
A two phase Stefan problem" 
regularity of the free boundary. 

J . R .  C~-:NRON (~) and  M. Pe~IMIO1~I¢IO (e) (*) (**) 

Ri-',ssunto. - Con ri/erimeq~to ad un problema di Stefan a due fasi in uno strato piano 
indefinito, viene dimostrata la infinila differenziabilit& della funzione x ~ s(t) che 
rappresenta ad ogni istante la ascissa del piano di separazione tra le due fasi. 

La  trattazione ~ valida sia per il easo in cui si assegni la temperatura sulle facce 
dello strato; sia per quello in cui venga asseg~ato il fiusso. 

Abstract .  - We proved the infinite differentiability of the function x--~ s(t) giving, for all t, 
the abscissa of the inter'face plane for a two phase Stefan problem in a plane infinite 
slab. 

The proof applies in both cases of temperature or thermal fluxes prescribed on the 
trvo limiting planes. 

(1.1) 

(1.2) 

(1.3) 

1. - I n t r o d u c t i o n .  

Consider the following two-phase S~EFAN problem: 

ul (0 ,  t) = f ( t )  > O, 

u~(x, O) = O, 0 

- - u l , - - - - - 0  i n  O ~. x < s(t), O < t ~ T, 

ul(s(t), t) = O, 0 < t ~ T, 

< x <s(O) = b ~ O. 

I 
~2*u2(x, t) =--- x2u2** - -  u2~ = 0 in  s(t) < x < 1, 

u2(1,  t) = g(t) ~ O, u2(s(t), t) = O, 0 < t _<_ T, 

u2(x, O) = O, b <__ x < 1. 

o <  t~7;  

sCt) = - -  K~u~(s(t) ,  t) + K~u~(s(t),  t), 0 < t <_ 7; 
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where x~--k~[-~cF ~, i - - l ,  2, K~ = k~y7~L -~, i =  1, 2, ~,  c~, k~, i = l ,  2, and 
L are positive constants describing physical properties of the media.  

We have proved in [8] that (1.1)-(1.3) has a unique solution under  the 
following assumptions : 

(A) f(t) and g(t) are piecewise continuous functions such that there exist 
four positive constants ~ ,  ~ (i = l, 2) such that 

(1.4) 0 ~ - / _  f ( t ) < ~  and - - ~  < g ( t ) < - - ~ 0 .  

(]3) l: = max (2K~zF~ , 2K2uF~2) < 1. 

Also, we demonstrated that s E C1 and that there exists a constant 5, 0 < 5 < 1 
such that 

A ~s(t)_~_ 1 - -  A, O ~ t ~ T .  

This paper is concerned with the study of the differentiabil i ty properties 
of s(t). We can prove the infinite differentiabit i ty of s(t) by developing estimates 
on the successive derivatives of the functions s~t) which satisfy approximating 
~-problems that will be specified later. 

Since these estimates will be shown to be independent  of ~, the ASCOLI- 
d ~ 

AI~ZELA'S Theorem will hold for each 8-family -d~s~(t) and from this will 

follow the infinite differentiabili ty of s. The technique used here is similar 
to the method of [7]. The main difference is the tack of monotonicity of the 
boundary ~nd the form of the barriers required to obtain the results. Some 
computations are tedious but the logic of the proof is direct  and conceptually 
simple. As in [7], the method relates the size of the successive derivatives of 
s~(t) via 13 explicit reeursion relations. 

For each ~, 0 ~ ~ ~ h. consider the following approximating problem: 

(1.5) [ ~ * u l ~ " - 0 ,  i n  0 ~ x  <s~(t) ,  0 ~ t ~  T, 

u1~(O, t) = f(t), and ul~(s~(t), t) -- 0 for 0 < t __~ 7', 

ul~(x, 0 7 = 0  for 0 < x ~ s d 0 ) ,  s~C0)=b 

(1.6) 

(1.77 

[ ~ u 2 ~ : 0 ,  i n  s~(t) ~ x ~ 1, O ~ t ~ T, 

u2~(1, t) g(t) and u2~(s~(t), t) = 0 for 0 < t ~  T, 

u2~(x, 0 ) = 0  for s ~ ( 0 ) ~ x ~ l  s~(0)=:b 

s~(t) = ~-l[Klul~(s~(t)  - -  ~, t7 + K2u2~(s~(t) -t- ~, t)] for 0 < t _< T, 

where the dot denotes differentiation with respect to t. 
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Existence (for all T) and uniqueness of a solution (uls ,  u:s ,  ss) to (1.5)- 
(l.7) can be proved by using retarded argument  method (applied to (1.7)) and 
the maximum principle. The proof can easily be made by means of trivial 
modifications of Theorems 1 and 3 of [8]. 

By the same technique one can prove the following results:  

(i) there exists a c.onstant t~, 0 <  ~t < l/2, independent  of 8 such that: 

(1.8) 

(ii) 
and let 

Then, 

let ~ denote an arbi t rary positive constant, let v -- t~ rain (z~ -1, x~'l), 

H = max { v -~ log [(1 - -  r)/2], 2rS(1 - -  r) -:~ }. 

(1.9) tl ss lit = max ! ss(z) [ ~ H ;  
0<:,r~T 

(iii) with the same meaning of the constants 

(1.10) {g-~u~(ss(t) Z 0, t) l £  ~IX~-I { [ - -  e x p [ -  x;-~([] ss ilr -t- 6)~] }-~,ll s~llr + ~) --~ C~, 

for i = 1, 2. 

2. - S t a r t i n g  e s t i m a t e s .  

Estimates of the derivatives of ss(t) involve the computation of directional 
derivatives of u~s and U2s according to equation (1.7). Consequently the following 
change of variables wiI1 help to simplify the process. Set 

--- x - s~(t), ~ = t, 

and define 

(2.1) 

It is easy to see that 

(2.2) 
I £~v~ ~- " & w ~  + s s w ~  - -  w ~  = O, - s~Ix) < ~ < O, 0 < ~ ~ T, 

l wl(--s~(z), ~ ) = f ( z )  and wl(0, z ) - - 0  for 0 < m ~ T ,  

[wl (~ ,  0 ) = 0  for - - s ~ ( 0 ) ~ 0  
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that  

(2.3) w 2 ( 1 -  s~(z), ~ )=g(~)  and wgO, z ) = O ,  for O < z ~ T ,  

w:(~, 0 ) - - 0 ,  for  O < ~ < l - - s ~ ( O ) ,  

and  that  

(2.4) s~(':) - -  ~-~[K~w~(--  ~, ":) + K2wg~,  ~:)], 0 < • < T. 

Let  us in t roduce  the fol lowing no ta t ion :  

(2.5) v~/) = ~ w~ , v(g) = ~ ~v~ 

dJ+ ~ 
(2.6) s(J) -- d: /+ ~ s~(':). 

R e m a r k  that  notat ion (2.6) - -  which is r equ i red  by s y m m e t r y  and conve- 

n ience  - -  implies  in pa r t i cu la r  s(~°)(z)~ s~(~). Accord ing  to (2.5), (2.6) and (2.2), 
(2.3), (2.4) we have 

(2.7) £~v~ °) ~ z v!°)~ + s[°)v! °) - -  v~ °) = 0 (i = 1, 2), 

and 

(2.8) s(2) = ~-~[K~vi0~{-- ~, ~ ) +  K~vi°)~, ~)]. 

H e n c e  es t imates  of s(J) ( j  = 1, 2, ...) can be obtained in te rms of es t imates  
of v~J) ( i - -  1, 2 and j = I, 2, ...), which in turn,  will imply  es t imates  of v!i). 
In  what  follows it will  be useful  to es t imate  func t ions  v~i) and  v~) in a 
suf f ic ien t ly  na r row str ip a round  ~ = 0 (i.e. we conf ine  our a t ten t ion  to the 
t e m p e r a t u r e s -  and the i r  d i rec t ional  der iva t ives  w in the vic ini ty  of the 
in te r face  x - - s ( t ) )  where  v! °) are  C a. More precisely,  let  ~ be a posit ive n u m b e r  
less than ~ which  will be specif ied later.  We cons ider  (2.7) in the region 
l imi ted  by p lanes  ~----0 and ~ "-(--1)~:¢. In  addi t ion assume ~ ~ a. Es t imates  
for v~ °) are  d i rec t ly  given by the m a x i m u m  pr inc ip le  

(2.9) 

(2.10) 

To es t imate  v[~) we need  the fol lowing L e m m a  which  is based upon the  
m a x i m u m  principle .  
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LEMMA 1. - Let r~--r~(~), i - -  1, 2, be defined as fo l lows:  

- -  ~ + ~( - 1 ) '~  + 
(2.11) r,~) = L, 2 M~{1 --exp[--xT~tlt  s~°)II + ~-a] }-~ • 

• ( 1 -- exp [-- (-- 1)'zT"~(H s(~ °) H + ~-)~] } + N,, 

L~, M~, N~, ¼ - b e i n g  positive constants, and let a be such that 

_< rain [ ~ / ~  II s~ °) II, ~ / 2  I] s~ °) N }. (2.12) 

Then 

(2.13) 

(2.14) 

Moreover 

(2.~5) 

(2.16) 

~r~(~)<--X~L~ for - - ~ < ~ < : : 0 ,  O < ~ < : T ,  

U2 L2 ~ r ~ ( ~ ) < - - ~  for 0 ~ < %  O < ~ < : T .  

r~(~) < r~[(-- 1)~], r~[(-- 1)~] ~_~ M~, 

r~(0) -'- 2¢~, 

and,  i f  2V~ - -  O, for any  ~, 0 < ~ < a, 

(2.17) ~-lr~[(-- 1)~] ~ =L~ + G~M~ , 

G~ a n d  G~ being defined by (2.18) below. 

PROOF. - Direct computations show that 

~r,(~) ~ z.r.~: + s(°)r - -  - -  n~[x~ --  s~°) ( - ~ + (--  1)~o~ }] -- 

• ill 8(2)II + ~ - ( -  1)% °) }. 

The second term is clearly negative been, use (I} s~ °) ti + ~--(--1)'s(~°)} ) 0 
independently of i. 

Hence 

£f~(~) < - -  L~[x~ - -  s(~°)( - -  ~ + ( - -  1 ) ~  }] < - -  L~[x~ - -  ~ It s(~ °) il }, 
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the last inequali ty being a consequence of the interval of variation for ~. 
Recalling (2.12), the proof of (2.13) and (2.14) is immediate. 

The first inequality in (2.15) follows from the sign of r~ and the second 
one is immediate, as well as the proof of (2.16). 

Finally (2.17) follows from the following inequali ty (recall that 1 - - e - - ' < z )  

~-~r~[(-- 1)~] - ~-~L~ 
_ ~2 -b  2a~  

+ 

-4- M~¢ -~ ( 1 - -  exp [-- x?-~( I] s(~ °) ]] -k ~ }-~ ( 1 - -  exp [-- ×~~( [i s(s°)]l -+- ~ ] }  

< L,~ -b ?d~zT-~( I[ s(~ °) [I + ~ ) (  I -- exp [-- xT-~ (11 s(~ °) If + ~--)~] }-~, 

and (2.17) holds with constants G~ given by 

(2.18) G~ "- x7~( it s(~ °) il -4- "q) [ 1 - -  exp [-- zT~( tt s(~ °) ]t -f- ~)a] }-~ 

Note that G~ are independent  of ~ (and that G~-->~ like a-~ for a tending 
to zero). 

The barrier  (2.11) and some results on the interior estimates of v[ °) enable 
us to prove the following Lemma. 

LE~Y~A 2. - Choose ~t such that 0 < p, < 2 rain (~¢~/2 ~[ s(~ °} il, ~/2). 
Then, 

(2.19) I vf~)(~, ~) l ~ D~, 

where D~ depends upon ~t. 

~ < ~ 0 ,  i = 1 ,  0 < ~ < ~  i = 2 ,  O < t < T ,  

PROOF. - Simple modifications of Lemma 3 and 4 of [2] give the following 

results. For each a, 0 < ~ < ~ / 2  

C2.20) 

and 

(2.21) 

in sUt)-{-a ...... t z < x < s ¢  -- ~ and 0 < t <  7, 

] 8~ t) 

in s ~ ( t ) - l - ~ < ~ < s ~ - + - ~ - - ~  and O <  t <  T, 

where Q~ and y~ are constants depending upon ~, z, ~ ,  T. 
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Set  a < ~ / 4  and cons ider  v!~) in the region bounded  b S the p lanes  ~-~0,  

= ( -  1)~},/2, for 0 < tS_ T. Tllen, 

t'~}°)( 0, ~ ) t <  c,, (see (1.10)), 

~f°) i, 0 ) =  0, 

1 ) ) ,  z < T~Q~ (see (2..0)). 

Consequent ly ,  if we def ine  

T~_+(~, ~) = r~(i) ± q~), i = 1, 2. 

where  in the def in i t ion  of r~(~) accord ing  to (2.1 l) we set L~ --  0, M~ - -  T~Q~ and  

N~ = C~, and if ~------~/2, (2.19) follows d i rec t ly  f rom L e m m a  1. 

3. - The  recurs ion  re la t ions .  

Th roughou t  this sect ion we shall  use the fol lowing no ta t ion :  

(3.l) ~s(~) = [i s~ °) li~, 

(3.2) U~J) = I] v~J) rn ~' 

(3.3) v!,) : t1 v~i)i'~, ~, 

• l i T ,  ~ 

(3.5/ x ?  = [I v!J)[{-- 1)% ~] t~ ,  

(3.6) Y!J) = [[ v(0f0 z] ;I r 

(3.7) z~)  = II ~ ( m -  1)% ~] 11:~ 

where  i = 1, ,,,'~ j =  1, 2, ..., and  for any  funct ion  g~ = g~(~, % i = 1, 2, 

O < Z ~ ' <  T 

and 

II a il~,. = m . ~  II a(~,  ~)'1. 
o~sc 
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It is clear that  results  of section 1 and 2 provide est imates for S (°) (see 
(t.9)), U~ °) (see (2.9) and (2.10)), V~ °) (see (2.19)~, W! °) (which is zero according 
to (2.7)), X~ °) (same est imate as U~°)), y~o)(see (1.10), and Z~ °) (same est imate 
as V~°}). Note that  these est imates are independent  of ~. The aim of this 
section is to provide est imates of quant i t ies  defined by (3.1)-(3.7) by means 
of recursion relations, i.e., let us assume that  S(q, U!r)...Z~r), i ~ 1, 2, and 
r = 1, . . . ,  j - -  1 are known, and est imate S(J), U~J) ... Z~J). 

First ,  we shall deal with est imates of U~J). Consider the following 
equal i ty  : 

~ 3 2 
Since operator ~ commutes  with x ~  and 3z' we have 

{[ (,2 }~ s(°)] ~- } - - Z  ()ts(h)vff " 

Nvxt, define 

7~±(~, x) = r~(~) -- v~J)(~, z), 

with r~(~) as in (2.11) with 

] ° 

h ~ l  \ f ~ /  
M, = X!J), ~ = 0. 

From L e m m a  1 we have in the regions l imited by planes ~ -  0, ~-----(-- 1)~: 

£~7~+(~, ~:)<0, from (2.13) and (2.14), 

7~_((-- 1)% ":) ~ X~]) ~ v~J)((-- lya, ":) ~ 0, 

7~_+(0, ~) -- 0, 

y~+(~, O) ----- r~(~) ~ O, by (2.15). 

by (2.15) and (3.5), 

Consequently,  

(3.9) 

(3.10) 

i v~J)(~, ~)l <--r~(~) and 

]--1 

U!J) < ~ 7  ~ S(+)V!°) + 
h~ l  
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From (2.8) and (3.9) we have 

S(~) < ~-~ { K~r~ (-- ~) + K:r:(¢) }. 

and from (2.17) 

whence 

(3.11) 

S(1) < a(KaL~ -}- K2L~) -}- K~G~M~ + KzG~M~, 

S(J) < [2~71Kz V~°)oc + 2~-~K2 V~°)cc]S(J) -1-- 

[ h ~ l "  / h ~ l \  / 

Recall  (2.t9) and choose ~ > 0 now such that  :¢<-~/2 and 

B ~ 1 - -  2~[K~xF~D~ + K2z~-~D2] > O. 

The paramete r  ~ will now remain  fixed for the remainder  of the paper.  
Hence,  (3.11) gives 

(3.12) S(J) < 2~B -~ E S(h)[K~x7 ~ VIi -h) --~ K2z~ -1 V(J-h)t + 
h ~ l  

-{- B-~[K~GIX(~ ]) -}- K~G X(i)! "z 2 2 J" 

Subs t i tu t ing  in (3.10) one gets 

U~i), _< ~2x7~ { 2 V~°)aB -~ i-~h=~ ( h] S(~')[g~z7~ V~J-'~) + K2:~-~ V~J-h)] -I- (3. 13) 

-k" B -~ V{°)[G~Kx X(j) "}- G2K2X(J)Iz ~ q- 

-}-=a\h)S('°V~ ]-h) -4- i - -  1, 2 and j - -  1, 2, .... 

57e',t, we shall  est imate X[]) and consequent ly inequal i t ies  (3.12) and (3.13) 
shall  contain only known quant i t ies  (i.e., V~(o, X~(O, S(o with l < j ) .  

From the t ransformat ion of variables ~ = x--s~(t) ,  x = t it is clear that  

(3.14) v~])[(--1)% z ] -  ~ + e 3x] ~°' j~=,~(,)+(_~)-~ 
t ~ T  

[ ~ J I~" [h ~j+h-zz l! s(,~j_h) 1 ( - I , _ _  _ 

- -  h = o  ~cx  ']+~-2z ,~+~ ,~+. .+o j_h=za~!a2[ . . . a ] -~[  ~ "" ~ ] ~ = s ~ + ( - ~ ) t ~  
t ~ T  

AnnaI i  di Matemat ica  2~ 
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where the last summation, when h = j ,  gives zero unless l = 0 in which case 
the sum is one. Consequently the highest derivative of ss appearing in (3.14) 

is s(J -~). Hence, modifying (2.20) by replacing 1~/2 with e, it follows that 

(3.15) 

(3.t6) 

X}J) < "(~ Z , ~+h-2~(j q_ h 
-  =oh 

2l) t v 
~+~+...+~]_h=z a~!a2[ ... aj_~! S(~')S(~) "'" S(~]-h) I" 

Applying the same reasoning, it is also clear that one gets 

z ? < : .  j" ;Jt ~ ~ /h • --"h~=o!h]t,~ol 1 ) Oj+h-2,+,(j_k h 2t + 

q- 1) ! Z 1 ! T S(~)S(~") "- S(°j-h) } " 
~ , + ~ +  ._ + ~ / _ h = ~  a t  ! a 2  ] . . .  ctj_h. 

It  is important to emphasize again that the S (r) with the highest index 
appearing in (3.15) and (3.18) is S(]-h). 

Next, we shall estimate V0). Applying the same reasoning we used to 
derive (3.8) we find 

Since 

j • 

< ~ (,~ts(h~ { w~(+ -h) + s(o) v}+-,0 + u}J-~+,) } 
- -  h=~  \h/  

v!O(L O) = O, 

v~i)[(- 1)~ ,., -q <_ <(J), 

we can apply Lemma 1 to the function 

with 
] 

( J~ s(h) { W(J--h) -J[.- 8(o) vi(J--h) -J~ U/(]--h~-I)}, 

M~ = Z}J), 
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~enoe~ 

(3.17) V~]) < ¢'-z~ -1 ~ (Jl  S(h) I W(i-~) q- S(o)V(J-h) + U!]-"+') } q-- Z~]) + Y~]) 
• - -  ~ = ~  h )  ~ " " 

To complete the recursion relations we need finally estimates for W~J) and 
Y!]). For  the former we have directly from (3.8) 

(3.18) 

From the fact that 

W!J) 1 ~ S(J) V~(J -~) 
h ~ l  

] v~i)(O, ~:)1 < tim sup 8-~r~[(- 1)~8] 
8---)0 

with rd~) defined as in (3.9), we can apply (2.17) to yield 

(3.19) Y~" < 2~×7-1 ~ (J)S(h'V~ (j-h, q- G~X~(J) 
- - -  h ~ l  , h  

The set of the thirteen reeursion relations is then completely specified 
by: (3.12), (3.13), (3.17), (3.18), (3.15), (3A9) and (3.I6). These relations are solved 
for X~J), Z~ i), S(J), U}i), y!]), V~]), and W!J), i - -  l, 2, in tiffs order. 

4. - @onclusion. 

In sec. 3 we have found recursion relations relating the quantities (3.1)- 
(3.7). Since these relations are independent  of ~ and since also the estimates 
of S(°), U! °), ..., Z~ °) we derived in see. 2 are independent  of ~, we Can claim 

that ~-families s(j) are families of equibounded equicontinuous functions. 
Consequently, a repeated application of the ASCOLt-AnZELA theorem shows 
that s is infinitely differentiable and that the limit functions of the s~J) lanai- 
lies, s, s, ..., s(').., satisfy the same limitations of s(~°), ..., s(~ n-l) .... 

Let ul(x, t), uffx, t) denote the solution of (1.1), (1.2) with s(t) given by 
lira s~(t). It is easily seen that ul,~ and u2~ tend uniformly to u~ and u2 as 
?) ' - .>  o 

-->0 and, using the mean value theorela one can also show that (G ul~ u2) 
satisfy (1.3) in the sense of its integral equivalence expressing the heat balance 
across the interface. I-Ience (s, u~, u2) form the solution to the given STEFAN 
problem. See [8]. 

In  conclusion it1 (Lt) we can replace uff0, t) by k~u~(O, t), and in (1.2)we 
can replace udl ,  t) by k~u2~(1, t) and appeal to the results of [9] for the 
necessary prel iminary estimates from which the infinite differentiabil i ty of 
s follows. 
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