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Abstract. The aim of this paper is to prove a type of uniqueness for the Dirichiet
problem on a cylinder the special case of which is a strip in the plane. By defining
generalized Poisson integrals with certain continuous functions on the boundary of a
cylinder, we shall investigate the difference between them and harmonic functions having
the same boundary value. Given any continuous function on the boundary of a cylinder,
we shall also give a harmonic function with that function as the boundary value.

1. Introduction. Let R be the set of all real numbers. The boundary and the
closure of a set S in the n-dimensional Euclidean space R" (n>2) are denoted by S and
S, respectively. Given a domain G < R" and a continuous function g on 8G, we say that
h is a solution of the Dirichlet problem on G with g, if 4 is harmonic in G and

lim  h(P)=g(Q)
PeG,P—Q
for every Qe dG. If G is a bounded domain and g is a bounded function on 4G, then
the existence of a solution of the Dirichlet problem and its uniqueness is completely
known (see, e.g., [8, Theorem 5.21]). When G is the typical unbounded domain

T,={(X,y)eR"; XeR" !, y>0},

the solution of the Dirichlet problem on T, with a continuous function on 87, was given
by using the (generalized) Poisson integral in Armitage [ 1], Finkelstein and Scheinberg
[5] and Gardiner [6], etc. But the uniqueness of solutions was not much considered
until Siegel [11] picked up this problem. Helms [9, p. 42 and p. 158] states that even
if g(X) is a bounded continuous function on 07T, the solution of the Dirichlet problem
on T, with g is not unique and to obtain the unique solution H(P) (P=(X, y)e T,) we
must specify the behavior of H(P) as y — oo. After Siegel gave a type of uniqueness of
solutions, Yoshida [16] proved the same result under less restricted conditions. All
these results were extended in Yoshida and Miyamoto [17] to the case where G is a
cone. Since T, is regarded as a special cone, we can say that a cone is one of typical
unbounded domains.
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There is another typical unbounded domain which is a cylinder
r(D)=DxR

with a bounded domain D < R"™ !, The existence and the uniqueness of solutions of the
Dirichlet problem on I',(D) with a continuous function on éI" (D) are worth inquiry.
In this direction, Yoshida [15] proved the following Theorem A. To state it we need
some preliminaries.

Consider the Dirichlet problem

(1.1) A,_,+A)f=0 in D
f=0 on dD

for a bounded domain D=R"™! (n>2), where A, =d?/dx?. Let AD, 1) be the least
positive eigenvalue of (1.1) and f2(X) the normalized eigenfunction corresponding to
AD, 1). In order to make the subsequent consideration simpler, we put a strong as-
sumption on D throughout this paper: If >3, then D is a C>*-domain (0<a<1) in
R"~! surrounded by a finite number of mutually disjoint closed hypersurfaces (for
example, see Gilberg and Trudinger [7, pp. 88-89] for the definition of C?**-domains).
Let Gy py(P;, P,) be the Green function of I' (D) (P,, P,eI'(D)) and 0G (P, Q)/dv
the differentiation at Q € oI' (D) along the inward normal into I',(D) (P e I" (D)).

Given a function F(X, y) on I' (D), we denote by N(F)(y) the function of y defined
by the integral

f F(X, ) fP(X)dX ,
D
where dX denotes the (n— 1)-dimensional volume element. We write
Ho(N(F))=lim exp(—/ XD, Hy)N(F)(y)
y— o
and
no(N(F))=lim exp(\/A(D, Dy)NF)y),
y—— o

if they exist.

THEOREM A (Yoshida [15, Theorem 6]). Let g(Q) be a continuous function on
or (D) satisfying

(1.2) f exp(—+/AD, 1)Iyl)<f Ig(X,y)|d6x>dy<oo,
— 0 éD

where doy is the surface area element of 0D at X and if n=2 and D=y, 6), then
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f Lg(X, y) dox=1g(y, y) | +14(3, y)| .
éD

Then the Poisson integral

_ 15}
PIg(P)=cn ! J‘ g(Q)a—GF,.(D)(P’ Q)do-Q
o (D) v

is a solution of the Dirichlet problem on I (D) with g, where
{Zn (n=2)
Cp=
(n—2)s, (n=>3) (s, is the surface area of the unit sphere S"~ ')

and do o is the surface area element on oI' (D) at Q. Let h(P) be any solution of the Dirichlet
problem on I' (D) with g. Then all of the limits uy(N(h)), no(N(h)) (— o0 <puo(N(h)),
No(N(R) < 00), o(N(1 R 1)) and no(N([R 1)) (0< puo(N( 1), no(N(| h1) < o0) exist, and if

(1.3) uo(N((h))<oo and no(N(h[))<o0,

then
h(P)= PI,(P)+(uo(N(h)) exp(y/ AD, 1)y) + no(N(h)) exp(—/ AD, D) fL(X)
for any P=(X, y)e I (D).

This Theorem A shows that under the conditions (1.2) and (1.3) the existence and
a type of uniqueness of solutions for the Dirichlet problem on I' (D) can be proved,
respectively.

If n=2, then I' (D) is a strip. The strip I',((0, n)) with D=(0, =) is simply denoted
by I',. With respect to the Dirichlet problem on I',, Widder obtained:

THEOREM B (Widder [13, Theorems 1 and 3]). If g{t) (i=1,2) is a continuous
function on R satisfying

(1.4) f 1940 lexp(— | Ehdt <o |

then

o0

1 (= 1
H(T'3; g1, 95)(x, y)=EJ P(x, t—y)g,(t)dt +-2;J P(n—x, t—y)g,(t)dt

— oo

sin x
Plx, yy=——"—
cosh y—cos x

is a harmonic function in T, and a continuous function on I', shuch that

H(I;}; 91.9:)0,)=g,(y) and H(I';; g1, g,)m y)=g,(3)  (—o0o<y<o0).
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If h(x, y) is a harmonic function in I, and a continuous function on T, such that

hO,y)=g,(»), hm y)=g,(y) (—oo<y<oo)

and

J [h(x, y)|dx=0(") (|- o0},

0

then

h(x’ y):H(FZ; 919 g2)(xa y) on TZ

Though by a conformal mapping a strip is reduced to T, which was treated in
[17] as a special case, it may be of interest to treat this case independently as a special
case of cylinders.

In this paper, the first parts of Theorems A and B will be extended by defining
generalized Poisson integrals with continuous functions under less restricted conditions
than (1.2) and (1.4) (Theorem 1 and Corollary 1). We shall also prove that for any
continuous function g on éI'(D) there is a solution of the Dirichlet problem on I',(D)
with g (Theorem 2 and Corollary 2). The results (Theorem 3 and Corollary 3) which
generalize the second parts of Theorems A and B will be connected with a type of
uniqueness of solutions for the Dirichlet problem on I',(D).

2. Statements of results. We denote the non-decreasing sequence of positive
eigenvalues of (1.1) by {A(D, k)}~ . In this expression we write A(D, k) the same number
of times as the dimension of the corresponding eigenspace. When the normalized
eigenfunction corresponding to A(D, k) is denoted by £P, the set of sequential eigen-
functions corresponding to the same value of A(D, k) in the sequence {f;°}, makes
an orthonormal basis for the eigenspace of the eigenvalue A(D, k). We can also say that
for each D<R"™! there is a sequence {k;} of positive integers such that k,=1,
AD, k) <AD, k;..1)

AD,k)=MD, k;+1)=MD, k;+2)="---=AD, ki1 —1)
and {f2,f2+1... .. 2., -1} is an orthonormal basis for the eigenspace of the eigenvalue
AD, k) (i=1,2,3,...). It is well known that k,=2 and f2(X)>0 for any XeD (see
Courant and Hilbert [3, p. 451 and p. 458]). With respect to {k;}, the following Example
(2) shows that even in the case where D is an open disk in R?, not the simplest case

k;=i(i=1,2,3,...), but more complicated cases can appear. When D has sufficiently
smooth boundary, we know that

MD, k)~ A(D, n)k*/" =1 {k— o0)

and
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Y {f2(X)}2~B(D, n)xtn~ 12 (x = o)
MDDk x
uniformly with respect to X € D, where A(D, n) and B(D, n) are both constants depending
on D and n (see, e.g., Weyl [12] and Carleman [2]). Hence there exist two positive
constants M, M, such that

2.1 M K~ D < J(D, k) k=1,2,3,..)
and
(2.2) LX) | <M, k'/? (XeD,k=1,2,3,..)).

We remark that both

exp(~/AD, Y f2(X) and exp(—/AD, k)y)f2(X) k=1,2,3,..))

are harmonic on I',(D) and vanish continuously on oI',(D).

For a domain D and the sequence {k;} mentioned above, by I(D, k;) we denote the
set of all positive integers less than k; (i=1, 2, 3,...). Even if I(D, k,)= ¢, the summation
over I(D, k,) of any function S(k) of a variable k£ will be used to mean

Y Sk)=0.

kelI(D,k,)
ExampLes. (1) Let D=(0,n). Then (1.1) is reduced to finding solutions f{(x)
(0 <x<m) such that

d*f (x)
dx?

+Af(x)=0 O<x<m)

and

f(O)=f(m)=0.
It is easy to see that k=i, A(D, k)=k? and f2(x)=./2/n sinkx (k=1,2,3,...).
(2) ILet D={(x,y)eR*; x*+y*<1}. Let {, .}, be an increasing sequence of
positive real numbers a, ,, such that

Jn(an,m)=0 (n=0, 1, 2a”~),

where J,(z) is the Bessel function of order a. If the spherical coordinates x=rcos¥9,
y=rsinf (0<r<1,0<0<2n) are introduced, then J,(«, .r)cosnd and J,(«, ,r)sinnd
(n#0,m=1,2,3,..)) are two eigenfunctions coresponding to the eigenvalue A=o?,
(see Courant and Hilbert [37). Since we do not know how the zeros of the Bessel func-
tions distribute, we cannot explicitly determine the sequence {k;} with respect to this D.

The Fourier coefficient
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f FX)fo(X)dX

of a function F(X) on D with respect to the orthonormal sequence { £2(X)} is denoted
by ¢(F, k), if it exists. Now we shall define generalized Poisson kernels. Let / and m be
two non-negative integers. For two points P=(X, y)e I (D), O =(X*, y*)e oI' (D), we put

(2.3) W(TI,(D),1)P, Q)
= Y exp(/UD, k)e((Hyo)1, ) FAX) exp(y/ AD, k)y) exp(—/ UD, k)y*)

kel(D.,k;+ 1)

and

(24) K(T(D), m\P, Q)
= Y exp(/AD, A(Hy)y, k) fE(X) exp(—/UD, k)y) exp(y/ UD, k)y*) ,

keI(D.kp +1)

where
0
(Hxd(X)=c, ! EGF,.(D)((X, 1), (X*0).

We remark that V(I (D), [)(P, Q) and V(I" (D), m)(P, Q) are two harmonic functions of
Pel' (D) for any fixed Qeél' (D). We introduce two functions of PeI'(D) and Q=
(X*, y*)eal’ (D)

VD), Pr,Q  (*=0)

WD), 1P, )= {0 o*<0)

and

wrD),myp,Q)  (*<0)
0 (*>0).

The Poisson kernel K(I" (D), I, m}P, Q) with respect to I',(D) is defined by

__W(Fn(D)a m)(P’ Q):{

0 _
K(T' (D), l,m}P, Q)=c, EGT"(D)(Pa Q)—WA(I (D), IXP, Q)— W(I'" (D), m}P, Q) .
We note

0
K(I(D),0,0)P, Q)=c, ! e Gr,m(P, Q).

Let p, ¢ be two non-negative integers and I(y) a function on R. The finite or infinite
limits
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lim exp(—+/A(D, k,+)y)I(y) and lim exp({/AD, k,. )V)I(y)
y— o y—= —
are denoted by pu,(I) and n,(I), respectively, when they exist.

THEOREM 1. Let [, m be two non-negative integers and g(Q)= g(X*, y*) a continuous
Sfunction on oI (D) satisfying

2.5) Jw exp(—+/AD, ki . 1)Y*)< f [g(X*, y*)| dox*)ﬂb’* <
éD

and

f exp(y/AUD, Ky + 1)y*)< f |g(X*, y*)| dax*>dy* <o
— oD

Then

H(I' (D), I, m; g{P)= g QK(I,(D), I, m}(P, Q)do,

orn(D)

is a solution of the Dirichlet problem on I' (D) with g satisfying
(2.6) w(N(H( (D), I, m; g) ) =n(N(H(I'(D), I, m; g))}=0.

If n=2 and D=(0, n), then we immediately obtain the following Corollary 1 which
generalizes Theorem B.

COROLLARY 1. Let I, m be two non-negative integers and let g,(y*), g,(y*) be two
continuous functions on R satisfving

@.7) f "1 gi#) | exp(— 1+ 1y*)dy* < oo

and

J lgy*)lexpl(m+1)y*)dy* <o (i=1,2).
Then
H(F23 la m; gl’ g2)(x9 y)

= J g1(y*)K(I 3, I, m)((x, y), (O, y*))dy* + J i gy*)K(Iy, I, m)(x, y), (7, y*))dy*

0

is a harmonic function in I, and a continuous function on I, such that

H(T 5, 1, m; g4, 92)(0, y*¥)=g,(»*)
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and

H([ 5, Lm; gy, go)(m, y*)=g,(0%) (—oo<y*<o0).

To solve the Dirichlet problem on I',(D) with any function g(Q) on oI",(D), we shall
define another Poisson kernel. Let ¢(t) be any positive continuous function of t>0
satisfying

(0)=exp(—+/4D, 1)).
For a domain D<= R"™! and the sequence {A(D, k;)}, denote the set
{t=0; exp(—/AUD, k)= o(t)}

by S(D, ¢, i). Then 0 € S(D, ¢, 1). When there is an integer N such that S(D, ¢, N)# & and
S(D, @, N+ 1)= (7, denote the set {i; 1 <i< N} of integers by J(D, ¢). Otherwise, denote
the set of all positive integers by J(D, @). Let t(i)=#(D, ¢, i) be the minimum of elements
t in S(D, @, i) for each ie J(D, ¢). In the former case, we put (N + 1)=co. Then #(1)=0.
We define W(T' (D), ¢)(P, Q) (Pe T (D), Q=(X*, y*)earl (D)) by

. _ 0 (y*<0)
WD), )P, Q)= { V(I (D), (P, Q) ()<y*<u(i+1),ieJ(D, ¢)).

We also define W(I',(D), ¢)(P, Q) (PeTI'\(D), Q=(X*, y*)edl',(D)) by
0 (*>0)
F =
HEAD) oXF-©) {_V(F,,(D), )P, Q) (—ti+1)<y*<—1(i), ieJ(D, ).
The Poisson kernel K(I' (D), )P, Q) (Pe I (D), Qe ol (D)) is defined by

0 _
K(Fn(D)9 ¢)(P7 Q)=Cn_ IEGF"(D)(P’ Q) _W(FH(D)’ (p)(P’ Q)_LV(Fn(D)’ (p)(P’ Q) .

Now we have:

THEOREM 2. Let g(Q) be any continuous function on OI' (D). Then there is a positive
continuous function ¢(t) of t >0 depending on g such that

H(I'\(D), ¢; g)(P)= g(Q)K(I',(D), p)(P, Q)day
oT'n(D)
is a solution of the Dirichlet problem on I' (D) with g.

If we take n=2 and D=(0, n) in Theorem 2, we obtain:

COROLLARY 2. Let g,(y*) and g,(v*) be two continuous functions on R. Then there
is a positive continuous function ¢(t) of t=0 depending on g, and g, such that
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H(I',, ¢; g1, 92)(x, y)

[ e}

= J 01(y*)K(an (p)((x, y)a (0’ y*))dy* + \[ gZ(y*)K(Fb (p)((x’ y)’ (TC, Y*))dY*

is a harmonic function in I', and a continuous function on I', satisfying
H(I'5, ¢ 91, 92)0, y*)=9,(0®)

and

H(Ty, ¢; g1, 92)(m, y¥)=g,(y*) (—o0<y*<0).

THEOREM 3. Let I, m be two non-negative integers and let p, q be two positive
integers satisfying p=>1, g=>m. Let g(X*, y*) be a continuous function on oI (D) satisfying
(2.5). If W(X, y) is a solution of the Dirichlet problem on I (D) with g satisfying

(2.8) UAN(h)=0 and n(N(Hh*)=0,
then
hX, y)=H(T (D), l, m; g}P)

+ Y AWexp(JAUD, Y 2X)+ Y. Byh)exp(—/AD, k)y) fX(X)

kel(Dkp+1) keI(D,kg+1)
for every P=(X,y)eTl (D), where Ayh) (k=1,2,...,k,,,—1) and By(h) (k=1,2,...,
k,+1—1) are all constants.

If we take n=2 and D=(0, n) in Theorem 3, then we have:

COROLLARY 3. Let I, m be two non-negative integers and let p, q be two positive
integers satisfying p>1, q>m. Let g,(y*), g,(y*) be two continuous function on R satisfying
2.7). If h(x, y) is a harmonic function in I', and a continuous function on I, such that

hO, y*)=g,(y*) and hm y*)=g,(y*) (—oo<y*<oo),

and

lim exp(—(p+ l)y)j h*(x, y)sinxdx= lim exp((q+ l)y)J h*(x, y)sin xdx=0,
y—w 0 yo> - 0
then
P q
hx, y)y=H(I'2, L m; g1, g2)x, y)+ ). A explky)sinkx+ Y By(h)exp(—ky)sin kx
= k=1

k=1

for every (x, y)e 5, where A (hy (k=1,2,...,p)and B(h)(k=1,2,..., q) are all constants.

3. Proof of Theorems 1, 2 and 3. Given a domain D on R""! and an interval
IR, the sets {(X,y)eR"; XeD,yel} and {(X* y)eR"; X*edD, yel} are denoted
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by I'(D; I) and S,(D; I), respectively. In the following, S,(D; (— oo, o)) (=0I,(D)) will
be simply denoted by S.(D).

LEmMMA 1. Let h(X, y) be a harmonic function in I' (D ; (0, c0)) vanishing continuous-
ly on S,(D; (0, o0)). For any fixed y, 0 <y <0, define the function h(X) in D by h(X)=
WX, y). Then

c(hy, k)={(exp(/ 4D, k)(y — y)) —exp(s/ AD, k)y> — y)c(h,,, k)
+(exp(\/ UD, k)y, — y)—exp(y/ AUD, k)y — y,))e(hy,, k)}
x {exp(y/UD, k)y1 — y2)) —exp(y/AD, k)(y,—y.))} 7

Jor any given y,, y, (0<y,<y,<o0) and
lim c(h,, k) exp(—+/A(D, k)y)
y—

exists (k=1,2,3,...).

Proor. First of all, we note that A(X, y) is continuously differentiable twice on
{(X,y)eR"; XeD,0<y< o} (see Gilbarg and Trudinger [7, p. 105]). Now, by dif-
ferentiating twice under the integral sign, we have

ﬁzc(hy, k) _f Gzhy(X)
ay* D ay*

SAX)AX = —J A, h(X) fA(X)dX .

D
Hence, if we observe from the formula of Green that
J (An— 1 (X)) AA(X)dX =J hy(X YA, - fR(X)dX ,
D D

we see that

&c(h,, k
—;y;—) = A(D, K)e(h,, K)

for any y, 0 <y <oo. This gives

clhy, k)= A(h)exp(/ AD, k}y)+ By(h)exp(—/AD, k)y)  (0<y<oo),

Ai(h) and By(h) being constants independent of y. Since c(h,, k) takes a value c(h,, k) at
a point y; (i=1, 2), the conclusion of Lemma 1 follows immediately.

LEmMMA 2. Let H(X, y) be a harmonic function in I (D ; (0, 00)) such that H(X, y)
vanishes continuously on S (D (0, o0)) and converges uniformly to zero as y— oo. Then
for any non-negative integer j we have
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HX, y)— ). exp/AD, (1 —y)e(H,, K fAX)]

ke I(Dk;+ 1)
<Ly(H)exp(/AD, kjs)(1—-y)  (1<y<o),
where H(X)=H(X, 1) and L (H) is a constant dependent only on H.
Proor. Put H(X)=H(X, y)for any fixed y (0 <y < o0). We see from Lemma 1 that
c(H,, k)={(exp(/ AD, k)y —y,)) —exp(y/ UD, k)y, — y))e(H,,, k)
+(exp(y/ UD, k)y, — y) —exp(/ AD, k\y— y:1)))e(H,,, k)}
x {exp(y/ UD, k)y1 —y2)) —exp(y/ AD, kYy, —y )}

for any y, and y, (0<y, <y, <o0). Since c¢(H
we obtain

(CRY c(H,, k)=exp(y/ XD, k)y, —y)e(H,, k) (0<y,<o0).
Here we have from (2.2) that

o k)= 0 (y, - 00) from the assumption,

(3.2) |e(H,,, k)| SJ |H, (X)f2(X)|dX <Mk'?|D| max | H(X, y,)|,
D €

where | D | is the volume of D. It follows from (2.1), (2.2), (3.1) and (3.2) that

0

(3.3) Zl | c(H,, k) fP(X)]

k=
SM§|D|r;3a;tH(X,y1)| Y kexp(y/ M KM~y —y)  (y,<y).
€ k=1

Hence, if we take a number y, satisfying 0 <y, <y, then we know from (3.3) and the
completeness of the orthonormal sequence { f;’(X)} that

Q0

(34 2. o(H,, BfX(X)=H(X, y)

k=1

for any X eD.
If we put

L,(H)=M?| D |max
XeD

H(X, %) Y kexp(—%« /Mlk”‘"‘”>
k=1

and take y=1, y, =1/2 in (3.3), then we obtain from (3.3) that

(3.5 ki |e(Hy, DA< Ly(H) -

If 1 <y <o, then by taking y, =1 in (3.1) we have from (3.4) and (3.5) that
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‘H X, 90— Y exp(y/AD, k)1 —y)e(H . KAX )\

keI(Dkj+ 1)

={H(X,y)— Y, cH,k) kD(X)‘

kel(Djkj+1)

J+1

<exp(y/AD, kj H1—y)) 2 o(Hy, k) f2(X) | < Ly(H) exp(/ UD, kj N1 —))

which gives the conclusion.

o(H,, k)X )} exp(y/ UD, kY1 =) | o(Hy, k) f2(X)]

k k=kjs1

LeEmMMA 3. For a non-negative integer | (resp. m) we have

<L, exp(— \//W),—M(J’* —y)

0 _
¢ ——Gr,w(P, Q)= V(T(D),IXP, Q)

ov
(resp.

for any P=(X, y)eI',(D) and Q=(X*, y*)eS(D) satisfying y*—y>1 (resp. y—y*>1),
where L, (resp. L)) is a constant independent of P and Q.

¢! %Gr,.(b)(l’, Q)— V(T (D), m)P, Q)' <Ly exp(—/AD ks —Y*>>

PrOOF. Since
Gr,o((X, ), (X, yN=Gr,p((X, y—y) (X, 0) (X, (X' y)el (D)),

it is easy to see that
0 * % d * *
(3.6) EGF,.(D)((Xa Vh(X*,y ))=EGF,.(D)((X9 ly—y*I), (X*,0).
We remark that
L0
HydX,y)= 8 Gr,,(D)((X ¥), (X*,0)

is a harmonic function of (X, y')eI' (D) such that H,. vanishes continuously on S,(D)—
{(X*, 0)} and tends uniformly to zero as y' — co (see [15, p. 394]). If we apply Lemma
2 to HydX, y) and put y'=y*—y (resp. y' =y—y*),

L, =exp(y/AD, k; 1) max Li(Hys) (resp. Ly=exp(y/MUD, kp+ 1)) max Li(Hy),

then we obtain the conclusion from (3.6) and (2.3) (resp. (2.4)).
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Lemma 4. Let @(t) be a positive continuous function of t>0 satisfying ¢(0)=
exp(—~/AD, 1)) and put L', =maxy._,p Li(Hys). Then

0

et = Gy, (P, Q)—W(T (D), )P, Q)‘ <Lio(y*)

<resp.

for any P=(X, y)e (D) and Q=(X*, y*) e S (D) satisfying

0
Cn_lgv‘Gr,.(D)(P» Q)—W(I" (D), p)P, Q)

<MM—WO

3.7 y*>max(0, y+2) (resp. y* <min(0, y—2)).

Proor. Takeany P=(X, y)eTI'(D)and Q=(X*, y*)e S,(D) satisfying (3.7). Choose
an integer i=i(P, Q)e J(D, ¢) such that

(3.8) i <y*<t(i+1) (resp. —ti+ D <y*< —1(i)).
Then
WAL (D), ¢)(P, Q)= (T (D), iYP, Q) .
(resp. W(I'(D), 9)(P, Q)= V(I'(D), i)(P, Q) .
Hence we have from Lemma 3, (3.7) and (3.8) that

¢t iGr,,(m(P, Q)—WT (D), )P, Q)’
0
Cn_lgGF"(D)(I{ Q)—-E/(rn(D)’ (P)(P, Q)‘

ov
(resp.
SLiexp(—/AD, ki )y —y*) < Lio(— y*))

<Liexp(—/AD, ki Jy* —y) <Lio(y*)
which is the conclusion.

LEMMA 5. Let g(Q) be locally integrable and upper semicontinuous on S,D). Let

W (P, Q) be a function of PeI' (D), Q € S,(D) such that for any fixed P e I',(D) the function
W(P, Q) of Qe S{D) is a locally integrable function on S{D). Put

0
-1
K(P,Q)=c, 3

TGF"(D)(P9 N—-W(P,Q) (Perl,(D),QeS,D).

Suppose that the following (1) and (11) are satisfied:
(1) For any Q*eS,(D) and any >0, there exist a neighbourhood U(Q*) of Q* in R"
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and two numbers Yi*, Y;* (— oo < Y{* < Y;* <o) such that
Sn(D; (Y3, 0))
and

f |9(QK(P, Q)| dog<e
Sn(D; (= ,Y1))

for any P=(X, y)eI' (D) n U(Q*).
(I1) For any Q*eS,(D) and any two numbers Y,, Y, (—0o <Y, <Y, <o),

P-Q*Pel'n(D)

fim sup f QW (P, Q)| dop=0.
Sn(D;(Y1,Y2))

Then

P—Q*Pel, (D)

lim sup f g(Q)K(P, Q)doy <g(Q*)
Su(D)

Jor any Q*e S,(D).

Proor. Let Q*=(X*, y*) be any fixed point of S, (D) and let ¢ be any positive
number. Choose two numbers Y*, Y;* (— o0 < Y* < y* < Y;* < o0) and a neighbourhood
U(Q*) from (I) such that

(3.9 f |g(Q)K(P, Q)|doy<e/4,
Sn(D; (Y3, 0))

J |g(Q)K(P, Q) |dogy<e/4
Sn(D;(~,¥})

for any P=(X, y)e ' (D) n U(Q*). Let & be a continuous function on S,(D) such that
0<®<1 and

¢_{1 on S, D;[Y* Y]
0 on SD;[Y*+1,0)uSD; (-0, Y*~1]).

Let G}, (P, Q) be the Green function of I'(D; (—j, ) (j is a positive integer). Since
the positive harmonic function II{P, Q)=Gy, (P, Q)— G}, (P, Q) converges mono-
tonically to 0 on I',(D; (—j,j)) as j— o0, we can find an integer j*, —j*<Y*—1 and
j¥>Y*+1 such that

(3.10) et doy<efd

| B(Q)(Q)] laﬂnﬁ(a 0
vV

L,.(D;(Y?— 1,Y3+1))
for any P=(X, y)e I' (D) n U(Q*). Thus we have from (3.9) and (3.10) that
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(3.11) f 9(QK(P, Q)doy<c, ' f (P(Q)g(Q) G’rnw)(P Q)da,
Sn(D) Sn(Di(Y1—1,Y2+1))
_ 0
+c, ! f ¢(Q)g(Q)7H #P,Q)|dag
SnD; (Y5 —1,Y5+1)) v
; j QW (P, Q)ldog
Sn(D; (Y] —1,Y3+1))
+ ZJ |g(Q)K(P, Q) |doy+2 f |9(Q)K(P, Q) |do,
Sn(D;(Y3,00)) Sn(D;(— 0,Y1))

<c, ! j ¢(Q)g(Q)—G,—"(D)(P > Q)dGQ
Sa(D; (Y1 —1,Y3+1))

5
+ j g Q)W (P, Q)|doy+—¢
Su(D; (Y1—1,Y3+1)) 4

for any P=(X, y)e I'(D)n U(Q*). Consider the Perron-Wiener-Brelot solution H (P;
I'(D; (—j* j*)) of the Dirichlet problem on I',(D; (—j*,j*)) with the upper semicon-
tinuous function
{J’(Q)Q(Q on S,(D;[Y*—1, ¥;*+1])

on OF(D; (—j*j*)—S,D; [Y*—1, V;*+1])

on oI (D; (—j*, j*)). Then we know that

V(@)=

-1

Cn ¢(Q)g(Q) G’*(D)(P Qoo =Hy(P; I'(D; (—=j*j*))

L,.(D;(Y‘{ -1,Y3+1))
(see Dahlberg [4, Theorem 3]) and that

limsup Hy(P; I'(D; (—j* ,J*)))<Q11f2))sup V(Q)=9(2%)

Peln(D),P-Q*

(see, e.g., Helms [9, Lemma 8.20]). Hence we obtain

. a .
limsup ¢! J HQ)g(Q)—GF.(p)(P, Q)doy <g(Q*) .
SpD; (Vs —1,¥Y5+1)) ov

Pel'n(D),P—Q*
With (3.11) and (II) this gives the conclusion.

LEMMA 6 (Miyamoto [10, Theorem 2]). Let p, g be two positive integers and
h(X, y) a harmonic function in I' (D) vanishing continuously on S,D). If h satisfies

(3.12) m(N()=0 and nN(H)=0,

then
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kp+|—1

kgei—1
h(X, y)= Z Alh)exp(y/ AUD, k)y) f2(X) + k; By(hyexp(—~/ 4D, K)y) f(X)

Jor every (X, y)eI' (D), where Ai(h) (k=1,2,...,k,.;—1D)and By(h) (k=1,2,...,k, 1 —1)
are all constants.

ProoF oF THEOREM 1. First of all, we shall show that H(I' (D), I, m; g)P) is a
harmonic function on I' (D). For any fixed P=(X, y)e I' (D), take two numbers Y, and
Y, satisfying Y, >max(0, y+1) and Y, <min(0, y—1). Then

(3.13) f 19(0) || K(TD), L, m(P, Q) | dorg
Sn(D; (Y2, + w))

J:‘in(l); (Y2, + )

L, exp(y/ D, ky4 1)) J exp(—+/ A(D, kz+1)Y*)<J

oD

6
Gr,.(D)(P Q)— V(F AD), )(P, Q) daQ

IA

| g(X*, y*)| dax*> dy* < oo

and

(3.14) J [9(Q) || K(I',(D), I, mYP, Q)| dag
Sn(D;(— ,Y1))

an(D (—©,Yy))

<L,exp(— oV MD, ky iy Y)f exp(y/A(D, km+1)y*)<‘[

(2

L 0
-, (P, Q)= K(T(D), m)(P, Q)

dog

|g(X*, y*)| de*>dJ’* <

from Lemma 3 and (2.5). Thus H(I',(D), I, m; g)P) is finite for any PelI (D). Since
K[ (D), I, m; g)(P, Q) is a harmonic function of PeI' (D) for any Qe S(D), H(I (D),
I, m; g P) is also a harmonic function of PeI' (D).

To prove

lim  H(I (D), I, m; g\P)=g(Q*)

Pel'n(D),P-Q*

for any Q* e S,(D), apply Lemma 5 to g(Q) and —g(Q) by putting
W(P, Q)=W\T,(D), I)(P, Q)+ W(I (D), m(P, Q) ,

which is locally integrable on S,(D) for any fixed Pe (D). Then we shall see that (I)
and (II) hold. For any Q* =(X*, y*)eS,(D) and any ¢>0, take a number é (0<d<1).
Then from (2.5), (3.13) and (3.14) we can choose two numbers Y* and Y, —o0 < Y* <
min(0, y*—2), max(0, y*+2)< Y* < oo such that for any P=(X, y)eI'(D) n Uy Q*),
USQ*)={PeR"; | P—Q*|<5},
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f l g(Q)K(Fn(D)’ l9 m)(P’ Q) ! dGQ <e
Sn(D; (Y3,00))

and

f |g(Q)K(I",(D), I, m{P, Q)| doy <,
Sn(D; (=~ 0,Y1)

which is (I) in Lemma 5. To see (II), we only need to observe that for any Q*e S, (D)
and any two numbers Y, ¥, (—oo<Y; <Y, <)

lim  @(I(D), [\P, Q)+ W(I (D), m}P, Q)) =0

Peln(D),P~>Q*

at every Qe S, (D; (Y, Y,)). This follows from (2.3) and (2.4), because

lim f2X)=0 (k=1,2,..)

X—->X*XeD

as P=(X, y)—> Q*=(X*, y*)eS,(D).
We shall proceed to prove (2.6). Consider the inequalities

(3.15) N(H(T (D), , m; g") W) <L) +1,0)

and

N(H(IT (D), I, m; g*) Ny < 1L,(0)+ L),

where
I 1(y)=j ([ g"(Q)| K(I'(D), I, m)P, Q)|dGQ>f1"(X)dX ;
D \J 5,05 0+ 1,000
I_z()’)=L<L o y+1])g+(Q) | K(I'/(D), L, m}(P, Q) | dGQ>f1D(X)dX ;
ll(y)sz(js o 1»g+(Q)IK(F,.(D), I, m\P, Q)Id6Q>f1D(X)dX,
and o

I,(y)= j ( J g Q) K (D), L, m(P, Q)| dag) PX)dx
D \JSy(D;[y—1,0))

(P=(X,y)).

Let ¢ be any positive number. From (2.5) we can take a sufficiently large number j,
and a sufficiently small number y, such that
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£

— >y
SLL, (y>7o)

+
J exp(—/ D, kz+1)y*)(J lg(X*, y*)|dox*>dy*<
oD

y+1

y—1 P
J exp(y/ AUD, K+ 1)y*)< f [g(X™*, y*)| dax*)dy* <3IL (y<yo),
- oD =31

0

where L, and L, are two constants in Lemma 3, and

L=jf1"dX.
D

Then from Lemma 3 we have

OSI_1(J’)SLE1 exp(\/ MD, ki 1)y) J‘w exp(—~/AD, k. 1)y*)<f
y+1 @

<%exp(\//1(D,—k,+1)y) (> 7o)

g7 (X*, y*)dax*>dy*
D

and

0<1,()< LL, exp(—/AD, ks l)y)f
<%}emx—«/xaka+oy) V<o)

y—1
exp(y/ D, K, + 1)y*)(f gt (X, y*)dax*>dy*
- oD

o8]

which give
(3.16) mlI)=n,(1;)=0.
To estimate I,(y) and I,(y), we use the inequalities
(3.17) LO)<LiW+L0+0a0)  (>—1)
and

LWL W+ L0+ L0 (<D,
where

(3.18) I_z.l(y)=c;1f

D

0
( J g* (Q)T Gr (P, Q)d‘TQ)f P(X)dX
Sa(D;(0,y+1]) v

Tz,z()’)zf <f g Q| AT ,(D), IXP, Q)|d0Q>f1D(X)dX >-1
D Sn(D;(0,y+ 1]

1_2,3()’)=J (j g+(Q)
D Sn(D;(—0,0])

0
¢t EGF"(D)(P , Q)—W(I',(D), m}(P, Q) d"Q) DX)dX
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and

_12,1(Y)=Cn_1j

D

( f 0702 Gp. (P, Q)doQ) D(X)dX
Sa(D;[y—1,0)) v

_12,2(Y)=J (J 97 (Q) | X(I"(D), m)P, Q)ldUQ>f1D(X)dX (y<1)
D Sn(D;[y—1,0))

!2,3(J’)=j <J g% (Q)
D Sn(D; [0,0))

First Lemma 3 gives

et %Grnw)w, 0)— P(ID), IXP, 0)

daQ> F2(X)dX .

4]
L. 3() < LL; exp(—/AD, kpps 1)y) j exp(y/A(D, kmﬂ)y*)( f gr(Xx*, y*)do»)dy*
— 0 oD
>
and
L, ;) <LL, exp(/UD, ky+1)y) f " exp(— /D, kHl)y*)( f gr(X*, y*)dax*)dy*
(y<-1).

Hence it is evident from (2.5) that
(3.19) #1(1_2,3)=’1mu2,3)=0-
Next we have from (2.2), (2.3) and (2.4) that if [>1, then

L,0)W<BIM3|D| Y kexp(y/MD, k)exp(/UD, YP,(») (> —1)

keI(Dki+1)
and that if m>1, then
_Iz,z(Y)SBlMﬁlle [DZR kexp(y/AD, k) exp(—~/AD, k))& (y)  (y<1),
el(Dkm+1)

where

0
(3.20) B=c¢,! max ——Gr, (X, 1),(X*,0),
XeD,X*edD OV

y+1
Y’k()’)=f exp(—+/ D, k))’*)(f |g(X*, y*)| do'x*)‘ly* (y>—1,kel(D, k;,,))
0 oD

and

0
<I>k(y)=f exp(y/ AD, k)y*)q [g(X*, y*)| dap)dy* (y<1,kel(D, ky+,)) .
y-1 oD
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We shall later show that

(B.21)  P(y)=0(exp(/AD, ki )y —/AD, K)y)  (y—>o0) (21, kel(D, k1))
B,(y)=0(exp(—/AD, k1 )y ++/AD, kYY) (y—>—00) (m>1,keI(D, ky 1))

Hence we can conclude that if />1 and m>1, then

3.22) .“1(1_2,2)=’1m(_12,2)=0

which also holds in the case I=m=0, because I, ,(y)=1, ,(y)=0 then. Lastly we can
obtain

(3.23) Nz(l_z,1)=’7mu2,1)=0

which will be proved at the end of this proof. We thus obtain from (3.17), (3.19), (3.22)
and (3.23) that

(3.24) () =nu(12)=0.
We can finally conclude from (3.15), (3.16) and (3.24) that
w(N(H(T (D), I, m; g*) ) =nn(NIH(T (D), l,m; g*)[)=0.

In completely the same way applied to g~, we also have that
m(N(H(I' (D), I, m; g7) ) =n(N(H('(D), L, m; g~)))=0.
Since
N(HT (D), I, m; g{P) )< N(H(T (D), I, m; g*YP) )+ N(H(I (D), |, m; g"XP) ),

these give the conclusion (2.6).
We sshall prove (3.21). We note that ¥, (y) (resp. @,(y)) is increasing (resp. decreasing),

f Py*) exp(—/AD, ki1 )y* +/AD, k)y*)dy*

0

=exp(y/AD, k4 1)—/AD, k) j exp(—~/AD, k1 1)y*)

1

X < f |g(X*, y*)| dO'x*)dJ’*
oD

0
<resp-f Py*)exp(y/ AD; kpy+1)y* —/ AD, K)y*)dy*

= —exp(/AD, kp+1)—+/ 4D, k) j ) exp(y/AUD, ky 1 1)y*)

X < J | g(X*, y*)]| dax*>dy*>
oD
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and

Puy)exp(—/UD, ky 1 )y + /D, k)y)

<exp(/AUD, kiy1)—/AD, k) J exp(—~/AD, k1 1)y*)

y
0

x ( f lg(X*, y*)| dax*)dy* <L, exp(y/AD, ky1 ) —/MD, k))
oD

(resp. D(y) exp(y/ UD, k4 1)y =/ 4D, k)y)

< CXP(\/’I(D’ km+ 1)— \//I(D’ k)) Jvo

y—

exp(y/ AUD, kpn v 1)¥*)
t

x (f |g(X*, y*)| dax')dy* <L, exp(\/AD, kp 1) —/AUD, k») ,

where

L,= j exp(—+/AD, k;., JV“)(J lg(X*, y*)| de*>dy*
oD

0o

0
<reSp- L,= J exp(y/AD, km+1)J’*)<J lg(X*, y*)ldax*>dy*>-
- oD

From these and (2.5) (resp. (2.6)) we see

(325) _[w Yi(y*) exp(—/ AD, ki, Jy* +/AD, k)y*)dy* < oo

0
0
<resp- J @, (y*) exp(/ AD, kp 1 1)y* —/ AUD, k)y*)dy* < 00)
by integration by parts. Since
¥, () exp(—/AD, ky 1)y +/AD, k)y)

=(/AD, ky 1 )=/ HUD, K) ¥ () J . exp(—~/ UD, ki1 1)y* +/ AD, k)y*)dy*

y

<UD, kys )~/ D, k)) f w0 exp(—+/AD, k;1 1)y* +/AD, k)y*)dy*

y

(reSp- Puy) exp(y/ UD, kp+ 1)y =/ D, k)y)

= (/D k1 1) =/ UD, k) Dy(y) J | exp(y/ D, K+ 1)y* =~/ AD, k)y*)dy*

o]
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<UD, ks 1) =/ UD, k) fy D, (y*) exp(/ AD, k1 1)y* —/ AUD, k)y*)dy*> ,

(3.25) gives (3.21).
Finally we shall show (3.23). In the following we use the notation in (3.18) and
(3.20). First we note that

(3.26)  0<L,()SNHT (D), L, m; g " Ny)—IFW+IE00)+Ls0)  >-1)

and

0< L (WSNHT D), Lm; g Ny -0+ 13,00+ L) (v<D),

where

IHy)= f ( J g (Q)K(T(D), I, m)P, Q)d0Q>f PX0dX
DA\JS5.Di 5+ 1,0)

I},()= f (f gt ( QT (D), 1P, Q)dtfg)ff’(X )ax  (y>-1)
D Sn(D;(0,y+1])
and

11()= f ( J g (QK(I'D), I, m)P, Q)d0Q>f PX)dx
D Su{D;(—o0,y—1))

13,00)= J (J 9™ QT (D), my(P, Q)dffg>f PXdx (<.
D \JSu(D;[y—1,0)

Since

[T¥p) | <ILi(y) and |IFWI<L(y),

we easily see from (3.16) that

(3.27) m( TF)=na( 13)=0.

Next it follows from the orthonormality of {£2(X)} that if /> 1, then
T,(5)< BLexp(/AD, 1)exp(/4D, D)¥,0) (> —1)

and that if m>1, then

13 ,(0) < BLexp(y/AD, 1)) exp(—/AD, D)@, (y)  (r<D).
Hence (3.21) with k=1 gives that

(3.28) lim sup exp(—+/AD, k4 )V)F2(y) <0

y-2w

and
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lim sup exp(\/ AD, k. + )y) 1% ,(») <0,

y=> -

which also hold in the case [=m=0, because I}*,(y)=1%,(y)=0 then. If we can show
that

(3.29) lim sup exp(—+/A(D, k. JY)NH( (D), I, m; g*))(y)<0
and

lim sup exp(\/ A(D, ky+ JYNH(T (D), I, m; g*)(y) <0,

y>—o

then we finally conclude from (3.19), (3.26), (3.27) and (3.28) that
lim sup exp(— /2D, ki1 J9)5,10)=0
y-r o

and

lim sup exp(y/ AD, ky+ )Y 1(y)=0,

y— -

which give (3.23).
To prove (3.29), recall that — H(I' (D), I, m; g*}P) is also a harmonic function on
I'(D) satisfying

lim  —H((D), L, m; g*)P)=—g"(Q*<0

Peln(D),P—Q*
for every Q* € S,(D). Hence from [ 14, Theorem 7.2] we know that
— 0 <yo(N(=H(T'(D), L, m; g*))< 0, —o0<po(N(—H(I(D),l,m;g*))<oo.
Thus we obtain that if /> 1, then
lim sup exp(—/AD, k4 JY)NHT (D), |, m; g*)y)<0
y= o
and if m>1, then
lim sup exp(y/AD, ky+ )Y)N(H( (D), L m; g ")) <0 .
y=> -
If I=0, then we have
N(H(T (D), I, m; g*))(y)SCJIJ

D

<J g +(Q)-§v' Grn(D)(Pa Q)dUQ> 1D(X)dX +I_2,3(Y)
Sn(D)

=NH{T (D), L, m; §*)¥)+1,:00),



290 1. MIYAMOTO

where

+ * £ % 0
a*(Q)=g+(X*,y*)={ Xm0

g
0 (—oo<y*<0).

If m=0, then we have

NHT (D), L, m; g ) <c, J

D

0
<J Q+(Q)—Gr,.(D)(P, Q)dO'Q>f1D(X)dX+_12,3(Y)

=N(H(T (D), L m; g )+ 1550 »

where

gt (X*y*)  (—oo<y*<0)
+ —nt X*, L
g (Q)=g"(X*y%) {0 —y
Since
Ho(NCH(I (D), 0, m; § ")) =no(N(H(I',(D), 1, 0; g*)))=0
from the cylindrical version of [15, Lemma 3], (3.19) and this also give

lim sup exp(—/A(D, 1)y)N(H(I' (D), 0, m; g ))y)<0

y— o
lim sup exp(, /A(D, Dy)N(H(T (D), 1,0; g ")) <0.

Thus we can obtain (3.29) for any non-negative integers / and m.

ProOOF OF THEOREM 2. Take a positive continuous function ¢(t) (¢>0) such that

@(0)=exp(—+/AD, 1)),
o( y* I)(J lg(X*, y*)|d0'x*>$L2(1 +Hy* D)7 (mo<y*<oo),

where

Ly =exp(—+/AD, 1))J |g(X*, 0)|doy .

oD

For any fixed P=(X, y)eI',(D), choose two numbers Y; and Y,, Y¥,>max(0, y+2),
Y, <min(0, y—2). Then we see from Lemma 4 that

(3.30) f | S(QIK(T(D), oXP, )| do
Sn(D; (Y2,00))

<Lj J (f [ g(X*, y*)ldax*>¢(y*)dy*sL’1sz (1+y*~2dy* <0
éD

Y, Y>
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and

J | 9(QK(I'|(D), o) P, Q)| dog
Sn(D;(~0,Y1))

Yy r Yy
<L) J < | g(X™*, y*)| de*)‘P( —y*dy*<L|L, f (1—y*)2dy*< .
~o0 \voD —

It is evident that

r

[ 9(QK(I",(D), 9P, Q)| dog< 0 .

JSn(D;(Y1,Y32))

These give that

J | 9@K(I' (D), oXP, Q)| dog <o .
Sn(D)

To see that H(I' (D), ¢; g)(P) is harmonic in I',(D), we remark that H(I" (D), ¢; g)(P)
satisfies the local mean-value property by Fubini’s theorem.
Finally we shall show

(3.31) lim  H(I'(D), ¢; g){(P)=g¢(Q*¥

Pel'w(D),P->Q*
for any Q* €S, (D). Put

W(P, Q)=W(I"(D), 9P, Q)+ W(I (D), p)(P, Q)

in Lemma 5, which is a locally integrable function of Q € S,(D) for any fixed PeI' (D).
Then we can see from (3.30) in the same way as in the proof of Theorem 1 that both
(I) and (II) are satisfied. Thus Lemma 5 applied to g(Q) and —g(Q) gives (3.31).

Proor oF THEOREM 3. From Theorem 1, we have the solution H(I',(D), I, m; g)(P)
of the Dirichlet problem on I',(D) with g satisfying (2.6). Consider the function
h—H(I' (D), l,m; g). Then it follows that this is harmonic in I'(D) and vanishes
continuously on S,(D). Since

0<{h—H(T (D), I, m; g)} " (P)<h™(P)+ {H(I'(D),, m; g)} "(P)
for any PeI' (D) and
w(N{H(I (D), I, m; g)} ") =n(NCHT (D), |, m; g)} 7))=0
from (2.6), (2.8) gives that
po(N({h—H(T (D), I, m; )} ") =n(N({h— H(I"(D), [, m; g)} "))=0.

From Lemma 6 we see that
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= Y Adhexp(/AD, W fAX)+ Y. Bdhexp(—/AD, k) f2(X)

keI(Dkp +1) kel(Dkg+1)
(Ah) (k=1,2,...,k,. —1) and By(h) (k=1,2,..., k,, ,—1) are all constants) for every
P=(X, y)eI'(D), which is the conclusion of Theorem 3.
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