaction kernels V with norm

max I IT 57 G —x )™ Vixr, x2, %3, x4) 1,00
5i,j€N0XNg l<i<j<4 "/
for 1<i<j<4
):l&i_j\gr, Zwi,j;()'f’()

and an analytic counterterm function V +— §e(V) € & on the ball, that vanishes for

V =0, such that the following holds:
For any real j > 1, the formal Taylor series

Gi(¢.§) =log % / TV VIV dp cwip seqvy (Vs W)

2 We shall, in Def. VL7, introduce a norm on the Grassmann algebra generated by ¢ and ¢. All of our
generating functionals will in fact have finite norm.

3 Under the hypotheses of Theorem L4, below, when j is finite, both the propagator C'R¥ and the
vertex V are continuous in momentum space. The values of all connected graphs, whether renormalized
or not, are well-defined. However renormalization is essential for the limit j — oo.

4 For an elementary discussion of analytic maps between Banach spaces see, for example, Appendix
A of [PT].
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converges to an analytic function on the ball. As § — 00, the Green’s functions Gy, ;
converge uniformly, in x1, ---, y, and V, to a translation invariant, spin independent,

particle number conserving function Go, on (R x R x {1, i})Z'1 that is analytic in V.
If, in addition, V is ko—reversal real, as in (1.1), then de(K; V) is real for all k.

The proof of Theorem 1.4 follows the statement of Theorem VIILS in [FKTf2].
Theorem L5. Under the hypotheses of Theorem 1.4 and the assumption that V obeys
the symmetries (1.1) and (1.2), the Fourier transform

Ga (ko k) = / dxod!x ' TR Gy ((0,0, 1), (x0, %, 1))

- / dxod?x &' RN G, (0,0, 1), (x0, %, 1)

of the two—point function exists and is continuous, except on the Fermi surface (precisely,
except when kg = 0 and e(K) = 0). Define

— 1 dko tkoT
nk) = Tl_l)l})l+/ 5 € Gy (ko, K).

Then n(k) is continuous except on the Fermi surface F. Ifk € F, then lim n(k) and
k—k

e(k)>0
lim n(K) exist and obey
k—k
e(k)<0

lim n(k) — lim n(k) > 1.
k—k k—k
e(k)<0 e(k)>0

The proof of Theorem 1.5 follows Lemma XII.4 in [FKTf3].
Remark 1.6. The quantity n(Kk) is known as the momentum distribution function. The
jump discontinuity in n(k) at the Fermi surface exhibited in Theorem 1.5 is generally
viewed as the most basic characteristic of a Fermi liquid [MCD, §4.1]. The number % in

the bound of 1.5 has no special significance. It may be replaced by any number strictly
smaller than one, provided the interaction is made sufficiently weak.

Theorem 1.7. Let
Goronomon (k1 K2y k3) = / Ga(x1, x2. x5, 0, 0, 0)

3
_(_1\¢
x 1—[ e (=D 1<kg,x¢>— d-x(),lddXK
(=1

be the Fourier transform of the four—point function and

4

“r . .
Gy. (k1, k2, k3) = Gy, (k1, k2, k3) s

401,02,03,04 101,02,03,04 el;[] Gake) |ky=ky —ko+hs
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its amputation by the physical propagator. Under the hypotheses of Theorem .5, éf is
continuous on

{ (ki ko, k3) | ki # ko, ko # ks,
Uk) =U(ky) =U(ks) = U(k; —ka +k3) =1 }.

Furthermore, Gf has a decomposition

A
Gli0y.07.05.0 k1, k2, k3) = Noy 0y,03,04 (k1, k2, k3)

1 ki+ky  k3+kg
+§L01,02,03,04( 7 T3 ,kZ_kl)

ka=k1—ky+k3
1 ka+ky  ki+ky
_17 BTRATE ko — k3
2 01,62,63,04( 2 2 ) ka=k1—kz+k3
with
0 Noy,07,03,04 CONLINUOUS
0 Loy ,05,03,04(q1, g2, t) continuous except att =0
© Loy,03,03,04(q15 2, (0, 1)) having an extension to t = 0 which is continuous in
(g1, 92, 1)
© Loy.0y.03.04(q1: 2. (f0, 0)) having an extension to to = 0 which is continuous in
(QI ’ 612, tO)

The proof of Theorem 1.7 is at the end of §XV in [FKTf3].

Remark I.8. L, 6,.05,0,(q1, g2, t) consists of particle-hole ladder contributions of the
form

Gt S gt
611—%* ~~ N~ TEq2 —

B~ D~

Remark 1.9. Theorem 1.4 defines G2, ; (V) through its renormalized perturbation expan-
sion. Alternatively, one could introduce an additional finite volume cutoff by replac-
ing the space—time R x R? with (R/LZ) x (R?/LZ?). The associated Green’s func-
tions, Gy ;.1 (V), are trivially meromorphic functions of V that are analytic at V = 0.
The methods of these papers could be used to show that the domain of analyticity of
G241 (V) includes the ball of Theorem 1.4 and that, as L — 00, G,;;, 1 converges
uniformly to G2,;;. We do not do so.

We also do not deal with the question of independence of the renormalization pre-
scription. Suppose that e(k), de(k; V) and €'(k), §¢’(k; V) satisfy the appropriate reg-
ularity conditions and that e(k) — Se(k; V) = €'(k) — §¢’(k; V), for some specific
V. Observe that G2,;; depends on e(k) and de(k; V) only through the combinations
e(k) — Se(k; V)[1 — vED (k)] and vED (k) = (M 71 (k§ + e(k)?)). Hence, it is
likely that the limiting Green’s functions constructed using e(k), e(k; V') coincide with
those constructed using ¢’(k), 8¢’(k; V), for the specific V, but we do not attempt to
prove so here.
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We now state the hypotheses on the dispersion relation e(k) used in Theorems 1.4,
1.5 and L.7. First, we assume that the dispersion relation e(k) is r 4- 6 times continuously
differentiable. Furthermore, we assume that the Fermi curve

F={keR?|ek) =0}

is a strictly convex, smooth connected curve with curvature bounded away from zero.
Since F is strictly convex, for each point k € F there is a unique point a(k) € F
different from k such that the tangent lines to F at k and a (k) are parallel. a (k) is called
the antipode of k. Choose an orientation for F.

Definition 1.10.

i) Letk € F, t the oriented unit tangent vector to F at k and ii the inward pointing unit
normal vector to F at K. Then there is a function gk (s), defined on a neighbourhood
of 0in R, such that s — K + st + @k (s)@i is an oriented parametrization of F near
k.

ii) We say that F is strongly asymmetric if there is ng € N, with ng < r, such that for
each k € F there exists an n < ng with

o (0) # ) (0).
Remark 1.11.

i) By construction, ¢k (0) = ¢k (0) = 0 and ¢ (0) is the curvature of F at k.

i) If F is symmetric about a point p € R?, thatis F = {2p — k | k € F}, then
Yk = @qk) for all k € F. Symmetry of the Fermi curve about a point promotes
the formation of Cooper pairs and the phase transition to a superconducting state.
Theorem 1.4 shows that — at temperature zero — this is the only instability in a broad
class of short range many fermion models, at least when d = 2. Sufficiently high
temperature also blocks the Cooper instability and leads to Fermi liquid behaviour,
even for a round Fermi surface. This was shown in [DR1, DR2] using the criterion
proposed in [S]. See also [PS].

When d = 1, fermionic many-body models exhibit Luttinger liquid rather than
Fermi liquid behaviour. See Chapter 11 of [BG] and the references therein. We would
expect that results like Theorems 1.4 and 1.5 also hold for d = 3. There has been
some progress in this direction [MR, DMR].

iii) In [FKTa] we show that independent fermions in a suitably chosen periodic elec-
tromagnetic background field have a dispersion relation whose associated Fermi
curve, for suitably chosen chemical potential, is smooth, strictly convex, strongly
asymmetric and has nonzero curvature everywhere.

Hypothesis 1.12 (on the dispersion relation). We assume that e(K) is r + 6 times con-
tinuously differentiable with r > 6, that the Fermi curve F is a strictly convex, smooth,
strongly asymmetric, connected curve whose curvature is bounded away from zero and
that Ve(K) does not vanish on F.

This paper is divided into three parts. This first part, which consists of Sects. I through
IIT and Appendix A, contains an overview of the main ideas involved in the construction
(8II) and the algebraic structure of the construction (§1II). Part 2, [FKTf2], consists of
Sect. IV through X and Appendix B and contains the proof of Theorem 1.4 — using
the results of the auxiliary papers [FKTI, FKTol, FKTo2, FKTo3, FKTo4 and FKTrl,
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FKTr2]. The existence of a discontinuity in the particle number density at the Fermi sur-
face, stated in Theorem L.5, is proven in the third part, [FKTf3]. Continuity properties
of the amputated four point Green’s functions, stated in Theorem 1.7, are also proven in
[FKTf3].

Our proof uses a multiscale analysis and discrete renormalization group flow, in
the framework of fermionic functional integrals, and also uses renormalization of the
Fermi surface. In the j® step of the renormalization group flow we turn on interactions
amongst particles whose momenta have distance from the Fermi surface about # The

output of the j™ step is an effective interaction for particles whose momenta have dis-
tance from the Fermi surface less than # In [FKTr1] we build a tool for controlling
Gaussian fermionic functional integrals of exponentials of effective interactions in a
quite abstract setting”, using Gram bounds for determinants. In [FKTo3, FKTo4] this
tool is combined with a technique developed specifically to handle problems created by
the fact that the singularity of the original propagator lies on an object with nontrivial
geometry, the Fermi surface. The technique is “sectorization of the Fermi surface”. It
allows us to use the abstract results of [FKTr1] while retaining the ability to exploit
conservation of momentum. In particular, conservation of momentum leads to improved
power counting, due to “overlapping loops”, for the two point function and the non—
ladder contributions to the four point function. This mechanism is formulated abstractly
in [FKTr2] and implemented concretely in [FKTo3]. Generalized particle—particle and
particle-hole ladder diagrams require special treatment. Particle—particle ladders have
improved power counting due to the assumed asymmetry of the Fermi surface®. This is
proven in §XXII of [FKTo4]. The estimate on the sum of all contributions from parti-
cle-hole ladders exploits a sign cancellation between scales and is developed in [FKTI].

The treatment of the first renormalization group step, i.e. the ultraviolet regime, is a
simple application of the expansion of [FKTr1] and appears in [FKTo2]. Control of the
change of sectorization forced by the change of scales between renormalization group
steps is achieved in [FKTo4].

As mentioned above, §II and III of this paper give an overview of the construction.
The paper [FKTol], where nonsingular propagators (as is the case for insulators) are
considered, can also serve as an introduction to some of the techniques. The set of eleven
papers is self—contained. [FKTr1+r2], [FKTI] and [FKTo4] are each reasonably inde-
pendent of the other papers in the series. The interface between each of these and the
other papers is through a relatively small number of definitions and theorems. The flow
chart below provides a thumbnail sketch of the contents of each of the papers and gives
the logical connections between them.

Cumulative notation tables are provided at the end of each part. The construction
described in these papers was outlined in [FKLT1, FKLT2, FKLT3].

5 We expect that the results of [FKTr1] may be usable beyond the present problem and so may be of
more general interest.

6 The fact that Schrédinger operators with periodic magnetic potentials usually have such asymmetric
Fermi surfaces is proven in the auxiliary paper [FKTa].
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II. An Overview

In this section, we describe the main difficulties in the proof of Theorems 1.4 and 1.5 and
outline our strategy to overcome them. For simplicity, we omit spins in this discussion.
The notation in this section is close, but not always identical to that used in the rest
of this paper. As the main theorems are for d = 2 space dimensions, we describe all
constructions only for d = 2, even those that can be extended to other dimensions.

1. Renormalization of the Fermi Surface and the Dispersion Relation The Fermi sur-
face of a fermionic many particle system is the locus in momentum space where the two
point function éz(O, k) has a discontinuity — if such a discontinuity occurs at all.” For
a system of non-interacting fermions, the Fermi surface coincides with the zero—set of
the dispersion relation. In a metal or a crystal, the dispersion relation is a datum derived

7 For example, in a superconductor there is no such discontinuity.
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from first principles; it is determined by the associated periodic Schrodinger operator.
On the other hand, the Fermi surface of the system of interacting fermions is accessible
to measurement. See, for example, [AM].

As already mentioned in §I, the Fermi surface of a system of interacting fermions is,
in general, different from that of the system of non-interacting fermions with the same
dispersion relation. This shift in the Fermi surface is responsible for the divergence of
many coefficients in naive perturbation expansions. It is controlled by renormalizing the
dispersion relation. Theorems 1.4 and 1.5 state that, given a function e(k) and an inter-
action V fulfilling all of the theorems’ hypotheses, there is a function §e(k), called the
“counterterm”, such that the system with dispersion relation e (k) — de(K) and interaction
V has a Fermi surface and that Fermi surface is precisely F = {k| e(k) =01}

We pointed out in the previous paragraph that the data derived from first principles
are the dispersion relation and the interaction V. Therefore it is desirable to prove that
every reasonable function ¢’(K) is of the form e(k) — Se(k) as above. This could be
done by proving the invertibility of the map e(k) +— e(k) — de(k) in an appropriate
function space. To all orders in perturbation theory, this has been achieved in [FST4].
The bounds of this paper are not yet strong enough to prove the corresponding result
non-perturbatively.

Even for C* functions e(k) and V, it is not known how smooth the counterterm
Se(k) is. In this paper, we show that e is C€. In [FST3] it is shown that 8e is C>T€ to
all orders in perturbation theory. Later in this overview (Subsect. 10) we shall point out
where this lack of smoothness in the counterterm creates difficulties for the construction.

2. Multi Scale Analysis We cannot treat the functional integral (1.4) defining the formal
Green’s functions in one piece, because the propagator is singular. Similarly it is proba-
bly impossible to determine the counterterm Se(k) in one step. Therefore we introduce
scales adjusted to the size of the propagator in momentum space and to the infrared cut off
propagators C™®(/) (ko, k; 8e) of Definition 1.4, construct an appropriate counterterm for
each scale j and take the limit j — oo. The limit is controlled by comparing, for each j,
the model with covariance CRU*D (kg, k; e) to that with covariance C™*) (kg, k: Se).
This comparison amounts to “integrating out scale j”. We give an introduction to “inte-
grating out a scale” in the next subsection. In §III, we describe, formally but in more
detail, how the limit j — oo is taken.

3. Integrating Out a Scale The discussion of the previous subsection shows that the
essential estimates in our construction concern the effect of integrating out one scale
as above. To simplify the discussion, we consider the case in which the covariance
C™U) (k; 8e) is replaced by C'R() (k; 0). That is, for the moment, we ignore the effect of

the counterterm. Since CRU+D (k; 0) = CRW) (k: 0)+ CY (k) with CY) (k) = ;I:(;J—)ggl)()

Git1(9, ) =10g%//€¢JWﬂ)Jrv(wﬂ’wﬂ)dﬂcmm(I, Oduci (Y, ¥)

= log%/e‘“‘HW@’q;’w’@ducm W, ),

where

W, $. v, ) = log - / A VIO i (2.0)
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is the effective interaction at scale j. The partition functions Z, Z’ and Z; are chosen so
that G;1(0,0) = W(0, 0,0, 0) = 0. To iterate this construction, we need an effective
interaction

W (¢, p, v, ¥) = log ﬁ / PIEFVIHEITO g1y i (£, )

at scale j + 1. So the problem is to estimate
W (¢, ¢, ¥, 9) = log % / HTEEW@IVHEAN T A (6, 0)

in terms of estimates on WV. The main difficulties already occur when ¢ = ¢ = 0, so
we concentrate on this special case. Write

W(0,0, ¥, %) = Y | dpi-dpudai-da, Wan (.- pas 415 dn)

n>0

8144 pu—q1 == W (1) (p) Y (1) Y (g)

and

W0,0,9, %) = Y | dpi-dpudqi-dge Wy, (p1..pu. 41, Gn)

n>0
S(pr+-+pu—aq1——a)W (1) (p) ¥ @)V (gn),

where v/ (k) and ¥ (k) are the Fourier transforms of v (x) and v (x) respectively®.

Then w/,, can be written as a sum of values of connected directed graphs with vertices
wy, wy, - - - and propagator C/) (k). See [FW, Chap. 3]. Naive power counting just uses
that

1CY (k) |l = sup |CY) (k)| is of order M/ (IL1)
k
and
volume of the j™ shell is of order ﬁ (I1.2)

This is because the j® shell has width of order # in the kg direction and in the k—direc-
tion transversal to F' and has circumference, in the direction along F, of order one. If
one assumes that

lwanlleo is of order M7®=2 for all n (I1.3)
then every graph contributing to w/,, is again of order
M Zii=2) g i Ti@ni=2n)/2 g =215 2n;=20) /2= 1+1] _ pgj(1=2)

The three factors come from the suprema of the vertex functions wy,,, the suprema of

the W propagators and the volume of the domain of integration respectively. For
n > 3 the Condition (II.3) grows nicely in j. Four legged vertices (n = 2) are marginal
— the estimate (I1.3) alone would lead to divergences in powers of j when the sum

8 Precise Fourier transform conventions are formulated in §VL



Two Dimensional Fermi Liquid. 1: Overview 15

over j is performed. We exploit “overlapping loops” and special estimates on ladders
to derive better bounds on the four point functions. The counterterm is built up from
contributions at each scale chosen so that (II.3) holds for n=1, too. Overlapping loops
will be discussed in Subsect. 4, ladders in Subsect. 5 and 6, and the construction of the
counterterm in Subsect. 10.

It is well known that the sum of the norms of all graphs diverges. In this paper we use
cancellations between different graphs to derive convergent bounds. There are several
schemes to implement such cancellations, all variants of the basic scheme of [C]. In all
of these schemes the cancellation is only seen when one writes the model in position
space variables. This is a major technical difficulty, since the geometry of the Fermi
surface and special effects like “overlapping loops” and ladder estimates are naturally
formulated in momentum space. We use the cancellation scheme developed in [FMRT,
FKTcf, FKTrl, FKTr2]. It is sufficiently close to the graphical picture to allow us to
implement overlapping loops in collections of diagrams within which cancellations take
place.

4. Overlapping Loops We first describe the effect of overlapping loops in an example.
Consider the diagram

P1 q1
—_—— —_——

(fay
<~
oo Wls

contributing to wy(p1, p2, q1, g2). If wg = 1, its value is

L(p1, p2, 41, 42) = / dki dky CV (ki +q1—p1) €V (k1) €V (ki —k2) €V (g2 —ka).
Naive power counting gives

ITlloo < IICY )14, - (volume of the j™ shell)®> = O(1).

However, taking into account that C/) is supported on the j® shell,

ITlloo < ICY 14, - (volume of T),
where
T = {(ki, ko) | ki, ki — ko, g2 — ko € ;™ neighbourhood}. (11.4)

Let S be the set of all k> for which g2 — k5 lies in the j™ neighbourhood and S’ be the
set of all k» for which |kp| > «/;MT Then T C T U T, where
T1 = {(k1, ko) | ki,ki — ko € jth neighbourhood, k, € SN S},

T> = {(k1, k2) | k1 € j™ neighbourhood, k, € S\ §'}.
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For k> € S’ the volume of the set

{k1 | ki,ki—ky € j th neighbourhood} = ( jth neighbourhood)ﬂ(kg—i— jth neighbourhood)

7™ neighbourhood ky + j™ neighbourhood
is of order ﬁ . ﬁ, since this set has width of order # in the kg direction and in the

k direction transversal to F and width at most of order ﬁ in the direction along F.

Here we use that the Fermi surface F has curvature bounded(away from zero. Therefore
the volume of Tj is of order

W - (volume of S) = W . 0(#) = O(W)

Similarly the volume of 7 is bounded by
(volume of j™M neighbourhood) - (volume of S\ §') = O(57) 377 = Ol5p72)-

Therefore, using (IL.1), ||T']|co = O(ﬁ). The volume estimate on 7" derived above is
not optimal. By [FST2, Theorem 1.1], the volume of 7 is O(#)

Similar improvements are possible for all diagrams with “overlapping loops”, i.e.
with two different simple loops which have at least one line in common. If w, = 0, the
only four legged diagrams without overlapping loops and tadpoles are particle—particle
ladders

—— 2~ -
- ~— >

and particle-hole ladders
—- A~ &~ >
— ~ " N —

See [FST1, §2.4]. We shall Wick order the effective interactions with respect to the
future covariance in order to exclude tadpoles. The condition that wy = 0 is achieved
by moving the two legged part of the effective interaction into the covariance.

We have already mentioned that the effect of overlapping loops and special ladder
estimates are used to get convergent bounds on the four point functions. The effect of
overlapping loops has to be combined with the cancellation scheme between diagrams
mentioned at the end of Subsect. 3 and discussed in Subsect. 9 below. Thus the cancel-
lation scheme has to be sensitive enough to detect simultaneous overlapping loops in all
mutually cancelling diagrams and to isolate ladder diagrams. Furthermore the geometric
estimates on 7 above have to be exploitable in a position space setting. This is done
using sectors. See Subsect. 8.
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5. Particle—Particle Bubbles The strong asymmetry condition of Definition I.10 is used
to get improved power counting on particle—particle ladders. We describe the effect in
the example of the particle—particle bubble

again assuming that w4 = 1. The value of this graph is
/dk CO(t — k) CY(k),

where t = p; + p2 = q1 + g2 is the transfer momentum. Naive power counting again
gives that this value is O(1). On the other hand, taking the support condition of C/)
into account, the value of this graph is bounded by

ICY )12, - (volume of {k | k and r — k lie in the j™ neighbourhood}).

By the strong asymmetry condition of Definition 1.10, F and the shifted reflected Fermi
surface t — F = {t — k | k € F} have tangency of order at most ng. From this one
deduces that

{k |k, t —k € j™ neighbourhood} = (™ neighbourhood) N (r — (j™ neighbourhood))

has width of order - in the ko direction and in the k direction transversal to F' and

MJ
width at most of order m in the direction along F. Therefore its volume is of order
t — (j™ neighbourhood) j™ neighbourhood

ﬁ m and the value of the particle—particle bubble is of order m
As in the case of overlapping loops, this estimate is based on a volume estimate in

momentum space. Again sectors will used to implement this in position space variables.

6. Particle—Hole Ladders Our estimate on particle-hole ladders is not based on a geo-
metric argument as in the case of particle—particle ladders or overlapping loops, but
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on cancellations between scales. The limit as j — oo of the particle-hole bubble
Bj(p1, p2, q1, q2)

P1 q1
—— ——
—— ——
D2 q2

with wgq = 1 and propagator } _; ;€ @) has a discontinuity in the transfer momentum
t = p; —qp at t = 0, but is continuous for # # 0 and smooth in a neighbourhood of
the origin in {(zg, t) | to = 0}. See the introduction to [FKTI], and in particular Lemma
I.1 there. The proof of this lemma is based on integration by parts and thus cancellation
between scales.

In the multi-scale analysis, we combine all the contributions of particle-hole ladders
created at scales < j, and give a uniform estimate on the result. A vertex of a particle—
hole ladder at scale j may be a particle-hole ladder created at a previous scale i < j, as
in the diagram:

pP1 q1

—— P
C(j>/ \C(j)
c®
/N
—->— —_—

P2 ~— q2
c®
The iteration of these effects (and of the Wick ordering with respect to future covari-
ances) leads to the concept of iterated particle—hole ladders of Definition VIL.7. Uniform
estimates on these iterated particle-hole ladders are stated in Theorem VII.8 and proven
in [FKTI]. They have to be in position space, as they have to be combined with the
other estimates derived from the “cancellation scheme” mentioned in Subsect. 3. This is
technically difficult, because it amounts to taking Fourier transforms of quantities whose
limit, as j — o0, is discontinuous.

7. Power Counting in Position Space Proving power counting bounds on graphs is usu-
ally split into two steps. To illustrate the two steps, we consider the situation that we
have two vertices ¢ and ¢, with n| and n legs, respectively. For simplicity we ignore
orientation of the lines. We assume we form a diagram I by connecting ¢; and ¢, by
1 <r < min{ny, ny} lines.

'==¢1

P2 —

This can be done in two steps: First connect ¢ and ¢, by one line and call the result .

1 1
I'==¢1 — ¢ —
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Secondly, pairwise contract 2r — 2 legs of ' to form r — 1 lines.

Y1 — $2
r

The first estimate is to bound the norm of I'’ in terms of a constant times the product
of the norms of ¢ and ¢,. We call such a constant a “contraction bound” c. If one uses
| - lloo norms in momentum space, then ||C (k)| is a contraction bound.

A tadpole bound is a number b with the following property. Let ¢ be any graph with
at least two legs, and ¢’ the graph obtained from ¢ by connecting two legs to form a line.

&

Then the norm of ¢’ is bounded by b times the norm of ¢. If one uses || - ||oo norms in
momentum space, then ||C) (k)||1 is a tadpole bound.

Applying one contraction bound and r — 1 tadpole bounds, one sees that the norm
of T is bounded by ¢ b"~! times the product of the norms of ¢; and ¢,. By (IL.1) and
(IL.2), for the || - || Norms in momentum space, the contraction bound is of order M/,
while the tadpole bound is of order Lj The power counting for the | - ||oo norm in
momentum space described in Subsect. 3 can be generalized to the abstract setting of
contraction and tadpole bounds: If one assumes that

the norm of wy,, is of order for all n (I1.5)

1
cbhn—1
then every graph contributing to w’,, is again of order —— bn —— . For example, if such a graph
I" has two vertices, w,; and wy,,, then there are r = n + ny — n connecting lines and
the norm of I" is bounded by

cpmtn—n=l (norm of w2y, ) (norm of w,,) = O(Cb’”ﬂ’z_"_1 _cb"ll_l _cb"lZ‘l)
= 0(

ch— 1)

A general graph may be bounded by building it up one vertex at a time.

As pointed out in Subsect. 3, we need to use position space variables. A natural
position space norm for translation invariant vertices ¢(x1, - - - , X, ), which mimics the
|l - lloo norm in momentum space, is

gl oo = max sup/ H dxj lp(xt. - x)l.

)Cp
/#p

It is easily seen that the L' norm, ||C)(x)||1, of the Fourier transform of C/) (k) is
a contraction bound for this norm and that the L> norm of C/) in position space,
|C(x)] 00, is a tadpole bound. Clearly, [|CY)(x)[loo < |CP(k)|1, so that we again
have a tadpole bound of order # A naive computation, given in the next paragraph,

gives a bound on ||C) (x)||; that is of order M?/. A more refined argument, sketched in
the next but one paragraph, gives a (realistic — see Example A.1) bound of order M3//2,
In any event, M 3012 s 1€ (k) |l and naive power counting in position space does
not coincide with power counting in momentum space. Substituting ¢ = O (M 3i/ 2) and
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b = O(#) into (II.5) yields the requirement that |||wz,|||1,0c be order Mj("’%). In

particular the norm of the four point function would have to decrease like \/% as j
increased. This is absurd, since the original interaction V is, at each scale, the dominant
part of the four point function. Again, we use sectors to cope with this problem.

We first sketch the standard calculation that gives the naive bound on [|[CY) (x)]|;.
For a multi-index § = (8¢, 81, §2) of non-negative integers write || = &g + 81 + &2 and

X = xg"xf'xgz. Then, integrating by parts |§| times,

s Bl G
(577) 1€Y' W) < 37m 15 €V Bl = 0 ().

. 18]
since the support of %—

kS
M7 B+ Therefore
2 2 2 '
(1+G2) (1 G (1+ G Ic e = 0.

Dividing by [] (1 + (%)2) and integrating over R> gives the bound ||C/) (x)||; =
v=0.1,2

C Y (k) has volume of order ﬁ and || %%C O (k) |loo 18 Of order

o (M%).

As it motivates the construction of sectors, we indicate how the more refined bound
on ||CY) (x)|; is derived. Assume first that F has a straight segment of length [ on the k»
axis® and that e(k) = k; in a neighbourhood of this segment. Choose a cutoff function
X (kp) that is identically one on most of the segment, zero outside the segment and for

which | 2 x (k2)| is of order . Set (k) = x (k2)CY (k). An argument similar to
2
that of the previous paragraph shows that

(1+ (2 (1+ )) (1+ @) icY @)1 = 06

and therefore that ||C S(j )(x) |1 = O(M7). The same argument also works for a realistic

Fermi surface, if one cuts out a “sector” of length [ < —L_ as indicated in the figure

vmi

below.

The precise computation is in [FKTo3, Prop. XIII.1 and Lemma XIII.2]. If the sector is
too long, the curvature of the Fermi surface causes deterioration of the bounds on the
derivatives parallel to the Fermi surface. One can divide up the j™ neighbourhood into
O(l[) sectors and use a partition of unity by functions like x, to see that

ICY (x)||1 < (number of sectors) - O (M) = O(l[Mj)'

. 0] - 3j/2
If one chooses [ = NI one gets the bound ||CY (x)||; = O(M>//4).

9 This of course contradicts our hypotheses that F is strictly convex. We will remove this assumption
immediately.
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8. Sectors We cover the j neighbourhood by slightly overlapping sectors of length
[ < \/LAT/ as indicated in the figure below.

The set X of sectors is called a sectorization of scale j and length [. Furthermore we
select a partition of unity { (k) ] s € X} subordinate to the sectorization, such that each
xs has properties analogous to those of the function x in the last subsection'?. Recall
that we want to integrate out scale j and that

W(0,0,%,9) = % / eW(O’O"”“"“E)dMC(n(C, o).

Decompose the kernel wy,, of the part of W that is homogeneous of degree 2n in the
fields

Won(P1y P> Gl qn) = Z a)2n((l71vsl)s"'s(PnsSn)a(qlssn-H)s"‘s(‘]ﬂ»sZn))
S1,00 .80 €X

for p;, g; in the j th neighbourhood. Here, wjy,, is a function that vanishes unless p; lies
in the sector s; and ¢; lies in the sector s,,4;. @y, is called a ¥—sectorized representative
of wy,. A X—sectorized representative wy,, of wj, can then be written as a sum of values
of connected directed graphs with vertices s, wy, - - - and propagator C/)(k), where
the momentum integrals in the graphs also include sector sums. The main norm we use
for the Fourier transforms @y, ((x1,51),+,(x20,52)) Of wpy, is

@21, = max  max E 12 (Cx1.51).+ . e2n.52) Il 1, 00+ (IL.6)
1<ip<2n s,-OEE g
s;eX for
iig
That is, we first fix one sector and then take the sum over all other sectors of the ||| - || 1,00

norms of the functions @y, ((-,s1),,(-,s2.)). With respect to this norm, we have a contrac-
tion bound of order M/ and a tadpole bound of order Lj
We first indicate how the contraction bound is derived. Let ¢ ((xy,s1),-,(xu,s,)) and

©2((x1.51). . (xm.5m)) be vertices, and
T (s e tsn-1). (osh)oo . (yasiy)

= Y | dxedx] o1 (@i Gsn) CY a—x)) @2 (5] (e osh)

Sp,S|ES

be the graph constructed by connecting ¢; and ¢, with one line. Write Chk) =
» CS(/)(k), where ij)(k) = x5 (k) CY (k). Let Cij)(x) be the Fourier transform of

sex

Y (k). Then

10 For precise definitions of sectors, sectorizations, and the partition of unity see Def. VI.2 through
Def. VLS.
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r'= > dxy dx) @1((x1,51),,(ony50)) Cﬁ")(xrx;)qoz((x;,s;xw,(x;ﬂ,x,;»). (IL7)

$p.8,8]€X

By conservation of momentum, the integral in (IL.7) vanishes if 5, N's N's] = @. For

fixed sectors s1, - -+ , Sy, S{, - , 5, 5, by double convolution

(H /dxn dx} @1((x1,51),, (xnu5n)) Cs(’)(xn—x;)wz((xi,s;),-~-,<x,’,1,s;n))wl
,00

< 1 (s Gl o ICS ol @2 (s st 00 (IL.8)
We consider the contribution to |||I'’|||;,x having the sector s fixed. By (IL.7), (I1.8) and

conservation of momentum it is bounded by

Yo Y e Conlilne I @l llga(c.sh. . Cap)llloe. (L)

8§25y —1 €5 sn,s,siei
/ ’
52~“'-5m€z snﬂsﬂx/l#ﬂ

Observe that, for given s, there are at most three sectors s and at most three sectors s{
with s, Ns £ @, s, N s{ # . Therefore (I1.9) is bounded by

9max > ler(Canes oo lC @llllea st s .00

’
5551 €x 59, .8y 1.Sn €L

vé .x;neZ

)
<9 @il z @2l max |Cs” ()l
SEX
Fixing s; with2 <i <n —1lor slf with 2 < i < m leads to the same bound, so that

TN, < 9 e,z lle2ll,s max e @l (L.10)

As at the end of the previous subsection, one sees that mazx [|1C s(j ) @ =0M /) . This
se

gives the contraction bound of order M/ .
To derive the tadpole bound, let ¢ ((x1.s1),-,(x4,5)) be a vertex and

r ((Xlssl)s"' a(xn72>s)172))

= ¥ dxn 1 dxn @((e1.5) . (n2.5n-2), Cn 150D+ Cino5) CY G 1 =)

Sp—1,Sn€X

be obtained by joining the last two legs of ¢ to form a tadpole. As above, by conservation
of momentum, for each choice of sectors sq, - - - , §,—2,

T (Cosp Cosna) 00

= X

Sp—1-8.5n€X
Sp—1NsNsp #P

\/dxnfldxn §0(',Sl),"',(',Sn—Z),(xn—l»Sn—l)»(xn’sn)) Cij)(xnfl_xn) |

,00

<3030 (et tomnCalioe max G (@)l

Sp—1,5n€X
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as, for a given sector s,_1, there are at most three sectors s for which s N s,—1 # @.
Consequently

s < 3llells max [CY) (@) lco.
SEX

As in the previous subsection, ||C fj )(x) loo = O (#) and the tadpole bound of order

% follows.
Substituting ¢ = O (M J ) andb =0 (%) into (II.5) yields the requirement that
lld2alllx is of order 222" for all n. (IL11)
In contrast to the norm ||| - |||1,00 of Subsect. 7, this norm is compatible with change of

scale. In §VI, we choose, for each scale i, a sectorization X; of length [;, where [; goes
to zero as some power of #“. In going from scale j to scale j + 1, we construct from
a X j—sectorized representative ), of w,, a X —sectorized representative w}, of w,
that fulfills (I1.11) with j replaced by j + 1 and [replaced by [} 1. Itis constructed using
a partition of unity subordinate to X ;. See Example A.3.

To give an idea of the underlying mechanism, we show that the problem with the
Il - 1,00 norm of the four point function described in Subsect. 7 does not occur for the
l - lllh,z; norm. To do so, we need a ¥ = X j—sectorized representative for the original

interaction kernel V (p1, p2. g1, g2) whose ||| - [|l1,= norm is of order % A natural such
representative is

v((p1, s, (P2, 52), (q1,53), (92, 54)) = X5, (P1) X2 (P2) Xs53(q1) X54(q2)
xV(p1, 2,491, 92)-

By conservation of momentum, the Fourier transform f)((~, s1), (-, 82), (-, s3), (-, 54))
vanishes if (s; + s2) N (s3 + s4) = @. Here, s1 + 52 = {p1 + p2 | pP1 €51, ppES}.

S1

S1+52
52

One sees, by the same method that yielded ||Cs(x)]l1 = O(M 7, that the Fourier trans-
form of each x(k) fulfills ||xs(x)|l1 = O(1). Therefore, for each choice of sectors
S1, 52,53, 54,

(¢, s1)s Co52), (- 83), (- S4))|||1,oo = 0(|||‘7|||1,oo)-
Therefore, [||0]||1,x is of the order

max f{ (52,53, 54) € B | (51 +52) N (s3+50) # 0 }. (IL.12)

To estimate this number, fix a sector s;. Observe that the map
FxF— R (ki,k)) > ki + ko (11.13)

11" This is forced on us by the condition [; < ﬁ which is imposed to ensure that the curvature of the
sector does not affect Fourier transform estimates.
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is locally invertible at every (k1, k2) € F x F for which the tangent vector to F at kg is
not parallel to the tangent vector to F at k>. From this one concludes that for a general
choice of s (such that s1 + s> is not close to 2k or k + antipode(k) for all k € F), there
are only O (1) choices of sectors s3, s4 such that (s; +s2) N (s3+s4) # @ . Since there are

0] ( %) sectors, the contribution to (II.12) from all general sectors s; is O (%) One can see

that the few other sectors s, also only contribute 0(1[) Thus, indeed |||?]||1.5 = 0(1[)

The precise argument is given in [FKTo4, Prop. XIX.1].

The estimates on the contraction and tadpole bounds and about change of sectoriza-
tion in this subsection all are specific to two space dimensions. In three space dimensions,
similar arguments would give that:

a contraction bound for C/) is of order M/,

a tadpole bound for C) is of order %,

ollhs = O ([%), since the map (II.13) has one dimensional fibers in this case.

Thus, for the case of three space dimensions, the power counting suggested by sectors
is not compatible with change of sectorization. This is the reason why, in this paper, we
restrict ourselves to two space dimensions'.

The advantage of sectors is that they allow exploitation of conservation of momentum,
while working in position space. One example is the estimate on |||9]||;,x derived two
paragraphs ago. Another important example is that the improvements due to overlapping
loops and particle—particle bubbles described in Subsect. 4 and 5 can be implemented
using sectors. To this end we use a variant of the norm (IL.6), with three sectors held
fixed,

llénllla e = max max > {lldan (s sz lco- (IL14)
1<i|<ipy<iz<2n Siy +Sin »Siz € g
B s;€X for
i#i,ip,i3
Its power counting is better by one factor of [ than the power counting of the ||| - [||1.5
norm. That is, we expect
N . j \n—2
ll@2nll,s is of order (%-)""~ for all n, (11.15)

and in particular that |||®4]||3, » is of order one'3. This norm is particularly useful for the
four point function. Since a given momentum can lie in at most two sectors,

los(p1, p2, a1, @) oo < 2*ll@alll3, -

In Example A.2, we show how (IL.11) and (II.15) can be used to get improved power
counting for the ||| - |/[1,x norm of the diagram discussed in Subsect. 4.

9. Cancellation Between Diagrams In Subsect. 7 and 8, we described how the power
counting bound on a diagram I" formed by connecting two vertices ¢ and ¢ by r > 1
lines'* is obtained. First we connect ¢ and ¢, by one line and call the resulting graph

12 progress in the use of sectorization in three space dimensions has been made in [MR, DMR].
13 The argument above that the sectorized representative v of the original interaction fulfills ||| 0]}, x =

0 (l[) also shows that |93z = O(1).

14 Again, for simplicity, we ignore orientation of the lines.
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[’ and apply a contraction bound. Then we form the remaining » — 1 lines, each time
applying a tadpole bound. Iterating this procedure, adding vertex after vertex, leads to
the power counting for arbitrary diagrams.

Since we are dealing with fermions, we may assume in our discussion that all vertex
functions are antisymmetric. Let ny > r and n, > r be the number of legs of ¢; and
@2, respectively. Assume that max{ni, np} > r. Denote by G the set of all diagrams
obtained from joining ¢ and ¢, by r lines. G has cardinality ("rl) ("rz) r! . If one bounds
each individual diagram by power counting, and sums over all diagrams in G, this large
number of diagrams leads to divergences (due to the factor r!).

We first describe how one finds cancellations between diagrams of G, then describe a
blocking of diagrams that allows one to find similar cancellations for arbitrary numbers
of vertices, and then show how, using this blocking, one may simultaneously exploit
both these cancellations and overlapping loops.

The first step in constructing the diagrams of G is again to choose one leg of ¢; and
one leg of ¢y, form a line between these two legs, call the resulting graph I'’ and estimate
the norm of I'” in terms of the norms of ¢; and ¢ using a contraction bound. The second
step is to choose (r — 1) additional legs of ¢; and (r — 1) additional legs of ¢;.

r;l r;l
1 1
IMN==¢1 — ¢ —

The third step is to form all possible connections between the (r — 1) legs of ¢; and the
(r — 1) legs of ¢ chosen in the second step. There are nin, choices in the first step,

(=1 (")) choices in the second step and (r — 1)! choices in the third step. Each

diagram of G is obtained r times, since with the first step we distinguish one of the r
lines. Observe that

pm (25) () 0 = D= () () !
There are cancellations amongst the diagrams formed in the third step described above.
For simplicity, assume that the (r — 1) legs of ¢ chosen in the second step are labeled

by 2, - .-, r and are all incoming, and that the (r — 1) legs of ¢; are labeled by ny, — r +
2,---,ny and are all outgoing. Then the sum of all diagrams formed in the third step is

/dx2~~-dx, dxr/lz—r+2.”dxl/12 I (x2,e s, ~~~X,'[2_,+2,~~x;12)
X /1/_/(x2) - ‘D(xr) w(x’/lzﬂﬂ) - w(x’/lz) dl/vc(j%
Its || - |l1,00 norm is bounded by

IT"l,00  sup ‘/t/_f(xz)-~-1/?<xr>1/f(x;,2_,+2)---I/f(x,;2>duc<_n

/ "
Yny—r42°" ¥y

The magnitude of the functional integral is

= ‘ det [C(j)(xufx,’lz_,_'_v)]

pv=2.r|

‘ / Y Y@ Y, ) W) ditco)
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Observe that the p—v matrix entry

CO =y r10) = / dk ' =500 )

_ P X _ ) )
— 6‘1<k,x#> / CcW(k i ez<k Xy —r>— _CY(
< @l VICO® [ 12

(we are deliberately ignoring some unimportant factors of 277 is the L2 inner product of

= l<k’x >— (]) / — l<k'xl,1 —r+v>— C(j)(k)
the vector v, (k) =e n |C ) (k)| and the vector v/, (k) =e 2 NI

The vectors v,,, v}, all have L2 norm /||C/) (k) || Therefore, by Gram’s bound on deter-
minants,

< ICP w5

‘ / Y V) ditco)

Thus the bound on the sum of all diagrams formed at the third step is

T .00 ICD )T < 1ICD )T Nt 1,00 N2lll1, 005

where c is a contraction bound. Consequently, the ||| - |||1,oc norms of the sum of all
graphs in G is bounded by

Lnyna (U201 (22 1€ @1 1D @1 el o @2l

since, as seen in Subsect. 7, |C)(x)]|; is a contraction bound. This is smaller than the
bound

#G) 1ICP O IICD @1 el o0 @2l 00

derived by summing the graphwise bounds, by a factor of ﬁ

In general, we say that b is an integral bound, if the following holds: Let ¢ be any
antisymmetric vertex, 2r < n, and S(x2;41, -, X5) be the sum of the values of all
diagrams obtained from ¢ by joining each of the legs labeled 1, - - - , r to one and only
one of the legs labeled r + 1, --- , 2r.

2r+1, - ,n{: )

Then the norm of S is bounded by b?" times the norm of ¢. The argument in the previous
paragraph shows that C) has an integral bound with respect to the ||| - || 1,00 NOrm that

isof order v/||[CW (k)||; = O (ﬁ). Similarly one sees that CY) has an integral bound,
with respect to the ||| - |||1,x norm, that is of order 0( # ) Thus, in both cases, the
integral bound is of the order of the square root of the tadpole bound found before.

The discussion above shows how to get cancellations between diagrams that have
only two vertices. The combinatorics for treating diagrams of arbitrary size was devel-
oped in [FMRT, FKTcf, FKTr1, FKTr2]. We sketch it here. As mentioned in Subsect. 4,
we Wick order with respect to future covariances in order to avoid tadpoles. Thus, we
write

WO,0,v, %) = U, ¥)icen,
W/(Os 0’ ws ‘&) = :U/(w$ Iﬁ):C(ZH—l)v
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where C&/) = Y~ C®. Then the kernels of U’ are sums of diagrams whose vertices
iz

are kernels of U and which have two kinds of lines. The first arises from integrating
with respect to d 1~ and has propagator C (). The second arises in Wick ordering W'
and has propagator C(Z/*1_ The subgraph of each diagram obtained by deleting the
C=J*D lines must be connected and tadpole—free. For clarity, we ignore the Wick lines.
That is, we discuss a simplified situation in which W is Wick ordered with respect to
CY) and W is not Wick ordered at all!?, so that we write

WO, 0, v, %) = W, )i

WL, ) = Y | dpida, Wan(pr,- a0) 8(p1++pa—aqi——an)

n>0
X YD) - Y ) Wg) - - - Y (gn)-
Then

, 1 connected diagrams without tadpoles with

7 2n external legs and ¢ vertices from wy, wy, - - -

All diagrams are labeled. A rooted diagram is a diagram with one distinguished vertex,
called the root. Clearly,

;o 1 1 (connected, rooted, tadpole—free diagrams with
Wy, = Z ne .

7 2n external legs and ¢ vertices from wy, Wy, - - -
The distance between two vertices in a diagram is the minimal number of lines needed
to form a path connecting these two vertices. In a rooted diagram, the r™ ring is defined
as the set of vertices of distance r from the root. Thus, the zerolh ring is the root itself,
and the first ring consists of all vertices that are directly connected to the root by a line.
Observe that the full subgraph formed by the union of the first r rings of a diagram G is
again a connected diagram G,. Each leg emanating from a vertex of the r ring that is
not part of a line in G, (that is, each external leg of G,) is either an external leg for the
whole diagram or is connected to a vertex of the (+ + 1) ring. Observe that, for each
graph, there is an r( such that the ™ ring is empty for all r > rg.

A
ava

For simplicity, we only discuss the case that n = 0, i.e. that there are no external legs.
Given a rooted diagram without external legs, we have the following combinatorial data:

e ¢, = t(vertices of the r" ring),

15" General Wick ordering is treated in [FKTr2].
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Yir
e Fori =1,---,4,,let yior be the number of legs of the i™ vertex in the ™ ring
i
yi,r
r—1
that are connected to a vertex in ring number r
r+1

By the definition of “ring”, the i ™ vertex in the r ring has Yirt yi?r + y:rr legsandy; , >
1 forall 1 <r < ry. The sequences £ = (£, €2, -+) and J = (yi;,y yi(?r, yi?r’)ffll’.%fé;
are called the combinatorial data of the rooted graph.

We only exploit cancellations between connected rooted graphs with the same com-
binatorial data. So fix some combinatorial data £, y and let G be the set of all diagrams

with these combinatorial data. Denote by G, the sum of the values of all subgraphs G,
of graphs G € G. View it as a single vertex. It has

Ly ZrJrl
Y Vir = L Vi
i=1 i=1

external legs. We describe how G, is formed from G,_; and how the norm of G, is
bounded in terms of the norm of Gr,lz Connect each of the £, vertices of the r® ring
to G,_1 by one line and apply contraction bounds. Then apply an integral bound for the
Zf’zl(yi; — 1) remaining connections between Gr_ | and the rt ring.

+
Vl,r
//\
1
[ 787
— B ér—1 yldr
\\ //\ 2.r
2
N
Y

Then, using a variant of the integral bound, form all connections between the ylo . lines
coming from the first vertex, the yzor lines coming from the second vertex, - - - and the

VeO, - lines coming from the last vertex, always avoiding tadpoles. Repeat this procedure
for all r for which ¢, # 0. The bounds obtained in this way are summable over all
combinatorial data.

Observe that ladders

- b b b

have very special combinatorial data: Each ¢, is either zero, one or two, y,, = 2, yior =0
and yit is either zero or two. In the example

OO >

f

root
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we have {1 = € = 2,43 = 1, V11 = )/21 = y12 =2, )/22 = y13 = 0. Not all
diagrams with such comblnatorlal data are Tadders, but there are so few of them that the
non-ladder diagrams with these combinatorial data can be bounded individually without
generating divergences.

In many cases, the combinatorial data of a diagram alone allow the detection of an
overlapping loop. The two basic cases are:

(1) If,forsomer > 1and 1 <i < ¢,, we have yi; + yi?r > 3 then there is an overlap-

ping loop, as indicated in the following figures. Here v; denotes the i™ vertex of the
th
r' ring.

\

G-y —V v,=3 Gr_1 — L v,=2 Vi(,)r >1

Vi

_ / \ _ g Vi
Gr-1 L or Gr—1 ! vio=Lyh =2
\

Ui”

(i) If € =2, 641 = land y;, + ¥, = 2,9, = 1, vy, > 1 then there is an
overlapping loop as seen in the following figures.

ring (r + 1)% ring ring (r + 1) ring
ylr— )/1,,—1 ylr—

These overlapping loops can be used to generate improved estimates by the techniques
mentioned at the end of Subsect. 8 without seriously affecting the cancellations described
above.

If one also takes external legs into account and if wy = 0, then cases (i) and (ii) are
enough to identify at least one overlapping loop in each four—legged diagram that does
not have the combinatorial data of a ladder diagram. See §VII of [FKTr2].

10. The Counterterm The counterterm de is constructed so that the proper self energy
is bounded by %|iko — e(k)|. That is, let G ;(p) 8(p — q) be the Fourier transform of
the two point Green’s function G ; (x, y) constructed in Theorem 1.4, and define X (k)
by

S~ _ Uk—vED k)
Ga,j(k) = tko—e(®)—%, (k) *

Then | (k)| < %|iko —e(k)|.
To achieve this, we specify, for each scale j, a space K ; of “allowed future counter-
term contributions for scales after j”. It consists of functions K (k) of the vector part of



30 J. Feldman, H. Knorrer, E. Trubowitz

k = (ko, k) only. These functions are required to be bounded by a small constant times

[ . .
M’/ﬂl . The numerator reflects overlapping loop volume improvement. We construct a
map de; from KC; to the space £ of counterterms such that, if one writes

v NES)

Ga.j(k: 8¢ (K)) = i sio 5 0em0
then 2;((0,k); K) = K (k) in the j™ neighbourhood. Think of 8e;(k; K) as being
of the form é¢;(k; K) + K (k) with é¢;(k; K) implementing cancellations that have
already been identified and K (k) reserved to implement as yet unidentified cancella-
tions. Since X (k; K) equals de;(K; K) plus higher order contributions, it is easy to
solve X ((0, k); K ) = K (k) for §¢; (k; K). The algebra of this (recursive) construction
is presented in detail in §III. We prove that §e = lim Je;(0) exists and has the required

J—>00

properties.

At each scale, the properties of the counterterms are used to obtain the bound for
the wa(p, g) of order # necessary for power counting. The choice indicated above
guarantees that such a bound holds for momenta k = ¢ — p for which the “temperature
part” ko vanishes. To get this bound for arbitrary k = (ko, k) in the j™ neighbourhood,
in particular when |kg| = 0(#), we show that the ko derivative of this function is
of order one. For this, we have to control derivatives (in momentum space) of all the
data in the renormalization construction. Control of derivatives in momentum space is
also needed to provide decay in position space. This is used, for example, in proving
contraction bounds through L! norms in position space. We pointed out in Subsect. 1
that derivatives of de;(0) might blow up as j — o0o. Therefore we have to pay special
attention to the behaviour of derivatives. This is the reason why we introduce, in Defini-
tion V.2, the “norm domain” that gives a convenient notation for bounds on derivatives
of functions.

III. Formal Renormalization Group Maps

To simplify notation involving the fields, we define, for & = (xo, X, 0,a) = (x,a) €
R x R? x {#, |} x {0, 1}, the internal fields

Y (x) = Yy (x9,x) ifa=0

ve= {m = o (0, %) ifa=1’

Similarly, we define for an external variable n = (y0,y,7,b) = (y,b) € R x RY x
{1, 1} x {0, 1}, the source fields

o (y) = ¢o (o, y) if b=0

P = :¢’><y) = ¢ Go,y) ifb=1"

B =R xR? x {1, ]} x {0, 1} is called the “base space” parameterizing the fields.
An antisymmetric function S(&, ") on B x B is called a covariance and determines a
Grassmann Gaussian measure by

/ PEWE) dus) = SE £,
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A function S(k) on momentum space, R x R4, defines a function S(x, x") on position
space (R x RY x {1, ¢})2 by

dd+lk

o | Gy (9} (IIL.1)

S(x,x") =8,
Any function S(x, x") on position space, (]R x R x {1, ¢})2 defines a unique antisym-
metric function S(§, ') on B x B by

S(x, x") if a=0, a’=1
S((x,a),(x',a")) = § =8(x', x) ifa=1,d'=0. (II1.2)
0 if a=a’

We denote the associated Grassmann Gaussian measure again by d .
With the notation introduced above the source term of (1.5) is

¢y = /d$ d&' ¢ (E.ENY(EN) =Yg,
where the operator J has kernel

1 if a=1, a’=0
J((x0.%,0,a), (x5, X', 0',a")) = 8(x0 — x)8(x — X850 § —1 if a=0, a'=1.
0 otherwise
(IT1.3)

Definition II1.1 (Renormalization Group Maps). Let S be a covariance and W(¢, V)
a Grassmann function for which Z = | eVOD dug(0) # 0. We set

QsOW)(@, V) = log & / VOV q15(0),
QsOWV)(@, V) = log 7 / e NVOITO G15(0).

Qg and Qg map Grassmann functions in the variables ¢, r, to Grassmann functions in
the same variables. They obey the semigroup property

Qs45, = Qs 09,  » Qsyas, = Qs, 0 Qs,.. (I11.4)
By Lemma VII.3 of [FKTo2], they are related by
QsV)(@, V) = 30T STd + QLsWV)(@, ¥ + ST ) (IIL5)
where, for any covariance S, pS¢ = [ d&1d& ¢ (&1) S(&1, &) ¢(&2). Clearly
Gi(¢: 8e) = Qemin ey V) (@.0)  with V(g ¥) = V().
Observe that

C™*D (k; 0) = C*V(k; 0) + CV (k) +--- + CY2 (k) + YU~V w),
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where

; (i)
CO ko, k) = =y

Therefore, by induction and the semigroup property,
Gi(9;0) = Qc(j—l) o QCU*” 0 ---0 Qc(l) o QCIR(l)(O) (]7)((1), 0). (111.6)

Since C® (k) is supported on the i th shell only, (I11.6) would provide a convenient frame-
work for a multiscale analysis of the unrenormalized generating functional G;(¢; 0), by
recursively controlling the effective interactions

Gi(p,¥;0) = Qci-no - oQew o QCIRU)(O)(%@, ¥)
= Qci-0(Gi—1(0) (@, ¥). (1IL7)

We now describe an analog of (II1.6) for the case §e # 0. It incorporates a number
of technical modifications needed to maintain control over the bounds. These modifica-
tions include the introduction of a scale—dependent Wick ordering and a scale—dependent
contribution to the counterterm, periodic shifting of a portion of the interaction into the
covariance and the periodic isolation of purely ¢ dependent terms. To this end, the
effective interaction G; (¢, ¥; 0) of (II1.7) is replaced by a triple (W, G, u) with

o G(¢) being the purely ¢ dependent part of the effective interaction,

o W(¢, ¥) being the rest of the interaction, and

o u being the kernel of a quadratic Grassmann function that has been moved from the
effective interaction into the covariance.

To help clarify the algebraic structure of this more complicated setting, we outline
the construction in the category of formal power series, without specifying the bounds
that will ultimately be proven. To avoid formal power series in infinitely many variables,
we introduce a coupling constant A into the interaction

V) = K/ V(x1, X2, X3, X4) ¥ (x1) ¥ (x2) ¥ (x3) ¥ (x4) dx1dxodxzdxs
RxRIx{1,{Hh*

and deal with Grassmann algebra valued formal power series in L. Correspondingly, the
final counterterm, §e(k) is made A—dependent.

Definition ITL.2. The space of formal (final) counterterms, E1°™, consists of the space
o0

of all formal power series Se(K, L) = Se, (K)A" in A each of whose coefficients is
n=1

supported in { k e R? | UKk)=1 }
As indicated above the final counterterm §e is built up from contributions at each scale.

Definition II1.3. The space R; "™ of formal (future) counterterms for scale j is the
space of all formal power series in A whose coefficients are antisymmetric, translation
invariant functions of X, X'. The coefficient of \¥ vanishes and the Fourier transform of
each coefficient is supported on supp v+ ((O, k)).

Definition II1.4. A formal interaction triple at scale j is a triple OV, G, u) that obeys
the following conditions:
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o W(¢, ¥; K) is a formal power series in A, whose coefficients are functions of K €

ﬁ{ "™ that take values in the Grassmann algebra generated by the fields ¢ (&) and

W (&). Furthermore W(¢,0; K) = 0 and W(¢, ¥; K)‘);o = 0. The coefficients of
W are translation invariant, spin independent and particle—number conserving.

o G(¢; K) is a formal power series in . whose coefficients are functions of K € R{ orm
that take values in the Grassmann algebra generated by the fields ¢ (§). The constant
term G(0; K) = 0. The coefficients of G are translation invariant, spin independent
and particle—number conserving.

o u(&1, &; K) is a formal power series in . whose coefficients are antisymmetric, spin
independent, particle number conserving, translation invariant functions of €1, & € B

and K € ﬁ)f»'wm. The Fourier transform'® ii(k; K) of u obeys

1((0,k); K) = —K (k) i(k; K)|,_, = —K®&).

The condition that WW(¢, 0; K) = 0 ensures that G(¢; K) contains the full pure ¢ part
of the effective interaction.

As mentioned above, u is the kernel of a quadratic Grassmann function that has been
moved from the effective interaction into the covariance. Precisely,

Definition IIL.5. (i) Let u(&1, &) be a formal power series in A whose coefficients are
antisymmetric, spin independent, particle number conserving, translation invariant
functions of €1, & € B. Then

v (k)
iko — e(k) — (k)

Gl ) =

(ii) Let u(&1, &; K) be a formal power series in A whose coefficients are antisymmet-
ric, spin independent, particle number conserving, translation invariant functions of

&1, & € B. Then, for K € ﬁ;wm,

o _ vED (k)
€ K& = oS- e o0
D; (s K)(k) = s

tkg—e(K)—1i (k; K)— K (K)vEi+2 (k) ”

For the formal interaction triple WV, G, u) at scale j, integrating out scale j involves
the evaluation of an integral with respect to the Gaussian measure with covariance

C y&() The effective interaction YV will be Wick ordered with respect to the covari-
ance C;(u(K); K). One important property of the Wick ordering covariances is that
Dj(u; K) = Cj(u: K) — Cily. so that

/if(l// +8)ic;w.k) ducij&) &) =)Dk

for all Grassmann functions f (), by Proposition A.2.i and Lemma A .4.ii of [FKTr1].
This property prevents the formation of Wick self—contractions

16" A systematic set of Fourier transform conventions will be given in Def. VI.1. In the present context
it(k; K) is the Fourier transform of u ((0, 0, 1, 1), (xg, X, 1, 0); K) as in Theorem L5.



34 J. Feldman, H. Knorrer, E. Trubowitz

8-

and ensures that the effective interaction resulting from integrating out scale j is nat-
urally Wick ordered with respect to the “output Wick ordering covariance” D (u, K).
Also the Wick ordering covariances have been chosen so that, for k of scale at least
j43,0k; K)+ K &vEItD (k) = ii(k; K) + K (k) vanishes for kg = 0. This property
ensures that the denominator still vanishes only on the Fermi surface.

Definition IIL.6. Integrating out the fields of scale j is implemented by the map Q;,
which maps a formal interaction triple W, G, u) of scale j to the triple W', G, u)
determined by

WO V+EK) iy oo
W (@ ¥ Ky, wik) = 10g 755 / e SOV dp ) (@)

u(K)

G' () = G(9) +log 55,

where
:W s ;K : i(u;
log Z(¢) = / [log/e¢J{ e @V +E KDy ciwik) dﬂc(f(';() (C)]d,lLDj(u;K)(l//)'

In fact V', G’, u) is again a formal interaction triple of scale j. That W (¢, 0; K) =0
follows by inserting the definitions into

W(p.0: K) = / W (. 12 K)oy ik ().
To verify W/ (¢, ¥; K) |)L:0 = 0, observe that for A = 0,
W(, iK) iy C 1 )
/ 8 MIVTER R ) (0) = / Mg ()= e Cun’?
u(K) u(K)
is independent of . To verify the various symmetries, apply Remark B.5 of [FKTo2].
Remark I11.7. Define, forall 1 <i < j < o0,
o v(zi)(k)—v(Zj)(k)
CliD gy = | iko—e®—i(0I—vED R)]

vED (k)
iko—e(k)—i (k)

if j < o0
if j =00
We also write =" = cli->.

Let W', G, u) = Q;(W, G, u). Then, for any infrared cutoff j +2 < j < oo,
formally, ignoring the problems engendered by the infrared singularity,

e¢]1// g:W(qbsl//;K):w,Cj(u;K) dﬂc[j-,i) (1//)

9(@®) +log — 35577y
J MV OTERCS qp ()

97¥ V@V D k0 dp i (V)

= g/((b) lOg
W (0,¥;K): K
/‘ ©O,v )1//,[).,(, )d” l[lj 1.;)(]0)
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] - ; _y
Proof. Since C{* = ¢\ + clitP,

/f(¢’ V) duclin(¥) = // @ ¥+ dii (&) die iy (¥)
by Proposition 1.21 of [FKTffi]. Hence, by Proposition A.2.ii of [FKTr1],
log / 7V VOV i) dictn ()
= log/ / o# W0 GVOVHER vt ditco (@) dpt ity ()
— log f HIV MV OV 0w BT )
— log f eH1V IV OVERDI0 4y s () + log Z(@)

= tog [ #0 MOVEIOIE 4y () + 108 2(0) +G'6) G0,

Subtracting the same equation with ¢ = 0 gives the desired result. O

When we derive bounds on the map €2, we get improvements on the two— and four—
legged contributions to YW’ (0, v¥) by exploiting overlapping loops. See Subsect. 4 of §11
and the introduction to [FKTr2]. However to ensure the presence of and to detect suffi-
ciently many overlapping loops, we need that the two—legged part of W(0, ) vanishes.
See the end of Subsect. 9 of §1I and Remark VI.7 of [FKTr2]. Therefore, we wish that
the formal interaction triple (VV, G, u) input to ; be an element of

Definition IIL8 (Formal Input Data). The space D/ Jorm) of formal input data con-
sists of the set of all formal interaction triples WV, G, u) at scale j, in the sense of
Definition I11.4, obeying

(i) If the effective interaction W(K) = Y Wy.n with

m,n>0

W= [ [ (16 WGty 080 - 60 60) - 6.

then Wp 2 = 0.
r ; 0 . o1 (<) (<)) _ U®—vED (k)
(ii) The coefficient of 1" in G(¢; K) is 50JC_ " J$. Here C;/ 7" = oo (D)
When 2, is applied to an element of DY form the output no longer satisfies condi-
tion (i) of Definition III.8. Rather, the output lies in

Definition IIL.9 (Formal Output Data). The space DY:/”™ of formal output data

out
consists of the set of all formal interaction triples WV, G, u) at scale j, in the sense of

Definition I11.4, for which the coefficient of A0 in G(¢; K) is %d)]C(_SKj)J&

(. form)
out .

Lemma IIL.10. Let OV, G, u) € Di(r{’form). Then Q;OWV,G,u) € D
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Proof. Set W', G, u) = Q;(W, G, u). Then

7' @],z = 9@, +l0g %h:o

=197 ¢ +10g %h:o-

Since
to2 200,y = [ [10g [ 2% diacu © Jdran, (01 = 130C %6

the result follows. O

Elements of the space D((){l’tf M) are not of the form desired for the application of

€241, the map implementing the integration out of scale j + 1. In particular, the two—
point part of the effective interaction is nonzero and ﬁjf "™ is not the appropriate space
of counterterms. Below, just before Proposition III.12, we construct maps

O;: D(Ai,form) N Di(ﬁi-*-l,fﬂfm),

out

and, for each W, G, u) € D(j’fmm),

out

o . aform form
renj jr1(-, W,u): ﬁj+1 — ﬁj

with the following property: If W, G, u) € D((,{]’tform) and W', G, u') = O;(W, G, u)
and if K’ € ﬁfirlm and K =ren; j41(K’, W, u), then, for any infrared cutoff j + 1 <
J < oo, formally, ignoring the problems engendered by the infrared singularity,

J 79 VOV Djix0 du i+ (W)
u(K)

G(¢; K) + log
5 IW(O,v;K): (s
[0V v ducr{;;.p(lﬁ)
W (VK)o ik
fe‘f’“”e @WKy ’K)dMCL[“*""(I/’)
=J'(@: K') +log Ly
5 W (0,¥;K'): (K
e Vg 'K)duc[j+1,;)(1ﬂ)
u'(K')

The map O; moves the two—point part of )V into the covariance, through u’, and updates
the Wick ordering covariance (for a precise statement, see (III.11) below). The map
ren; j+1 introduces the contribution of the current scale into the counterterm.

Using the maps €2 of Definition I11.6 and the maps O; and ren; ;| we can describe
the renormalization group flow. We start by choosing an arbitrary but fixed jy > 2 and
integrate out all scales from 1 to jo to arrive at the initial effective interaction triple

VS, G ) € DT ™ with

out
Wt = fZCS(fo) V), ¥) — chg‘o) V)(¢.0).

Gt = Qe V)@, 0),

Mjo = —K.
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The renormalization group flow is the concatenation of the maps O}, 2jo+1, Ojy+1,
Qjt2, -+, R, 0j, - - - applied to the initial datum. Set

L -
WG uj) =0j—10Qj-100j20--0Qjo100;, VI, GIF ujy)

€ Di(rf’f‘"'”),
(W})m, g;?“‘, uj) =;j00;_10Q;_100;20---0Qj,410 OjO(W%H, g;’;“, ujy)
e piform. (IIL.9)
We recursively define maps ren; ; ﬁf orm ﬁlf oM jo<i<j by
ren; j(K) = K,
ren; j(K) = reni,j_l(renj_l,j(K)) for j > i.

We define for K € R‘]}-c(m",
dej(K) =renj, j(K)

and show that, for the generating function of the connected Green’s functions at scale f
of Theorem 1.4,

feq’”’ e:W_} @YKy d“c”*’“ W)

uj(K)

Gi(@. §: 8e;(K)) = G'(¢; K) + log

WO, KDy c
e OV ducip (V)
uj Ky

. out . .
i o®IV WV @Ky D) dMClHl@ W)
uj(K)

__ out .

= g] (¢7 K) + 10g ZWQU‘(O,gb;K)‘ . .

Je™ WD (ujsK) dﬂcl/zl(.),o(llf)
Hj

(II1.10)
for K € ﬁjfwm and jo < j <j — 2. When j = oo, (II.10) holds with G, being the
formal generating function of the connected Green’s functions (1.4).

Equation (III.10) is proven by induction on j, combining Remark III.7 and (IIL.8).
To start the induction, observe that g%“(qb; K)+ W;’;‘t(qb, v K)=Q C(g_/())(V), so that,
’ ’ —K

by the semigroup property (I11.4),

W (¢, ¢, K
/'64511//6, o @V )dﬂc(j%rf-)(]//)

Gi(®. ¢: K) = G%"(¢; K) + log

out .
i VR 0.y5K) dn,

Gig-H)
(0

. out . .
[ e#v i @YD gk A Gos (V)

uJ-O(K)

Y, Djy (ujy: K) dﬂé{o&'{i W)

0

__outy g,

- g]() (¢7 K) + 10g f :W(«)Ut(O,W;K)
e Jo

with D, = 0'7.

17 Wick ordering with respect to the covariance zero is the same as not Wick ordering at all. D jo =0
is a convention that we introduce purely for notational consistency.
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In Theorem VIIL5, we shall prove bounds that show that the limits §e = lim de;(0)

j—o0
and G(¢, ¢; 8e) = lim G (¢; 0) = lim G"(¢; 0) exist. To prove Theorem .4 we
jmoo ™t j=oo ™t
show that lim (G;(¢,¢) — G9"(¢;0)) = 0.
]—)OO

We now describe the passage from output data to input data, that is the maps

0 : Déﬂ}fornl) N Di(r{+l,form) renj j11(-, W, u): ﬁ{irlm N ﬁ{urm.

Let W, G, u) € DYSO™) and write

out

WO, ¥; K) = Z/dél wdEn Wom 1, Ens K) Y (§1) -+ - (&)

m>2

with each Wp ,, (&1, - - - , &5 K) antisymmetric under permutation of the &;’s.
To perform the reWick ordering, observe that, if E is any covariance and

WP, ¥ K)iy.pju k) = WD, ¥ K)oy D K)+E
then, by Lemma A.2.i of [FKTr1],

W(p, ¥ K) = /W(dh v+ ¥ K) dup ().

We wish to choose the covariance E such that, after we reWick order :W(¢, ¥;
K)iw,D_,(u;K) to W(¢p, V; K):Wqu(M;K)'f‘E and move the quadratic part of W (¢, ¢; K)
into the covariance, replacing u(K) by u’/(K’), then the Wick ordering covariance
Dj(u; K) + E is exactly C;41(u’; K'). When we replace u(K) by u’(K'), we choose
K € ﬁ; o™ as a function of K’ € Rfirlm in such a way that u’(K") fulfills the third con-

dition of Definition II1.4. This function will be denoted K (K') = ren; j+1(K', W, u) =
K' + 8K (K').

The unknowns in the scheme outlined in the last paragraph are E and 6 K. They are
determined implicitly by the requirements of the last paragraph. We choose to express E

and §K in terms of one function g (£1, &; K'), with %q being the kernel of Wo,z. Once
q is determined, we set

SK(k; K'; ¢) = ¢((0,k); K') v=T((0, k)),
K(K';q) = K'+8K(K'; q),
W' (k; K's q) = iilk; K(K'; @) + ¢ (ks K)wEIHD ),
E(K';q) =Cjp1(u'(-59): K') = Dj(u; K(K'; 9)).

(IIL11)

Set
W(p,¥; K'; q) = /W(fﬁ, v+ ¥ K(K';9) digikr.q) (W)

and expand

WO, ¥; K'; q) = Z/dsl v dE WomE1 Em K@) Y ED Y Em).

m=>0

The requirement that %q be the kernel of W(),z is now an implicit equation.
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Lemma IIL.11. There is a unique formal power series qo(&1, &; K') in A that solves the
equation

Lq(K"y = Wor(K'; g(K))). (II.12)
The coefficient of A2 in qq vanishes.

Proof. Equation (III.12) is the form ¢ = F(A, g), with F being C* in A and ¢ and
with F (A, 0) being of order at least A. An easy formal power series argument yields the
result. 0O

We define, for each K’ € ij-irlm,

W, ¥; K') = W@, ¥; K5 qo(K")),
W (p, ¥; K') = W(s, v; K') =W (8, 0; K’)—%/dsldsz qo(&1, & KW (EDY (&),
G'(¢: K') = G(¢: K(K')) + W(g,0; K') —W(0,0; K'),
u' (K" = u'(K'; go(K")),
and
O;W, G, u)y=W,G,u).
We also define

ren; j+1(K', W, u) = K(K') = K(K'; qo(K')) € ﬁ]f"rm,

Proposition IIL12. Let j > jo, W. G, u) € DL and W', G/ u') = O;0N, G, u).
Then
a)
W'.G' 'y e DT,
b)IfK' € R;j_rlm and K =ren; j11(K', W, u) then, formally, ignoring the problems
engendered by the infrared singularity,

J 87 VOV v 0 dp i1 ()
u(K)

G(¢; K) + log
s WQO,¢;K): i (s
[e ©.9:K):y.0j ) duc[ﬁl.;)(‘p)
u(K)
W@V Ky otk
feWW e V.Cjp1 @K ducl_;ﬂ;;) ()
=G (¢; K') +log -
:W’(O,‘/HK/): . u' K’
[e ¥.Cjp1 @K di o+ ()
W' (K"

ifj+1<j<oo.

Proof. Let K' € ﬁjfflm and set K =ren; j+1(K', W, u).
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a) We first verify that 0V’, G’, u’) is a formal interaction triple. The only condition of

Definition III.4 that is not trivially satisfied is

i1 ((0,k); K') = i((0,k); K(K'; go(K"))) + go((0, k); K)vE/T1(0, k)
= —K(k: K': qo(K") + 8K (k; K'; qo(K"))

= —K'(k).

We now verify the conditions of Definition IIL.8. That W, vanishes amounts to

Wo,z = %qo which is Lemma III.11. Condition (ii) of Definition III.8 is trivially

fulfilled.
b) Observe that

cltLd _ oL+l

W(K') T T u(K (K)+qo(K)vEith:

(IIL.13)

SetU(K') = 5 [ d&1dE qoEr. & K):¥ €DV (E2):¢,, k') - By Lemma C.2 of

[FKTo2] and (IT1.13),

G(¢; K) + logfe¢"”e:W(¢’w;K):w’D-’(”:K) dpti+1.p (V)

u(K)

s K’)+1og/e¢”%w<d”‘”‘K):‘ﬁvcjﬂw’:'(”’“*““g“’;K)’g/(d’;m)

dipi+1.00)

u(K)

W (b, ;K . roen+U
=G'(¢; K) +log / eV VI Rk ™ g () + const
u(K)

W (p,¥:K' )y . g
=G'(¢; K+ log/ed’”’e @Iy ik dp i+ (%) + const

u(K)+q (K" EJ+D

. / 'K,I N
— §'(¢; K') + log / e#1¥ MV OVEDGCLAWK quy  (9) + const.

u'(K')

Subtracting the same equation with ¢ = 0 gives partb). O

Appendix A. Model Computations

This appendix provides a number of model computations that illustrate important fea-
tures of the present construction. Various other model computations are given in the
introductory sections of this paper and other papers in this series. Here is a table of

model computations and their locations.

Topic

Location

Overlapping loop volume improvement
Particle—particle bubble volume improvement
Particle-hole bubble sign cancellation
Sectorization and conservation of momentum
Power counting with sectorization

Overlapping loops and sectors

Sectorization and change of scale

Cancellations at high orders of perturbation theory

§1I, Subsect. 4

§II, Subsect. 5
[FKTI, Lemma I.1]
Example A.1

§$II, Subsect. 8
Example A.2
Example A.3

§$II, Subsect. 9
[FKTr2, §X]
[FKTol, §V]
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Example A.1 (Sectorization and Conservation of Momentum). Sectors enable us to apply
L' norms to functions for which the L' norm well approximates the L norm of the
Fourier transform. We provide a simple illustration of the use of sectorization as a tool
for bounding || [|1,00 norms of Green’s functions built from C 25

Recall that CY) (k) = ,Z(fj_)iff() and that, on the support of v\, |iky — e(k)| ~ #
To make this example as explicit as possible, we suppress kg, choose d = 3, choose
e(k) = |k|> — 1, replace ikyg — e(k) by % and replace v/) (k) by (M’ (k| — 1)),

where ¢ € C*°([—1, 1]) is real and even. So we define

. i . . d (v —x .
k) = fire(M/ (k| =) Vxx) = / G X0 ).

We have rigged things so that we can compute ¢/ (x, x') relatively explicitly using the
Fourier transform [¢,_; do (k') ik -(x—x) _ 9§51 F(%)wd (r|x — x’|)1_%1471 (r|x —
2

x'|) of the unit sphere in R?. Here T, wg and J, are the Gamma function, the surface
area of 7~ and the Bessel function of order v, respectively. The answer is

(D, x) = s sin (1x = x'1)g(52).

5 o0
=;/drr
0

For large j, | sin(r)| is much more rapidly varying than (ﬁ(#) and replacing | sin(r)|

In particular

sin (|x[)¢(2L) sin(r)@(+5)|-

S N

by its average value, %, introduces only a small error,

[P X)), o = (% + 0(#))/0 dr r’gﬁ(#)
= M2j<% + 0(%))/0 dr r|@(r)]. A1)

Observe that | (x,x)|,  is a factor of about M/ larger than supy |c) (k)| ~ M.

Now introduce a sectorization ¥ of the Fermi surface { k € R? | k| =1 } as in
Subsect. 8 of §II (for details, see Def. VI.2) using approximately square sectors of side
W We may construct, also as in Subsect. 8 of §1I (for details, see (XIII.2) of [FKTo3]
and Lemma XII.3 of [FKTo3]), a partition of unity, x5, s € X, of the support of

¢(M/ (k| — 1)) such that

) = o (K - D)) P xx) = [ g

obeys ||c§j ) (x,x') |1 oo = const M/ . The proof of this bound was sketched in Subsect. 7
of §II. For details, see Prop. XIII.1and Lemma XIII.2of [FKTo3]. Observe that, with
sectorization,

e, 3 = o sup e o).
> k
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Had we chosen sectors of side ﬁ with 8 < %, this would no longer be the case. Also
observe that, since |X| is of order (Mj/z)z,

o030, = 3 10,30 o, = ons (MM = cons 2
sEX

recovers (A.1), up to an unimportant constant, by a technique that extends to nonround
Fermi surfaces, for which explicit computations of ¢(/) (x, x’) are not available.
Finally, consider

Gr(x,X) = /dy D x, y)cP (y, x).

This would be a (first order) contribution to a model with covariance ¢/ and an ultralocal
quadratic interaction. If we attempt to bound || Ga(x, X)) H 1o justusing H cD(x, x) H 1 0o’
we get ’ ’

G230, = [ ax[Gax.0)| = [ ax] [ dy Pix.v)P 3. 0)
< /dx/dy |c(j)(x, e (y, 0| = Hc(j)(x, x’)H? o~ "~ const MY,
Wthh is a terrible answer: Go(x,x’) is the Fourier transform of ¢V (k)2 =

|2 go(M1(|k| 1))2 and ‘2<p(M/(\k| 1))2 is very much like ‘k‘go(M/(|k| 1), so the real

behav10ur of || Gr(x, X )H 1 oo is M3J. We may recover this real behaviour using sectors,
|Gax. X)), o /dx‘/dy D ix, vy, 0)’

/dx‘ > /dycA’)(x ey, 0)‘

s,s'eX

> [ax|[ayemped w0

s,s'ex

IA

But [ dy ¢\ (x, )/’ (y, 0) is the Fourier transform of ¢\’ (k)c'/ (k) = ¢t/) (k)% x; (k)
Xs'(K), which Vamshes identically unless the supports of xg and Xs' overlap. For each
fixed s € X, there are at most 9 sectors s’ € ¥ that overlap with s. Hence

G205 )], o, = 911 max /dx‘ 3 /dy %, y)ePy, 0)’

s,s'€X

< 9|2|;‘IY1/216XZ ||C§j)(x,x)H1’ooH (])(X X)H < const | Z|M%

< const M3/

as desired.
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Example A.2 (Overlapping Loops and Sectors). Let I' be the diagram of Subsect. 4 in
$1I with vertices w4 fulfilling the bounds

lldslls = O(3). lldalllz,z = O(D)

of (II.11) and (II.15). The naive power counting bound (II.11) gives that |||f|||1,2 =
0(%) We show that exploiting overlapping loop volume improvement leads to the
bounds [|T|ll1,x = O(1) and [[|T"[[l3,= = O(D).

Let I'(p1, p2, P5. 91, g5, q3) be the six legged subgraph consisting of the left two

vertices of I.
Pl=>— W4 (]

\qé

e Pj
pr—wal
q3

=

As in (IL.10),
Il s < 9 llésll} 5 max [CY )l < 0(X4),
’ SEX [

A N N : M
I3, < 9 sl = a1, 5 max ey @l < o(M).

Clearly, I is obtained by joining I'’ to w4 with three lines.

q1 ,
l/’qz\
pl\ pé
I = [/ —<— W4 ->—q2

v
P2 N
a3
As in Subsect. 8 of §II, by conservation of momentum,

ﬁ((Xl731)7(X2552)v(x3353),(x4v54))

~/
= E /dmdyzdyz dzidzadzs I ((x1,51), (02,52), (71,01), (x3,53), (72,02), (¥3,03))
ai,al.’,o’./’e):
Jiﬁai/ﬁai”#ﬂ
for i=1,2,3

x C =20 € amy2) € c3-39) D4 (203,00 1.0 (eansn),
1 2 3

so that

L (ORI NG NN EN)]

i~/
< E IT7(Cos0).Cs2). (101D, (153).(402), (o)) | 1,00
rr,-,rri/,dl.//eil
aiﬂai/ﬂai”#@
for i=1,2,3

< [CLOIIICE @ ool C oo 104(¢.09).C.09. .05 [100-
1 2 3
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For fixed sectors s1, 52, 53,

N L NGRS RS NE)]

S4
<30 3 I (s 6. o0 (9. 02). (.09) [ 00 ( max [C 1)
oexT 1
01,02,03€% 1

x(max 1CD ) max s L ostcadcap sl
o’ex

// // //

i 2 A~
50<M"(#))”|w4llls,z Z T (o510, (152, 6,015,530, (,02), (20 || 100

01,02,03€X

since, for a given sector o;, there are three sectors o/ and three sectors o’ with ;Mo # 0,
o; No" # . We see that the contribution to |||f‘|||3,z with fixed 51, 57, 53 is bounded by

i 2 N
O (M (5:) )l s lIT s, = O (M7 355 142} = 0(n

and, taking the sector sum over s3, 53, the contribution to ||| r [Il1,x with fixed s1 is bounded
by

2
O (M (55) ) éalls I, 5 = O (M7 5 1 2) = 0(1),
The contributions with other sectors fixed are estimated in the same way.

Example A.3 (Sectorization and Change of Scale). Each time the renormalization group
flows to a new scale, the associated sector decomposition changes. Therefore, in the
notation of §II, we have to choose new sectorized representatives for wy, wa,

and compare the norms of these new sectorized representatives with respect to the new
sectorization to the norms of the old sectorized representatives with respect to the old
sectorization. To isolate this problem, suppose that j/ > j, that ¥ and X/, respectively,
are sectorizations of scale j and j’, respectively, of length [ and ', respectively and
that [' < [. Furthermore, let w2, ((p1,51), =, Pussn)s @1.5ns1)s -+ (gn.s2n)) be a L—sector-
ized representative of wy,,. Using the partition of unity {x, }; s’ subordinate so &', one
constructs the X'—sectorized representative

/
wzn((PlsSi)s ) (qn’sén)) = Z Xs‘i (Pl) e X‘Yén (Qn) 0)2n((171,51), ) (q"sSZn))
s’fe):’
slfﬂsi;é(/l
1<i<2n
of wy,. The norm ||| &5, |||1 5 of (IL6) is defined in terms of a supremum over s’ € ¥’
of a sum over

Mom; (s”)
= {(si,--- Shy) € Ezn‘s = s’ and there exist py €5y, qe €S, wie 1<€=<n
such that p; 4 -+ + p, =q1+~--+qn}.
It is natural to partition the sum over Mom; (s’) into a sum over (sq, - -+ , $2,) € »2n

followed by a sum over elements of Mom; (s”) that obey s, N sé #@foralll < ¢ < 2n.
Now, we will try to motivate that, “morally”, for any fixed s1, --- 52, € X, there are at
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most [Const [—[,]2”_3 elements of Mom; (s") obeying s¢ N's; # @ forall 1 < £ < 2n.
We may assume that i = 1. Then 5| must be s". Denote by I the interval on the Fermi
curve F that has length [ + 21" and is centered on s; N F. If s’ € X/ intersects sy, then
s" N F is contained in I;. Every sector in ¥’ contains an interval of F of length 3 31 that

does not intersect any other sector in X’. (The specific number 3 7 comes from Def. VI.2.

[4 H—Z[ ]

It is not important.) At most of these “hard core” intervals can be contained in

Iy. Thus there are at most [§F + 3] a ch01ces for si, i #1,n,2n.

Fix s/, i # n,2n. Once s, is chosen, s, is essentially uniquely determined by con-
servation of momentum. But the desired bound demands more. It says, roughly speaking,
that both s, and s}, are essentially uniquely determined. As p, and qe run over s, and

n+g,respectlvely, forl <€ <n-—1,thesump;+---+PpPp—1—q1—"* - —(n—1 TUNS OVET
a small set centered on some point k. In order for (sl, S, s2n) to be in Mom (s”), there
mustexistp’ € s,NFandq’ € 55, NF withq' —p’ very close to k. But ' —p’ is a secant
joining two points of the Fermi curve F. We have assumed that F is strictly convex.

/

q

p

Consequently, for any given k # 0 in R? there exist at most two pairs (p/, q') € F? with
q — p’ = k. So, if k is not near the origin, s, and s, are almost uniquely determined.
If k is close to zero, then p; + - - - + Pp—1 — q1 — - - - — n—1 Must be close to zero and
the number of allowed s;, i # n,2n is reduced. Careful application of these types of
arguments yields (Prop. XIX.4 of [FKTo4])

@5l 5 < const” [[_[/]2n_3(|||0)2n|”1 s + 1 ll@2alls, 2)

(A.2)
]2ﬂ—4

~ [ ~
@, 3,5 < const”™ [ lllw2nll3,x-

For this reason, we usually estimate the combination ||@2,ll1,x + % lld2.ll3,5- The
analog of (II.11) and (II.15) for this combination is
MJ(

(=
Thanks to (A.2), this bound is preserved, for n > 2, when the sector decomposition is

refined,
M0 (g ] bkl )

1 2n—-3
< const” M=IEDODU LT (i 1y 5 + 4 Gl )

llo2nlll, s + 1 *léd2alll3,x is of order for all n.

= cons" M™OI[L]" 2 I O20 (gl 5 + 4 G2l
= const” M=OOD y =T (155, 1y 5+ 4 lléalliz )-

We even have a small factor, M~ =®®=2) available for eating up constants like const".
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Notation
Not’n Description Reference
& counterterm space Definition I.1
ro number of kg derivatives tracked following (1.3)
r number of Kk derivatives tracked following (1.3)
M scale parameter, M > 1 before Definition 1.2
v (k) j th scale function Definition 1.2
vED (k) Yis v Definition 1.2
no degree of asymmetry Definition .10
I s no derivatives, all but 1 sector summed | (I.6)
- iz = no derivatives, all but 3 sectors summed | (II.14)
J particle/hole swap operator (11L.3)
QsOV) (¢, ¥) | log & [eV@VFO dug(c) Definition I11.1
QW)@ ¥) | log & [e?/6 NV@V+TOap0(¢) Definition III.1
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