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§1. Introduction.

In the theory of ordinary differential equations in the complex domain a
study of analyzing global behaviours of solutions is of great importance, but
extremely difficult. Specifically, such a global problem for linear ordinary differ-
ential equations consists in finding explicit connection formulas between local
solutions. In fact, as is well known, a fundamental set of solutions of linear
differential equations can be expressed in terms of linear combinations of another
fundamental set of solutions with constant coefficients. But there exists no general
way to evaluate the constant coefficients explicitly.

In 1858, B. Riemann [21] first investigated the connection problem for the
so-called hypergeometric differential equation with three regular singularities
and derived the complete results by the method of double-circuit contour integra-
tion. After that, many authors tackled and to some extent contributed to the
global analysis of Fuchsian differential equations, though satisfactory results even
for Heun’s equation, a second order linear differential equation with four regular
singularities have not yet been obtained. For topics on Heun’s equation and
Fuchsian differential equations, see [7], [5] and [17].

At the quite same time when B. Riemann wrote the above paper, G. G. Stokes
[22] had been studying Airy’s equation which has only a regular and an irregular
singular point in the entire complex plane, and discovered a striking fact that
constant coefficients appearing in asymptotic representations of solutions change
discontinuously by a change of sectorial neighborhoods of an irregular singular
point. This fact is now called the Stokes phenomenon. The Stokes phenomenon,
as we explain below, can be completely worked out by the solution of a connection

* A part of the results in this paper was announced in [12] without proofs.
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between two fundamental sets of solutions in respective neighborhoods of a regular
and an irregular singular point. The detailed study of such a two point connec-
tion problem was initiated by G. D. Birkhoff [1] and followed by several authors
[23], [13], [6], [8].

Our purpose of this paper also is to solve a two point connection problem
for linear ordinary differential equations with an irregular singularity of an arbi-
trary rank, providing a method of evaluating constant coefficients in the linear
relations between two fundamental sets of solutions.

Now we are concerned with a single n-th order linear ordinary differential
equation with polynomial coefficients of the form

drix

dnx a
=& (e G

n
dt" =1

(1.1) "

which has obviously a regular singularity at the origin and an irregular singularity
of rank g at infinity in the entire complex plane. As is easily verified, there exists
a fundamental set of solutions expressed in terms of convergent power series

(1.2) X () =zﬂfmiﬁo G(mm  (j=1,2,...,n)

in the neighborhood of the regular singular point t=0. The constants p; are
the roots of the characteristic equation

(1.3) 10)=[p1s— &, a1olp1a-1=0

where the notation [ ], means that

1.4 lel,=p(p=1)---(p—p+1), [plo=1.

According to the local theory of irregular singular points, we can calculate formal
solutions of the form
k )
(1.5) X*(t)=exp <%,q+ Bt iyt a’{t)t“k $ Bk ()
- 5=0
(k=1,2,...,n)

and then prove the existence of an actual fundamental set of solutions X¥%(¢)
(k=1, 2,..., n) with reference to every sector S with vertex at the origin and cen-
tral angle not exceeding n/q such that

(1.6) X¥H)~XXf) as t—o in S.

The last statement means the asymptotic relation in the sense of Poincaré’s
definition.
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Here we remark that 4,, a%_,,...,ak and p, (k=1,2,...,n) in the formal
power series (1.5) are the characteristic constants determined by algebraic pro-
cesses, and, in particular, 4, (k=1, 2, ..., n) are the roots of the simple equation

(1.7) J(D)y=in— ila,,,,,zn-eo.
=

We assume throughout this paper that p;—p, #integer (j#k), 1;#0 and 4;# 4,
(j#k). The first assumption, which is not essential, excludes the case when the
solutions in the neighborhood of the regular singular point =0 involve loga-
rithmic terms.

From now on we shall aim at deriving the asymptotic representations of the
convergent power series solutions X (f) in terms of the formal solutions X*(r)
in the whole complex plane. Once we have the asymptotic relations

(1.8) Xj(t)~k§n]1T‘f"‘)(S)X"(t) as toow  (j=1,2,.,n)

in every sector S a finite number of which covers the whole complex plane, the
constant coefficients C(*)(8) appearing in the connection formulas

1.9 Xi= i} Ck-N(8)X (1) (k=1,2,...,n)

j=1
in a sector S = S can readily be given by evaluating the inverse matrix of the matrix
{TU-¥(S): j, k=1, 2, ..., n}, since

X5~ icwn(s)lil TUDS)X () =XKt) as t-o0 in S.
=1 =

And then, the Stokes phenomenon near the irregular singular point t=oc0 will
be cleared up by the relations

(1.10)  X§@o)~ 3 c:ﬂw')(ks*)lg1 TUD(S)X(1) as t—o0 in S

Jj=1

(k=1,2,..., n).

The constant coefficients T¢>*¥)(S) varying with a sector S are called the Stokes
multipliers.

We here give a short sketch of a method for the establishment of the asym-
ptotic relations (1.8) together with the determination of the Stokes multipliers
T ¥)(S) for every sector S. Assume that the connection problem were solved.
Then the convergent power series solution X ,(f) may be written in the form

(L1 X, = 5 Gi(mum= 33 TURS)X50) = 5 5 B ©)x00(, 5)

1s=0
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where functions x(/:¥)(t, s) may be considered to have the following behaviours:

fx(f"‘)(t, 8) ~ 1P near =0

(1.12) _ . P o
l xG0 (g, 5)~ TUB exp(—it‘1+—“‘—it‘1‘1 +- +oc'{t>t“"‘s
q q—

near f=0o.

Conversely, we take as the functions with just the same properties as (1.12) par-
ticular solutions

(1.13) XUt s) =103 52 gl (m, s)m
m=0

of first order nonhomogeneous differential equations

dx

G = (At ok 197 oo okt + (p— )} x + 21 PP

(1.14) ¢
where P{:¥)(1) are appropriate polynomials of degree (g—1). Then, we try to
split the convergent power series solutions X (1) into series of the form (1.11)
and next make clear their global behaviours by means of the properties of the
functions xU-*¥)(t, s).

We call the functions xU-¥(¢, s) the fundamental functions associated with
this two point connection problem, considering the fact that the first order non-
homogeneous differential equations (1.14) are determined solely by the character-
istic constants. The global analysis of the fundamental functions is heavily based
on the study of the coefficients g¢/:¥)(m, s) of the power series (1.13) which also
are solutions of g-th order difference equations

(1.15) (m+s+p;— p)gU?(m, s)=afgU(m—1, )+ -
+ag g (m—g+1, )+ 4,9V (m—g, s).

The method stated above was first applied to the two point connection problem
for a differential system with an irregular singularity of rank 1 by K. Okubo [14]
and then effectively used in a series of papers [15], [9], [11], [12]. In the case
when the rank g =1, the corresponding coefficients g{/-¥)(m, s) are the reciprocals
of the Gamma functions and hence the analysis of x(J/-¥)(z, 5) is due to the detailed
investigation on the so-called generalized hypergeometric series by E. M, Wright
[26] and others. In the paper [11] treating the case when the rank g =2, the
global behaviours of the fundamental functions are cleared up with the help of
the study of the modified Gamma function by N. G. de Bruijn [4].

Among the important papers cited before, H. L. Turrittin [23] treats a single
n-th order differential equation with the extended form of Bessel’s equation.
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Although the rank is not necessarily one in that paper, the coefficients G;(m) of
the corresponding convergent power series solutions are represented in terms of
products of Gamma functions and their reciprocals, and therefore, as in the case
of the rank 1, the analysis again reduces to that of the generalized hypergeometric
series. We refer the reader to [2], [3] too.

Finally, we shall outline the steps to be taken in reaching our main theorem
in this paper. We begin with the analysis of the associated fundamental functions
and obtain beautiful results as to their global behaviours after a heavy computa-
tion. In order to proceed to the partition of the convergent power series solu-
tions, the detailed investigation on the behaviours of the coefficients G (m) and
h*(s) for sufficiently large values of m and s are needed.

In § 3, by an ingenious method, we make clear the behaviours of h*(s) for suffi-
ciently large values of s. In the last part of this section, we show how the charac-
teristic constants A, a%_,,..., a4 and p, are determined by the coefficients a,,
and find an invariant identity which plays an important role later.

§ 4 deals with the determination of the Stokes multipliers. There the coeffi-
cients G;(m) are considered as solutions of gn-th order difference equations and
are expressed in terms of series in h*(s) and g\/>¥(m, s). Then such expressions
will determine the Stokes multipliers.

In the last section we shall show the derivation of the asymptotic representa-
tion (1.8) by the method of decomposition.

§2. The global behaviour of the associated fundamental function.

We anew define the fundamental function x(¢, s) associated with the two point
connection problem by the series

@.1) x(t, s)= io g(m +s)tme
where the coefficient g(m + s) satisfies the g-th order difference equation

2.2 (m+s+p—wgm+s)=a,gm+s—1)+-+a,_g(m+s—q+1)
+ig(m+s—q)

of just the same form as described in the statement (1.15), omitting all indices

attached to the functions and the characteristic constants. Although in §1 it

was introduced as a particular solution of a differential equation, the fundamental

function x(t, s) defined as above satisfies a first order nonhomogeneous differ-
ential equation. In fact, we easily obtain a recurrence relation

X(t, S) =g(s)tl’ + Zl g(m + s)tm+p
=g(s)t* +tx(t, s+1)
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and hence
2.3) x(t, s—r)=g(s—rtP+g(s—r+1)trt 1 + -+ g(s—Dtetr=1 4 t7x(t, 5).

We also have, using the difference equation (2.2),

@4) 192G = B ((mt s+ p— )+ (u—s))g (m+ sy

=m20{“1g(m+3—1)+~--+otq_1g(m+s—q+1)+Ag(m+s—q)

+(pu—s)g(m+s)pm*e
=0y x(t, S— 1)+ +o,_;x(t, s—q+ 1)+ Ax(t, s—q)
+{(u—s)x(t, ).
Substituting the formula (2.3) into the right hand side of the relation (2.4), we
then obtain the first order nonhomogeneous differential equation

2.5) tglx_gt’;s_)= {Attta, 297 ot (=)} x(2, )

+[Ag(s—1)Jer+at

+[g(s=2) + oy 19(s— D]erra2
+

+[Ag(s—q+ 1)+, 1g(s—g+2)+ - +ayg(s—1)Jte*!
+[AgGs—~q)+a,_19(s—q+ 1)+ +a,9(s —2)+a,g9(s —1)]¢.

Therefore, the associated fundamental function may again be regarded as a par-
ticular solution of the differential equation (2.5) and its global behaviour will be
analyzed through the integral representation of the solution.
As is easily seen, a general solution of the differential equation (2.5) is written
in the form
A

= ROPTHRLZES Pres SN >u—s
x(, 5) Cexp(qt+q_1t +oeogt it

+S'6Xp<i(t"—n")+9‘ii(t"“—n"“)+ -~-+a1(t—n)>
0 q g-1

x {[Ag(s—1)In?* 4" + [Ag(s—2) + g1 g(s— D]npr*e?

s—p dn

o+ [Ag(5— )+ g1 8=+ D+ + g = DIne (L) 4L,

t
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And the desirable solution is obtained by putting the integral constant C=0
since otherwise it does not behave like t* near the regular singular point at the ori-
gin. Consequently, putting # =tt, we have the integral representation of the as-
sociated fundamental function x(t, s) as follows:

(2.6) x(t, s)=[Ag(s—DJte*a 1z(AV9t: s—pu+p+qg—1: i~ k/0)
+[Ag(s—2)+a,_ 1g(s— DJtr*4=2z(AV 9t s—p+p+ g —2: A= */D)
+
+[Ag(s—q)+o,—19(s— g+ 1)+ - +o9(s—2) + o, g(s — 1) ]¢°

x z(A1at: s—pu+p: A kiD)
where Al/‘l=|),|1/qexp<—;.‘ argl), A‘(1/Q)=IA|—(1/‘I) exp<__;; argl) and we put

(2.7 Z(E VY= Z(E Vi Yy 1aenns Vioeros V1)
1
ES exp(—ql—t‘l (I—Tq)'f';q—_llt"_l(l—’L"‘_l)+-'-+ylt(l—‘r)>‘t"“1d‘c.
0 —

Hereafter the above abbreviation will be used throughout, ie., ¥, i representative
of a set of constants y,_;, y,-5, ..., ¥; appearing in the integrand. And, for in-
stance,

2(t: vi oA DY=z(1: vi oy AW DI, A7,y A D),

Owing to the integral representation (2.6), the study of the function x(¢, s) is reduc-
ed to that of the integral z(¢: v: y,).

Now we shall investigate the global behaviour of z(¢: v: y,) in the entire com-
plex plane. In (2.7) the path of integration is the positive real axis and Rev>0
is, for the moment, assumed, though this will be relaxed later.

At first, we consider the case when ¢ lies in the sector

2.8 S —F<argrs ™.
(2.8) 1 7= iz q
Setting the integral variable y =t7 and for brevity
19 Va—1 ,q4—
O=—+ I ey,
we have

22 v: v = exp(p(0)—pm)(L ) 4L
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dn
n
dn
n

= g:lexp (p(®) “1’(’7))<Jt1—>v

+ exp(po (L)

where the original path of integration, the straight line from the origin to ¢, is
changed into the path (P;) which consists of

(i), the positive real axis from the origin to |¢|

and

(ii); the circular arc|y|=|t| from |¢] to t.

Moreover, we have
2.9) 2(t: v: y) =exp (p(t))rvgfexp (= pm)n*=1dn
(= _ n\dn
[ exp (@ —pem)(1 )4

" S :,,ew (p(®) —p(n))(%)”inz ,

The second and the third integrals in the right hand side of (2.9) are bounded for
sufficiently large values of t. 1In fact, putting ¢t =|t|e’%(|6| < r/q, || = 1),

I S :,exp (p(2) —p(n))(-’tl)"%li_ ’

= |{exp (-1 +en(1LEE Y LA |

<& lexp () =p(1s)1lexp (p(1¢1) =p(121 + ) (LS )0

< & exp(p() ~p(eD) 1| Texp (= £ Rymi (& 10D )1+ ERer 1

=M (M : a constant)

where R,_,(¢, |t]) is a polynomial of degree g —1 in ¢ and [¢| respectively with the
form of
Ry 1 It =[] 18+ - + (= D)rlde 1.

We proceed to the estimate of the third integral. We put n=|t|e!® along the cir-
cular arc (ii); and then have
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lexp (p(t) —p(m)|

|2]¢

< ‘ exp{—q— (cos gf—cos q¢)

+ qi]l —'tll—k (Re y, (cos k@ —cos ko) +Im y, (sin k¢ —sin k0))} ‘
k=1

IIA

1

for sufficiently large values of ¢, since cosgf—cosqp <0 for 0[P Z{0|<m/q.
Thus, we obtain

’S:”exp (p(t)-p(n))(%y%‘ ég|09| |e(0=6) Im v | 26b

x/
_§MS qd¢=M% (M: a constant).
4]

Hence, if we set

(210) ¢(V: ?k)5¢(V1 Yq—l"", Vs <o» )’1)

= ° _r,_q__q—l l’_‘_ k) v—ld
SOCXP( g A R T dn

k=1

where we make use of the same notation as in (2.7), then we obtain the
behaviour

(2.11) z(t: v: y)=(v: y) exp (p())t~> + O(1)

for sufficiently large values of ¢ in the sector S,.
Next we consider the case when t lies in the sector

3n |, 27, n o, 2m ., ,
2.12 S;;———+—"j<Zargt£——+="2 =2,3,..., 9).
(2.12)  §; 7 T g s T/ (Jj q)

In this case, we change the original path of integration, the straight line from
the origin to ¢, into the path (P;) which consists of

(i); the straight line from the origin to |t|e(2m(~ /)i
and

(ii); the circular arc || =[t| from |t|e(2=(i~-D/Di to ¢,

Let @ =e(27/9% and hence w?=1. By the same procedure as stated above, we
obtain
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(2.13)  z(t:v:yy)
_ |e] j- n\ v-1 d"]
—SO exp (p(t)— p(nw 1))<—t ) w TR

Sltlexl’(iﬁ)

[t]exp(iod—1

—pam)( L) 41
exp (p0—p(m)(L)" 4

1

. © 9 .
=p(t)t“’cu“(1‘1)g0 exp(——”qi— y—k"w"(l‘1)n">n“‘1d11+0(1)

k=1
=p(Or 0"V D¢(v: y,0*U"D)+0(1)

for sufficiently large values of ¢ in the sector S;. We shall summarize these results
in the form of

THEOREM 2.1.  For sufficiently large values of t in the sector

j i=1,2,..., q),
Jj q q q q J (J q)

the function z(t: v: y,) has the behaviour

2.14) z(z:v:y)=¢(v: p*U~D) @ U~ Dexp <~tqi+;f__‘itq‘1+---+ylt>t‘”

+0(1).

Here we make some remarks on the function ¢(v: y,) of v which was defined by
the definite integral (2.10). By means of partial integration, we have

(2.15) vo(v: Y =d(v+q: 7)+ 7,19V Hg—1: p)+ -+ 9,00 +2: 7))
+y10(v+1:9)

which is a g-th order difference equation in v. And then, from the above differ-
ence equation, we easily see that the function ¢(v: y,) defined in the half-plane
Rev>0 can be analytically continued over the whole complex v-plane except for
simple poles at v=0, —1, —2,.... Therefore the condition Rev>0 assumed so
far is replaced by the condition v # non-positive integer and Theorem 2.1 also holds
under the assumption that vs# non-positive integer. Such a function ¢(v: y,)
defined by the integral of the form (2.10) or the difference equation of the type
(2.15) is called the modified Gamma function the asymptotic behaviour of which
has been investigated in detail by means of the saddle point method by N. G. de
Bruijn (4). We shall show and use N. G. de Bruijn’s result later on.
We moreover consider the integral

. _(1 1 _ IS Ve gy ok v—1
(2.16) 2(t.v.yk)—goexp(—q—t‘1(1 w0+ 5 Jera r))F(t)r e
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where the function F(7) is holomorphic and bounded at least in the closed unit
disk |t} < 1. Since the asymptotic behaviour of the integral 2(¢: v: y,) depends
mainly on the first constant term in the Taylor expansion of F(7) near t=0, we
readily obtain the following results.

THEOREM 2.2, For sufficiently large values of t in the sector S;, we have

(2.17) 2t viy)= 0<exp< +V" lltll Ty +y1t)t‘ )+0(1)

and, more precisely,

(2.18)  2(t:viy)= eXp< +Z" llt‘l‘1+ +y1>t v

X(”'Zl Fa )(0) ¢(V+l Vi wkti- l))w(V‘H)(J 1)>
=0

+0<exp<%+2;—“_‘—11t‘1“+ '--+y1t>t“""'>+0(l) .

Now, in order to return to the analysis of the function x(t, s), we must still
make some preparations. If we apply Theorem 2.1 to the function z(i1/9¢:
s—pu+p: A~ */D) in the integral representation (2.6), we have

(2.19) Z(AV9: s— i+ p: o Am kD)

= ¢(s— u+p: aki—(k/ll)wk(f—1))()"‘(1/11)(01"1)5‘“‘*!7
X exXp (—'ql~t‘1+%1fﬂ‘ Lpe a1t>t‘s+""’ +0(1)

for sufficiently large values of t in the sector

27 2n

(2.20)  S;(4); 'q +Tj<arg/11/'lt§ p +7j (j=1,2,...,q).

If we put

(2.21) D,(s5)=¢(s—pu+p: 0 A~ HO@U=DY(}-(1/D = L)s—uts
(j=1,2,...,q),

then we know that @,(s) (j=1, 2,..., q) are particular solutions of the difference
equation

(2.22) (—p+p)P(s)=AD(s+q)+ o, P(s+q— 1)+ + o, P(s+2)+a,;P(s+1)

from the fact that ¢(v: y,) satisfies the difference equation (2.15). Furthermore,
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we have the important result.

THEOREM 2.3. Under the assumption that p—u# integer, (s) (j=1,2,...,
q) make a fundamental set of solutions of the q-th order difference equation
(2.22).

This theorem teaches us the fact that the linearly independent solutions @ (s)
of the difference equation (2.22) appear one after another by the change of the
sectors S;(1) as the coefficients of the asymptotic representation of the function
z(AYat: s—pu+p: oA *D),

In order to prove the above theorem, we need the following two lemmata.

LEMMA 2.1. (N. G.de Bruijn) For sufficiently large values of s in the sec-
tor |larg(s—u+p)|<n—3 where § is a small positive number, we have

(2.23) ¢j(s)~(l“‘(1/q)wj—l)s—ﬂ+p< 2n )1/2

g(s—u+p)
xexp(—p(e) + (s—p+p)1; ~2EI=1)) §1 dysmikin

(j=12,...,q)
where d;,=1 and

1 o, AU D/D

(2.24) p(u)=u7+ p— Tl Dy

Here the saddle point {; is a root of the equation
(2.25) ép'(é)y=s—u+p

i where the log has its principal value, and

close to—;—log(s—y+p)+2”_(lq"_l_)

can be exp’ essed in terms Of the powel series
)l+c Ly (1/‘1)+c s (2/‘1)+...
J1 j2

(ji=1,2,..,9)

226) ¢ =—;—log(s—,u+p)+gn(%
for sufficiently large s.
Lemma 2.2, Let {,, {5,..., {, be the roots of an algebraic equation
Uiy, Ut 4y u+y,=0.
Let us define the sum o, by

2.27) O =0T+ (G + o +(m (6o=9).
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Then, we have

(228) o'm=Hm(yq—1! %1—2,-.,’ Vis 'yO)

where H,(y,-1,..., Vo) is a homogeneous function of y,_4,..., , and yo of degree
m with integral coefficients. And that, if 0<m<q, y4_y—1,-.., 1 and yo are not
included in H,(y,-1,-.-> Yo)» i-€.,

(2'29) Hm(yq—la yq—29-"9 Y1 v0)=Hm (‘))q—ls ‘yq—Za'”’ ’Vq—m) .
The relation (2.28) is called Newton’s formula.

ProoF oF THEOREM 2.3. A necessary and sufficient condition for the linear
independence of the solutions @,(s), ®,(s),..., ?,(s) of the difference equation
(2.22) is the non-vanishing of the Casorati determinant

(210 D) . D(5)
G ols)= ¢1(.S+ ) @+ P(s+1)

D,(s+q—-1) D,(s+q—1) ...... P, (s+g—-1)

As is easily verified, the Casorati determinant € ,(s) satisfies the first order differ-
ence equation

ACo(s+ 1) =(—1)"1(s—pu+p)¥oe(s)

and hence it has the explicit form

(4—1)mi \s _
w0 (SR

in the sector |arg(s—u+p)|<m—95. Now, by virtue of (2.30), if we could show
that % 4(0)# 0, then we could conclude that % 4(s)# 0 for all s except for s—u-+p
=non-positive integer, in particular, every integer s under the assumption that
p—u#integer. The value of ¥ 4(0) will be evaluated by examining the behaviour
of € ,(s) for sufficiently large s. Since, according to Lemma 2.1,

(231)  D;(s)~ (A" U/Dgyi-1)s- ,,+,,(2n>1/z

qs

xexp(»q— log s——-—+ i ks‘”‘/‘l))( i ajks‘("/‘l))
k=0

k=1
(j=1,2,...,¢)

holds for sufficiently large values of s in the sector |arg(s— u+ p)| <n—0, we have
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(Pj(s+r)~ - i\ r —
@3)  ZLED o exp(;logs>{1+0(s ()

(Jj=12,...,9)

in the same sector.
Therefore, we obtain

(2.33) m,(s)fv[jlf[l @ ,(s)] Vq((%)”", (%)qu,..., (%)l/qwﬁ)
x {1+0(s~(1/D)}
~ [j]f[1 qﬁj(s)](%)(q_l)/qu(l, @,..., 0" N{1+0(s~V/D)}

where V(x,, X,,..., x,) is Vandermonde’s determinant, i.e.,

1 1 1
b Xy eeeees X,
V(xy, x x,)=
25 cen 2 2 2
@l e e e X1 X5 xg
xi-1 x4t L xI-t

which does not vanish if x;# x; (i#j). Using the asymptotic behaviour (2.23)
again, we calculate the asymptotic behaviour of the product

2n >“/2

(2.34) [j]f[1 D ,(s)]~ (A-la)q(q—l)/z)s—wp(m

xexP{_,-‘i p(eﬁf)+(s—#+P)j§:1<Cj—gn*(é__l)i)}

x {14+0(s~(1/1)} ,

Since e%i(j=1, 2,..., q) are roots of the algebraic equation
ul+o, (AADY- 1yt 4o g 1Dy — (s— p+p) =0,

we have, from (2.28) and (2.29) in Lemma 2.2,
j‘; el = H,(0tq_ (A7 DID o A=@-m/D)) (1£m<q)
and

q q—1
,-;1 e =g(s—pu+p)— m§1 A~ D H (A0 g A (im0,
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Hence, it follows that

(2.35) ,é p(efn) = (s — i+ p)

q—1 —
+ Zl (qmqm>°fmi_('"/‘”Hm(“q—1/1—“"_ DD, oy A= am (D)
e

=(s—u+p)+RA, ag_qy..., %)

where R(4, a,_;,..., %;) is a constant independent of s. Moreover we remark
that

q R
Hle§f=(—1)“"‘(s—u+p), ie.,
i

{;=log(s—p+p)+(q—Dmi.

S~
i

We thus obtain the explicit asymptotic behaviour of (2.34)

9 _ a(q— s—utp _—21[___ 2
(2.36) [1] @]~ 0= Di2) (q(s—ﬂ+P)>

xexp{—(s—pu+p)+(s—p+p)log(s—u+p)—R( a;_,..., %1)}
x {1+ 0(s~1/D)}.

As a consequence of (2.30), (2.33), (2.36) and the asymptotic behaviour of the
Gamma function

g sn (s s+ 1)
we have

oY D(=ptp) (e@DriNmwher  2m N2
€5(0) <e(q—1)ni) Ts—p+p\ 1 ) (q(s—u+p)>

x<%>(q—1)/2 exp{—(s—p+p)+(s—p+p)log(s—u+p)}

xexp {—R(4, ag_1,..., )}V, (1, @,..., 0= ) {1 +O(s~(1/D)}
~/1u—p—(q—1)/26(4-1)(p-u>ni(2_”>q/2p(_,H_ 0)
q

xexp{—R(4, a,_ ..., a)}V,(1, o,..., T~ ){1+ O(s~1/D)}

for sufficiently large values of s in the sector |arg(s—pu+p)l<m—p. Letting s
tend to infinity and noting that % 4(0) is independent of s,
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) /2
(2.37) € (0) = Ar—P=(8=1)/2g(@= 1 (p=mni (%T”y I'(—pu+p)

xexp{—R(4, a,_y,..., )}V/(1, o,..., 0" 1)

which does not vanish under the assumption that p— u# integer. This completes
the proof of Theorem 2.3.

A refined observation shows that the difference equation (2.22) has the con-
verse form of the fundamental difference equation (2.2) described at the outset
of this section. From now on we shall prove the existence of certain remarkable
relations between two such difference equations.

Consider two difference equations

(2.38) ao(X)P(x+q)+a;(X)P(x+ g — 1)+ -+ + a ,(x)P(x) =0,
(2.39) a(x+Px+q+a,_ (x+q—DP(x+g—1)+ - +ag(x)¥(x)=0

where aq(x)# 0 and a,(x)#0 for all x. One of such difference equations may be
called the converse type of the other. Let us denote a fundamental set of solutions
of (2.38) and that of (2.39) by

(2.40) D,(x), Py(x),..., Py(x)
and
(2.41) Pi(x), ¥r(x),..., Py (x)

respectively. The respective Casorati determinants are denoted by %4(x) and
% (x) and, for brevity, the following notation of the determinant is put to use:

D(x)
% o(x)=Det q_ji(x +1)

Pi(x+q—-1)

@,(x) ®,(x) B x)

D.(x+1) D,(x+1) D (x+1)

D(x+qg—1) Dy(x+qg—1) .. @ (x+qg—1)

The cofactor of the j-th column and k-th row element & (x + k—1) in the Casorati
determinant €4(x) will be represented by AY:%)(x) and, in particular, A% 1)(x)
by Dj(x). Similarly, we define AY:¥)(x) and 2 (x)=4¥>(x). We often use
the following notation



A Two Point Connection Problem 309

PD(x)
) D(x+k-2)
4% -¥(x)=(—1)7**Det
i @x+k)
P(x+q—1)

which, as a matter of course, means that the j-th column and the k-th row are
excluded from the Casorati determinant € 4(x).

We are now in a position to state a theorem as to the important and very
effective relations between (2.38) and (2.39). As is verified later, this theorem
contributes to the derivation of the beautiful results for the asymptotic behaviour
of the associated fundamental function.

THEOREM 2.4. We put

—_ D(x) P
(2.42) Ej(X)_m (j=1.2,...,9
and
(2.43) & (x)y=—72i(x=39) G=1,2.0 q) .

ap(x—q)Fw(x—q)

If the functions ®(x) (j =1, 2,..., q) form a fundamental set of solutions of (2.38),
then the functions E(x) (j=1, 2,..., q) form a fundamental set of solutions of
(2.39). Conversely, the functions & (x) (j=1,2,..., q) make a fundamental
set of solutions of (2.38) under the assumption that €4(x)#0. Moreover, for
each j,

Q44) a(x+KE(x+k)+a,_ 1(x+k—1DE(x+k—1)+- +a,_,()E;(x)

=A$,>j"‘+1)(x) k=0. 1 —1
L k=01,.,g-1)
and

(245) ag(x—q+k)&(x+k)+a;(x—q+k)E (x+k—1)+ - +a(x—q+k)& (x)

_AYH D(x—q)

k=0,1,...,9—1
Fou(x—q) ( 9=

hold.

ProoOF. We easily see that
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aq(x)

(2.46) (6'¢(x+1)=(——1)‘1m € o(x)
and

—(_ ae(x)
(2.47) Folx+1)=( l)qm'gw(")-

Now we shall prove the relations (2.44) by induction. The relation is valid for
k=0 just by the definition of E(x). Assume that the relation (2.44) is valid for

k. Since

B (x+1)
d;,-(x +k)

i#j

ag(x)AG D (x+1)=(—1)i+*+1Det | P(x+k+2)

D x+q-—1)

ag(x)®{(x+q)
Dx+1)

D(x+k)
=(—1)itk+1Det P(x+k+2)

i#Ej

— 8,1 (X)P(x+k+1)—a(x)P(x)
=0, - 1()(= DT 1D (x) +a,(x)(— 1)74F*2)(x),
we have, multiplying the both sides of the above relation by the reciprocal of (2.46),

44 (x)

4G D(x+1) _ — - (X)E;(x)+ 5

Fo(x+1)

which means that
a(x+k+DE(x+k+1)+a,_(x+Kk)E(x+k)
+oota, X+ DE(x+1)+a,_ ;- 1(X)E(x)

_AYED(x+1) _AY k2 (x)
= Tt A1 DE(x) ==
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Hence the relation (2.44) is proved. In particular, from the relation (2.44) for
k=g—1 and 4§ 9(x+1)=(—1)9"1D,(x), we obtain

a(x+QE(x++a, (x+q—DEfx+qg—1D+--+a;(x+DE(x+1)

= A0 +1) _ao(x)(=1)*"'Dy(x)

Folx+1) (- l)qaq(x)%q)(x)

= —ao(x)E;(x).

We have thus proved that Ej(x) (j=1,2,..., ) are particular solutions of the
difference equation (2.39). In order to prove that Ef(x) (j=1, 2,..., q) form a
fundamental set of solutions, we must consider the Casorati determinant % z(x)
constructed by them. Since

(2.48) ,-i‘l E,(x)® (x) =Zﬁ

and

(2.49) S E0x+=0  (1Sksq-1),

we have

®,(x) P,(x) B (x) Ey(x) E\(x+1)..Ey(x+q—1)

B (x+1)  Py(x+1) B x+1) Ey(x) Ey(x+1)...Ey(x+q—1)

Di(x+g—1) Py(x+q~1) .9 (x+q~1) Ef(x) E,(x+1)..E,(x+q~-1)
1/a,(x) 0
/a,(x+1)
0 la,(x+g—1)

whence we obtain

4 1 1
%E(x)‘[kgl a,(x+k— 1)] Za) "0
Similarly, we can prove the relation (2.45) and the fact that &(x) (j=1, 2,..., q)
form a fundamental set of solutions of (2.38). Thus, we reach the required
results.
Here we shall apply Theorem 2.4 to the difference equations
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(2.22) AP(s+ @)+, 1 P(s+qg—1)+ -+, D(s+1)—(s—p+ p)P(s)=0
and
22) —~(G+qg—p+p)gs+q)+a,g(s+g—1)+-+a,_,g9(s+1)+2g(s)=0.

Since, according to Theorem 2.3, the functions ®(s) (j=1, 2,..., q) defined as in
(2.21) form a fundamental set of solutions of (2.22), we immediately obtain a
fundamental set of solutions of (2.2)

Dj(s)
—(s—p+p)€q(s)

= A \sTere D,(s)
_<e(q-1)ni> Ts—p+p+1) QJ'()" aq—l""’“l)

(2.50) E;(s)=

(j=12,....,q)

where

_ =AU D2 exp (R(4, ocq_l,...,cxl))< q >"/2
(251) Qj(}w Ug—15++2s al)— Vq(l, o,..., Cl)q_l) —27 .

The last statement was derived from (2.30) and (2.37)

In the discussion thus far we have made use of only the difference equation
(2.2) and no properties of its solutions. And so the definition of the functions
D(s) (=1, 2,..., q) was independent of the choice of a fundamental set of solu-
tions of (2.2).

We therefore put

(2.52 gi(s)=—Efs) (=1,2,...,9)
and denote the associated fundamental function defined in (2.1) by attaching the
corresponding suffix, i.e.,

(2.53) x/(t, §)= mZ:o g (m+s)mte,

Then we have the main theorem of this section concerning the asymptotic be-
haviour of x,(t, s) in the entire complex plane.

THEOREM 2.5. Each function x(t,s) (I=1,2,...,q9) has the asymptotic
behaviour of the exponential type only in one sector S,();

(2.54) x,(, s)=exp <—;L—t'1+g“—_’11-t“' Tt a,t)t"+"+ o(tr*+1-1)

as t—ow in S,(%)
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and for j#1
(2.55) x(t, )=0(t**1"1) as t-co in SH4).

Proor. From the integral representation (2.6) of x,(t, s) and the asymptotic
behaviour (2.19), we easily obtain

(2.56) x/(t, s)={[Ag,(s—1D)IP(s+q~1)
+[g(s—2)+0,_19(s—1)]P{(s+q9—-2)
+
+[Agi(s—g+D+a,_ 19/ (s—g+2)+ -+ o9, (s —D]P(s+1)
+Ags— )+ 19/(s—g+ 1)+ +ayg,(s—2)+a,9,(s— 1)]P,(s)}
X exp <—3—t"+%t““ + - +a,t>t‘s+"+0(ﬂ’+q")
for sufficiently large values of ¢ in the sector S;(1). Considering the relation (2.44)
and the definition (2.52), we have
Ags—q+k—1)+a,_1g(s—q+k)+--+eug,(s—1)
=—AE(s~q+k~D)—o, E(s—q+k)— - —,E(s—1)
=y _E(8)+-+o,E(s+k—2)—(s+k=1—pu+p)E(s+k—1)

_ A48M(s)
Cols)

and consequently
[gs—1)1Pf(s+g9—1)
+[Ag, (s =2+ o, 19, (s~ D]P(s +q~2)
+
+g(s—q+1D)+a,-19,(s—q+2)+ - +o9,(s—1)]P(s+1)

+Ag(s— @ +og-19/(s—q+ 1)+ +ayg/(s—2)+a,9,(s—1)]D\(s)

_ A("‘l)(s) _ A(l,ll-—l)(s) _

A(”z)(s) A(l,l)(s)
+ +——%—;(~s)—¢j(s+l)+—%¢j(s)
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1 for j=!
0 for j#lI.

We have thus completed the proof of Theorem 2.5.

§3. The anaylsis of the coefficients of the formal solutions.

This section deals with the behaviour of the coefficients h*(s) of the formal
power series solutions (1.5) when s is sufficiently large. The coeflicient h(s),
the index k being omitted again, satisfies a certain difference equation which will,
in general, be derived by insertion of the power series of the form (1.5) into the
differential equation (1.1). Since such direct substitution is very complicated,
we overcome the difficulty by a method of detour used in the previous paper [11].

Let us define X (1) by

=y p AP X(2)
3.1) X,(0)=1r ”"777

A o - & -
= ARy S bl 1 Ll R t)t“ h s,
exp( 7 +q—1 o, sgo 2(8)

Substituting the expression in the right hand side of (3.1) into an obvious relation

(3.2) X, =r@ 0Ly, - Dp-1DrX, 0

and then identifying the coefficients of like powers of ¢ in both sides, we have the
first difference equation

3.3) hy(s)=Ah,_((s)+a,_1h,_(s—1)+--+ah,_(s—q+1)
+u=s+(@—Dp+Dh,_,(s—q) (p=1,2,...,n).

Similarly, substituting X ,(¢) into the differential equation (1.1), we obtain the
second difference equation

(3.4) h(s) =35 5 anha-iGs+r=ab).

There and hereafter the assumption h(s)= ho(s) =0, a posteriori, h,(s) =0 for s<0
is made. Then, the difference equation satisfied by the coefficient h(s)= h(s)
will be obtained by substituting the first difference equation into the second one.
In fact, on account of the form of the first difference equation (3.3), we easily
see that h,(s) can be written in the form
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3.5) h(s) =é'jo M(p: v: Hh(s—v)  (p=1,2,..., n).

If we substitute the expressions of h,(s) and h,_,(s) into (3.3) and identify the co-
efficients of h(s—v) in both sides, we obtain the following three types of difference
equations for the coefficient M(p: v: s):

Case (I) when 0<v=<q-—1

(3.6) M(p: v:s)=AM(p—1:v:)+a,_ M(p—1:v-1:5-1)

+-+o,_ ,M(p—1:0: 5s—v),
Case (II) when g=v=q(p—1)

3.7 M(p:v:s)=AM(p—1:v:8)+o,_  M(p—1:v—1:5-1)
+e-to M(p—1:v—g+1:s—q+1)
+p—s+(@-Dp+DM(p—1:v—q:s—9),

Case (II1) when g(p—1)+1=v<qp

3.8) M(p:v:s)=a, M(p—1:q(p—1): s—v+q(p~—1))
+-+oaM(p—1:v—qg+1:s5—q+1)
+(p—s+(@—-Dp+DOM(p—1:v—q:s—q).

Then, solving the above difference equations for M(p: v: s), we obtain the differ-
ence equation to determine the coefficient h(s), though the derivation of its explicit
form is not an easy work. For the purpose of our study on the behaviour of h(s),
we need not seek the explicit form of M(p: v: s) and only attempt to obtain the
asymptotic behaviour of M(p: v: s) for sufficiently large values of s.

In Case (I), M(p: v: 5) (0= v=q—1) will be given successively by the formula
of summation

(3.9) M(p:v:s)=ir+ir § 4

Jj=1

M-

o M(j—1:v—1:5—10)

1‘1
Ad

]

where the symbol 8 means the summation in j. It is easily seen that the first

M(p:v:5) (0=Sv=g—1) are expressed in terms of the characteristic constants not
depending on the variable s.
In Case (II), using the values of M(p: v: s) derived in Case (I), we have
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: 421 ag_;M(j—1:v—i:s—i)
(3.10) M(p:v:s)=1p+,{p§ i=1 o

j=1

i4
(—s+(@-1Dj+D)M(j—1:v—q: s—q)
+22 § 7 )
j=1

In the last Case (III), the formula (3.8) give the remaining value of M(p: v: s)
(q(p—1)+1=v=qp). By means of the above formulas of summation, we first
obtain the following

THEOREM 3.1. Let s tend to the positive infinity. Then
G.11) lim ;—kM(p: kq:s)=(——1)"/ll’“"(‘z> (0<k<p)
and

(312 lm S M(p: kq+i:)=cpuqri  (0SkSp—1, 1SiSg—1)

where ¢, ,,+; are the constant numbers. The round brackets ( ) mean that

__r >
<P>= f =gt T7P=e
Yo
0 forp<q.
Proor. The proof will be done by induction with respect to p and k.
Since

M(1:0:5)=4, M(1: 1: s—1)=0t,_y,..., M(1: g—1: s—gq+1)=a,,

M(1: q: s—q)=(u—s+q),

the relations (3.11) and (3.12) are valid for p=1 and k=0 and moreover, the rela-
tion (3.11) holds for p=1 and k=1. Now we shall prove that the relations (3.11)
and (3.12) hold for p under the assumption of the validity of them for 1, 2,..., p—1.
From the fact that

M(p: 0:5)=4*  (p21)
and that M(p: v: s) (1=£v=<q—1) are constants independent of s, the theorem is
obvious for k=0. Moreover we have
9q

—1
o 1 (g & B MU 1 gt s=)
lim - (i g 9 =lim {7 S 7 |
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+1lim Ar

§>00

gu——s+(q—l)j+1M(j—1: 0:5—¢q)
' s A

j=1

== ().

Next, under the assumption that the relations (3.11) and (3.12) are valid for k,
we prove that they hold for k+1. For 1k+1=<p-2and 1£i<q, we use the
formula of summation (3.10) to obtain

!irgs—klﬂ—M(p: (k+1)g+1: 5)

q—1

=/1pé i§1aq_i/lim M(j_lz(k'f‘l)q-}‘l—il.?*l.))
~ o\

§) o 3!

p
1 pu—s+(@-1)j+1,. (M(j—1:kg+1l:5—
+M§—F.“ s (g )J hm( @] sq‘ q))

s
Jj=1

=const.

for 1/Zq—1. In particular, for / =¢, we have

}iq:sTl“—M(p: (k+1g+q: 5)

_1_,u-—s+(q—l)j+11im<M(j—1: (k+1)q: s—q)>
Aj s Sk+1
1

AP

$— o0

[CTARY

J

AP

(;jl)(__l)kﬂlj—x—k—l <£;}>

Nk

j=1

p -

=(—1)k*+2)pk=2 g (i; i>=(__'1)k+2)'p—k—2<ki2> .
=1

J

For k+1=p—1 and 1 £i<q, we must use the difference equation (3.8) in order
to obtain

E’r}:—sw,};l—M(p: (k+1)g+i: s)
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=ty lim - M(p—1: q(p—1): s=1)

+
+ oy lim sk1+1 M(p—1:kq+i+1:5—g+1)
+ lim {u—s+(q—1)p+1 M(p—1:kqg+i: s—q)}
sow s sk
=const.

and moreover

limMP:pg:8) _jjmp=s+lg=Dp+! Mp—1:q(p—1):s—q)
sP s P 1

s> 5200

= ( — I)P.
Thus the proof of Theorem 3.1 is completed.

Now we shall consider the difference equation for h(s). If we regard that
M(p:v:s5)=0 for v>gqp and v<O0
and
a,,=0 for r>ql/ and r<0,

then the difference equation will be written in the form

(3.13) vijo (M(n: v: 5)— 3 3 ayu_ ,M(n—1: v—r: s—r)}h(s —v) =O0.

r=0 i=1

But the coefficients corresponding to h(s—v) (v=0, 1,..., gq—1) are identically
zero, because such g relations determine the values of the characteristic constants.:

JA)=M(n:0:s5)— é}la,,q,M(n—l: 0:5s)

=A"— i al,ql;«,"—[ =0
=1

is the characteristic equation determining the characteristic constants 1,. By the
relations

(3.14) M(n:v:s)— }v: }f}a,,ql_,M(n-—l:v—r:&—r):O (1=sv=q-1),

r=0 =1
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the characteristic constants af_,(1<v<g—1) are determined. Moreover, the
relation

g n
(3.15) M(n: q: q)_f;o z§1 ay - Mn-Il:q—r:q—r)=0

gives the characteristic constant u,. Hence, the difference equation for h(s)
is of order g(n—1) and its coeflicient of the highest order can be evaluated ex-
plicitly. In fact, taking into consideration that M(p:v:s) (0=Sv=<qg—1) are
constants and subtracting (3.15) from the coefficient of h(s~q), we have

i} apgq-Mn—1:q—r:s—r)

0 I=1

M

(3.16) M(n: q:s)—

]

¥

=M(n: q:s5)—M(n: q: q)— I}:jl ap (M(n—1:q:5)—M(n—1:q: q))

n n—1
_ g Qg=s)Amt n (g—s)2i1
- 5"7_“” Z o™ & F

Jj=1

=(g—s) {A”_ICI’)_ é:l al’qlln_l_l(nTl»

=(q—3s)J'(4).

As a result of (3.16), putting h*(0)=1, we can calculate the coefficients h*(s) of the
formal solutions (1.5) successively under the assumption that J'(4,)#0, ie.,
A;i# A, (j# k). As regards the other coefficients of the difference equation (3.13)
we know the following important properties.

THEOREM 3.2. For sufficiently large positive values of s,

3.17) M(n: v:s)— i} i ay - Mn—I:v—r:s~r)

r=0 I=1

s

=(- 1)[V/‘I]J([V/‘ﬂ)(/l)s[“/q]{cv+0< L )} (g+1=v=ng)

where we make use of the Gauss symbol [ 1, i.e., [v/q] means the integer such
that

-"-é[i]<l+l
q q q

Among the constants ¢, (q+1Zv=nq) in the statement (3.17), ¢,y =1 (k
=2, 3, .., n) especially.
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Proor. From Theorem 3.1, we easily see that

. 1 n
llm——s[v/q]~{M(n: vis)— Ela,,q,M(n—l: vis—r)

s

- i i a g Mn—1:v—r:s—r)}
r=1l=1
=¢,(=const).
In particular, for v=kq
&= (=0 (h)= S (=D
= (= D)kJO(1).

Using the results just derived above, we can rewrite the difference equation
(3.13) in the form

(3.18) J'(Dsh(s)+ q;i s{&,+ M(s)}h(s—v)

FDI D+ IO =)+ 53 $2(E+ ()} h(s—)
+
(=P 200D 11+ Wy (G5 — (1= 2)4)

(n—1)9—1 . -~
snmHE + M () h(s—v)
v=(n—2)g+1

(=" IO {1+ M - 1)o()}h(s — (n— 1)) =0

where ¢, (v=1, 2,..., (n—1)q—1) are constant numbers and
(3.19) Mv(s)=0('1s‘> (v=1,2,..., (n—1)q)

for sufficiently large positive values of s.

For our object of deriving the behaviour of h(s), there fortunately exists a
result obtained by O. Perron (18) (19) (20). We here describe O. Perron’s
theorem for the asymptotic behaviour of the solution of the difference equation
in such a fashion that we can easily apply it to the above difference equation (3.18).

TuEOREM (Perron-Poincaré). Consider a difference equation

(3.20) B(s+q)+a,(5) (s + g — )+ +a,(5)P(s) =0
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where the coefficients a(s) have the following properties:

(3.21) lirg a;,(‘js) =4, (=constant) (j=1,2,...,q).

We construct an upward convex polygon, known as the Newton-Puiseux polygon,
such that the q+1 points with the coordinates

(322) (Os 0)! (1’ kl)r", (qa kq)

either lie upon the line or below the line.
If the Newton-Puiseux polygon consists of one straight line, then we have

(3.23) @(Trl(%f—z)'T RPN

where 1 is the directional coefficient of the straight line. The constant y; is one
of the roots of the equation

(3.24) 1148, 1A, 4 42, =0

where iy, i,,...,q are such numbers that the coordinates (i, k;,), (iz, k;,)s...,
(g, k,) lie on the straight line.

In this case when the Newton-Puiseux polygon is one straight line, we obtain,
with the aid of the transformation

&(s)=I(s+ 1) $(s),
the so-called Poincaré’s difference equation
B(s+q)+ b, (5)B(s+q— 1)+ + b (s)B(s)=0
where the coefficients b(s) tend to finite limits as s— o0, i.e.,
lim by(s)= Bj.
And then, according to Perron’s theorem (19), the value of
lim | $(s)| 1/
is equal to the absolute value of a root of the equation
ti+b, "4+ b,=0.

Now we shall apply Perron-Poincaré’s theorem to the difference equation
(3.18). The coordinates of the points corresponding to (3.22) are
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0,0, (1, 0),...,(g—1,0)

(qa 1)3 (q+1a 1)""’ (2q_1a 1);
3.25 <( .....
(n—2)q,n-2), (n—2)qg+1, n=2),...,(n—Dg—1, n—2)

(n—1)q, n—1)

and therefore, the Newton-Puiseux polygon is the straight line with the directional
coefficient t=1/q. The constant y; in (3.23) is given by the equation

(3.26) J'(A)tat= D 4 (—1)J"(Deatn—2)
+ .. +(_ I)k—lJ(k)(/{)tq(n—k) 4o +(_ 1)"—1‘](”)(1):0

which has, for a fixed 2, the roots

(3.27) Opr=(315)  U=L2en: j2k).

Consequently, we obtain the main results of this section.

THEOREM 3.3. For each k, the coefficients h*(s) of the formal solutions
(1.5) have the behaviours

T A (s) | 1/s ! _
(3.28) 11?0('1-‘(‘9""1)1/‘1,) = |2, — A, |14 (=12, ..., n)
where
(3.29) |2k_}'k|=l}:ei£l|lj—'lk‘ .

Lastly, we shall make some remarks as to the characteristic constants A,
ak_,ak_,,..., a% and y, (k=1, 2,..., n) which are successively determined by the
relations (1.7), (3.14) and (3.15). In fact, from the formula of summation (3.9),
we know that

(3.30) M(p: v: ) =L+ (ﬁ’)zg—l(az_l oy bak )

+Mk(p: }'k’ a,l;—ly “’5—2,---, a’;—v+1)

where M, (p: Ay, @k _y,..., ¢k, ) include the powers of A, of degree not greater
than p—2, and then obtain, substituting (3.30) into the relation (3.14),
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(3.31) (oo g+ ok y b ok )T ()

— V] . k
=~ M(n: Ay, a§_y,..., g 1)

n ~
— lzlal’qle (n_l: }’k! a’,;_l,..., a";_v+1)

i a;, g Mn—1:v—r:s—r)

11=1

M-

+

¥

(v=1,2,..,g—1).

This relation gives the value of the characteristic constant a%_, depending on
Ay Qb gyeery Ok iy,
Moreover, substituting the formula

(330 Mpi g Q=R+ (DI o+t ak)

() o2)
+ M (p: Ay, ak_y,..., oK)

into the relation (3.15), we again obtain the equation determining the characteristic
constant i,

(3.33) (af—y +ofp 4o+ o + )T (Ae)

I el TC) ol

~ My(n: Ay, 0k_y,..., ak)
- l};a,,q,Mk(n—l: ks k4., 0f)
+ 2}1 lz;‘:laz,qz—er('l“li qg—r:q—r).
From the equation (3.31), we here obtain the important relations
(3.34) k‘;(a'.;_1+az_2+---+ak_v)=rglal,q_, (v=1,2,..,qg—1)

which are derived by the method of residue calculation: In order to obtain
(3.34), we may only integrate the function of 1
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~ n ~
L= M(n: Ay, o) — l‘é_,—‘lal'q,M(n—l: Ayerey Ogoyay)

+ Zvll lila,,q,_,M(n—l: v—r:s—r)]

along a sufficiently large circle around the origin, including all poles 4,, 4,,..., 4,
in its interior, in the complex A-plane. Similarly, we obtain from the equation
(3.33)

n q
(3.35) kgl (b ok o4 Fah+u)= r§1‘11,q—r_ (g— 1)(3) .
Hence, subtracting the relation (3.34) for v=g—1 from both sides of (3.35),
(3.36) 35 me=a1.0—(@=1(3)
k=1
is obtained. On the other hand, it is easy to obtain the relation
(3.37) b3 p,-=a1,o+(g>
=1

from the characteristic equation (1.3).
We at last obtain one relation which plays an important role in the next sec-
tion and describe it in the form of

LEMMA 3.1. With respect to the n-th order linear differential equation
(1.1) with two singular points one of which is irregular, there exists one
invariant identity

(3.38) Epim Em=a(3).

§4. The determination of the Stokes multipliers.

In this section, we shall investigate the coefficient G(m) of the convergent
power series solution (1.2) with the purpose of the determination of the Stokes
multipliers.

Taking account of the relation

dr .
t"Ep—Gj(m)t"'"'pl = Gj(m) [m + p]]p tm+pj
where the notation (1.4) is used again, it is easy to see that the substitution of the
convergent power series solution X (¢) into the differential equation (1.1) yields
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5 GimIm+pdumi= £ (5 5 41,6 m=n)Tm=r+p], )i

] M:

under the assumption that G{r)=0 for r<0. Therefore, by comparison of the
coefficients of like powers of ¢ in both sides of the above formula, we have the gn-
th order difference equation

ql

(4.1) [m+p,;1,G(m)= 3.

=1 r=0

a Im—r+p;3,-G(m—r)

or

42)  I(m+p,)G (m)= iq i, [m—r+pJaciGm—1)  (i=1,2,...n).

=1 r=1

~

The formulas for m=0
@3) 10)G0)=0  (j=1,2...,n)
are the identities because of the characteristic equation (1.3). Hence, if we put

(4.9) GO=1 (j=1,2,.,n),

then G;(m) can be successively determined by (4.2) since I(m+ p;) never vanish
under the assumption that p,— p;# integer (i #j).

Here we shall define new functions f{/-¥)(m) expressed in terms of the series
as follows:

4.5) fiP(m)= Z.P}Oh"(s)ggj""(m+s) (Grk=1,2,..,n:1=1,2,.., q)
where the functions
g (m), g¥-¥(m),..., gP(m)  (j,k=1,2,...,n)

form the fundamental set of solutions of the difference equations (2.2) with the
coefficients of the characteristic constants 4, «f_1,..., w, p; and are written as
in (2.52). The reason why such functions are introduced will be obvious according
to the relations (1.11); for, by quite a formal calculation, we have

3, i ()xU0G, 5)= 5 hH(s) 33 g0 (m e+ s)m+es
s=0 =0 m=0

=121 51 3 BH(5)gUieR (m +s)em

m=0 s=0

(2]
=tp.i Z f(j»k)(m)tm .
m=0
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For the moment, we assume the well-definedness of the functions f{/-¥)(m).
Then, we can define the well-defined functions

(4.6) SR m)= 5 hi$)g P (m+s),
s=0

£idm=rPPm)  (p=0,1,..., m)

one after another by means of the first difference equations (3.3). In fact, if we
multiply both sides of the first difference equation

hf,(s):).kh}‘,_l(s)+oc’,§_1h’,§_1(s—l) +eetokhf_(s—q+1)
+(m+p;+(g—Dp+Dhj_,(s—q)
—(m+s+p;—whi_1(s—q)

by g{/**)(m+s) and sum them up over s from zero to infinity, we obtain, again
using (2.2),
FPm) =y SR m) ol SR mA 1) 4o ok R (g = 1)
+(m+p;+(g—1) p+ 1) f0 (m+q)
- g}o (m+s+p;— gt (m+s)hf_(s—q)

='1kf§,ji¢’i)1 (m)+oz’,§_1 f;,ji!,i)l (m+1)+- +ok fg'j,’,’i)l(m+q— 1)

+(m+p;+(g—D)p+1) [ (m+q)
- 320 {okg{/'® (m+s—1)+-+ak_, gt P(m+s—g+1)
+ 49 P (m+s—g)yhs_1(s—q)
=(m+q+p;+(@—D(p—1) P (m+q) .
Hence, the functions ff,j;,")(m) are well-defined and
C)) F5Pm)=Im+p;+qpl, fP(m+qp)  (p=1,2,..., 1)

hold.
The same procedure as stated above can also be applied to the second differ-

ence equation (3.4), obtaining the relations

. n du .
4.8) FU0(m) =u§1 rgoa“,,fﬁf;,i)u(m+qu —r).

Substituting (4.7) into (4.8), we at last obtain
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4.9) [m+gn+p;]1, £59(m+qn)

q

=

M=

Oau,r[m+qn_r+pj]n—ufgj'k)(m_‘_qn_r)

u ¥

U, k=1,2,..,n:1=1,2,...,q).

The above relations show that for a fixed j, the functions f¢-¥(m) (k=1, 2,..., n:
1=1,2,..., q) are particular solutions of the gn-th order difference equations
(4.1) satisfied by G;(m).

Now we shall proceed to the proofs of the well-definedness of the functions
f49:8)(m), i.e., the convergence of the series in the right hand side of (4.5) and the
linear independence of gn particular solutions f{>Y(m) (k=1,2,...,, n: =1,
2,..., p) of the difference equation (4.1) for a fixed j. For that purpose, we need
some informations on the behaviours of the modified Gamma functions g{/-¥)(m)
for sufficiently large values of m and the series expanded in terms of them.

We immediately obtain

Lemma 4.1, If m is sufficiently large in the sector |larg(m — .+ p))| <n—39,
0 being a small positive number, then

(j,k) ~f — q+l _(1/‘1) Vq—l(l’ w,..., wl"‘Z, wl,..., qul)
(4.10) g P (m)~(—1)112, ARy

Mo e
(j,k=1,2,..,n:1=1,2,...,q).

ProoF. Dropping the indices (j, k), the functions g,(m) are explicitly
written as

g,(m)= —E,(m)=%;~l%—f)@ (I=12,..,9).

By the same method of calculation as done in §2, it is easily obtained from the
asymptotic formula (2.32) that

(-1)/2

@.11) g(,,(m+1)~[j1f[1 ¢j(m+1)]<%) Vl, o,..., 041

X {14+0(m~(1/1)}
and

12)  Dym)~(= 1! [T, (m+ DI()
j#l

(a-1)@-2)/(29)

xVei(1, @,..., @2, @',..., 0T ) {1 +O0(m (1/D)} .
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Hence, Lemma 4.1 is established.
Next we show a result as to the series of the form (4.5) which is expanded by
means of the modified Gamma functions.

LEMMA 4.2. Suppose that the series defining the functions f{>¥(m,) are
absolutely convergent for a certain number my. Then the series f{9-¥(m) are
also absolutely convergent in the right half-plane Rem=Remy+¢, ¢ being any
positive small number. Moreover, in that right half-plane, the asymptotic
relations

(4.13) F50 (m) ~ gt (m) {1 +0(m(1/D)}
(j,k=12,...,n:1=1,2,...,9)
hold.

Proor. For a sufficiently large positive integer o, we put

L ns)gim+s),

(4.14) R(m: a)=—g(m+a) 2

dropping the indices (j, k) and / again. Then we may only prove that the remain-
ing series R(m: o) is absolutely convergent and uniformly bounded in the right
half-plane Rem=Remy+e¢. First, applying formally Abel’s transformation,
we have

o) =] 3] g(my+0)g(m+s)
(19 Rim: 0)—WS=§1h(s)g(mo+s) g(m?i-a)g(mo +5)
=Q(Tol'|"5s=§'1 h(s)g(mo+s){1+ p=$+1 g(m, my:0: p)}

1 ©
= G 0ms o) sty HO)9(mo+5)

Tmi+—0) ij g(m, my: o: p) {é’h(s)g(m0 +5)}

where

.. y_glmp+o) { glm+p) gim+p—1)
q(m, mo: 02 p)==4 0 oy {g(mo +2) ~ g(m, +,,_1)}-

From Lemma 4.1 and the asymptotic relation (2.32), we can obtain

g(mo+06) g(lm+p) d(m+o+1) ®(my+p+1)
g(m+o) g(my+p) ~d5(m0+a+1) S(m+p+1)

x {140 M ~(£) T 1ot m)
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and hence

“ e ~ 9—> <ﬁ_>( ° )/q<i>fl —(1/49)
qlm, my:6:p 1 (4 +0(o
( 0 ) ( q p )t ( )}

for sufficiently large .
Then we have

(4.16) %ﬂlq(m, mo:06:p)l

p=c
I( >(Mo—m)/¢1< >
p= a+1

< 'mo—m‘<o+1>‘“<"’°”'") f (a’+1>1+8
oc+1 g p=et1\ P )

Since the series in the right hand side of (4.16) is convergent and, as is easily seen,
approaches zero exponentially as m tends to infinity, the series in the left hand side
of (4.16) is absolutely convergent and therefore Abel’s transformation is valid.
Concerning the asymptotic behaviour, we instantly obtain

<M'm0

S(m) = 5 h(s)g(m+s5)+g(m+0)R(m: )

g(m+s)  g(im+a) )
=g(m{1+ £ ) (mts) gl Rm: o)}

~g(m){1+0(m(1/D)}

since

4.17) _tgl;7;)s) ~ (Am 0D 1= 1) =3y~ (81D {1 4+ O(m~(119))}
1

(I=1,2,...,9).

Thus we obtain the required results in Lemma 4.2.

We have made preparations for stating the theorem as to the well-definedness
and linear independence of the functions (4.5).

THEOREM 4.1. Under the condition that

(4.18) 0<[A;l<|A;— Al (j#k; k=1,2,..., n),

the functions P (m) (j, k=1, 2,...,n: I =1, 2,..., q) are well-defined for every
integer m=—qn+1. And that, for a fixed j, the functions f{-¥(m) (k=1,
2,...,n:1=1,2,...,q) make a fundamental set of solutions of the gn-th order
difference equation (4.1).
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Proor. To begin with, we prove the absolute convergence of the series
defining f{-¥(—gn), using Lemma 4.1 and Theorem 3.3. For sufficiently
large s, we have

gtV (s—gmI (s+1)!"

~ (AP w1 exp {—(L‘Iq’ﬂ) logs+%+% log s

- _q_;_l log s-—sO(s‘(l/"))} exp {%(s +%> log s——-qi}
x {d"gi,k)_}_o(s—(l/q))}
(1L = 1) _1 _L) — 5O(s=(1/D }
(Ax w1 sexp {(n 5+ 7 log s —sO(s )
x (¢ 4-0(s=(1/9)}
whence
(4.19)  Lim |g{ O (s—gn) T (s+ 1)1/ < |20 = | 4,119,
Consequently, we have, from (3.28),
(4.20) Lim |A*(s)gl/ P (s—gn)|1/s

<Hm (|A4(s)/T(s+ D) s lim (| gt (s —gm) T (s+1)1/4|) /s

[ 4] 174
A=A

If the value in the last statement is less than 1, i.e.,
(4.21) 0<| A VA< L= VIS A=Al (ks j=1,2,..,n),

then the series f{/>¥)(—qn) are absolutely convergent. Hence, the functions
f$:8(m) are all well-defined for every integer m= —qn+1 because of Lemma
4.2.

Since we have already proved that the functions f{:¥(m) (k=1, 2,..., n:
=1, 2,..., q) are particular solutions of the difference equation (4.1), we shall,
from now on, prove their linear independence i.e., the nonvanishing of their
Casorati determinant
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FR(m)

~(J, k)
(4.22) €, (m)= Det | SV (m+D
15k=n M
1212 .

HAIA

=
s

[P (m+qn—1)

In this case, the Casorati determinant satisfies the first order difference equation

— 1)an—1
(4.23) € (m+1) =%ﬁ'ﬁ & (m).

Considering the relations

(4.24) I(m+qn+p,-)=kg(m+qn+pj—pk),
(4.25) T Ae=(=1)"a, .
k=1

which are immediately derived from (1.3) and (1.7), we then have the solution of
the Casorati difference equation (4.23) of the form

_ ot (p;—pe+ 1)
26) % —(—1) 1)n(yn+qn)[ k i Pk
(4.26) €;(m)=(=1) kI=—[1 I'(m+qn+p;—pu)

|#s=an+ ).
Therefore, in order to prove the nonvanishing of € (m) for m2 —gn+ 1, we may
show that ¢ (—qn+1)#0, evaluating its explicit value by means of the asym-
ptotic behaviour of % ;(m) for sufficiently large m.

From Lemmata 4.1 and 4.2, it is easy to see that

[P (m+r)  gi R (m+r)
YR (m) gi/¥(m)
9 Bm+1)

VB (m+r+1)

4.27) {1+0(m~(1/D)}

{1+0(m=/))

~ (A=D1 )= D {1+ O(m= 1 /D))
Using (4.27), we then obtain
(4.28) %, (m)~[ [T T1 g0 (m)]m i entan1)i2)

X V(A9 A0, A%, A9, A1, A9+ 1)

X {14+0(m~(1/D)}
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where Vandermonde’s determinant never vanishes since 1;# 4, (j# k), and more-
over, from (4.10) and (2.36),

9

4.29) [ T1 I1g¥Pm]

k=1

-~

[

T G (=D ((a—1)an Va1 o

~ -~ 7 "k —((1— I YA b

L 5oty I ( v, )
x {1+0(m~(11))

~(_ l)qn(3q+1)/2[: ﬁ li(l/q)(/lka)—(q(q_l)/2))"""1_“"”’1
k=1

X exp (_ R(’lka 0"«3-1,---, a’i))
xexp(—<m+1—uk+p,-——g—>log m+m)}
-n@a-1) (_4_ q"/2<_..Vq—1 )q" —(1/9)
X m (2n> 2 {1+0(m )}
Denoting, for simplicity, the nonzero constant by C,, we at last obtain

(4.30) € (—qn+1)

n F(m+qn+pj—pk) _< 3 __q_)
kI;II[: T'(pj—p+1) CXP{ m+1l—p+p; 5 10gm+m}]

X m~ (@t 24=3)2){C o+ O(m~(1/D)}

~Tl 1 _ i__3_) H
kﬂ[r(p,.—pﬁ])“p{(”k Pt~ )logm

X m(n(4n+24-3)2){C + O(m~(1/D)}

L rGmmrn o { Lmrora(3)|roem

X {Co+O0(m1/D)} |

The last expression namely means that

n 1
4.31 € (- D=/T] +o——
@.31) H—gn+1) [klglr(pj_pkﬂ)] Co
because of the invariant identity (3.38) in Lemma 3.1. Thus, we obtain ¥ (m)#0
for m= —qgn+1 under the assumption that p;— p, # integer (j#k). Obviously,
from (4.23), €,(—qn)=0 and hence, ¥(m)=0 for m< —qn. The proof of
Theorem 4.1 is thus completed.
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Now we shall state how to determine the Stokes multipliers in the following

THEOREM 4.2, The Stokes multipliers T'/'® (k=1,2,...,n: [=1,2,...,q)
are determined by the linear equations

q n . .
432) Gfn= 1‘:"1 k§1 TR 00 (r=—gn+1, —qn+2,..,0)
where

G(0)=1 and G/r)=0 for r<O0.

Then, the coefficients G{(m) (j=1, 2,..., n) are expressed in terms of the
linear combinations

(4.33) G (m) = él k‘; TER fORmy (=1, 2,...,n).

§5. Main results for the two point connection problem.

Now, making use of Theorem 4.2 in the previous section, we shall attempt to
partition the convergent power series solutions X (t) into gn fundamental func-
tions x{/:¥)(¢, 5) as follows:

(5.1 X,.(t)=§ocj(m)tm+m

ng,k)(i‘ f%i,k)(’n)tm+pj)

1 m=0

M=

-3

i=

-
x
[

s

T(lj,k)

i
M=
M=

H($)( 5 g (mts)ems)

]
—
x>

]
-
)

]

0

i
M=
M=

TEO P X0 ) (j=1,2,..., n)
s=0

-
1
-

k=1

where we, of course, put

(5.2) XP (e, 5)= 31 glP (m+s)emees
m=0
(j,k=1L2,.,n1=1,2,...,¢q).

In the above statement (5.1), the interchangeability of the order of the sums by s
and m is guaranteed by the absolute convergence of the double series
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(5.3) XY= iofﬁf'“(m)zwf

m=

3, ()X, 5)
s=0
(j,k=1,2,...,n:1=1,2,...,q).
In fact, we easily see
0 [v] 5
| 2 (3, B (s)g R (m+9))em+?]
m=0 s=0
<| 5 A 3 g P mts) 7|+ 35 g0 P (mt0)RY (m: 6)emos |
§=0 m=0 m=0
a QO . .
< 5 VK@ | 5 gihR Omts)mes| + M 3 | g0 (m o))
§=0 m=0 m=0
since the functions R{/>®)(m: ¢) are uniformly bounded as stated in the proof of

Lemma 4.2 and the functions x{/-¥)(¢, s) are entire.

Here we shall investigate the global behaviours of the functions X{/-¥(¢)
defined as in (5.3). From the global properties of the fundamental functions
x{5-8)(t, 5), we immediately obtain the following results.

THEOREM 5.1. Let ¢ be an arbitrarily large positive integer. In the
entire complex plane, the functions X'-O(t) (j, k=1, 2,..., n) admit the
asymptotic behaviours as fallows:

. k
(54)  X{"B()=exp (% 1 +‘;‘L_—IT R +a';t>t"k

x { 31 B (s)EmS+ O 1)} + 0P+ 1)
s=0
as t—oo in S;(A)

and

Ak

. k
(5.5) XYR@=0 ( exp (714 +qu—_11 O +a’{t> t"k‘”“1>

+O0@Piti 1) as t—oo in S;(4,) (i#]).

Proor. By means of the integral representation (2.6) for the fundamental
function, we have
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(5.6) X{R(t)= Z R (s)xi-P(e, s)+ Z} h"(s)x“ (¢, )

s=0

= £ B @x 0, 5)

+t”i+“‘131exp( i t(l—19)+ Z P t"(l—‘c"))
0

X [lkng’k)(T: — D]t #etrsta-24g

+ ¢Pita- ZS exp(l" ti(l—19) + Z t“(l “))

X [AF 0t =2) +ak_ (F9(r: — )] #etritd=34
+
' . 1 & q—1 ak .
+t”lg exp(T"t‘l(l—rq)-f- > #t“(]—t“))[ﬂhkﬂ”’"(r: —q)
0 u=1
+oak (FUR(1: —g+ 1)+ ok FYUB (1 —2)+
+ok F{B (7 — )] *tri-1dr
where we put
(5.7) FOO(z:my= 5 hk(s)g{ (s +m)zs .
s=g+1

In the above calculation (5.6) we used the termwise integration which is again
guaranteed by the fact that the power series in the right hand side of (5.7) is
absolutely and uniformly convergent in any compact domain of

0 jo] < A=Al 11

TW’ |2k_}“k| =§&i’§1|/1j‘/1k|

and hence, in the unit disk [7] <1 according to Theorem 4.1 and its proof.
Applying Theorem 2.5 to the first ¢ terms and Theorem 2.2 to the remaining
integrals in the right hand side of (5.6), we have
k g
(5.8) Z R (s)x$50(t, 5) = exp( %! +;“’—"lit"‘1 + - +cx’it>t“k > RR(s)tS
- s=0
+O(Pte1y
(5.9) S r(e)xPR(, 5) =0<exp( i}" ﬂ+Z“ T e )
s=ot+1

+ 0P+
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for sufficiently large values of ¢ in the sector S,(4,) and

(5.10) sgohk (s)xgj”‘)(t, §)=0(tPit4-1),

(5.11) i IR, 5) = 0(exp<'l tu,Z« Lt +a1t>t“" o )

s=o+
+ O(tl’j+ll—1)

in the sector S;(4,) for i#~/. Thus the statements in Theorem 5.1 are derived
by combining (5.8) with (5.9) and (5.10) with (5.11).
Now we put

q . N
(5.12) XUR@= 3 TYRXGRG)  (jk=1,2,...,n)

and consider their asymptotic behaviours in the entire complex plane.

For a fixed index k, the sectors S;(4,), S,(4), ..., S,—1(%4) and S (4,) cover
the whole complex plane. Hence, if ¢ is sufficiently large, then t necessarily lies
in some sector S,(4;) and, according to Theorem 5.1, we have

(5.13) X‘f"‘)(t)~T§j”‘)exp<'1q" ,q+;q gty +a"t>t“’<

x {sgo RS+ 0@ 1)}

+0<Z T "’exp('1 t4+Z" 111'1—1+...+arit>tuk—a—1>

+ O(tp,-+II— 1)

) k
~ Tﬁ’s")exp<%t‘l+zqﬁtq‘l + e +a’{t>t“k

) {sgohk(s)‘_“fo(f““)} +O0(@tP971) |

In other words, we can say that among g functions expressing the function X (/-¥)(f)
one and only one function has the principal asymptotic behaviour and the remain-
ing (g —1) functions are absorbed in that principal one.

We can at last obtain the main results of this paper by means of the decom-
position relation (5.1), i.e.,

X 0= 5 X000 (j=1,2....m)
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and state them in the following final theorem.
THEOREM 5.2. Suppose that
(i) py—pestinteger (j#K),
(ii) p;j—w#integer, and

A4l o (GGER) (k=1,2,..., n).
— Ak

If t is sufficiently large, then t necessarily lies in some sector
(5.14) S(lys 1255 1) =S, (A) NS, (A) N - N S ()

where 1£1,,1,,..., [,=q and N means the usual notation of the intersection, and

n . k
(5.15) X, (t)~ 3 T4 exp <_’;L e gﬂ‘—llt““ . +a';t> e
k=1 -

X {SZI:O RE ()5 + 0o~ 1)} + O+ 1)

as toow in S(y, 1505 1,) (j=1,2,..,n).

In particular, if the exponential functions in the asymptotic expression (5.15)
for all k are dominant over the powers of t in the sector S(I,, I,,..., 1), we
then have the exactly desirable asymptotic relations

(5.16) Xt~ 3 T4 Xk (1)

k=1

as t—-ow in Sy, 1.5 1) (j=1,2,...,n).

References

[1] G.D. Birkhoff: Collected mathematical papers, Dover, 1968.

[2] B.L.]J.Braaksma: Asymptotic expansions and analytic continuations for a class of
Barnes-integrals, Compositio Math., 15 (1964), 239-341.

[3] B.L.J.Braaksma: Asymptotic analysis of a differential equation of Turritin, SIAM
J. Math. Anal., 2 (1971), 1-16.

[4] N.G. deBruijn: Asymptotic methods in analysis, North-Holland Publishing Co.,
1958.

[5] A. Erdélyi: The Fuchsian equation of second order with four singularities, Duke Math.
J., 9 (1942), 48-58.

[6]1 J. Heading: The Stokes phenomenon and certain rn-th order differential equations,
I, I1, Proc. Camb. Phil. Soc., 53 (1957), 399-418, 56 (1960), 329-341.

[7]1 K.Heun: Zur Theorie der Riemann’schen Funktionen zweiter Ordnung mit vier
Verzweigungs-punkten, Math, Ann., 33 (1889), 161-179,



338

[8]

{91

[10]

(1]

[12]

[13]
[14]

[15]
[16]

(17]

[18]
[19]
[20]

(21]
f22]

(23]
[24]

[25]

{26]

Mitsuhiko Kouno

H. W. Knobloch: Zusammenhinge zwischen konvergenten und asymptotischen
Entwicklungen bei Losungen linearer Differentialsysteme vom Range Eins, Math.
Ann., 134 (1958), 260-288.

M. Kohno: A two points connection problem involving logarithmic polynomials,
Publ. R.I.M.S., Kyoto Univ., 2 (1966), 269-305.

M. Kohno: The convergence condition of a series appearing in connection problems
and the determination of Stokes multipliers, Publ. R.I.M.S., Kyoto Univ., 3 (1968),
337-350.

M. Kohno: A two point connection problem for n-th order single linear ordinary differ-
ential equations with an irregular singular point of rank two, Jap. J. Math., 40 (1970),
11-62.

M. Kohno: Stokes phenomenon for general linear ordinary differential equations with
two singular point, Japan-United States Seminar on Ordinary and Functional Equa-
tions, Lecture Notes in Mathematics, 243, Springer-Verlag, 1971, 310-313.

R. E. Langer: The solutions of the differential equations »”"' 4 2%z0’+3p4%20=0, Duke
Math. J., 22 (1955), 525-542.

K. Okubo: A global representation of a fundamental set of solutions and a Stokes
phenomenon for a system of linear ordinary differential equation, J. Math. Soc. Japan,
15 (1963), 268-288.

K. Okubo: A connection problem involving a logarithmic function, Publ. R.I.M.S,,
Kyoto Univ., 1 (1965), 99-128.

K. Okubo: Two point connection problem for a system of first order linear ordinary
differential equations with a singular point of rank two, Proceedings of United States-
Japan Seminar on Differential and Functional Equations, Benjamin, 1967, 559-566.
K. Okubo: Connection problem for systems of linear differential equations, Japan-
United States Seminar on Ordinary Differential and Functional Equations, Lecture
Notes in Mathematics, 243, Springer-Verlag, 1971, 238-248.

O. Perron: Uber einen Satz des Herrn Poincaré, J. Reine. Angew. Math., 136 (1909),
17-37.

O. Perron: Uber die Poincarésche lineare Differenzengleichungen, J. J. Reine. Angew.
Math., 137 (1910), 6-64.

O. Perron: Uber das Verhalten der Integrale linearer Differenzengleichungen im
Unendlichen, Jber. Deutsch. Math. Verein., 19 (1910), 129-137.

B. Riemann: Collected works of Bernhard Riemann, Dover, 1953.

G. G. Stokes: On the discontinuity of arbitrary constants which appear in divergent
developments, Trans. Camb. Phil. Soc., 10 (1857), 106-128.

H. L. Turrittin: Stokes multipliers for asymptotic solutions of a certain differential
equation, Trans. Amer. Math. Soc., 68 (1950), 304-329.

H. L. Turrittin: Stokes multipliers for the differential equation y*’ —y/x=0, Funk.
Ekv., 9 (1966), 261-272.

H. L. Turrittin: Stokes multipliers for the equation 4’y _;Lz=0, Analytic theory of

dx®

differential equations, Lecture Notes in Mathematics, 183, Springer-Verlag, 1971, 145-
157.

E. M. Wright: The asymptotic expansion of integral functions defined by Taylor series,
Phil. Trans. Roy. Soc. London, A 238 (1940}, 423-451.

Department of Mathematics,
Faculty of Science,
Hiroshima University



