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ABSTRACT

Recently, coinciding with and perhaps driving the increased
popularity of prediction markets, several novel pari-mutuel
mechanisms have been developed such as the logarithmic
market scoring rule (LMSR), the cost-function formulation
of market makers, and the sequential convex parimutuel
mechanism (SCPM). In this work, we present a unified con-
vex optimization framework which connects these seemingly
unrelated models for centrally organizing contingent claims
markets. The existing mechanisms can be expressed in our
unified framework using classic utility functions. We also
show that this framework is equivalent to a convex risk min-
imization model for the market maker. This facilitates a bet-
ter understanding of the risk attitudes adopted by various
mechanisms. The utility framework also leads to easy im-
plementation since we can now find the useful cost function
of a market maker in polynomial time through the solution
of a simple convex optimization problem.

In addition to unifying and explaining the existing mech-
anisms, we use the generalized framework to derive neces-
sary and sufficient conditions for many desirable properties
of a prediction market mechanism such as proper scoring,
truthful bidding (in a myopic sense), efficient computation,
controllable risk-measure, and guarantees on the worst-case
loss. As a result, we develop the first proper, truthful, risk
controlled, loss-bounded (in number of states) mechanism;
none of the previously proposed mechanisms possessed all

*A full version of this paper is available as A Unified Frame-
work for Dynamic Pari-Mutuel Information Market Design
at http://arxiv.org/abs/0902.2429

JrThis author’s contribution was done while completing his
PhD at Stanford University.

Permission to make digital or hard copies of all or part of thaknfor
personal or classroom use is granted without fee providatidbpies are
not made or distributed for profit or commercial advantage aatidbpies
bear this notice and the full citation on the first page. Toyootherwise, to
republish, to post on servers or to redistribute to listguies prior specific
permission and/or a fee.

EC' 09, July 6-10, 2009, Stanford, California, USA.

Copyright 2009 ACM 978-1-60558-458-4/09/07 ...$5.00.

Erick Delage f
HEC Montréal
~Montréal, Canada
erick.delage@hec.ca

Mark Peters
Stanford University
Stanford, California )
mark_peters@stanfordalumni.org

Yinyu Ye
Stanford University
Stanford, California

yyye@stanford.edu

these properties simultaneously. Thus, our work could pro-
vide an effective tool for designing new market mechanisms.
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1. INTRODUCTION

Contingent claim markets are organized for a variety of
purposes. Prediction markets are created to aggregate infor-
mation about a particular event. Financial markets involv-
ing contingent claims allow traders to hedge their exposure
to certain event outcomes. Betting markets are designed for
entertainment purposes. The participants in these markets
trade securities which will pay a fixed amount if a certain
event occurs. Some examples of these events would be the
winner of the World Series, the value of the latest consumer
price index or the release date of Windows Vista. Predic-
tion markets have grown in popularity as research into the
accuracy of their predictions has shown that they effectively
aggregate information from the trading population. One
of the longest-running prediction markets is the Iowa Elec-
tronic Market which allows real money betting on various
elections. Studies by Berg and her coauthors ([4], [2] and [3])
have shown that the information generated by these markets
often serves as a better prediction of actual outcomes than
polling data. Google has run internal prediction markets
over a variety of events and Cowgill et al. [7] have shown
that their predictions also perform quite well.

Despite the potential value created by these markets, there
can be some difficulties with their introduction and devel-
opment. First, many nascent markets suffer from liquidity
problems. Occasionally these problems stem from the choice



of mechanism used to operate the market. Organizing mar-
kets as a continuous double auction (like the NASDAQ stock
market) is a popular option and usually performs well. How-
ever, in thin markets, Bossaerts et al. [5] have demonstrated
that some problems surface which inhibit the growth of lig-
uidity. To overcome this situation, the market organizer
could introduce an automated market maker which will cen-
trally interact with the traders. This mechanism will have
some rules for pricing shares. The market organizer must
determine these rules with one key question being his own
tolerance for risk. Recently, there has been a surge in re-
search of these automated market makers.

New market-making mechanisms based on pari-mutuel
principles have recently been developed by Hanson [9], Pen-
nock et al. [13] and Peters et al. [14]. These market makers
allow contingent claims in nascent market to be immediately
priced according to rules of the mechanism. The mechanisms
are pari-mutuel in the sense that the winners are generally
paid out by the stakes of the losers. The claims being traded
are commitments to pay out a fixed amount if a particular
event occurs in the future. The mechanism developed by
Hanson has been shown to perform well in simulated mar-
kets [15] and has been adopted by many online prediction
markets.

However, the origins of these new mechanisms differ. Pe-
ters et al. [14] developed their mechanism by creating a se-
quential version of a call auction problem which is solved by
convex optimization. Their Sequential Convex Pari-mutuel
Mechanism (SCPM) uses an optimization problem to de-
termine when to accept orders and how to price accepted
orders. On the other hand, Hanson’s mechanism is derived
from scoring rules. Scoring rules are functions often used
to compare distributions. In particular, Hanson uses the
logarithmic scoring rule to determine how much to charge
a trader for a new order. His mechanism is called the log-
arithmic market scoring rule (LMSR). Using a similar ap-
proach as Hanson, it is possible to create market makers for
other scoring rules (MSR). In contrast to the SCPM, the
MSR model doesn’t directly provide an optimization prob-
lem from the market organizer’s standpoint.

Recently, there has been some interest in comparing and
unifying these mechanisms for prediction markets. Chen
and Pennock [6] give an equivalent cost function based for-
mulation for the MSR market makers, and relate them to
utility-based! market makers. Peters et al. [15] empirically
compare the performances of various market mechanisms.
In this work, we provide strong theoretical foundation for
unifying existing market makers like the SCPM, the MSR,
cost function and utility-based markets under a single con-
vex optimization framework. Our model not only aids in
comparing various mechanisms, but also provides intuitive
understanding of the behavior of the market organizer in
these seemingly different mechanisms. Specifically, our main
contributions are as follows:

e A unifying framework: We propose a generalized ver-
sion of the SCPM as a unified convex optimization
framework for market makers. The framework sub-
sumes existing models of prediction market design. In
particular, any market scoring rule, cost function or

LUtility function” is defined in [6] in a different context and
should not to be confused with the utility function defined
in this paper.

utility-based market (of [6]) can be expressed into this
framework by varying the choice of a concave utility
function.

e Utility/cost function to scoring rule: It was shown in
[6] that any proper scoring-rule implies a cost func-
tion defined by certain conditions. However, it had
been unknown what type of cost functions would im-
ply proper scoring-rules. We established this direction
of the relation by showing that every monotone, onto,
and concave utility function (easy to check) induces a
cost function and implictly a proper rule. Moreover,
the cost function can be constructed by a static convex
optimization problem in polynomial time.

o [ntuitive risk-based interpretetion: We establish the
equivalence of prediction market mechanisms to con-
vex risk minimization model for the market maker.
The risk attitude of the market maker explains the
design choices of various mechanisms. For popular
mechanisms like the LMSR, the implicit risk function
turns out to characterize precisely how much the mar-
ket maker is prepared to invest in order to learn a
distribution p which is different from his prior belief.

e New mechanism design: Our framework aids new mech-
anism design by providing easy-to-check necessary and
sufficient conditions for a prediction market mecha-
nism to be myopically truthful, proper, loss-bounded,
and risk measured. As a result, we derive the FIRST
loss-bounded, risk-measured, and proper prediction mar-
ket mechanism that uses a quadratic utility function
(Quad-SCPM). The original quadratic rule was neither
monotone nor risk measured, and the loss of LMSR
was not bounded in the number of states. This opens
the possibility to score problems with large number of
states.

The rest of the paper is organized as follows. To begin,
Section 2 will provide some background on the mechanisms
which we will be studying. In Section 3, we propose our
new framework based on a generalization of the SCPM, and
demonstrate its properties of truthful pricing scheme, cost
function based formulation, and guarantees on worst-case
loss bounds. In Section 4, we show that the SCPM frame-
work is equivalent to the MSR market makers. Section 5 will
further explain how the market organizer’s decision problem
in our unified framework is actually equivalent to a convex
risk minimization problem. In Section 6, we discuss the im-
plications of our work on new mechanism design.

2. BACKGROUND

In this section, we will provide some background on the
key mechanisms for prediction markets discussed in this
work — the market scoring rule mechanisms (MSR), cost-
function and wutility-based formulation of markets, and the
Sequential Convex Pari-mutuel mechanism (SCPM).

Let w represent a discrete or discretized random event
to be predicted, with N mutually exclusive and exhaustive
outcomes. We consider a contingent claims market where
claims are of the form “Pays $1 if the outcome state is 7”.
A new trader arrives and submits an order which essentially
specifies the claims over each outcome state that the trader
desires to buy. The market maker then decides what price



to charge for the new order. Various mechanisms treat a
new order in the following seemingly different manners.

2.1 Market Scoring Rules

Let # = (r1,72,...,7~) represents a probability estimate
for the random event w. A scoring rule is a sequence of scor-
ing functions, S = S1(7), S2(7), ..., Sn(7), such that a score
Si(7) is assigned to 7 if outcome i of the random variable w
is realized. A proper scoring rule [16] is a scoring rule that
motivates truthful reporting. Based on proper scoring rules,
Hanson[9] developed a market scoring rule (MSR) mecha-
nism. In the MSR market, the market maker with a proper
scoring rule S begins by setting an initial probability esti-
mate, 79. Every trader can change the current probability
estimate to a new estimate of his choice as long as he agrees
to pay the market maker the scoring rule payment associ-
ated with the current probability estimate and receive the
scoring rule payment associated with the new estimate.

Some examples of market scoring rules are the logarithmic
market scoring rule (LMSR):

Si(r) = blog(r:)

and the quadratic market scoring rule:

(b>0)

Si(F)=2bri —bY _r?  (b>0) .
J

where b is a constant reflecting the risk attitude of the mar-
ket makers. Hanson’s MSR has many favorable character-
istics. It is designed as a pari-mutuel mechanism which
bounds the risk of the market organizer. It functions as
an automated market maker in the sense that it is always
able to calculate prices for new orders. Crucially, the LMSR
is also known to elicit truthful bids from the market traders.

2.2 Cost Function and Utility-Based Market
Makers

Recently, Chen & Pennock [6] proposed a cost function
based implementation of market makers. Let the vector
7 € RY represents the number of claims on each state cur-
rently held by the traders. In the cost function formulation,
the total cost of all the orders ¢ is calculated via some cost
function C(q). A trader submits an order characterized by
the vector @ € RY where a; reflects the number of claims
over state ¢ that the trader desires. The market organizer
will charge the new trader C'(¢+ @) — C'(q) for his order. At
any time in the market, the going price of a claim for state
i, pi(q), equals 9C/Aq;. The price is the cost per share for
purchasing an infinitesimal quantity of security 4.

Chen & Pennock [6] show that any scoring rule has an
equivalent cost function formulation. For example, below
are the specific cost and pricing functions for LMSR:

" e4i/b
C(q) = blog (Z]' eq’/b) and  pi(q) = ﬁ :
J

For general market scoring rules, they proposed three equa-
tions that the cost function C' should satisfy so that the cost
function based market maker is equivalent to the market
based on a given scoring rule S:

Si(p) = ¢i — C(Q) + K Vi
2ipi=1 (1)

C9C v,
pl—aquzA

We will use this formulation later to prove equivalence of
MSR and SCPM mechanisms.

In [6], the authors also proposed a utility-based market
maker. This market maker formulates a utility function over
the profit generated from the market and relies on subjective
probability to maintain his risk position, measured in terms
of expected utility, while running the market. For a special
class of utility functions (the HARA utility functions), they
show that the utility-based market maker is equivalent to
weighted pseudospherical scoring rule market makers.

2.3 Seguential Convex Pari-M utuel M echanism

The SCPM was designed to require traders to submit or-
ders which include three elements: a limit price (), a limit
quantity (1) and a vector (@) that represents which states
the order should contain. The components of the vector @
will contain either a 1 (if a claim over the specified state is
desired) or a 0 (if it is not desired). The limit price refers to
the maximum amount that the trader wishes to pay for one
share. The limit quantity represents the maximum number
of shares that the trader is willing to buy. The market maker
decides the actual number of shares = to be granted to a new
order, and the price to be charged for the order. The market
maker solves the following optimization problem for making
this decision:

- _ 0.1 _

maximize T z—l—; i log(s;)

subject to ar+5+q=z¢ (2)
0<ax<li

where parameters ¢ stands for the numbers of shares cur-
rently held by the traders prior to the new order (w1, @)
arrives, and € represents the vector of all ones. Each time
a new order arrives, the optimization problem (2) is solved
and the state prices are defined to be the optimal dual vari-
ables corresponding to the first set of constraints denoted as
p. The trader is then charged according to the inner product
of the final price and the order filled (7 @).

This optimization problem, without the utility function
>~ 0ilog(ss), has the following interpretation for the market
maker: besides z, decision variable z represents the maxi-
mum number of accumulated shares, including § represent-
ing the contingent numbers of surplus shares would be kept
by the market maker, over all states; and (wz — z) in the
objective represents the profit that would be made from the
new order. Thus, market organizer aims at maximizing his
worst-case profit. As we establish later in this paper, adding
the utility function ), 6;log(s;) enhances the risk taking
ability of the market maker.

3. THE UNIFYING FRAMEWORK

In this paper, we demonstrate that a generalized form of
SCPM provides a unifying framework for pari-mutuel mar-
ket mechanisms. We propose the following convex optimiza-
tion model with a concave continuous utility function u(5):>

“Indeed, there is another technical condition on u(-) that
is required for this model to be feasible and bounded, that
is, Vg > 0, 3t, Vu(té — §)T& = 1, where Vu(-) denotes the
(sub-)gradient function.



maximize wr — z + u(S)
subject to ar+ S5+ q=z¢ (3)
0<z<I .

Note that the utility function u(8) = >, 0;log(s;) used in
the original SCPM model of Peters et al. [15] is a special
case of (3). From here on, “SCPM” refers to the above gen-
eralized SCPM model. When required, we disambiguate by
referring to the original model with u(5) = ", 0;log(s;) as
“Log-SCPM”. The optimization model (3) has exactly the
same meaning for the market maker as the Log-SCPM, and
inherits many desirable properties like intuitive interpreta-
tion, convex formulation, global optimality, Lagrange du-
ality, polynomial computational complexity, etc., as in the
original Log-SCPM model. Next, we demonstrate some new
desirable properties of the new SCPM framework including
truthfulness of the pricing scheme, efficient cost function
based scoring rules, and easily computable guarantees on
worst-case loss.

3.1 Truthful Pricing Scheme

In this section, we design a truthful pricing scheme for
the generalized SCPM framework. We shall assume limited
misreports, that is, we assume a bidder may only lie about
his valuation 7 of an order. There are no misreports of the
arrival time of the bidder in the market, and a bidder is
only allowed to bid once. Such truthfulness is also known as
myopic truthfulness [15].

The original SCPM model does not provide incentives
for the traders to bid truthfully [14]. On the other hand,
market scoring rules such as LMSR ensure truthful bidding.
We show that this difference in incentives is attributed to a
difference between the implementation of SCPM and MSR
pricing scheme. In the SCPM model, the market organizer
will typically charge the trader for an accepted number of
shares based on the final price calculated by the mechanism.
However, in the market scoring rules such as LMSR, the
trader is actually charged by a cost function which is equiv-
alent to the integral of the pricing function over the number
of shares accepted. Thus, as the price increases while the or-
der is filled, the trader is charged the instantaneous price for
each infinitesimally small portion of his order that is filled.

We show that our general SCPM framework equally ad-
mits truthfulness if the market maker charges traders ac-
cording to the integral of the price function over infinites-
imally small accepted shares. More specifically, the new
charging scheme solves the optimization problem for infinites-
imally small orders, thus computing incremental prices. De-
fine pl(€) to be the dual prices corresponding to the following
optimization problem (with [ = ¢):

maximize wr — z + u(S)
subject to ar+ S5+ q=z¢ (4)
0<zxz<e.

The SCPM model (3) can be equivalently viewed as gradu-
ally increasing e until the price become more than the bid
offered, or the trader reaches his limit /. Let Z be the optimal
solution to (3), i.e. the largest € such that the last constraint
in (4) is tight at optimality. Now, instead of charging the
trader the final price p(Z)7 @ as in the conventional SCPM,

we charge an accepted order by the following formula:
T — r —
( o p(e)de) a . (5)

Below, we establish the integrability of the pricing func-
tion and some important properties of the new pricing mech-
anism:

LEMMA 3.1. The following properties are satisfied:
1. The price vector sums up to 1 for every e

2. The price is non-negative if the utility function u(-) is
non-decreasing

3. The price is consistent, i.e., the market organizer will
accept another infinitesimal order if ™ is greater than
the instantaneous price of the order and vice versa

4. The instantaneous price pe)*a@ is non-decreasing in €

5. The price function is integrable.

PROOF. The proof of this theorem is referred to [1]. [J

The above properties of the pricing scheme lead to the
following strong result about the truthfulness of this scheme:

THEOREM 3.2. [rrespective of the choice of utility func-
tion u(-), the optimal bidding strategy in the SCPM is my-
opically truthful when the traders are charged according to
pricing scheme (5).

PROOF. Assume that the trader has a valuation of ~y for
his desired order @ with a quantity limit of [. The trader’s
profit can be expressed as: R(z) = vz — ([ p(e)de)T@. The
trader seeks to maximize R by choosing a proper 7. From
the previous lemma, we know that j(¢)” @ is non-decreasing
in €. Thus, it is easy to see that an optimal strategy when
ﬁ(O)Td > 7 is to not place an order. Thus, we can assume
that p(0)7@ < ~. Under this assumption, the optimal = < [
(that maximizes trader’s profit R(x)) is given by the follow-
ing optimality conditions:

(x—1) (y — fx)"@) =0

v > plx)’a .
On the other hand, the market organizer will accept a bid
if and only if 5(¢)”@ is less than 7. Hence, setting 7 = ~
gives the optimal x, and thus optimal profit for the trader.
This is equivalent to bidding truthfully since the trader will
essentially bid such that the instantaneous price is driven
either to their valuation or as close to their valuation as
possible before hitting the limit quantity constraint. []

Therefore, we have shown that the truthfulness of this
mechanism does not depend on the particular choice of util-
ity function but rather on the implementation of the charg-
ing method. By revising the charging method to an ‘incre-
mental’ one, we can create a truthful implementation for the
general SCPM. As we show in the next section, the integral
in the expression (5) does not need to be explicitly calculated
in order to compute it; given T, we can compute the total
charge efficiently using a convex cost function formulation.

3.2 Cost Function of the Market M aker

Section 2.2 discussed a cost function based implementa-
tion for market makers, introduced by Chen and Pennock
[6]. In this section, we derive a convex cost function for
the SCPM, which will reduce the problem of computing the
integral (5) to a simple convex optimization problem.



THEOREM 3.3. Let ¢ be the number of shares on each
state held by the traders in the SCPM market, and a new
order (mw,l,d) is accepted up to level T and is charged ac-
cording to pricing scheme (5). Then, the charge is

z T
([ o) a=cta+an -ca |
0
where C(q) is a convex cost function defined by
c(q) = mtint —u(te —q) , (6)

and has the property E'VC(§) =1, Vq§ > 0.

PRrOOF. Note that p(e) is the optimal dual solution asso-
ciated with the optimization problem:

me — z + u(5)

maximize

2,8

subject to ae+ S+ qg=ze .

Let V(q,€) denote the optimal objective value of the above
problem. Then,

max, sy we—z~+ u(s)
subject to de+ ¢+ §= z€

= 7e— min{z —u(z€—q— c‘ie)}
z
= mwe— C(7+ de) .
Next, using local sensitivity analysis results [10], the optimal
dual variables p(e) is such that
oV (g, e 0C(q + de
o= -2Vl _ 00+ 20
qi qi
Thus, we can conclude the statement presented in our the-
orem by performing the integration

/ ple) dde = / V,C(7+ de)" dde
JOo 0

T dC (g + ae)
/0 —a de
= C(g+az)—C(Qq) .

q
Finally, we can verify that C(q) is a convex function of ¢
since it is the minimum over ¢ of a function that is jointly
convex in both ¢ and ¢. [

Note that not only is the cost function convex, but it can
also be simply computed for any given ¢ by solving a single
variable convex optimization problem. This is in contrast
to the market scoring rules, where computing the cost func-
tion is non-trivial and requires solving a set of differential
equations (refer equation (1) in Section 2.2).

REMARK 3.4. Another way to derive our truthful pricing
scheme is to relate our optimization model to the generalized
VCG mechanism. Note that our decision model (3) is of the
form

¥ = argmaxwz + f(z) ,

where f(z) = max. —z + u(z€ — §— dx), i.e. [ is a func-
tion that depends only on allocation x and is constant with
respect to the bid m. Such allocation method is known as
an “affine maximizer” , a truthful pricing scheme for such
mechanism is given by generalized VCG price: f(0) — f(z*)

(Proposition 9.81 [12]). By simple computation, this is equal
to C(q+ dz) — C(q) as defined in (6). Thus, our optimiza-
tion model naturally establishes the connection of prediction
market mechanisms and their cost function formulations to
the popular VCG mechanism.

REMARK 3.5. Observe that the cost function defined in
(6) always satisfies no arbitrage condition C(q+ té) =t +
C(q). Thus, our model is naturally arbitrage free, regardless
of the choice of concave utility function.

3.3 Worst-case Lossfor the Market M aker

An interesting consequence of the cost function represent-
ing the SCPM developed in the previous section, is that the
worst-case loss can be formulated as a convex optimization
problem.

THEOREM 3.6. Assuming the market starts with O shares
initially, then the worst-case loss for the market maker using
the SCPM mechanism is given by B + C(0) where

B = max{max u(5) — s;}
3 S

and C(-) is the cost function defined by (6).

PRrROOF. Let the number of shares held by the traders at
time ¢ be ¢*. By Theorem 3.3, assuming we started with 0
shares initially, the total money collected at time ¢ is C(g") —
C(0). On the other hand, if state scenario ¢ occurs, the
market maker needs to pay amount ¢f, Thus, we can find
for each state scenario i, the worst-case loss by solving the
optimization problem :

max {g: — C(q) + C(0)} = max{g: —t +u(té — @)} + C(0)
= mgx{u(é) — st +C(0) .

Then, we take the maximum among all scenarios to conclude
the proof. [

As a corollary of the above theorem, we have that:

COROLLARY 3.7. Computing the worst-case loss bound for
the SCPM is a convex optimization problem. Furthermore,
a necessary and sufficient condition to guarantee a bounded
loss is that u(3) — s; is bounded from above.

Below, we illustrate the application of the above theorem
through some examples. Detailed proofs for these examples
are available in [1].

EXAMPLE 3.8. For u(5) = —blog (Ziefs"’/b>, we can

compute B = 0, C(0) = blog(N), giving worst-case loss
as blog(N).

ST - gel
EXAMPLE 3.9. For u(5) = & — L3 <I— @ )5’, we

can derive B =5 (1 - %), C(0) = 0 giving bound (N;rl)b'

Later in Section 4, we demonstrate that the above two
choices of utility functions are equivalent to the LMSR and
the quadratic market scoring rules respectively. Observe
that the derived bounds match those known in the literature
for these scoring rules [6].



EXAMPLE 3.10. For the Log-SCPM, u(3) =, 6;log(si),
we can show that B is unbounded by using s1 = 1,8, = «,
and letting o — oo. Actually,

B> lim 6 log(1) + Z filog(a) — 1 =00

o— 00
i£1

and C(0) =, 0; — X, 0:log (3, 0:). Thus, the worst-case
loss is unbounded in this case.

EXAMPLE 3.11. For u(§) = min; s; , the worst-case loss
s 0; since for all values of (5,t): u(s) < s; and t = u(te).
Observe that here the utility of the surplus profit 5 is equal to
the minimum or “worst-case” profit. This represents extreme
risk averseness of the market organizer.

The last example provided a glimpse of how the utility
function relates to the risk averseness of the market maker.
In Section 5, we will further build this intuition for the be-
havior of the organizer by recasting our optimization frame-
work as a risk minimization problem.

4. RELATIONTOEXISTING MECHANISMS

The market scoring rules (MSR) form a large class of pop-
ular pari-mutuel mechanisms. In this section, we demon-
strate a strong equivalence between the SCPM and the MSR
markets. Particularly, we show that:

THEOREM 4.1. Any proper market scoring rule with cost
function C(-) of (1) can be formulated as an SCPM model
(3) with the ‘concave’ utility function u(s) = —C(-§), and
the two models are equivalent in terms of the orders accepted
and the price charged for a submitted order.

THEOREM 4.2. The SCPM with any utility function u(-)
gives an implicit proper scoring rule, as long as the utility
function has the property that its derivative spans the sim-
plex {7 : &7 =1, ¥ > 0}, that is, for all vectors ¥ in the
simplex:

Vu(3) =7 37. (7)

Thus, the SCPM framework subsumes the class of proper
scoring rule mechanisms. Moreover, a proper scoring rule
based market can be created by simply choosing a utility
function u(-) that satisfies condition (7). As we shall demon-
strate later in this section, this condition is not difficult to
satisfy or validate, thus providing a useful tool to design
market mechanisms that correspond to a proper scoring rule.

We first prove the above theorems for general MSR based
market, and then illustrate with specific examples of the
LMSR and the quadratic market scoring rules.

4.1 Equivalent SCPM for MSR (Theorem 4.1)

To establish Theorem 4.1, we use the cost function for-
mulation of market scoring rules discussed in [6], and briefly
explained in Section 2.2. We first establish the following im-
portant properties of the cost function for any proper scoring
rule:

LEMMA 4.3. The cost function C(-) for any proper scor-
ing rule has following properties:

1. C(q) is a convex function of ¢

2. For any vector ¢ and scalar d, it holds that: C(q+dé) =
d+ C(Q)

PRrROOF. The proof is referred to [1]. Note that in [6],
the second property above was treated as an assumption
based on the principle of no arbitrage. Here, we show that it
can actually be derived from the properties of cost function
formulation itself. [

Now, we are ready to prove Theorem 4.1:

Proor. Using the result in part 1 of Lemma 4.3, clearly
the proposed utility function u(8) = —C(—35) is concave.
In light of part 2 of Lemma 4.3, we have C(—5 + z€) =
C(—8) + z. Therefore, the proposed utility function u(s) =
—C(—35) = z—C(z€—35). Incorporating u(5) = z—C(zé—3)
in the SCPM model (3), we get the following optimization
problem:

maximize mx — C(z€ - 5)
x,z,8
subject to z€—adr—8§=¢q
0<z<l

Since, C(-) was proven to be convex in part 1 of Lemma 4.3,
this is a convex optimization problem with KKT conditions:

platy>m z-(platy—m) =0,
piz%j‘”), y-(l—x)=0, y>0,0<z<1 .

Thus, z is increased until = [, or the price * @ = VC(§+
Eix)Tc? becomes greater than the bid price w. In particu-
lar, under continuous charging scheme, where a series of
optimization problems are solved with small | = ¢, this
corresponds to charging the increasing instantaneous price
ple)T'a = VC(7+ de)’ @ until it is greater than the price of-
fered by the bidder. For infinitesimally small ¢, limc_.o p(€); =
g—g. Thus, the orders accepted and price charged become
equivalent to the market scoring rule with cost function
C(@). O

4.2 Propernessof the SCPM (Theorem 4.2)

In this section, we prove that the SCPM mechanism is
proper, that is, it implicitly corresponds to scoring the re-
ported beliefs with a proper scoring rule, as long as the util-
ity function satisfies the spanning condition (7).

PROOF. By definition, a scoring rule S(-) is proper if and
only if given any outcome distribution 7, an optimal strategy
of a selfish trader is to report belief 7, that is:

re i Si 8
7 argmgxgr () (8)

In cost function based markets like the SCPM, the traders
do not directly report a belief p. Instead, they buy shares
¢ paying a price that equals to the difference of the cost
function, and thus indirectly reporting the belief as the re-
sulting price vector p. For these markets, according to [6]
an implicit scoring rule is defined in the following manner :

Si(p) = — C(Q) + K Vi

where p; = gC Vi
qi

(also refer to equation (1) in Section 2.2). Therefore, the
properness condition in terms of ¢ is represented as:

pri= VC(Q*) =7, (9)
where ¢" € arg rqn?aé(Z ri(qi — C(q)) (10)

7



for all distributions 7.

Intuitively, since the traders receive $1 for each share on
the actual outcome, the profit of traders for outcome state 7
is ¢ — C(q). Thus, the “properness” condition ensures that
an optimal strategy for selfish traders is to buy orders ¢ so
that the resulting price vector is equal to their actual belief.
Now, the optimality conditions for (10) are:

_0C(q)
T 9a

k3

+ni =0, >0,q7 >0,n7qi =0, Vi .

Thus, condition (9) is satisfied if there exists a positive op-
timal solution to (10). As derived in Theorem 3.3, the cost
function of the SCPM mechanism is given by (6). Therefore,
the optimization problem (10) is equivalent to

maxg>o > i@ — ming{t —u(t€ —q)})
& maxg>o,t Soirilg —t+u(te—q))
& maxg>o,t F‘T((T* té) + u(té — q)
& maxss—ie_gqzo w(d) — 7§
< maxs w(d) —7'F

As long as there exists an optimal solution §* to the above
problem, we can set t* as a large positive value and set
q" =t'¢— 3" > 0. Thus, the condition (7), that is, Vu(s)
spans the simplex, ensures the properness. It is easy to see
that this is also a necessary condition. This proves Theorem
4.2. [

A concern however is that the price vector p* that max-
imizes trader’s expected profit may not be unique. This
could be either because there are multiple sub-gradients of
the cost function C'(¢) at optimal ¢* resulting in multiple
price vectors p*, or because there are multiple optimal ¢*
and they all result in different corresponding price vectors
VC(q*). This is typically undesirable since in this case, ei-
ther buying the orders ¢* associated with the true belief 7 is
not the only optimal strategy for the traders, or even in the
case that the traders acquire ¢*, the market maker is still
unable to recover the true belief. This situation is avoided
by the concept of strictly proper scoring rules. A scoring
rule is called “strictly proper” if the only optimal strategy
for a trader is to honestly report his belief [16]. In terms
of our market mechanism, it means that 7 is the unique
solution to (8). Since u(-) is concave, it is easy to see that a
sufficient condition to ensure strict properness in the SCPM
is that u(-) is a smooth function, that is, Vu(-) is continuous
(over the simplex).

Next, we illustrate the equivalence between the SCPM
and proper scoring rules using some popular mechanisms as
examples.

4.3 Examples

ExXAMPLE 4.4. The LMSR market maker is equivalent to
the SCPM framework with utility function u(s) = —C(=38) =
—blog (3, efsi/b). This scoring rule is known to be strictly
proper [9]. Note that our condition for properness is satisfied
as well since u(-) is smooth and

6*51'/[7
esi/t

which clearly spans the simplex.

vu(@) - |

ExXAMPLE 4.5. A market maker using quadratic scoring
rule is equivalent to the SCPM framework with utility func-

tion w(3) = —C(=3) = e“;s* — L& (1 ai]T

ing rule is known to be strictly proper [6]. Our condition for
properness is satisfied since u(-) is smooth and

—

) §. This scor-

1 S — S
\Y% =|—=
w(s) {N T }
where 5 = €T5/N. Thus, for any 7 in simplex, we can set
s; = —2br; to get Vu(s) =7

EXAMPLE 4.6. For the Log-SCPM [15], w(3) =, 0; log(s:),
Vu(8)i = 0;/s:, which clearly spans the interior of the sim-
plex for any positive 0. Also, u(-) is smooth, thus this mech-
anism is strictly proper.

EXAMPLE 4.7. Consider a linear utility function u(s) =
'3 This mechanism is not proper, since the derivative of
the function is a constant vector, and does not span the sim-

plex.

So far, we established the SCPM as a general market
mechanism that includes all scoring rules which are proper
and possess common desired properties. The cost function
formulations of the two mechanisms were used to establish
the equivalence. A natural question now would be: what is
the difference among the different utility objective functions
adopted in the SCPM? Next, we will show that they rep-
resent different risk measures for the market maker. Thus,
when using this model to accept incoming orders the market
maker is actually taking rational decisions with respect to a
specific risk attitude defined in terms of u(-).

In [6], the authors propose to model the market maker’s
risk attitude using expected utility. However, the expres-
siveness of their model is limited as it relies on the for-
mulation of the market maker’s subjective probabilities.?
In what follows, we will show that the SCPM framework
adopts a distribution-free representation of risk which is
more realistic because market makers are typically little in-
formed about the probability of each outcome. It is also the
case that the SCPM strictly subsumes the model proposed
in [6]: many concave utility functions including a piecewise
quadratic utility function cannot be replicated in the utility-
based framework of [6]. A deeper comparison between the
two frameworks is available in the full version [1] of this

paper.

5. RISKSFOR THE MARKET MAKER

Each time he or she is offered an order, the market maker
must consider the risks involved in accepting it. This is
due to the fact that the monetary return generated from
the market depends on the actual state outcome. In the
earlier pari-mutuel market introduced in [11], this risk was
effectively handled in terms of maximizing the worst-case
return generated by the market relative to the set of out-
comes (i.e., u(§) = min;s,;, refer Example 3.11). Unfor-
tunately, this risk attitude is somewhat limiting as it will
create a market which is likely to accept very few orders
and extract little information. In what follows, we consider

3 Actually, expected utility maximization is known to be in-
consistent with practice (see Ellsberg paradox) where such
probabilities often cannot be properly defined.



the return generated by the market to be a random variable
Z and demonstrate that, when accepting orders based on
the SCPM with a non-decreasing utility function, the mar-
ket maker effectively takes rational decisions with respect to
a risk attitude. We use duality theory to gain new insights
about how this attitude relates to the concept of prior belief
about the true probability of outcomes.

5.1 TheSCPM Markets and the Convex Risk
M easures

In a finitely discrete probability space (€2, F), the set of
random variables Z can be described as the set of functions
Z : Q) — R. A convex risk measure on the set Z is defined
as follows:

DEFINITION 5.1. When the random outcome Z represents
a return, a risk measure is a function p : Z — R that de-
scribes one’s attitude towards risk as : random return Z is
preferred to Z' if p(Z) < p(Z') . Furthermore, a risk mea-
sure is called convex if it satisfies the following:

o Converity : p(AZ+(1—=XN)Z") < A\p(Z)+(1—=N)p(Z"),
V2,72 € Z, and ¥ X €0, 1]

e Monotonicity : If Z,Z' € Z and Z > Z' then p(Z) <
p(Z)

e Translation Equivariance :
p(Z+a) = p(Z) —a

If a € R and Z € Z, then

Convex risk measures are intuitively appealing. First,
even in a context where the decision maker does not know
the probability of occurrence for the different outcomes, it
is still possible to describe a risk function p(Z). The three
properties of convex risk measures are also natural ones to
expect from such a function. Convexity states that diversi-
fying the returns leads to lower risks. Monotonicity states
that if the returns are reduced for all outcomes then the risk
is higher. And finally, translation invariance states that if
a fixed income is added to random returns then it is irrele-
vant wether this fixed income is received before or after the
random return is realized. We refer the reader to [8] for a
deeper study of convex risk measures.

Next, we formulate the SCPM model for prediction mar-
kets as a convex risk minimization problem. In context of
prediction markets, the random return Z will represent the
revenue for the market organizer, which depends on the ac-
tual outcome of the random event in question. Let ¢ repre-
sent the total orders held by the traders, and c represent the
total money collected so far from the traders in the market.
Since the market organizer has to pay $1 for each accepted
order that matches the outcome, his revenue for outcome
state 7 is ¢ — ¢;. When a new trader enters with a bid of «,
based on the number of accepted orders x, the total revenue
for state i is given by (¢ — g; +7x — a;x). The risk minimiza-
tion model seeks to choose the number of accepted orders x
to minimize the risk on total revenue. Below, we formally
show that the SCPM model is equivalent to a convex risk
minimization model.

THEOREM 5.2. Let Q = {w1,wa,...,wm }, Z €R™ be the

vector representation of Z such that Z; = Z(w;), and Z*(w;) =

¢c— ¢ + mx — a;z. Then, given that u(-) is non-decreasing,
the SCPM optimization model (8) is equivalent in terms of

set of optimal solutions for x to the risk minimization model

p(Z%)
0<z <l

minimize
subject to
with convex risk measure p(Z) = min,{t — u(Z + té)}.

PrOOF. The equivalence can be obtained by first elim-
inating § in (3), and then performing a simple change of
variable t = 2 — Tz — ¢:

max; {mx — z + u (2€ —dz — q)}
= max¢ {—t+u(té+ (rx+c)e—dr —q) — c}
= fmint{tfu(21+t€)}fc
—p(Z%) —c .

Since maximizing —p(Z*)—c over z is equivalent to minimiz-
ing p(Z%) in terms of optimal solution set, the equivalence
follows directly.

It remains to show that, when u(-) is concave and non-
decreasing, the proposed measure satisfies the three prop-
erties (convexity, monotonicity, and translational equivari-
ance) of a convex risk measure. The convexity and the
monotonicity follow directly from concavity and monotonic-
ity of u(-). We refer the reader to [1] for more details on this
part of the proof. [

REMARK 5.3. More importantly, Theorem 5.2 essentially
shows that any convez risk measure p(Z) can potentially be
used to create a version of the SCPM market which accepts
orders according the risk attitude described by p(Z). This
s achieved by simply choosing the utility function u(3) =
—p(Y®) where Y¥ : Q — R is a random variable defined as
Y ¥(wi) = si. Such a constructed u(-) is necessarily concave
and increasing.

5.2 Risk Attitude Through the Belief Space

We just showed that the SCPM actually represents a risk
minimization problem for the market maker when u(-) is
non-decreasing. In fact, we can get more insights about the
specific risk attitude by studying the dual representation of
risk measure p(Z):

p(Z) = ,ErlZ]+ L)

min

PE{PIP=>0,2"; pi=1
where L£(p) = maxzu(3) —p 3, and Ez[Z] = lelfl We
refer the reader to [8] for more details on the equivalence of
this representation. Note that p(Z) is evaluated by consid-
ering the worst distribution p'in terms of trading off between
reducing expected return and reducing the penalty L£(p).

In terms of the SCPM, this representation equivalence
leads to the conclusion that orders are accepted according
to:

max min 2 L)
0<z<l {56{517>0,2i mzl}zp (ﬁ)}

i

In this form, it becomes clearer how £(p) encodes the intents
of the market maker and relates it to his belief about the
true distribution of outcomes. For instance, we know that
the first order is accepted only if

Ve {mﬁz O,Zpi = 1}, ZpiZf > —(L(p)—L(P)) ,



where p = arg minﬁe{ﬁ\ﬁZO,Zimzl} L(p). For any given p,
the penalty £(p)— L(p) therefore reflects how much the mar-
ket maker is willing to lose in terms of expected returns in
the case that the true distribution of outcomes ends up be-
ing p. It is also the case that after accepting ¢ orders, the
distribution described by p* = argming p” (c€ — q) + L(p) is
actually the vector of dual prices computed in the SCPM. In
other words, the price vector in the SCPM market reflects
the distribution that is being considered as the outcome dis-
tribution by the market organizer in order to determine his
expected return. This confirms the interpretation of prices
as a belief consensus on outcome distribution generated from
the market.

As we will see next, the function L£(p) will typically be
chosen so that L£(p) — L(p) is large if § is far from p, and
p will reflect a prior belief of the market organizer. That
is, the market organizer is willing to lose on the expected
return in order to learn a distribution p that is very different
from his prior belief. This is in accordance with the fact
that the market is being organized as a prediction market
rather than a pure financial market, and one of the goals of
market organizer is to learn beliefs even if at some risk to
the generated returns.

We make the above interpretations clearer through the
following examples.

EXAMPLE 5.4. The utility function u(§) = min;{s;} cor-
responds to cost L(p) = min;{s;} — p* 5 =0 for all . That
is, the market organizer is purely maximizing his worst-case
return.

EXAMPLE 5.5. For the LMSR, u(3) = —blog <Zi e_s*/b>,

which is equivalent to using L(P) as the Kullback-Leibler di-
vergence of P’ from uniform distribution L g7 (p'; U). This
is minimized at p = U reflecting a uniform prior. The cor-
responding risk measure is also known as the Entropic Risk
Measure and its level of tolerance is measured by b.

EXAMPLE 5.6. The Log-SCPM uses u(5) =), 6;log(s:),
which is equivalent to choosing the penalty function to be
the megative log-likelihood of p being the true distribution
given a set of observations described by the vector . More

specifically, L771(P; 5) = —log (Hlpfl) + K, which is mini-

mized at p; = Zéig_ and tolerance to risk is measured through

Ziei'

These examples illustrate how the risk minimization rep-
resentation provides insights on how to choose u(-). In the
case of the Min-SCPM (Example 5.4), the associated penalty
function leads to a market where trades that might generate
a loss for the market maker are necessarily rejected. Hence,
the traders have no incentive for sharing their belief. On the
other hand, both the LMSR and the Log-SCPM are mech-
anism that will accept orders leading to negative expected
returns under a distribution p, as long as this distribution is
“far enough” from p. Effectively, a trader with a belief that
differs from p will have his order accepted given that he
submits it early enough. In practice, choosing between the
LMSR and the Log-SCPM involves determining whether the
Kullback—Leibler divergence or a likelihood measure better
characterizes the market maker’s commitment to learning
the true distribution.

6. DESIGN OF NEW MECHANISM S

In the previous sections, we used the SCPM framework
to establish that various mechanisms actually differ only in
terms of the choice of utility function. More importantly, we
established necessary and sufficient conditions on the utility
functions in order to achieve various properties desired in a
prediction market mechanism. We first showed that for any
concave function, a generalized VCG like pricing mechanism
ensures truthful bidding (in a myopic sense). Also, the pric-
ing mechanism always leads to prices that can be computed
efficiently by solving a simple convex optimization problem.
We derived exact bounds for worst-case loss obtained from
the market in this framework. We also discussed conditions
on the utility function to ensure ‘properness’ of the mecha-
nism inline with the definition of a proper scoring rule. Fur-
ther, we showed that when selecting a non-decreasing utility
function, the market maker is implicitly defining his risk at-
titude with respect to the potential revenues obtained from
the market. More interestingly, we have shown that a risk
measure can be explicitly chosen to design a market maker
with a particular risk attitude.

These properties take a decisive role when selecting the
most effective market mechanism for a given application.
Table 1 summarizes our conclusions for popular mechanisms:
the LMSR, the original SCPM (Log-SCPM), the riskless
Market (Min-SCPM), and the market based on the quadratic
scoring rule. We also use these observations to design two
new mechanisms: Exponential-SCPM and Quad-SCPM (de-
scribed below in Example 6.1 and 6.2). Exponential-SCPM
provides properties similar to LMSR while using a classic
separable utility function. Quad-SCPM improves upon the
quadratic scoring rule. Although this rule is known to be
myopically truthful, in practice a market maker that uses
this rule needs to explicitly restrict prices to be between
[0,1] at all times. Quad-SCPM modifies the utility func-
tion of quadratic scoring rule to provide non-negative prices
and a convex risk-measure, while retaining all the attractive
properties of the scoring rule, that is, strict properness, and
a worst case loss that is bounded in the number of states
(N). This opens the possibility to score problems with large
number of states. More details about the derivation of these
properties are available in [1].

EXAMPLE 6.1. Consider the “Exponential-SCPM?” obtained
from using the following utility:

u(8) =b (1 - ;/,zi:eﬁ/b)

This utility function is concave, non-decreasing and separa-
ble. It has a bounded worst-case loss equal to blog(N). And,
the function L(p) is the Kullback-Leibler divergence of p from
uniform distribution L g7 (p'; U). Using the pricing scheme
described in Section 3.1, it leads to a prediction market that
is myopically truthful. Also, the corresponding scoring rule
is strictly proper. And, the orders can be priced using convex

cost function C(q) = blog (% . e‘]i/b>.

EXAMPLE 6.2. Consider the “Quad-SCPM” obtained from
using the following utility:

_ Lop, 1 g7
u(8) = maX{NG Gl v}

7<3



Table 1: A summary of properties of various market mechanisms

u(3) Truthful Vg?:tt Risf(;\r/}\;z)s(ure L(p) Properness
LMSR —blog(>, e ®/") Yes blog(N) Yes bLy1,(Pl|U) | Strictly Proper
Log-SCPM by, log(si) Yes eS) Yes bLy1,(Pl|U) | Strictly Proper
Min-SCPM min; s; Yes 0 Yes 0 Proper
Quad. Scoring Rule %é’TE'f %5‘11([ — NE'ET)E' Yes b(1— %) No - Strictly Proper
Exponetial-SCPM b1— %>, esi/b) Yes blog (N) Yes bLyr,(PI|U) | Strictly Proper
Quad-SCPM maxg<s € U— 20 U Yes b(1—+) Yes bl|p— UJ|3 | Strictly Proper

for some 6 such that >, 0i = 1. This utility function is non-
decreasing and concave which ensures that resulting prices
are non-negative and sum to 1. It has bounded worst-case
loss given by b(||6]|3 +1 — 2min; 6; ). And, the distance from
the prior p = 0 is measured by L(p) = b||p— 5”%, that is the
2-norm distance. The resulting prediction market is myopi-
cally truthful and leads to orders that can be priced using the
cost function:

c@= gz,
which requires solving a quadratic program. Also, the corre-
sponding scoring rule is strictly proper.

This market is closely related to the market associated with
the quadratic scoring rule, since C(q) reduces to the popular
quadratic cost function when the constraint v < t€ — q is
replaced with v = t€ — q. However, the slight modification
ensures that prices are non-negative, and has an intuitive
interpretation in terms of distance to the prior belief.
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