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Abstract: The purpose of this paper is to study a split generalized mixed equilibrium problem and a fixed
point problem for nonspreading mappings in real Hilbert spaces. We introduce a new iterative algorithm and
prove its strong convergence for approximating a common solution of a split generalized mixed equilibrium
problem and a fixed point problem for nonspreading mappings in real Hilbert spaces. Our algorithm is devel-
oped by combining a modified accelerated Mann algorithm and a viscosity approximation method to obtain
a new faster iterative algorithm for finding a common solution of these problems in real Hilbert spaces. Also,
our algorithm does not require any prior knowledge of the bounded linear operator norm. We further give a
numerical example to show the efficiency and consistency of our algorithm. Our result improves and compli-
ments many recent results previously obtained in this direction in the literature.
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1 Introduction

Let H be a Hilbert space with the inner product (-, -) and the induced norm || - ||. Let C be a nonempty, closed
and convex subset of H, © : C x C — R be a nonlinear bifunction, h : C — H be a nonlinear mapping, and
¢ : C — R U {+oo} be a proper convex lower semicontinuous function. The Generalized Mixed Equilibrium
Problem (GMEP) is defined as finding a point x € C such that

O, y)+ (hx,y - x) + p(y) - p(x) =20, VyeC. )]

The set of solutions of (1) is denoted by GMEP(O, h, ¢).
If h = 0, Problem (1) reduces to the Mixed Equilibrium Problem (MEP) which is to find a point x € C such that
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00, y)+¢(y)-¢p) =0, VyeC. @

The set of solutions of (2) is denoted by MEP(O, ¢).
In particular, if ¢ = 0 in (2), the MEP reduces to the classical equilibrium problem which was introduced by
Blum and Oettli [1] and defined as finding a point x € C such that

6(x,y)=0, Vy eC.

The GMEP is very general in the sense that it includes as special cases, minimization problems, variational
inequality problems, fixed point problems, Nash equilibrium problems in noncooperative games and many
others, see [2-4].
In 1994, Censor and Elfving [5] introduced the following Split Feasibility Problem (SFP) in finite-dimensional
Hilbert spaces. Let Hy, H, be two Hilbert spaces, C and Q be nonempty closed convex subsets of H, and H;
respectively, and let A : H; — H, be a bounded linear operator. The SFP is formulated as finding a point x'
with the property

x'eC and Ax'e€Q. 3

The SFP has been applied extensively in many areas of science and engineering such as in intensity-
modulated radiation therapy, signal processing and image reconstruction. The SFP has received attention
from many authors, and various iterative methods have been proposed for finding its solutions, see for
instance [6-9].

Let Hy, H; be real Hilbert spaces and let C and Q be nonempty closed convex subsets of H; and H;, respec-
tively. Let 1 : Cx C — Rand 0, : Q x Q — R be nonlinear bifunctions, h; : C —+ H; and h, : Q — H>
be nonlinear mappings, ¢ : C - RU {+co} and ¢ : Q — R U {+oc} be proper lower semicontinuous and
convex functions, and let A : H; — H; be a bounded linear operator. In this paper, we study the following
Split Generalized Mixed Equilibrium Problem (SGMEP). Find a point x" € Csuch that

0:(x", x) + (hi(x"), x - x") + p(x) - p(x") 20, VxeC,
where (4)
y'=Ax" solves 0,(y",y)+ (ha(y"),y-y") + () -0y 20, VyeQ.

The set of solutions of the SMEP is denoted by Q := {x' € GMEP(01, h1, ¢) : Ax' € GMEP(0,, h,, ¢)}.
We present the following examples to show that Q is nonempty.

Example1.1. Let H; = H, = R, C = [2,00) and Q = (-oo, -4]. Let A(x) = -2x for all x € R, so that A is

a bounded linear operator. Let ©; : CxC — Rand O, : Q x Q — R be defined by 0,(x,y) = y — x and

O,(u,v) = 3(u-v). Next, let h; : C — Rand h; : Q — R be defined by h;(x) = x and h,(u) = 2u. Finally, let
2

¢ : C— RU{+oo}and ¢ : Q — RU{+oco} be defined by ¢p(x) = % and ¢(u) = 2u. Clearly, GMEP(O4, h, ¢) =
{2} and A(2) = -4 € GMEP(,, h,, ¢). Thus, Q = {p € GMEP(61, hy, $) : Ap € GMEP(03, hy, )} # 0.

Example 1.2. Let H; = R? with the norm ||X|| = x3+x2 forx = (x1,%2) € R?, and let H, = R. Let
C:={X=(x1,x2) € R? : x,-x1 > 1} and Q = [1, o0). Define (X, ) = y, -y1—x, +x1, where X = (x1, x,) and
y = (y1,¥2) € C; then 0, is a bifunction from C x C — R. Let hy(X) = ¢(X) = x5 — x1, then GMEP(O1, hq, ¢) =
{q@ =(q1,q2) : g2 — q1 = 1}. Also define ©,(u, v) =v-uforall u, v € Q, so that 0, is a bifunction from Q x Q
to R, and let h,(u) = 2u, @(u) = u. For each X = (x1, x2) € Hy, let A(X) = x5 — x1, so that A is bounded linear
operator from H; into H,. Clearly, when § € GMEP(O4, hy, ¢), we have Ag = 1 € GMEP(O,, h,, ¢). Thus
0= {(_] S GMEP(@l, hl, ¢) tAg € GMEP(@z, hz, QD)} # (.

Remark 1.3. We note that SGMEP in Example 1.1 lies in two different subsets of the same space, while SGMEP
in Example 1.2 lies in two different subsets of different spaces.

Let C be a subset of H, then a point x € C is called a fixed point of a nonlinear mapping T : C — C if Tx = x.
We denote by F(T), the set of all fixed points of T. A nonlinear mapping T : C — C is called
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(i) L-Lipschitz if there exists L > 0 such that
IITx - Ty|| < L||x - y|l, Vx,y € H;
(ii) nonexpansive if for all x, y € C, we have
1Tx = Ty|| < [Ix = yll;
(iii) quasi-nonexpansive if F(T) # () and
ITx-pll <|lx-pll, VxeC and peF(T);
(iv) firmly nonexpansive if for all x, y € C, we have
[ITx = Ty|[* < (Tx = Ty, x - y);
(v) B-inverse strongly monotone if there exists a constant 8 > 0, such that
(Tx - Ty, x —y) = B||Tx - Ty||>, Vx,y € H;
(vi) nonspreading if for all x, y € C, we have
2/|Tx = Ty||? < || Tx - y||* + [|x = Ty||%;
equivalently, T is nonspreading if for all x, y € C,
ITx = Ty|[* < [Jx = y|* + 2(x = T, y = Ty).

Remark 1.4. We note that every S-inverse strongly monotone mapping T is %-Lipschitzian, andifL € [0, 1) in
(i), then T is called a contraction mapping. It is clear that if F(T) # ¢}, then a nonspreading mapping becomes a
quasi-nonexpansive mapping. In addition, every nonexpansive mapping with a nonempty set of fixed points
is quasi-nonexpansive.

Approximating fixed point solutions of nonexpansive mappings has a variety of applications since many
problems can be seen as a fixed point problem of nonexpansive mappings. A significant body of work on
iteration methods for fixed point problems has accumulated in the literature (see for example [10-23] and
the references therein). Specifically, the Mann algorithm [15], which can be expressed as follows. For each
nz0,

Xns1 = Anxn + (1 = An) Txn, 5)

is often used to approximate a fixed point of a nonexpansive mapping. The iterative sequence {x,} converges
weakly to a fixed point of T provided that {A,} C [0, 1] satisfies

Z/In(l —Ap) = +oo.
n=1
In 2000, Moudafi [24] introduced the viscosity approximation method for approximating fixed points of non-
expansive mappings. Let f be a contraction on H, and starting with an arbitrary xo € H, define a sequence
{xn} recursively by
Xne1 = Anf(xn) + (1 = Ap)Txn, n=0, (6)

where {A,} is a sequence in (0, 1). Xu [25] proved that if {1, } satisfies certain conditions, the sequence {x»}
generated by (6) converges strongly to the unique solution x € F(T) of the variational inequality

((I—f)xT,x—xT) >0, Vxe F(T).

Based on the heavy ball methods of the two-order time dynamical system, Polyak [26] first proposed an
inertial extrapolation as an acceleration process to solve the smooth convex minimization. The inertial al-
gorithm is a two-step iteration where the next iterate is defined by making use of the previous two iterates.
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Recently, a lot of researchers have constructed some fast iterative algorithms by using inertial extrapolation
which includes an inertial proximal method [27, 28], an inertial forward-backward method [29], inertial prox-
imal ADMM [30] and the fast iterative shrinkage thresholding algorithm FISTA [31, 32]. Using the technique of
inertial extrapolation, Mainge [33] introduced in 2008 the following inertial Mann algorithm. For each n > 1,
compute

{yn = Xn + On(n — xp-1), 7)

Xn+1 = (1 = A)yn + AnTyn.

Mainge [33] showed that the iterative sequence {x, } converges weakly to a fixed point of T under the following
conditions:

(A1) 6, €[0,a)foreachn =1, wherea € [0, 1),
(A2) Z:zozl Onl|xn - Xn—lH2 < too,
(A3) O<infA, <supAn<1.

To satisfy the summation condition (A2) of the sequence {xx}, one needs to first calculate 8, at each step
(see [28]). In 2015, Bot and Csetnek [34] removed the condition (A2) and substituted (A1) and (A3) with the
following conditions:

(B1) foreachn=1, {6,} C [0, o) is nondecreasing with §; =0andO0<a <1,
(B2) foreachn=1,
a’(1+a)+aco

0<A<n <5—a[a(1+a)+a6+a]
1-a2 U

5> "T1+a(l+a)+ab+o]’

where A, g, 6 > O.
By combining the Picard algorithm [35] with the conjugate gradient methods [36], the authors in [37]
accelerated the Mann algorithm and obtained the following faster algorithm: For each n = 0, we compute

1
dni1 = I(T(Xn) - Xn) + ﬁndn,
Yn = Xn + Adps1, (8
Xn+1 = UAnXn + 1- Ilan))’n,

where p € (0, 1] and A > 0. They proved that the iterative sequence {x, } converges weakly to a fixed point of
T provided that the nonnegative sequences {an} and {fx} satisfy the following conditions:

(BB1) > o man(l - pan) = oo,
(BB2) Y0, Bn <oo.

Moreover, the sequence {x,} satisfies the following condition:
{T(xn) - xn} is bounded.

Also, they gave some numerical examples to show that the accelerated Mann algorithm is more efficient than
the normal Mann algorithm.

In 2016, Suantai et. al. [38] studied the Split Equilibrium Problem which is define as follows: First, we find a
point x* € C such that

0:(x",x)20, vx e C andsuchthat y =Ax € Q solves O,(y',y)=0, VyeC, 9)

where 1 : Cx C — Rand 0, : Q x Q — R are nonlinear bifuncions. The set of solutions of (9) is denoted by
SEP(61, ©,). The authors in [38] proposed the following iterative algorithm to solve the problem of finding
a common element in SEP(01, 0,) and a fixed point of a nonspreading multi-valued mapping S : C — K(C).
Given x; € C, let {xn} be generated by

(10)

Un = T2 - ~A™(I - TE2)A)xn,
Xn+1 = OnXn + (1 — an)Sun, VneN,
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where {an} C (0, 1), rn € (0, o0)and € (0, *) such that L is the spectral radius of A"A, and A" is the adjoint
of A. Further, they proved that under certain conditions, the sequence {x,} converges weakly to an element
of F(S) N SEP(64, 0,).

More recently, S.H. Rizvi [39] studied the following Split Mixed Equilibrium Problem (SMEP) in real Hilbert
spaces. Find a point x* € C such that

0.(x", )+ (hix",x-x")20, VvxeC,
where (1)
y = Ax" solves 0,(y",y)+ (hy",y-y')20, Vyeq,

where h; : C — Cand h; : Q — Q are 81, 6,-inverse strongly monotone mappings respectively with 0 =
min(61, 6). The set of solutions of (11) is denoted by SMEP(61, ©5, hy, h,). Observe that when ¢ = ¢ = 0in
(4), we obtain (11). Thus, Problem (4) is more general than Problem (11). Rizvi [39] introduced the following
algorithm for solving (11), as well as fixed point problems for a nonexpansive mapping S in real Hilbert spaces.
Let

xo=x¢€C,
Yn = Ts,l (Xn - rn¢Xn),
vn = T2 (I - tnp)Ayn, (12)

Zn = Pc(yn + 5A*(Vn - A,Vn)),

Xn+1 = ﬁnxn +(1 —ﬁn)s[anu +(1-an)zn]l, n=0,

where P¢ is the metric projection from H onto C, {rn} C (0,26) and {ax}, {8} C (0, 1). Rizvi [39] also
proved that under some mild conditions on an, 8n and ry, the sequence {x»} converges strongly to a solution
in SMEP(©1, ©,, h1, hy) N F(S).

Motivated by the above works, it is our aim in this paper to study the SGMEP (4) and introduce a new iterative
algorithm for approximating a common solution of (4) and a fixed point problem for nonspreading mappings
in real Hilbert spaces. Our algorithm is developed by modifying the accelerated Mann algorithm (8), combined
with a modified viscosity approximation method of (6) to obtain a new faster iterative algorithm for finding
a common solution of (4) and a fixed point of nonspreading mappings in real Hilbert spaces. Further, our
algorithm does not require any prior knowledge of the operator norm. We note here that norms of bounded
linear operators are rarely known explicitly (see [40]). Our result is interesting and compliments many recent
results previously obtained in this direction in the literature.

2 Preliminaries

Let C be a nonempty, closed and convex subset of a real Hilbert space H. We denote the strong and weak
convergence of a sequence {xn} C H toa point p € H by x, — p and x, — p, respectively.
For each point x € H, there exists a unique nearest point in C, denoted by P¢x such that

|Ix = Pex|| < |Ix - yll, ¥y € C.
The mapping P is called the metric projection from H onto C. It is well known that P has the following
characteristics:

1. (x-y,Pcx—Pcy) = ||Pcx - Pey||?, for every x, y € H;
2. forxeHandze C,z=Pcx &
(x-z,z-y)=0, Vy€C(;

3. forxe Handy € C,
lly = PcOO? + ||x = PcO)||? < []x - y||>.
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The following lemmas are useful in establishing our main result.

Lemma 2.1. In a real Hilbert space H, the following inequalities hold:

L [x=ylI* < [[X||* = [IYII* = 2(x =y, ¥), forall x, y € H;
2. Ix+y|? < ||x||> + 2(y, x +y), forall x,y € H;
3. ||ax+ (1 -a)y||? = a||x]|* + (1 - a)||y||* - a(1 - @)||x - y||?, forall x,y € Hand « € [0, 1].

Lemma 2.2. [41] Let C be a nonempty closed and convex subset of a Hilbert space H, S : C — C a nonspreading
mapping, and F(S) # 0. Then I — S is demiclosed at 0, i.e. for any sequence {x,} C C such that x, — z and
Xn — Sxn — 0, then z € F(S).

For solving the GMEP we make the following assumptions:
Assumption 2.3. Let C be a nonempty closed and convex subset of a real Hilbert space H. We make the fol-

lowing assumptions on the bifunction © : Cx C — R:

L1. O(x,x)=0, forallx € C;

L2. O is monotone, i.e. O(x,y) + O(y, x) <0, forallx,y € C;

L3. foreachx,y,z € C, limy o O(tz + (1 - t)x,y) < O(x, y);

L4. foreach x € C,y — O(x, y) is convex and lower semicontinuous.

Lemma 2.4. [42] Let C be a nonempty closed and convex subset of a real Hilbert space H.Let © : Cx C — R
be a bifunction which satisfies Assumption 2.3, h : C — H; be a nonlinear mapping, and let ¢ : C — R U {+co}
be a proper lower semicontinuous and convex function. For r > 0 and x € H;, define a resolvent function

TO0) = {z € C: 0,y + (h(2),y ~2) + $W) - $(2) + T (y-2,2-x) 2.0, Wy € C},

for all x € H. Then the following conclusions hold:

(i) foreachx € H, T®(x) +# 0;
(ii) T? is single-valued;
(iti) T? is firmly nonexpansive, i.e. forany x, y € H,

TP x = TPy|)* < (TP x = TPy, x - )3

(iv) F(TP) = GMEP(04, h, ¢);
(v) GMEP(O, h, ¢) is closed and convex.

Lemma 2.5. [43] Assume {an};, is a sequence of nonnegative real numbers such that
Apy1 < (1 - Vn)an + Vn5n, nz= 0,

where {vn};2; is a sequence in (0,1) and {6n},-1 is a sequence in R with:

(l) Z:;O Vn = o905

(i) limsup,_,., 6n <O.

Then llmn—>oo an = 0.

3 Main results

In this section, we introduce a new iterative algorithm with a choice of stepsize which does not depend on
the operator norm ||A|].
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Algorithm 3.1. Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H, and H,, respec-
tively, and let A : Hi — H; be a bounded linear operator. Let ©; : CxC — Rand ©; : Q x Q — R be
bifunctions satisfying Assumption 2.3. Let h, : C — Hy, and h, : Q — H, be 61, 6,-inverse strongly mono-
tone operators, respectively, such that 0 = max{6;,0,}.Let¢p : C - R U {+oo} and ¢ : Q — R U {+oo} be
proper, lowersemicontinuous and convex functions, and let S : C — C be a nonspreading mapping such that
F(S) # 0. Let f : H; — Hy be a contraction mapping with constant 8 € (0, 1) and D be a bounded operator
with coefficient v € (0, 1) such that 0 < & < % Choose an initial point x, € H; arbitrarily and let a, € [0, 1],

Bn € [0,1], wn € (0,1), rn € (0,26) and A > 0. Assume that the nth iterate has been constructed, and set

AT -DAx,
L e

m; . We then compute the (n + 1)th iterate via the formula

A’ (TS - DAx
Mpys1 = 2 A T A ( rnA ) . +Bnmn,

Yn=Xn+ AMyp,q, (13)
Zn = Tr@nl(l— rnh]_)yn,
Xn+1 = an{f(xn) +(1 - anD)[(1 - Wn)zn + WnSznl,

for n = 1, where A* is the adjoint operator of A. Further, we choose the stepsize vy such that, if
ne0:={n:I-T)Ax, #0},

then

( 2[|(I = T2?)xn]|?
n ’ ‘

, VYneoO. (14)
|A*(I - TﬂZ)Axn||2)

Otherwise, yn = v (v being any nonnegative value).

Remark 3.2. Note that in (14), the choice of stepsize v, is independent of the norm ||A||. The value of + does
not influence the considered algorithm but was introduced just for the sake of clarity. Furthermore, we will
see from Lemma 3.3 that v, is well defined.

Lemma 3.3. Assume that Q := {q € GMEP(01, hy,¢) : Aq € GMEP(0,, h,, ¢)} is nonempty. Then
defined by (14) is well defined.

Proof. We need to show that [|A*(I - T2?)Axy|| > 0. Take x € Q, then Tg'x = x and T¢2Ax = Ax, and observe
the following:

10 - TE)Axal[> = (U - Tf?)Axn, (I - TP?)Axn)

((I - T2)Axn, Axn — Ax + T2? Ax — TE? Axy)

= ((I-T8)Axn, Axn - AX) + (I - T?2)Axn, TO2 Ax - TS Axy)
(A" - T2)Axn, Xn = x) + ((I - T2)Axn, T2*Ax - TE? Axn)
|

A (L= T Axn|| - [|Xn = X|| + [|(I = T2)Axn|| - || T2 Ax ~ T2 Axn|.

IN

Consequently, for n € O, that is ||(I - T&2Ax)Axn|| > 0, we get [|A"(I - T2* Axn)Axn|| - ||xn - x|| > O and
I(I-T82)Axn||-|| TE2 Ax~TE2 Axn|| > 0. Since || A*(I-TE2)Axn||-||xn~X|| > O, we obtain that ||A*(I-T22)Axn|| #
0. This implies that ~y, is well defined. O

We now make the following assumptions:

Assumption 3.4. The sequences {an} and {fn} in Algorithm 3.1 satisfy the following:

(C))  limpsean=0and) ;. | an = oo,
(€2)  YloBn<eo,
(C3)  PBn<ar.
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Furthermore, {xn} satisfies

(C4) {(T,@n2 - )Axn} is bounded.
Before giving the convergence analysis of Algorithm 3.1, we first show the following result.
Lemma 3.5. Suppose that I' := QN F(S) # 0 and {xn} is generated by (13). Also, let Assumption 3.4 be satisfied

and suppose ry satisfies the following condition:

(C5)  0<liminfry <limsup ry < 26.
n—eo n—soo

Then, {mn} and {xn} are bounded, and consequently {yn} is bounded.

Proof. 1t follows from (C2) that limp— e Bn = O and so there exists ny € N such that 8, < % forall n = ng.

Define a number N; := max {1n}<a§ [lmyll, %supnzl ||mA™(TE? - I)Aan}. Then (C4) implies that N7 < oo,
<ksng

Assume that ||mn|| < N; for some n = ng, then the triangle inequality ensures that

A'(T®2 - DAx
Hmm_lH = ‘ W‘*’Bnmn
1 *
< lmA"(TR: = DAxn|| + Bal lmn| < N1, 15)

which means that ||mp.1|| < N; for all n = 0, hence {my} is bounded.
Also, the definition of {y,} implies that

Yn = Xn+ A(%(’YnA*(TrEiZ - DAxn) +Bnmn)
= Xn—mA (I - T??)Axn + ABnmn.
Letp € T', then
lyn=pll = |xn=ymA (- T")Axn + ABamn - p||

IN

1Xn = A" (I = TE)Axn - p|| + ABr||mnl|. (16)
Observe that
[1xn = A" (I = T2 Axn = PI|I* = ||xn = PII” = 270 (xn = p, A"(I = T22)Axn) + 2| |A"(I = TP2) Axu
= ||xn = pII* = 2yn(Axn - Ap, (I - T7?)Axn) + 4| |A"(I - T7*)Axn||?
= |lxn = > = 29(Tr? Axn = Ap, (I = Tr2)Axn) = 23n||(I - Tr2)Axal|®
+ o llATU = TP Axa| . (17)
Since Tf”l 2 is firmly nonexpansive, then
|| T2 Axn - Ap||? < (T2 Axn — Ap, Axn - Ap),

and so
(TE2Axn — Ap, TS Axn — Axn) < 0. (18)

It follows from (17) and (18) that

[1Xn = A" (I - T5?)Axn - pl|?

IN

[1xn =PI = 23n[[(Z = TR?)Axnl|® + 72l |A"( = T72)Axn|?
en = I = n 21100 = T2 Axnl > = | A" = T2 Axcn

[1xn = pII?. (19)

IN

Therefore, from (16) and (19), we get

[lyn =pl| < [|Xn = p|| + ABnN1. (20)
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Again from (13), we use the fact that Tff, ! is firmly nonexpansive to show that

ITOX(I - rah1)yn — T2 - rahy)p||?

I = rahy)yn = (I - rahy)p]?

= ||(yn = D) - ralh1yn - h1p)|?

= ||J’n—p\|2—zrn<yn—p,h1Yn—h1p>+r$1||hlyn—h1p”2

< |lyn - plI* = 2rm6||h1yn - hup||* + ral|h1yn - hip||?

= |lyn=plI> = (20 - ra)||hayn - hup||*. (1)

2
llzn = pl|

IN

By condition (C5), we obtain

llzn =plI> = llyn-pI* 22

Now define U, = (1 — wy)I + wy,S, and observe that

|I(1 = wn)(zn = p) + Wn(Szn - p)||
(1 - wn)llzn = pl| + wn||Szn - pl|

|Unzn - pl|

IN

IN

(1 = wn)||zn = pl| + Wn||zn - p||

|lzn = pI|-

Therefore, from (13), (20) and (22), we have

IIXne1 =Pl = [[an(§f(xn) = Dp) + (1 = anD)(Unzn - p)||

< an|[§f(xn) = Dpl| + (1 - an?)||Unzn - p||

< an[|I§¢0w) - F)) + (&F ) - Dp)] + (1 - an?lizn - P

< anéP|lxn - pl| + an||§f (p) - Dp|| + (1 - a)[||xn = p|| + ABuN1]

= (1-an(y - &B)lxn - pll + an||§f(p) - Dp|| + ABnN:

< _ i &) -Dp|| = ANy

< max{Hxn pll, 5 - 8 +ﬁ—§ﬁ}

< _ . Iéfp)-Dp|| AN

< max | -pll, PR P - ST 23)
This implies that {x,} is bounded. It follows from (20) that {y»} is also bounded. O

Theorem 3.6. Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H, and H,, respec-
tively, and A : Hy — H; a bounded linear operator. Let ©1 : C x C — R and 0, : Q x Q — R be bifunctions
satisfying Assumption 2.3. Let h, : C — Hy and h, : Q — H; be 61, 0,-inverse strongly monotone mappings,
respectively, such that 0 = max{01,0,}. Let ¢ : C — R U {+co} and ¢ : Q — R U {+oc} be proper, low-
ersemicontinuous and convex functions, and let S : C — C be a nonspreading mapping such that F(S) # (. Let
f : Hy — H; be a contraction mapping with constant € (0, 1), and let D a bounded operator with coefficient
5 € (0, 1) such that 0 < & < % Choose an initial value x, € H; arbitrarily and let an € [0, 1], Bn € [0, 1],
wn € (0,1), rn € (0,260) and A > 0. Suppose I' :== QN F(S) # 0, Assumption 3.4, condition (C5) and the following
are satisfied:

(C6) liminfy—eorn > 0;
(C7)  0<liminfp—eo Wn < limsup,_,., Wn < 1.

Then the sequences {xn}, {yn} and {zn} generated by Algorithm 3.1 converge strongly to a point z, where z =
Pr(I - D + &f)(2) is a unique solution of the variational inequality

(D-¢f)z,z-x)<0, xel. (24)
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Proof. Letp € I', then from Lemma 2.1(2) and (19), we have

|[Xn = ynA (I = T2?)Axn - p + ABnmn] |
|xn = ynA"(I = T2*)Axn = p||* + 2ABn(yn - p, Mn)
|[Xn = D||* + Brpn, (25)

llyn = pl|?

IN

IN

where pn := {2A(yn — p, mn)}. Using Lemma 3.5, it follows that {p,} is bounded. Thus, there exists N, > 0
such that p, < N, for all n = 1. Hence, it follows from condition (C3) that

[Iyn = pII> < |[xn = pI|* + 2anN,. (26)

Furthermore, from (22) and (26), we have

l|an(&f (xn) = Dp) + (1 = @nD)(Unzn - p)||?

||(1 = anD)(Unzn - p)||* + 2an(&f (Xn) = Dp, Xps1 - P)

(1 - an?)?||zn = 1> + 2an&(f(xn) = F(P), Xns1 = P) + 2an(&f(P) = DP, Xns1 - D)

(1= an®)?[[yn - PII* + 2ané (f(xn) = fB), Xns1 — P) + 20n(&f (D) — Dp, Xns1 — D)

(1 - an9)? [llxn = pII> + 2a*No| + 2anBllxn = pI| - [xne1 |

+2n (& (P) - DP, Xns1 — D). 27)

|Xns1 - pII?

IN

IN

IN

IN

We now divide the remaining proof of the theorem into two cases.
Case I: Suppose there exists no € N such that {||xn — p||} is monotonically decreasing for all n = no. Then
{||xn — p||} converges as n — oo and so

1% = pII” = [[Xns1 - p|I> = 0, n— oo.
Note that, from (19), (25) and (26), we obtain
lyn =PI < [xn =PI = n 2110~ TE) AR = |40 = T2 Axn ] + 201N, (28)
Also from (27), we obtain

1- ani)ZHYn _pH2 + Zamf(f(xn) - f(p), xn1 -p)+ Zan({f(p) -Dp, Xps1 - D)
lyn = DII* + 2an& (f(xn) - f(D), Xns1 — D) + 20 (&f(p) — DP, Xns1 — D). (29)

Substituting (28) into (29), we have

IN

2
[|Xns1 = p|

IN

lnes =PI =[x =PI = 2010 = T Axn > = ]| A" = T22) x|
+2an& (f(tn) = F(D), Xns1 = D) + 260 (EF (D) = DD, Xna1 — P) + 2a5N,. (30)
Putting A := 2|[I - T2? Axn||? = yn||A"(I - TE?)Axy||?, then since an — 0, as n — oo, it follows from (30) that
Ml < | =plI* = [1Xni1 = PII* + 20 (Fxn) = fP), Xni1 = p)
+2an(§f(p) -~ Dp, X1 ~ P) + 263N, — 0. (3D
From the condition on the stepsize given by (14), for a small € > 0, we know that

_ @2 2
L 20U - TP

(32)
||A*(I - T22)Axn||?

Tn

which implies
AT = TP Axa||* < 2/|(I - Tr)Axa||* - €]|A"(I - Tp2)Axnl|?

and thus we have

€||A (I - T2 Axn||* < 2||(I = TE2)Axn||* = yn||A"(I - TE?)Axn||*.
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This implies that
€[|A (I - T2*)Axn||* < An — 0, as n — oo,

Hence
lim ||A"(I - T2)Axn||* = 0. (33)
n—oo

Further, from (31) and (33), we get

0 < €||I-TE*) Axn||* < || - T2))Axn||?
< [|xn = pI1* = |[Xns1 = P> + AU = TE2)Axn||? + 26né (f (n) - f(), Xns1 - D)

+2a”<€f(p)_Dp’Xn+1_p>+2a¢1N2 _>O’ as n — oo, (34)
and hence
lim [|(I - T2?)Axnl| = 0. (35)
n—oo

Also from (27), we obtain

(1- an’_Y)ZHZn _pH2 +2ané{f(xn) = f(0), Xps1 — p) + 2an(éf(p) - Dp, Xp11 — D)
llzn = pII* + 2an&Bl|xn = | - [|Xne1 - PI| + 26 (&f(p) — DP, Xns1 - ). (36)

IN

[1Xns1 = pII?

IN

Substituting (21) into (36), and from (26), we have

[lyn =Dl = rn(260 = rn)|[R1yn — hapl* + 200 B||Xn = DI| - || Xns1 - D]

+2an(§f(p) - Dp, Xn+1 - p)

[1Xn = pII* + 203 N2 = rn(20 = r)||h1yn = hap||* + 2anéB||xn = p| - |[Xns1 = |
+2atn(§f(p) - Dp, Xn+1 = P)- 37

IN

2
|[Xn+1 = pl|

IN

Thus, we have

(20 = rn)||hiyn —hapll> < |Pxn=pII® = [[Xni1 = PII® + 2anéB[xn = p|| - [|Xns1 - P|
+2an(éf(p) - Dp, Xps1 —p) — 0, as n — oo,

Since {rn} c (0, 20), we conclude that
lim ||hyyn - h1p||2 =0. (38)
n—oo

Further, observe that

llzn = pI> = ||IT2 (Yn - rnhayn) = TE (p - rahyp)||?
< (zn-p,(Yn—rnhiyn) - (p — rah1p))
1
< E{Hzn =p|I> +|(yn = rnh1yn) = ( = rah1p)||> = ||(zn = D) = [(Yn - Tah1yn) - (0 - rnhlp)]\lz}.
Hence

IN

| = rah1yn) = (B = tnh1p)l1> = [|(zn = yn) + Ta(hiyn — Rip)||?
lyn = pII* = [1zn = ynl|* + 2rnllzn = ynl| - ||h1yn - h1p|]*. 39)

2
|lzn = p|

IN

From (36) and (39), we obtain

llyn =pII* = 120 = ynl[* + 2rnl|zn = yul| - |h1yn = hap|* + 2anéB]|xn = p|| - || Xns1 - p|
+2an(¢f(p) - Dp, Xn+1 — D)

||xn = pII” + 2a3N2 = ||2n = ynl|* + 2rnl|2n = yn| - |h1yn - hap||?

+2an&B||xn = ||+ [[Xns1 = pl| + 220 (&f(p) - Dp, Xn.1 - D).

IN

2
[[Xn+1 = pl|

IN
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Therefore

llzn = ynll* < %0 = plI* = |[xne1 = pII* + 2anN2 + 27n|zn = yal| - ||h1yn - h1p||?
+2a"{:8HX" _p” : ||Xn+1 _p” + 20(n<ff(p) - Dp, xp+1 _p>'

Since ap, — 0 as n — oo, and using (38), we obtain
lim ||zn - yn||* = 0. (40)
n—oo

Moreover

HUnZn‘PH2 H(l‘WH)Zn’anSZn‘PHZ

(1 - wn)l|zn - pII> + Wal|Szn - PII* = Wn(1 - wn)||Szn — zn||®

IN

(1 = wn)|zn = P> + Wnl|zn = D||* = Wn(1 = Wn)||Szn - za||®

IN

= |lzn - p|I* = Wn(1 = Wn)||Szn — zn||*
|1Xn = D||* + 24Ny = wn(1 - Wn)||Szn - Zn||*. (41)

IN

Note that from (27), we have

IN

(1- anS’)ZHUnZn —pHZ +2an(éf(xn) = Dp, Xns1 — D)
||Unzn —sz + 200 (&f (xn) — Dp, Xn+1 — D), (42)

2
[IXne1 = pl|

IN

then from (41) and (42), we get

wn(1 - wn)[[Szn = znl|* < []xn = p||* = |Xne1 = DI + 260 (§f Otn) = DD, Xps1 - P)
+2aﬁ‘1N2 — 0, as n — oo,

By condition (C7), we have

lim [|Szn - zn|| = 0. (43)
n—oo
Also
[|Unzn = zn|| = Wn||Szn — zn|| = 0, as n — oo. (44)
It is clear from (3.1) that
[|Xn+1 = Unznl| = an||éf(xn) = DUnzn|| — 0, as n — oo, (45)
and
[lyn = xn|| = 0, n— oo, (46)
then, it follows from (40) and (46) that
llzn — Xnl|| £ ||zn = ¥n|| + ||Yn — Xn|| — O, as n — oo, (47)

Furthermore, it follows from (44), (45) and (47) that
[IXn+1 = Xn|| < ||Xn+1 — Unzn|| + ||Unzn — zn|| + ||2n — Xn|| = 0, as n — oo.

Since {xn} is bounded, there exists a subsequence {xn,} of {xn} such that x,, — X. It follows from (46) and
(47) thatyn, — X and zn, — X, respectively. Since limn oo ||Szn—2zn|| = 0, and by Lemma 2.2, we have X € F(S).
Next, we show that x € Q. Since z, = TrQn1 (yn = rnh1yn), then

1
01(zn, y) + (h1zn, ¥y — zn) + p(y) - Pp(zn) + r—(y—zn,zn -yn) 20, VyecC.
n
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It follows from the monotonicity of ©, that

(h1zn,y = zn) + $(y) — P(zn) + %()’ ~Zn, Zn = Yn) 2 01(y, zn).

Replacing n by n;, we get

iz, y = 20) + -y = 2y, 2, = Vi) = O1(3,2n) + Blan) - $O). (48)

]
Further, forany t € (0,1] and y € C, lety; = ty + (1 — t)x. Since x € Cand y € C, then y; € C. So from (48),
we have

Zn —Yny

v

<)/t _any hl)’t> - <yt - Zn]-, h1)’n,~> - <)/t _an) > + @1()/t, Zn,-)
+$(zn) - P(ve)

=Vt~ znj, hiye — hazng) + (Yt = Znj, h1zn; = hayn;) - <)/t - Znj,

<,Vt _Zn;'! hlyt)

Zn — Yn;

> +01(yt, zn)
+@(zn;) = P(ye). (49)

From the Lipschitz continuity of hy and limp— e ||zn—yn|| = O, we obtain ||h1zn; —h1yn;|| — 0,asn — oo. Also
since h; is monotone, we have (y; —zn;, h1yt—hizn;) 2 0. Therefore, by L4 and the weak lower semicontinuity
of ¢, taking the limit of (49) as j — oo, we have

Yt =X, hiye) 2 01(ye, X) + p(X) - p(ye). (50)
Hence, from L1 and (50), we get

0 = 01, y0) +dye) - d(ye)
< t01(ye, ) + (1 - 001(ye, X) + tp(y) + (1 - )p(X) - p(ve)
= 01y, y) + P(y) - Pp(ye) + (1 - )(O1(yt, X) + p(X) - p(y¢))
< HO1(ye, ¥) + d(y) - p(ye)) + (1 = )yt - X, haye)
< tO1(ye, ) + ¢(y) - d(ye)) + (1 - )ty - X, h1ye),
which implies that
01(ye, y) + (1 =)y = X, haye) + d(y) - p(ye) = 0.
Letting t — 0, we have
91()2: )’) + <y_)_(s hl)_(> + ¢(Y) - ¢()_() 2 0) y € C;
which implies that x € GMEP(O1, h, ¢).
Since A is a bounded linear operator, Ax,;, — Ax. It follows from (35) that
T%Axnj — AX, as j — oo.

By the definition of Tf’n?Axnl., we have
]

02(T52 Axny, 8) + (ha(Tr2 Axn), & = Tr2 Axn)) + 9(8) - @(T72 Axny)

1
+ =y = T52Axn, T52Axn, — AXn)) 20, Vg€ Q and yeH,. (51)

I'n;

Since 0, is upper semicontinuous in the first argument, taking limsup of the above inequality as j — oo, we
get
0,(Ax, g) + (hy(AX), g - AX) + ¢(g) - p(AX) 2 0, Vg e Q,

which implies Ax € GMEP(O;, h,, ¢) and thus x € Q. Therefore x € I' = Q N F(S).
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We now show that {xn } converges strongly to z = P(I-D+£f)(z) which is the unique solution of the variational
inequality (24). To do this, we first prove that lim sup,,_, .. (D - éf)z, z - xx) < 0. Choose a subsequence {xp, }
of {xn} such that

limsup((D - éf)z,z - xn) = lem (D -&f)z, z - xn;).

Since xn; — X, we get

lim sup{(D - &f)z, z - xn)

lim ((D - &)z, z - xn,)
Joreo
= ((D-¢&fz,z-X%)<0.

Now from (27), we have

Xpe1 —2l> < (1-an9)? [Hxn —z|)? + za“NZ} +2an&B|xn - 2|| - || Xns1 — 2|| + 2an(éf(2) — Dz, Xp41 - 2)
< (1-any)?||xn - 2||* + an&B(|xn — 2||* + ||Xns1 — 2||?) + 26n(f(2) - Dz, Xps1 — 2) + 201N,
< (1-any)||xn —z||2 + anéB(||xn - sz + || Xne1 —z||2) +20n(éf(z) - Dz, xps1 — 2) + 20N,
an(y - &p) o2 2a B 3
< (1= 1P 2 (1) - Dz, =) + a2
= (1—Vn)HXn—Z||+Vn6n, (52)
where

an(y ) 2
Vn= 7= anég and 6, = e
It is easy to verify that )~  va = ecand lim sup,,_, ., 6» < 0. Therefore, from Lemma 2.5, we get ||xn - z|| — O,
as n — oo and hence {x,} converges strongly to z. From (46) and (47), it is easy to see that {y»} and {zx}
converge strongly z.
Case II: Assume that {||x» - p||} is not monotonically decreasing. For all n = ng (for some ng large enough),
let 7 : N — N be defined by

(&f(2) - Dz, Xp41 - 2) + a3 N3]

T(n)=max{k e N:ksn:Ty<Tiq}
Clearly, 7 is nondecreasing since 7(n) — oo as n — oo and
0< er(n) _pH S Hx‘r(n)+1 _pH’ vn z ng.

Following a similar argument as in Case I, we have ||(I - T22
[1Xz(ny+1 — Xz (|l — O. Also, we obtain

)AXT(n)H — O ||SZT(n) _ZT(n)H — 0 and

r 7(n)

limsup((D - &f)p, p — X¢(n)) < O.

n—oo

Now, since {x(,} is bounded, there exists a subsequence of {x.(,} denoted by {x;(,,} which converges
weakly to X. Suppose {X,(,,} is such that

lim sup(f(p) = Dp, Xr(u1 = P) = Him (5f(p) = Dp, X(ny)+1 = P)-

Since x(,) — X, and from (24), we have

lim sup(¢f(p) - Dp, Xo(n)41 — P)

n—oo

]lln;lo<£f(p) - Dp, XT(n,-)+1 - p>
(6f(p)-Dp,x-p) =<0.

Therefore
lim sup(éf (p) — Dp, X;(n)41 — P) < O. (53)

n—oo
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Similarly, as in (52) we obtain

IN

||XT(YI)+1 _pHZ (1 - ar(n)’_Y)z [Hx‘r(n) _pHZ + 20(4N2 + Zar(n)‘fﬁHXT(n) _p” * ||X1(n)+1 _p”

+2ar(n)<'{f(p) - Dp’ Xr(n)+1 _p>

A ()(y — §B) 20,y
< (11— T TSPT -p|?+ —"__[(&f(p) - Dp, x -p)+aiN,].
( 1= a‘r(n)fﬁ || 7(n) || 1= ar(n)fﬁ <£ T(n)+1 > ni¥2
(54)
Since [|Xy(p) = PII* < [|Xr(y+1 — PI|?, then from (54), we have
0 < [[Xeur = PII* = [[Xe( ~ PII?
_ a‘r(n)(;y B ‘{ﬁ) o2 2a‘r(n) _ _ 3 _ 2
< (1 1- ar(n)gﬁ Hx‘r(n) pH + 1- a‘r(n){ﬁ [<€f(p) Dp’x‘r(n)Jrl p> + aYINZ] Hx‘r(n) p” .
It follows that
7 -4éB 2 2 3
——— X —PII° s ———5z[(§f(p) - Dp, x - Dp) + anN>]. (55)
1- ar(n)gﬂ H 7(n) || 1- ar(n)gﬁ <€ T(n)+1 > niV2
Since a;(,) — 0, as n — oo and from (53), we have
nh_)IEc [[Xz(m) = PII = 0. (56)
As a consequence, we obtain for all n = ng,
2 2 20 _ 2
0< HXH _p” < maX{HXT(n) _pH s er(n)+1 _p” } = er(n)+1 _pH .
Hence, limy—se ||xn — p|| = 0. This implies that {x»} converges strongly to p. This complete the proof. O

We now give the following consequences of Theorem 3.6.
1. Consider the following split mixed equilibrium problem. Find x™ € C such that

0:1(x", %)+ p(x) - p(x") 20, Vx e C,
y" = Ax" whichsolves 0,(y",y)+ (") -@() =0, VyeQ.

The set of solutions of (57) is denoted by MEP(O1, O,, ¢, ¢). In [44], the authors proved a weak convergence
theorem for solving (57) and a fixed point problem of a nonlinear multi-valued mapping in real Hilbert spaces.
Putting h; = h, = 0 in Theorem 3.6, we obtain a strong convergence result for approximating a common
solution of (57) and a fixed point problem for nonspreading mappings without prior knowledge of the operator
norm in real Hilbert spaces. Thus, the following result complements the result in [44].

Corollary 3.7. Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H, and H,, respec-
tively,andlet A : Hy — H; be a bounded linear operator. Let ©1 : CxC — Rand 0, : QxQ — R be bifunctions
which satisfy Assumption2.3. Let ¢ : C — R U {+oo} and ¢ : Q — R U {+eo} be proper, lowersemicontinuous
and convex functions, and let S : C — C be a nonspreading mapping such that F(S) # (. Let f : Hy — Hy be
a contraction mapping with constant 8 € (0, 1) and let D be a bounded linear operator with coefficient ¥ € (0, 1)
such that 0 < & < % Choose an initial guess x; € H arbitrarily and let an € [0, 1], Bn € [0, 1], wn € (0, 1),

* O
rn > 0 and A > 0. Assume that the nth iterate has been constructed, and set m; = M. We then

compute the (n + 1)th iterate via the formula

mA"(T5? - DAxn
A
Yn = Xn + AMpyq, (58)

Mpi1 = +Bnmn,

Zn = Tgl)/n,
Xn+1 = Anéf(xn) + (1 — anD)[(1 — Wn)zn + WnSzn],
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for n = 1, where A* is the adjoint operator of A. Further, we choose the stepsize yn such that, if
ne0:={n:{I-T)Ax, #0},

then

( 2[|(I = TP |2
n

, , VneO. (59)
||A*(I - Tﬁ?;)Aon)

Otherwise, yn = v (v being any nonnegative value). Suppose I' := MEP(01, 02, ¢, @) N F(S) # 0, and that
Assumption 3.4 and the following condition is satisfied:

liminfry, > 0.
n—oo

Then, {xn} converges strongly to a point z, where z = Pr(I - D + éf)(z) is a unique solution of
(D-¢&f)z,z-x)<0, xeT.

2. In [38], Suantai et.al. proved a weak convergence result for finding a common solution of Problem (9) and
a fixed point problem of a %-nonspreading multi-valued mapping in real Hilbert space.
Putting hy = h, = ¢ = @ = 0 in Theorem 3.6, we obtain a strong convergence result for approximating
a common solution of (9) and a fixed point of a nonspreading mappings without prior knowledge of the
operator norm. Thus, the following result complements the result of Suantai et.al. [38].

Corollary 3.8. Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H, and H,, respec-
tively,andlet A : Hy — H, be a bounded linear operator. Let ©1 : CxC — Rand 0, : QxQ — R be bifunctions
which satisfy Assumption 2.3. Let S : C — C be a nonspreading mapping such that F(S) # 0. Let f : Hy — H;
be a contraction mapping with constant B € (0, 1), and let D be a bounded linear operator with coefficient
4 € (0,1) such that 0 < & < % Choose an initial guess x, € H; arbitrarily and let an € [0, 1], Bn € [0, 1],

* om0
wn € (0,1), rp > 0 and A > 0. Assume that the nth iterate has been constructed, and set m, = M.

We then compute the (n + 1)th iterate via the formula

AN(TE2 - 1) Axn

Mpy1 = D + Bnmn,
Vn = Xn + AMpyq, (60)
Zn = T;?f)/n,

Xn+1 = @néf(xn) + (1 = anD)[(1 — wn)zn + WnSznl,
for n > 1, where A* is the adjoint operator of A. Further, we choose the stepsize yn such that, if
ne0:={n:{I-T)Ax, #0},
then

2|t - TR2)xall?
T JAYU - T92) Axq |2

Yn € (O ) vn € 0. (61)

Otherwise, yn = ~ ( being any nonnegative value). Suppose I :== SEP(01, ©,) N F(S) # 0, Assumption 3.4 is
satisfied, and further suppose that the following condition is satisfied:

liminfr, > 0.
n—roo
Then, {xn} converges strongly to a point z, where z = Pr(I - D + éf)(z) is a unique solution of

(D-¢&f)z,z-x)<0, xeT.
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3.Let S : C — C be a nonexpansive mapping in Theorem 3.6, then we have the following result:

Corollary 3.9. Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H, and H,, respec-
tively, and let A : Hy — H, be a bounded linear operator. Let ©1 : CxC — Rand O, : QxQ — R be bifunctions
which satisfy Assumption 2.3. Let h, : C — Hy and h, : Q — H, be 0, 0,-inverse strongly monotone map-
pings respectively such that 6 = max{01,0,}. Let ¢ : C - RU {+o0} and ¢ : Q — R U {+c0} be proper,
lowersemicontinuous and convex functions, and let S : C — C be a nonexpansive mapping such that F(S) # ().
Let f : Hi — H;i be a contraction mapping with constant € (0, 1), and let D be a bounded linear operator
with coefficient v € (0, 1) such that 0 < & < % Choose an initial guess x, € H, arbitrarily and let a, < [0, 1],

Bn € [0,1], wn € (0,1), rp € (0,26) and A > 0. Assume that the nth iterate has been constructed, and set

A (T2 -DAx, . .
my = ———5———. We then compute the (n + 1)th iterate via the formula

A*(T® - DAx
Mp+1 = M—n + fnmn,

Yn = Xn + AMpaq, (62)
Zn = T2V = rnh1)yn,
Xn+1 = anéf(xn) + (1 = anD)[(1 — Wn)zn + WnSznl,
forn = 1, where A* is the adjoint operator of A. Further, we choose the stepsize vy such that, if
neo:={n:I-T)Ax, #0},

then

21T = T®)xn| |2
ne(O [|(I = T72)xnl|

, , vneo. (63)
|A*(I - TﬁZ)Axn||2)

Otherwise, vn = 7y (v being any nonnegative value). Suppose I' :== QN F(S) # (), Assumption 3.4 and the following
conditions are satisfied:

(i) liminfp—eorn > 0;
(i) 0 < liminfy_eo Wy < limsup,_, ., wn < 1.

Then {xn} converges strongly to a point z, where z = Pr(I — D + éf)(z) is a unique solution of

(D-¢)z,z-x)<0, xel.
4, Putting £ = 1 and D = I where I is an identity mapping in Theorem 3.6, we have the following result:

Corollary 3.10. Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H, and H,, respec-
tively, andlet A : Hy — H, be a bounded linear operator. Let ©1 : CxC — Rand O, : QxQ — R be bifunctions
which satisfy Assumption 2.3. Let h, : C — Hy and h, : Q — H, be 0, 0,-inverse strongly monotone map-
pings respectively such that 6 = max{6;,0,}. Let ¢ : C - RU {+o0} and ¢ : Q — R U {+c0} be proper,
lowersemicontinuous and convex functions, and let S : C — C be a nonspreading mapping such that F(S) # 0.
Let f : Hy — H; be a contraction mapping with constant 8 € (0, 1). Choose an initial guess x, € H; arbitrarily

and let an € [0, 1], Bn € [0, 1], wn € (0,1), rn € (0, 20) and A > 0. Assume that the nth iterate has been
1A (T2 -DAx,

constructed, and set my = ——. We then compute the (n + 1)th iterate via the formula
A*(T®2 - )Ax
Mps1 = % +ﬁnmn,
Yn = Xn + AMp,1, (64)

Zn = T,(f?ll(l— rnhl)yn,

Xn+1 = anf(xn) + (1 — an)[(1 = Wn)zn + wnSznl,
forn = 1, where A* is the adjoint operator of A. Further, we choose the stepsize yn such that, if

neo0:={n:I-T)Ax, #0},
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then

(0 2|/ = T2 x|

, , VvneO. (65)
||A*(I - T%)Ax,,uz)

Tn €

Otherwise, vn = 7y (y being any nonnegative value). Suppose I' := QNF(S) # 0, Assumption 3.4 and the following
conditions are satisfied:

() liminf, oo rn > O;
(ii) 0 <liminfp_eo Wy < limsup,_,.,wn < 1;

then, {xn} converges strongly to a point z, where z = Pr(f)z is a unique solution of
(I-f)z,z-x)<0, xeT.

Remark 3.11. The condition that {(I - T,an )Axy} is bounded is satisfied if the set of solutions Q of SMEP (4)
is bounded. If Q is not bounded, then we need to verify the condition that {(I - T,Eff )Axn} is bounded before
applying our algorithm.

4 Numerical example

In this section, we provide a numerical result on the problem considered in Section 3.

—#— Algorithm 3.1 —#— Algorithm 3.1

—#— Unacclerated type —+— Unacclerated type

0.2

Errors

0.1

25 3 35 4 45 5
Iteration number (n) Iteration number (n)

Figure 1: x; = 0.2375, Left: accuracy against number of iterations; Right: errors against numbers of iterations.

Example 4.1. Let H; = H, = Rand C = Q = [0, 2]. Define ©; : Cx C — Rby 01(x,y) = -3x? + 12,
hi:C—=Rbyhi(x)=xand ¢ : C — Rby ¢(x) = %xz. It is easy to see that

Tffll (z) = vz € R.

z
3rn+1’°

Also, let ©, : R xR — R be defined by 0,(u, v) = —3u? + 2uv + v2, h, : Q — R be defined by h,(u) = 2u and
¢ : R — R be defined by ¢(u) = u?, then

0, __w
Tr2(w) i1 WeR
Let A : R — R be defined by A(x) = 2x for all x € R. Then A is a bounded linear operator and AT(x) = 2x
for all x € R. Clearly, Q := {p € GMEP(604, hy, ¢) : Ap € GMEP(O,, h,, ¢)} = {0}. This shows that Q is

bounded and thus, the sequence {(I - T 2 2)Axn} is also bounded.
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—+— Algorithm 3.1 —¥— Algorithm 3.1
—#— Unacclerated type —#— Unacclerated type

0.1

0 2 4 6 8 10 1 15 2 25 3 35 4 4.5 5
Iteration number (n) Iteration number (n)

Figure 2: x; = 0.1250, Left: accuracy against number of iterations; Right: errors against numbers of iterations.

—+— Algorithm 3.1 —#— Algorithm 3.1
—#— Unacclerated type —#— Unacclerated type

5 6 7 8 9 1 15 2 25 3 35 4 45 5
Iteration number (n) Iteration number (n)

Figure 3: x; = 0.0625, Left: accuracy against number of iterations; Right: errors against numbers of iterations.

3 -3
4 210 ;210

—+— Algorithm 3.1 —#— Algorithm 3.1
—#— Unacclerated type —#— Unacclerated type

5 6 7 1 15 2 25 3 35 4
Iteration number (n) Iteration number (n)

Figure 4: x; = 0.007, Left: accuracy against number of iterations; Right: errors against numbers of iterations.

Define S : R — R by

if x € (-o0,1),
1, if x €[1, +o0).

X (66)

It is easy to see that S is nonspreading and I = {0}. Take ¢ = 1, D = I, where I is an identity mapping and
1

f : R — Rbedefined by f(x) = 5. Choose an = T

Wn

Bn =

= ’r = ’
5(1+ 1) " n+1

2(n +

1)

7 andA = 1.5,
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Table 1
Initial values Algorithm 3.1 Unaccelerated alg.
X1=0.0005 0.0011 0.0027
x1=0.01 0.0020 0.0262
x1=0.1 0.0026 0.0357
x1=10 0.0038 0.1119
and set m; = o (224 x1. Then Algorithm 3.1 gives the following:
1.5 \6rpn+1
_ l —24rn mn
Met = 15 (G e 1% 20 DB
Yn=Xn+1.5mp,q,
__1 -1 (67)
g i inelm
Xns1 = ——f(xn) + — [4n+52n+ n Szn}, n=1.
n+1 n+11015(n+1) 5(n+1)

We now make a different choice of the initial value x; and use e < 10~° for the stopping criterion.
Case1l: x; =0.2375, Case2: x; =0.1250, Case3: x; =0.0625, Case4: x; =0.007.

We note that the choice of 5, as long as it is in the range, does not have any significant effect on either the
number of iterations, nor the cpu time. Using Matlab version 2016b, we compare the computational result of
Algorithm 3.1 with its unaccelerated form (i.e. taking 8, = 0) and plot the graphs of accuracy against number
of iterations, and errors against number of iterations (see Figure 1-4 and Table 1) which are located after the
references below. This shows that Algorithm 3.1 converges faster and is more efficient than its unaccelerated
form (i.e. when B, = 0).
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