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Presented here is a unified approach to evaluating the error- fading channel models typical of communication links of
rate performance of digital communication systems operating over practical interest. For each combination of communication
a generalized fading channel. What enables the unification is the (modulation/detection) type and channel fading model, the

recognition of the desirable form for alternate representations of .
the Gaussian and Marcur@-functions that are characteristic of ~ 2Verageé bit error rate (BER) or symbol error rate (SER) of

error-probability expressions for coherent, differentially coherent, the system is described and represented by an expression
and noncoherent forms of detection. It is shown that in the largest that is in a form that can be readily evaluated. In many
majority of cases, these error-rate expressions can be put in cases, the result is obtainable as a closed-form expression,
the form of a single integral with finite limits and an integrand while in other cases, it takes on the form of a single

composed of elementary functions, thus readily enabling numerical . . - . .
evaISation. y y g integral with finite limits and an integrand composed of

Keywords—Communication channels, differential phase shift elementary (exponential and trigonometric) functior
keyin{;, digital communication,dispersivé channels,di\F/)ersity meth- CaS€S conS|dereq| corresp(_)nd to real practlt_:al channels,
ods, fading channels, frequency shift keying, phase shift keying,and the expressions obtained can be readily evaluated
signal detection. numerically. Due to space constraints and the wide variety
of communication types and fading channels to which the
unified approach applies, we have chosen to omit such
numerical results from this paper. These will, however, be
presented in a forthcoming textbook [37] and journal papers
[21], [34], [35] by the authors. Applications of the generic
results include satellite, terrestrial, and maritime commu-
nications, single and multicarrier code division multiple
access (CDMA), two-dimensional (space—path) diversity,
and error-correction coded communications.

l. INTRODUCTION

Using alternate representations of classic functions aris-
ing in the error-probability analysis of digital communica-
tion systems (e.g., the Gaussigrfunction and the Marcum
Q-function), more than four decades of contributions made
by hundreds of authors dealing with error-probability per-
formance over generalized fading channels are now able
to be unified under a common framewdrkihe unified
approach allows previously obtained results to be simplified
both analytically and computationally and new results to be
obtained for special cases that heretofore resisted solution The unified approach to be described allows for the per-
in a simple form. The coverage is extremely broad in that formance evaluation of systems characterized by a large va-
coherent, differentially coherent, and noncoherent commu- fiety of modulation/detection combinations. Lettiag) =

nication systems are all treated, as well as a large variety ofAnlej(Qfo’”t+¢_’”) denote the generic complex baseband
transmitted signal in thenth transmission interva{m —
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pertinent to what we present here, can be found in [1]-[54]. For a more
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Il. TYPES OF COMMUNICATION
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Table 1 Modulation/Detection Types

Detection Type Modulation Complex Baseband Signal Attributes
Coherent M-ary amplitude-shift-keying (M-ASK) A, =+2k-DA;, k=12,...M/2
or M-ary amplitude modulation (M-AM) =0, ¢,=0
Quadrature amplitude-shift-keying (QASK) A =[x2k-1) L j2I-1)]A; kI=12..,VM /2
or quadrature amplitude modulation (QAM) f.=0, ¢,=0
A=A, f,=0,

M- hase-shift-keying (M-PSK
ary phase-shift-keying ( ) ¢m=(2i—1)%; i—12...M

Binary frequency-shift-keying (BFSK) A=A, ¢,=0
(orthogonal or nonorthogonal) fo= A
_ 1/2T (orthogonal)
s/t (minimum correlation)
9,=0
Differentially M-ary phase-shift-keying (M-PSK) A=A, f. =0,
Coherent * Classical (two-symbol observation) ¢, =(2i —1)-;:7; i=12,...M
* Multiple (more than two symbol observation)
Noncoherent Binary frequency-shift-keying (BFSK) A,=A, ¢,=0
(orthogonal or nonorthogonal) [, =4 =1/T (orthogonal)

environments. A summary of these various fading channel ferent distribution families. Last, with regard to the delays,
models and the environments to which they apply is given the first channel is assumed to be the reference channel
in Table 2. whose delayr; = 0. Without loss of generality, we order
the delays such that; < 7 < --- < 77,. With such
a general model as the above, we are able to handle a
large variety of individual channel descriptions and their
associated diversity types such as a) space, b) angle, c¢)
polarization, d) frequency, e) multipath, etc. A description
of these and others is presented in [3, pp. 238-239].

One special case of the above generic fading channel
model on which we shall primarily focus our attention

complex transmitted signal, withthe channel index and . . . .
. corresponds to multipath radio propagation wherein the
{aq}, {6:},{n} the corresponding sets of random path Ln e . . o
Fadmg is classified according to its selectivity. In the case

fhe <low facing acsumpton, we aseame that he ciemente’} eQUENCY nonselectiading, wherein the symbol tme
of the sets are all constant over the data symbol interval. of the digital modulation is large compare(_j to the maximum
We assume that these sets are mutually independent. Th elay spread of the.cha-\nn(.al, there exists only a single
fading amplitude on each of these channels is assumed td€selvable path resulting in single channel recepfibp =

be a time-invariant random variable (RV) with a known 1). The receiver for_ such a communication system can
probability density function (pdf). While it is more typical perform coherent, differentially coherent, or noncoherent
than not to assume independent, identically distributed detection. _ _ _ _
(ii.d.) fading among the multichannels, the multichannel  When the fading environment is such that the maximum
model that we shall consider is sufficiently general to delay spread of the channel is large compared to the
include the case where the different channels are correlatedymbol time, i.e.frequency selectiviading, then there exist
as well as nonidentically distributed. We call this type of multiple (L,, > 1) resolvable paths (the maximum number
multilink channel ageneralized fading channeh the case  of which is determined by the ratio of the maximum delay
of the latter, two situations are possible: either the channelspread to the symbol time) resulting in multiple channel
fading probability distributions all come from the same reception.

family but have different average powers—i.e., fh@ver For the generic case of multichannel reception, diversity
delay profile (PDP) or alternately thenultipath intensity combining can be employed at the receiver to improve
profile (MIP) across the channels is nonuniform—or more signal-to-noise ratio (SNR) and thus average BER perfor-
generally, the channel fading probabilities come from dif- mance. The particular types of diversity combining that are

IV. TYPES OF RECEPTION

The most general model for the reception of digital
signals transmitted through a slowly varying fading medium
is a multilink channel in which the transmitted signal
is received overL, separate channels (Fig. 1). In this
figure, {r1(¢)} is the set ofL, received replicas of the
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Table 2 Fading Channel Types and Their Environment

Channel Type Description and Environment Probability Density Function (PDF) of
Fading Amplitude, oz_and SNR/symbol, y
2
Rayleigh [40] Mobile systems with no LOS path between p,(82)= %exp[—%); >0
transmitter and receiver antennas, propaga- p(7:7)= éexp[—%); y=0
Y Y
tion of reflected and refracted paths through Q=" = average fading power
troposphere and ionosphere, ship-to-ship y = average SNR per symbol

radio links [41].

1+¢%)a 1+¢°) o 1-¢*)a?
Nakagami-q (Hoyt) Satellite links subject to strong ionospheric pq(a;Q,q)z( 7) exp[—( 7) 1, ( 4q ) ;

qQ 44°Q q*Q
(spans range from scintillation [44] az0
1+4° 1+@) 1-4*
one-sided Gaussian p,(v:7.9)= ( q_ )pr ( qzz 14 I, ( Z_)y ]
2q¥ 4977 497y

(g=0) to Rayleigh
(¢=1)) 142, Eq. 52)],

1431
1+n?)e e 1+ n?)a? 1+n?
Nakagami-n (Rice) Related to Rician K factor (n2 =K ) - P Q2,n)= ( nQ)e cxp{—( ;)a ]10[2na H:Qn )
(spans range from propagation paths consisting of one strong a0
1+n%)e™ 1+n? 1+4*
Rayleigh (n=0) to direct LOS component and many random  p,{7;7.n) :( . )e xp(—( f )YJI{ n ( f )y j
Y Y
no fading (n=10)) weaker components — microcellular urban Y20
{42, Eq. (50)], [45] and suburban land mobile, picocellular
indoor and factory environments [46].
. . . . . 2mmo’™ ma’
Nakagami-m Often best fit to land mobile [47], indoor mobile p.(05Q2,m)="———exp| — - >0
Q" (m) 2
m-1
(spans range from multipath propagation as well as ionospheric P77 m)=— I]‘, ( )exp[_m__y} 720
Y im Y
one-sided Gaussian radio links.
(m=1/2), Rayleigh
(m=1) to no fading
(m=<)) [42, Eq. (11)]
10log,, 7 — 1)
Log normal Caused by terrain, buildings, trees — urban p.(v:1,0)= 1«(;2/;101'}? exp[—( OmeGZ #) :}; Y20
shadowing [3, Sect. 2.4] land mobile systems, land mobile satellite 4 (dB) and o (dB) are mean and standard
deviation of 10log,, ¥
systems [48].
. . . . . - m™y" my
Composite gamma/log Nakagami-m multipath fading superimposed Do (¥im. 1, 0) =I expl ——-
° Q"I"(m) Q
2
. 10/1n10 (10log,, ¥ — 1)
1[3, Sect. 2.4.2 1 1 shad . C ted down- dQ, y>0
normal [ Cl ] on log normal shadowing. Congested down X NEEP) ex [ = v

practical depend on the characteristics of the modulation tion requires knowledge of the channel fading parameters,
and their associated detection. For coherent detection, thewhich is typically obtained from measurements made on
optimum form of diversity combining isnaximal ratio the channel. Aside from its superiority of performance, the
combining(MRC), which is implemented in the form of a RAKE receiver is well suited to equal as well as unequal
RAKE receiver [1], [2] (see Fig. 2). Such an implementa- energy signals such as/-AM, M-QAM, or, for that
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Table 2 (Continued.)Fading Channel Types and Their Environment

town areas with slow-moving pedestrians and
vehicles. Also in land mobile systems subject
to vegetative and/or urban shadowing [49].

Combined (time- Convex combination of unshadowed Daxs (y;A,T'“,K , p‘,a‘) =(1-A) p,,(y;?",«/f ) +Ap,, (y;l, ,u‘,o")

shared) shadowed/ multipath and a composite multipath/ A is time-share factor; u* (dB) and o' (dB) are mean and

unshadowed [50] shadowed fading. Land mobile standard deviation of 10log,, ¥ during shadowed
satellite systems [50]. fraction of time; ¥* is average SNR/symbol during

unshadowed fraction of time.

Transmitted Signal AWGN
s(t) Delay /()
1 |
ni(t)
a1 e 701
Delay /Ty ra2(t)
™ |
na(t)
ap e~702 IMULTICHANNEL .
Decision
-
@ Delay (T\r3(t) | RECEIVER
T3
) na(t)
a3 e 39
f N Delay Jan s N0
! nr, ()

e 0Ly

Fig. 1. Multilink channel model.

matter, any other amplitude/phase modulation. A simpler With the foregoing material as background, we are now
but suboptimum diversity combining technique is called prepared to delve into the mechanisms that will allow the
equal gain combining EGC) whose implementation has e€valuation of the performance of such systems to be unified
the advantage of not requiring knowledge of the channel under a common framework.
fading amplitudes. Since unequal energy signals sudias
AM and M-QAM would require amplitude knowledge for V. ALTERNATE REPRESENTATIONS OF THE
automatic gain control (AGC) purposes, the EGC diversity GAUSSIAN AND MARCUM -FUNCTIONS
technique should only be used with equal energy, i.e.,
constant envelope signals such&sPSK [3, Sect. 5.5.4].  A. The Gaussian Q-Function

For differentially coherent and noncoherent detection,  The classical definition of the Gaussi@rfunction (prob-
MRC is not practical since channel phase estimates areability integral) is given by
needed for its implementation. If in fact it were possible to - )
estimate the channel phases on each path, then the reasons Qz) = / 1 exp <_y_> dy. (1)
for employing differentially coherent and noncoherent de- » V2m 2
tection would become mute, and instead one should resortjy proplems dealing with performance evaluation for co-
to coherent detection since it results in superior perfor- herent detection over fading channels, the conditional BER
mance. In view of this observation, the most appropriate js expressed in terms of (1) where the argumerntdf the
form of diversity combining for these types of receivers is function is typically proportional to the square root of the
postdetection EGC [3, Sect. 5.5.6] (see Figs. 3 and 4). instantaneous SNR, which itself depends on the random
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Delay . /
f L,.+Ts (.)dt C
TLr — 71 TLr Sampler H
! 0
r(8) Apexp{—j(2nfm(t — 71,) + dm)} 10
-_ / From Other Correlators _.| :
Delay -
I Lot Ts gy —
J‘}lv TLr Sampler L
A
Tz(t) Am exp{~j(27rfm(t _TL,.)+¢m)} wo
R Decision
] G
Dclay 1. +T. / I E
SRt — B
B t_ ) = Sampler Bias S
T
ra(t) Amexp{—j(2nfm(t — 1L.) + ¢m)} w3
1] 1 1 ™ R
| I | From Other Correlators _,.| E
| : | —~ A
: : ! L
/ P
Delay .
f L. +Ts ()t A
(} TLr Sampler R
? T
TLr(t) Am exP{'j(z"rfm(t - TLr) + ém)} wr,.

)

L, Received Replicas of the Signal

Fig. 2. Coherent multichannel receiver structure. The weights; are such that
wy = (e?®)/N; (I = 1,2,---, L), and the bias is set equal IE,L:H a?/N,E,, for
maximal-ratio combining; andy; = e/% (I = 1,2,---,L,), and the bias is set equal to
zero for equal-gain combining.

fading amplitudes of the various paths. To evaluate the simplifies the analysis and evaluation of average BER by
average BER, one must then average over the statisticsallowing the averaging of the random parameters (fading
of the fading amplitude random variables. Since in the amplitudes) to be performed inside the integral (in closed
definition of (1) the argument appears in the lower limit ~ form for many cases) with a final integration on the variable
of the integral, it is analytically difficult to perform such @ performed at the end.
averages. Rather, what would be desirable would be an An interesting property of the form in (2) can be immedi-
integral form in which the limits were independent of ately obtained by inspection of the integrand. In particular,
the argumentz (preferably finite from a computational the maximum of the integrand occurs at the upper limit, i.e.,
standpoint) and an integrand that is exponential (preferably for & = = /2. Thus, replacing the integrand by its maximum
Gaussian) in the argument value, namelyexp(—z2/2), immediately gives the upper
A number of years ago, Craig [4] cleverly showed bound
that the evaluation of average probability of error for the 1
two-dimensional additive white Gaussian noise (AWGN) Qz) < §eXP(—$2/2)’ 20 3)
channel could be considerably simplified by choosing the
origin of coordinates for each decision region as that defined Which is the well-known Chernoff bound. _
by thesignal vector as opposed to using a fixed coordinate An interesting e>§ten3|on of the altgrnate_ representation
system origin for all decision regions derived from the N (2) can be obtained for the two-dimensional Gaussian
receivedvector. A by-product of this work was an alternate ¢-function, which has the classical form
definite integral form for the Gaussiag-function, which

o> o> 1
. he Gau s e
had the desirable properties mentioned aboveparticular ( ) e Jy QWM

1 [7/2 2 22422 —2pz12
Q(x):—/o exp<—2?—2> dé, z=>0. (2) ><eXp<— L 2(12—p2)1 2 ) dzy d2,.

sin“ @
. . . . 4
We herein refer to this form of the Gaussigxfunction )
as thepreferred form since, as we shall see shortly, it As was the case for (1), this form is undesirable in ap-
3This form of the Gaussia@-function was earlier implied in the work pllcatlons where additional statistical averag'ng must be
of Pawulaet al. [5] and Weinstein [54]. performed over the argumentsy of the function. In [6],
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Delay * «— Conjugate
/ T Operation c
Del
- ST O H
TLr —T1 TLr Sampler 0
(6]
210) Aexp{—j¢m} Delay =1 - s
_/ T, From Othej Correlators _,.| E
Delay - T,
_ S O L
TLy — T2 Lr Sampler
A
: Delay * R
r2(t) Aexp{—jom} G
T, Decision
Delay T, __/ £
[ O — S
TLy — 73 TLy Sampler , T
ra() Aexp{~jm} , : R
: ) ! : From Other Correlators _,.| i
s 5 i ' -1
f i ! Del *
. . . ¢ ;y P
Del _/ : A
eclay 7L +Ts
0 ——(: 1 [T O R
r Sampler T
TLr(t) Aexp{—j¢m}
Ly Received Replicas of the Signal
Fig. 3. Differentially coherent multichannel receiver structure.
Simon found a new representation fX(x,y; p) in the B. The Marcum?-Function
preferred form, namely The first-order Marcum@-function [7] is classically
defined as
Q(x,y; p) ©0 22 + a2
ey aup)= [ a:exp[—< : )}h(aw) dr. (7)
” —-p 8

1 F—tan™ " 2
N %/0 1— psin 26

In problems dealing with performance evaluation for dif-

22 1— psin28 f iall h h . fadi
X eXpq — & s o df erentially coherent and noncoherent detection over fading
2 (1—p?)sin”0 channels, the conditional BER is expressed in terms of (7),
1 ptan™'E 4 02 where, as in the previous discussion, the argumenisof
+ 2% o 1_ »sin 20 psin 20 the function are typically both proportional to the square
21— psin26 root of the instantaneous SNR, which itself depends on the
X eXp{——ij} , random fading amplitudes of the various paths. To evaluate
2 (1-p?)sin- @

the average BER, one must again average over the statistics
2,y 2 0. (5) of the fading amplitude random variables, and thus (7) has
the same undesirability as (1). The natural question to ask
A special case of (5) is of particular interest, namely, when is: Is it possible to arrive at a representation of the Marcum
z =y and p = 0. For this case, (5) simplifies to Q-function in the so-called preferred form, i.e., one where
the limits of the integral are independent of the arguments of
L 5 the function (and hopefully also finite) and the integrand is
Q2(x) = _/ exp <_x—2> d9, z=>0. (6) a Gaussian function of these arguments? Before answering
T Jo 2sin” 0 this question, we make one more important observation.
While it is true, as mentioned above, that the arguments
Comparing (6) with (2), we see that the square of the Gauss-«, 8 of the Marcum@-function typically both depend on
ian @Q-function has the same integrand as the Gaussianthe random fading amplitudes of the various paths, their
@Q-function itself but integrated only ovéralf the interval. ratio is independent of the instantaneous SNR and depends
As we shall see, the result in (6) is particularly useful in only on the modulation/detection type. With this in mind,
evaluation of average SER fdv/-QAM transmitted over  we define¢ = «/3 which is a nonrandom parameter that
fading channels. requires no statistical averaging and is in many cases simply
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Delay r T,
ST Ot .12
TLr — 71 Lr Sampler
() Aexp{—j(2mfm(t — 72,))} | C
/ Frowq Other Correlators _,.] H
Del
clay fTLT+Ts(.)dt — ||2 —wl O
TL, — T2 TLr Sampler [¢]
S
ra(t) Aexp{~j(2mfm(t — 70,))} E
2 Decision
L
Delay T, +Ts / R "
ST O l1® A
TLr — T3 Lr Sampler R
Aexp{—j(2nfm(t =71, ))} : g
1‘3(i) , 1 —
X X ' X From/Other Correlators _,.| S
Delay AN 1, +Ts / . 2
OT \>_<j f”‘r (e Sampler ||
Aexp{—j2rfm(t —,))}
L, (t)
L, Received Replicas of the Signal
Fig. 4. Noncoherent multichannel receiver structure.
a number (more about this later, when we consider specific that*
modulation/detection examples). Thus, substitutitggfor
a in (7), we reduce the definition to a single statistical Q1 («, «()
argumentg, i.e., 1 /™ ¢+ (sinf
=14+ |
27 J_. |1+ 2(sin 6 + ~2

o

T exp

[_<x2+§ﬁ02

Qi(5¢,8) = /@ )}Io(ﬁ(x)dx.

Having done this, we are now in a position to offer a
positive answer to the above question. Using the infinite
series representation [8, p. 153] of the Marc@rfunction
and the integral representation of thgh order modi-
fied Bessel function of the first kind, namely,(z) =
(1/2m) [T (—je=i%)ke==nb g, it was shown in [52] that
for @ < 3, or equivalently in [9] for0 < { < 1

Q1(8¢, B)
/" 14 (siné
T or _W[1+2C$n9+C{

& o,
X exp<—?[1 +2¢sinf + ¢ ]) de,

0<(¢<1. (9
Observe that the integration limits in (9) are finite and
independent of the random argumehtand the integrand
is Gaussian in this same argument. Similarly, fox «,
defining now the paramet&r= /3/«, then substitutingx¢

for 4 in (7) to reduce the classical definition to a single
statistical argument (now), it was shown in [9] and [52]

1866

2
X exp<—%[1 + 2(sinf + C2]> de,

0<¢<1. (10)

Simple checks on the validity of the results in (9) and (10)
immediately produce

O, 0)=1. (11)

Q:1(0,8) = exp(—/32/2),

Also, in the same manner as was done for the Gaussian
Q-function, one can immediately obtain upper and lower
“Chernoff-type” bounds on the Marcumy-function. In
particular, observing that the maximum and minimum of
the integrand in (10) occurs f&t = —7/2 and 6 = 7 /2,
respectively, then replacing the integrand by its maximum

4Although it appears from (10) that the Marcughfunction can exceed
unity, we note that the integral portion of this equation is always less than
or equal to zero. Furthermore, the special case ef 3(¢ = 1), which
has limited interest in communication performance applications, has the
closed-form resultQ (o, @) = [1 + exp(—a?)Io(a?)]/2 [39, (A-3-
2)]. It should also be noted that the results in (9) and (10) can also be
obtained from the work of Pawula dealing with the relation between the
Rice I e-function and the Marcun@-function [53]. In particular, equating
[53, (2a) and (2c)] and using the integral representation of the zero-order
Bessel function as above in the latter of the two equations, one can, with
an appropriate change of variables, arrive at (9) and (10) of this paper.
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and minimum values gives

1 <_/32(1+<)2

— . ) < Qu(B¢. )
1 A1 -¢)?

1 —geXp<_ 2 )

0<(2a/f<1 (12a)

<

which in view of (11) are asymptotically tight as— 0.
Similarly, for 3 < «, the lower bound becomes

201 M2
Ccexp<—“ -9 ) < Q1 (a0, a0),

1-— 2
0<(¢2p3/a<l. (12b)
Last, we point out that the integrals in (9) and (10)
can be put in a more reduced form, wherein the limits
of integration are0, r rather than—=, . The necessary
changes to the integrand are: replanef by cos 8, replace
¢ by —¢, and multiply the entire integrand by two. From the

1—

standpoint of performance evaluation, there is no particular . . g .
P P P gdescribed in the table. Mathematically speaking, for the

advantage gained by reducing the range of integration, an

hence we continue to use the forms already presented in

all that follows.

The desirable form of the representation for the first-
order Marcum@-function given in (9) and (10) can also be
obtained for the generalizeéttf-order) Marcun-function
defined by

Ql(a,ﬁ) = %/@ a;leXp|:—<

In particular, starting with the series representations for the
generalized Marcung)-function and again making use of
the integral representation of tHe— 1st order modified
Bessel function of the first kind, the following pair of

relations was derived in [9] and [52]:
[1+2¢sing + cﬂ) de,

QUICH) = 5
0t <(=a/f<1 (14a)

. /w lg(zl)(cos[(z —1)(0+%)] — Ceos[1(6+ Z)])

14+2¢sinf + (2
X exp <—
(14b)

a:2+a2
2

)}Il_l(aa:) .
(13)

g

2

Qila,al)=1— —

27
o [ [Clomlios ) confi (0 5))
" 14 2(sin6 + ¢
X exp<—%2[1 +2Csin9+<2]> dé,
0<({=p/a<]l.

With the above mathematical tools in hand, we are now in

a position to demonstrate how the performance of coherent,

5Since the maximum of the integrand in (10), which occum® at = /2,
would exceed unity, then replacing the integrand by this maximum value
gives a useless upper bound.
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differentially coherent, and noncoherent communication

systems operating over generalized fading channels can
be evaluated both analytically and numerically in terms of

finite integrals with simple integrands, which in some cases
can be reduced to closed-form solutions.

VI. COHERENT MULTICHANNEL DETECTION
OF DIGITAL SIGNALS

A. Multichannel Mathematical Model

In keeping with the multichannel representation of Fig. 1,
after passing through the fading channel, each replica of the
signal is perturbed by AWGN with a single-sided power
spectral densityV;;! = 1,2,---, L, (W/Hz). The AWGN
is assumed to be statistically independent from channel to
channel and independent of the fading amplitudes}.
Relating Fig. 1 to the channels described by Table 2, the
fading amplitude of thdth channel is an RV with mean
square valuer; = € and whose pdf is any of those

generic communication signal described in Section I, the
receiver is provided the set of complex baseband received
signals

fl(t) = Oéle_jel §(t — Tl) + ﬁl(t)
= Apoge? I t=m)Fom=00) 4 (1),

1=1,2--,L, (15)

where 7,(¢) denotes the equivalent complex baseband
AWGN for thelth channel with single-sided power spectral
density2V;. The instantaneous SNR per symbol of ftte
channel is defined ag S a,?ES/Nl where E, denotes the
average symbol energy and for a given type of signaling
scheme can be related to the amplitudlg introduced in
Section Il

One common example of a multichannel that is typical
of a wide class of radio propagation environments is the
multipath channel, which can be modeled as a linear filter
characterized by the complex-valued low-pass equivalent
impulse response [10]-[12]

LP
h(t) =Y e 5(t —7) (16a)
=1

where 6(-) is the Dirac delta function. The difference
between adjacent delays, i.ey — 7;—1, iS most often
modeled as being constant and equal to the symbol time, in
which case the linear filter takes on the form of a uniformly
spaced tapped delay line with, — 1 taps. For the special
case of the multipath channel defined by (16a), the single
received signal would take the form

LP
H(t) =Y e ™5t — ) + At
=1

LP
= Ap Y gl BT UEmTOTOn =00 i) (16b)
=1

1867



where nowr(t) represents the equivalent baseband com-

i.e.,

plex noise associated with the single receiver and has power

spectral density2No, W/Hz. As previously mentioned, in
what follows we shall primarily focus on the multipath
channel model of (16a) and associated received signal form
of (16b), although the approach applies equally well to
the other forms of the generic multichannel model and
their associated diversity typ&sThis is tantamount to
assuming a generic multichannel model with = Ng, [l =
1,2,---, L,

B. Average BER for Binary Signals

For binary signals and a receiver that implements diver-
sity combining with ideal time and phase synchronization
on each branch (i.e., perfect time delgy} and phas€6;}
estimates), the conditional (on the fading amplitudes) BER
is given by [13, p. 188]

2F,

)

9N, (17)

Py(Ei{a}) = Q(

whereg = 1 for coherent binary phase shift keying (BPSK),

= 1/2 for coherent orthogonal binary frequency shift
keying (BFSK), andg = 5 + 3= for coherent BFSK with
minimum correlation. The parametegris a function of the
set of fading amplitudeg«; } and has a form that depends
on the type of diversity combining employed. That is, for
MRC and perfect estimation of the fading amplitudes},
we would have [3]

L
_ E : 2 A
n= 4y = (YMRC
=1

whereas for EGC with no estimation of the fading ampli-
tudes, we would have [3]

NI

In (18) and (19) L, < L, is theactualnumber of combined
paths in the RAKE receiverWe also note that the results
in (17) together with (18) or (19) also apply to diversity
combining of L,. receivers of the same information-bearing
signal transmitted ovel., frequency nonselective, slow
fading channels.

To compute the average BER, we must statistically
average (17) over the joint PDF of the fading amplitudes,

(18)

L.

aEGCv apac = »_ar. (19)
1=1

6We note that for the frequency-selective multipath channel case, the
proper operation of the RAKE receiver requires that the transmitted signals
be given an orthogonal basis.

"For MRC, the higherL, is, the better the performance, and hence
from this standpoint alone, the optimal value by is L,. However,
L, is typically chosen strictly less thah, due to receiver complexity
constraints. For EGCL,- is also typically chosen strictly less thdn,;
however, the reason for this choice here is not due solely to complexity
constraints. In addition, under certain circumstances, incredsingiay
induce a “combining loss,” and thus from a performance standpoint, the
optimum value ofL,. may not beL,. Indeed, equal-weight combining
of paths with very low average SNR degrades performance, since these
paths will contribute mostly to noise [24]. Thus, it is better not to include
these paths in the combining process.
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E—/ /PbE{al}

al, ) doy - - day_. (20)
If the fading amplitudes{«;} are statistically indepen-

dent (but not necessarily identically distributed), then (20)

reduces to
0 0

Par, (aLT) doy ---day,, . (22)

1) Classical Solution:The classical solution to (21) is
first to replace thelL,-fold average by a single average
over 7, i.e.,

—77) py(n) dn. (22)

Note that (22) does not require the independence assump-
tion on the fading amplitudes and thus also applies to
(20). Evaluation of (22) requires obtaining the pdf of the
combined fading RV#. For the case where the fading
amplitudes can be assumed independent, finding this pdf
requires a convolution of the pdf's of theg and can often
be quite difficult to evaluate, particularly if the pdf's of
the a; come from different distribution families. Even in
the case where the pdf's of the come from the same
distribution family but have different average powers, i.e.,
other than a uniform power delay profile, evaluation of
the pdf ofn can still be quite difficult. To circumvent this
difficulty, we now propose an alternate method of solution
based on using the alternate representation of the Gaussian
Q-function in (2).

2) Solution Based on Alternate Representation of the Gauss-
ian Q-Function:

a) MRC with independent (but not necessarily identical)
fading amplitudes:Combining (17) and (18) and using the
alternate representation of the Gausdigffunction of (2),
the average BER of (21) can be expressed as

Py(E)
[Le
0 0
X Pay (@1) T 'pa,,T (aLT) dal T dCMLT
— — exp| ———F—
0 o T .Jo sin“ @
X Pay (041) o Pag, (O”zr)
X d9da1~~~do¢LT
1 w2 Lr
= _/ HII ,Ylvg?
o (23)
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Table 3 Evaluation of the Integral$;(7;, g, 6)

Channel Type I,(}T,, g,G)
g7 Y
Rayleigh 1+-24L
ayiels [ sin’ 9)

172
— 4a2ei (v 2
Nakagami-q (Hoyt) {1 + 287, + 4.8 (7,) )

sin’8  (1+4?) sin*60

1+ n?)sin’ @ 2,9
Nakagami-n (Rice) ( 5 n,-)zm —exp| 2”’_8 Z’ —|; n?=K, (K, is Rician factor)
(1+n,)sm 6+gy, (l+n,)sm 0+gy,
— —m
Nakagami-m (1 + ——gl'—z——J
mysin” @
. 1 & lo(ﬁa,x,,w,)/mg
Log normal shadowing TZH" L e e and H, are zeros and weight factors of the N, -order
(et sin
Hermite polynomial H, () which are tabulated in
[38, p. 924, Table (25.10)]; i, (dB) and o, (dB) are mean
and stanadard deviation of 10log,,7,.
—my
) 1 & 10[ﬁa,x,+/.x,)/10g
Composite gamma — ) H |1+ ———
P 2 / T & "( m,sin’ 0

log normal®

-1
1+ K, )sin’0 v N, (VZotz,+15) 110
Combined (time-shared) (1-4) (L+K )sin —€xp Kigr, — |+ 4 -I_Z H |1+ 10725’ ;
(1+K,)sin®6 + g7, (1+K,)sin* 8 + g7, N = sin’ 0
shadowed /unshadowed"* A, is time-share factor; y; (dB) and o; (dB) are mean and standard deviation of 10log,,7,

during shadowed fraction of time; 7," is average SNR/ symbol during unshadowed
fraction of time.

*The expressions given for I,(?,, g,o) are derived from a Gauss-Hermite quadrature integration rule and as such are
approximate.

** The first part of the expression for I,()T,, g,9) is exact and the second part having been derived from a Gauss-Hermite
quadrature integration rule is approximate.

where alternately be efficiently computed using Gauss—Hermite
- B guadrature integration. Thus, all that remains to compute is

Li(71,9,0) = / eXP(-‘q—.an?)pal(az) doy asingle_integral (ord) over finite IimiFs The results pf t.hes.e
0 Nosin® 6 evaluations for the considered fading channel distributions

_ /oo eXp(_ .911 )Pw () dye (24) in '.ra_blel 2 are optained [14] with the aid pf a number of
0 sin” ¢ definite integrals in [15] and are tabulated in Table 3. Last,
for the special case where dll. channels are identically

and distributed with the same average SNR perHjit for all
A CE, A UE, channels, then (22) simplifies further to
N=— M= (25)
No No L
_ = L,
are, respectively, the instantaneous and average SNR per Py(E) = ;/0 1 (71,9,6)]" de. (26)

bit corresponding to théth channel (or resolvable path).

The form of the average BER in (23) is quite desirable b) EGC with independent (but not necessarily identical)
in that the integrald;(7;,g,6) can be obtained in closed fading amplitudes:Combining (17) and (19) and using the
form with the help of known Laplace transforms or can alternate representation of the Gausdgiafunction of (2),
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the average BER of (21) can be expressed as [15, (3.896.4) and (3.896.3)]

=) AQ

E) / exp<— — a2> cos var do
; 2 0 2gin” @

[ el a2 (55 . ,

=/ ; INoL, - ! _ [msin 9exp<—v28m 9)

2A? 2A2

A 2811129
X Pay (1) -+ Pay, (ar,) day -+ dag, = X(0)exp| —v YE

2 /.mexp<— A a2>sinvada
/°° /°°1 /7’/2 Hi (Ez 1@1) 0 2sin? 0
= e — exp - . = 7
0 o T Jo

sin? 6 sin? 6 2511129 13 2Sln 0
A UeXp<_v 2A2> B <2 2’ 2A2>
X Pag (1) -+ Pay, (ar,) 2 Y (v, 8)exp <—v281112 9) (31)
x dfda - - da, . 27) ’ 242

where; F1(+; -5 -) is the confluent hypergeometric function.
Despite the fact that the product of characteristic functions
T(jv) 2 W(v)exp(50(v)) in (30) is, in general, complex,
the average BER is real; thus, it is sufficient to consider
only the real part of the integrand in this equation. Last,
using (31) in (30) and making the change of variables
r = wsinf/+/2A, we obtain

Unfortunately, for this type of diversity combining, we
cannot represent the exponential in (27) as a product of
exponentials each involving only a singig¢ because of the
presence of the.«; cross-product terms. Hence, we cannot
partition the L,.-fold integral. Instead, we must return to
the classical solution of Section VI-B1 but now use the
alternate representation of the Gaussiafunction. Letting

o = apgce for simplicity of notation, we have from (2), /2 V2A
(19), and (22) By( =52 / / exp(— < 9) dx df
o<>1 77/2 gEb (32)
P(E) = = ——2 & ) dfpa(a)d
b (E) /0 7r/ exp< NoL, Sin29a> Pala) do
/2 where
2 pala) dadd
// <2n9>p(o‘)o" 2 \/X2(0) + Y2(v, )W (v)
A= [25  (28) an-t L0 9)
L. X cos| tan X(0.0) + O(v) (33)

Next, we represenp,(«) in terms of its inverse Fourier
transform, i.e., the characteristic function, which, because
of the independence assumption on the fading channel
amplitudes, becomes

and the doubly infinite integral om can be readily evalu-
ated by the Gauss—Hermite quadrature formula

/_Ooexp( ) <\/_A )dx_ZHw”f<sn9xn’ )

A 1 -~ . —jua
pale) 2 5 [ o 3

_ 1 [H Py ( ,U] e dy, (29) where {z,, },{H,,,} are zeros and weight factors of the

e Np-order Hermite polynomiaH y, (x). These coefficients
L . . are tabulated in [38, p. 924, Table 25.10] for various
Substituting (29) into (28) gives polynomial orders. Typically,N, = 20 is sufficient for
\I,( v) excellent accuracy. Last, after substituting (32) into (30),
what remains is a single integral @énover finite limits.
/2 While the solution for the average BER of the EGC
BB =50 / / [ 2 ”}] receiver is indeed one step more complicated than that
for the MRC receiver, i.e., one must evaluate a Gauss

J(v,6) . . L .. L
, o~ . gquadrature integral in addition to the finite limit integral
- A, on #, we wish to remind the reader of the generality of
X exp| —————a” — jva | da| dvdf. . L
o 2¢in2 6 our model, namely, each fading channel carries its own
(30) individual fading amplitude statistic. When contrasted with

the true classical solution in the form of (22), which would
The integral J(v,#) can be obtained in closed form by require an.,-fold convolution (itself ari.,.-fold integral) or
separately evaluating its real and imaginary parts, namely, other means to obtain the pdf of the combined fadingrRV
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[17], the form of the solution as given by (30) together with Sect. 1I-B], the pdf ofy is approximately given by
(33) and (34) is considerably simpler. The full details of this

2

approach for Nakagamiz distributed channels (paths) are fymTL”—lexp(—mf—;”)
given in [16]. Another approach, specifically for Rayleigh py(7) = —5; 120 (37)
fading, which sometimes leads to closed-form solutions is F(LL?)( ry ) o
discussed in [18]. v J\mbs

c¢) MRC with correlated fading amplitudes discussed  \yhere
in [19] and [20], there are a number of real-life scenarios L
in which the assumption of independent paths is not valid. v =L+ 2y/p <L1’ _1-G/P) ) (38)
Along these lines, two correlation models have been pro- 1—\/p 1—\/p

posed, namely, equal (constant) correlation and exponential

correlation, each with its own advantages and disadvantages Rewriting the average BER of (22) as

depending on the physics of the channel. Using these o0

models along with a Nakagami- distribution for the By(E) :/0 Q(v/297)p~(7) dv

fading, several authors have analyzed special cases of the 1 /2 poo

performance of such systems corresponding to specific = —/ / pw(’y)exp<— _gz )d’y dé (39)
modulation, detection, and diversity combining schemes. ®Jo Jo sin” §

For example, Aalo [19] obtains the average BER for then ysing either (36) or (37), the inner integral prcan
multichannel reception of coherent and noncoherent BFSK pe computed in closed form, leaving a single finite integral

and coherent and differentially coherent BPSK using an on ¢. In particular, defining

MRC. Patenaudet al.[20] consider this same performance -

for postdetection EGC of the multichannel reception of or- . - o A 9y

thogonal BFSK and differentially coherent BPSK (DPSK). Clgi Lr, 7, m. pi6) = / pW(W)eXp< sin? 9) &y (40)
In this section, we obtain general results for the average

BER of binary coherent modulations over equicorrelated

and exponentially correlated Nakagamichannels. Aside 1 [7/2 B

from allowing for many modulation/detection/diversity Pb(E):;/O C(g; L, 7, m, p; 6) d6. (41)

combining cases not previously treated, these general

results as before provide in many cases much simpler The closed-form expression fo€'(g; L., %, m, p;¢) has

forms for average BER expressions corresponding to thebeen evaluated in [21] for both the equicorrelated and

then

special cases treated in [19]. exponentially correlated fading models with the results
From (18) and (25), the total SNR per hitat the output c - >
of the MRC is given by equi(g; L, 7, m, p; 6)
Y9 -
— (14 == Vit L))
A By L a?Eb L < msin’ @ Ve VP
v= nﬁ = Z I = Z’W- (35) — —m(L,.—1)
o (140 vh) a2a)
msin” §

It is shown in [19, (18)] that for the equicorrelated fading

model, the pdf ofy is given by (36), shown at the bottom _ 2/

of the page, wher@ < p < 1 is the envelope correlation ¢, (g: L,,5,m, p; f) = <1 R [ — . ) (42b)
coefficient assumed to be the same between all channel mL, sin” 6

- 8 ) . )
pairs:’ As mentioned in [19, Sect. II-A], such a correlation ;o614 be noted that (41) together with (42a) is equivalent
model may approximate closely placed diversity antennas. ;, [19, (32)], which is expressed in terms of the Appell

Similarly for the exponential correlation fading model [19, hypergeometric functiod(-; -; -;-), which typically is not

available in standard software libraries such as Mathemat-
°It should be noted that in [19, (18)], the symbplis used to  jca Matlab, or Maple and which is defined either in terms
denote the correlation coefficient of the underlying Gaussian processes N . . .
that produce the fading on the channels. This correlation coefficient is of an infinite range mtegral of a SDEC|aI function [19’ (A'
equal to the square root of the power correlation coefficient, which for all 12)] or as a doubly infinite sum [19, (A-13)]. It should
practical purposes can be assumed to be equal to the envelope correlatioy|sg be noted that (41) together with (42b) is equivalent

coefficient. In this paper, we denote the envelope correlation coefficient . . .
by p so as to follow what seems to be the more conventional usage of 0 [19, (40)], which is expressed in terms of the Gauss

this symbol. hypergeometric function 71 (-, -, -; -).
m L.m—1 ™ . . Lrnlﬁf\/
p(7) = (%) ) exp(— s )1 (s Lo o=ttt ) 420 (36)
i (2) (1= P E=D(1 = \/p + Lyy/p) " T (Lem) 7=
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C. Average SER faoM-ary Signals obtained from (45) by setting,. = 1. Using [15, (2.562.1)],
1) Multichannel MRC Reception aff-PSK: The SER  the following new closed-form result can be obtained for

for M-PSK over an AWGN is given by the integral @ Rayleigh channel [14]:

expression [5, (71)], [4, (B)], [13, (3.119)] 1
PS(E)—2<1——>
1 p(M=Ux/M grsk Es M
PS(E) = —/ exp<—72> df (43) _ 2
7 Jo Npsin“ 6 % <1_ 9QAMY >+<1_ 1 )
1/—1 = —

where gpsx = sin®*(7/M) and E,/N, is the received T 9QaMTY M
symbol SNR. For MRC RAKE reception in the pres- 4 JQAMT - 1+ gqam”
ence of the fading channel model of (15), the conditional A1 + goad tan goanT -1
SER is obtained from (43) by replacing, /N, by ~. =

amrcEs/No = (ZIL L &) E; /Ny where~, represents the (47)
instantaneous SNR per Symbol after Comb|n|ng F0||0W|ng Wherery = QE /NO is the average received SNR per
the same steps as in (23), it is straightforward to show thatsymbol Note that the result in (47) agrees with that
the SER over generalized fading channels is given by [14] gptained in [22, (44)] for the special case f = 16.
(M—1)r/ML Another, more g.eneral case of interest that leads to a
P(E) == / H (1, gpsk. 0) df (44) closed-form res_ult.|s.the average SER performancMef
T Jo ey QAM over L, dissimilar Rayleigh fading channels. Using
a partial fraction expansion of the integrand in (46), then

whereli(v;, gpsx, 0) is defined in (24), withy, now denot-\yith the help of [15, (2.562.1)], it can be shown that [14]
ing the instantaneousymbolSNR for thelth path andy,

the avgragsymbolSNR for thg same path. The expressions pgy=2(1- 1 i - JQAMY
for I;(y, grsk, 6) for the various fading channel models s Vi £ Pt 1+ goany

have already been given in Table 3 and can be used in (44)

to compute the average SER fbf-PSK over generalized 1\’
: +1-—=
fading channels. v/
We conclude this section by noting that results for 4 L
multichannel reception with EGC and those for correlated l— pry | —2AM T gQAMTY
fading amplitudes can be obtained in a manner similar to the At L+ g9qanmy

approaches in Section VI-B2b (see [16]) and Section VI- 1+ goany

B2c (see [21]), respectively. x tan~! <1/ ~ T JRANT ) sz] (48)
2) Multichannel MRC Reception df/-QAM: For a square gQaMy

M-QAM signal constellation with\/ = 2% points ¢ even),

the conditional (on the fading) SER is obtained from the

AWGN result [13, (10.32)] as L,

- H<1—ﬂ) . (49)

where
-1

1
Py(E:v) =4[ 1 - — ) Q(/290aM7s k=1 m
( 8 ) < \/M)Q( JQAMTY. ) iy
2
1 Last, although not specifically treated here, the average
—41- — 2(/2g9qam7s) (45 ’ , - ’
< MM) Q*(V20aa1:) - (49) SER performance of the one-dimensional cak&AM,

h , 2) and also th which is referenced in Table 1, can be derived in a manner
Wherégqam = 3/[2(M — 1)]. Using (2) and also t € NeW  similar to that presented in this section and is discussed in
representation for the square of the Gaussiafunction [14]
given in (6), the average SER can be written as '

4 1 m/2Lr VII. N ONCOHERENT AND DIFFERENTIALLY COHERENT
Py(E) = —< - —/—> / L, 9qam, 0) d6 MULTICHANNEL DETECTION OF DIGITAL SIGNALS
4 M/ Jo o
4 1 \2 [/ _ A. Average BER for Binary Signals
-—|1-— Ii(, 9qam, 8) d6 ) .
7r vM 0 Many problems dealing with the BER performance of
(46) differentially coherent and noncoherent detection of PSK

and FSK signals have a decision variable that is a quadratic

where agairl;(7;, ggawm, 8) is defined in (24) and tabulated  form in independent complex-valued Gaussian random vari-

in Table 3. Again, the results for correlated fading ampli- ables. Almost two decades ago, Proakis [23] developed a
tudes can be found in a manner similar to the approach ingeneral expression for evaluating the probability of error
Section VI-B2c (see [21]). for multichannel reception of such binary signals when
A special case of interest is the average SER performancethe decision variable is in that particular form. Indeed, the
of M-QAM over frequency-flat channels, which can be development and results originally obtained in [23] later
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Table 4 Special Cases of Multichannel Reception of Differentially Coherent and
Noncoherent Detection of Digital Signals

Detection Type Modulation (Signal Set) Parameters of Marcum Q-Function
1—,/1—12 1+ 41-[af
Noncoherent Equal energy, equiprobable correlated n=1la =\/ > 4l N =\j 5 4

binary signals (A = complex correlation coefficient)

Equal energy, equiprobable uncorrelated n=1a=0,b=1
binary signals, e.g., BFSK

Differentially Binary phase-shift-keying (DPSK) n=1,a=0,b=2

Coherent
Quadrature phase-shift-keying (DQPSK) N=1la=+2-+2,b=+2++2
with Gray coding

appeared in [24, Appendix 4B] and have become aclassicin For L, = 1 (i.e., single channel reception), the latter
the annals of communication system performance literature.two summations in (50) do not contribute, and hence one
The most general form of the bit error probability expres- immediately obtains the result in [24, (4B.21)], i.e.,

sion, i.e., [24, (4B.21)] obtained by Proakis, was given in

terms of the first-order Marcurfy-function and modified Py(E;7v) = Q1{a/7, by/7) — <L>

Bessel functions of the first kind. Although implied but not L+n

explicitly given in [23] and [24], this general form can be
rewritten in terms of the generalized Marcughfunction
of (13) as

(a® + %)y

g }h(abv) (52)

X exp {—
which forn = 1,a = 0 andb = 1 (b = v/2) reduces to
Lp—1 (2LT—1)771 the well-known expressions for orthogonal BFSK (DPSK)

Py(E; ) = Qu(ayA,byA) — |1— =20 ! as reported in [24, (4.3.19)] ([24, (4.2.117)]), namely

(L
Py (E; = Lep(=2
(a2 +b2),y 1 b(E57) |nrsk = 26XP( 2)
X exp —f Io(ab’}/) + m 1
(L) Py(E57) Iprsk = 5 exp(=7). (53)
“n (2L, — 1\ o,
x Z I.—1 " Forn» = 1 and anyL, > 1, which corresponds to the
=2 ' case of multichannel detection of equal energy correlated
X [Qi{ay/7,by/7) — Qila/7,by/7)] binary signals, after some simplification (50) becomes [25]
L
2L,,—1> Lo—141 L
- Z nr ) 1 1 ~ (2L, —1
1_2<L1,—l Pb(Ev’Y):Q—i-ZzLﬁl:l(LT_l)
x[Qu(by/7, a/y) — Q1(by/7, aﬁ)]] (50) x [Qu{ayy,by/7) — Qu(by/,a4/7)] (54)

Once again settingg = 0 andb = 1 (b = /2), then
using the series form for thith-order Marcum-function

in [26, (9)] and the combinatorial identify’,, G =

where~ = ZIL;I ~; is the total instantaneous SNR per bit

\/m \/m 22(L-—1) " (54) reduces to the well-known expressions for
a=,/————, b=,/— (51) orthogonal BFSK (DPSK) as reported in [24, (4.4.13)],
v v+ v2 v v+ 2 namely
and n = wv2/v1, where the parameters , vz, Az, Az are 1 Ly—1
defined in [24, (4B.6)] and [24, (4B.10)], respectively. P(E:y) = g™ D alg)' (55)

A number of special cases of (50) corresponding to =0

specific modulation/detection schemes are of particular ,here
importance and are tabulated in Table 4. Note that in all

cases (as previously alluded to in Section V-B)and b I . S Y | 56
(and hence their ratio) are independent of the fading channel a=n° Z k (56)
model and hence can be treated as constants when averaging r=0

the conditional BER ovety. More about this shortly. and as beforgg = 1/2 for BFSK andg = 1 for DPSK.
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To evaluate average BER in the same manner as was doney = 1, L, > 1 can be easily obtained from (57) together
for coherent reception, we will first need to substitute the with (58) and (59) and can be found in [25].
alternate representations of the Marcd¥function found Consider the evaluation of the average BER for the
in (9), (10), and (14) into the appropriate conditional BER case where the channel SNR{s;;! = 1,2,---,L,} are
expression, i.e., (50), (52), or (54). In the most general case,statistically independent (but not necessarily identically
namely, (50), the result can be written as a single integral distributed). Analogous to (23) and (24), we obtain from
with finite limits and an integrand composed of elementary (57)
functions, i.e.,

nt
/’7L7‘ Pb(E) :271,(1_’_77)2LT_1

Py(E;v) = ~ o T X/”[ S(Lr; ¢, 0) }
X/’T[ f(Lr;$,m; 0) } 1+ 2Csiné + (2

o 1+2¢sing+ 2 L.

romiee < [[HGubcora (60
X exp(——ry [1 + 2¢sin 6 + C2]> de =1
2 ?
0t<(=a/b<1 (57)  Where
Jl(ﬁ/l;baCae)

where

Y OOX _@ in 2)
S $m30) = fo(Lr; m30) + f1(Le; G m36) - (58) _/0 ‘ p< g (L 2sinfC Jpo () dn- (61)

Comparing (61) with (24), we observe that the two integrals

with have identical form insofar as their dependence-pns
| )2t Lo ror 1 concerned. In fact, the specific results f8r(%;;b,¢,8)
Jo(Ly; Com;0) = ( +77 + < T ) corresponding to each fading case in Table 3 can be
—\ Ly —1 obtained by replacing/ sin® 6 with 5%(1 42 sin 6 +¢2)/2
« C(C+Sln 9) (59a) in the expressions fot;(%;,¢,6). Last, if the fading is
identically distributed with the same average SNR per bit
I 7, for all channels, then (60) reduces to
FilLoi s 6 Z <2L - 1) .
R L.-1 _ T
=1 ' Py(E) PR
—1—(1-1) 1—1 141 2m(L 4 m)2t
X|:(77 C -1 C ) X/ﬂ—|: f(LMCﬂ?%e) [J(fbge)]ere
x cos((l — 1)(6 + 7/2)) L llracsimg 2[R '
_ (n—lc—(l—Q) _ 771—1Cl> (62)
x cos(1(6 +7/2))] (59b) It should also be mentioned that the average BER can

be obtained for the case of correlated Nakagamfiading
Note that in (57), the total instantaneous SNR per bit (over channels and is discussed in [21].
which we must average) appears only in the argument of the For single channel receptidid,. = 1), the average BER
exponential term in the integrand. This is the identical be- of (62) simplifies to
havior as was found for the analogous result corresponding

1
to coherent reception. Also note thatias+ 0, (57) assumes P(F)y=—+——
) - . . 2r(1+n)
an indefinite form, and thus an analytical expression for . ) )
the limit is more easily obtained from another form of ></ {1 —n¢ +C.(1 —n)sind
the expression for the error probability, namely, (55) with —r 14 2¢sin6 + ¢2
g replaced byb?/2. We further point out that the limit x J1(F1;6,¢,0)db (63)

of (57) as¢ — 0 converges smoothly to the exact BER

expression of (55). For example, numerical evaluation of which for many fading channel models can be expressed in
(57) setting, = 10~3 (a = 10~3,b = 1) gives an accuracy closed form. For example, for Rayleigh fading, the result
of five digits when compared W|th numerical evaluation of 1S [25]

(55) for the same system parameters. The representatlonP

(57) is therefore useful even in this specific case. This is

particularly true for the performance of binary FSK and

binary DPSK, which cannot be obtained via the classical 1 1— (1-¢% ,
representation of (55) in the most general fading case 2 2\/1+b2 (1+¢2) + (m)Q(l_CQ)Q
but which can be solved using (57). The results for the m 2

special cases of single channel receptidp, = 1) and 0t <(=a/b<1l (64)

1874 PROCEEDINGS OF THE IEEE, VOL. 86, NO. 9, SEPTEMBER 1998



which for the special case= 0 andb = 1 (b = /2) agrees in a manner similar to that discussed in Section VII-A. The
with the expressions reported by Proakis [24, (7.3.12)] ([24, details are omitted here for the sake of brevity.

(7.3.10)]) for orthogonal BFSK (DPSK). Also, for 4-DPSK

wherea = /2 — /2, b = /24 /2, (64) agrees with a

closed-form result obtained by Tjhure al. [27, (18)] in VIIl. A PPLICATIONS

a different form. Coupled with what already appears to be an overwhelm-
ing number of theoretical results are many practical ap-
B. Average SER foM-ary Signals—Single plications that demonstrate that the unified approach has
Channel Detection of Classical/-DPSK far more than academic value. We briefly mention some
The SER forM-DPSK over an AWGN is given by the Of these here, keeping in mind that a complete detailed
integral expression [5, (44)], [13, (7.7)] treatment of each would require documentation in an equal
number of journal articles.
sin {7 We have already mentioned in Table 2 the environments
Py(E) = o that are characterized by the various fading channel models.
BT x Thus, it goes without saying that the unified approach
></ /2 eXp( No [1 - cos 7 COSQ]) a0 allows simple evaluation of the BER performance of a
—x/2 1 — cos g7 cos @ wide class of satellite, terrestrial, and maritime mobile
communication systems.
— VIPSK In association with the 1S-95 standard for wireless com-
2m munication, a great deal of interest has focussed in recent
E, .
©/2 eXP(—A—rO[l — V1 — gpsk cos 9]) 5 years on the use of direct sequence spread-spectrum mod-
X . i i
/77/2 1— /I gpskcosf ulation as a multiple access scheme (DS-CDMA) [29],

[30]. While the initial contributions considered single car-
rier DS-CDMA, more recently, attention has turned to
multicarrier DS-CDMA [31], which itself is a derivative

of orthogonal frequency division multiplexing [32], [33].
Since in these techniques the self-interference induced by
the autocorrelation of the users’ spreading codes and the
multiple access interference induced by the other users
are typically modeled as additional Gaussian noise sources
independent of the AWGN, then, treating the sum of these
noise sources as a single equivalent WGN, the theoretical
results presented in this paper can be applied to predict the
additional BER degradation of these systems caused by the

(65)

For single channel detection in the presence of the multipath
fading channel model, the conditional SER is obtained from
(65) by replacingE, /Ny by v = o2E,/No. When this is
done, (65) will already be in the preferred form, namely,
a single integral with finite limits and an integrand that is
exponential (Gaussian) in the fading RV. By analogy with
the results in Section VI-C1, it is straightforward to show
that the SER over generalized fading channels is given by

P.(E) /2 fading channel [34], [35].
_ \/QPSK/ 1 K(3, gosx, 0) d As a means of obtaining additional diversity gain
27 —x/2 1 —+/1— gpsk cos® ’ ’ against the fading environment, a combination of space

(66) (multiple antennas) and path (MRC RAKE) diversity

can be employed [21]. The BER performance of such
where two-dimensional diversity systems can be obtained as a
straightforward extension of the theoretical results given in

oo CYQES . . .
K(7, gpsi, 0) é/ exp <_ [1— /1~ gpsK cos 9]> this paper for path diversity alone.
0

No Last, there is a strong analogy between the conditional
error-rate performance for diversity reception of an i.i.d.
X pala) da L.-path received signal and the pair-wise error probability
Y of two sequences (lengtli,) of i.i.d. faded symbols,
_/0 exp(=7[1 = V1 = grsk cosf]) which is characteristic of error correction coded (e.g.,

convolutional, trellis) communication over a fading chan-
X po(y) dry. (67) nel. In particular, the conditional BER of (17) together
with the MRC sum of (18) also characterizes the above
Once again, specific results féf(7, grsk, #) correspond- conditional pair-wise error probability witknown chan-
ing to each fading case in Table 3 can be obtained by nel state information. Similarly, (17) together with the
replacing g/ sin?  with 1 — /T — gpsk cos# in the ex- EGC sum of (19) also characterizes the above conditional
pressions forl;(7, g, 6). pair-wise error probability withunknown channel state
Using the SER results for the AWGN presented in [28], information. As an example of how the unified approach
which are expressed in terms of the first-order Marapm benefits the evaluation of average BER in error correc-
function, the average SER performance of multiple-symbol tion coded systems, consider the transmission of trellis-
M-DPSK on a generalized fading channel can be evaluatedcoded M-PSK over a memoryless (independent fading
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from transmission to transmission) channel with known
channel state information. In [36], the BER was derived
for such a system in the form of a union-Chernoff bound,
where the Chernoff bound portion applied to the pair-
wise error probability and the union bound portion con-
verted the pair-wise error probability to average BER
using the transfer function bound method. Using now the [13]
alternate form of the Gaussia@-function of (2) in (17)
together with (18) and performing the average over the [14
i.i.d. fading sequence enables one exactly to evaluate the

pair-wise error probability, thus eliminating the need for

the

Chernoff bound. Hence, the resulting form for the

(10]
(11]

[12]

(15]

average BER is strictly a union (as opposed to a union- [16]
Chernoff) bound and as such is a tighter bound to the
true result. The full details of this approach are given [17]
in [6].

IX.

CONCLUSION

(18]

We have shown that by employing alternate forms of [19]

the

Gaussian and Marcur@-functions, it is possible to

unify the error-probability performance of coherent, dif-
ferentially coherent, and noncoherent communications in
the presence of generalized fading under a single common
framework where the results are, with little exception,
expressible in a form that lends itself to simple evalua-

tion

and furthermore provides additional insight into the

(20]

(21]

dependence of this performance on the system parameters{.zz]
While we have already exploited many of the potential

applications of the unified approach presented here and
plan to continue to do so in the future, we also hope that (23]

this

paper will serve as an inspiration to other researchers

to do the same. We fully hope that the words of one [24]
of the reviewers, who stated that “the paper will have
a long and useful reference life,” will truly become a
reality.
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