
A two phase Stefan 1)roblem with flux boundary conditions (*). 

JOHN R. CANNON (i) and MAaIo I:)RIMICERIO (2) t**) 

Riassunto. - Si s tudia un proble~na di Stefa~ a due fast in uno strato p iano indefinite quando 
si suppougono assegnati  i flussi termici sui p l a n t  che delimitano lo sirato stesso. 

Viene dimostrata  I'e~istenza e l 'un ic i i~  della soluzione con il~oiesi assai  generali 
sui dat i  in iz ia l i  ed al contorno del proble~na, nonchd la dipeJ~denza cont inua e monotona 
della soluzione da tali  dati. 

S i  esaminano infine i cast in cut u~a  delIe due fasi  pub sparire ed it comportaraento 
asintotico in case di permane~za  delle due fast. 

Abstract. - VVe studied a two phase S fe fan  problem in  a infinite p lane slab, ~vhen,the ther. 
real fluxes are assigned on the t~vo l imit ing planes. 

VVe proved existence and uniqueness of the solution upon m i n i m a l  smoothness assum- 
p t ions  upon the in i t ia l  and  boundary data,  and  ~ce demonsfrated the co~linvous and  
monotone dependence of the solution on the data. 

I n  sec. 5 ~ve studied in which  cases one of the two phases disappears and the asym.  
ptotic behavior in  the cases in which  the t~vo phases exist  for all  time. 

1. - I n t r o d u c t i o n .  

In this paper we consider the two phase S T ~ I , r  problem deseibed in 
[8] with specified boundary temperatures  replaced with specification of the 
heat flux at the two fixed boundaries. Specifically the mathematical  problem 
consists of determining two functions, u(•, l) and v(x, t), and a function 
x = s ( t j  such that (u, v, s) satisfy 

(1.1) 

Ll (u)  ~ xlux~ - -  u, ~-  O, 0 < m < s(O, 

u(stt~, t) = O, 0 < t <__ T, 

k ~ x ( o ,  t) = f ¢), o < t <_ T, 

u i x  , O) = r(~cj, 0 ~ x ~ b, s(O) = b, 

O < t < T ,  

0 < b < l ,  

(*J The research was supported in part by the ~at ional  Science Foundat ion contract 
Gl '  15724: and the ~ATO Senior Fellowship program. 

(**) Entrala  in l~edazione il 14 settombre 1970. 
(l) Mathematics Department, Universi ty  of Texas at Austin, Austin, Texas, 78712. 
(~) Universit~ di Firenze, Istituto Maiematico ,Ulisse Din i , ,  Viale Morgagni, 67/A, 

50134 Firenze, I taly.  

Annali di Matematica 2~ 



194 JOHN R. CANNON - MARIO PRIMICERIO: A two phase SteJan problem, etc. 

(1.2) 

and  

L2(v) ---: x2v,, - -  v, = 0, s(t) < x < 1, 

v{s(t), t) = O, 0 < t <_ T, 

k2v,(1, t) - -  g(t), 0 < t <_ T, 

v(x, Ol - +(x), b <__ x < 1, 

O < t < _ T ,  

(1.3) ;(t) = - -  K~u~(s(t), t) + K~v~(sit}, O, 

0 < t _ _ <  T, 

where z ~ -  k~7-~c[ -1, i - - 1 ,  2, represent  the diffusivi t ies ,  k~, i - - 1 ,  2, the con- 
duct ivi t ies ,  ~ ,  i ~ 1, 2, the densi t ies ,  ca, i----- 1, 2, the hea t  capacit ies ,  K~--  

k~27~L -I ,  i = 1, 2, L is |he la tent  heat, all  of the preceding  constants  are 
positive, T is a posit ive cons tan t  to be discussed later,  and the funct ions  
f_< 0, g _< 0, ~o>0, q~ < 0, and the value  b, 0 < b < l, are the b o u n d a r y  and 
in i t ia l  data  for (1.1t, (1.2) and (1.3}. 

In this paper  we demons t ra te  existence,  uniqueness ,  stabil i ty,  monotone 
dependence ,  and var ious  asymptot ic  proper t ies  of the free boundary .  The  
resul t s  of this paper  are based upon the  m a x i m u m  pr inciple  and the techni- 
que of the r e t a rded  a rgumen t  as applied in [4, 5, 6, 8]. Hence  the smoothness  
r equ i r emen t s  upon the da ta  are minimal ,  but  as in [5,8] it is necessary  to 
r equ i re  tha t  the da ta  func t ions  are suf f ic ien t ly  small  in order  that  an a 
priori  bound for s can be obtained.  

2. - D e f i n i t i o n s  and h y p o t h e s e s .  

We begin with a list of the assumpt ions  needed for the exis tence theorem. 

(A) Let  f--f(t) and g - =  g(t) be bounded pieeewise cont inuous  funct ions  
such that  there  exist  two posit ive cons tan ts  a~ and :~2 such that  

(2.1) - -  ~.1 < f(t) <__ 0 and --  c~2 < g(t) ~ O. 

(B) Let  ~ ~ q:(x) and qJ--+(x)  be piecewise cont inuous  funct ions  such 
that  there exist  four  posit ive constants  a~, ~ ,  i = 1, 2, such that 

(2.2) 

and 

(2.3) 

0 < q;(x) _ a~(1 - exp zT-~/l(X - -  b)}) 

0 ~ ~(x) ~ - -  a2(1 - -  exp -- ×~-~q2(x - -  b) } ). 
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(C) Final ly ,  we a s sume  that 

F = max  t (2KiElxT~(2 + 2x1~}~-~), 2K2~2~-1( 2 + 2z2~ -~) ! < I, 

where 

(2.4) ~l - -  max  (alk7 I, al) and ~2 -- max  (~2k71, a2). 

As in [8], we note that (2.2 t and (2.3j are  a s sumpt ions  of local  LIPsoItITz 
con t inu i ty  of the ini t ial  da ta  at x " - b  while (2.4) is the res t r i c t ion  on the 
cons tan t s  =~ and a~, i - - t ,  2,. 

REMA~.K. - The a s sumpt ion  f, g ~ 0  is a s imple  suf f ic ien t  condi t ion  to 
p reven t  the t e m p e r a t u r e  at o e - - 0  from becoming  nega t ive  (the t e m p e r a t u r e  
at x ----- 1 f rom becoming  positive) and, consequen t ly ,  to p reven t  tile a p p e a r a n c e  
of a third phase. 

The a s sumpt ion  (2.4} res t r ic t s  the  range  of var ia t ion  of the ini t ial  and 
su r round ing  t empera tu re .  Actual ly ,  in the case  of a w a t e r - i c e  system, this 
r ange  is (--200(3, -b 20°C) which covers  - -  unde r  normal  condi t ions  - -  the 
ent i re  range  of va l id i ty  of the descr ip t ion  of the fus ion process  by means  of 
(1.1)-(1.3). 

I t  is conven ien t  to des igna te  (1.1) and (1.2} as an aux i l iary  problem for  
a g iven LIPSCHI~z con t inuous  func t ion  s(t 1. By a solu t ion  of the aux i l iary  
problem, we mean  a pai r  of func t ions  u - - u ( x ,  t) and v - ' v ( x ,  t) such tha t  

1 ° the de r iva t ives  appea r ing  in the equa t ions  exis t  and are  c o n t i n u o u s  
in the i r  r e spec t ive  domain  of def ini t ion,  

2 ° u and v are  con t inuous  in the c losure  of such domains  excep t  at 
points  of d i scon t inu i ty  of the ini t ia l  data,  

3 ° the lira k~ux(x, t) and lira k2v~(x, t) exis t  excep t  at  points  of disconti-  
x-->0 x.-~l 

nui ty  of the  b o u n d a r y  da ta  

4 ° u and v are  bounded ,  and 

5 ° u and v sa t i s fy  (1.1) and (1.2) respec t ive ly .  

Class ica l  ana lys i s  asser t s  [12] that  the  solu t ion  of the aux i l i a ry  p rob lem exis t s  
and is u n i q u e  under  the a s sumpt ions  above.  

By a so lu t ion  (u, v, s) of the STEFA~ prob lem (1.1}, (1.2} and (1.3), we 
mean  that  

1 ° s --  s(t) is a con t inuous ly  d i f fe ren t iab le  func t ion  for 0 < t <_ T, s(O) ~ b~ 
and  0 < s(t) < 1, 
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2 ° the pair  u and v is the solution to the aux i l i a ry  problem for this 
8 -  s(t) in the sense specif ied above, and  

3 ° u, v and s sat isfy (1.3j. 

Note that  in the r e fo rmula t ion  of the free bounda ry  condi t ion 0.3} (see 
(2.6) in [8]} "h can be t aken  to be zero, y2 as one, and  to as zero. 

3. - Ex i s t ence .  

In  this section we prove the fol lowing result .  

TEEORE~ 1. - Unde r  th~ hypotheses  (A), (B), and  (C) of sect ion 2, there 
exists  a To > 0 such that the STEr'A~ problem (1.1}, (1.2) and  (1.3) possesses 
a solut ion in the sense of sect ion 2 for 0 < t < To. 

PROOF. -  Reca l l ing  the p,oof  of Theorem 1 in [8], it is clear that  the 
method of re ta rd ing  the a rgume n t  in (1.3) will  work here provided that esti. 
mates  for u~(s(O , t), v~(s(l), l) and s(t) can be obtained.  

For  ~ > 0 ,  let 

(3.1) T s - - i n f i t * [ t * > O ,  stt*t = ~ or s(t*) - -  l - -  ~ !. 

Clearly, T+> 0 provided 0 < ~ < rain (b, (i -- b)). Now for any  solution of (1.1), 
(l.2) and  (1.3) we demons t ra te  tile fol lowing result .  

LEM•A 1. - For  0 < t ~ Ta, 

(3.2) l u~(s(t), t) l ~  (1 - -  exp{ - -  ~- l (  I] 8 ilT ~ -~- ~1)~ )--1. 

• a351( i] i lIT6, "-~ ~l)'~l -] 

(3.3t I v2s(t), I) E< (1 - -  exp i - -  ×2~( li s iirs -4- ~2)~ ) -~ '  

where for any  funct ion F(tJ on 0 < t <  T, 

(3.4} 

(3.5) 

t3.61 

and  

O<t<T 

ss -" max  (~ik~ -1, ae), i = 1, 2, 

33 = 2 + 2 x 1 ~  -1, 

(3.7) a~ --- 1 A- 2x2~2 ~. 
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P n o o F .  - C o n s i d e r  t h e  f u n c t i o n  

(3.8) w(x ,  t) = A~(a3 - -  x)  i 1 - -  e x p  I ~3(~; - -  s(t)) t } 

i n  0 < ~ c  < s(t), 0 < t . ~  T~ , w h e r e  

A1 - -  (1 - -  e x p  t - -  a3B I )-1el  (3.9) 

and  

(3.10) ~3 = (ll s tT~ + ~;1)~? ~. 

E l e m e n t a r y  c a l c u l u s  d e m o n s t r a t e s  t h a t  

(3.11) L~(w) - -  - -  A~aa e x p  { :(3(x - -  s(t)) !. 

• [ -  2 ~  + ~.~3(a3 - x) + s(a~ - x)] < O, 

(3.12) w~(0, t) - -  - -  A1 i 1 - -  e x p  { - -  ~3s(t) } - -  

- -  Ala3a3 e x p  { - -  a~s(t) 1 

- - A l I l - - e x p  - - a 3 ~ } : ,  

(3.13) w ( x ,  O) ~ A~(a3 - -  I) i 1 - -  e x p  ~XT~(X - -  b) l l 

A~ i t - -  e x p  t ~l×-{"(x - -  b) t }, 

a n d  

(3.14) 

C o n s e q u e n t l y ,  

(3.15) 

a n d  t h a t  

(3.16) 

~v(s(O, t) = 0 

a d i r e c t  a p p l i c a t i o n  of  t h e  m a x i m u m  p r i n c i p l e  i m p l i e s  t h a t  

w ~ u  in  0 <( x <C s(t), O ~ t ~  T~.  S i n c e  w - - u - - - - 0  f o r  ~ - - s ( t )  i t  f o l l o w s  t h a t  

wjs(t) ,  ~) ~ u~(sff), t) ~ o 

l u~(s(t), Or ~ (1 - +xp i - z7'(  Jl s II~+ + ~1)~ I) - I .  

• a3~1( II ~ liT+ + ~1)~71 

Considering t he  f u n c t i o n  

(3.17) z(a;, t) - -  - -  A2(a; + as) t 1 - -  e x p  t - -  a,~(a~ - -  s(t)) t }, 
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where 

(3.18} A2 = {1 - -  exp { - -  c¢~ } ) -~2,  

and 

(3.19.) ~4 = (!i s tlr~ + ~2)~7 ~. 

I t  follows f rom a s imi lar  appl ica t ion  of the m a x i m u m  pr inc ip le  in s ( l ) < x < l  
and 0 <  l <  T~ that  

(3.20) ]v~(s(tL t)!<_ (I - -  exp { - -  z~-~( !] s ]IT~ + Tt2)~  } )--1 • 

which conc ludes  the proof of the lemma.  
Consider ing (1.3) and  apply ing  (3.2) and (3.3) we see that 

2 

• i 1  - exp { - ~V~ tl i it~ + ~)~ ! ) -~ '  (I  i II~'~ + '~) 

Recal l ing  

(3.22) 

and set t ing 

(3.23} 

and 

(3.24t 

we obtain 

(3.25) 

P = , nax i  2K1~×~'1(2 + 2zl~F:~), 2K2~2z21(2 -~2X2~21) } < 1 

= max  (~1, 72) 

---- 8 rain (z~-l, x21}, 

The a r g u m e n t  of l e m m a  2 of [8] can be appl ied to y ie ld  
resul t  : 

LE)f)~tA 2. - For  0 < t <__ T~, 

the following 
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It is clear that  the results  of L e m m a  1 and L e m m a  2 hold for the  
approximat ions  obtained by re tarding the a rgument  in (1.3). Consequently,  
by the method of proof of Theorem t in [8], there exists a solution of (1.1), 
(1.2) and (1.3) for 0 ~ t <: T~ and 0 < $ < minib,  (1 - -  b)). Set t ing 

(3.27) T o =  

the resul t  in theo rem 1 follows. 

sup T~, 
O<~<mln(b .  ( l - -b) )  

4.  - S t a b i l i t y ,  U n i q u e n e s s  a n d  M o n o t o n e  D e p e n d e n c e .  

Let (u~, v~, s~), i - - 1 ,  2, denote solutions of the STEFAN problem (1.1), 
(1.2), and (1.3) for the respective data 1'~, g~, ~ ,  ~ ,  and b~, i - - l ,  2, which 
satisfy the assumpt ions  (A), (B) and (C} of section 2. Then the following resul t  
is valid. 

THEOREM 2. - For  0 < T <  To, there exists a constant  C~ which depends 
upon T, x~, Ki, a~, a~, ~q~, i - - l ,  2, and rain(b1, b2, ( l - -b1) ,  (1--b2)) such 
that for 0 , ~  t ~ T, 

1 ). 
(4.1) [ Sl(t) - s2(t} l ~_ Cl f l b~ - -  b~ l + I ~P~( x) - (I'~fx) l dx  + 

t 0 
i .  

+ I K~k-z~!f~(~) - -  f2(':)ldr, -~ 
J 

0 

t 

0 

where 

t Klxl-l~:~(x)' 0 ~ x ~ b~, 
(4.2) (P~(x) 

t Kez7 ~(x) '  b~ ~ x ~ 1, i - - i ,  2. 

PROOF. - The proof is a s t ra ight - forward  appl icat ion of the technique 
used in [3,8]. 

COROLLARY.  - Under  the hypotheses (A), (B) and (C~, there exists one and 
only one solution of the STEFAN problem (1.1), (1.2) and (1.3) for 0 < t < To. 

The following resul t  is a consequence  of the max imu m pr inciple  and 
the stability theorem. 

THEOREM 3.  - If  f: ~ f l ,  g: >~gl ,  92 ~ ~ ,  ~2 >-- ~ ,  and b2 ~ b l ,  then 
s~(t) ~ s2(t) for 0 < t < "/o, 

PROOF. - The proof is s imilar  to that of Theorem 4 given in [8]. 
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5. - Disappearance  o f  a phase. 

In  this sect ion we shall  d iscuss  the  re la t ion be tween  the d i sappea rance  
of a phase and the total  energy  suppl ied to the media.  Recal l  the def in i t ions  
of :T~, (3.1), and To, (3.27), and  let  

(5.1) CP(x) t ~xe~(x), 0 ~ ~e ~ b, 

-- i ~¢2+. (x), b < x < 1. 

TI-IEORE~ 4. - I f  

1 t 

o 0 

for all t > 0 ,  then To = co which means  that ne i ther  ph,~se d isappears  in a 
f ini te  t ime period. 

PROOF. - Suppose To < o<~. Then,  there exists  a sequence  i~} with l imit  
zero such that  s ( T ~ ) ~ l  or s(T~)---~O as ~ 0 .  Suppose  s lT~)~ l ,  as ~- -~0.  
Then,  from (2.6) of [8] with to = 0, ~'2 "- 1, and ~'1 = 0, 

(5.3) 

Hence,  

(5.4) 

s(Ts) = b + f I K~k~Ig( ~:1 --  K~krlf(:) } d~: -- 
0 

~(r~i) 1 

--K~x-i-~J'u(x, T~ldx-- K2×-~l f v,x, T,.fltx + 
o 4rS) 

b 1 

+ KlzTl f ~(x)dx + K2x-fl f +(xidx. 
0 b 

1 T5 

0 0 

4 TS i) 

-- klz71 f u(x, 1~i)dx -- 
o 

1 

-- k2x~ -1 f vtx, Ts~)dx. 
s( T~ i) 
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Thus,  

(5.5) 

i T~i 

b)< f + f Ig( ) -- r( )ld  - 
0 0 

1 

- -  k2×~ ~ f v(~c, T~ldx. 
~(Ts i) 

Therefore ,  as  s ( T ~ ) ~  1 as ~ - - - 0 ,  then 

(5.6) 
1 To 

0 0 

which con t rad ic t s  the a s sumpt ion  To < cx~. A s imi lar  a rgumen t  handles  the 
case  of s(T~} ~ 0 as ~ ~ 0 and conc ludes  the proof.  

Next  we def ine  two func t ions  U ~ U(x, t) and F---- V(x, l), where  tJ sa t is f ies  

(5.7) 

L,IU) = O, 0 < cc < I, 0 < t, 

t ~(~)'  0 ~ ~ ~ b, 
U(x, O) 

O, b ~ x < l ,  

U(1, l) = O, 0 < t, 

kl 5L(0, t) = f(t), 0 < t, 

and where  V sat isf ies  

(5,8t 

L2(V)  --~ O, 0 < ~¢ < 1, 0 < t, 

i 0, 0 ~ x < b ,  
V(x, O) = +(x), b <_ x ~ 1, 

V(O, t) = O, 0 < t, 

k2Vx(1, t) -~ g(t), 0 < t, 

W e  demons t r a t e  the fo l lowing result .  

THEOREM 5. - I f  t h e r e  ex is t s  a T* > 0  such that  

{5.9) 

i T *  

0 0 

AnnaIi di Matematica 26 
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1 

- k~zT~ f U(x, T*)dx 
o 

> p~L(1 - -  b), 

then To <_ T*. If there exists a T** > 0 such that 

1 T** 1 

(5.10) < 

o o o 

then To _< T**. 

PROOF. - Suppose (5.9) holds and To > T*. Then, 0 < s(t} < 1 for 0 _< t _< T* 
and s(t) is continuous. Set 

15.11) H{tt - f®(x)dx  + fl-~)]d~ - -  

o o 

40 i 

--]CiXli IU(X, , [ ) d x - k ~ w l f v ( x ,  t)dx,. 
o 40 

Clearly, H(t) is continuous, H ( 0 ) =  0, and by the maximum principle 

] T ¢ 1 
(5.12) H(T*)  > f ep(x)dx + f [ g ( ~ : ) -  f ( ~ , ] d ~  - ~l~g~ll J" ~.7(x, T*)dx  > ~2L(l - b,. 

0 0 0 

Consequently there exists a to, 0 < to < T*, such that 

g2L(s(to) - -  b) - -  H(to) = p2L(1 -- bt. (5.13) 

Hence, 

i5.14} 

which implies 

s(to) ~ 1 

To < to < To which is a contradiction. A similar argument  
prevails for the assumption (5.10). 

COi~OLLiR~ 1. - If f and g are identically constant and [ ~ g ,  then 
elearly {5.9} or (5.10~ will be satisfied and thus one phase will disappear  in 
a finite time period. 
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COROLLARY 2. - If f----g----0, then condition (5.9) can be replaced by 

1 

(5.15) > p2L(1 - - b )  
0 

and (5.10) can be replaced by 

I 

(5.16) f ~P(x)dx < -- 92Lb 
0 

since U and V tend uniformly to zero as t--~cx~. 

CO~OLLAaY 3. - If f and g are identically constant and f - -  g, then con- 
dition (5.9} can be replaced by 

(5.17) 

and 

(4.ts) 

l 

f ~(x~)dx + ~-~2-1f > p2L(1 --  b) 
O 

1 

~P(x)dx-- x 2 2 g < -- p2Lb 
,J 

0 

since U and V tend uniformly to their straight line steady state solutions 

Returning now to the si tuat ien of Theorem 4 in which neither phase 
disappears,  we consider the problem of determining the asymptotic limit of 
s(l) as t ~ ~ .  Recall ing (5.3) and (5.4), we see that 

(5.19) 

1 

p~Ls(t) = p2Lb Jr-.fi ~(x)dx + 
0 

+ [g(~:I - f (~I]d ' :  - -  k~:~V~ ~4x,  t ) d ~ - -  
0 0 

1 

-- k2z.2~ f v(x, t)dx. 
40 

Clearly, the first condition that we must have is 

(5.20) f (g(-c) - f(~:)]e~ < oo. 
0 
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Hence, g(~)--f(z)~O as " : ~ - ~ .  Next, we see that the combination u, v, 
and s must tend to limits. With respect to u and v, the only finite limits 
that we can guarantee are u ~ v--~ 0 or l inear steady state combinations of 
u, v, and s~ = lira s(t) which would involve the limit of s in an implicit way. 
Since steady, state solutions of the S~rEFA~ problem (1.1), (1.2) and (1.3) are 
not unique, the limit case of (5.19) must be employed to determine an equa. 
tion for s~. After s~ has been determined the problem of demonstrat ing that 
the determined s~ is actually taken on in the limit is a formidable one in- 
deed I Consequently, the case in which u and v tend uniformly to zero as 
t ~ * c ~  holds the only promise of solution in the sense that sufficient condi. 
tions can be given to guarantee the disappearance of u and v. We conclude 
this part  with the following asymptotic result. 

TttEORE~t 6. - Under the conditions of Theorem 4, 

(5.21) 

0 0 

provided that (5.20) holds and that 

(522) 

and 

(5.23) 

lim ( flt) 

0 

_____d~ = 0 

l i a l ;  g(~) d ~ - - 0  
0 

Pl~oo9. - The conditions (5.22) and (5.23) guarantee that the boundary 
temperatures of the quarter  plane majorants for U and Vtend  to zero. Since 
f and g do not change sign it follows that the quarter  plane majorants tend 
uniformly to zero as t-~¢x).  Hence, U and V tend uniformly to zero as 
t ~cx~,  and likewise u and v tend uniformly to zero as t--~ cx~. Hence (5.21) 
holds. 
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