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ABSTRACT

A unified view of high-dimensional bridge
regression

Haolei Weng

In many application areas ranging from bioinformatics to imaging, we are inter-
ested in recovering a sparse coefficient § € R? in the high-dimensional linear model
y = X[ + w, when the sample size n is comparable to or less than the dimension
p. One of the most popular classes of estimators is the ¢,-regularized least squares
(LQLS), a.k.a. bridge regression (Frank and Friedman, 1993; Fu, 1998), given by the

following optimization problem:

P
BO0) € agmin gy — X513 42D I

There have been extensive studies towards understanding the performance of the
best subset selection (¢ = 0), LASSO (¢ = 1) and ridge (¢ = 2), three widely known
estimators from the LQLS family. This thesis aims at giving a unified view of LQLS
for all the values of ¢ € [0, 00). In contrast to most existing works which obtain order-
wise error bounds with loose constants, we derive asymptotically exact error formulas
characterized through a series of fixed point equations. A delicate analysis of the fixed
point equations enables us to gain fruitful insights into the statistical properties of
LQLS across the entire spectrum of ¢,-regularization. Our work not only validates the
scope of folklore understanding of /,-minimization, but also provides new insights into
high-dimensional statistics as a whole. We will elaborate on our theoretical findings

mainly from parameter estimation point of view. At the end of the thesis, we briefly

mention bridge regression for variable selection and prediction.



We start by considering the parameter estimation problem and evaluate the per-
formance of LQLS by characterizing the asymptotic mean square error (AMSE)
lim,, 00 %H B(X, q) — B||2. The expression we derive for AMSE does not have explicit
forms and hence is not useful in comparing LQLS for different values of ¢, or provid-
ing information in evaluating the effect of relative sample size % or the sparsity level
of 5. To simplify the expression, we first perform the phase transition (PT) analysis,
a widely accepted analysis diagram, of LQLS. Our results reveal some of the limita-
tions and misleading features of the PT framework. To overcome these limitations,
we propose the small-error analysis of LQLS. Our new analysis framework not only
sheds light on the results of the phase transition analysis, but also describes when
phase transition analysis is reliable, and presents a more accurate comparison among
different ¢,-regularizations.

We then extend our low noise sensitivity analysis to linear models without sparsity
structure. Our analysis, as a generalization of phase transition analysis, reveals a
clear picture of bridge regression for estimating generic coefficients 5. Moreover, by a
simple transformation we connect our low-noise sensitivity framework to the classical
asymptotic regime in which n/p — oo, and give some insightful implications beyond
what classical asymptotic analysis of bridge regression can offer.

Furthermore, following the same idea of the new analysis framework, we are able
to obtain an explicit characterization of AMSE in the form of second-order expansions
under the large noise regime. The expansions provide us some intriguing messages.
For example, ridge will outperform LASSO in terms of estimating sparse coefficients
when the measurement noise is large.

Finally, we present a short analysis of LQLS, for the purpose of variable selec-
tion and prediction. We propose a two-stage variable selection technique based on
the LQLS estimators, and describe its superiority and close connection to parameter
estimation. For prediction, we illustrate the intricate relation between the tuning pa-

rameter selection for optimal in-sample prediction and optimal parameter estimation.
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

1.1 Objective and organization

Consider the linear regression problem where the goal is to estimate the parameter
vector € RP from a set of n response variables y € R™, under the model y = X5+ w.
This problem has been studied extensively in the last two centuries since Gauss and
Legendre developed the least squares estimate of 3. The instability or high variance
of the least squares estimates led to the development of the regularized least squares.
One of the most popular regularization classes is the {,-regularized least squares
(LQLS), a.k.a. bridge regression (Frank and Friedman, 1993; Fu, 1998), given by the

following optimization problem:

. 1 P

B(Aq) € argﬂmlnjly—XﬁH%+A2|ﬁz!q- (1.1)
i=1

where ¢ € [0,00) and A > 0 is a tuning parameter. LQLS has been extensively

studied in the literature. In particular, one can prove the consistency of 3 (A, ¢) under

the classical asymptotic analysis (p fixed while n — o) (Knight and Fu, 2000).

However, this asymptotic regime becomes irrelevant for high-dimensional problems

in which n is not much larger than p. Under this high-dimensional setting, if 8 does

not have any specific structure, we do not expect any estimator to perform well.
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One of the structures that has attracted attention in the last twenty years is the
sparsity, that assumes only £ of the elements of J are non-zero and the rest are zero.
To understand the behavior of the estimators under structured linear model in high
dimension, a new asymptotic framework has been proposed in which it is assumed
that X, ESh N(0,1/n),k,n,p — oo while n/p — 6 and k/p — €, where ¢ and € are
fixed numbers (Donoho and Tanner, 2005b; Donoho et al., 2009; Amelunxen et al.,
2014; El Karoui et al., 2013; Bradic and Chen, 2015).

One of the main notions that has been widely studied in this asymptotic frame-
work, is the phase transition (Donoho and Tanner, 2005b; Donoho et al., 2009;
Amelunxen et al., 2014; STOJNIC, 2009). Intuitively speaking, phase transition
analysis assumes the error w equals zero and characterizes the value of § above which
an estimator converges to the true [ (in certain sense that will be clarified in the
following chapters). While there is always error in the response variables, it is be-
lieved that phase transition analysis provides reliable information when the errors are
small. In this thesis, we start by studying the phase transition diagrams of LQLS for
q € [0,00). Our analysis reveals several limitations of the phase transition analysis.
We will clarify these limitations in Chapter 2. We then propose a higher-order anal-
ysis of LQLS in the small-error regime. As will be explained in Chapter 2, our new
framework sheds light on the peculiar behavior of the phase transition diagrams, and
explains when we can rely on the results of phase transition analysis in practice.

The sparsity assumption of # can be easily violated in many applications. A more
realistic replacement is to assume f is approximately sparse, i.e., some elements of (3
are very small. Under such a setting, all the asymptotic results we derived for sparse
coefficients may not hold any more. However, we will demonstrate in Chapter 3 that,
the limitations of phase transition analysis remain. We then perform a low-noise sen-
sitivity analysis as a generalization of phase transition scheme to better evaluate and
compare different LQLS estimators. Moreover, by a simple transformation we con-

nect our low-noise sensitivity framework to the classical asymptotic regime in which
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n/p — oo and characterize how and when ¢, regularization techniques offer improve-
ments over ordinary least squares, and which regularizer gives the most improvement
when the sample size is large.

The small-error analysis enables us to have a more accurate evaluation and com-
parison for different LQLS estimators when the measurement noise w is small. How-
ever, the results can not carry over to settings with large noises. Motivated by this
concern, we further perform a second-order noise sensitivity analysis under large-error
regime. Our analysis discovers an intriguing phenomenon regarding the parameter es-
timation performance of LQLS: ridge is optimal among all the LQLS estimators. This
implies that in low signal-to-noise ratios, sparsity promoting regularization methods
like LASSO and best subset selection are inferior to ridge, even though the estimand
is sparse. We present a thorough comparison of LQLS for every value of ¢ > 0 in
Chapter 4.

If the primary interest lies on variable selection or prediction instead of parameter
estimation, how would the performance of LQLS estimators change? In Chapter 5
we scratch the surface of these two directions. For the former, we first propose a
two-stage variable selection technique with LQLS estimators used in the first stage.
It will be shown that the two-stage LASSO, one example of the proposed approach,
outperforms LASSO. More importantly, we establish the equivalence between the
variable selection comparison and parameter estimation comparison among different
LQLS’s. For the latter, we present some preliminary results regarding the tuning

parameter selection for optimal prediction.

1.2 The asymptotic framework

The main goal of this section is to formally introduce the high-dimensional asymptotic
framework under which we study LQLS throughout the thesis. We may write vectors

and matrices as 5(p), X (p), w(p) to emphasize the dependence on the dimension of f.
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Similarly, we may use f3 (A, ¢q,p) as a substitute for B (A, q). We first define a specific
type of a sequence known as a converging sequence. Our definition is borrowed from
other papers (Donoho et al., 2011; Bayati and Montanari, 2011, 2012) with some minor
modifications. Recall we have the linear regression model: y(p) = X (p)B(p) + w(p).

Definition 1.2.1. A sequence instances {5(p), X (p), w(p)} is called a converging

sequence if the following conditions hold:
1. n/p — 6 € (0,00), as n — oo.

2. The empirical distribution® of 3(p) € RP converges weakly to a probability mea-

sure fg with bounded second moment. Further, %Hﬂ(p)H% converges to the second

moment of fz.

3. The empirical distribution of w(p) € R™ converges weakly to a zero mean dis-

tribution with variance 5. And, ~||w(p)||3 — o2
4. The elements of X (p) are wid with distribution N(0,1/n).

For each of the problem instances in a converging sequence, we solve the LQLS
problem (1.1) and obtain B (X, ¢, p) as the estimator. The interest is to evaluate the
accuracy of this estimator. For different purposes such as parameter estimation and
variable selection, we will define different quantities to measure the performance of

LQLS in the following chapters.

Tt is the distribution that puts a point mass 1/p at each of the p elements of the vector.
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Chapter 2

Overcoming the limitations of
phase transition via a second-order

low noise sensitivity analysis

2.1 Limitations of the phase transition and our so-
lution

In this section, we intuitively describe the results of phase transition analysis, its
limitations, and our new framework. Consider the class of LQLS estimators and
suppose that we would like to compare the performance of these estimators through
the phase transition diagrams. For the purpose of this section, we assume that the
vector (§ has only k£ non-zero elements, where k/p — € with € € (0,1). Since phase
transition analysis is concerned with w = 0 setting, it considers limy_ B (A, ¢) which

is equivalent to the following estimator:

arg min | 5],

subject to y = X[5. (2.1)
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Below we informally state the results of the phase transition analysis. We will for-
malize the statement and describe in details the conditions under which this result

holds in the next section.

Informal Result 1. For a given € > 0 and ¢ € [1,00), there exists a number M, ()
such that as p — oo, if § > M,(e) + v (v > 0 is an arbitrary number), then (2.1)

succeeds in recovering 3, while if 6 < M,(e) — v, (2.1) fails.!

The curve § = M,(e) is called the phase transition curve of (2.1). While the phase
transition curves can be obtained with different techniques, such as statistical dimen-
sion framework proposed in Amelunxen et al. (2014), we will derive them as a simple
byproduct of our main results in the next section. We will show that M,(e) is given

by the following formula:

1ifg>1,
My(e) = § infyo(1 — En?(Z;x) + (1 +x?) if ¢ =1, (2.2)
e ifl>qg>0,

where 71 (u; x) = (Ju] — x)1sign(u) denotes the soft thresholding function and Z ~
N(0,1). Before we proceed further let us mention some of the properties of M;(e)

that will be useful in our later discussions.

Lemma 2.1.1. M(e€) satisfies the following properties:
(i) My (€) is an increasing function of e.
(11) lim._o M;(e) = 0.

(713) lime_,q M;(e) = 1.

(iv) Mi(e) > €, foree (0,1).

! Different notions of success have been studied in the phase transition analysis. We will mention

one notion later in this thesis.
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Proof. Define F(x,€) = (1—€)En?(Z; x)+e(1+x?). Tt is straightforward to verify that
F(x,¢), as a function of x over [0, c0), is strongly convex and has a unique minimizer.
Let x*(¢) be the minimizer. We write it as x*(¢) to emphasize its dependence on e.

By employing the chain rule we have

DL OO | PO ') _ OF(C (.
de Oe ox de Oe

= 1+ () —Eni(Zx"(e) > 1+ (x*(e)* — E|Z]?

= (X()* >0,

which completes the proof of part (i). To prove (ii) note that

o
IN

limmin(1 — €)En}(Z;x) + (1 + x?)

(1 — B (Z:10g(1/0) + (1 + log?(1/0)

o0

~ 1m2(1- o) / (= — log(1/€))26(2)d=

log(1/¢)

IN

lim2(1 — ¢) / 22¢(z +log(1/€))dz
e—0 0
, _leg?a/0 [0,

< lim2(1 —e€)e” 2 22¢(z)dz = 0,
e—0 0

where ¢(-) is the density function of standard normal. Regarding the proof of part
(iii), first note that as € — 1, x*(¢) — 0. Otherwise suppose x*(¢) — xo > 0 (taking

a convergent subsequence if necessary). Since En?(Z; x*(¢)) < E|Z|*> = 1, we obtain

lim F(x*(e),e) = 1+ xg > 1.

e—1

On the other hand, it is clear that

lim F'(x*(e),€) < lin} F(0,¢) = 1.
e—

e—1

A contradiction arises. Hence the fact x*(e¢) — 0 as € — 1 leads directly to

11II%M1<€> =lim F(x*(e),€) = 1.
e—

e—1

Part (iv) is clear from the definition of M (e). O
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Figure 2.1: Phase transition curves of LQLS for (i) ¢ < 1: The red curve denotes
the phase transition of LQLS for any ¢ € [0,1). (ii) ¢ = 1: The blue curve exhibits
the phase transition of LASSO. Below this curve LASSO can “successfully” recover
B. (iii) ¢ > 1: The magenta curve represents the phase transition of LQLS for any
g > 1. This figure is based on Informal Result 1 and will be carefully defined and
derived in Chapter 2.2.

Figure 2.1 shows M,(e) for different values of q. We observe several peculiar
features: (i) As is clear from both Lemma 2.1.1 and Figure 2.1, ¢ = 1 requires much
fewer observations than all the values of ¢ > 1 and much more observations than all
q € [0,1) for successful recovery of 8. (ii) The values of the non-zero elements of
do not have any effect on the phase transition curves. In fact, even the sparsity level
does not have any effect on the phase transition for ¢ > 1. (iii) For every ¢ > 1, the
phase transition of (2.1) happens at exactly the same value. So does every value of ¢
belonging to [0, 1).

These features raise the following question: how much and to what extent are
these phase transition results useful in applications, where at least small amount of
error is present in the response variables? For instance, intuitively speaking, we do
not expect to see much difference between the performance of LQLS for ¢ = 1.01

and ¢ = 1. However, according to the phase transition analysis, ¢ = 1 outperforms



CHAPTER 2. OVERCOMING THE LIMITATIONS OF PHASE TRANSITION
VIA A SECOND-ORDER LOW NOISE SENSITIVITY ANALYSIS 9

g = 1.01 by a wide margin. In fact the performance of LQLS for ¢ = 1.01 seems
to be closer to that of ¢ = 2 than ¢ = 1. The same reasoning goes for ¢ = 1 and
g = 0.99. Also, in contrast to the phase transition implication, we may not expect
LQLS to perform the same for g with different values of non-zero elements. The main
goal of this chapter is to present a new analysis that will shed light on the misleading
features of the phase transition analysis. It will also clarify when and under what
conditions the phase transition analysis is reliable for practical guidance.

In our new framework, the variance o2 of the error w is assumed to be small. We
consider (1.1) with the optimal value of X for which the asymptotic mean square error,
ie., limy, w, is minimized. We first obtain the formula for the asymptotic
mean square error (AMSE) characterized through a series of non-linear equations.
Since o,, is assumed small, we then derive the second-order asymptotic expansions
for AMSE as o,, — 0. As we will describe later, the phase transition of LQLS for
different values of ¢ can be obtained from the first dominant term in the expansion.
More importantly, we will show that the second dominant term is capable of eval-
uating the importance of the phase transition analysis for practical situations and
also provides a much more accurate analysis of different bridge estimators. Here is

one of our main results, presented informally to clarify our claims. All the technical

conditions will be determined in Chapter 2.2.

Informal Result 2. If A, , denotes the optimal value of A, then for any ¢ € (1,2),
0>1,ande< 1

T 20T (1 — )*(E|Z]7)”

v 2q
=15 T G- magpee o)

1 .
lim ~ |3\ q) — BI3 =
Jfim 118w, 9) = Bllz

where Z ~ N(0,1) and G is a random variable whose distribution is specified by the
non-zero elements of 5. We will clarify this in the next section. Finally, the limit

notation we have used above is the almost sure limit.

o

1-1/5

As we will discuss in Chapter 2.2, the first term determines the phase tran-



CHAPTER 2. OVERCOMING THE LIMITATIONS OF PHASE TRANSITION
VIA A SECOND-ORDER LOW NOISE SENSITIVITY ANALYSIS 10

sition. Moreover, we have further derived the second dominant term in the expansion
of the asymptotic mean square error. This term enables us to clarify some of the
confusing features of the phase transitions. Here are some important features of this
term: (i) It is negative. Hence, the AMSE that is predicted by the first term (and
phase transition analysis) is overestimated specially when ¢ is close to 1. (ii) Fixing
¢, the magnitude of the second dominant term grows as € decreases. Hence, for small
values of o, all values of 1 < ¢ < 2 benefit from the sparsity of 5. Also, smaller
values of ¢ seem to benefit more. (iii) Fixing € and §, the power of o, decreases
as ¢ decreases. This makes the absolute value of the second dominant term bigger.
As q decreases to one, the order of the second dominant term gets closer to that of
the first dominant term and thus the predictions of phase transition analysis become
less accurate. We will present a more detailed discussion of the second order term
in Chapter 2.2. To show some more interesting features of our approach, we also

informally state a result we prove for LASSO.

Informal Result 3. Suppose that the non-zero elements of 5 are all larger than a
fixed number . If A, , denotes the value of A that leads to the smallest AMSE, and
if 9 > M;(e), then for g =1

My (e)a?

5 () T O/, (2.3)

1 .
lim ~||3(A\sg, q) — B2 =
T ~13(h0) = B

where i is a constant that depends on pu.

As can be seen here, compared to other values of 1 < ¢ < 2, ¢ = 1 has smaller
first order term (according to Lemma 2.1.1), but much smaller (in magnitude) second
order term. The first implication of this result is that the first dominant term provides
an accurate approximation of AMSE. Hence, phase transition analysis in this case is
reliable even if small amount of noise is present; that is one of the main reasons why
the theoretically derived phase transition curve matches the empirical one for LASSO.

Furthermore, note that in order to obtain Informal Result 3, we have made certain
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assumption about the non-zero components of 3. As will be shown in Chapter 2.2,

any violation of this assumption has major impact on the second dominant term.

2.2 A second-order low noise sensitivity analysis

2.2.1 Characterization of asymptotic mean square error

We define the asymptotic mean square error of LQLS estimators below to measure

their accuracy.

Definition 2.2.1. Let B(A,q,p) be the sequence of solutions of LQLS for the con-
verging sequence of instances {B(p), X (p),w(p)}. The asymptotic mean square error

1s defined as the almost sure limit of

AMSE(), ¢, 0,,) £ lim ~ Z |5z (X a,p) — Bi(p),

p—00 p
where the subscript i is used to denote the ith component of a vector.

Note that we have suppressed 0 and fg in the notation of AMSE for simplicity,
despite the fact that the asymptotic mean square error depends on them as well. In
the above definition, we have assumed that the almost sure limit exists. Under the
current asymptotic setting introduced in Chapter 1.2, the existence of AMSE can be

proved. We state the results for ¢ > 1 and 0 < g < 1, respectively.

Theorem 2.2.2. Consider a converging sequence {f(p), X (p),w(p)}. For any given
q € [1,00), suppose that B()\,q,p) is the solution of LQLS defined in (1.1). Then for

any pseudo-Lipschitz function® ¢ : R? — R, almost surely

plggo D Z w (6% )\ » 4, p) 62< )) = EB,Z[w(ntJ(B + 62; >—<52—q)’ B)]v (2'4)

2A function ¥ : R? — R is pseudo-Lipschitz of order k if there exists a constant L > 0 such
that for all 2,y € R?, we have [¢(z) — ¥(y)| < L+ ||lz[5~" + lyl5 Yz — yllo. We consider

pseudo-Lipschitz functions with order 2 in this thesis.
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where B and Z are two independent random variables with distributions fz and

N(0,1), respectively; the expectation Ep z(-) is taken with respect to both B and Z;

1q(-; ) is the prozimal operator for the function || - [|%°; and (7, X) is the unique pair
satisfying the following equations:
1
0" = o+ 5Epsl(n(B+aZixa") - B), (2.5)
o 1 o
A = xo q<1 — 5Ep.2[1,(B +07; x5 ")]>, (2.6)

where 77('1(-; -) denotes the derivative of n, with respect to its first argument.

The result for ¢ = 1 has been proved in Bayati and Montanari (2012). The key
ideas of the proof for generalizing to ¢ € (1,00) are similar to those of Bayati and

Montanari (2012). We describe the main proof steps in Chapter 2.5.4.

Theorem 2.2.3. Consider a special converging sequence {B(p), X (p), w(p)} where
the elements of B(p) are iid from fs and the components of w(p) are iid from a zero-
mean distribution with variance o2, For any given q € [0,1), suppose there exists a
random variable S such that |B1(\, q)| < S for every value of p and E|S|? < oo, then

under the assumptions of replica method (Rangan et al., 2012), almost surely
AMSE(\, g,0,) = Ep 2[,(B + 52 6*") — B, 2.7)
where B, Z,6,x,n,(-;-) are the same as in Theorem 2.2.2.

The proof, will be shown in Chapter 2.5.5, is a direct application of replica claim
in Rangan et al. (2012). The replica method is a widely accepted and powerful
heuristic method in statistical physics for analyzing large disordered systems (Mézard
et al., 1987). It has been adapted to attack theoretical problems in other fields
like compressed sensing (Rangan et al., 2012) and network analysis (Decelle et al.,

2011). Some of its important predictions have been rigorously proved (Bayati and

Proximal operator of || - [|9 is defined as ny(u; x) = argmin, 3(u — z)? + x|z|9. For further

information on these functions, refer to Chapter 2.5.3.
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Montanari, 2012; Mossel et al., 2015; Massoulié, 2014; Mossel et al., 2013). Theorem
2.2.3 relies on the replica assumptions. The validation of its full rigorousness remains
an open problem. Nevertheless, we are able to design an approximate message passing
algorithm for solving (1.1) with 0 < ¢ < 1, and rigorously show the asymptotic mean
square error of the output from the algorithm takes the same expression as in Theorem
2.2.3. Refer to Zheng et al. (2017) for the details.

Theorems 2.2.2 and 2.2.3 provide the first step in our analysis of LQLS. We first
calculate & and x from (2.5) and (2.6). Then, incorporating ¢ and x in (2.7) yields
the asymptotic mean square error. Given the distribution fg, the variance of the error
o2 the number of response variables (normalized by the number of predictors) ¢, and
the regularization parameter A, it is straightforward to write a computer program to
find the solution of (2.5) and (2.6) and then compute the value of AMSE. However, it
is needless to say that this approach does not shed much light on the performance of
bridge regression estimates, since there are many factors involved in the computation
and each affects the result in a non-trivial fashion. In the rest of this chapter, we
would like to perform an analytical study on the solution of (2.5) and (2.6) and obtain

an explicit characterization of AMSE in the small-error regime.

2.2.2 Optimal tuning of \

The performance of LQLS, as defined in (1.1), depends on the tuning parameter \.
We consider the value of A that gives the minimum AMSE. Let A, ; denote the value
of A\ that minimizes AMSE given in (2.7). Then LQLS is solved with this specific

value of A, i.e.,

~

o
BNg:4,p) € arg min Slly = XBII3 + Mgl Bl (2.8)

Note that this is the best performance that LQLS can achieve in terms of the AMSE.
Theorems 2.2.2 and 2.2.3 enable us to evaluate this optimal AMSE of LQLS for every
q € [0,00). The key step is to compute the solution of (2.5) and (2.6) with A = A, .
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Since A4 has to be chosen optimally, it seemingly causes an extra complication for
our analysis. However, as we show in the following corollary, the study of Equations

(2.5) and (2.6) can be simplified to some extent.

Corollary 2.2.4. Suppose that BA(/\*vq,q,p) is the solution of LQLS defined in (2.8),
and the conditions in Theorems 2.2.2 and 2.2.3 hold for ¢ > 1 and 0 < ¢ < 1,

respectively. Then for any q € [0, 00),
AMSE(Av g, q,00) = m;glEB,Z(nq(B +3Z;x) — B)?, (2.9)
x>

where B and Z are two independent random variables with distributions fz and

N(0,1), respectively; and & is the unique solution of the following equation.:
1
52ZUi+gm>ilolEsz[(nq(B+5Z;X)—B)Q]- (2.10)
x>

The proof of Corollary 2.2.4 is shown in Chapter 2.5.6. Corollary 2.2.4 enables us
to focus the analysis on a single equation (2.10), rather than two equations (2.5) and
(2.6). The results we will present are mainly based on investigating the solution of

(2.10).

2.2.3 Second-order expansions of asymptotic mean square

error

Since we have been focused on the sparsity structure of 3, in the rest of this chapter we
assume that the distribution, to which the empirical distribution of 5 € RP converges,

has the form
fs(b) = (1 —€)do(b) + €g(b),

where dg(+) denotes a point mass at zero, and g(+) is a generic distribution that does
not have any point mass at 0. Here, the mixture proportion ¢ € (0,1) is a fixed
number that represents the sparsity level of 8. The smaller € is, the sparser 8 will be.

The distribution g(b) specifies the values of non-zero components of 5. We will use G
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to denote a random variable having such a distribution. We also use Z to represent
a standard normal. Since our results and proof techniques look very different for

0<qg<1l,qg=1,q>1, we study these cases separately.

2.2.3.1 Results for ¢ > 1

Our first result is concerned with the optimal AMSE of LQLS for ¢ > 1, when the

number of response variables is larger than the number of predictors p, i.e., 6 > 1.

Theorem 2.2.5. Suppose € € (0,1),d > 1. For 1 < ¢ <2, if P(|G|] <t) = O(t) (as

t = 0) and E|G|* < oo, we have

o 01— e)*(E|Z]7)?
AMSEAq, ¢, 0w) = 37 1/6 (6 — 1)eH1eR|G[22

020+ o(c27). (2.11)

For q =2, if E|G]* < co we have

AMSE(\ R RS
*,an70w _1—1/5 ((5—1)36E’G‘2 O\Oy)-

For q¢ > 2, if E|G|*"™% < oo then

o 0elq— 1*(E|G|"?)%0,, "
AMSE (A, 4, ¢, 0w) = =175 (0 — 1PE|G|2 + o(0y,).

The proof of the result is presented in Chapter 2.5.7. There are several interesting
features of this result that we would like to discuss: (i) The second dominant term
of AMSE is negative. This means that the actual AMSE is smaller than the one
predicted by the first order term, especially for smaller values of ¢. (ii) Neither the
sparsity level nor the distribution of the non-zero components of 5 appear in the first

dominant term, i.e. lfiw/ 5. As we will discuss later in this section, the first dominant

term is the one that specifies the phase transition curve. Hence, these calculations
show a peculiar feature of phase transition analysis we discussed in Chapter 2.1, that
the phase transition of ¢ € (1,00) is neither affected by non-zero components of § or

the sparsity level. However, we see that both factors come into play in the second



CHAPTER 2. OVERCOMING THE LIMITATIONS OF PHASE TRANSITION
VIA A SECOND-ORDER LOW NOISE SENSITIVITY ANALYSIS 16
dominant term. (iii) For the fully dense coefficient, i.e. € =1, (2.11) may imply that
for 1 < ¢ < 2,

2

AMSE(\,,q,0,,) = 75+ o).

Hence, we require a different analysis to obtain the second dominant term (with
different orders). We present a full discussion for non-sparse coefficients in Chapter
3. (iv) For € < 1, the choice of ¢ € (1,00) does not affect the first dominant term.
That is the reason why all the values of ¢ € (1,00) share the same phase transition
curve. However, the value of ¢ has a major impact on the second dominant term.
In particular, as g approaches 1, the order of the second dominant term in terms of
0w gets closer to that of the first dominant term. This means that in any practical
setting, phase transition analysis may lead to misleading conclusions. Specifically,
in contrast to the conclusion from phase transition analysis that ¢ € (1,00) have
the same performance, the second order expansion enables us to conclude that, for
q € (1,2] the closer to 1 the value of ¢ is, the better its performance will be. And
interestingly such monotonicity does not hold any more beyond ¢ = 2. Our next

theorem discusses the AMSE when § < 1.

Theorem 2.2.6. Suppose E|G|? < oo, then for q > 1 and 6 < 1,
AMSE(\, 4, ¢,0) > 0. (2.12)

The proof of this theorem is presented in Chapter 2.5.8. Theorems 2.2.5 and 2.2.6
together show a notion of phase transition. For § > 1, as o, — 0, AMSE = O(02),
and hence it will go to zero, while AMSE — 0 for 6 < 1. In fact, the phase transition
curve 0 = 1 can be derived from the first dominant term in the expansion of AMSE.
If 6 = 1, the first dominant term is infinity and there will be no successful recovery,
while it becomes zero when o,, = 0 if 6 > 1. A more rigorous justification can be
found in the proof of Theorems 2.2.5 and 2.2.6. Therefore, we may conclude that

the first order term contains the phase transition information. Moreover, the derived
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second order term offers us additional important information regarding the accuracy
of the phase transition analysis. To provide a comprehensive understanding of these
two terms, in Chapter 2.3 we will evaluate the accuracy of first and second order

approximations to AMSE through numerical studies.

2.2.3.2 Results for ¢ =1

So far we have studied the case ¢ > 1. In this section, we study ¢ = 1, a.k.a.
LASSO. In Theorems 2.2.5 and 2.2.6, we have characterized the behavior of LQLS
with ¢ € (1,00) for a general class of G. It turns out that the distribution of G has
a more serious impact on the second dominant term of AMSE for LASSO. We thus
analyze it in two different settings. Our first theorem considers the distributions that

do not have any mass around zero.

Theorem 2.2.7. Suppose P(|G| > p) = 1 with u being a positive constant and
E|G]* < oo, then for 6 > M(e)*

SM (M (€)—8)i2
AMSE(\1,1,04) = 5—]\14(6()6)05) — ‘0(67125012” : ), (2.13)
- 1

where [i s any positive constant smaller than .

The proof of Theorem 2.2.7 is given in Chapter 2.5.2. Different from the case for
LQLS with ¢ € (1,00), we have not derived the exact analytical expression of the
second dominant term for LASSO. However, since it is exponentially small, the first
order term (or phase transition analysis) is sufficient for evaluating the performance
of LASSO in the small-error regime. This will be further confirmed by the numerical
studies in Chapter 2.3. Below is our result for the distributions of G' that have more

mass around zero.

“Recall M;(e) = inf,>0(1 — €)En?(Z; x) + €(1 + x*) with Z ~ N(0,1).
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Theorem 2.2.8. Suppose that P(|G| < t) = O(t") (ast — 0) with £ > 0 and
E|G|? < oo, then for § > M (e),

M (e)
— +2 > AMSE(\, 1,1 A VA
|@(Uw )| ~ S ( 1y ’Uw) 5_M1(6)0w
> _10(c%?)] - (loglog. . . log(1/a,)) "
Z —10(a,7?)| - (loglog .. .log(1/0,))
m times

where m is an arbitrary but finite natural number.

The proof of this theorem can be found in Chapter 2.5.9. It is important to
notice the difference between Theorems 2.2.7 and 2.2.8. The first point we would
like to emphasize is that the first dominant terms are the same in both cases. The
second dominant terms are different though. Similar to LQLS for ¢ > 1, the second
dominant terms are in fact negative. Hence, the actual AMSE will be smaller than
the one predicted by the first dominant term. Furthermore, note that the magnitude
of the second dominant term in Theorem 2.2.8 is much larger than that in Theorem
2.2.7. This seems intuitive. LASSO tends to shrink the parameter coefficients towards
zero, and hence, if the true $ has more mass around zero, the AMSE will be smaller.
The more mass the distribution of G has around zero, the better the second order

term will be. Our next theorem discusses what happens if § < Mj(e).

Theorem 2.2.9. Suppose that E|G|* < oo. Then for 6 < M(e),
AMSE(\. 1, 1,0) > 0. (2.14)

The proof is presented in Chapter 2.5.10. Similarly as we discussed in Chapter
2.2.3.1, Theorems 2.2.7, 2.2.8 and 2.2.9 together imply the phase transition curve
of LASSO. Such information can be obtained from the first dominant term in the

expansion of AMSE as well.
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2.2.3.3 Resultsfor 0 <g<1

Theorem 2.2.10. Suppose P(|G| > pu) = 1 with p being a positive constant and
E|G|? < oo, then for 0 < q < 1,0 > e,

€l €(4 —4q)* 1°E|G|?17253 71 o4
AMSE(M\. 4, q,00) = 5 60-3} + AT e (log1/0,)? 902

+o((log 1/aw)2_qafj}_2q),

q—1

where ¢, = [2(1— q)]77 + q[2(1 — q)] ¥

Theorem 2.2.11. Suppose P(|G| > pu) = 1 with p = sup,{v : P(|G| >v) =1} >0

and E|G|? < oo, then for § >,

€, =&
AAJ.\/.[SI'E(A>.<7()7 O, O-’UJ) - 5 — 6O-w + 0(620111 )7

- . . d—¢
where [i is any constant that is smaller than §4/°5.

The proof of Theorems 2.2.10 and 2.2.11 can be found in Chapters 2.5.11 and
2.5.12, respectively. There are again several interesting features of the above two
results that we would like to emphasize. (i) The first dominant term in the expansion
of AMSE is the same for 0 < ¢ < 1 and is smaller than that for LASSO. This
is consistent with the phase transition analysis we presented in Chapter 2.1. (ii)
The second dominant term is positive for 0 < ¢ < 1. In other words, the AMSE

that is predicted by the first dominant term is smaller than the actual AMSE. Also,

4—2q

ignoring the logarithmic factors, the second dominant terms is proportional to o,

for 0 < ¢ < 1 and is exponentially small for ¢ = 0. Hence, ¢j-regularization has
the best performance, and as ¢ gets closer to 0, the performance gets better. (iii)
The above two theorems also reveal the impact of the distribution of the non-zero
components of 3, i.e. G, on AMSE(\, 4, ¢,0,). Unlike the phase transition analysis,
to obtain the above results, we have made some assumptions on G. We believe that
the distribution of G has a major effect on the second dominant term for ¢ = 0. We

leave a delicate analysis like Theorem 2.2.8 as a future work.
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Theorem 2.2.12. Suppose that E|G|?> < co. Then for q € [0,1),§ <,
AMSE(\, 4, ¢,0) > 0.

The proof is presented in Chapter 2.5.13. Theorems 2.2.10, 2.2.11 and 2.2.12 to-

gether fully characterize the phase transition diagram for 0 < ¢ < 1.

Remark: For 0 < ¢ < 1, the optimization problem (1.1) is non-convex and comput-
ing the global optimum B(/\, q) is NP-hard. Hence in addition to Theorems 2.2.10,
2.2.11 and 2.2.12 concerned with /3 (A, q), an interesting and important problem is to
characterize the performance of some practical algorithms aimed for solving (1.1).
Towards that goal, we have proposed an approximate message passing algorithm for
(1.1) and given a comprehensive analysis of its statistical properties under different

initializations. Refer to Zheng et al. (2017) for all the relevant results.

2.3 Numerical experiments

The analysis of AMSE we presented in Chapter 2.2.3 is performed as o, — 0. For
such asymptotic analysis, it would be interesting to check the approximation accuracy
of the first and second order expansions of AMSE over a reasonable range of o,,.
Towards this goal, this section performs several numerical studies to (i) evaluate
the accuracy of the first and second order expansions discussed in Chapter 2.2.3,
(ii) discover situations in which the first order approximation is not accurate (for
reasonably small noise levels) while the second order expansion is, and (iii) identify
situations where both first and second orders are inaccurate and propose methods for
improving the approximations. Chapters 2.3.1 and 2.3.2 study the performance of

LASSO and other bridge regression estimators with 1 < ¢ < 2 respectively.
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2.3.1 LASSO

One of the conclusions from Theorem 2.2.7 is that the first dominant term provides a
good approximation of AMSE for the LASSO problem when the distribution of G does
not have a large mass around 0. To test this claim we conduct the following numerical

experiment. We set the parameters of our problem instances in the following way:
1. 0 can take any value in {1.1,1.5,2}.
2. € can take values in {0.25,0.7}.
3. oy, ranges within the interval [0, 0.25].

4. the distribution of G is specified as g(b) = 0.501(b) + 0.55_1(b), where §,4(+)

denotes a point mass at point a.

We then use the formula in Corollary 2.2.4 to calculate AMSE(A, 1,1,0,). Finally,
we compare AMSE(\, 1,1, 0,), computed numerically from (2.9) and (2.10), with its
first order approximation provided in Theorem 2.2.7. The results of this experiment
are summarized in Figure 2.2. As is clear in this figure, the first order expansion gives

a very good approximation for AMSE over a large range of o,,.

2.3.2 Bridge regression estimators with 1 < ¢ <2

In this numerical experiment, we would like to vary o, and see under what conditions
our first order or second order expansions can lead to accurate approximation of
AMSE for a wide range of o,. Throughout this section, we set the distribution of
G to g(b) = 0.501(b) + 0.50_1(b), as we did in Chapter 2.3.1. We then investigate
different conditions by specifying various values of other parameters in our problem
instances. The expansion of AMSE for ¢ > 1 is presented in Theorem 2.2.5. For
q € (1,2), recall the two terms in the expansion below

on 01— e*(E|Z]7)’

AMSE(Ag, ¢, 0w) = 7 1/6 (6 — 1)rt1eE|G|2a2

02 +0(02).  (2.15)
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Figure 2.2: Plots of actual AMSE and its first-order approximations for (a) 6 = 1.1
and € = 0.7, (b) 6 = 1.1 and ¢ = 0.25, (¢) § = 1.5 and ¢ = 0.7, (d) 6 = 1.5 and
€=0.25,(e) 0 =2 and e =0.7, (f) 6 =2 and € = 0.25.
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Figure 2.3: Plots of actual AMSE and its approximations for (a) § = 5,¢ = 0.7,q =
1.5, (b) § =4,¢ = 0.7, = 1.6, (¢) 6 = 5,e = 0.6,q = 1.8,

We expect the first order term to present a good approximation over a reasonably
large range of o,,, when the second order term is sufficiently small. According to the
analytical form of the second order term in (2.15), it is small if the following three
conditions hold simultaneously: (i) ¢ is not close to 1, (ii) € is not small, and (iii) ¢
is not close to 1. Our first numerical result shown in Figure 2.3 is in agreement with
this claim. In this simulation we have set three different cases for §, ¢ and ¢ so that
they satisfy the above three conditions. The non-zero elements of 3 are independently
drawn from 0.591(b) 4+ 0.50_;(b). As demonstrated in this figure, the first order term
approximates AMSE accurately. Another interesting finding is that the second-order
expansion provides an even better approximation.

To understand the limitation of the first order approximation, we consider the
cases in which the second order term is large and suggests that at least the first order
approximation is not necessarily good. This happens when either ¢ decreases to 1, €
decreases to 0 or g decreases to 1. The settings of our experiments and the results

are summarized below.

1. Wekeep ¢ = 1.5 and € = 0.7 fixed and study different values of § € {5,2,1.5,1.1}.
Figure 2.4 summarizes the results of this simulation. As is clear in this figure
(and is consistent with the message of the second dominant term), as we decrease

0 the first order approximation becomes less accurate. The second order ap-
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Figure 2.4: Plots of actual AMSE and its approximations for ¢ = 1.5, = 0.7 with
(a) 6 =5,(b)d=2,(c) 6 =15and (d) 6 =1.1.

proximation in these cases is more accurate than the first order approximation.
However interestingly, the second order approximation becomes less accurate as
0 decreases too. These observations suggest that to have a good approximation
for the values of § that are very close to 1, although the second order approx-
imation outperforms the first order, it may not be sufficient and higher order
terms are required. Such terms can be derived with strategies similar to the
ones we used in the proof of Theorem 2.2.5. Note that the insufficiency of the
second order expansion partially results from the wide range of o, € [0,0.25].
If we evaluate the approximation when o, is small enough, we will expect the

success of the second-order expansion.

2. In our second simulation, we fix § = 5,¢ = 0.4 and let ¢ € {1.8,1.5,1.1}. All

the simulation results are summarized in Figure 2.5. As we expected, the first
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Figure 2.5: Plots of actual AMSE and its approximations for § = 5,¢ = 0.4 with (a)
q=138,(b) ¢g=1.5,and (c) ¢ =1.1.

order approximation becomes less accurate when ¢ decreases. Furthermore, we
notice that when ¢ is very close to 1 (check ¢ = 1.1 in the figure), even the
second order approximation is not necessarily good. This again calls for higher

order approximation of the AMSE.

3. For the last simulation, we fix § = 5, ¢ = 1.8, and let € € {0.7,0.5,0.3,0.1}. Our
simulation results are presented in Figure 2.6. We see that as e decreases the first
order approximation becomes less accurate. The second order approximation
is always better than the first one. Moreover, we observe that when € is very
close to 0 (check e = 0.1 in the figure), even the second order approximation is
not necessarily sufficient. As we discussed in the previous two simulations, we

might need higher order approximation of the AMSE in such cases.

2.3.3 Discussion

Firstly, our numerical studies confirm that the first order term gives good approxi-
mations of AMSE for LASSO in the case where the distribution of non-zero elements
of # is bounded away from zero. Secondly, as the numerical results for 1 < ¢ < 2
demonstrate, while the second order approximation always improves over the first or-

der term and works well in many cases, in the following situations it may not provide
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Figure 2.6: Plots of actual AMSE and its approximations for § = 5 and ¢ = 1.8 with
(a) e=0.7, (b) e =0.5, (¢c) e =0.3, and (d) e =0.1.

very accurate evaluation of AMSE: (i) when § is close to 1, (ii) € is close to zero,
and (iii) ¢ is close to 1. In such cases, the value of the second order term becomes
large and hence the approximation is only accurate for very small value of o,,. The
remedy that one can propose is to derive higher order expansions. Such terms can be

calculated with the same strategy that we used to obtain the second dominant term.

2.4 Related works

2.4.1 Other phase transition analyses and n/p — § asymp-

totic results

The asymptotic framework that we considered in this thesis evolved in a series of
papers by Donoho and Tanner (Donoho and Tanner, 2005b; Donoho, 2004, 2006b;

Donoho and Tanner, 2005a). This framework was used before on similar problems in
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engineering and physics (Guo and Verdi, 2005; Tanaka, 2002; Coolen, 2005). Donoho
and Tanner characterized the phase transition curve for LASSO and some of its vari-
ants. Inspired by this framework, many researchers started exploring the performance
of different algorithms or estimates under this asymptotic settings (STOJNIC, 2009;
Amelunxen et al., 2014; Thrampoulidis et al., 2016; El Karoui et al., 2013; Karoui,
2013; Donoho and Montanari, 2013; Donoho et al., 2013; Donoho and Montanari,
2015; Bradic and Chen, 2015; Donoho et al., 2011; Zheng et al., 2017; Rangan et al.,
2012; Krzakala et al., 2012; Bayati and Montanari, 2011, 2012).

Our work performs the analysis of LQLS under such asymptotic framework. Also,
we adopt the message passing analysis that was developed in a series of papers
(Donoho et al., 2011, 2009; Maleki, 2010; Bayati and Montanari, 2011, 2012). The
notion of phase transition we consider is similar to the one introduced in Donoho
et al. (2011). However, there are three major differences: (i) The analysis of Donoho
et al. (2011) is performed for LASSO, while we have generalized the analysis to any
LQLS with ¢ € [0,00). (ii) The analysis of Donoho et al. (2011) is performed on the
least favorable distribution for LASSO, while here we characterize the effect of the
distribution of G on the AMSE as well. (iii) Finally, Donoho et al. (2011) is only
concerned with the first dominant term in AMSE of LASSO, while we derive the
second dominant term whose importance has been discussed in the last few sections.

Another line of research that has connections with our analysis for ¢ > 1 is pre-
sented in a series of papers (Oymak et al., 2013; Oymak and Hassibi, 2016; Thram-
poulidis et al., 2016). In Thrampoulidis et al. (2016) the authors have derived a
minimax formulation that (if it has a unique solution and is solved) can give an
accurate characterization of the asymptotic mean square error. Compared with The-
orem 2.2.2 in this thesis, that result works for more general penalized M-estimators,
while Theorem 2.2.2 holds for general pseudo-Lipschitz loss functions. Furthermore,
Oymak et al. (2013); Oymak and Hassibi (2016) proposed a geometric approach to

characterize lim,z2 _, . We can consider such result as the first-order expansion
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(or equivalently phase transition analysis) that we discussed in this chapter.

Several researchers have also worked on the analysis of LQLS for ¢ < 1 (Kabashima
et al., 2009; Rangan et al., 2012; Stojnic, 2013; Wang et al., 2011). Both Wang et al.
(2011) and Stojnic (2013) performed phase transition analysis. The characterization
of phase transition curve in Stojnic (2013) is only accurate for the case ¢ = 0. Also,
the analysis of Wang et al. (2011) is sharp only for 6 — 1. Our work derives the
exact value of the curve for any value of 0 < ¢ < 1 and present accurate calculations
of AMSE in the presence of noise. Unlike the two papers, our analysis is based on
replica method and hence is not fully rigorous yet. Replica method has been employed
for studying (1.1) in Kabashima et al. (2009); Rangan et al. (2012) to derive the
fixed point equations that describe the performance of B (A, ¢) (under the asymptotic
settings). To provide fair comparison of the performance of B (A, ¢) among different
q € [0,1), one should analyze the fixed points of these equations under the optimal

tuning of the parameter A. Such analysis is missing in both papers.

2.4.2 Other analysis frameworks

One of the first papers that compared the performance of penalization techniques is
Hoerl and Kennard (1970) which showed that there exists a value of A with which
Ridge regression, i.e. LQLS with ¢ = 2, outperforms the vanilla least squares estima-
tor. Since then, many more regularizers have been introduced to the literature each
with a certain purpose. For instance, we can mention LASSO (Tibshirani, 1996), elas-
tic net (Zou and Hastie, 2005), SCAD (Fan and Li, 2001), bridge regression (Frank
and Friedman, 1993), and more recently SLOPE (Bogdan et al., 2015). There has
been a large body of work on studying all these regularization techniques. We parti-
tion all the work into the following categories and explain what in each category has

been done about the bridge regression:

(i) Simulation results: One of the main motivations for our work comes from the

nice simulation study of the bridge regression presented in Fu (1998). This
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(iii)

paper finds the optimal values of A and ¢ by generalized cross validation and
compares the performance of the resulting estimator with both LASSO and
ridge. The main conclusion is that the bridge regression can outperform both
LASSO and ridge. Given our results we see that if sparsity is present in 3, then

smaller values of ¢ perform better than ridge (in their second dominant term).

Asymptotic study: Knight and Fu (Knight and Fu, 2000) studied the asymptotic
properties of bridge regression under the setting where n — oo, while p is fixed.
They established the consistency and asymptotic normality of the estimates
under quite general conditions. Huang et al. (Huang et al., 2008) studied LQLS
for ¢ < 1 under a high-dimensional asymptotic setting in which p grows with
n but is still assumed to be less than n. They not only derived the asymptotic
distribution of the estimators, but also proved LQLS has oracle properties in
the sense of Fan and Li (Fan and Li, 2001). They have also considered the
case p > n, and have shown that under partial orthogonality assumption on
X, bridge regression distinguishes correctly between covariates with zero and
non-zero coefficients. Note that under the asymptotic regime in this thesis,
both LASSO and the other bridge estimators have false discoveries (Su et al.,
2015) and possibly non-zero AMSE. Hence, they may not provide consistent
estimates. Finally, the performance of LASSO under a variety of conditions has
been studied extensively. We refer the reader to Biihlmann and Van De Geer

(2011) for the review of those results.

Non-asymptotic bounds: One of the successful approaches that has been em-
ployed for studying the performance of regularization techniques such as LASSO
is the minimax analysis (Bickel et al., 2009; Raskutti et al., 2011). We refer the
reader to Bithlmann and Van De Geer (2011) for a complete list of references
on this direction. In this minimax approach, a lower bound for the prediction

error or mean square error of any estimation technique is first derived. Then a
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specific estimate, like the one returned by LASSO, is considered and an upper
bound is derived assuming the design matrices satisfy certain conditions such
as restrictive eigenvalue assumption (Bickel et al., 2009; Koltchinskii, 2009),
restricted isometry condition (Candes, 2008), or coherence conditions (Bunea
et al., 2007). These conditions can be confirmed for matrices with iid subgaus-
sian elements. Based on these evaluations, if the order of the upper bound for
the estimate under study matches the order of the lower bound, we can claim
that the estimate (e.g. LASSO) is minimax rate-optimal. This approach has
some advantages and disadvantages compared to our asymptotic approach: (i)
It works under more general conditions. (ii) It provides information for any
sample size. The price paid in the minimax analysis is that the constants de-
rived in the results are usually not sharp and hence many schemes have similar
guarantees and cannot be compared to each other. Our asymptotic framework
looses the generality and in return gives sharp constants that can then be used
in evaluating and comparing different schemes as we did in this chapter. Along
similar directions, Koltchinskii (2009) has studied the penalized empirical risk
minimization with ¢, penalties for the values of ¢ € [1,1 + @] and has found
upper bounds on the excess risk of these estimators (oracle inequalities). Char-
trand and Staneva (2008) has employed the popular analysis tool,i.e., restricted
isometry property and derived a lower bound for the number of measurements
required by (1.1) to recover 3 accurately. Similar to minimax analysis, although
the results of these analyses enjoy generality, they suffer from loose constants

that impede an accurate comparisons of different bridge estimators.
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2.5 Proofs of the main results

2.5.1 Organization

This section contains all the proofs of the results that have not been covered in this
chapter. We outline the structure of this section to help readers find the materials

they are interested in. The organization is as follows:

1. Chapter 2.5.2 includes the proof of Theorem 2.2.7. Although some techniques
used in the proofs of the most important results including Theorems 2.2.5,
2.2.7, 2.2.8, 2.2.10 and 2.2.11 are quite different, the roadmap remains the
same. Hence we put ahead the proof of Theorem 2.2.7, the easiest one, and
suggest readers to first read it. Once this relatively simple proof is clear, the

other more complicated ones will be easier to read.

2. Chapter 2.5.3 covers several important properties of the proximal operator func-

tion 7,(u; x). These properties will later be extensively used in the proofs.

3. Chapter 2.5.4 proves Theorem 2.2.2. This theorem characterizes the asymptotic

mean square error of LQLS estimators with ¢ € [1, 00).

4. Chapter 2.5.5 proves Theorem 2.2.3. This theorem characterizes the asymptotic

mean square error of LQLS estimators with ¢ € [0, 1).

5. Chapter 2.5.6 includes the proof of Corollary 2.2.4. Such corollary provides us

a simplified formula of asymptotic mean square error under optimal tuning.

6. Chapter 2.5.7 includes the proof of Theorem 2.2.5, one of the main results in this
chapter. The theorem derives the second-order expansion of AMSE(\, 4, ¢, 04)
for ¢ € (1,00). We recommend interested readers to read the proof in Chapter

2.5.2 before Chapter 2.5.7.
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7. Chapter 2.5.8 contains the proof of Theorem 2.2.6. This theorem identifies the
necessary condition for successful recovery with ¢ € (1,00). Phase transition is

implied by this theorem together with Theorem 2.2.5.

8. Chapter 2.5.9 proves Theorem 2.2.8. The proof of this theorem is along the same
lines as the proof of Theorem 2.2.7 presented in Chapter 2.5.2. We suggest the

reader to study that section before studying this one.

9. Chapter 2.5.10 proves Theorem 2.2.9. The proof is essentially the same as the
proof of Theorem 2.2.6. Since we do not repeat the detailed arguments, readers

may want to study Chapter 2.5.8 first.

10. Chapter 2.5.11 includes the proof of Theorem 2.2.10. The theorem derives the
second-order expansion of AMSE for ¢ € (0,1).

11. Chapter 2.5.12 includes the proof of Theorem 2.2.11. The theorem derives the

second-order expansion of AMSE for ¢ = 0.

12. Chapter 2.5.13 proves Theorem 2.2.12. This theorem identifies the necessary
condition for successful recovery with ¢ € [0,1). The proof is similar to that of
Theorem 2.2.6. Since we do not repeat the arguments, we refer the reader to

Chapter 2.5.8.

2.5.2 Proof of Theorem 2.2.7
2.5.2.1 Roadmap of the proof

Since the proof of this result has several steps and is long, we lay out the roadmap of
the proof here to help readers navigate through the details. According to Corollary
2.2.4 (let us accept Corollary 2.2.4 for the moment; its proof will be fully presented
in Chapter 2.5.6), in order to evaluate AMSE(\, 1,1, 0y,) as o, — 0, the crucial step
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is to characterize ¢ from the following equation
1
=02+ 5 mgglEB,Z[(m(B +67;x) — B). (2.16)
x>

To study (2.16), the key part is to analyze the term min,>o Eg z[(n: (B+5Z; x)— B)?].
A useful fact that we will prove in Chapter 2.5.2.4 can simplify the analysis of (2.16):
The condition § > M, (€) implies that & — 0, as o,, — 0. Hence one of the main steps
of this proof is to derive the convergence rate of min,>oEp z[(m (B + 0Z;x) — B)?],
as 0 — 0. Once we obtain that rate, we then characterize the convergence rate for &
as 0, — 0 from (2.16). Finally we connect & to AMSE(, 1, 1, 0,,) based on Corollary
2.2.4, and derive the expansion for AMSE(\, 1,1, 0,) as 0, — 0. We introduce the
following notations:
R(x.0) =E[(m(B/o + Z:x) = B/o)’], x'(0) = arg min R (x, o),

where we have suppressed the subscript B, Z in E for notational simplicity. According
to Mousavi et al. (2017), R(x, o) is a quasi-convex function of y and has a unique

global minimizer. Hence x*(o) is well defined. It is straightforward to confirm
min By z[(m(B +0Z;x) = B)’] = 0*R(x" (), ).

Throughout the proof, we may write x* for x*(o) when no confusion is caused, and we
use F'(g) to denote the distribution function of |G|. The rest of the proof of Theorem

2.2.7 is organized in the following way:
1. We first prove R(x*(c),0) — M;i(¢€), as 0 — 0 in Chapter 2.5.2.2.
2. We further bound the convergence rate of R(x*(c), o) in Chapter 2.5.2.3.

3. We finally utilize the convergence rate bound derived in Chapter 2.5.2.3 to char-
acterize the convergence rate of & and then derive the expansion for AMSE(A, 1,1, 0y)

in Chapter 2.5.2.4.
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2.5.2.2 Proof of R(x*(0),0) — M;(¢), as 0 — 0

Our goal in this section is to prove the following lemma.

k%

Lemma 2.5.1. Suppose E|G|* < oo, then lim,_o x*(c) = x** and

lim R(x*(0),0) = (1 = OE(m(Z;x™))* + (1 + (x™)*),

o—0

where x = x** is the unique minimizer of (1 —€)E(ni(Z; x))? + (1 + x?) over [0, 00),
and Z ~ N(0,1).

Proof. By taking derivatives, it is straightforward to verify that (1 —¢)E(n(Z;x))*+
€(14+x?), as a function of x over [0, 00), is strongly convex and has a unique minimizer.
Hence x** is well defined.

We first claim that x*(o,) is bounded for any given sequence o, — 0. Otherwise
there exists an unbounded subsequence x*(¢,,) — +oo with o,, — 0. Since the

distribution of GG does not have point mass at zero and
M(G/on, + Z; X" (0n,)) = sign(G/on, + Z)(|G/on, + Z| = X (on,))+,
it is not hard to conclude that
M (GJon, +Z;x"(0n,)) — G/on,| = +00,a.s.
By Fatou’s lemma, we then have
R(x*(on,),0n,) > €E((G /o, + Z; X" (0n,)) — G/Unk)Q — +oo.  (2.17)
On the other hand, the optimality of x*(o,, ) implies
RO (0,), ) < R(0, 0,) = 1.

contradicting the unboundedness in (2.17).
We next show the sequence x*(o,,) converges to a finite constant, for any o, — 0.

Taking a convergent subsequence x*(oy, ), due to the boundedness of x*(0,), the limit
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of the subsequence is finite. Call it x¥. Note that
E(n(G/ow, + Z: X (0n,)) = G/ow,)’
= 1+ E(UI(G/UW + Z; X*(Unk)) - G/Unk - Z)2 +
2EZ(m (G /o, + Z; X (o) = G/0n, — Z).
Since ny (u; x) = sign(u)(|u| — x)+, we have the following three inequalities:
m(Zx (o)) < 121,
(G /ow, + Z; X" (on,)) = G/on, — Z2)* < (X"(00,))?,
1Z(m(Gfon, + Z; X (on,) = G/on, = Z)| < |Z|xX"(0n)-

Furthermore, all the terms on the right hand side of the above inequalities are in-

tegrable. Therefore we can apply the Dominated Convergence Theorem (DCT) to

obtain
Jim RO (0w, ), o)
= niigloo(l — E(m(Z; X (0n,)))* + €E(1 (G /0w, + Z; X (0n,)) — G/0n,)?

= (1= E(m(Z;X))* +e(1+X°).
Moreover, since x*(oy, ) is the optimal threshold value for R(x, o, ),

lim R(x*(0n,),0n,) < lim R(X™,00,) = (1 = Emi(Z; ™))" + (1 + (X™)?)

N —00 T —00
Combining the last two limiting results, we can conclude ¥ = x**. Since x*(oy,)
is an arbitrary convergent subsequence, this implies that the sequence x*(o,) con-
verges to x** as well. This is true for any o, — 0, hence x*(0) — x™, as ¢ — 0.

lim,_,o R(x*(0),0) can then be directly derived. O

2.5.2.3 Bounding the convergence rate of R(x*(0),0)

In Chapter 2.5.2.2 we have shown R(x*(0),0) — Mi(€e) as ¢ — 0. Our goal in this
section is to bound the difference R(x*(¢),0) — M;(e). For that purpose, we first

bound the convergence rate of x*(o).
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Lemma 2.5.2. Suppose P(|G| > u) = 1 with p being a positive constant and E|G|? <
0o, then as o — 0

X" (o) =X = O(d(=p/o + X)),
where ¢(+) is the density function of the standard normal.

Proof. Since x = x*(¢) minimizes R(x, o), we have %ff)’o) = 0, which gives the

following expression for x*(o):
2(1 — €)o(x") + Eo(x* — G/o) + Eo(x" + G /o)
21— €) [ o(2)dz+ B [, d(2)dz + B [ g(z)dz

Letting o go to zero on both sides in the above equation, we then obtain

20906
2(1—¢) [~ ¢(2)dz + €

X (o) =

where we have applied Dominated Convergence Theorem (DCT). To bound |x*(o) —
X**|, we first bound the convergence rate of the terms in the expression of y*(o). A

direct application of the mean value theorem leads to

e RO, (2.18)
/‘¢ dz—/’¢ iz = (x™ — X)), (2.19)

with ¥, ¥ being two numbers between y* and y**. We now consider the other four
terms. By the condition P(|G| > u) = 1, we can conclude that for sufficiently small

o

E¢(x" — G/o) <Eo(x* — |G|/0) < ¢p(u/o — X7), (2.20)
E¢(x" + G/o) SEo(x" — |Gl/o) < ¢(pu/o — x*). (2.21)

Moreover, it is not hard to derive

00 —Xx*—G/o
1- ]E/ o o(2)dz — E/ o(z)dz (2.22)

o0

/ /_X —9/0 (2)dzdF(g) < /X*_MU d(2)dz < 2x*p(u/o — x*),

*—g/o —Xx*—p/o
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where to obtain the last two inequalities we have used the condition P(|G| > ) =1
and the fact x* — u/o < 0 for o small enough. We are now in the position to bound

Ix*(c) — x*™|. Define the following notations:

00 —X /o
el EE/ i d(2)dz + €E /oo ‘ o(2)dz — e,
Eo(X" = G/o) + Eo(x" + G/o),

2(1 —e)p(x™), T 22(1—¢) /OO P(2)dz + e.

lI>

€2

[I>

S

Using the new notations and Equations (2.18) and (2.19), we obtain

o) = SFA =N =X +e2 S
A T+21-o(" — o) +e ~ T

Hence we can do the following calculations:

(o) — " = S+2(1 (™ = xIxo(X) e ;

T+2(1—¢)(x™ — x")o(X) + e1
(-t - xR e
T+2(1—€)(x™ — x")(X) + e1
S(2(1— ) (x*™* — x*)o(X) + 1)
T(T +2(1—€)(x* — x*)(X) + e1)
_ 20 =g =)o) — X “$(X)) N
T+2(1—e)(x™* = x)o(X) + e

*k

€2 — X €1

- : (2.23)
T+ 2(1 —e)(x*™ — x*)o(X) + e

From (2.23) we obtain

o 21 - YFE) — x6(3))

(@) =x >(”T+2<1—e><x**—x< >>¢<>é>+el) (224)
o

T+ 20 =90 —x @)o) + o

Note that in the above expression we have ¥ — x*™ and ¥ — \** since X" (o) —
x**. Therefore, we conclude that Yo (%) — x*é(x) — 0 and (x** — x*(0))p(x) —
0. Moreover, since (2.20), (2.21) and (2.22) together show both e; and ey go to 0
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exponentially fast, we conclude from (2.24) that (x*(o) — x**)/o — 0. This enables
us to proceed

**’

i X = X)X @ le2 = xTe

o0 (/o = x*)  o=0 p(u/o = x*) o0 To(p/o = x*)
2¢(1 + x*(o)x™)d(p/o = x*) _ 2e(1+ (X™)?)

al To(u/o —x*) T '

We have used (2.24) to obtain (a). We derived (b) by the following steps:

()
<

1. According to (2.22), |e1| < 2ex*o(u/o — x*).
2. According to (2.20) and (2.21), |ea| < 2ep(p/0 — x*).
This completes the proof of Lemma 2.5.2. O]

The next step is to bound the convergence rate of R(x*(c), o) based on the con-

vergence rate of x*(o) we have derived in Lemma 2.5.2.

Lemma 2.5.3. Suppose P(|G| > u) = 1 with p being a positive constant and E|G|?* <

0o, then as 0 — 0

[R(x"(0),0) — Mi(e)| = O(p(u/o — X)),
where ¢(-) is the density function of the standard normal.

Proof. We recall the two quantities:

Mi(e) = (1—eE(m(Z;x™)* +e(1+ (X)), (2.25)
R(x*(0),0) = (1—e)E(m(Z;x"))*+
e[l +Em(Glo+ Z;x*) — Glo— Z)?]

+2eEZ(m(G o+ Z;x") — Glo — Z). (2.26)

We bound |R(x*(0),0)— M (€)| by bounding the difference between the corresponding
terms in (2.26) and (2.25). From the proof of Lemma 2.5.2 we know e; < 0 and es > 0.
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Hence (2.24) implies x*(o) > x** for small enough . We start with

[E(n(Z:x")* = E(n(Z:x™))| (2.27)

E(n(Z;X7) = m(Z; X)) (m(Z; x7) + m(Z;x7))]

< ElIx"—x™+xXT(1Z] € X" X)) - Im(Z;x7) +m(Z; x™)|]
(a)

< 20" —x")-ElZ] + 2¢E[I(|Z] € (x™, x"))|Z]]

< 2 = X)) ElZI 4 (X = XT)xe(X) = O(o(p/o — x™)),

where we have used the fact |n;(u;x)| < |u| to obtain (a); x is a number between
x*(o) and x**; and the last equality is due to Lemma 2.5.2. We next bound the
difference between E(n, (G /o + Z;x*) — G/o — Z)? and (x**)*
()2 = E(m(G/o+ Z:x") — Glo — Z)?| (2.28)
< ) =E(G/o+ Z;x") = Glo = Z)°| + 1(xX™)* = (X")]-

To bound the two terms on the right hand side of (2.28), first note that

0 < X)V—Em(G/o+Z;x*)—Glo—Z)?
E(|G/o+ Z| < x*) - (x*)* = (G/o + Z)?)]

—9/0+X
< wrf // (2)d=dF (g)
b B/o+Xx*
<0 [T o <20 o )
= O6(u/o X)) (2:29)

where (b) is due to the condition P(|G| > p) = 1, and the last equality holds since

(x* — x**)/o — 0 implied by Lemma 2.5.2. Furthermore, Lemma 2.5.2 yields
(X)* = (™) = O(é(p/o — X™)). (2.30)
Combining (2.28), (2.29), and (2.30), we obtain

() = E(m(Go+ Z;x") = Glo = Z)*] = O(d(u/o — X™)). (2.31)
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Regarding the remaining term in R(x*(o), ), we can derive
0 < EZ(G/o+Z—-m(G/o+Z;X7))

E(1 —om(G/o+ Z;x"))
= P(G/o+ 7 < x*) 2 0(d(ufo — x™)). (2.32)

—
8}
~

We have employed Stein’s lemma to obtain (¢). Equality (d) holds due to (2.22).
Putting the results (2.27), (2.31), and (2.32) together finishes the proof. O
2.5.2.4 Deriving the expansion of AMSE(\,;,1,0,)

In this section we utilize the convergence rate result of R(x*(c),o) from Chapter
2.5.2.3 to derive the expansion of AMSE(\,1,1,0,) in (2.13), and thus finish the

proof of Theorem 2.2.7. Towards that goal, we first prove a useful lemma.

Lemma 2.5.4. Let & be the solution to the following equation:

1
5'2:Ui+gm>lglEB7z[(T]1(B+5'Z,X)—B)2] (233)
x>
Suppose § > M (¢€), then
.02 §— M(e)
Ulul,ri}og )

Proof. We first claim that E(n; (a+ Z; x) —«)? is an increasing function of «, because

d
TB(m(a+Zix) — )’ = 2E(al(ja + Z| < x)) > 0.

Hence we obtain
E(m(a+ Z;x) = @)* < lim E(m(a+ Z;x) - a)* =1+ X" (2.34)
Inequality (2.34) then yields

R(x,0) = (1—eE(m(Z:x))*+ Em(G/o + Z;x) — G/5)?

< (1= Em(Z;x))* +e(1+ 7).
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Taking minimum over x on both sides above gives us
R(x*(0),0) < Mi(e). (2.35)
Moreover, since & is the solution of (2.33), it satisfies

=2
5 =02 + %R(X*(ﬁ), 7). (2.36)

Combining (2.35) and (2.36) with the condition § > M;(¢), we have

2

—2 Ow

< . Tw
IS VAR
which leads to ¢ — 0, as 0, — 0. Then applying Lemma 2.5.1 shows
Jim RO (2).9) = lim RO (2).) = (o),

Diving both sides of (2.36) by 62 and letting ¢, — 0 finishes the proof. O

To complete the proof of Theorem 2.2.7, first note that Corollary 2.2.4 tells us

=2
AMSE(\,1,1,0,) = 6*R(x*(5),5), o2 =a5"— %R(X*(a), o)
We then have
OM(€)
AMSE(\1,1,00) — ————— 2.
SE(A\aq1,1,04) 5_M1(€)Jw (2.37)
B o M (€) a2 o
_ 2 * 1 2 *
= PRC().0) - 7 R (0).0)
_ W(R(X(9),0) = Mi(€) 5@ s -
6— Ml(E) o = O(U QS(/J’/O- X ))7
where (a) is due to Lemma 2.5.3. Finally, since lim,,, o ‘;—% = ‘PMT@ according to
Lemma 2.5.4, it is not hard to see
_ _ o o 60— Mi(e) fu
0@ o(n — x) = ofo(a/5)) = o6(}| AL L)) (o

where i and fi are any constants satisfying 0 < i < i < p. Results (2.37) and (2.38)
together close the proof of Theorem 2.2.7.

Remark: (2.35) and (2.37) together imply that the second dominant term of
AMSE(\, 1,1, 0,) is in fact negative.
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2.5.3 Preliminaries on n,(u; x)

This section is devoted to the properties of n,(u; x) defined as
. A 1 2 q
ny(u; x) = argmin E(u — 2)” + x|z|%. (2.39)

We start with some basic properties of these functions. Since the explicit forms of

ne(u; x) for ¢ = 1 and 2 are known: n;(u; x) = (Ju| — x)sign(w)I(ju| > x), n2(u; x) =

—%5—, we first focus our study on the case 1 < ¢ < 2.

1+2x°

Lemma 2.5.5. n,(u; x) satisfies the following properties:
(1) w—ng(u; x) = xgsign(u)|ng(u; )"
(ii) nq(u; x)| < lul.

(111) im0 ng(u; x) = v and lim,_,o n,(w; x) = 0.

(iv) ng(—u; x) = —nq(u; X).

(v) For a >0, we have n,(au; a* %) = an,(u; x).

(Vi) |ng(u; x) — nq(@, x)| < [u—al.

Proof. To prove (i), we should take the derivative of 1(u — 2)? + x|z|? and set it to
zero. Proofs of parts (ii), (iii) and (iv) are straightforward and are hence skipped. To

prove (v), note that

ny(au;0® %) = argmin Q(O‘“ — 2)% + xa”7z|?

2
= argmin %(u — z/a)* + xa?|z/al?
1
= qargmin §(u — 2)? + x|2|9 = an,(u; ). (2.40)
(vi) is a standard property of proximal operators of convex functions (Parikh and

Boyd, 2014). O
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In many proofs, we will be dealing with derivatives of n,(u;x). To simplify

the notations, we may use 911,(u;x), 9in,(u; x), dang(uw; x), 93n,(u; x) to represent

Ong(ux) 9*nq(ux) Ong(u,x) 9%*ne(u,x)
Ou ' Ou? 7 Oy 7 Ox?

, respectively. Our next two lemmas are concerned

with differentiability of n,(u; x) and its derivatives.

Lemma 2.5.6. For every 1 < q < 2, n,(w; x) is a differentiable function of (u,x)
for u € R and x > 0 with continuous partial derivatives. Moreover, Oang(u;x) s

differentiable with respect to u, for any given x > 0.

Proof. We start with the case ug,xo > 0. The goal is to prove that n,(u;x) is
differentiable at (ug, x0). Since ug > 0, 1y(uo; x0) Will be positive. Then Lemma 2.5.5
part (i) shows n,(uo; xo) must satisfy

g (%05 X0) + qunZ’l(uO; X0) = Ug- (2.41)

Define the function F(u,x,v) = u — v — xqui~t. Equation (2.41) says F(u,x,v) is
equal to zero at (uo, X0, 7q(to; X0))- 1t is straightforward to confirm that the derivative
of F(u,x,v) with respect to v is nonzero at (uo, X0, 7q(%o; x0)). By implicit function
theorem, we can conclude 7,(u; x) is differentiable at (ug, xo). Lemma 2.5.5 part (iv)
implies that the same result holds when uy < 0. We now focus on the point (0, xo)-
Since 1,(0, xo) = 0, we obtain

[/ (a=)

lim |1 (u; Xx0)|

< lim
u—0 ’u|

u—0 (qu)l/(q—1)|u| =0.

011q(0; Xo) =
where the last inequality comes from (2.41). It is straightforward to see that the
partial derivative of 7,(u; x) with respect to x at (0, xo) exists and is equal to zero as
well. So far we have proved that 7,(u, x) has partial derivatives with respect to both
u and x for every u € R, x > 0. We next show the partial derivatives are continuous.
For u # 0, the result comes directly from the implicit function theorem, because

F(u,x,v) is a smooth function when v # 0. We now turn to the proof when u = 0.

By taking derivative with respect to uw on both sides of (2.41), we obtain

O1nq(u; x) + xa(q — 1)nd > (u; x)01ng(u; x) = 1, (2.42)
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for any u,x > 0. Moreover, it is clear from (2.41) that n,(u;x) — 0, as (u,x) —
(0", x0). This fact combined with (2.42) yields

=0.

. Dr (i) . 1
m u;x) = im —
()0 x0) @x)=0%x0) 14 xq(q — 1)mi > (u; X)

Since 01n,(u; x) = 01my(—u; x) implied by Lemma 2.5.5 part (iv), we conclude
(%X)ILH(BOCO) Oy (i x) = 0.

The same approach can prove that the partial derivative dan,(u; x) is continuous at

(0, x0). For simplicity we do not repeat the arguments.

We now prove the second part of the lemma. Because F(u, x,v) is infinitely many
times differentiable in any open set with v # 0, implicit function theorem further
implies 0o, (u; x) is differentiable at any u # 0. The rest of the proof is to show its
differentiability at u = 0. This follows by noting 9271,(0; x) = 0, and

. _ —a et

lim (9277q(u,x) U;) lim Q|77Q<u7X)| :

W0 w u=0 |ul(1 + xq(q — 1)[ng(u; x)|72)
o —(|u] = |nq(us; x)])

9

im —
=0 X|ul (1 + xq(q — D)lng(u; X))
where (a) is by taking derivative with respect to y on both sides of (2.41), and the

last two equalities above are due to Lemma 2.5.5 part (i) and (iii). O

Lemma 2.5.7. Consider a given x > 0, then for every 1 < q < 3/2, ding(u;x) is a
differentiable function of u for u € R with continuous derivative; for ¢ = 3/2, it is
a weakly differentiable function of u; for 3/2 < q < 2, Oiny(u;x) is differentiable at

u # 0, but is not differentiable at zero.

Proof. As is clear from the proof of Lemma 2.5.6, the implicit function theorem
guarantees that 0ym,(u; x) is differentiable at u # 0 with continuous derivative for
1 < ¢ < 2. Hence we will be focused on v = 0. In the proof of Lemma 2.5.6, we have

derived
1

1+ xq(q — 1)|ng(u; x)|972

Oy (u; x) = for u # 0, (2.43)
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and 011,(0; x) = 0. We thus know

1
97n,(0; %) = lim . 2.44
(00 = T xq(q = Dulrg(u; )|~ 24
Moreover, Lemma 2.5.5 part (i) implies
. 2—q
lim ° 1 O (2.45)

u=0 Xq|ng(u; x)|*~ 'sign(u) w0 Xq
For 1 < ¢ < 3/2, (2.44) and (2.45) together give us

1
9714(0; x) = lim = =0

2
u—0 i—

u+ xq(q — Du(lul/(xq))

We can also calculate the limit of 9?n,(u; x) (this second derivative can be obtained

from (2.43)) as follows.

iy X9 = D) (g = 2)[mg (us X1 sign(u) _
lim 957, (u; x) = lim T gl Dl o 0.

Therefore, 01n,(u;x) is continuously differentiable on (—oo, +00) for 1 < ¢ < 3/2.
Regarding 3/2 < ¢ < 2, Similar calculations yield

lim 8%7](1(0;)() = +o00, lim 81277q(0; X) = —00.
u—0t u—0—

Finally to prove the weak differentiability for ¢ = 3/2, we show 0in,(u; x) is a
Lipschitz continuous function on (—oo, +00). Note that for u # 0,
xa(g = D)2 = gl (s )" _ 8
(1+ xa(g = Dlng(u; x)172)> — 9x*

and 92n,(07; x) = —97(07; x) = gi Mean value theorem leads to

|01 (u; x)| =

8 _
|01mq(u; X) — O1mg(; x)| < |u a|, for wa > 0.
When uu < 0, we can have

01n(u; X) — Oung(@; X)| = [01ng(u; X) — Ormg(—1; X)|

S il S -l
u u —U—U
<o

This completes the proof of the lemma. O
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The next lemma presents some additional properties regarding the derivatives of
g (15 X)-
Lemma 2.5.8. For 1 < q < 2, the derivatives of n,(u; x) satisfy the following prop-
erties:

. . . 1
(1) Ona(u: X) = g Dimtanor=

g Doy —alng(us)]sign(u)
(ii) Danq(ui X) = Tate Dinctanl2 -

fii) 0 < Dumylusx) < 1.
(iv) Foru >0, d%n,(u; x) > 0.
(v) |nq(w; x)| is a decreasing function of x.

(vi) lim, o0 O1mg(u; x) = 0.

Proof. Parts (i) (ii) have been derived in the proof of Lemma 2.5.6. Part (iii) is a
simple conclusion of part (i). Part (iv) is clear from the proof of Lemma 2.5.7. Part
(v) is a simple application of part (ii). Finally, part (vi) is an application of part(i)
of Lemma 2.5.8 and part (iii) of Lemma 2.5.5. O

We next study n,(u; x) for the case 0 < ¢ < 1.

Lemma 2.5.9. Denote ¢, = [2(1 — q)]flq +q2(1 — ¢)]%a. Then for 0 < q < 1,
ng(u;x) =0 if 0 <u < chTiq, and the following holds when u > cqxﬁ.

(i) g (uix) _ —qngfl(uvgc)

ox T4+xq(g—1)nd ™~ (usx)
) Ong(usx) 1
i = - .
(i) Ou 1+xa(g—1)ng > (ux)

(11i) u—ng(u; \) = qxnd~" (u; x).

(iv) ang(u; x) = n(au; a® 9x) for a > 0.
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Lemma 2.5.9 implies that n,(u; x) has a jump at u = cqxﬁ. We define that value:

1 .
My (cx™ i x) = lim - ng(ws ).
uNegx 274

1 1

Lemma 2.5.10. For 0 < g <1, If |n,(u; x)| > 0, then |n,(u; x)| > [2(1 — q)]2—ax 2.

Proof. We refer to Zheng et al. (2017) for the complete proof of Lemmas 2.5.9 and
2.5.10. O

2.5.4 Proof of Theorem 2.2.2
2.5.4.1 Roadmap of the proof

This section contains the proof of Theorem 2.2.2. The proof for LASSO (¢ = 1) has
been shown in Bayati and Montanari (2012). We aim to extend the results to ¢ > 1.
We will follow similar proof strategy as the one proposed in Bayati and Montanari
(2012). However, as will be described later some of the steps are more challenging
for ¢ > 1 (and some are easier). We only present the proof for 1 < ¢ < 2. Similar
arguments hold for ¢ > 2. Motivated by Bayati and Montanari (2012) we construct an
approximate message passing (AMP) algorithm for solving LQLS. We then establish
an asymptotic equivalence between the output of AMP and the bridge regression
estimates. We finally utilize the existing asymptotic results from AMP framework to
prove Theorem 2.2.2. The rest of the material is organized as follows. In Chapter
2.5.4.2, we first prove the existence and uniqueness of the solution pair to (2.5) and
(2.6). In Chapter 2.5.4.3, we briefly review approximate message passing algorithms
and state some relevant results that will be used later in our proof. Chapter 2.5.4.4
collects two useful results to be applied in the later proof. We describe the main proof

steps in Chapter 2.5.4.5.
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2.5.4.2 Solution of the fixed point equations

Lemma 2.5.11. For any positive values of X\, 9,0, > 0, any random variable B with
finite second moment, and any q € [1,2], there exists a unique pair (7, Y) that satisfies

both (2.5) and (2.6).
To prove the above result we we pursue the following two main steps:

1. We first show the existence of the solution. In order to do that, we first study the
solution of Equation (2.5), and demonstrate that for any x € (Xmin, 2©) (Xmin
is a constant we will clarify later), there exists a unique o, such that (o, x)
satisfies (2.5). We then show that by varying x over (Xmin, 00), the range of the
value of the following term

1
X0y 21— EEB,Z[U;(B + 0y Z; xoy 7))

covers the number A\ from Equation (2.6). That means Equations (2.5) and

(2.6) share at least one common solution pair (o, X).

2. We then prove the uniqueness of the solution. The key idea is to apply Theorem
2.2.2 to evaluate the asymptotic loss of the LQLS estimates under two different
pseudo-Lipschitz functions. These two quantities determine the uniqueness of
both o, and x in the common solution pair (o, x). Note that we have denoted

this unique pair by (&, x).

Before we start the details of the proof, we present Stein’s lemma (Stein, 1981)

that will be used several times in the proof.

Lemma 2.5.12. Let g : R — R denote a weakly differentiable function. If Z ~
N(0,1) and E|¢'(Z)| < 00, we have

E(Z9(2)) = E(4'(2)),

where g’ denotes the weak-derivative of g.
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We first define a function that is closely related to Equation (2.5):
Ry(x,0) £ Ep z[ny(B/o + Z;x) — B/o]”. (2.46)

Note that we have used the same definition for LASSO in Chapter 2.5.2. Here we
adopt a general notation R,(x, o) to represent the function defined above for any

q€1,2].
Lemma 2.5.13. For 1 < ¢ <2, R,(x,0) is a decreasing function of o > 0.

Proof. We consider four different cases: (i) ¢ = 1, (ii) ¢ = 2, (iii) 1 < ¢ < 3/2, (iv)
3/2<qg<2.

(i) ¢ = 1: Since R;i(x,0) is a differentiable function of o, we will prove this case

by showing that aRl(XU < 0. We have

a-Rl (Xa 0)

xo) —%E[B(I[(]B/U+Z|>x)—1)(771(B/U+Z;X)—B/0)]

2
= —SE[(B/o+ 7] < )(B*/0)] <0
The first equality above is due to Dominated Convergence Theorem.

(ii) ¢ = 2: Since n2(u; x) = %=, we have

T2y’
ORs(x,0) _  SX’E|BJ?
oo (1+2x)%03

(iii) 1 < ¢ < 3/2: The strategy for this case is similar to that of the last two cases.

aRq (X o)

We show that the derivative < 0.

8Rqa(§70-) @ 9g [((ny(B/o + Z; x) — B/o)(0iny(B/o + Z; x) — 1)(—B/5”)]

= 9E [(1,(B/o + Z: X) - BJo — Z)(@my(BJo + Z;x) — 1)(~B/o?)]
2B [Z(0my(BJo + Zix) —1)(—B/0?)] . (2.47)

To obtain Equality (a), we have used Dominated Convergence Theorem (DCT);
We employed Lemma 2.5.5 part (vi) to confirm the conditions of DCT. Our goal
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is to show that the two terms in (2.47) are both negative. Regarding the first
term, we first evaluate it by conditioning on B = b for a given constant b > 0

(note that B and Z are independent):

=
N
—~
=
LS}
—~

S
~_

o+ Z;x) = bjo = Z)(Ony(b/o + Z; x) — 1)]
b oo
o / (a5 ) — 2)(@ma(z: x) — 1)(= — bjo)dz

(ng(z: x) — 2)(O1mq(2; x) — 1)p(2 — b/o)dz +

(n4(2; x) = 2)(O1ng(2; x) — 1)d(2 — b/o)d=

—00

—

c

= / (530 — )@y X) — (6 — blo) — o= + bjo))dz 20,

~

where ¢(+) is the density function of standard normal; (b) is obtained by a change
of variables; (c) is due to the fact 0in,(—z; x) = 0114(z; x) implied by Lemma
2.5.5 part (iv); (d) is based on the following arguments: According to Lemmas
2.5.5 part (ii) and Lemma 2.5.8 part (iii), n,(z; x) < z and 01n,(z;x) < 1 for
z > 0. Moreover, ¢(z —b/o) — ¢(z 4+ b/o) > 0 for z,b/c > 0. Hence we have

Ez [(ng(b/o + Z;x) = bjo — Z) (0w (b/o + Z; x) — 1)(=b/o?)] < 0.

Similarly we can show the above inequality holds for b < 0. It is clear that the
term on the left hand side equals zero when b = 0. Thus we have proved the
first term in (2.47) is negative. Now we should discuss the second term. Again

we condition on B = b for a given b > 0:

Ez [Z(0uny(b/o + Z: x) — 1)] £ E(03n,(b/0 + Z: X))
— [ Bn0e - bo) o+ o) > 0. (24
0
Equality (e) is the result of Stein’s lemma, i.e. Lemma 2.5.12. Note that

the weak differentiability condition required in Stein’s lemma is guaranteed by

Lemma 2.5.7. To obtain the last inequality, we have used Lemma 2.5.8 part
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(iv) and the fact that ¢(z —b/o) — ¢(z +b/o) > 0 for z,b/0 > 0. Hence we
obtain that
Ez [Z(0ing(b/o + Z;7) — 1)(=b/o?)] < 0.

The same approach would work for b < 0, and clearly the left hand side term
of the above inequality equals zero for b = 0. We can therefore conclude the

second term in (2.47) is negative as well.

(iv) 3/2 < g < 2: The proof of this case is similar to the last one. The only difference
is that the proof steps we presented in (2.48) may not work, due to the non-
differentiability of d1n,(u;x) for ¢ > 3/2 as shown in Lemma 2.5.7. Our goal
here is to use an alternative approach to prove: E; [Z(01n,(b/o + Z;x) — 1)] >
0 for b > 0. We have

[e.9]

B2 (2@un(o/0 + 2i) = 1) = [ 20m,0/a -+ 20 - Dol:)d:
= [ s0mv)7 + 0 - v/ = 0)o(:)a
= [ 0mlbfo + 210 = (bl — o)z (249

where the last equality is due to the fact 0y1,(u; x) = in,(Jul; x) for any u € R.
Since |b/o — z| < |b/o + z| for z,b/c > 0 and according to Lemma 2.5.8 part

(iv), we obtain

Oy (|b/o + z[; x) — Oumg(|b/o — 2[5 x) > 0. (2.50)

Combining (2.49) and (2.50) completes the proof.

[
Lemma 2.5.13 paves our way in the study of the solution of (2.5). Define
) 1
Xanin = inf {x > 02 <E(n;(Z; x)) < 1}, (2.51)

where Z ~ N(0,1). The following corollary is a conclusion from Lemma 2.5.13.
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Corollary 2.5.14. For a given 1 < q < 2, Equation (2.5):

1
o’ =0+ 5Ep.z((n(B+0Z; x>~ %) —B)*], 0,>0

has a unique solution o = o, for any X € (Xmin, 20), and does not have any solution

if X € (OaXmin)'

Proof. First note that since o,, > 0, 0 = 0 is not a solution of (2.5). Hence we can

equivalently write Equation (2.5) in the following form:

w1

According to Lemma 2.5.13, F(o, x) is a strictly decreasing function of o over (0, 00).
We also know that F'(o,x) is a continuous function of ¢ from the proof of Lemma

2.5.13. Moreover, it is straightforward to confirm that

lim F(o,x) =00, lim F(o,x) = %E(nS(Z; X))- (2.53)

o—0 o—00

Thus Equation (2.5) has a solution (the uniqueness is automatically guaranteed by
the monotonicity of F'(o, x)) if and only if $E(n?(Z; x)) < 1. Recall the definition of
Xmin given in (2.51). Since E(n?(Z; x)) is a strictly decreasing and continuous function

of x, $E(n2(Z;x)) < 1 holds if X € (Xmin,0) and fails when x € (0, Xmin)- O

Corollary 2.5.14 characterizes the existence and uniqueness of solution for Equa-
tion (2.5). Our next goal is to prove that (2.5) and (2.6) share at least one common
solution. Our strategy is: among all the pairs (oy, x) that satisfy (2.5), we show that

at least one of them satisfies (2.6). We do this in the next few lemmas.

Lemma 2.5.15. Let 0 < 1. For each value of X € (Xmin,00), define o, as the value
of o that satisfies (2.5). Then,

1
lim xoy (1 = 5EOng(B + 0y Z; xaqu)]) = oo, (2.54)
1
Eﬁi XUi_q (1 — SE[é?mq(B + UXZ;XUi_q)]) = —00.
X Xmin



CHAPTER 2. OVERCOMING THE LIMITATIONS OF PHASE TRANSITION
VIA A SECOND-ORDER LOW NOISE SENSITIVITY ANALYSIS 53

Proof. We first show that

E|B|?
lim 0% = o2 + B , lim o, = oo. (2.55)
xoo X 0 X~ Ximin
For the first part, we only need to show aik — 02 + % for any sequence

Xr — oo. For that purpose, we first prove o, = O(1). Otherwise, there exists a

sequence Y, — 0o such that o,, — 0o. Because
(04(B/ox, + Z;Xn) — B0y,)* < 2(Bfoy, + Z)* + 232/0)2(” < 6B +42°
for large enough n, we can apply Dominated Convergence Theorem (DCT) to conclude

hm RQ(X'”7 UXn) = E h_)m [WQ(B/UXn + Z? Xn) - B/UXn]2 = 0

n—oo

On the other hand, since the pair (o,,,, x») satisfies (2.5) we obtain

2
. , o2

This is a contradiction. We next consider any convergent subsequence {c,, } of
{oy.}- The facts o, > 0y and o,, = O(1) imply oy, — 0* € (0,00). Moreover,
since

(g(B + 0y, Z; Xk, 03, 1) — B)? < 6B% +5(0%)* 2%,
when n is large enough. We can apply DCT to obtain,

> Loy 2—q 2 2 EB®
=0, + SEJEEO(%(B + 0y, 2 anUan) —B)Y =0+ 5

(6¥)? = lim o}

n—oo kn

Thus, we have showed any convergent subsequence of {aik} converges to the same
limit o2 + %. Hence the sequence converges to that limit as well.

Regarding the second part in (2.55), if it is not the case, then there exists a
sequence X, — X such that o,, = O(1). Equation (2.52) shows,
2

o, 1
Ry(Xn, 00) = P SE(US(Z; Xn))s
Xn

=

o2 1 Qe
L= 5+ 580 0) 2 -+
Xn Xn

ST
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where (a) is due to Lemma 2.5.13. From the definition of Xy, in (2.51), it is clear
that E(12(Z; Xmi)) = 1 when 6 < 1. Hence letting n — oo on the both sides of the
above inequaitiy leads to 1 > Q(1) + 1, which is a contradiction.
We are in position to derive the two limiting results in (2.54). To obtain the
E|B|?

first one, note that 02 — o7, + =5, as x — 0o0. Therefore, Lemma 2.5.8 part (vi)

combined with DCT gives us

lim Edi1g(B + 0y Z; xo2 1) = 0.

X—+00
The first result of (2.54) can then be trivially derived. Regarding the second result,
we have showed that as y — x1. , 0, = co. We also have

o 1 3
Edi1,(B + 0, Z; xo ) © —E(Zny(B + 0. Z; )
X

(©
= E(Zny(B/ox + Z; X)),
where (b) holds by Lemma 2.5.12 and (c¢) is due to Lemma 2.5.5 part (v). Hence

lirri E0n,(B + 0, Z; Xai*q)

X_>Xmin

lin& E(Zny(B/oy+ Z;x)) = E(Zny,(Z; Xmin))

X*)Xmin
= E02(Z; Xmin)) + XmingE(|76(Z; Xumin)|?)

5 + Xmianqnq(Z; Xmin)‘q)a

—
=

where (d) is the result of Lemma 2.5.5 part (i). We thus obtain

1 1
lim (1 — —Eoin,(B + 0,%; Xai_q)) = ——XminqE|7¢(Z; Xmin) |- (2.56)
X Xin 0 0
Combining (2.56) and the fact that ymm > 0,0, — oo finishes the proof. ]

Lemma 2.5.16. Let § > 1. For each value of X € (Xmin, 00), define oy as the value
of o that satisfies (2.5). Then,

1
lim yo? ¢ (1 — —E[01ny(B + 0, Z; Xai_q)]) = 00, (2.57)

X—00 )

1
lim Xai_q (1 — SE[qu(B + 0\ Z; XUi_q)]) = 0.

X—Xomin
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Proof. The exactly same arguments presented in the proof of Lemma 2.5.15 can be
applied to prove the first result in (2.57). We now focus on the proof of the second
one. Since E|0in,(B + 0y Z; xo )| < 1, our goal will be to show o3 9 = o(1), as
X — 01 (note that ypm = 0 when § > 1).

We first consider the case § > 1. To prove xo} ¢ = o(1), it is sufficient to show
oy, = O(1). Suppose this is not true, then there exists a sequence x,, — 0 such that

oy, — 00. Recall that (x,,0,, ) satisfies (2.5):

1
Uin = o+ SE(Uq(B +0,,7; Xnoi:q) — B)% (2.58)

Dividing both sides of the above equation by afm and letting n — oo yields 1 = % <1,
which is a contradiction.

Regarding the case 6 = 1, we first claim that o, — oo, as x — 0. Otherwise,
there exists a sequence x,, — 0 such that o,, — ¢* € (0,00). However, taking the
limit n — oo on both sides of (2.58) gives us (0*)* = 02 + (¢*)* where contradiction
arises. Hence, if we can show xo? = O(1), then xo? % = o(1) will be proved. Starting

from (2.58) (replacing x,, by x) with 6 = 1, we can have for ¢ € (1, 2]

0=o0. + 0 B(ng(B/oy+ Z;x) — Bloy — Z)* +

2‘7>2<EZ<77¢1(B/‘7X +Z;x) — Bloy—2)

2 o2+ x02 - E(xa |y (BJoy + 2 x)[72) +
A

(o E —2q(q — D|ny(B/oy + Z; X)!q_i |

L+ xalg = Dng(B/oy + Z;x)1172

B

where to obtain (a) we have used Lemma 2.5.5 part (i), Lemma 2.5.8 part (i) and

Lemma 2.5.12. Therefore we obtain
xo; = —os - (A+B)\. (2.59)
Because o, — o0 as x — 0, it is easily seen that

lim A=0, liminf|B|>2q(q— 1)E|Z|72. (2.60)

x—07F x—07+
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Combining results (2.59) and (2.60) we can conclude that yo? = O(1). Finally for

the case ¢ = 1, we do similar calculations and have
1
| Al = ;E(nq(B/Ux +7Z;x) — Bjoy — Z)2 <x—0,

2 4
Bl = SP(Bfox+ 2] <x) = ==

V2r

This completes the proof. O]

According to the results presented in Lemmas 2.5.15 and 2.5.16, if the function
X027 4(1 — 3E[010y(B + 0 Z; xoi9)]), is continuous with respect to X € (Xmin, ),
then we can conclude that Equations (2.5) and (2.6) share at least one common
solution pair. To confirm the continuity, it is straightforward to employ implicit
function theorem to show o, is continuous about x. Moreover, According to Lemma
2.5.6, 01m,(u; x) is also a continuous function of its arguments.

The proof of uniqueness is motivated by the idea presented in Bayati and Mon-
tanari (2012). Suppose there are two different solutions denoted by (o, x1) and
(0ys, X2), respectively. By applying Theorem 2.2.2 (in the next section we will prove
the result of Theorem 2.2.2 holds for any solution pair) with ¥ (a,b) = (a — b)?, we

have

AMSE()\, q, Uw) = ]E[nq(B + O-Xlz; Xlo-il_q> - B]2

(é) (5(02 - 02)7

X1 w

where (a) is due to (2.5). The same equations hold for the other solution pair (o, x2).
Since they have the same AMSE, it follows that o, = 0,,. Next we choose a different

pseudo-Lipschitz function ¢ (a,b) = |a| in Theorem 2.2.2 to obtain

p—0o0

B _

lim ~ Y 1B @)l = Elng(B + 0, Z; xa03, )|
=1

= Elny(B + 0y, Z; x205, )| = Elng(B + 04, Z; X207, )|

Since E|n,(B + 0y, Z; x)|, as a function of x € (0, 00), is strictly decreasing based on

Lemma 2.5.8 part (v), we conclude x; = xa.
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2.5.4.3 Approximate message passing algorithms

For a function f : R — R and a vector v € R™, we use f(v) € R™ to denote the
vector (f(v1),..., f(vm)). Recall n,(u; x) is the proximal operator for the function
| - [|Z. We are in the linear regression model setting: y = X3 + w. To estimate (3,
we adapt the AMP algorithm in Maleki (2010) to generate a sequence of estimates

At € RP, based on the following iterations (initialized at 5% = 0, 2° = y):

Bt+1 — nq(XTZt+Bt;9t)7

I, _ _
2= y—Xp'+ SZt o, (X271 4+ 871 0,0)), (2.61)
where (v) = 15F v; denotes the average of a vector’s components and {6} is a

p
sequence of tuning parameters specified during the iterations. A remarkable phe-

nomenon about AMP is that the asymptotics of the sequence {'} can be character-
ized by one dimensional parameter, known as the state of the system. The following

theorem clarifies this claim.

Theorem 2.5.17. Let {3(p), X(p), w(p)} be a converging sequence and v : R* — R
be a pseudo-Lipschitz function. For any iteration number t > 0,

lim ~ S $(8, ) = Ef(n (B +77:0), B, a.s.

p—oo P 4 1
1=

where B ~ fz and Z ~ N(0,1) are independent and {7, }32, can be tracked through

the following recursion (1§ = o* + E|B|?):

1
T = 04+ SEng(B+7.2:60,) - BI*, t>0. (2.62)

Proof. According to Lemma 2.5.5 part (vi), n,(u; x) is a Lipschitz continuous function
of u. We can then directly apply Theorem 1 in Bayati and Montanari (2011) to
complete the proof. O

Equation (2.62) is called state evolution. Theorem 2.5.17 demonstrates that the

general asymptotic performance of {5} is sharply predicted by the state evolution.
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From now on, we will consider the AMP estimates {4} with 6, = x77 % in (2.61). The
positive constant y is the solution of (2.5) and (2.6). Note we have proved in Chapter
2.5.4.2 that the solution exists. We next present a useful lemma that characterizes

the convergence of {r;}. Recall the definition in (2.51):

- 1
Xomin = inf {x >0 SE(W,?(Z; x)) <1}

Lemma 2.5.18. For any given X € (Xmin, ), the sequence {1:}3°, generated from

(2.62) with 0, = X1 converges to a finite number as t — oo.

Proof. Denote H(7) = o2 + 3E[n,(B + 7Z; x7>%) — B]?. According to Corollary
2.5.14, we know H(7) = 72 has a unique solution. Furthermore, since H(0) > 0 and
H(7) < 7 when 7 is large enough, it is straightforward to confirm the result stated

in the above lemma. O

Denote 7, — T, as t — co. Lemma 2.5.18 and (2.62) together yield

1
=02+ SE[%(B +7.2;x1279) — B2 (2.63)

This is the same as Equation (2.5). We hence see the connection between AMP
estimates and bridge regression. The main part of the proof for Theorem 2.2.2 is to
rigorously establish such connection. In particular we will show the sequence {3}
converges (in certain asymptotic sense) to 3 (X, q) as t — oo later on. Towards that
goal, we present the next theorem that shows asymptotic characterization of other

quantities in the AMP algorithm.

Theorem 2.5.19. Define w, £ H(0in, (X727 + =Y x777)). Under the conditions

of Theorem 2.5.17, we have almost surely

O Tim Tim 1BT=B0E
(1) lim lim —==0.

t—oop—00
(ii) lim lim 122202 —
t—oop—00
t12
(iii) lim =13 _ 2.
n
p—o0
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(v) limw; = %E[&lnq(B—l—Tt,lZ; X7, where B, Z are the same random variables
p—00

as in Theorem 2.5.17.

Proof. All the results for ¢ = 1 have been derived in Bayati and Montanari (2012).
We here generalize them to the case 1 < g < 2. Since the proof is mostly a direct
modification of that in Bayati and Montanari (2012), we only highlight the differ-
ences and refer the reader to Bayati and Montanari (2012) for detailed arguments.
According to the proof of Lemma 4.3 in Bayati and Montanari (2012), we have almost

surely

N e R Lyl

= E[n(B+ Zi; 7, 'x) = 0g(B + Ze1; X))
where (Z;, Z;_1) is jointly zero-mean gaussian, independent from B ~ f3, with covari-
ance matrix defined by the recursion (4.13) in Bayati and Montanari (2012). From
Lemma 2.5.6, we know 7,(u; x) is a differentiable function over (—oo, +00) x (0, 00).

Hence we can apply mean value theorem to obtain

E[ng(B + Zi; 7279X) = 0(B + Zi—1; 77X

< E[f?mq(a; b) - (Zy — Zi1) + 8277q(a; b) - (TtQ_q - Tt2—_1q)X]2

< 2E[(0ing(a; b)) - (Zy — Zia)’] + 2E[(Damg(a;0))? - (7771 = 751X
(a)

< 2E[(Z — Zi1)?] + 207 — 75X Elal 2,

“x) and

where (a,b) is a point on a line that connects the two points (B + Z;, 77
(B + Z;_1,77"x); we have used Lemma 2.5.5 part (i) and Lemma 2.5.8 part (i)(ii)
to obtain (a). Note that Lemma 2.5.18 implies the second term on the right hand
side of the last inequality goes to zero, as t — co. Regarding the first term, we can
follow similar proof steps as for Lemma 5.7 in Bayati and Montanari (2012) to show
E(Z; — Z;_1)> = 0, as t — oo.

The proof of part (iii) is the same as that of Lemma 4.1 in Bayati and Montanari

(2012). We do not repeat the proof here. For (iv), Lemma F.3(b) in Bayati and
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Montanari (2012) implies the empirical distribution of {((X7z*"! + g1),, Bi)

A

converges weakly to the distribution of (B + 717, B). Since the function J(y, 2)
A1y (y; x7717) is bounded and continuous with respect to (y, z) according to Lemma
2.5.5 part (i) and Lemma 2.5.6, (iv) follows directly from the Portmanteau theorem.

]

2.5.4.4 Two useful theorems

In this section, we refer to two useful theorems that have also been applied and cited
in Bayati and Montanari (2012). The first one is regarding the limit of the singular

values of random matrices taken from Bai and Yin (1993).

Theorem 2.5.20. (Bai and Yin, 1993). Let X € R™? be a matriz having i.i.d.
entries with EX;; = O,EX% = 1/n. Denote by omax(X), omin(X) the largest and

smallest non-zero singular values of X, respectively. If n/p — § >0, as p — oo, then

1
limopa(X)=—=+1, a.s.,

p—0 \/(_S

lim o i

lim (X):‘%—l

, Q..

The second theorem establishes the relation between ¢; and /5 norm for vectors

from random subspace, showed in Kashin (1977).

Theorem 2.5.21. (Kashin, 1977). For a given constant 0 < v < 1, there exists a
universal constant ¢, such that for any p > 1 and a uniformly random subspace V' of

dimension p(1 —v),
P(V8 €V el < iugnl) > 197,
VP

2.5.4.5 The main proof steps

As mentioned before we will use similar arguments as the ones shown in Bayati and

Montanari (2012). To avoid redundancy, we will not present all the details and
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rather emphasize on the differences. We suggest interested readers going over the
proof in Bayati and Montanari (2012) before studying this section. Similar to Bayati
and Montanari (2012), we start with a lemma that summarizes several structural

properties of LQLS formulation. Define F(3) £ 1{ly — X 3|13 4+ || 8]|2.
Lemma 2.5.22. Suppose 3,1 € RP satisfy the following conditions:
(1) lIrll2 < c1y/p
(i) F(B+r) < F(B)
(iii) |[VF(B)|2 < v/pe
(1) SUPg< i<t Dty |Bi + wiri|*~7 < pes
(v) 0 < c3 < omin(X), where omin(X) is defined in Theorem 2.5.20
[

(vi) |72 < ca— L. The vector rll € RP is the projection of r onto ker(X)®

Then there ezists a function f(e,c1,co,c3,C3, ¢4, A, q) sSuch that
[rlle < /Pf(€, c15c2,¢3, ¢, A, q).

Moreover, f(e,c1,ca,c3,¢4,A\,q) = 0 as € — 0.

Proof. First note that

VF(B) = =X"(y — XB) + Aq(|B1|* "sign(By), .., 1B, 'sign(,))"

5Tt is the nullspace of X defined as ker(X) = {3 € R? | X3 = 0}.
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Combining it with Condition (ii) we have

0 >F(B+r)—F0P)
1 1
= lly = XB = Xrl3+ M|+ rllg — lly — XBIE — XISl

1
= SIXrll5 = X  (y = XB8) + I8 + 71§ — 18117)

= %HX?"H% +r"VF(B) + )\Z(‘ﬁi + 7319 — | Bi| T — qri| B;] " 'sign(5;))

Aq

(@) 1
> SIX7l3+ V() + Z|@+m|q ’ (2.64)

where (a) is obtained by Lemma 2.5.23 that we will prove shortly and {u;} are
numbers between 0 and 1. Note that we can decompose r as r = 7!l + r* such that
rll € ker(X),r+ € ker(X)*. Accordingly Condition (v) yields c2||r+||2 < || X723

This fact combined with Inequality (2.64) implies
c 1 1
S 1B < SIXrH i = S1X7r]5 < ="V FB) < lrlla - [VF(B)]l2 < erpe,

where the last inequality is derived from Condition (i) and (iii). Hence we can obtain

2c1pe
112 1P
It < =3

Our next step is to bound ||rl||3. By Cauchy-Schwarz inequality we know

P

p
Z ri| = Z V1B + pir 279 - \/7”1'2’61 + piri] 772,
i=1

=1

p p
< Z|5¢+Mz‘ﬁ’2_q' er\ﬁri‘ﬂm\q_?
i=1 i=1
So
2 2 [I7[[3
ZT 1B: + |72 > (2.65)

p =1 |ﬂz + ,UZTZP a
Combining Inequality (2.64) and (2.65) gives us

—2orT V]: u ®)  2cic0e

= z+ szQq_—
Il < oo Zw pirl0 < L



CHAPTER 2. OVERCOMING THE LIMITATIONS OF PHASE TRANSITION
VIA A SECOND-ORDER LOW NOISE SENSITIVITY ANALYSIS 63

where we have used Conditions (i), (iii), and (iv) to derive (b). Using the upper bounds

we obtained for ||r||? and ||r*||3, together with Condition (vi), it is straightforward

to verify the following chains of inequalities

4 2¢4 2¢y
1Pl < EHT’”H% < ?(HTH% + 7 < ?(HTH% +plrt13)

% _ ( 2c1c0¢ 5 2cq€ 2) _ ()\4010204 n 40164> .

D+ p
p \M(g—1) & q¢—1) 3
We are finally able to derive
4cicoc 4cic 2c
2 _ 102 ¢2<( 1C2C4 1C4 _1>
I = WG + 1 < (2 + 254 ) e

This completes the proof. O

Note that Lemma 2.5.22 is a non-asymptotic and deterministic result. It sheds
light on the behavior of the cost function F () around its global minimum. Suppose
f + r is the global minimizer (a reasonable assumption according to Condition (ii)),
and if there is another point 8 having small function value (indicated by its gradient
from Condition (iii)), then the distance ||r||; between ( and the optimal solution
[+ r should also be small. This interpretation should not sound surprising, since we
already know F () is a strictly convex function. However, Lemma 2.5.22 enables us
to characterize this property in a precise way, which is crucial in the high dimensional
asymptotic analysis. Based on Lemma 2.5.22, we will set 8+ r = B()\, ¢), 8 = A and
then verify all the conditions in Lemma 2.5.22 to conclude ||r|js = [|B(\, ¢) — B is
small. In particular that small distance will vanish as ¢ — oo, thus establishing the

asymptotic equivalence between B (A, q) and *. We perform the analysis in a sequel

of lemmas and Proposition 2.5.27.

Lemma 2.5.23. Given a constant q satisfying 1 < q < 2, for any z,r € R, there

exists a number 0 < p <1 such that

|z + |7 202 (2.66)

-1
o 711 — e — ralalsign(a) > D01
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Proof. Denote f,(z) = |z|%. When ¢ = 2, since fp(x) is a smooth function over
(—00, +00), we can apply Taylor’s theorem to obtain (2.66). For any 1 < ¢ < 2, note
that f(0) = oo, hence Taylor’s theorem is not applicable to all the values of x € R.
We prove the inequality above in separate cases. First observe that if (2.66) holds for
any x > 0,7 € R, then it is true for any x < 0,7 € R as well. It is also straightforward
to confirm that when x = 0, we can always choose 1 = 1 to satisfy Inequality (2.66)

for any r € R. We therefore focus on the case x > 0,r € R.

a. When x 4+ r > 0, since f,(z) is a smooth function over (0,00), we can apply

Taylor’s theorem to obtain (2.66).

b. If z+r = 0, choosing . = 0, Inequality (2.66) is simplified to (¢—1)x? > @xq,

which is clearly valid.
c. When z + r < 0, we consider two different scenarios.

i. First suppose —z—1r > x. We apply (2.66) to the pair —r —x and x. Then

we know there exists 0 < i < 1 such that

q(qg—1)
2

—(2x + 7r)q|z|T?

[ +r|* = 2" = (=2 —7) + (1 — @)z|"*(2z + 1)

It is also straightforward to verify that there is 0 < p < 1 so that p(z +
r)+ (1 —pz=—p(—x—r)— (1= f)z. Denote

q(¢ —1) . - -
WD)+ (0= a2+ gl

9(y) =

If we can show g(—2z —r) > ¢(r), we can obtain the Inequality (2.66). It

is easily seen that the quadratic function g(y) achieves global minimum at

—1 —1
el i ) (L e <

|z| < —z.

Yo =

Moreover, note that —2x — r > 0,7 < 0 and they are symmetric around

y = —x, hence g(—2z —r) > g(r).
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ii. Consider 0 < —z — r < x. We again use (2.66) for the pair —x — —r and

x to obtain

q(q—1)
9

|z +r|? = |z > iz + 1) — (1 — @)z|" 22z +r)?

q(q—1)
2

—(22 +r)qlz|*" = (=22 — r)qla|*" + 2|77 (22 +7)*.

Denote h(y) = @\x!q*‘lﬁ—kq\x!q_ly. If we can show h(—2x —1) > h(r),
Inequality (2.66) will be established with p = 0. Since h(z) achieves
global minimum at yy = (;—11|x| < —z and —2x —r > r, we can get

h(—=2z — 1) > h(r).
[

The next lemma is similar to Lemma 3.2 in Bayati and Montanari (2012). The

proof is adapted from there.

Lemma 2.5.24. Let {5(p), X (p), w(p)} be a converging sequence. Denote the solution
of LQLS by B(\,q), and let {B'}i>0 be the sequence of estimates generated from the

AMP algorithm. There exists a positive constant C' s.t.

t))2
lim lim M <, a.s.,
t—00 p—0o0 p
500 )
thUpM <C, a.s.
p—00 p

Proof. To show the first inequality, according to Theorem 2.5.17 and Lemma 2.5.18,

choosing a particular pseudo-Lipschitz function ¢(x,y) = 2% we obtain

t|2
t—00 p—00 p

=Epz[n,(B + nZ x> N2 < 00, a.s.,

where B ~ fz and Z ~ N(0,1) are independent. For the second inequality, first note

that since 3(), ) is the optimal solution we have

MBI < FAL0)) < F(O) = 3

1
= SIXB+wlz < IXBllz + |wllz < ona (NS + [lwll3. (2.67)
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We then consider the decomposition B()\, q) = B()\, Q)+ + B(/\, q)!, where B()\, q)*t
ker(X)* and B(\, ¢)l € ker(X). Since ker(X) is a uniformly random subspace with
dimension p(1 — §)4, we can apply Theorem 2.5.21 to conclude that, there exists a

constant ¢(d) > 0 depending on ¢ such that the following holds with high probability,

. . R 3 2 .
IBOVDIE = 130, + 130,04 < PP o, g
2080 DM+ 28N DI, 5 g2
< b +1B0v 0 B
RN 2+C( )i O 12

Moreover, Holder’s inequality combined with Inequality (2.67) yields

|\B(A,q)\|1<<||/3( >q>1/q<<am< )I!ﬂHerHsz) 6
- p

P Ap

Using the results from (2.68) and (2.69), we can then upper bound [|3(}, ¢)||2:

15O )l @ 2)<amax< )||ﬁ||2+||w||2> L0

To obtain (a) we have used the fact | XB(\, q)*[12 > o2 (X)|B(\, ¢)*||2. We can
further bound

IXBO )3 < 2lly — X6\ a)lI3 + 2llyll3 < 4lyll3 < 80 max (X813 + 8l|wll3-

(b) is due to the simple fact XB(\, q)* = XB(\, q); (¢) and (d) hold since |y —
XB\ )2 < 2F(B(, q)) and inequalities in (2.67). Combining the last two chains

of inequalities we obtain with probability larger than 1 — 277

1B I3 _ 2 (amax< )HﬁHﬁHng)
)

P - 6(5 Ap
16 +8¢(0)  Tmax (XS5 + w5
()0 n (X) p

Finally, because both o, (X) and oy (X) converge to non-zero constants by
Theorem 2.5.20 and (8, X, w) is a converging sequence, the right hand side of the

above inequality converges to a finite number. O]
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Lemma 2.5.25. Let {5(p), X (p), w(p)} be a converging sequence. Denote the solution

of LQLS by B(x\, q), and let {B'}>0 be the sequence of estimates generated from the
AMP algorithm. There exists a positive constant C' s.t.

; B\ 1L — )P~

lim sup limsup sup iz |1iBi(D @) + (1 = 1) 6] < C,

t—00 p—oo  0<pu;<1 p

a.s.
Proof. For any given 0 < p; < 1, it is straightforward to see
i @) + (1= ) BP0 < max{| B\, )P B2} < 16N @) + |81

Hence using Holder’s inequality gives us

sup — Z |:U’2Bz )\ q (1 - Ni)ﬁf’2_q

0<p;<1 P~
Z Bih q)Z 7 + = Z|5t2q<<2|@)\q ) (Z|ﬁt2)2
Applying Lemma 2.5.24 to the above inequality finishes the proof. n

The next lemma is similar to Lemma 3.3 in Bayati and Montanari (2012). The

proof is adapted from there.

Lemma 2.5.26. Let {3(p), X (p), w(p)} be a converging sequence. Let {3'}>o be the

sequence of estimates generated from the AMP algorithm. We have

t\ 1|2

t—00 p—00 p

=0, a.s.
Proof. Recall the AMP updating rule (2.61):
B =X+ B ).
According to Lemma 2.5.5 part (i) we know " satisfies
X4 g7 = B0 1 xq (1611 sign(B1), - .., |87 'sign(5;)) "
The rule (2.61) also tells us

2=y — XB' +w
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where w; is defined in Theorem 2.5.19. Note

F(B) = =X"(y — XB') + Ma(|81|" sign(B1), ..., |By|" sign(5,))"
We can then upper bound VF(3") in the following way:

1 1
%meuz = %u — XT(y — XBY) + Arh) T X 2 4 g —
1 _ _ _ _ _
= ﬁ” — XT(2 = w2 )+ M) X T B = Y
Allﬁ“ Bllo , IXTE =Nl |A+Tt1x(wt—1)| 1X 7201y
Tt XD VP Tt Ix\/P

B i PN et PO 01 a0 B B

Tt 1X\/_ \/1_7 Tt 1X\/_

By Lemma 2.5.18, Theorem 2.5.19 part (i)(ii) and Theorem 2.5.20, it is straightfor-

ward to confirm that the first two terms on the right hand side of the last inequality
vanish almost surely, as p — oco,t — oo. For the third term, Lemma 2.5.18 and

Theorem 2.5.19 part (iii)(iv) imply

2_ —
lim lim A+ 7 Ix(wy — 1)) - |2 1“2

t—oc0 p—oo th:qu\/ﬁ
Vo, 1
= 5 |A - 7'*2_‘7)((1 — E]En('](B + T2 Tf‘%())‘ =0, a.s.
Te X
To obtain the last equality, we have used Equation (2.6). O

We are in position to prove the asymptotic equivalence between AMP estimates

and bridge regression.

Proposition 2.5.27. Let {8(p), X(p),w(p)} be a converging sequence. Denote the
solution of LQLS by ,@(A,q), and let {'}i>0 be the sequence of estimates generated
from the AMP algorithm. We then have

lim hm —Hﬁ()\ q) —pB'3=0, a.s. (2.70)

t—o0 p
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Proof. We utilize Lemma 2.5.22. Let 4+ r = B()\,q),ﬁ = Bt If this pair of 8

Il _ 1B9)—=82
p p

and r satisfies the conditions in Lemma 2.5.22, we will have being
very small. In the rest of the proof, we aim to verify that the conditions in Lemma
2.5.22 hold with high probability and establish the connection between the iteration

numbers ¢ and ¢ in Lemma 2.5.22.

a. Condition (i) follows from Lemma 2.5.24:
[7{l2

2 t
lim lim sup—— < limsupM + lim lim 15112 < 2\/5, a.s.

t—o0 p—ro0 p p—roo \/Z_) t—oop—00 p

b. Condition (ii) holds since B (A, ¢) is the optimal solution of F(f3).

c. Condition (iii) holds by Lemma 2.5.26. Note that ¢ — 0, as t — 0.
d. Condition (iv) is due to Lemma 2.5.25.

e. Condition (v) is the result of Theorem 2.5.20.

f. Condition (vi) is a direct application of Theorem 2.5.21.

Note all the claims made above hold almost surely as p — oo; and € — 0 as ¢t — oo.

Hence the result (2.70) follows. O

Based on the results from Theorem 2.5.17, Lemma 2.5.18 and Proposition 2.5.27,
we can use exactly the same arguments as in the proof of Theorem 1.5 from Bayati
and Montanari (2012) to finish the proof of Theorem 2.2.2. Since the arguments are

straightforward, we do not repeat it here.

2.5.5 Proof of Theorem 2.2.3

First note that

1 A 1 N
];Erlﬁu,q)—ﬁué = -ED (Bi(\q) -8
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where the last equality is due to the symmetry of the problem. Furthermore, note
that according to the Replica claim (Rangan et al., 2012), (Bl()\, q),$1) converges in
distribution to (n,(B 4+ 6Z; x>~ 1), B), where (7, X) satisfies (2.5) and (2.6). Hence,
by employing the continuous mapping theorem (for convergence in distribution), we
conclude that (1()\, q) — f1)? converges to (n,(B + 67;x52"%) — B)? in distribu-
tion. Note that convergence in distribution implies convergence of expectations if
and only if the sequence of random variables is asymptotically uniformly integrable
(See Chapter 2 of Van der Vaart (2000) for more information). According to square
integrability assumption, (Bj()\, q) — f3;)? is asymptotically uniformly integrable and
hence E(B;(A q) — B)% — E(ny(B + 32; X0*°1) — B)?.

2.5.6 Proof of Corollary 2.2.4

We prove the result for ¢ € [1,2]. The proof for other cases follows similarly. Accord-

ing to Theorem 2.2.2; the key of proving Corollary 2.2.4 is to analyze the following

equations:
1
o* = o, +<B[(ny(B+0Z;x0") = B)’), (2.71)
1
Aig = Xag_q(l — SE[n;(B +o0Z; XO'Q_q)]), (2.72)

where A, , = argminy,, AMSE(), ¢, 0,). We present the main result in the following

lemma.

Lemma 2.5.28. For every 1 < g < 2 and a given optimal tuning M. 4, there exists
a unique solution pair (a,Y) that satisfies (2.71) and (2.72). Furthermore, & is the

unique solution of

1
0? =02 + ~minE(n,(B + 0Z;x) — B)? (2.73)
0 x>0
and
X € argmin E[(n,(B + ¢ Z; x5*>" %) — B)?. (2.74)

x>0
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Proof. The first part of this lemma directly comes from Lemma 2.5.11. We focus on

the proof of the second part. Recall the definition of R,(x, o) in (2.46). Define

N 0121; L.
Gylo) = —5 +5minRy(x, 0).

Then (2.73) is equivalent to Gy4(0) = 1. We first show that G (o) is a strictly
decreasing function of o over (0, 00). For any given o; > g > 0, we can choose x1, x2

such that

xi = argminE(n,(B/oy+Z;x) = B/o)’,

Xz = argminE(n,(B/oz +Z;x) - B/oy)”
Applying Lemma 2.5.13 we have
R,(x1,01) = min R,(x,01) < R,(x2,01) < R,(x2,02) = min R,(x, 02).
x>0 x>0
Hence we obtain that G,(01) < G,(02). We next show

lim Gy(0) =00, lim G,(0) < 1. (2.75)

o—0 T—00

The first result in (2.75) is obvious. To prove the second one, we know
. . o2 1 1,
lim Gy(0) < lim =5 + < Ry(x, 0) = B (Z; x),

T—00 o—00 02 (5 (5

for any given xy > 0. Choosing a sufficiently large x completes the proof for the
second inequality in (2.75). Based on (2.75) and the fact that G,(o) is a strictly
decreasing and continuous function of ¢ over (0,00), we can conclude (2.73) has a

unique solution. Call it o*, and denote

\* € argmin E[(n, (B + 0" Z; x(0*)2™%) — B)?).

x>0

Note that x* may not be unique. Further define

N =071 (1— Bl (B + 0 Zix" (07 ).
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It is straightforward to see that the pair (o*, x*) satisfies (2.5) and (2.6) with A = \*.

According to Theorem 2.2.2, we obtain
AMSE(N*, q, 0,) = 0((c¥)* — 02). (2.76)
Also we already know for the optimal tuning A, 4
AMSE(\. 4, ¢, 04) = 6(5% — 02) < AMSE(\*, ¢, 0,,).

Therefore & < o*. On the other hand,

1
o> = o2+ sE(B+0Z: ¥o>"%) — B)®
1
> o2+ -minE(n,(B+5Z;x) — B)? =5 - G,(7).
0 x>0
Thus G4(6) < 1 = G,(c*). Since G,(0) is a strictly decreasing function, we then

obtain ¢ > o*. Consequently, we conclude ¢ = o*. Finally we claim (2.74) has to

hold. Otherwise,

AMSE(\. g4, 0w) = B(ng(B + 025 x0* %) — B)?
> m;gE(nq(B +67Z;x) — B)? =E(n,(B + 0*Z;x*) — B)?
x>

= AMSE(\, q,04),

contradicts the fact that A, , is the optimal tuning. m

Remark: Lemma 2.5.28 leads directly to the result of Corollary 2.2.4. Further-
more, from the proof of Lemma 2.5.28, we see that if E[(n,(B + 0Z;x0*" %) — B)?,
as a function of x, has a unique minimizer for any given o > 0, then y = x*. That
means the optimal tuning value A, , is unique. Mousavi et al. (2017) has proved that
E[(n,(B + cZ;xc* %) — B)?] is quasi-convex and has a unique minimizer for ¢ = 1.

We conjecture that it is true for ¢ € (1,2] as well and leave it for future research.
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2.5.7 Proof of Theorem 2.2.5
2.5.7.1 Roadmap of the proof

Different from the result of Theorem 2.2.7 for LASSO that bounds the second order
term in AMSE(\, 1,1, 0,), Theorem 2.2.5 characterizes the precise analytical expres-
sion of the second dominant term for AMSE(\, ,,q, 0,) with ¢ € (1,00). However,
the idea of this proof is similar to the one for Theorem 2.2.7, though the detailed
proof steps are more involved here. We suggest interested readers first going over
the proof of Theorem 2.2.7 in Chapter 2.5.2 and then this section so that both the
proof idea and technical details are smoothly understood. Recall the definition we

introduced in (2.46):
RCI(X7 U) = E(nq(B/U + Z7 X) - B/U>27

where Z ~ N(0,1) and B with the distribution fz(b) = (1 — €)do(b) + €g(b) are
independent. Define
X;(0) = argmin R, (x, o). (2.77)
x=0

According to Lemma 2.5.6, it is straightforward to show R,(x,o) is a differentiable

function of x. It is also easily seen that

E|B|?
lim R,(x,0) = | 2| . lim R,(x,0) = 1.

X—>00 o x—0

Therefore, the minimizer x; (o) exists at least for sufficiently small o. If it is not
unique, we will consider the one having smallest value itself. As like the proof of
Theorem 2.2.7, the key is to characterize the convergence rate for R,(x;(0),0) as
o — 0. After having that convergence rate result, we can then obtain the convergence
rate for ¢ from Equation (2.10) and finally derive the expansion of AMSE(\, 4, ¢, 0y)

based on Corollary 2.2.4. We organize our proof steps as follows:

1. We first characterize the convergence rate of x; (o) in Chapter 2.5.7.2.
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2. We then obtain the convergence rate of R,(x;(c),o) in Chapter 2.5.7.3.

3. We finally derive the second-order expansion for AMSE(A. 4, ¢, 0,,) in Chapter
2.5.7.4.

u

As a final remark, once we show the proof for ¢ € (1,2), since n9(u; x) = 5

has a nice explicit form, the proof for ¢ = 2 can be easily derived. We hence skip it
for simplicity. The proof for the case ¢ > 2 can be significantly simplified due to the
specific range of g. We also do not repeat it here. Refer to Wang et al. (2017) for the

complete proof.

2.5.7.2 Characterizing the convergence rate of x; (o)

The goal of this section is to derive the convergence rate of x;(c) as 0 — 0. We
will make use of the fact that x = x;(o) is the minimizer of R,(x,0), to first show

2q—2

X;(0) — 0 and then obtain the rate x;(c) oc 0*#2. This is done in the following

three lemmas.

Lemma 2.5.29. Let x}(0) denote the minimizer of Ry(x,0) as defined in (2.77).
Then for every b # 0 and z € R,

nq(b/o + 2, X5(0))] = 00, as o — 0.

Proof. Suppose this is not the case. Then there exist a value of b # 0,z € R and a
sequence oy, — 0, such that |n,(b/ox +2; X} (0k))| is bounded. Combined with Lemma

2.5.5 part (i) we obtain

(2.78)

_ bfor + 2| — [ng(b/or + 2z xg(ow)| _ Q(i)

Xy(o
%) = e bon + Z )T

Ok

We next show that the result (2.78) implies for any other b # 0 and % € R, |77q(5/0;C +

Z;x;(or))| is bounded as well. From Lemma 2.5.5 part (i) we know

b/ + 2| = |ng(b/ow + 2 X (om)| + X (on)alng (b/ o + 2 x5 (0n)) " 12.79)
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If [, (b/ o+ 2; X; (o)) is unbounded, then the right hand side of equation (2.79) (take
a subsequence if necessary) has the order larger than 1/0y. Hence (2.79) can not hold
for all the values of k. We thus have reached the conclusion that |n,(b/or, + 2; X} (o))]
is bounded for every b # 0 and z € R. Therefore,

14(G/ow + Z; x; (o)) — GJog| — o0 a.s., as k — oo,
where G has the distribution g(-). We then use Fatou’s lemma to obtain
Ry(xy(on), 0k) > €Elng(G/ow + Z; x5 (on)) — G/ow]* — 0.
On the other hand, since x;(0}) minimizes R,(x, ox),
R,(x;(on), 01) < Ry(0,04) = 1.
Such contradiction completes the proof. n

Lemma 2.5.29 enables us to derive X;’;(a) — 0 as 0 — 0. We present it in the next

lemma.

Lemma 2.5.30. Let x}(0) denote the minimizer of Ry(x,0) as defined in (2.77).

Then x;(0) — 0 as 0 — 0.

Proof. First note that

(1= E(ny(Z; x))? + eE(ny(G/o + Z; x) — Glo — Z)* +

2EZ(n,(GJo+ Z;x) —Glo—Z) + ¢

RQ<X7 0)

= (1= EMmy(Z; X)) + eX*¢Elng(Glo + Z; x)|* % +
2¢€E(On(Glo+Z;x) — 1)+ ¢

2 (1= OE@,(Z5 X)) + ex*¢*Elug(G/o + Z )72 +

1
2¢E -1)+e 2.80
(v @z Y 250
We have employed Lemma 2.5.5 part (i) and Lemma 2.5.6 to obtain (a); (b) is due to
Lemma 2.5.8 part (i). According to Lemma 2.5.29, |n,(G /o + Z; x}(0))| = o0 a.s.,
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as o — 0. Hence, if x} (o) - 0, the second term in (2.80) (with x = x}(c)) goes off
to infinity, while the other terms remain finite, and consequently R,(x; (o), o) — oo.

This is a contradiction with the fact R,(x}(0),0) < R,(0,0) = 1. O

So far we have shown x7(c) — 0 as ¢ — 0. Our next lemma further characterizes

the convergence rate of x; (o).

Lemma 2.5.31. Suppose P(|G| < t) = O(t) (ast — 0) and E|G|* < co. Then for
q € (1,2) we have

_ Xglo)  (1—e)E[Z]?
lim = .
o—0 g24=2 eqE|G|?2

Proof. We first claim that x}(o) = Q(c°97%). Otherwise there exists a sequence

o — 0 such that x7(ox) = 0(07%7%). According to Lemma 2.5.32 (we postpone

Lemma 2.5.32 since it deals with R,(x, o)),

. Ry(x;(on),0%) — 1
lim 55 =
k—o0 qu

0.

On the other hand, by choosing x(ox) = C’azq_2 with C' = E;]E‘EG)ECIZJ;, Lemma 2.5.32

implies that
R -1
iy Fal3 () )

<0,

which contradicts with the fact that x; (o) is the minimizer of R,(x, ox). Moreover,

this choice of C' shows that for sufficiently small ¢ there exists x(o) such that
Ry(x;(),0) < Ryfx(0). ) < Ry(0,0) = 1.

That means x; (o) is a non-zero finite value. Hence it satisfies %{fg)’a) = 0. From

now on we use x* to denote X;(J) for notational simplicity. That equation can be
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detailed out as follows:

0= (1—€)En,(Z;x")0ny(Z; X*) + E(ny(G /o + Z;X*) — G[/0)0any(G /o + Z; X7)

(a) —ang(Z; x| ]
=(1-¢E +eE(Z0om, (G o+ Z;x
( )\ 1+ x*q(q = D)lnq(Z; x)|72 0%l HL )
?{rl 2
2 G AR 2q—2
L xalg = Ding(Go+ Z; x*)|le=?

v~

Hsj
where we have used Lemma 2.5.5 part (i) and Lemma 2.5.8 part (ii) to obtain (a).
We now analyze the three terms Hy, Hy and Hj, respectively. According to Lemma
2.5.30, we have that n,(Z;x*) — Z as ¢ — 0. Lemma 2.5.5 part (ii) enables us to
bound the expression inside the expectation of H; by ¢|Z|?. Hence we can employ

Dominated Convergence Theorem (DCT) to obtain
lim H, = —qE|Z]". (2.82)
o—0
For the term Hj, we first note that
i C g2 =
lim (G +0Z;077x") = G,
1,(G +0Z;0*x")| < |B| + 0|Z].
We also know that |n,(G /o + Z; x*)| — 00, a.s. by Lemma 2.5.29. We therefore can

apply DCT to conclude

H 2 7 2—q~ %\ |2g—2
lim 18 _ gy L (Gt 02507 0C)| = ¢°E|G[*1712.83)
o2 S T q(g = Din(Go + Zix )

We now study the remaining term Hy. According to Lemma 2.5.6, 0q1,(G /o + Z; x*)
is differentiable with respect to its first argument. So we can apply Lemma 2.5.12 to

get

ny(G/o + Z;x*)|*?
H, = 1—g)E
> = 0 e — D (G o + Zx )R

J1
X*|ng(G o+ Z; x*) P
+%(1—q)E .
T DB gl — Ding(Glo + Zix 2

-

J2
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It is straightforward to see that

1
s e 2 P g = 1)
7, 1/(q(qg — 1))

(G0 + Z; x*)IP~0 + x*q(q — 1)
We would like to prove Hy — 0 by showing

1
lim E = 0. 2.84
I Gle T 2 P T v ala 1) (2:84)

Note that DCT may not be directly applied here, because the function inside the
expectation cannot be easily bounded. Alternatively, we prove (2.84) by breaking
the expectation into different parts and showing each part converges to zero. Let ay
be a number that satisfies n,(aq; x*) = (X*)ﬁ, as = (x*)2, and a3 a fixed positive
constant that does not depend on ¢. Denote the distribution of |G| by F'(g). Note

the following simple fact about a; according to Lemma 2.5.5 part (i):
a1 = g(as; X7) + X gl s x7) = (g + 1) () 7.
So a1 < ap < ag when o is small. Define the following three nested intervals:
Ti(z) & -2 —ap, -z + ], i=1,2,3.

With these definitions, we start the proof of (2.84). We have

1
E
ng(G/lo+ Z; x*)[* 9+ x*q(q — 1)
[/ :
0 Jretigo) Malg/o 4 2 x*) 21+ x*q(q — 1)

o0 1
o - ¢(2)dzdF(g) +
/0 /zem/a)\zl(g/a) ng(g/0 + 2 x*)|>77+ x*q(q — 1)

& 1
P E— ¢(2)dzdF(g) +
/o LEZg(b/o‘)\Zg(g/o‘) ng(g/0 + 2z x*)|>71 + x*q(qg — 1)

~ 1
dzdF
/0 /R\z3<b/o> e (9/0 + 22 + v*qlq — 1)¢(2) zdF(g)

L2 G+ Gy + Gy + Gy,

&(2)dzdF(g) +
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where ¢(-) is the density function of standard normal. We now bound each of the

four integrals in (2.85) respectively.

& 1
G _— dzdF
1 < /O /ZEL(Q/U) N o 1)¢(z) 2dF'(g)

2016(0) _ 2(g+1)(x")=76(0)
x*q(q—1) — xX*q(q —1)

— 0, as g — 0.

The last step is due to the fact that x* — 0 by Lemma 2.5.30. For G5 we have

o 1
z)dzdF

/o /zez2(g/a)\11(g/a) ng(g/0 + Z;X*)P_q(b( ) ()

& 1
[/ L 6()d=dF(g)

0 2€T5(g/0)\T1(g/0) X

olog(1/0) 1
/ / —¢(2)dzdF(g) +

0 2€Ts(g/0)\T1(g/0) X

e 1
/ / L 5(2)dzdF (g)
olog(1/0) J 2€T5(g/0)\T1 (9/0) X
2¢(0)ay n 2¢(log(1/0) — as)as

G

IN

INZ

IA

< P(|G| < olog(1/0))

X* Y*
= P(|G| < olog(1/0)) (i¢§?/)2 + w(log(;l*/ﬁl‘ i)
(é) o) - o2 log(1/0) + O(1) - ¢((loga(q1/i7))/2) om0,

In the above derivations, (b) is because

ng(g9/0 + 2 X°)| = nglan; x*) = ()9 for = ¢ Ty(g/0).

To obtain (c¢), we have used the condition P(|G| < olog(1/0)) = O(olog(1/0)) and

the result x* = Q(02972) we proved at the beginning. Regarding G,

o0 1
Gy < / / L s(2)d=dF(g)
0 2€T3(g9/0)\T2(g/0) |77q(042;X*)|2_q

/Ulogl/a/ 1 ( ) ( )
< —¢(2)dzdF (g
0 2€T5(g/0)\T2(g/0) |ng(ae; x*)|?74

& 1
+/ / T 9(2)dzdF (g)
olog1/o J 2T (g )0\ (g)0) |Ta(C2; X )24
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2¢(0)as 2¢(log(1/0) — a3)as
(0 x P Jmgas X
O(1) - 9313 10g(1/0) + O(1) - ¢((log(1/0))/2)

ola—1)(2—q)

< PG| < olog(1/0))

(d)
<

— 0, aso — 0.

The calculations above are similar to those for Go. In (d) we have used the following

result:
C *\1/2. | *
lim ntI(a%X ) — lim nQ((X ) ' X ) = lim 77q(1; (X*>q/2) — 1.

oc—0 (X*)1/2 oc—0 (X*)1/2 o—0

Finally we can apply DCT to obtain

I A
lim G = E lim (G/o 1 2] > az) — 0.
o0 =0 [1g(G/o + Z; x*)P~* + x*q(q — 1)
We have finished the proof of lim,_,o Ho = 0. This fact together with (2.81), (2.82)

and (2.83) gives us

. X" —(1—¢)H,—cHy (1—¢E|Z]
im = = :
o0 g24—2 €Hj3 /0?2 eqE|G|?a—2

2.5.7.3 Characterizing the convergence rate of R,(x;(0),0)

Having derived the convergence rate of x; (o) in Chapter 2.5.7.2, we aim to obtain the
convergence rate for R,(x; (o), o) in this section. Towards that goal, we first present

a useful lemma.
Lemma 2.5.32. Suppose P(|G| <t) = O(t) (ast — 0) and E|G|* < co. If x(0) =
Co?72 with a fized number C > 0, then for 1 < ¢ < 2 we have

i Fali(0).0) — 1

oc—0 0242

= —20(1 — €)qE|Z|* + eC*¢°E|G|** 2. (2.85)

Moreover, if x(c) = o(c*72) then

i Bal(0).0) — 1

o—0 o242

= 0. (2.86)
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Proof. We first focus on the case x(c) = Co?2. According to (2.80),

(. J/
-~

R1 R2
ng(GJo+ Z:x)|972
—2exq(q — 1)E 4G/ ) PR
. 1+xq(q — Dng(G/o+ Z;x)|72

-~

R3

Ry(x;0) =1 = (1=E®;(Z:x) — Z%) + ex’¢’Elny(G/o + Z; )" ?

Now we calculate the limit of each of the terms individually. We have

Ry = (1—€EMn(Z;x)+2)nZ;x) - Z)
—(1 = OE(1,(Z; x) + Z)(xqlng(Z; x)| 'sign(Z))

—(1 = )xq(Elng(Z; )| + E|Z||ng(Z; x)1*71),

—
S
N

where (a) is due to Lemma 2.5.5 part (i). Hence we obtain

lim = —C(1 - glim(Eln,(Z: )| + E|Z|lng(Z: )17 (2.87)

= —2C(1 —e€)qE|Z|"

The last equality is by Dominated Convergence Theorem (DCT). For Ry,

R 2 2E G 7 2q—2
o—0 g24—2 oc—0 o242
= C?¢ lim E|n,(G + 0 Z; xo* 1) [?2
g—
= C*¢E|G]P"2,
Regarding the term R3, we would like to show that if x(o) = O(¢?772), then
1
lim —2 = 0. (2.89)

P 2 Ty (@ + 2P T a1
Define a; = 1if 1 < ¢ < 3/2 and oy = 02773 if 3/2 < ¢ < 2, where ¢ > 0 is a
sufficiently small constant that we will specify later. Let F(g) be the distribution
function of |G| and ay > 1 a fixed constant. So a; < ay for small 0. Define the

following two nested intervals

Ti(z) & [~ —as,—x + o], i=1,2.



CHAPTER 2. OVERCOMING THE LIMITATIONS OF PHASE TRANSITION
VIA A SECOND-ORDER LOW NOISE SENSITIVITY ANALYSIS 82

Then the expression in (2.89) can be written as

X g 1
022" n,(Glo+ Z; x)[> 9+ xq(q¢ — 1)
= X / / L O(2)dzdF
0272 Jo  Jeziig)o) Ma(g/o + 2 x)1277+ xq(q — 1) ) (9)

1
022 /o /ze:[Q(g/o)\zl(g/o) ng(g/0 + 2 X)1* 7+ xq(g — 1)

X / / 1 O(2)dzdF
5 g
07 )y oo Talgfe - 501 +xalg =10 GO

L2 G+ Gy +Gs.

d(2)dzdF(g) +

We will bound each of the three integrals above. The idea is similar as the one

presented in the proof of Lemma 2.5.31. For the first integral,

—g/ot+ai1
Gy < dzdF
< s qu_1>¢<z>z (9
clogl/oc r—g/o+aa
< —¢(2)dzdF
U/ [ qu_1> (2)a=ar(y

—g/otai
—¢(2)dzdF (g
/g/aa1 qu_l) () ()

201 9(0) 201 ¢p(log /o — ay)
q(q — 1)oa~2 q(q — 1)o*a=?

< O(1) - 0 log(1/0) g + O(1) - a16((log1/0)/2)

—3+c o242

2q—2
o= ologl/o

(®)
< PG| <ologl/o)

(3 0, as o — 0.

To obtain (b), we have used the following inequalities when o is small:
—g/o+a1
[ e < 200, forg < olog(1/o),
—g/o—a1

—g/ot+ay
/g : o(z)dz < 20q¢(log(l/o) —aq), for g > olog(l/o).

g/o—a1
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The limit (¢) holds due to the choice of ;. Regarding the second term G,

X /()( / (

X /o'logl/o'/ 1 ( ) ( )
= — —@(z)dzdF'(g
o272 2€Ta(g/o)\L1(g/0) ng(g/0 + 2, x) >

) =0 ()

Gy <

X 1
022 Jorog1/a Jrea(g/on\Ti (/o) 11a(9/0 + 2 X)

X /Ulogl/o/ 1 ( ) ( )
. —4(2)dzdF(g
o272 J, €Ta(g)o N1 (/o) 1Ma(C1; X)[*74

S L
L 4(2)dzdF(g)
o242 ologl/o Jz€Ta(g/o)\T1(g/0) |77Q(al;X>|2_q

(e) 20¢0(0)x 2a0¢(log 1/0 — ag)x
]P(|G| S O'IOg 1/0) 2q—2 . 2—q 2q—2 . 2—q
21721y (01; X)) a24=2[ng(au; X))

< 0(1) -0 10g(1 /o)~ + O(1) - 210 L)/2)

+

INE

_|_

(30, as 0 — 0,

2—q
aq
where (d) is due to the fact [n,(g/0+2; x)| > ny(aq; x) for z ¢ Z,(g/0); The argument
for (e) is similar to that for (b); (f) holds based on two facts:

ng(a1;x 2

L limg 2 ) = lim, ng(1;af “x) = 1, since a‘f_zx — 0. This is obvious for
the case oy = 1. When a; = 62473%¢, we have a? %y = O(1) - 20’ t(c-Ha+d-2e

and 2¢® + (¢ — 5)q + 4 — 2¢ > 0 if ¢ is chosen small enough.

2. P(|G| < ologl/o) = O(ologl/c). This is one of the conditions.

1
2—q_c—1
041 g

And finally (g) works as follows: it is clear that o¢log(1/0) goes to zero

2q—3+c

. —2 _
when a; = 1; when ay = o , we can sufficiently small ¢ such that af “ol7¢ =

g2 +He=TatT=3¢ — (1), For the third integral Gs, we are able to invoke DCT to

obtain

=0.

_ ) I(|G/o+ Z| > as)
lim G = O(1) - lim
lim G5 = O(1) - iy (G0 + Z; x>+ xa(qg — 1)

Note that DCT works because for small o
(G/o + Z] > as)

n(G/o+ Z; x)[>7 9+ xq(q — 1)

< .
1M4(G/o+ Z; )P~ 7 |ng(az; X)IP77 = |ng(ag; 1)~
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We hence have showned that

. Rs

(1713% o =0. (2.90)

Combining the results (2.87), (2.88), and (2.90) establishes (2.85).
To prove (2.86), first note that (2.90) has been derived in the general setting

x(c) = O(c?772). Moreover, we can use similar arguments to show for y(o) =

o(0*72),

lim [ = lim Fp

o0 o292 o0 g2a—2

=0.

This completes the proof. O
We are in position to derive the convergence rate of Ry(x;(0),0).

Lemma 2.5.33. Suppose P(|G|] <t) = O(t) (ast — 0) and E|G|?> < co. Then for
q € (1,2) we have

Ry(x3(0),0) =1 _ (1 - o(E|Z]7)?

lim

o—0 o24—2 €E|G|2q—2
Proof. According to Lemma 2.5.31, choosing C' = % in Lemma 2.5.32 finishes
the proof. O

2.5.7.4 Deriving the expansion of AMSE(\, ,,¢,0,)

According to Corollary 2.2.4 we know
AMSE(A, 0, 0) = 7 Ry(x(), ), (2.91)

where ¢ satisfies the following equation:

5_2

J

o° =0+ —Ry(x:(5),5). (2.92)

Since x; (&) minimizes Ry(x,7) we obtain

Ry(x;(0),0) < Ry(0,5) = 1.
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Therefore, under the condition § > 1,

o
0—1

2 2

o =5’ < o2, (2.93)

IN

1
2 T =
o, + 50
which implies that & — 0 as 0,, — 0. Accordingly, we combine Equation (2.92) with

the fact R (x}(7),0) = 1 as ¢ — 0 from Lemma 2.5.33 to conclude

0—1

= lim (1 - %Rq(xz(ﬁ)ﬁ)) === (2.94)

We now derive the expansion of AMSE(\, 4, q,0,) presented in (2.11). From (2.91)

and (2.92) we can compute that

AMSE(\g, q.00) — 125 32R,()(0).0) — b5 - (6% — T R,(x;(0),5))

o4 N o4
0*3(Ry(x5(0),0) =1) 5% & Ry(x;(0),0) -1
ol (6 —1) g 51 5242 '

Letting 0, — 0 on both sides of the above equation and using the results from (2.94)

and Lemma 2.5.33 completes the proof.

2.5.8 Proof of Theorem 2.2.6
From (2.91) and (2.92) we see that

AMSE(\. 4, ¢, 0) = 6(5% — 02).
Hence Theorem 2.2.6 can be proved by showing

lim & > 0.
ow—0

For that purpose we first prove the following under the condition E|G|*> < cc.

lim R,(x;(0),0) = 1. (2.95)

o—0

When ¢ = 2, R,(x;(c);0) admits a nice explicit expression and can be easily shown

to converge to 1. For 1 < ¢ < 2, since x;(c) is the minimizer of R,(x, o) we know

RQ(XZ(O-)JO-) < Rq<070) =1,
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hence lim sup,_,o R¢(X}(c),0) < 1. On the other hand, (2.80) gives us

Ry(x;(0),0) = (1= E(my(Z; X)) — €

1
e (1 +x*q(q = Dng(G/o + Z; X*)\”)
where we have used x* to denote X;(U) for simplicity. Based on Lemmas 2.5.29 and
2.5.30, we can apply Fatou’s lemma to the above inequality to obtain lim inf, o R,(x(0),0) >
1.
Next it is clear that

lim Ry(x;(0),0) < lim lim R (x,0) = 0. (2.96)

o—00 T—+00 X—+00

We now consider an arbitrary convergent sequence &, — o*. We claim ¢* # 0.

Otherwise Equation (2.92) tells us
Rq(XZ(5n>a5n) <0<,

and letting n — oo above contradicts (2.95). Now that ¢* > 0 we can take n — oo
in (2.92) to obtain
Ry(x(0%),0") = < 1.

According to Lemma 2.5.13, it is not hard to confirm Ry(x}(c),0) is a strictly de-
creasing and continuous function of o. Results (2.95) and (2.96) then imply that o*
is the unique solution to R,(x}(c),0) = 0. Since this is true for any sequence, we

have proved lim,, o0 exists and larger than zero.

2.5.9 Proof of Theorem 2.2.8
2.5.9.1 Roadmap

Theorem 2.2.8 differs from Theorem 2.2.7 in that the order of the second dominant
term of AMSE(A. 1,1, 0,,) becomes polynomial (ignore the logarithm term) when the

distribution of G has mass around zero. However, the proof outline remains the same.
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We hence stick to the same notations used in the proof of Theorem 2.2.7. In particular,
R(x,0),x*(0) represent Ry(x,0), x;(0) with ¢ = 1, respectively. We characterize the
convergence rate of x*(o) in Chapter 2.5.9.2, and bound the convergence rate of
R(x*(0),0) in Chapter 2.5.9.3. After we characterize R(x*(0),0o), the rest of the
proof is similar to that in Chapter 2.5.2.4. We therefore do not repeat it here.

2.5.9.2 Bounding the convergence rate of x*(o)

Lemma 2.5.34. Suppose P(|G| < t) = O(t") with £ >0 (ast — 0) and E|G|* < oo,

then for sufficiently small o

¢

1
amo’ < X*(0) = X < Buo’ - | |loglog...log < ) :
———

g
m times

where m > 0 is an arbitrary integer number, o, B, > 0 are two constants depending

on m, and x** is the unique minimizer of (1 —¢)E(n(Z; x))* + €(1 + x?) over [0,0).

Proof. According to Lemma 2.5.1, x*(0) — x™ as 0 — 0. To characterize the
convergence rate, we follow the same line of proof that we presented for Lemma 2.5.2
and adopt the same notations. For simplicity we do not detail out the entire proof
and instead highlight the differences. The key difference is that neither e; or ey are
exponentially small in the current setting. We now start by bounding e;. Let F(g)
be the distribution function of |G| and define

A

log,,(a) = loglog. . .log(a).

m times
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Given an integer m > 0 and a constant ¢ > 0, we then have
Eo(x" — |G|/o)
m=l pco(log,,_;(1/0))!/?
-/ O gfo)F () +
i=1 v¢

(108, —i41(1/0))/2

co(log,, (1/0))1/2 00
/ (X" —g/o)dF(g) + / (X" —g/o)dF(g)

co(log(1/))1/?

[e=]

3

IN

o(c(log,, i1 (1/o)'? = x*) - P(|G| < co(log,,;(1/0))"?) +

1

6(0) - (|G| < co(log,,(1/0))"?) + ¢(c(log(1/0))'* = 7). (2.97)

7

The condition P(|G| < t) = O(t") leads to

—_

3

o(c(l0g,,_i1(1/0)"? = x*) - P(IG| < co(log,,_;(1/0))"/?)

=1

e(X*)Q/Q m—1

e~ (108111 (1/O)/4 O (6! (log, _(1/5))?)

IN

— O(1)- 3 (o 4(1/) N,

=1

6412/4 . 6a2/2

where we have used the simple inequality e~ (a=b)?/2 < . It is also clear

that

S22 g

o(c(log(1/a))"? = x*) <

1
V2T
Therefore, by choosing a sufficiently large ¢ we can conclude that the dominant term
n (2.97) is ¢(0)P(|G| < co(log,,(1/0))?) = O(c*(log,,(1/0))?). Furthermore,
choosing a fixed constant C' > 0 we have the following lower bound

Co

E¢(x* + |Gl/o) > O o(X* + g/o)dF(g) > ¢(C + x*) - P(|G| < Co) = O(d").

Because
Eo(x" + [G|/o) < Ed(x" £ G/o) < Ep(x* — |G/0),

We are able to derive

O(0") < E¢(x" £ G/0) < (0" (log,,(1/0))"?).
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As a result we obtain the bound for es:
O(c") < ey < @(ae(logm(l/a))m) (2.98)
To bound ey, recall that

—G/o+x*
e = —EE/ o(2)dz = =2ex"Eg(ax™ — G /o),
—G/o—x*

where |a| < 1 depends on G. We can find two positive constants C, Cy > 0 such that

for small o
CiEg(x™ + |G|/o) < Eg(ax™ — G/o) < CrEG(X™ — |G/ o).
Hence we have

O(0') < —e; < O(c*(log,,(1/0))"?). (2.99)

Based on the results from (2.98) and (2.99) and Equation (2.24), we can use similar

arguments as in the proof of Lemma 2.5.2 to conclude

O(0") < x*(0) = x™* < B(0"(log,, (1/0))"/?).

2.5.9.3 Bounding the convergence rate of R(x*(0),0)

Lemma 2.5.35. Suppose P(|G| < t) = O(t") with £ >0 (ast — 0) and E|G|* < oo,
then for sufficiently small o

14

1
B’ | |loglog.. log (—) < RO (0).0) — My(e) < —ano.
—_— e\

m times

where m > 0 is an arbitrary integer number and u,, B, > 0 are two constants

depending on m.
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Proof. We recall the two quantities:

Mi(e) = (1= Em(Z;x™))" +e(l+ (X))
R(x"(0),0) = (1=Em(Z;x"))* +e(L+E(m(G/o+ Z;x") — Glo — Z)?)
+2EZ(m(Glo+ Z;x") — Glo — Z).
Since x*(o) is the minimizer of R(x, o),
R(x"(0),0) = Mi(e) < R(X™,0) — My(e)
= [E(m(G/o+Z;x™) = Glo—2)" = (X7)] +
2€EZ(m(GJo+ Z;x™) — GJo — Z)
(a) (0)
< 2EI(|G/o + Z] < x™) < —O(d"). (2.100)
To obtain (a), we have used Lemma 2.5.12 and the fact |n;(u;x) —u| < x. (b) is
due to the similar arguments for bounding e; in Lemma 2.5.34. To derive the lower
bound for R(x*(o), ) — M (€), we can follow the same reasoning steps as in the proof

of Lemma 2.5.3 and utilize the bound we derived for |x*(¢) — x™*| in Lemma 2.5.34.
We will obtain

[R(x"(0),0) — Mi(e)| < ©(c"(log,,(1/0))"?). (2.101)

Putting (2.100) and (2.101) together completes the proof. O

2.5.10 Proof of Theorem 2.2.9

The proof of Theorem 2.2.9 is essentially the same as that of Theorem 2.2.6. We do
not repeat the details. Note that the key argument lim, o R(x*(0),0) = M;(€) has

been shown in Lemma 2.5.1.

2.5.11 Proof of Theorem 2.2.10

Similarly as in the proof of Theorems 2.2.5, we would like to derive the convergence

rate of Ry(x;(c),0). We first characterize the convergence rate of x; (o).
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Lemma 2.5.36. Suppose E|G|* < oo, then for 0 < q < 1, X;(o) — oo and

Xi(0)o*™ 1 =0, as 0 — 0.

Proof. If x}(0)o*~% - 0, then there exists a sequence o, — 0 and a constant ¢ > 0
such that X;(ak)a?q > ¢, for all k. Choose a convergent subsequence {oy, } and
denote limg, o X:‘](akn)a,:q = a > ¢ (note o can be +00). Fatou’s lemma gives

liminf E(ny(B + ok, Z; 07 X (0%,)) — B)?

kyp—00

El%;m_)inf(nq(B + oy, Z; Ui,:qX;(Ukn)) — B)?

v

> Emin((n,(B;a) — B)?, B?) >0
Hence, we have

lim inf B(n,(B/ow, + Z; xg(0x,)) = B/ow,)?

N T oy s )
= i S inf E(ny(B + 0,703, "3 (00,)) = B)* = Foc.

which implies liminfy, o Ry(X}(0%,),0n,) = +o0o. However, since x;(o,) is the
optimal thresholding value, it holds that Ry(x}(o,), o, ) < Re(0,0%,) = 1, for every
ky. This is a contradiction. Similarly, if x; (o) - oo, there exists a sequence o3, —
0 and a finite constant o > 0 such that X:;(O’k) — «a. We can apply Dominated

Convergence Theorem (DCT) to obtain,

lim Ry(x}(o%),00) = (1 — ) En(Z;0) + € > €. (2.102)

k—o0

On the other hand, since X;(ak) is the optimal thresholding value, we have

lim Ry(x)(04), 0%) < Jim Ry(8,0) = (1~ JBRZ(Z:6) + ¢

k—o0

for any finite 3. Letting  — oo on both sides of the above inequality yields

lim Ry(x;(ok), 0%) <€,

k—o0

which contradicts (2.102). O
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Lemma 2.5.37. Suppose P(|G| > p) = 1 with p being a fixed positive number and
E|G|? < oo, then for every 0 < q < 1,

. — (- et e )P

o * 22q:1 * 2% o 2 — 2q—-2 7

(G (0) F dleg(x(0)=e) (2~ DEIGH

where ¢(+) is the density function of a standard normal.

Proof. Let F(g) denote the distribution function of |G|. We first decompose R,(x, ).

Ryx.0) = 2(1—¢ / L RE06(:)d

gx 279

J/

+ EL /_%qufq(nq(g +2;x) — g)%(z)dzdp(g)

J/

o0 [e'e) p | g 2
+ e/M /Z%qxglq(nq(—; +2x) + 2)*0(2)dzdF (g)

J/

~
R3

; / /. e 9 o(2)d=dF (). (2.103)

776 X2 q

[\ S/

From the proof of Lemma 2.5.36, it is straightforward to see that x7 (o) is non-zero
and finite. Since x = x} (o) is the optimal thresholding value, we conclude that x; (o)
satisfies %Z’X(J)’U) = 0. For notational simplicity, below we may write x for x;(o).

Now we analyze the partial derivative of the four terms in (2.103) separately. For the

first term,
OB, =20 —epxte o
N - (77q (caX™ 75 X)) d(cgx ™)
o0 nd(z; x)
—4(1 - e)g / s EEIwE Plz)dz,  (2104)
e 14+ xq(g — D)nd (2 x)

where we have used Lemma 2.5.9 part (i). We now compare the order of the two
terms on the right hand side of the above equality. According to Lemma 2.5.10, we

can conclude that 1+ xq(q — 1)n¢~?(z; x) is bounded away from zero, for z > cqxﬁ.



CHAPTER 2. OVERCOMING THE LIMITATIONS OF PHASE TRANSITION
VIA A SECOND-ORDER LOW NOISE SENSITIVITY ANALYSIS 93

Hence, combining with the fact |n,(z;x)| < |z|, we obtain there exists a positive

constant C such that

o n(z; x) >
) — o(z)dz| < C . 2P(z)dz
‘ /cqu 1+ xq(g — 1)ng (25 x) ‘ cx T
@) ch’lxg%ub(cqxﬂ) + C’/ (g —1)2"2¢(2)d=
cqx 271

< Oty Er e ™) + Clg — 1)ty /  é(2)dz

ax 24
(@) a-1 Bl a=3 o a-1 Bl
< O(X*19(cgx 1)) + O(XF19(cex 7)) = O(X*71¢(cgx>7)).
We have used integration by parts to obtain (7). Regarding (ii), we have used the tail
approximation ft o(2)dz ~ %¢(z€), as t — oco. Now we discuss the order of the first
term in (2.104). Since n;(cqxﬁ; X) = Xflqn;“(cq; 1) from Lemma 2.5.9 part (iv), we

1
know the first term is of order Xg%q gzﬁ(chTiq). Hence we can conclude that

1 280yt = XL I e U

lim T (2.105)

For the last term Ry, we can do the following calculations:

OR, 6|G|2cqxg;ﬂlz L L
o E[m(gb(—G/UJrch )+ 6(=Glo — e ™))
2ec, 2ecyr
TX) 1GPo(ex ™~ 1Gl/o)] < g™ so(ex™ — /o EICH,

where the last inequality is due to the fact |G|/o > p/o > cqqu from Lemma
2.5.36. Making use of /o > cqxﬁ again, it is straightforward to confirm that

S(—p1/0 + cxT)

lim T = 0.
o0 ‘72¢(qu@)
Therefore we conclude
8R q 1
lim =2 /(x4 p(c,x7 7)) = 0. (2.106)

o—0 aX
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We now discuss the calculation of 86%.

8R —€C g—1 o0 1 1
e 5 Z]X"’ ’ (Wq (caxT 75 x) = 9/0)°d(—g/0o + cexT7)dF(g) +

/ /_ Jot a(9/0 + 2x) = g/0 = 2)0amy(g/0 + 2 x)$(2)dzdF (g)
2 /ﬂ /_ . 20amg(g/0 + 2 X)(2)dzdF (g)

g/o+ecqx 1
o0

—€C g—=1 1 e
T 5 Z]X'“‘ (g (cgX ™73 X) — g/0)*d(—g/0 + cqx?=2)dF (g) +
°w
55
2‘1 2(g)o + 2

2exq” / / lg/o + zix) (2)d=dF(g) +

—glotepx T 1+ XQ(Q —1)ni*(g/0 + 21 X)

S,

ni~(g/o + 2 x)
) dzdF(g),
Eq/ /—g/quf 1+ xq(q — 1)77q (9/0 + z; X)zaﬁ(z) “dF (o)

where we have used Lemma 2.5.9 part (i)(iii) in the above derivations. We then
analyze the above three terms separately. For S3, integration by parts combined with

Lemma 2.5.9 part (i) gives

—2eq(nt (ch2 7 X )a-1
% = : ¢——+cx2 “)dF(g) +
3 I+ xalg=1)nf (cX7 7 /
- — nd=2(g/o + 2 x)
ot / /+ (1+xale = g "(g/0 + = x))2¢(z)dZdF(g) i

J/

2 v 7 *(g/o + 2 X) N
Ry A O e o v e e ik

Choosing a positive constant 0 < v < u, we write
T stz iy o+ z;
= —2¢eq(q—1) / / o/ X) 2¢(z)dzdF(g)
e (1+xqlg — 1)77q “(9/0 + 2 X))
1(Z +|Gl/o > v/omi (|G| + 0Z; 0%~ X)
(1+ xa(g = V)nf *(|Gl/o + Z; x))?

—2¢eq(q— 1E (2.107)
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It is clear that when u > cqxflq, there exists a positive constant C such that 1 +
xq(q — 1)nd=2(u; x) > Co > 0. Also since n,(u; x) is a non-decreasing function of
u > 0, we can obtain

L(Z +|G|/o > v/o)ni (G| + 0 Z;0%7X)

(1 +xa(q = V)ni*(IGl /o + Z; x))?
< (C3) Mg (v 0™ 7x) < Cgng (w3 1),

for sufficiently small o. Because 02~y — 0, as ¢ — 0 from Lemma 2.5.36, we get
W(Z +|Gl/o > v/o)ni (|G| + 0 Z;0* )

im -
o0 (1+xqlq = ng (|G|/o + Z:x))?
-2 C2—
i 1(oZ + |G| > v)ni=(|G| + 0 Z;0%79X) G
=0 (1+ 02-axq(g — )ni *(|G| + 0 Z; 0%~4x))?
We can then use Dominated Convergence Theorem (DCT) to conclude
(Z+|G|/o > |G|+ oZ;0%1
i ELZ T 1G1/0 U/Uzn‘; (Gl *oZ:0 . Y _gep (2.108)
=0 (I+xglg—Vna (IGl/o+ Z;x))

Moreover, we can use similar arguments to obtain as o — 0

—ots o171 2(g/o + 2 X)
— 2T 1+xq(q—1)nq (/0 + 21 X))?

glotvfo
< Cy*x~ (nq c; 1)1 20" 2/ / (2)dzdF(g)

9/U+CqX

¢(2)dzdF (g)

< o nf (e 1) 20" 2 (0)o — cpx0)o (—M/U +v/o) =0, (2.109)
where the last inequality uses the fact that g > p and

—g/otv/o L
[ e < ol — xR ol-glo + v/o)

g/ot+cqx 271
Putting together (2.107), (2.108) and (2.109) gives us

T
lim —— = —2eq(q — 1)E|G|72.

o—0 02

Since T3 and S, take similar forms as 75, we can follow similar steps to derive,

13
1m —————
=0 o422 (o)
S2

i _ 2 2q—2
i%w = 2€q ]E|G| q . (21].1)

— 2e%(¢— 1)(q — 2)EIGI*, (2.110)
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Furthermore, by applying Lemma 2.5.36, it is not hard to see

lim 07 2T} = 0, lim 0?25 = 0. (2.112)
o—

o—0

Combing the results regarding 7,75 and T3 we have

T
: q—2 — : q—2 : q—2 : 3 LAk 2—q
[1713% ol7°85; lli% ol™°T + ilir(l) o1, + (17151) —04_2%;(0) Xg(o)o
= —2eq(q — 1)E|G]2. (2.113)

Collecting (2.110), (2.112) and (2.113) together, we obtain the order of aa—]jf,

. ORy
lim

< 2-2q. * — 2 2q—2
lm 5 /(07 Xa(0)) = 26 RIGI (2.114)

q

From Equation (2.103), we observe that Rj3 is only different from Ry by a sign of g,
hence we can follow the same arguments presented for analyzing 0R,/0x. We only

highlight the differences for calculating T, /0?9 (we are using the same notations):

1(Z—|G|/o>v/o)nd *(~|Gl+oZ;02 1) —0
(1+xq(g—1)nd (|G| /o+Z;x))? ’

1. hmg_m

oo rg/otv/o o9~ 2nd "% (—g/o+2x) Ja ‘
> ’ B oo T (1+xq(q*1)n§‘*2(*9/0+z;x))2¢(Z)dZd (9)

< Oy (e D)ot 2 (v]0 — T 0)b(ufo + ex77) = o(1) .
Therefore, we can obtain lim,_, % = 0 and conclude
lim —/(o*?7x*(0)) = 0. (2.115)

We combine the results from (2.103), (2.105), (2.106), (2.114), and (2.115) to have

a+1 1 1

lim o~ (0)2eq"E|G[* (2 — q) [(x5(0)) > 2 b (cg (x5 () 7)2(1 — €)cg(ng (e 1))*] = 1.

o—0

Simplifying the above equality completes the proof. O

Lemma 2.5.38. Suppose P(|G| > p) = 1 with p being a fized positive number and

E|G]? < oo, then for 0 < g <1 as o — 0,

Ry(x3(0),0) = €+ eq’E|G[** (x3(0)) 0™ + o((x5(0))*0* 7).
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Proof. We will use the same notation that was introduced in (2.103), and analyze the

four terms respectively. Regarding Ry, we have

Ro—ec—e / / o o)+ 50 — g0 = 2P o(2)d=dE o)

J/

-~

@1

/ / o 220ul0f 430 — g/ = 20N )

-~

Q2

[/ T )

According to Lemma 2.5.9 part (iii),

(.

g
Q1 = eq’x / / . ngq 2( + z;x)0(2)dzdF(g).
—g+0qx
Using the same analysis of 75 as in the proof of Lemma 2.5.37, it is clear that
lim xy 20%72Q, = ¢’E|G|*1 2.
o—0
Regarding ()2, using integration by parts and Lemma 2.5.9 part (ii) we obtain

Q2 = 260 (g ™7 X) — e ™) / B9/ + cox™0)dF(g)

— 2 q(q — )ng~ “(ufo + zX) 2)dz
2 / /9+cqx2 7 1+X9(q—1)77q <9/0+Z,X)¢( YdzdF(g).

We can directly see the first term on the right hand side of the above equation is

bounded by O(qugzﬁ(,u/(Qa))). By using the same technique applied for analyzing

Ty, we then know the second term is of order yo? 9. Hence we obtain
lim x~'0"7Qs = 2¢q(1 — q)E|G|">.
o—

We now analyze (3. A simple integration by parts yields,

Q3 = —6/:0(9/0 — X7 1)6(g/o — ¢;xTT)dF (g) — 6/:0 /:_qufq ¢(z)dzdF(g).
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Using the fact that [~ ¢(z)dz ~ 16(t) and p/o — cqxflq — 400, we can derive

/ “(9/o — e Folofo — en () < [ (9/0)0(9/(20))dF (9) < 6(u/20) E[G],

/ | @) < [ ol < 00/ (ufo — e i)olufo — )
g/o—cix T 1/o—cqx T

It is then straightforward to confirm that lim,_,o Y '0? 2Q3 = 0. Combing the results
about 1, Q> and (3 we obtain

lim x 2027 %(Ry — €) = ¢¢*E|G|?7 2. (2.116)

o—0

Noticing that R, and Rj3 take similar forms, the preceding arguments can be easily

adapted to show

lim xy 20?7 2R3 = 0. (2.117)

o—0

Regarding R4, we first derive an upper bound in the following way:

—g/o+eqx T ( ) ! ~ -
Ry=e / / dzdF(g) < 2ecyx* 10" / 9 d(=g/o + cexT7)dF(g)
- %

9/0 CqX2 a

< 2ec,xT 10 2(— /o + 7 )E|G
The fact that 0279y — 0, as 0 — 0 leads to
lim y 202 2R, = 0. (2.118)
oc—0

We finally analyze R;. A simple integration by parts gives us

200 [ e =-20-9 [ ) = (2119)

ax 1 X2 1 z

2 - 2
N7 (CqxZ 75 X) 1 2 2z2me(2; x)01mg (23 X) — 12 (25 X)
CgX*1 cqx 24
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Since |n,(z; x)| < |2|, we can bound the second integral in (2.119):

22nq (25 X)01mq(25X) — 17 (23 X)

& 2
dz| < d
‘ X7 2 PRI = /x2 11+ xq(q — 1)773*2(2;x)|¢(2) )
W) [ 9 00 5
/cqx2lq d(2)dz < /qu21q 5¢(z)dz + /qu21q P(2)dz < (2C7H +1) /cqx21q o(z)dz

< O(xT2 (e ™)),

where (1) is due to Lemma 2.5.10. It is then clear that the dominant term in (2.119)

is the first term and

B 20 e ) 2120

70 7 ey TT) Cq

The results (2.116), (2.117), (2.118), (2.120) together with Lemma 2.5.37 finish the

proof. O]

We are in the position to derive the expansion in Theorem 2.2.10. According to

Corollary 2.2.4,

52RQ(X;(5—)75).

AMSE(\v .0, 00) = F*Ry(xG(0),5), 7 = 0% + T

S

(2.121)

First of all, implicit function theorem shows that & is a continuous function of oy,.
Since ¢ = 0 when o, = 0, we obtain ¢ — 0 as o,, — 0. Equation (2.121) combined

with Lemma 2.5.38 yields

.
alir—r:o 02 J—e¢ (2122)
We now characterize the following limit:
AMSE(\. . 0.0u) — 2502 ) 320(Ry(x:(0),5) — €)
lim 4-2q /. «(=))2 - 4-2q /. «(=))2
=0 ow ' (x5(7)) w0 oy (X5(0))%(0 — €)
o R,(x:(0),0) —€ 4*2q () €¢*E|G|2a-2534
B 0 gy, BalGl0)0) € o @ «q7BIC) . (2123)
R N ) T e B R

where (a) is due to (2.121), (b) holds since ¢ — 0 as o, — 0, and (c) is obtained
from (2.122) and Lemma 2.5.38. Our next step is to show x;(d) ~ x;(0,). Based on
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Lemma 2.5.37 we obtain

y ot (X3(7))*7 By x5 (0w)) 77) _
im —5=i —= 59 =1.
7020 (x3(0)) 77 dleg (x5 () 77) ou
It combined with (2.122) gives us
i, 000D F 0l o)) (-9
=0 () 0 Bley(x(7))7) 0

which implies

2 — 1 How)
lim |22 logxq(_)——q
w0l 2—q 7 xi(@) 2

(3 (0) /0 = X3(0)2 )| = (1= g)log(1 — ¢/9).

Since X} (0w), X;(0) — oo as 0, — 0 from Lemma 2.5.36, dividing both sides of the
above equality by x}(0,,)% @~ yields

X;(Uw)

o1 (2.124)
au=0 x:(7)

Finally, taking logarithm and diving by (X;(aw))ﬁ on both sides of the equality in
Lemma 2.5.37 leads to
(2.125)

Putting (2.123), (2.124) and (2.125) together completes the proof.

2.5.12 Proof of Theorem 2.2.11

The roadmap of the proof is similar to that of Theorem 2.2.10. We characterize
the convergence rate of x; (o) and derive the asymptotic formula for R,(x;(c), o) in

Lemma 2.5.39 and Lemma 2.5.40, respectively.

Lemma 2.5.39. Suppose E|G]? < oo and P(|G| > u) = 1, where p = sup,{v :
P(|G| >v) =1} > 0. Then for ¢ =0,

' (oo = -
(171_% Xi(o)o = 2,
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Proof. By using the same arguments presented in the proof of Lemma 2.5.36, we can
obtain x;(c) — oo, as ¢ — 0. Now we consider an arbitrarily convergent sequence
o — 0,as k — oo, and show  / xi(ox)or — 11/(2c0). Denote limy, oo /X5 (0k)0r = .
For notational simplicity, below we may write x for x;(o). Suppose o > p/co, then

by Fatou’s lemma, we have
li}gninfE(no(G/ak +Z;x) — GJop)* > li]{ninfE[]lﬂG + 01 Z| < co\/Xok)G? 07 = <.
—00 —00

On the other hand, Ry(x, 0%) < Ro(0,0%) = 1. This is a contradiction. Hence it holds
that o < p/co. Next we aim to show a < ju/(2c). Since no(u; x) = ul(|u| > coy/X),

it is straightforward to confirm the following

Ao(,) =201 =) eoy Kooy + [ o021

J

~~

Ry
+ ¢E (co\/_ — |U£|>qb(co\/¥ — @) + /C::?_S gb(z)dz]
~ .
+ €¢E <co\/§+ @>¢(Co\/§ + ’%ﬂ) + /00;+§ qb(z)dz]
cou/z—Lal
+ GE/_%;_; |§—2|2¢(z)dz. (2.126)
< _

Moreover, it is clear that x (o), the optimal thresholding value, is finite and non-zero,
and hence we have %&?’“)m =0, i.e.,

ORy ORy, OR; OR

1 Ofe  Ohs Ol

T o T (2.127)
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where we can calculate the partial derivatives as follows®

%_f? = (e — 1)y/Xd(coy/X),

%_fj; _ ;\E/C;E[(CO\/;_ Gl/0w) 6 (cov/x — Gl /o).

%_% = S ALV + 161/01) "0lcovX + 61/ on)],

%f;; _ 2;;00,3E{‘G’2 [6(cov/X — |GI/ox) + d(coy/X +|Gl/ow)] }

With a few more steps of calculations we obtain as o}, — 0,

OR, ORs ORy —ecl
R E[(cov/Xox = 2/G)é(cov/X = |Gl/ov)]

2

4B (co/ Ko + 2160 (vT + 1G] /o)] o -E[IG16 (v - 16]/av)].

Hence, dividing both sides of (2.127) by |/X¢(coy/X) and letting & — oo shows

0< kli_)rgloE[|G|exp(|G|(—|G| + 20kc0v/X)/ (207))] < 0. (2.128)
If a > p/(2¢), we will see

E[|Glexp(|G|(~|G| + 20xcov/X)/ (20%)) ]
> E[|Glexp(|G|(—|G| + 20kc0v/X)/(207)) - L(|G| < 2aco)| — +oc.

We have used Fatou’s lemma to obtain the last limit. Obviously the inequality above
contradicts (2.128). Thus we obtain the upper bound 1/ (2¢) for a. Finally we would
like to derive av > p1/(2¢o). Note that since oo < p/(2¢p), it is not hard to show that
when £k is large,
OR, < ecoE|G)?
ox — Jxoi

Based on the inequality above, we can further obtain

P(co/X — 1/ok) = O((\/%Uz)ﬂ(?(cox/i — M/Uk))-

ORy n OR3 N ORy
ox ox 195%

< O((Vxai) " olcoy/X — /o)) (2.129)

6The condition E|G|? < oo enables us to apply dominated convergence theorem to exchange the

differentiation and expectation in the calculation of the partial derivatives.
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Now suppose a < /(2¢), then it follows that

: L ep(M2070) o)

= 2

1
méﬁ(a)ﬂ— 0%) : TR XO-]%GX

However, this fact combined with (2.129) implies that if we divide both sides of
Equation (2.127) by /x¢(co\/X) and letting & — oo, we would get

(E - 1)68 = 07

which is a contradiction. Above all we have proved that for an arbitrarily convergent

sequence oy, — 0, /xi(ow)or — 1/ (2¢o), as k — oo. This completes the proof. [

Lemma 2.5.40. Suppose E|G|* < oo and P(|G| > u) = 1, where p = sup,{v :
P(|G| > v) =1} > 0. Then for g =0, as c — 0

Ry(x3(0),0) = e+ O(y/x5(0)d(cor/ x3(0)))-
Proof. We adopt the same notations from the proof of Lemma 2.5.39. Then,
Ry(x;(0),0) —e=Ri + (R2 — €) + R3 + Ry.

Based on the result that |/x;(c)o — - in Lemma 2.5.39, from (2.126) we can obtain

R = O(/x;(0)(eoy/x;(0)),
Ry —e = O(E[|G|/o¢(co\/x;(0) —|Gl/o)]).
Ry = O(E[|G|/o¢(cor/x;(0) +|Gl/o)]).

Regarding Ry, it holds that

Ry = GE}GW“Q'(/;Ucom¢(z)dz_/;a+com¢<z)dzﬂ

E[|G12/0? - / 6(2)dz]
: 1Gl/o—con/X5(@)

E[|G]/ - 6(1GI /o = cor/x3(@)) - IGI/(IG] = ooy /x5 ()]
O(E[IGI/o - (1GI/o = cor/x5(0))]).

IN

IN

IN
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Furthermore, (2.128) shows us that

E[|Gl/o6(IG/o = coy/xz(0))] - T >¢<t Yo == on)

Putting together what we have derived so far closes the proof. O

Based on Lemmas 2.5.39 and 2.5.40, it is straightforward to obtain the following

result:

Ry(x;3(0),0) = €+ o(d(jio™")).

The expansion of AMSE(\, ,0,0,) can be derived accordingly as we did for 0 < ¢ <

1. We do not repeat the arguments.

2.5.13 Proof of Theorem 2.2.12

The proof of Theorem 2.2.12 is similar to that of Theorem 2.2.6. We hence skip it

for brevity.
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Chapter 3

Low noise analysis without sparsity

In Chapter 2, we have discussed the limitations of phase transition diagrams and
performed a second-order low noise sensitivity analysis to resolve such issue. The
fundamental condition underlying all the preceding analyses is the sparsity of the
coefficient 8. However, exact sparsity might be a stringent requirement from practical
point of view. A more realistic assumption is that £ is approximately sparse, i.e., it
has many elements of small values. Then how would the bridge regression estimators
behave? As we shall see in this chapter, phase transition analysis is not sufficient
to characterize the performance of LQLS estimators, and instead we present the low
noise sensitivity analysis, as a generalization of the phase transition, to provide a more
accurate view of LQLS for estimating non-sparse 3. To simplify the presentation, we

focus our analysis on the case 1 < g < 2.

3.1 Introduction

3.1.1 Objective

Phase transition analysis (PT) studies the asymptotic mean square error (AMSE)
1B(X, ¢)—B]12/p under the asymptotic setting p — oo and n/p — 8. Then, it considers
w = 0 and calculates the smallest & for which infy lim,_.. ||3(\, q) — 8]|2/p = 0. In
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this chapter, we consider situations in which (8 is not exactly sparse. As is intuitively
expected and will be discussed later in the chapter, the phase transition analysis
implies that for every 1 < ¢ <2, if § > 1, then inf) lim, , 18X, q) — B]12/p = 0 and
if § < 1, then inf) lim, , HB()\, q) — B||3/p # 0. This simple application of PT reveals

some of the limitations of the phase transition analysis:

1. Phase transition analysis is concerned with w = 0, and when § is not sparse,
LQLS with different values of ¢ have the same phase transition at § = 1. The
same phase transition happens for ordinary least squares (OLS). Hence, it is
not clear whether regularization can improve the performance of OLS and if
it does, which regularizer is the best. We expect the choice of regularizer to

matter when we add some noise to the measurements.

2. Phase transition diagram is not sensitive to the magnitude distribution of the
elements of 5. Again, intuitively speaking, this seems to have a major impact on

the performance of different estimators when the noise is present in the system.

Following the same idea presented in Chapter 2, we perform a second-order low
noise sensitivity analysis to overcome the limitations. This framework has the follow-

ing two main advantages over the phase transition analysis:

1. It reveals certain phenomena that are important in applications and are not
captured by PT analysis. For instance, one immediately sees the impact of the
regularizer and the magnitude distribution of the elements of 8 on the AMSE.
Furthermore, these relations are expressed explicitly and can be interpreted

easily.

2. It provides a bridge between the phase transition analysis proposed in com-
pressed sensing, and the classical large sample-size asymptotics (n/p — 00).
We will discuss some of the implications of this connection for the classical

asymptotics in Chapter 3.3.
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To demonstrate the above claims we use the low-noise sensitivity analysis to ad-

dress the following questions:

1. When S is not sparse, does LASSO outperform LQLS with ¢ € (1,2]? Which
LQLS performs the best?

2. What is the impact of the distribution of the elements of 5 on AMSE of LQLS

estimators?

3.1.2 Related works

The works most related to ours are Donoho (2006a); Candes and Tao (2006); Candes
and Plan (2011). In the first two papers, the authors considered non-sparse § with the
constraint that [|3]|; < R or the ith largest component |3|(;) decays asi~*(a > 0). The
papers derived optimal (up to logarithmic factor) upper bounds on the mean square
error of LASSO. However, we characterize the performance of LASSO for a generic
f and derive conditions under which LASSO outperforms other bridge estimators.
Also, we should emphasize that thanks to our asymptotic settings, unlike these two
papers we are able to derive exact expressions of AMSE with sharp constants. Finally,
Candes and Plan (2011) studied a fixed signal § and obtained an oracle inequality
for ||3(X, 1) — fB||2, with the tuning A chosen as an explicit function of p. While their
results are more general than ours, the bounds suffer from loose constants and are
not sufficient to provide sharp comparison of LASSO with other LQLS. Moreover, the
tuning parameter A in our case is set to the optimal one that minimizes the AMSE for
every LQLS, which further paves our way for accurate comparison between different
LQLS.

The performance of LQLS with ¢ > 0 under classical asymptotic setting where p
is fixed and n — oo is studied in Knight and Fu (2000). The author obtained the
/n convergence of LQLS estimates and derived the asymptotic distributions. His
results can be used to calculate the AMSE for LQLS with optimal tuning and show
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that they are all equal for ¢ € [1,2]. However, we demonstrate in Chapter 3.3 that
by a second-order analysis, a more accurate comparison between the performances of
different LQLS is possible. In particular, LASSO will be shown to outperform others

for certain type of non-sparse coefficients.

3.2 Phase transition and a second-order noise sen-
sitivity analysis

Recall the asymptotic framework we introduced in Chapter 1.2. In the rest of this
chapter, we will assume fz does not have any point mass at zero. We use the notation

B to denote a one dimensional random variable distributed according to fs.

3.2.1 Phase transition

Suppose that there is no noise in the linear model, i.e., o, = 0. Our first goal in the
phase transition analysis is to find the minimum value of § for which AMSE(\, 4, ¢,0) =

0. Our next theorem characterizes the phase transition.

Theorem 3.2.1. Let q € [1,2]. If E|B|*> < oo, then we have

>0 ifdo <1,
AMSE(\, 4,¢,0) =

=0 ifd>1.

The result can also be derived from several different frameworks including the
statistical dimension framework in Amelunxen et al. (2014). But we derive it as a
simple byproduct of our results in Chapter 3.2.2. So we do not discuss its proof here.
This result is not surprising. Since, none of the coefficients is zero, the exact recovery
is impossible if n < p. Also, note that when § > 1 even the ordinary least squares is
capable of recovering 3. Hence, the result of phase transition analysis does not provide

any additional information on the performance of different regularizers. It is not even
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capable of showing the advantage of regularization techniques over the standard least
squares algorithm. This is due to the fact that the result of Theorem 3.2.1 holds
only in the noiseless case. Intuitively speaking, in the practical settings where the
existence of the measurement noise is inevitable, we expect different LQLS to behave
differently. For instance, even though the coefficient under study is not sparse, when
fs has a large mass around zero (it is approximately sparse), we expect the sparsity
promoting LASSO to offer better performance than the other LQLS. However, the
distribution fz does not have any effect on the phase transition diagram. Motivated
by these concerns, in the next section, we investigate the performance of LQLS in the
noisy setting, and study their noise sensitivity when the noise level o, is small. The

new analysis will offer more informative answers.

3.2.2 Second-order noise sensitivity analysis of AMSE

As an immediate generalization of the phase transition analysis, we can study the
performance of different estimators in the presence of a small amount of noise. More
formally, we derive the asymptotic expansion of AMSE(\, 4, ¢, 0,,) for every ¢ € [1, 2],
when o, — 0. As will be discussed later, this generalization of phase transitions
presents a more delicate analysis of LQLS. We start with the study of AMSE for the
ordinary least squares (OLS). The result of OLS will be later used for comparison

purposes.

Corollary 3.2.2. Consider the region 6 > 1. For the OLS estimate B(O, q), we have

0.2

AMSE(0, ¢, 04) = 1_—“1/5

We prove the above corollary in Chapter 3.4.2. Note that the proof we presented
there, has not used the independence of the noise elements that is often assumed in
the analysis of OLS. Now we can discuss LQLS with the optimal choice of A. We

first consider the coefficients whose elements are bounded away from zero in Theorem

3.2.3 and then study other distributions in Theorem 3.2.5.
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Theorem 3.2.3. Consider the region § > 1. Suppose that P(|B| > p) = 1 with u

being a positive constant and E|B|*> < oo. Then, for q € (1,2], as o, — 0

02 Pla—DEBP
AMBEQwardo0w) = 175 = (" 1pmippe

and forq=1, as o, — 0

o2 _ﬁ2(62—1)

where [i 1s any positive number smaller than .

The proof can be found in Chapter 3.4.3. We observe that the first dominant
term in the expansion of AMSE(\,,, ¢,0,) is exactly the same for all values of ¢,
including ¢ = 1 and is equal to o2 /(1 — 1/§). This is also the same as the AMSE
of the OLS. We may consider this term as the “phase transition” term, since it will
go to zero only when 6 > 1. In a nutshell, the first term in the expansion provides
the phase transition information. However, we are able to derive the second order
term for AMSE(\, 4, ¢,0,). This term gives us what is beyond phase transition
analysis. The impact of the signal distribution fg and the regularizer ¢,, that is
omitted in PT diagram, is revealed in the second order term. As a result, to compare
the performance of LQLS with different values of ¢ in the low noise regime, we can
compare their second order terms.

First note that all the regularizers that are studied in Theorem 3.2.3 improve the
performance of OLS. When the distribution of the coefficients is bounded away from
0, no significant gain is obtained from LASSO since the second dominant term in the
expansion of AMSE is exponentially small. However, the rate of the second order
term exhibits an interesting transition from exponential to a polynomial decay when
q increases from 1. In fact, it seems that bridge regularizers with ¢ > 1 offer more
substantial improvements over OLS. Even though LASSO is suboptimal, it is not
clear which value of ¢ provides the best performance here. Among other LQLS with

q € (1, 2], the optimality is determined by the constant involved in the second order
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term (they all have the same orders). To simplify our discussions, define

(¢ —D*(E[B]"*)? . _
Rz 0 ¢ T UECe

C, =

Then LQLS with ¢ = ¢* will perform the best. To provide some insights on ¢*, we

focus on a special family of distributions.

Lemma 3.2.4. Consider the two-point mizture |B| ~ al,, + (1 — a)A,, with 0 <
w1 < po,a € (0,1). Then ¢* = 2 when puy = po, and ¢* — 1 as pg/pu; — oo.

Proof. When 1y = pig, it is clear that C, = (¢ — 1)?u;? and thus ¢* = 2. We now

consider 0 < p; < 2. Denote k = po/p11. We can then write C, as:

o~ a=DXopl "+ (- a)pd )’ _ (g-1)*(a+(1—a)s"?)’
T A+ (- T

Define ¢ = 1 + @. We would like to show that for any € > 0, C; > maxic<4<2 Cy

for k large enough. That will give us ¢* € (1,1 + ¢€) and hence finishes the proof. To
show that, note that for any ¢ € [1 +¢€,2],k > 1,

C;  (a+(1—a)s’?)? a+(1—a)s*? (§—1)
C, (a+(1—a)kr2)2 a+(1—a)k22 (qg—1)2
o, a+(l—a)r* 2 a’(1—a) 2 -2
: (g—1)° > ———— - k(1 — 00.
“ a+ (1 —a)e? (@=1) T a+ (1 —a)e? w* (log ) >
Therefore, C; > maxij.<4<2 Cy when k is sufficiently large. m

Lemma 3.2.4 implies that ridge (¢ = 2) regularizer is optimal when the two-point
mixture components coincide, and the optimal value of ¢ will shift towards 1 as the
ratio of the two points goes off to infinity. Intuitively speaking, one would expect
ridge to penalize large coefficients more aggressively than ¢ < 2. Hence, in cases the
coefficient has a large dynamic range, ridge penalizes the large coefficient values more
and is not expected to outperform other values of ¢q. Note that for the two-point
mixture coefficients, the optimal value of ¢ can be arbitrarily close to 1, however
LASSO can never be optimal because its second order term is exponentially small.
We next study a more informative and interesting case where the distribution of

has more mass around zero.



CHAPTER 3. LOW NOISE ANALYSIS WITHOUT SPARSITY 112

Theorem 3.2.5. Consider the region § > 1 and assume E|B|*> < oco. For any given
q € (1,2), suppose that P(|B| < t) = O(t*79%¢) (as t — 0) with € being any positive

constant, then as o, — 0

O'EU 53((] - 1)2(E|B|q_2>2
AMSE()\*7q7 q, O'w) = 1 — 1/5 - (6 _ 1)3]E’B‘2q72

af‘u + 0(03‘)).

Forq=2, as o, — 0

A oa & 4 4
MSE(Ai2,2,04) = =15 (0= 1)3E\B]20w + o(0y,).

For q = 1, suppose that P(|B| < t) = O(t") with £ > 0, then as g, — 0

2

1 ¢ o
_ 20+2 . < _ w < _ 2042
[SItomais] <log10g. .. log (—w) ) S AMSE(Mq1, 1, 04) =175 ~ |©(a )],

m times

where m can be any natural number.

The proof is presented in Chapter 3.4.4. Note that the condition P(|B| < t) =
O(t?79%¢) for q € (1,2) is necessary otherwise the form E|B|?"? appearing in the sec-

ond order term will be unbounded. We would like to make the following observations:

1. Compared to the results in Theorem 3.2.3, we see that the expansion of AMSE
for ¢ € (1,2] in Theorem 3.2.5 remains the same for more general B, while the
rate of the second order term for LASSO changes to polynomial from exponen-
tial. That means LASSO is more sensitive to the distribution of 5 than other
LQLS.

2. The second order term of LASSO becomes smaller as ¢ decreases. It implies
that LASSO performs better when the probability mass of the coefficient concen-

trates more around zero. This can be well explained by the sparsity promoting

feature of LASSO;

3. As in the case P(|B| > u) = 1, the first dominant term is the same for all

g € [1,2]. Hence we have to compare their second order term. For any
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given ¢ € (1,2], suppose P(|B| < t) = O(t>79%¢), then the second term of
AMSE (. 4, ¢, 04) is of order oo, while that of LASSO is ©(a%72¢%%) (ignore
the logarithmic factor). Since both terms are negative, we can conclude LASSO
performs better than LQLS with that value of ¢ when € € (0,¢—1), and performs
worse when € € (¢—1,00). This observation has an important implication. The
behavior of the distribution of |B| around zero is the most important factor
in the comparison between LASSO and other LQLS. If the probability density
function (pdf) of B is zero at zero, then we should not use LASSO and when
it goes to infinity LASSO performs better than LQLS with ¢ > 1 (at least for

those values of ¢ for which our theorem is applicable).

4. Regrading the case where the pdf is finite at zero, our calculations of LASSO
are not sharp enough to give an accurate comparison between LASSO and other
LQLS. However, the comparison of LQLS for different values of ¢ > 1 will shed
more light on the performance of different regularizers in this case. Hence,
we consider one of the most popular families of distributions and present an

accurate comparison among ¢ € (1,2].

Lemma 3.2.6. Consider |B| with density function f(b) = ((7,q)e ™"1(0 < b <
o0), where qy € (0,2],7 > 0 and ((7,q0) is the normalization constant. Then ¢* =
maX(17 QO) :

Proof. A simple integration by parts yields, for ¢ € (1, 2]

TqE| B|7t90~2
g—1

(e} [ee]
E|B|"* = / C(7, qo)b*2e 0 dp = L0 / (7, qo)b* 2 ™" db =
0 q—1Jp
Hence C, = Tzq(%%#. We first consider ¢y € [1,2], then

[E(BI - [BI* ] @ 2402
Eppz = ©EBIT =G,

C’q = 7_2(]0

where (a) is due to Cauchy-Schwarz inequality. So we obtain ¢* = ¢y. Regrading the
case qp € (0,1), let B’ be an independent copy of B. Then for any ¢ € [1, 2]

1
E|B[*™*™ —E[B|*E|B|"™" = SE(|BI*" — [B|")(|BI*™ — |B|*™) < 0.
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As a result, we can derive

(E|B|(I+q0*2)2

2
Co= T ElBTR

< PqE( B = .
We can then conclude ¢* = 1 = max(1, qp). ]

As we discussed after Theorem 3.2.5, the shape of the coefficient distribution
around zero is the most important factor when it comes to the comparison of different
(,-regularizers. Lemma 3.2.6 indicates that among the distributions whose pdf exists
and is non-zero at zero, the tail behavior has an influence on the performance of
LQLS. In particular, LQLS with ¢ = ¢y € (1,2] is optimal for distributions with the
exponential decay tail e=™". Since S(),q) can be considered as the maximum a
posterior estimate (MAP), our result suggests that MAP offers the best performance
in the low noise regime (among the bridge estimators). This is in general not true.
See Zheng et al. (2017) for a counterexample in large noise cases. It is also interesting
to observe that as the tail becomes heavier than that of Laplacian distribution, the
optimal ¢* approaches 1. Again note, that this observation is consistent with the fact
that ridge often penalizes large coefficient values more aggressively than the other
estimators. Hence, if the tail of the distribution is light (like Gaussian distributions),
then ridge offers the best performance, otherwise, other values of q offer better results.

Based on Theorems 3.2.3, 3.2.5 and follow-up discussions, we are ready to sum-
marize the answers to the two questions we target in Chapter 3.1.1. In the high

signal-to-noise ratio regime, we can conclude that

1. How LASSO compares with other LQLS largely depends on the distribution
of the coefficient. The behavior of the distribution around zero is the most
important factor. When the probability density of the coefficient at zero is
finite, then the tail behavior of the distribution plays a role too.

2. LQLS with g € (1,2] outperforms LASSO when the distribution of the coeffi-

cient is bounded away from zero. For two-point mixture distributions, ridge is
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optimal if the two points overlap and the optimal ¢* approaches 1 as the two
points move away from each other. When B has probability mass around zero,
1 < q < 2 can still beat LASSO if P(|B| < t) = O(t*79%°) with € > ¢ — 1.
LASSO starts to outperform other values of ¢ when ¢ € (0,¢ — 1). For the
distribution with tail e ™" (1 < ¢y < 2), LQLS with ¢ = ¢ is optimal among
q€(1,2].

3.3 Implications for classical asymptotics

Our analysis so far has been focused on the high-dimensional setting in which n/p —
d € (0,00). Furthermore, we assumed that the noise variance is small. At an intuitive
level this platform seems to be connected to the classical asymptotic framework that
has been studied in statistics extensively. In the classical asymptotics, it is assumed
that the signal-to-noise ratio of each observation is fixed and n/p — oco. Note that
having more measurements is at the intuitive level equivalent to less noise. Hence, we
expect our low-noise sensitivity to have some implications for the classical asymptotics
too. Our goal below is to formalize this connection and explain the implications of
our low-noise analysis framework for the classical asymptotics.

Towards that goal, we will consider the scenarios where the sample size n is much
larger than the dimension p. Analytically, we let § go to infinity and calculate the
expansions for AMSE in terms of large § (similar to what we did in Chapter 3.2.2 for
low noise). In this section, we write AMSE(\, 4, ¢, d) for AMSE(\, 4, ¢, 0,) to make
it clear that the expansion is derived in terms of §. Before getting to the results, we
should clarify an important issue. Recall the definition of a converging sequence in

Chapter 1.2. It is straightforward to confirm that the signal-to-noise ratio of each

E|BJ?
602

w

measurement is SNR Hence if we take 6 — oo, SNR of each measurement
will go to zero and this is inconsistent with the classical asymptotic setting where the

SNR is in general assumed to be fixed. To fix this inconsistency, we will scale the
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noise term and consider a scaled linear model as follows,

ﬂ
\/S’

where {X, 5, w} is the converging sequence specified in Chapter 1.2. With the SNR

y=Xp+ (3.1)

remained a positive constant, this model is well aligned with the classical setting.

Again for comparison purposes we start with the ordinary least squares estimate.

Lemma 3.3.1. Consider the model (3.1) and OLS estimate 5(0,q). Then as § — oo,

ol o2 9
AMSE(0, q,0) = Tw + —5 +o(677).
Proof. This lemma is a simple application of Corollary 3.2.2. Under model (3.1),

Corollary 3.2.2 shows that AMSE(0,¢,d) = ;_—12“1. As 6 — oo, the expansion can be

easily verified. m
We now discuss the bridge estimators with ¢ € [1,2].

Theorem 3.3.2. Consider the model (3.1). Suppose that P(|B| > p) = 1 with u
being a positive constant and E|B|* < oco. Then for q € [1,2], as § — oo,

2 o2 E|[B]*? —(q— 1)*(E|BJ1?)%0>
AMSE(\, 5, ¢,0) = Zo 4 %o EIBI (¢ = D*(E[B|*)*a3,

“w -2
5T E|B[2 o).

The proof can be found in Chapter 3.4.5. Since both Theorems 3.2.3 and 3.3.2 are
concerned with coefficients that are bounded away from zero, we can compare their
results. Again all of the LQLS have the same first dominant term. However, in the
large sample regime, the second order term of LASSO is at the same order as that of
other LQLS. Interestingly, the comparison of the constant in the second order term
is consistent with that in the low noise case. Hence we obtain the same conclusions
for two-point mixture distributions. For instance, bridge with ¢ € (1, 2] outperforms
OLS and ¢ = 2 is optimal when all the mass is concentrated at one point. See Lemma
3.2.4 for more information on the comparison of C,.

We now discuss the implications of Theorem 3.3.2 for classical asymptotics. In

the classical setting where n — oo and p is fixed, the performance of LQLS has been
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studied in Knight and Fu (2000). In particular the LQLS estimates were shown to
have the regular /n convergence. In our setting, we first let n/p — § and then § — oco.
If we apply Theorem 2 in Knight and Fu (2000) to (3.1), a straightforward calculation
for the asymptotic variance will give us the first dominant term in AMSE(\. ,, ¢, 9).
In other words, the classical asymptotic result for LQLS in Knight and Fu (2000) only
provides the “first-order” information regarding mean square error, and it is the same
for all the values of ¢ € [1,2] under optimal tuning. The virtue of our asymptotic
framework is to offer the second order term that can be used to evaluate and compare
LQLS more accurately. The same can be derived when coefficients have mass around

zero, as presented in the next theorem.

Theorem 3.3.3. Consider the model (3.1) and assume E|B|* < oco. For any given
q € (1,2), suppose that P(|B| < t) = O(t*79%¢) (as t — 0) with € being any positive

constant, then as § — 00,

o 0w BIB*7* — (¢ — D*(E[B|*"*)%0y .
AMSE(\. g, ¢,0) = =+ =3 - E[B[?a—2 +0(672),
forq=2, as 6 — oo,
o2 o) E|B)?-o?
AMSE (A, 0)=—4+—+2 —— 52
S ( ,(I7Q7 ) (5 + 62 E|B|2 +O( )7

and for ¢ = 1, suppose P(|B| < t) = O(t") with 0 < £ < 1, then as § — oo,

2
e (op e
—16(57 )| - (loglog .. .1og(v8))" < AMSE(A. 4, ¢, 6) — G|

m times

where m can be any natural number.

The proof is presented in Chapter 3.4.6. Theorem 3.3.3 can be compared with
Theorem 3.2.5. Again we see that the expansion for ¢ € (1,2] remains the same
for more general coefficients, while the second order term of LASSO becomes order-
wise smaller when coefficients put more mass around zero. For a given ¢ € (1,2],

it is clear that LASSO outperforms this LQLS when P(|B| < t) = O(t*777) with
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e € (0,g —1). This implies that even in the case when n is much larger than p, if
the underlying coefficient has many elements of small values, ¢; regularization will
improve the performance, which is characterized by a second order analysis that is
not available from the /n convergence result. Regrading the distributions with tail
e~ ™" we see that the comparison among ¢ € (1,2] in the low noise regime carries
over.

The fact that regularization can improve the performance of the maximum like-
lihood estimate (i.e., OLS in the context of linear regression with Gaussian noise),
seems to be contradictory with the classical results that imply MLE is asymptotically
optimal under mild regularity conditions. However, note that the optimality of MLE
is concerned with the asymptotic variance (equivalently the first order term) of the
estimate. Our results show that many estimators share that first order term, while

their actual performance might be different. Second dominant terms provide much

more accurate information in these cases.

3.4 Proofs of the main results

3.4.1 Notations and Preliminaries

Throughout the proofs, B will be a random variable having the probability measure
fs that appears in the definition of the converging sequence, and Z will refer to a
standard normal random variable. We will also use ¢(+) to denote the density function
of Z and F(b) to represent the cumulative distribution function of |B|. We further

define the following useful notations:
Ro(x:0) = E(ny(B/o + Z;x) = B/o)",  x;(0) = argmin Ry(x; 0), (3.2)

where B and Z are independent. Recall the proximal operator function n,(u;x).
Since we will be using 7,(u; x) extensively in the later proofs, we present some useful

properties of 7,(u; x) in the next lemma. Because 7,(u; x) has explicit forms when
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qg = 1,2, we focus on the case 1 < ¢ < 2. For notational simplicity we may use

O; f(x1, s, ...) to represent the partial derivative of f with respect to its ith argument.

Lemma 3.4.1. For g € (1,2), the function n,(u; x) satisfies the following properties.

(1) —nq(u; X) = ng(—u; x).
(i) w = ng(u; x) + xq(q — 1)ng(u; x)sign(u).

(iii) ang(u; x) = ne(au; a®~1x), for a > 0.

) Ong(usx) 1
() =50 = T Dm0
Ong(usx) _ —qlng(usx)|? Lsign(u)
(v) qf')x - 1+xq(éqfl)|nq(wx)|q‘2

(vi) The function Oan,(u; x) is differentiable with respect to w.

Proof. The proof has already been presented in Chapter 2.5.3.

]

We next write down the Stein’s lemma (Stein, 1981) that we will apply several

times in the proofs.

Stein’s lemma. Suppose the function f : R — R is weakly differentiable and

E|f'(Z)] < oo, then
R(Z1(2)) = EF'(2).

3.4.2 Proof of Corollary 3.2.2

Since § > 1, B(O, q) = (X'X)"'Xy is well defined with probability 1 for sufficiently
large n. We first derive AMSE(), 2, 0,,) for the ridge estimate 3(),2) = (X'X +
M) X'y, and then obtain the AMSE for OLS by letting A — 0. According to

Theorem 2.2.2, it is known that for given A > 0,

AMSE(\, 2,0,,) = 6(0% — 02),

w

where o is the solution to the following equation:

4v?E|B|? 2
J2:(72+X|"Hf7 . X

w 0(1+42x)?

_X_5(1—|-2x)'
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After a few calculations we can obtain

S(4x°E|B|* + o2,)

AMSE(), 2, 0,,) = , 3.3
(o) = RS 33
with y = UEOEVO LR - Cpearly AMSE(, 2, 0,) s as A = 0. We

now utilize that result to derive AMSE for OLS. According to the identity below

(X'X +A)7 = (X'X) 7 = AX'X) T+ AX'X) D) (XX

H

we have
o2

L5 Ow
2

1, / |
= Z;Hﬂ()\,?) Bli3 — 1/5 —IIAHX ||2 (( 2) — B, AHX"y) (3.4)

(. J/
-~ -~ -~

Ji Jo J3

Let omin(X) be the smallest non-zero singular values of X. It is not hard to confirm

152 [[wl]2
A+o2 (X)) (A+02,(X))o2,.(X)

min

[HXTY |2 < [[HX'X B2 + [ HX w2 <

mln( mm(

Since o = 1 — \/Lg > 0 (Bai and Yin, 1993) and (5, w belong to the converging

sequence defined in Chapter 1.2, we can conclude that J, = O(\?),a.s.. Moreover,

we obtain from (3.3) that almost surely
SUCEIBE+0Y) o}

S(I+2x)2—1 1-1/8
The results on J;, Jo imply that J; = O()\), a.s.. Further note that the term on the

J1 =

left hand side of (3.4) does not depend on A. Therefore by letting n — oo and then
A — 0 on both sides of (3.4) finishes the proof.

3.4.3 Proof of Theorem 3.2.3
3.4.3.1 Roadmap

Since the proof has several long steps, we lay out the roadmap to help readers navigate

through the details. According to Corollary 2.2.4, we know

AMSE()\*J]? 4 Uw) = 62RQ(X2(5—)7 5-)7 (35)
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where & is the unique solution of

~2
o v
7> = 0% + TRy (x;(0), ). (3.6)

Note from the above equation that & is a function of ¢,. In the regime o, — 0,
we will show & — 0. This fact combined with (3.5) tells us that in order to derive
the second-order expansion of AMSE(\, ,,q,0,) as a function of oy, it is sufficient
to characterize the convergence rate of & as 0, — 0 and Ry(x;(c),0) as 0 — 0. For
that purpose, we will first study the convergence rate of X;(J) as 0 — 0, which will
then enables us to obtain the convergence rate of Ry(x}(0), o). We then utilize that
result and (3.6) to derive the rate of ¢ as o, — 0. We give the proof for 1 < ¢ < 2
and ¢ = 1 in Chapters 3.4.3.2 and 3.4.3.3, respectively.

3.4.3.2 Proof for the case 1 < ¢ <2

Due to the explicit form of ny(u;x) = all the results for ¢ = 2 in this section

_u_
I+2x°

can be easily verified. We thus focus the proof on 1 < ¢ < 2.

Lemma 3.4.2. Let x;(0) be the optimal threshold value as defined in (3.2). Then

X;(0) = 0 aso—0.

Proof. The proof is essentially the same as the one for Lemma 2.5.30. Hence we do

not repeat the arguments here. O]

Lemma 3.4.3. For q € (1,2], suppose that P(|B| > p) = 1 with u being a positive

constant and E|B|? < co. Then as ¢ — 0
R,(Co%0) =1+ (C*’¢°E|B|** — 2Cq(q — 1)E|B|*"?)0” + o(c?),
where C' is any fixed positive constant.

Proof. We aim to derive the convergence rate of R,(x,o) when x = Co? In this

proof, we may write y to denote C'o? for notational simplicity. According to Lemma
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3.4.1 parts (ii)(iv) and Stein’s lemma, we have the following formula for R,(x,0):

Ry(x,0) =1 =E(n(B/o+ Z:x) = Blo — Z)* + 2EZ(ny(B/o + Z;x) — B/o — Z)
n(B/o + Z;x)|°

2 2 2g—2
=xX"¢E|n,(B/o+ Z;x)|""* —2xq(qg — 1)E (3.7
L E{ /Sv ) 2 2=1) 1+ xq(g —1)Iny(B/o + Z;x)|1? 81)
' 52
It is straightforward to confirm the following
2.2 ) [24-2
LS YPEn(B/o + Zix)
o—0 g2 o—0 o2
= C°¢lmEln,(B + 0Z;xo® ") = C*¢°E|B[**. (3.8)
o—r

The last equality is obtained by Dominated Convergence Theorem (DCT). The con-
dition of DCT holds due to Lemma 3.4.1 part (ii). We now focus on analyzing Ss.
We obtain

—52

2

ng(B/o + Z; x)|"*

1+ xq(q—1)ng(B/o + Z; x)|172
1

ng(IBl/o + Z; x) >4 + xa(g — 1)
Cor 2 R 1 (:)d=dF (b)

= 200" / / O(2)dzdF (b
b/o—u/(20) |77q b/U+Z X>|2 q+XQ(q_ 1)

T1

= 200" %¢(q—1)E
o

= 2C0"%q(q— 1)E

J

& 1
/u /R\[—b/a—u/@a),—b/0+u/(20)] 1q(b/o + 2 x)[>79 + xq(g — 1)

~
15

¢(2)dzdF(b) .

J/

+ 2C’0q*2q(q -1

[\

We then consider T} and T separately. For T, we have

. 2 B —p/otp/(20) 1
Ty < 2C0o%7%q(q—1) ———¢(2)dzdF(b)
—p/o—p/(20) Xq q— 1)

< 207 %ug(u/(20)) —>O as 0 — 0. (3.9)

Regarding 75, DCT enables us to conclude
: : - 1(Z ¢ [=|B|/o — p/(20), =|B| /o + 1/(20)])
lim7, = lim2Co% %¢(q—1)E :
e = et DR Bl + 2P+ xal— )
Z ¢ [-|B|/o — 1/(20),—|B|/o + p/ (20)])
(| B| + 0Z; xo*~9) >~ + Co?q(q — 1)
= 2Cq(q — 1)E|B|" 2. (3.10)

1
= liI%QC'q(q—l)E (
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Note that DCT works here because for small enough o, Lemma 3.4.1 parts (iv)(v)

implies

1(Z ¢ [-1BIfo — n/(20), ~|Bljo + 1/(20)]) _ 1 S
g(IBl +0Z; xo?= ) 271+ Co?qlq = 1) = |ng(p/2; x>0 = |ng(pu/2; 1)1

Combining (3.7), (3.8), (3.9) and (3.10) together completes the proof. O

Lemma 3.4.3 shows that by choosing an appropriate x for o small enough, R,(x, o)
is less than 1. This result will be used to show that x7 (o) cannot converge to zero
too fast. We then utilize this fact to derive the exact convergence rate of x;(c). This

is done in the next lemma.

Lemma 3.4.4. Suppose that P(|B| > u) = 1 with u being a positive constant and
E|B|? < oo, then for q € (1,2] we have as o — 0
(¢ — DE[B|*?

qE|B|*1—2
(¢ — 1)*(E[B]"?)? ,

Xq(0) = o’ + o(a),

« _ 2
R,(x;(0),0) =1~ E[BP? o+ o(o”).
Proof. Choosing x = % -0 in Lemma 3.4.3, we have

o Rabeo) =1 (a— (BB’

= BB <0. (3.11)

That means for sufficiently small o
Rq(xq(0),0) < Ry(x,0) <1 = Ry(0,0).

Hence we can conclude that x; (o) > 0 when o is small enough. Moreover, by a slight

change of arguments in the proof of Lemma 3.4.3 summarized below:

1. the fact xo*™9 = o(1) used several times in Lemma 3.4.3 still holds here
2. x027% = 0o(1) and y = o(c?) are sufficient to have S; = o(0?)
3. bounding the term 7} in (3.9) does not depend on y

4. xo*1 = 0o(1) and x = o(0?) are sufficient to obtain T = o(1)
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we can show

R -1
hm Q(X7 02-) —
o—0 o

0, (3.12)
for x = O(exp(—c/o)) with any fixed positive constant c. This implies that limy_o x} (o)
e“/? = 400 for any ¢ > 0. Otherwise there exists a sequence o, — 0 such that
Xq(0)e/n = O(1). This result combined with (3.11) and (3.12) contradicts with the
fact that x = x(c) is the minimizer of R,(x, o). We will use the two aforementioned
properties of x; (o) we have showed so far in the following proof. For notational sim-
plicity, in the rest of the proof we may use x to denote x; (o) whenever no confusion
is caused. Firstly since x;(co) is a non-zero finite value, it is a solution of the first

order optimality condition %}z‘”) = 0, which can be further written out as

0 E((ny(B/o + Z;x) — B/o)0any(B/o + Z; x))

~(ny(B/o + Z;x) — Blo — Z)qIny(B/o + Z; x)|" 'sign(B/o + Z)
1+ xq(g — D)ng(B/o + Z; x)|72

+E(Z0any(B/o + Z; X))

—
S
=

= E

O g ClaB/otZ0P?  p (g = Dlm(B/o+Z )1
L xqlg = Ding(B/o+ Z;x)|1°2  (Ing(B/o+ Z; X))+ xq(g —1))?
0 U
2 -1 B VA 2—q

B/ + Zi )P + xala = 1)

v~

Us

We have used Lemma 3.4.1 part (v) to derive (a). To obtain (b), we have used the

following steps:

1. We used Lemma 3.4.1 part (ii) to conclude that

ng(Blo+ Z;x) — Blo — Z = —xq|ne(B/o + Z; x)|* 'sign(B/o + Z).

2. We used the expression we derived in Lemma 3.4.1 part (v) for dany(B/o+Z; x)
and then employed Stein’s lemma to simplify E(Z0.n,(B/o+ Z;x)). Note that
according to Lemma 3.4.1 part (vi), dany(B/o + Z;x) is differentiable with

respect to its first argument and hence Stein’s lemma can be applied.
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We now evaluate the three terms U;, U; and Us individually. Our goal is to show the

following;:
(i) limy,_o 02U, = ¢*E|B|?72.
(i) lim, 0 092Uy = q(q — 1)E|B|?72.
(iii) lim,_o 02 1Us = ¢*(q — 1)E|B|***.
For the term Uy, we can apply Dominated Convergence Theorem (DCT)

lim 02q—2U1 E lim qunq(B + O'Z' XU2_q) ’2(1_2

2 2q—2
= q¢°E|B|*~.
0 0H01+XU2 qQ(q—l)‘nq(B‘i‘UZ XUZ q)‘q 7 — 4 | |

We now derive the convergence rate of Us. We have

_ q(q —1)|ng(b/o + z; x)|* 24 Nds
U = / / /o & T T xala TP F

_ BE gl Dozl
- / / Inq blo + = )P+ xalg — DR )

J/

U21
= qlq — D)|ng(b/o + z; x)|*
F(b) (3.14
+/u /z¢[§;z, —oyn (Ing(b/o + 2 )P~ + xalg — 1))3¢(z>d2d (b) (3.14)
U

First note that

20y < 0972 Oo/ " qlg ~ D(u/(20) ) dedF ()

o (xq(q — 1))
P/ (20))

- 0—7*3q2472qX3q2<q _ 1)2 — 0’ as o —» 07 (315)

where the last step is due to the fact that lim, o ye”? = +oo. To evaluate Uy, we

first derive the following bounds for small enough o

L(z ¢ [—2 — 4. — 2+ 52]) - alg = D)y (b + 02 xo™9)[*
(|ng(b 402, x0?79)[>~1 4 x0?~9q(q — 1))?
q(q—1) < _ala=1)
= ng(p/2; xo?T9) 270 T g (/25 1)]271
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Hence we are able to apply DCT to obtain
lim 072Uy = q(q — 1)E|B|?72. (3.16)
o—r

Combining (3.14), (3.15), and (3.16) proves the result (ii). We can use similar argu-
ments to show result (iii). Finally, we utilize the convergence results for Uy, Us, Us

and Equation (3.13) to derive

X _ lim, o 072U, (¢ — DE|B|72
lim = = lim — - =
oc—0 g4 o—0 hmgﬁo O'2q_2U2 — 111’[10*)0 O'2q_2U3 Q]E|B|2q_2

Now since we know the exact convergence order of x} (o), (3.11) shows the exact order

of Ry(x;(0),0). O

We are in position to derive the second-order expansion of AMSE(\, ,,q,0y) as
o — 0 for ¢ € (1,2]. According to Equation (3.6) and the fact that xy = x}(7)
minimizes R,(x,d), it is clear that §(6% — 02) < 6°R,(0,5) = &2, which combined
with the condition ¢ > 1 implies & — 0 as o,, — 0. This result further enables us to

conclude from (3.6):
(3.17)

where we have used R,(x;(),0) — 1 from Lemma 3.4.4. We finally utilize Lemma

3.4.4, Equations (3.5), (3.6) and (3.17) to derive the expansion of AMSE(\, ,, ¢, 04)
in the following way:

2

0" (AMSE(\ 0. 0) — 1 - 5

= 02t (P Ri(3(0), ) — 20 — <8 Ry(;(0).0))
Ry((0).0) =1 —5%(g — (B Bs-2)?
52 (6 — 1°E[B[?

Al

0
5—1

This completes the proof of Theorem 3.2.3 for g € (1,2].
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3.4.3.3 Proof for the case ¢ =1

Lemma 3.4.5. Suppose that P(|B| > u) = 1 with u being a positive constant and

E|B|* < oo, then forq=1as o — 0

Xy(0) = 0(é(u/7)),  Ry(x;(0),0) — 1= 0(6"(n/0)).

Proof. We first claim that x;(o) — 0 as ¢ — 0. Otherwise, there exists a sequence
o, — 0 such that xj(0,) — C > 0 as n — co. And the limit C is finite. Suppose
this is not true, then since 7 (u; x) = sign(u)(Ju| — x)+ we can apply Fatou’s lemma

to conclude

lim inf By (x}(0), 0) > Elimint(ny (B/o, + Z: x;(0)) — B/o,)> = +oc,
n—oo

n—o0

contradicting with the fact R,(x;(0n),0n) < Re(0,0,) = 1. We now calculate the

following limit:

lim Ry (;(0,). ) = lim (s (B0, + Z:X;(01)) — B/ow — 2"

n—oo

+2 lim EZ(m(B/o, + Z; x;(0n)) — Bloy — Z) + 1= C? +1.
n—oo

The last step is due to Dominated Convergence Theorem (DCT). The condition of
DCT can be verified based on the fact |u—n;(u; x)| < x. We can also choose a positive
constant C' smaller than C' and use similar argument to obtain lim,, . Rq(é’, On) =
C? 4+ 1. That means R,(C,0,) < R,(x;(0n),0,) when n is large enough. This is
contradicting with the fact x = x} () minimizes Ry(x, o).

We next derive the following bounds:

Ry(x,0) =1 = E(n(B/o+Z;x)— Blo— Z2)* + 2E(Z(n(B/o + Z;x) — B/o — 7))

—

a

= E(m(B/o+Z;x) — Bjo — Z)* + 2E(0im(B/o + Z:x) — 1)
b —B/o+x ©)
< x*- ZE/ (2)dz = x* — 4xEp(—B/o + ay).

B/o—x

N

—~
=

To obtain (a) we used Stein’s lemma; note that n;(u;y) is a weakly differentiable

function of w. Inequality (b) holds since |n;(u;x) — u| < x. Equality (c) is the result
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of the mean value theorem and hence |a] < 1 is dependent on B. From the above

inequality, it is straightforward to verify that if we choose y = 3¢ 'E¢(v/2B/0), then
R,(x;(0),0) < Ry(x,0) < 1= Ry0,0), (3.18)

for small enough o. This means the optimal threshold x; (o) is a non-zero finite value.

Hence it is a solution to %{fa)’o) = 0, which further implies (from now on we use

X" to represent x; (o) for simplicity):
v = Eo(x" = B/o) + E¢(x" + B/o) _ 2E¢(x" — |B|/o)
E1(|Z + B/o| = x*) ~ EN(|Z+ B/o| = x*)

20(X* — p/o)
~ E1(|Z + B/a| > x*)’

(3.19)

where the last inequality holds for small values of o due to the condition P(|B| > u) =
1. Since E1(|Z + B/o| > x*) = 1, as 0 — 0 and ¢(x* — /o) < ¢(u/(v/20))eX /2,
from (3.19) we can first conclude x* = o(¢), which in turn (use (3.19) again) implies
X" =0(¢(p/0)).

We now turn to analyzing R,(x*,0):
R,x*,0) =1 = E(mp(B/o+ Z;x*) — Blo — Z)* + 2E(0vm(B/o + Z; x*) — 1)

—p/o+x*
> 9E1(BJo+ 2| <) > _2/ 6(2)dz > —Ax*$(fo — x°)

—p/o—x*
@ =8¢ (X" —pfo)
~— EL(|Z+ B/o| > x*)

where (d) is due to (3.19) and (e) holds because E1(|Z + B/o| > x*) — 1 and

862 (u/o),

X* = o(o). This result combined with R,(x*,0) —1 < 0 from (3.18) finishes the
proof. O]

We are in position to derive the expansion of AMSE(A,1,1,0,). Similarly as in
the proof for ¢ € (1,2], we can use Lemma 3.4.5 to derive (3.17) for ¢ = 1. Then we

apply Lemma 3.4.5 again to obtain

AMSE()\*J, 1, O'w) — %Oﬁ, = 5-2Rq(xzk](5-)7 5) -
= TOGD D L) ofexp(—j20%) = olexp( (3 - 1/ (502)),

o
0—1

(6% = 0°Ry(07(2),5)/9)
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where 0 < it < i < p. This closes the proof.

3.4.4 Proof of Theorem 3.2.5

Similar to the proof of Theorem 3.2.3, we consider two cases, i.e. 1 < g < 2 and
q = 1, and prove them separately. We will follow closely the roadmap illustrated in

Chapter 3.4.3.1.

3.4.4.1 Proof for the case 1 < ¢ <2

Again all the results in this section can be proved easily for ¢ = 2. We will only
consider 1 < ¢ < 2. Before we start the proof of our main result, we mention a simple

lemma that will be used multiple times in our proof.

Lemma 3.4.6. Let T'(0) and x(o) be two nonnegative sequences with the property:

x(0)T72(c) = 0, as 0 — 0. Then,

. 1y(T(0),x(0))
}712% T(o) =1

Proof. The proof is a simple application of scale invariance property of 7, i.e, Lemma

3.4.1 part (iii). We have

n,(T (o), x(0))

. — . . q_2 —
;-IE)% T(U) (1_1{)% 77‘](17 X(U)T (0‘)) ]-7
where the last step is the result of Lemma 3.4.1 part (ii). O

Rq(vaf)—l
o2

Our first goal is to show that when y = Co?, then lim,_,q is a negative
constant by choosing an appropriate C'. However, since this proof is long, we break
it to several steps. These steps are summarized in Lemmas 3.4.7, 3.4.8, and 3.4.9.

Then in Lemma 3.4.10 we employ these three results to show that if y = C'o9, then

-1
tim P09 =L _ 2o g a0 - 1)E|B.
c—0 o
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Lemma 3.4.7. For any given q € (1,2), suppose that P(|B| < t) = O(t*77) (as
t — 0) with € being any positive constant, E|B|?> < oo and x = Co?, where C > 0 is

a fixed number. Then we have

q—2 1
o / /_a na(b/o + 2 )27 + xalq — 1)¢(Z)dZdF(b) — 0,

as 0 — 0. Note that o is an arbitrary positive constant.

Proof. The main idea of the proof is to break this integral into several pieces and
prove that each piece converges to zero. Throughout the proof, we will choose € small
enough to be in (0,¢—1). Based on the value of ¢, we consider the following intervals.

First find the unique non-negative integer of m* such that

g€[2—(c/(c+q—1)7F,2— (e/(c+q—1))7).

Denote 8% (1) = 1™ + ™ + ... + l”( ) Now we define the following intervals:
b ol=¢
I,l — _— 1
| o log(}) log
B etg—1 etg—1 e
b e (2—a)'- A (2-) o5
L = |—-= - +U z , 0<i<m’,
> Mol 5 {ogl
b 1 b 1
Im*+1 = - m* 41 N - + m* 410 5
o (log(1/0))%" "= o (log(1/0))%" "2
[—b b
Tniyr = |——a,——+ oz} . (3.20)
o o

We see that for small enough o, these intervals are nested: 7y C 7o C Z; C ... C
L+ yo. Further define

o0 1
_ —2
P = /0 /_1 1g(b/o + 23 X)1*77 + xq(q — 1)¢(2>dZdF(b)’
00 1

ne o))
o Jraz , 1ng(b/o 4z x) P71+ xq(q — 1)

Using these notations we have

¢(2)dzdF(b), 0<i<m"+2.

m*+2

2 1
. 2)dzdF (b P. (321
’ / / Ol TP T g AW = 3 B (32)

=—1
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Our goal is to show that P, — 0 as ¢ — 0. Since these intervals have different forms,
we consider five different cases (i) i = —1, (ii) ¢ = 0, (iii) 1 <7 < m*, (iv) i = m* + 1,
and (v) ¢ = m* + 2 and for each case we show that P, — 0. Let |Z| denote the
Lebesgue measure of an interval Z. For the first term, we have for a positive constant
Co,

L 00 1 2 é—ldm 1
/0 / TR < o /0 /I Sl S edE

o 1
+0q_2/ / ——¢(2)dzdF (b
C_10+/log(1/0) JT_1 XQ(q_ 1) ( ) ( )
L TOITP(B] < Coro/log(l]o) | 7 0(C1v108(1/7) — i) 17|

- xq(q—1) xalg—1)
01~ 2P(|B| < C_i0/log(1/0)) o1 2¢(5E\/log(1/0))
< 0Q) log(l 7o) +0(1) log(1/0)

Uq—e—2+ézl/8

< O(1)(log(1/0)) 5" +0(1 )W

where we have used the condition P(|B| < t) = O(t>79%) to obtain the last inequality

— 0, (3.22)

and the last statement holds by choosing C_; large enough. We next analyze the term

Py. For a constant C’o > (0 we have

- 1
o = Uq_Q/ / &(2)dzdF (b
0 0 Jzo\7_, |ng(b/o + z;x)|*7¢ () (0)
) Cooy/log(1/a) .
e dzdF (b
’ /0 /10\11 |7iq<b/0 + Z;X)|2—q¢(2) zdF'(b)

o 1
to172 / / ¢(2)dzdF(b)
Cooy/log(1/0) JTo\T_1 nq(b/o + 25 x)[*74

<aq*2¢(0)|10|1@(|3|<éog 10g(1/a))+0q2¢(00 log(1/0) — 10g<1/g>|Iol

p— 2—¢
Tla (log(l/a) X) M (log(l/a) X)
for z ¢ 7 4 in the last step. Note that

(3.23)

We have used the fact that [b/o + 2| > log 1/

according to Lemma 3.4.6, since (log(m) 2y o g~ (H9a+2¢ (o9 (1/5))271 — 0, we

obtain
cgd”¢
lim —E7)

ogd—¢

70 Tlq (log(l/a) ’ X)
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With the above result, it is clear that the second term of the upper bound in (3.23)

vanishes if choosing sufficiently large Cy. Regarding the first term we know

0" %|To[P(|B| < Cyo/log(1/0))
2— od—¢€
Tla <log(1/cr)7X)

e+4—3q

q27(e+2)q+3e+1(log(l/(j))i; _ 0(1)

Now we consider an arbitrary 1 < ¢ < m* and show that P, — 0. Similarly as

bounding F, we can have

9 C log(1/0) ]
PiSUq_/ / &(2)dzdF (b
0 ITN\Zi— |77q(b/0+z;x)|2—q ( ) ( )

1

Lo
Cior/log(1/0) JTN\T;_1 |77q(b/a + z; X)‘Ziq
< 9 H(0)|T[P( ioy/og(1/0))

T (e T
1—1
! (log(1/o))%  2=0)

0"~ g1
oi” 2¢<C V log 1/0 z o sz(2qq)1>|Ii|

(log(1/2)

¢(2)dzdF(b)

i 9-q [ o T (3.24)
" ( (log(1/o))% @~ ;X)
We then use Lemma 3.4.6 to conclude for ¢ > 1
a7l (gt <20
lim (og(1/))*1 ¢~ =1. (3.25)

c=0 5, U€+q L «1)’ 1 =T
0\ togsen e X
The condition of Lemma 3.4.6 can be verified in the following:

e+q—1

(07T 2707 "5 (log(1/0)) ST C0)1 2y o o T B0 log(1/0))SI 0 = o(1),

where the last step is due to the fact that

e+qg—1 . 2—q et+qg—1
1 T(92_ ) >_- 1 -
= ( Q)+q_1€+q_ —

92—
(2—q)+q_§le+q:2q—2>0.

Using the result (3.25), it is straightforward to confirm that if C; is chosen large
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enough, the second term in (3.24) goes to zero. For the first term,

i 7O OIEIP(B] < Ciov/1og(1/0))

a—0 7]2_q Ue_gq%ll(qu)i’lqul X
q =1
(log(1/))S0 (=0

P e A A 2 qte
. . 592 (1§g(1/g))53(2j7) o?~1"(log(1/0)) 5 ' o
20(1) - lim s = 0(1) - lim(log(1/0)) 5" =

(log(1/))%1 =
where we have used (3.25) to obtain (a). So far we have showed lim, o ZZ’:_I P, =0.

Our next step is to prove that P,,«.1 — 0.

Cx1104/10g(1/0) ¢<Z)
Py < o077 / / s—dzdF(b)
0 Lo 41\ Ly * qu<b/o- + <5 X)’ 1

+oi? / / 9(2) —dzdF(b)
ém*+10' log(1/0) YT 1\ T nq(b/0+2a X)| e

09724(0)| L 41|P(|B| < Crei104/1og(1/a))
a7l ggym* - <
2—q [ o 9= a1,
h ( (log(1/0)) 58 @0 ’X)

o172 (ém“rl Vlog(l/o) — ; ) | Zys 1]

10g(1/g)86”*“<2*q>
2 B e Y
! (log(1/0))%8" 2=

Again based on (3.25) It is clear that if Cie i1 is large enough, then the second term

IN

(3.26)

+

in (3.26) goes to zero. We now show the first term goes to zero as well:

09726(0)|Zyp41|P(|B| < Cpnr10+/log(1/0))

lim

o—0 772_(1 J%g}l(g_q)m:_qﬁ'x

q (log(l/a))s(y)n (2—q)

q—2 1 . 2—q-+e 1 1 2—q+te
® (1) - iy -t/ e (log(1/7)) "
- = ]

(log(1/o))S" 129
e—(e+q—1)(2— )m*+1 —q+¢ (c
e 0(1) . hmO' 1 1(1—21 4 (10g(1/0’>) ¢12+ (:) 0’

o—0

where (b) holds from Lemma 3.4.6 and (c¢) is due to the condition we imposed on m*

that ensures (2 — ¢)™ ™! < —o=7- The last remaining term of (3.21) is Ppsya. To
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prove Pp«io — 0, we have

Ppepy < 0772 ¢(z)dzdF(b)

/C'm*JrQa\/log(l/a) / 1

0 Tppe o\ Ty 11 1nq(b/o + 2, x) >4
1

q—2
I / /7/ (67 + 2 [
Conxyo04/log(1/0) ST, x L o\Lppx 41 Tq v X

¢(2)dzdF(b).

By using the same strategy as we did for bounding P; (0 < i < m* + 1), the second
integral above will go to zero as ¢ — 0, when C,,«» is chosen large enough. And the

first integral can be bounded by
-2 2 *
07 $(0)20P(|B| < Cn=1204/10g(1/0)) (@) O(1)0% log(1 /o) 2-0+/2+81 2 2=0) _, )

2—q 1 .
i (log(l/a)sgn*+l(2q) 7 X>

where (d) holds by Lemma 3.4.6 and the condition of Lemma 3.4.6 can be easily

checked. This completes the proof. O]

Define

Ivé[_é_a b a

o o= o ol

(3.27)

In Lemma 3.4.7 we proved that:

oo “bia
- 1
qu/ / o(z)dzdF(b) — 0.
o Jeboo Ing(b/o+ 2 X))+ xa(g — 1) ) )

In the next lemma, we would like to extend this result and show that in fact,

q—2 > 1
? / /. (oo + 0P + xalg — 1) ) = 0

Lemma 3.4.8. For any given q € (1,2), suppose the conditions in Lemma 3.4.7 hold.

Then for any fired 0 < v < 1,

] :
0 JTNTpeiy Ma(b/o+ 2 X) P77+ Xxq(q — 1)

as 0 — 0. Note that L+ is defined in (3.20).

¢(2)dzdF(b) — 0,
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Proof. As in the proof of Lemma 3.4.7, we break the integral into smaller subintervals

and prove each one goes to zero. Consider the following intervals:

where 6 > 0 is an arbitrarily small number and ¢ is an arbitrary natural number.
Note that {J;} is a sequence of nested intervals and Z,,, .o C Jo. Our goal is to show

that the following integrals go to zero as o — 0:

o 1
-2
d(2)dzdF(b) — 0,
/0 /YO\Im*+2 g(b/o + 2 )77 + xq(q — 1) =) ()

Q) & o2 / / L $(2)d=dF(b) — 0, i>0,
Tir1\Ts

lI>

Q-1

ng(b/o + 2 x)[277 4+ xq(q — 1)

o(1—¢)

Define 5; £ 1o o . Since |b/o + z| > « for z ¢ Z,,,+ o we obtain

_ dzdF (b
@ s / [70\ * 42 |77q o X)|2 q¢<2) : F( )
- 7 log(1/0) 1
= o [" /J\ rafon eV AF )

o0 1
+0172 / / ——————¢(2)dzdF (D)
2 10g(1/0) J To\L = 1 [1q (5 X)[*

2 log(1/0) 1 log(l/o) _ 1y 7
< aq—Q/ ’ — dF(b)+aq_2¢( % C;O” ol
0 1q(cx; x) >~ 1q(cv; x)|?~1

It is straightforward to notice that the second term above converges to zero. For the
first term, by the condition P(|B| < t) = O(¢*79"¢) we derive the following bounds
-2 / WYL e < 010" (05 log(1/0)
o Iﬁq(a' X[ - "

=0(1)o = (log(l/a))2 e 0.

Now we discuss the term @); for ¢ > 0. Similarly as we bounded )_; we have

7 log(1/0) 1
Qi < o7 / / T ¢(2)dzdF (b)
0 Ten\Ti 1Ma(5 X) 27
+0172 / / —2¢(z)dzdF(b). (3.28)
2 log(1/0) J Fis1\ Mg(5-3 X) >~
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The second integral in (3.28) can be easily shown convergent to zero as ¢ — 0. We

now focus on the first integral.

o

> log(1/0) 1
o172 / o / — —  $(2)dzdF(b)
0 Ji

i+1\Js |nQ(5ii; X)|2_q

-2

ol o

WPQBI < ——log(1/0))

a\5,>

o(log(1/0))* ™" (@) (1)05(102;(1/0))2_‘”65'?7‘1
09 (25 )79 Gt

e g—1—e)(1—e)'t1
= O()o™ T (log(1/0))2 0 = o(1).

Oi+1

o1

~—

We have used Lemma 3.4.6 to obtain (a). Above all we have showed that for any

given natural number ¢ > 0,

0 1
lim aq_z/ /
o0 0 JaTpers Ma(b/o+2:X) P79+ xq(q — 1)

Now note that as ¢ goes to infinity, the exponent of ¢ in the interval J; goes to

¢(z)dzdF(b) = 0.

51+ (1—€)+(1—€)*+...) = 15 So, by choosing small enough 6§ and sufficiently

large ¢ we can make Z7 C J;, hence completing the proof. O

In the last two lemmas, we have been able to prove that for y = C'o¥9,

q—2 > 1
? / /. o + 50T+ xalg = 1) A0 = 0.

This result will be used to characterize the following limit

e [ 1
A /0 /R [ng(b/o + 2 x) 179 + xq(q — 1)¢(z)dzdF(b)'

Before that we mention a simple lemma that will be applied several times in our

proofs.

Lemma 3.4.9. For 1 < q < 2 we have

1
< .
mq(w; X)[*71 +xq(qg —1) = |ul>~%(q¢—1)

Proof. Tt is sufficient to consider u > 0. We analyze two different cases:
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1. x < u2_‘12—1q : According to Lemma 3.4.1 part (ii), since we know 7,(u; x) < u,

we have
-1 -1 9-g 1 -1_ U
Ng(w; x) = u—xqnd~ (u;x) > u—xqui™ >u—u 42—qqoﬂ =3
Hence,
1 < 1 < 22-4 < 2
0 (ws )P0+ xa(g — 1) = Ing(us x)[>~7 — w0 = (g — Du~’
2. x 2 u2_‘72iq :
1 1 2
- < < .
ng(w; )77+ xq(g — 1) = xqlg—1) ~ (g — Du*?
This completes our proof. L]

Now we can consider one of the main results of this section.

Lemma 3.4.10. For any given q € (1,2), suppose the conditions in Lemma 3.4.7
hold. Then for x = Co? we have

R -1
q(XvJ) _ O2q2E|B|2q—2 —2Cq(q— 1)E|B|q_2,

lim
o—0 0‘2

Proof. We follow the same roadmap as in the proof of Lemma 3.4.3. Recall that

Ry(x,0) =1 =x*¢°Eln,(B/o + Z; x)["*
S1
ng(B/o + Z; x)|"?
L+ xq(g — Vng(B/o + Z;x)|1=2

Sa

—2xq(qg — 1)E

(3.29)

The first term S; can be calculated in the same way as in the proof of Lemma 3.4.3.
lim 028, = C*¢*E|B|*" 2. (3.30)
o—

We now focus on analyzing S,. First note that restricting |B| to be bounded away
from 0 makes it possible to follow the same arguments used in the proof of Lemma

3.4.3 to obtain,

lim E 1(|B|>1)
o=0 |ng(|B| + 0Z;Co?)|?~14 Co%q(q — 1)

=E|B|*?1(|B| > 1). (3.31)
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Hence we next consider the event |B| < 1.

1(|B] <1)
1n,(|B] —|—O'Z C’<72)|2 14+ Co2q(q—1)

b/o+bc/( 1
dzdF' (b
/ /b/a be/ |77q(b+az Co?)|?21 + Co? (q_1)¢(z) zdF(b)

J/

-~

T
) :
Jo JR\[=b/o—be/(20),~bja+be/(20)] 14(b+ 02;Co?)[>~1 + Co?q(q — 1)

~
1>

o(2)dzdF (D),

4

where ¢ > 1 is a constant that we will specify later. We first analyze T5. Note that,

1(|B+0Z| > |B|°/2,|B| <1)
ng(B +0Z;Co?)>~1+ Co2q(q — 1)’

15 =

and

L(|B+oZ| > |B[*/2,|B| <1) @ 21(|B+0Z| > |B|*/2) _ | B|ela=2)
ng(B+0Z;Co?)>~7+ Co2q(q—1) = (¢—1)|B+oZ|>9 ~ 203(q—1)

where (a) is due to Lemma 3.4.9. For any 1 < ¢ < 2, it is straightforward to verify
that E\B[C(q_2) < o0 if ¢ is chosen close enough to 1. We can then apply Dominated

Convergence Theorem (DCT) to obtain
liny 7, = EL(1B| > [BI*/2B| < 1)|BI"* = BB 1B < 1. (332)
o—

We now turn to bounding 7). According to Lemmas 3.4.7 and 3.4.8, we know

o [ 1
/0 /I7 ng(b/o + 2 X)) + xa(q — 1)¢(Z)dzdF(b) — 0,

where 77 = [ — 2 b4 o] Define I) = [-2 — 25 b+ P Jand I¢ =

o o= o ol=7 o 1—7

2L 24 D) For 0<b <1, weget Z) C IV for any given o > 1. Therefore,

T, 2 g2 / 1 / L 6(2)d=dF(b) — 0.
0 c

(b/o + z; X))+ xqlg — 1)
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Hence to bound 77, it is sufficient to bound T — T5:

1
1
T1 — T3 = O'q_2/ /
o Jrezy [ng(b/o 4+ 2 x) P71+ xq(q — 1)

1 1
" dzdF (b
’ /0 /fC\I;’ im0+ xalg — 1))

1 c(9—2)
g1 2+(1=1(2-9) / / 26 ¢(2)dzdF (b)
0 JINI

&(2)dzdF(b)

IN

—
<
=

IN

qg—1
Coq/log(1/o) 2bc(q—2)
— gq—2+(1—v)(2—q)/ /j\ﬁ p— ¢(z)dzdF(b)
0 \IJ
P
1 clg—
+0q_2+(1—7)(2—Q)/ / 20t 2)¢(Z)dZdF(b)v
Cor/log(jo) JToTy 4 — 1

J

~~

Ts

where (b) is the result of Lemma 3.4.9 and C' is a positive constant. We first bound

T in the following:

2O_q,2+(177)(27q) 1 bc(qfl) b 20-11*3+(1*’Y)(2*Q) ~
T5 < /~ 1) (—) dF(b) < d(C/log(1/0)/2).
q—1 Go\/log(ljo) O 20 q—1

It is then casily seen that Ty goes to zero by choosing large enough C. For the

remaining term 7},

959-3+(1-7)(2—q) Co/log(1/0) b
Ty ? / beaD g (—) dF(b)
qg—1 0 20

2g4—3+(1-7)(2-q)

IN

< T (Co iR (1) G(O)R(B| < Coy/log(1/0)

< O(l)o_c(q—l)_’Y(Q—q)-‘rl—q-i-e(log(l/o_))(C(q—1)+2—q+e)/2_)O'

To obtain the last statement, we can choose 7 close enough to zero and c close to 1.
Hence we can conclude T} — 0 as ¢ — 0. This combined with the results in (3.31)

and (3.32) gives us

1
lim —0 25, = 2Cq(q — 1)

. — 2Cy(q — DE/B"?.
i (B + 0Z; Co?) -1 + Co?q(q — 1) (¢ — 1)E|B|

The above result together with (3.30) finishes the proof. O
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As stated in the roadmap of the proof, our first goal is to characterize the con-
vergence rate of x} (o). Towards this goal, we first show that x}(c) cannot be either
too large or too small. In particular, in Lemmas 3.4.11 and 3.4.12, we show that
X;(0) = O(c?") and x}(0) = Q(c?). We then utilize such result in Lemma 3.4.14 to
conclude that x} (o) = ©(09).

Lemma 3.4.11. Suppose E|B|? < oo, if xo'™% = oo and x = o(1), then R,(x,0) —

00, as o — 0.

Proof. Consider the formula of R,(x, o) in (3.29). Since x = o(1), it is straightforward

to apply Dominated Convergence Theorem to obtain
lim xy 20?729, = ¢*E|B|** 2.
o—0

Because y20%72¢ — oo, we know S; — 0o. Also note

1
S| <2 -1) —— = 2.
| 2| = XQ<q ) XQ(q_l)

Hence, R,(x,0) — oo. O

Lemma 3.4.12. Suppose that the same conditions for B in Lemma 3.4.10 hold, if

X = o(c9), then
RQ(X7 0) —1

5 —0, aso—0.
o

Proof. Consider the expression of R,(x,0) — 1 in (3.29). First note that

i O g X0 Rl (B + 0 Z5 xo® )P
o0 g2 o—0 o2

=0.

Now we study the behavior of Sy. Recall that we defined Z_; = —g — lggq(i) ; —g + ﬁ

and Z7 = [-% — 2 24 —a_1ip (3.20) and (3.27), respectively. It is straightfor-

ward to use the same argument as for bounding P_; in the proof of Lemma 3.4.7 (see

the derivations in (3.22)) to have

L[ #e) X[ o)
;/o /z n4(b/0 + 2 x) 1>~ + xalq — 1)dZdF(b) = ﬁ/o /I dedF(b)

— 0.
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Moreover, since xy < C'o? for small enough o, Lemma 3.4.1 part (v) implies
ng(b/o + 2;x)| > |ng(b/o + z; Ca?)l.

Therefore, as ¢ — 0

X [7 ()
=y /\ o + =z e

1 o0
<X / / 2Z) par(s) o,
ot 0271 Jo Jrng, [0g(b/o 4 2z, Co9)|?~4
where the last statement holds because of = [ Jrnz, G /Ufz( CenradzdF(b) = 0

that has already been shown in the proof of Lemmas 3.4.7 and 3.4.8. Above all we

have proved

X " o(2) .
o2 /o /zw ng(b/o + 2 x) [~ + xq(q — 1)d dF(b) = 0.

Based on the above result, we can easily follow the same derivations of bounding the

term T} in the proof of Lemma 3.4.10 to conclude

b/o+bc/(20) Qb(Z)
hm—/ / dzdF'(b) = 0. 3.33
5557 Jy S o sesamy Tal®lo 20 xalg =D ) (3:33)

Furthermore, because y = 0(0‘1)7 the analyses to derive Equation (3.31) and bound

T5 in the proof of Lemma 3.4.10 can be adapted here and yield

= o(2) B
i 02/ | mbjo - =P T+ xalg =D E =0 (3.54)

9(2)
dzdF'(b) = 0.
o—0 02/ /IR\ (—b/o—be ) (20),—bjo+be /(20)] |Ma(D/0 + 25 X) P77 + xq(g — 1) ()

Putting results (3.33) and (3.34) together gives us

2 _ 1 o0 (o]
lim ~2 _ Jj X80~ 1) / / ?z) d=dF(b) = 0.
o0 0 om0 o 0 Jooo INg(b/o + 2 X)|277 + xq(g — 1)
This finishes the proof. O

Collecting the results from Lemmas 3.4.10, 3.4.11 and 3.4.12, we can upper and

lower bound the optimal threshold value (o) as shown in the following corollary.
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Corollary 3.4.13. Suppose the conditions for B in Lemma 3.4.10 hold. Then as

o — 0, we have
Xy(0) = Q(a%),  x;(0) = O(c"™).

Proof. Since x = x; (o) minimizes R,(x, o), we know

R,(x;(0),0) < Ry(0,0) =1, for any o > 0, (3.35)
o (Ry(Xi(0),0) = 1) < 0 *(Ry(Co? 0) — 1) < —¢, for small enough o, (3.36)

where the last inequality is due to Lemma 3.4.10 with an appropriate choice of C', and
¢ is a positive constant. Note that we already know () = o(1). If x} (o) # O(0971),
Lemma 3.4.11 will contradict with (3.35). If x;(o) # (0?), Lemma 3.4.12 will
contradict with (3.36). O

We are now able to derive the exact convergence rate of x; (o) and Ry(x; (), 0).

Lemma 3.4.14. For any given q € (1,2), suppose the conditions in Lemma 3.4.7 for
B hold. Then we have
(¢ — DE|B|"?

Xq(O') = qE|B|2q—2 ot + O(Uq)a
; (¢ — D*(E[B]"2)? , 2
R,(x;(0),0) = 1-— E[BPr? o+ o(c?).

Proof. In this proof, we use x* to denote x; (o) for notational simplicity. Using the

notations in Equation (3.13), we know that x* satisfies the following equation:
0=x"Uy — Uy — x"Us.
Our first goal is to show that 092Uy — ¢(¢— 1)E|B|7? as ¢ — 0. Define the interval
= [~b/o — (X)), =b/o + (x*)V 7). (3.37)

Then we have,

U, q—l [ng(b/o + z; x*)|[* N
o / | (/o + 2 Pt + xealg = D F4=dF )

Q—l 1ng(b/o + z; )|
/ /R\ic (na(b/ + 2 X )7 + xq(q — 1))3 ¢(2)dzdF (b). (3.38)
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We first show that the first term in (3.38) goes to zero. Note that n,((x*)Y/?=9; x*) =
(x*)/2=9n,(1;1) by Lemma 3.4.1 part (iii), we thus have

q—l ng(b/o + 2 x*) |42
/ / (Ing(b/o + 2 x") 24 + x*q(q — 1)) 5 9(2)dzdF(b)

_ 1/2 q) 4—2q
< q 1) / /|77q 1))3)| ¢(2)dzdF(b)
< [ I D dear e
Cio4/log(1/0) ,'74 2q(1 1)
= 0'2“1/0 /icX “(q(q — 1)) ) AAE )
g (1 1)

IK|p(Cry/log(1/a) — (x*)V/ 7).

¢*(q — 1))
Since we have already shown y* = Q(0?) in Corollary 3.4.13, it is straightforward to
see that the second integral in the above bound is negligible for large enough C. For
the first term, we know

Clom +e
! / / 6(2)d=dF (B) < O(1)(x") TV C-05<(log(1/0)) = = o(1).

X*O-Q—q

Our next goal is to find the limit of the second term in (3.38). In order to do that, we

again break the integral into several pieces. Recall the intervals Z7, 7 1,7y, 74, ..., Jo, J1,- - -

that we introduced in Lemmas 3.4.7 and 3.4.8. We consider two different cases:

1. In this case, we assume that (y*)Y/ =9 = o(lo‘g’zﬁ).

Hence IC C Z_,. We have

[mg(b/o + 2 X ")
_ive (177q( b/0+z X)P 4 xrqlg = 1))°

&(2)d=dF (b)

5 0(2)dzd F (b)

IN

e gl b/0+2 X*)[P

o q/ /1\ICX77q 71)gb(z)dzalF(b)

/C’ga log(l/a)/ 1 ( ) ( )
——————¢(2)dzdF (b
o271 Jo ok xme (11)

1 /°° / 1
+ L (2)d=dF(b).
0% Jeyo frogije) Jz vk xPmg (15 1)

IN

IN
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The fact that x*(0) = Q(0?) enables us to conclude that the second integral

above goes to zero by choosing large enough C5. Regarding the first term we

know
1 /‘CQO' log(l/o’)/ p
2)dzdF (b
—= [ o=
?(0)|Z_1|P(|B| < Cyo+/log(1/o o4 —q+¢ (a
= IEST U|2_qu (1/0)) =0(1) - ; - (log(1/0)) b (:)0(1),

where (a) is due to x* = Q(0?). We now consider another integral.

[mg(b/o + 2 x") [
2y (17 b/0+z X)P 4 xrqlg = 1))°

é(2)d=dF(b).

;9(2)dzd F (D)

<

7y [Mg(b/0 + 25 x*)2~ W@
Our goal is to show that this integral goes to zero as well. We use the following

calculations:

1 /OO/ 1
— o(z)dzdF (b
o271 g, [Me(b/o + 2 x*)|271 =) ©)

ms+2

1
= 2 / /\ o e BdEE )

1
awz/ / s Ilfe T a e R)

1
— &(2)dzdF(b),
e / /J\ m(b)o + e e ®)

where £ is chosen in a way such that Z% C J,. Define m; = |Z;| and m; = |J;|.

IN

Note that we did similar calculations for the case y = C'o? in Lemmas 3.4.7 and
3.4.8. The key argument regarding y that we used there to show each term above
converges to zero was that n,(m;;Co?) = ©(m;) and n,(m;; Co?) = O(m,).
Hence, if we can show that n,(m;; x*) = ©(m;) and n,(m;; x*) = O(m;) in the

current case, then those proofs will carry over and we will have

1 /OO/ 1
— ¢(z)dzdF'(b) — 0.
70 Sy Jong Tllo ¥z 4 0)
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For this purpose, we make use of Lemma 3.4.6. Note that since m_; < mg <
my < ... < Mpuao < Mo < My < My... < my, we only need to confirm the

condition of Lemma 3.4.6 for m_;. We have
X'mi? = x9N og(1/0)* 1 = o(1),

by the assumption of Case 1. Hence in the current case we have obtained

1n4(b/o + 23 x |2
/ / ’nq b/O' + 25 x )‘2 74y q(q _ 1)) (b(Z)dZdF(b) — 0.

Furthermore, it is clear that

o1 2|n,(b/o + z; x*)|* 2 < 1
(Img(b/o + 2:x*)2~9 4+ x*q(q — 1))? ~ [ng(b+ oz; x*0279) |2~ 4 x*02~ (¢ — 1)

We can then follow the same line of arguments for deriving lim,_,o —Ss/0? in

the proof of Lemma 3.4.10 to obtain lim,_,o 092Uy = q(q — 1)E|B|?2.

R I e oyl ¢
2. The other case is (x")*7 = Q(i777). Because ()7 = Q(777;) and
X* = O(0971), there exists a value of 0 < m < m* + 1 such that for o small
enough, (X*)ﬁ = 0(|Zs|) and (X*)ﬁ = Q(|Zs-1]). We then break the integral

into:

L n4(b/o + 2 x|~
ﬁ/0 /Iv\;c ng(b/o + 2 x*) 277 + x*q(q — 1))3¢(Z)dZdF(b)

L [mg(b/o + 23 x*) |2
%/ /Im\IC mq(b/o + 2 x*) >~ + x*q(q — 1))3¢(Z)dZdF(b)

- na(b] + 2
— dzd .
== /\ (6o + 2 )P £ valg =1 "B ) (3:39)

Once we show that each of the two integrals above goes to zero as o — 0,

then the subsequent arguments will be exactly the same as the ones in Case 1.
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Regarding the first integral,

|77q(b/0 + z; X*)|4*2q

/«Cda log(l/a)/ 1 ( ) ( )
< $(2)d=dF (b
0?71 J zove xng *(151)

1 /°° / 1
+ ——————¢(2)dzdF(b)
0271 J ey /lo(1j0) Tk Xg 4(1;1)

< POZnIP(B| < Csoy/log(1/0)) | #(Csy/los(1/0)/2)
N o2y (1 1)x* o2y (1 1)x*

Since x* = Q(09) from Corollary 3.4.13, it is clear that the second term in the

above upper bound goes to zero by choosing large enough C5. Regarding the

first term we have

2—q+e etq=1/9_ym_ _c¢
| Z7|P(|B| < Cso/log(1/0)) (@ O(l)af(log(l/@) ot G0
o2-ax* - X" log(1/0)55 (2=4)
® | 01)(og(1/0))™5" = 0(1) if m > 0,
<
O(1)(log(1/0)) T g~ (2+aatserl — o(1)  if i = 0,

where (a) holds even when m = m*+1 since qu%ll(Q —q)™ =5 < 0by the defi-

. . ctarde- q)m*I .
nition of m*; and (b) is due to the fact that (y*)/2=9 = Q ( 2
(log(1/c))%6 -0

when m > 0 and (y*)/2~9 = Q(logzﬁ) when m = 0, according to the choice
of m. For the second integral in (3.39), note that (X*)flq = 0(|Zs]), hence
X*|Zm|97? — 0. It implies that the arguments in calculating the second integral

in Case 1 hold here as well.

So far we have been able to derive the limit of 0972U,. We next analyze the

term 09 2y *Us and show that it goes to zero as ¢ — 0. We have

nab/o + = )
aw/ / Inqb/0+zx)|2q+XQ(q—1 s9(2)d=dF(b) <

x*77§ 9(
e 1 ¢( VdzdF (b / / L 1 () dzdF(b)
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The upper bound above has been shown to be zero in the preceding calculations

regarding the first term in (3.38). Furthermore, note that when z ¢ IC,

ng(b/o + 2 X)*0 > x*n2 (15 1).

We can then obtain

X[ [7g(b/0 + 2 x7)[P¢ e
o274 /o /IV\IC (Ing(b/o 4 2 x*)|>~7 + x*q(q — 1))3¢( )dzdF (b)
L [g(b/0 + 2 X[+~ A
Z O e 7 e )

The last term has been shown to converge to zero in the analysis of o7 2U,.

Above all we have derived that

I / / 0 (b/o + 25 x*) >
1m — 2 o
o—0 g2~4 v ([ng(b/o + 2z x*) 279 + x*q(q — 1))3

This together with the fact

X |mg(b/o + 25 x7)* ¢ g—1)"

;90(2)dzdF'(b) = 0.

< )
02 0(|ng(b/o + 2z x*) P+ x*q(g = 1))* 7 |ng(b+ 02027 0x*) P77 + 0>~ Ix*q(q — 1)
we can again follow the line of arguments for —o=2S, in the proof of Lemma

3.4.10 to get

ng(b/a + 2 x°) ¢ N
lim / / T 6(2)d=dF (b) = 0.

Hoa“ bjo+z;x*)>91+ x*q(q — 1))3

Finally a direct application of Dominated Convergence Theorem gives us 022U, —

¢’E|B|?772. Hence we are able to derive the following

o ¥y AT (= VBB
c—0 g4 oc—0 02‘1*2[]1 qE‘ B ’2‘1*2

Now that we have derived the convergence rate of x*, according to Lemma 3.4.10, we

can immediately obtain the order of R,(x*, o). O

Having the convergence rate of R,(x;(c),0) as 0 — 0 in Lemma 3.4.14, the
derivation for the expansion of AMSE(\, 4, ¢, 0y) will be the same as the one in the

proof of Theorem 3.2.3.
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3.4.4.2 Proof for the case ¢ =1

Lemma 3.4.15. Suppose that P(|B| <t) = ©(c%) (ast — 0) and E|B|* < oo, then

forqg=1

amo’ < x;(0) < Buo’(log,,(1/0))72,

@no™ < 1= Ry(x;(0),0) < o™ (log,,(1/0))",

for small enough o, where log,,(1/0) = loglog...log (%), m > 0 is an arbitrary
———

m times
integer number; and ., By Qm, Bm > 0 are four constants depending on m.
Proof. Since the proof steps are similar to those in Lemma 3.4.5, we do not repeat
every detail and instead highlight the differences. We write x* for x; (o) for notational
simplicity. Using the same proof steps in Lemma 3.4.5, we can obtain y* — 0, as
o — 0 and

. E¢(x* — B/o) +E¢(x* + B/o)
X EL(|Z + B/o| > ")

Following the same arguments from the proof of Lemma 2.5.34, we can show

O(c") <E¢(x" — B/o) + E¢(x* + B/o) < O(c(log,,(1/0))""?),  (3.40)
O(c') < E¢(vV2B/o), E¢(—B/o+ ax*) < O(c'(log,,(1/0))"?), (3.41)

where « is any number between 0 and 1. Since E1(|Z+ B/o| > x*) — 1, the bounds
for x* is proved by using the result (3.40). Furthermore, we know
Ry(x",0) =1 < Ry(x,0) =1 =E(n(B/o + Z;x) = B/o = Z)* +
—B/o+x
2E(Ovn(Blo+Z;x) —1) < x° — 2E/ ¢(2)dz = x* — AxEp(~B/o + ay),

—-B/o—x

where |a| < 1 is dependent on B. If we choose x = 3¢ 'E¢(v/2B/0) in the above

inequality, it is straightforward to see that

Ry(x",0) =1 < —O((E¢(V2B/0))*) < —O(c™),
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where the last step is due to (3.41). For the other bound, note that

Ry(x*,0) =1 =E(m(B/o+ Z;x*) — Blo — Z)* + 2E(Ovm(B/o + Z; X*) — 1)

—B/o+x*
> 9E / 6(2)dz = 4" Eg(~BJo + ax’) > —6(0*(log,,(1/0))").

B/o—x*

The last inequality holds because of the upper bound on x* and (3.41). O

Based on the results of Lemma 3.4.15, deriving the expansion of AMSE(\, 1,1, 0y)
can be done in a similar way as in the proof of Theorem 3.2.3. We do not repeat it

here.

3.4.5 Proof of Theorem 3.3.2

The idea of this proof is similar to those for Theorems 3.2.3 and 3.2.5. We make use
of the result in Theorem 2.2.2:

AMSE(A, 4. q,0) = 6 Ry(x;(7),0) = 60> — 0., (3.42)

w*

Since we are in the large sample regime where § — oo, 7 is a function of 4. It is clear
from (3.42) that 0 < 652 — 02 < 2. Hence 6% < 02 /(6 — 1) — 0, which further leads
to

2
_9 g

5% = 2+ 0(1/9). (3.43)

Due to the fact that ¢ — 0 as 6 — oo, we will be able to use the convergence rate
results of R,(x;(c),0) (as 0 — 0) we have proved in Lemmas 3.4.4 and 3.4.5. For

1 < ¢ <2, Equations (3.42), (3.43) and Lemma 3.4.4 together yield

0H(AMSE (M g, 4, 0) — 02 /8) = 62(62Ry(x5(5),5) — (52 — 5°Ry(x((5),5)/9))
Ry(x;(0),0) — 1

= (6"9°) - > +(50°) - Ry(x;(0),0) (3.44)
—(q — 1)*(E[B|*)?
— E\BPQ*Q anJran.

For the case ¢ = 1, from Lemma 3.4.5 we know R,(x;(7),0) — 1 is exponentially

small. So the firs term in (3.44) vanishes and the second term remains the same.
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3.4.6 Proof of Theorem 3.3.3

Theorem 3.3.3 can be proved in a similar fashion as for Theorem 3.3.2. Equation
(3.43) still holds. Equations (3.42), (3.43) and Lemma 3.4.15 together give us for
q=1,

R,(x:(6),5) — 1
SHLAMSE A, g, 0,8) — o2/0) = (522501 . FalalO OV 71 ooy (12(5). ),
g

where the first term above is ©(1) and the second one is o(1) when ¢ < 1. The case
1 < ¢ <2 can be proved exactly the same way as in Theorem 3.3.2 by using Lemma

3.4.14.
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Chapter 4

From low noise to large noise

analysis

4.1 Introduction

We have presented a thorough analysis of bridge estimators under the low noise regime
in Chapters 2 and 3. Our analysis can be considered as a generalization of phase
transition analysis and provides a more accurate characterization of LQLS estimators
when a small noise is added in the model. Nevertheless, in many applications the noise
present in the data is very large. Hence our preceding analysis can be irrelevant in
such cases. In this chapter, we adopt the same sensitivity analysis framework we used
in the previous two chapters, and characterize the performance of LQLS in low signal-
to-noise ratios. This time we let the noise level o,, — oo and derive the second-order
expansion of AMSE. Our results reveal a completely different picture of the behavior
of LQLS estimators from what we have showed in the low noise setting. In particular,

among all the ¢ € [1,00), ridge is optimal and LASSO is always suboptimal.
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4.2 A second-order large noise sensitivity analysis

Recall that G is the random variable that characterizes the non-zero components of
the coefficient 5, and we use Z to denote a standard normal. The main result is

presented in the theorem below!.
Theorem 4.2.1. As 0 — oo, we have the following expansions of AMSE(A. 4, ¢, 0w).
(i) For q =1, when G has sub-Gaussian tail, we have

2 2
w

AMSE(\.1,1,0,) = €E|G|* +o(e” 2" ), (4.1)

where C' 1s any positive number smaller than Cy, with Cy a constant only de-

pending on € and G .2

(ii) For 1 < q <2, if all the moments of G are finite, then

2 E 2)\2
AMSE()\*#]; q, O'w) = €E|G|2 - LJ)C(]

w

(mz1a=1)"

with ¢, = .
(¢—1)%E|Z|a-T

(i1i) For q > 2, if G has sub-Gaussian tail, then (4.2) holds.

The proof is presented in Chapter 4.3. Figure 4.1 compares the accuracy of the
first-order approximation and second-order approximation for moderate values of o,,.
As is clear, for ¢ € (1,00) the second-order approximation provides a more accurate
approximation for a wide range of o,. Moreover, the first-order approximation of
LASSO is already very accurate as can be justified by its exponentially small second
order term in (4.1).

According to this theorem, we can conclude that for sufficiently large o,,, LQLS

with any ¢ > 1 can outperform LASSO. This is because while the first dominant term

!The result is part of Wang et al. (2017).

2Refer to the proof of this theorem for the exact characterization of Cj.
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Figure 4.1: Absolute relative error of first-order and second-order approximations of
AMSE, displayed by the orange curves and purple curves respectively, for different
values of o,,. In these four figures, pp = (1 — €)dy + €d1, § = 0.4, € = 0.2.

is the same for all the bridge estimators with ¢ € [1,00), the second order term for
LASSO is exponentially smaller (in magnitude) than that of the other values of gq.
More interestingly, the following corollary shows that in fact ¢ = 2 leads to the best
AMSE in the large noise regime.

Corollary 4.2.2. The maximum of c,, defined in Theorem 4.2.1, is achieved at ¢ = 2.
Proof. A simple integration by part yields:
2-g  2—g > -
Ejz|5 = 2/ 27 () de = 2(g — 1)/ o(2)dz
0 0

= 2-1) [ =0 = (g - DB|ZI
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Figure 4.2: The constant ¢, in Theorem 4.2.1 part (ii). The maximum is achieved at

q=2.

We can then apply Holders’s inequality to obtain

(E|Z|77)? _ E|Z|7TEZ?
2 < 2 =1
E|Z|+T E|Z|s-T

Cq = = Co.

]

Therefore while the AMSE of all bridge estimators share the same first dominant
term, ridge offers the largest second dominant term (in magnitude), and hence the
lowest AMSE. Figure 4.3 shows the AMSE comparison for different LQLS estimators.
It is important to note that the optimality of ridge and suboptimality of LASSO hold
for sparse coefficients. In other words, in low signal-to-noise ratios fs-regularization
gives better estimates for sparse parameters even than the sparsity promoting ¢;-
regularization. This is in contrast to the conclusion we obtained for low noise setting.
The results in low and large noises together can be considered as a manifest of bias-
variance trade-off principle in statistics.

A natural question is the comparison among ¢ € [0, 1]. Theorem 4.2.1 may imply

that ¢ = 1 can outperform all the other ¢ < 1, since {,-regularization with ¢ < 1 is
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Figure 4.3: The AMSE curves for LQLS estimators with ¢ = 1,1.2,2,3,4. For this
figure, pp = (1 — €)dy + €41, 6 = 0.8, ¢ = 0.3.

even more aggressive than ¢; hence leading to larger variance. We formally confirm

it for a special family of distributions fz in the next theorem.

Theorem 4.2.3. Suppose fg = (1—¢€)dy+€d,, where pi is a non-zero constant. Then

for any given 0 < q < 1, there exists a threshold ,, such that
AMSE (A 1,1,04) < AMSE(Aiy,q,00),  for all oy > Gy

The proof can be found in Zheng et al. (2017).

4.3 Proof of Theorem 4.2.1

4.3.1 Roadmap and preliminaries

Since the proof of this theorem is long, we lay out the roadmap of the proof here

to help readers navigate through the details. According to Corollary 2.2.4, we know
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that AMSE(\. 4, ¢, 04) can be computed as
AMSE (Mg, g, 0) = 6(5° — o), (4.3)
where & satisfies the following equation:

1
o2 =02 + 3 m>igl]E(nq(B +6Z;a6°"1) — B)% (4.4)

It is clear from (4.4) that ¢ — oo as g, — co. However, to derive the second-order
expansion of AMSE(\, ,,q,04) as 0, — 00, we need to obtain the convergence rate
of . We will achieve this goal by first characterizing the convergence rate of the term
ming>o E(n,(B + 0Z;ac*™1) — B)? as ¢ — oo. We then use that result to derive the
convergence rate of & based on (4.4) and finally calculate AMSE(\, 4, ¢, 0,,) through
(4.3). Since the proof techniques look different for ¢ = 1,1 < ¢ < 2,¢ > 2, we prove
the theorem for these three cases separately.

Let ® and ¢ denote the cumulative distribution function and probability density
function of a standard normal random variable respectively. Standard result on the

expansion of Gaussian tails through integration by parts gives: for k € N*, s > 0

[y

v(-9) = o) S TR Capr - [T 0],

i

Il
o

where (20 — 1)!! 21 x3 x5 x ... x (2 —1).

Lemma 4.3.1. Consider a nonnegative random variable X with probability distribu-
tion p and P(X > 0) = 1. Let £ > ¢ > 0 be the points such that P(X < () < 1
and P(( < X < &) > i. Let a,b,c : Ry, — R, be three deterministic positive func-
tions such that a(s),c(s) — oo as s — oo. Then there exists a positive constant sg

depending on a,c, X, such that when s > s,

a(s) g a(s) E
/ TS dp(z) < 3/ @ dp().
0 ¢



CHAPTER 4. FROM LOW NOISE TO LARGE NOISE ANALYSIS 157

Proof. For large enough s such that a(s) > &,
a(s) 22 3 22 2
[ B = [ ) 2 O BRG < X <9
¢ ¢

5 2 ¢ 22
Z eb(s)c_%P(X S C) Z e_cg(s)/ eb(s)x—@d,u(:p).
0

As a result we have the following inequality,

a(s) 22 2 a(s) 2
/ TG dp(x) < (14 606(5))/ TS dp().
0 ¢
52
For sufficiently large s such that e<*) < 2, the conclusion follows. O

4.3.2 Proof of Theorem 4.2.1 for ¢ =1

According to Definitions (2.46), (2.77) and Lemma 2.5.5 part (v), it is clear that

Equation (4.4) can be rewritten:

ol =02 + %&QRq(X;;(&), 7). (4.6)

As explained in the roadmap of the proof, the key step is to characterize the conver-
gence rate of 6. Towards this goal, we first derive the convergence rate of x; (o) as
o — oo in Chapter 4.3.2.1. We then bound the convergence rate of R,(x;(c),0) as
o — oo in Chapter 4.3.2.2. We finally apply the preceding result to (4.6) to charac-

terize & when o, — 00, and derive the expansion of AMSE(\, 4, ¢, 0y) as 0, — 00 in

Chapter 4.3.2.3.
4.3.2.1 Deriving the convergence rate of x;(0) as 0 — oo for ¢ =1
We first prove x} (o) — oo as ¢ — oo in the next lemma.

Lemma 4.3.2. Assume E|G|*> < co. Then, x}(c) = o0 as o — co.

Proof. Suppose this is not true, then there exists a sequence {c, } such that x;(o,) —

Xo < oo and o,, — 00, as n — oo. Notice that

n4(B/on + Z; xq(on))| < |Bl/on + Z < |B| + 2,
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for large n. We can apply Dominated Convergence Theorem (DCT) to obtain

lim R, (X} (0n), 0n) = EnZ(Z; x0) > 0.

n—0o0

On the other hand, since x = x;(0,) minimizes R,(x, o)

lim Ry(x;(on),0n) < lim lim R,(x,0,) = 0.

n—00 n—00 X—00

A contradiction arises. O

Based on Lemma 4.3.2, we can further derive the convergence rate of x (o).

Lemma 4.3.3. If G has a sub-Gaussian tail, then

lim Xe\9) (o)

T—00 g

= CY07

where C' = Cy 1is the unique solution of the following equation:

2(1 —
E (e““(CG — 1) + e ““(—CG - 1)) = (1=¢)
€
Proof. Since x = x; (o) minimizes R,(x, o), we know
O, (X (). ) = 0. (4.7)

To simplify the notation, we will simply write x for x;(c) in the rest of this proof.

Rearranging the terms in (4.7) gives us
2(1—¢) X2 G| G| G|
— =B e ) (= =) o -0 - e+

N J/

T(G,x,0)

1G1
o

Fixing ¢t € (0,1), we reformulate the above equation in the following way:

2(1—c¢)

€

— E[T(G, v, 0)I(|G| < to)] + E[T(G, v, o)I(|G] > toy)]. (4.8)

We now analyze the two terms on the right hand side of the above equation. Since G
has a sub-Gaussian tail, there exists a constant v > 0 such that P(|G| > z) < ™%’

for z large. We can then have the following bound,

|E[T(G, x,0)[(|G] > tox)]| < ¢( (2)(—1- V2/7)P(|G] > toy)

<2 (2\/ 2mx + 2)6_(7t2”2_%)x2 — 0, as o — oo,
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where we have used the fact that y — oo as ¢ — oo from Lemma 4.3.2. This result

combined with (4.8) implies that as ¢ — oo

E[T(G, v, o)I(|G] < tox)] = 20—, (49)

€

Moreover, using the tail approximation of normal distribution in (4.5) with & = 3, we

have for sufficiently large o,

E[T(G, x, o)I(|G] < tox)]

X ol _c? (X|G] X 3y )
<E| —F——e 7 22 — + +
[3<— G|/o ( o (x—|Gl/o)?*  (x—|G|/o)*)
Ul(aXaU)
X el [ x|G] X 3x? >
— = e ¢ 22| — — + (|G <tox).
TGl ( o T raer T e J (6] < tox)
Us(Gx0)

Similarly applying (4.5) with k = 2 gives us for large o

X Mol a2 (x|G] X )
E|T(G,x,o)l(|G| < to >E| —F——e 0 22 — +
(G, 0 < 170 2 B (X =lavr)
LI(EVYTX’U)
X _xoe( y|G] X2 )
—— e 7 P = - (|G| < toy).
X+ [Glfe (272 ey IREES
L2(Gx.0)

We can conclude based on the two bounds that limg_, ., % =C; with 0 < C] < o0.

Otherwise

e If ) = oo, there exists a sequence x,, /0, — o0 and g, — 00, as n — o0o. Since

_Xn‘G‘

| Lo (G, Xnyon)| < € on (X:;—LG‘ + 1) <2, we can apply DCT to obtain

lim E(Ls(G, xn, 00)I(|G| < tonxn)) = 0.

n—oo

Furthermore, we choose a positive constant { > 0 satisfying the condition in
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Lemma 4.3.1 for the nonnegative random variable |G|. Then

E(L1(G, Xn, 00)I(|G| < tonXn))
xldl_ o <Xn|G| 1

> E on

= {6 on (1 1)

- [ I ) / se B AF(g)
(<g<tonxn On g<tonxn (1 o t)

(@) 2 xng _ g%
> (CX" - 3>/ e idF(g)
On (1 - t) (<g<tonxn

(x 2 xn¢ g
Z( = 3>ean/ e 2f’ndF( ) — 00,
On (1—1) (<g<tonXn

where we have used Lemma 4.3.1 in (a). This forms a contradiction.

5 )1061 < )]

o If C; = 0, for large enough ¢ we have £ < 1 and then on |G| < toy,

2 1 3
< = G
|U1(G,X,O') +U2(G7X7U)| -1 —te G+ (1 —t)2 + X2<1 _t)4

which is integrable since G has sub-Gaussian tail. Hence we apply DCT to

obtain as ¢ — o0
E[(Ui(G, x,0) + Us(G, x, 0))I(|G] < tox)] — —2
This forms another contradiction.

Similar to the above arguments, we can conclude that lim X = (5 € (0,00). Now

——0—00
that X = O(1), we can use DCT to obtain

lm B[ X e-g 3
imE|—-———¢7¢ 27— —
oo Lx £ |G|/ (x £1G[/o)*

This result combined with (4.9) and the upper and lower bounds on E[T (G, x, 0)I(|G| <

(|G| < toy)] =0.

tox)] enables us to show

2(1—¢)

lim E[(L1(G, x,0) + La(G, x, 0))I(|G| < toy)] =

T—00
Now consider a convergent sequence X* — €y € (0,00) and 0, — 00 as n — o0.
n

On |G| < to,x, we can bound for large n

|L1(G7Xnagn) + LQ(G> Xn70n)| < —
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which is again integrable. Thus DCT gives us

2(1—c¢)

=% = lim E[(Ly(Gyxn 00) + La(G Xy )G <t

= E[e?9(C|G] - 1) + e~ @ (-C1|G| - 1)].
For C5 the same equation holds. By calculating the derivative we can easily verify
h(c) = e9Cl(c|G| — 1) 4 e~%l(—c|G| — 1), as a function of ¢ over (0, 00), is strictly

increasing. This determines C; = C5. Above all we have shown

“(o
X )—>CO, as o — 00,
o
where E[600G<C()G . 1) + e—CoG(_COG _ 1):| — 2(126)' ]

4.3.2.2 Bounding the convergence rate of R,(x;(c),0) as 0 — oo for ¢ =1

We state the main result in the next lemma.

Lemma 4.3.4. If G has sub-Gaussian tail, then as o — co

E|G|? o(x;y())
m§’+0<@;®P)'

Proof. For notational simplicity, we will use x to denote x; (o) in the rest of the proof.

Ry(xg(0),0) =

g

Since my (u; x) = sgn(u)(|u| — x)+, we can write R,(x, o) in the following form:

Ry(x,0) = 2(1 = ) (1 + X)) @(=x) — xo(x))
B | (143 = G2/0%)(@(G/o = x) + ®(~G/a - X))

[ J/

Sl(C:{XaU)
(67 + 000~ GJo) + (Gl — )6l + GJa) +G*o?|
52((;7)(70)
Hence, we have
X E|G]*Y _ X
LI (Rq(x,a) -3 ) =2(1 —¢) lim ) [(1+x*)2(=x) = xo(x)]
3
+e 011_{210 %E[Sl(G, X,0)+ S2(G, x,0)]

(@ ’
= 4(1 —€) + € lim

X
o—00 ()

E[S1(G, x,0) + S2(G, x, 0)]. (4.10)
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We have used the tail expansion (4.5) with k£ = 3,4 to obtain (a). Note that since

lzo(z)| < %, we have

2e~1/2 4y G?
|S1(G7X’O-) +S?(G7X7U)| < —% +_ﬂ+2<1+x2+ g)

Moreover, it is not hard to use the sub-Gaussian condition P(|G| > z) < e to

obtain
tox o]
E(G*1(|G| > tox)) = / 20P(G > tox)dx +/ 20P(G > x)dx
0 tox
< (tUX)2677t202X2 n lef’YtZUZX2
= ’y )

where t € (0,1) is a constant. Combining the last two bounds we can derive

X R((54(G, v, 0) + S(G o )G > to)]

P(x)
S X3(2€71/2 + 4X + 2 /271'(1 + XQ))B,(,thOQi%)XQ +
24273
—:X(t2‘72x2 +1/7)e” 0P =X 50, as o — .
g

On the other hand, we can build an upper bound and lower bound for |S;(G, x, o) +
So(G, x,0)] on {|G] < tox} with the tail expansion (4.5) as we did in the proof
of Lemma 4.3.3, For both bounds we can argue they converge to the same limit as
o — oo by using DCT and Lemma 4.3.3. Here we give the details of using DCT for
the upper bound. Using (4.5) with k£ = 3 we can obtain the upper bound,

X3 (Sl(G7 X5 0) + SQ(Ga X5 0))

o(x)
< Yoy — G/o) {2(;2/02 —2xG/o -1 N 3(1+ x%— G2/02)1
- o(x) (x —G/o)? (x —G/o)?
Yol(x + G/o) {QGQ/UQ +2xG /o —1 N (14 x%— GQ/az)]
o(x) (x +G/o)? (x +GJo)®

It is straightforward to see that on {|G| < tox} for sufficiently large x, there exist
three positive constants C7, Cy, C5 such that the upper bound can be further bounded

by C&E';;l + (f;)g, %ﬁ'fl)tl + (1%)5] e®3IG1 which is integrable by the condition that
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G has sub-Gaussian tail. Hence we can apply DCT to derive the limit of the upper
bound. Similar arguments enable us to calculate the limit of the lower bound. By

calculating the limits of the upper and lower bounds we can obtain the following

result:
%
—E[(Sl(Gv X U) + 52(G7 X U>>H<|G‘ < tUX)]
o(x)
CoG —CoG 4(1 —¢)
— —2E (e°9(CoG — 1) + e 9 (=CoG — 1)) = — —
This completes the proof. O

4.3.2.3 Deriving the expansion of AMSE()\, 4, ¢,0,) for ¢ =1

We are now in the position to derive the result (4.1) in Theorem 4.2.1. As we explained

in the roadmap, we know
AMSE(A, g, ¢, 00w) = 0°Ry(X((5),5) = 6(5% — o). (4.11)

First note that ¢ — oo as o,, — 00 since ¢ > o,,. Then according to Lemma 4.3.4

and (4.11), we have

2 2 R,(x(o),0
lim %’ = lim 2% = lim (1- M) —1 (4.12)
Ow—00 0 o—00 0 T—00 (5
Furthermore, Lemma 4.3.3 shows that
(o (o
lim qu() = lim w = Cy. (4.13)
Oy —>00 g g—r00 g

Combining Lemma 4.3.4 with (4.11), (4.12), and (4.13) we obtain as ¢, — 00,

2,2 2,2
5" (AMSE (A, 4, ¢, 00) — €E|GP2) = & 5" 62(Ry(x(5), 5) — €B|G[2/5?)
22, GG oh (04?32 oy
T 52y (3) Po(1) = o(1).

= e T (0) o) =€

We have used the fact 0 < C' < Cj to get the last equality.
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4.3.3 Proof of Theorem 4.2.1 for 1 < g <2

The basic idea of the proof for ¢ € (1, 2] is the same as that for ¢ = 1. We characterize
the convergence rate of R,(x;(c), o) in Chapter 4.3.3.1. We then derive the expansion
of AMSE(\. 4, ¢,0,) in Chapter 4.3.3.2.

4.3.3.1 Characterizing the convergence rate of R (x;(c),0) as 0 — oo for

q € (1,2]
We first derive the convergence rate of x; (o) as o — oco.
Lemma 4.3.5. For q € (1,2], assume G has finite moments of all order. We have

-1

xa0)  (q-1 Ejzj77 '

o2(q-1) - 1 5 2—q ’
qi1 EB2E|Z|

as o — 00,

Proof. First note that Lemma 4.3.2 holds for ¢ € (1,2] as well. Hence (o) — oo

as 0 — oo. We aim to characterize its convergence rate. Since no(u; x) = the

result can be easily verified for ¢ = 2. We will focus on the case ¢ € (1,2). For
notational simplicity, we will use x to represent (o) in the rest of the proof. By the
first order condition of the optimality, we have 0y R,(x,0) = 0, which can be further

written out:

0 = El(n(B/o+Z;x) — B/o)dany(B/o + Z; x)]

—q|ng(B/o+ Z; x)|*
14+ xq(q — 1)|ng(B/o + Z; x)|172

.

-~

Hy
1| Balny(B/o + Z; )| 'sgn(B/o + Z) (4.14)
o L+ xq(q = V)ng(B/o+ Z;x)|[1=% |

-~

Ho

where we have used Lemma 2.5.8 part (ii). We now analyze the two terms H; and
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Hj; respectively. Regarding H; from Lemma 2.5.5 part (i) we have

X ialng(BJo + Z; x)|* _ X710, (Blo+ Z;x) |

-
1+ xq(q — D|ny(B/o + Z; x)|" q—1
2
1B/o+ 2= n(B/o+ Z0)||™ (15| + |2
= Lq } §(|L+| ) , foro >1.
qit(g—1) qr(¢—1)

Since G has finite moments of all orders, the upper bound above is integrable. Hence

DCT enables us to conclude
g1 E|Z|i1
lim yiH, = AT (4.15)
o—00 qq_l (1 _ q)

For the term Hs, according to Lemma 2.5.5 part (i) and Lemma 2.5.8 part (i) we can

obtain
1, - 1. B(B/U+Z—7]q(B/U+Z§X))_2]
oX |14 xq(q —1)|ny(B/o+ Z; x)|"
. B2 E[Bzamq(B/UJrZ;X)
\UZX 1+xq(q—1)}77q(B/U+Z;X)\q72, N X 4
I &
—LE Bn,(B/o + Z; x) ]
X1+ xqlq—1D)|ny(B/o+ Z; )" |

I3

By a similar argument and using DCT, it is not hard to see that,

2—q
q EB2E|Z|«1

lim o Xﬁjl = %, (416)
T—00 qq_l (q _ 1)

3—q
q EBE(|Z]+1 A
lim axﬁfg = (‘ ’ Sgn( ))

— = 0.
o—00 qq_1 <q_ 1)

Regarding the term I, by using Stein’s lemma and Taylor expansion, we can obtain
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a sequel of equalities:
E[B(Z* = 1)ny(B/o + Z;X)]

[2 =
X0
_E[B(Z° - 1)(n,(Z;x) + Owny(yB/o + Z:x)B/0)]
XO
_ E[BX(Z* — 1)dun, (vB/o + Z; x)]
Xo?
1 BX(72 1)

_ E —1,
X0 L1+ xq(q = D|ng(vB/o + Z;x)|"
where the second step is simply due to Lemma 2.5.5 part (iv); v € (0,1) is a ran-

dom variable depending on B and Z. Again with a similar argument to verify the

conditions of DCT we obtain

. 2 — q)EB?E|Z|+
T—00 qu(q _ 1)2
Finally, based on (4.14) and collecting the results from (4.15), (4.16) and (4.17)

q—1 1 Elz 2 q—1
— g—1
N 1Z| _ '
¢ EB2E|Z|i

We now characterize the convergence rate of R,(x;(c),o) in the lemma below.

(4.17)

enables us to have as ¢ — 00,

q+1
X | x7'Us— H)
o=l o1 (I + I)

]

Lemma 4.3.6. Suppose 1 < q < 2 and G has finite moments of all orders, then as
o — 00,

: E|GP  (EIGPEIZ|)” 1
Ry(xy(0), 0) = ’2‘ _< L) — +o(1/c%).
7 (¢—1)2E|z|77 ©

Proof. 1t is straightforward to prove the result for ¢ = 2. From now on we only

consider 1 < ¢ < 2. We write x for x;(o) in the rest of the proof to simplify the

notation. First we have
EE‘GP 2
R,(x,0) — e En;(B/o+ Z;x) — 2E[n,(B/o + Z; x)B/0o]
= En}(B/o + Z; x) — 2E[(n,(Z; x) + 01ny(vB/o + Z; X)B/o) B/ 0]

= En(B/o + Z; x) — 2B[01n,(vB/o + Z; x) B* /0”], (4.18)
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where we have used Taylor expansion in the second step and v € (0,1) is a random

variable depending on B, Z. According to Lemma 2.5.5 part (i),

2 _2 2
X (Blo+ Z;x) = q=i(|Bjo+ Z| —|ng(B/o + Z; x)|)+T

2 2
< q&=«(|B|+1|Z|)aT, foro>1.

The upper bound is integrable since G' has finite moments of all orders. Hence we

can apply DCT to obtain
lim X7 En?(B/o + Z; x) = q=iE|Z|7T. (4.19)
o—r00

We can follow a similar argument to use DCT to have

lim X7 B0y (vB/o + Z; x) B /0%

( . XEiT 132
@ 1 _
(oa o0 2 o o0 _L L -
oo 0% 0o X 1 +qlqg—1)|x=n,(yB/o+ Z; x)|172
wg—1 E|Z|7T EBYE|Z|!
= T 1 2—q 1
gt EB2E|Z|«t qi1(q—1)

—~

A= (4.20)

where (a) holds due to Lemma 2.5.8 part (i); we have used Lemma 4.3.5 and DCT to
obtain (b). Finally, we put the results (4.18), (4.19), (4.20) and Lemma 4.3.5 together

to derive

lim o*(R,(x, o) — €E|GI/o?)

g—00
.ot L2,
= lim — - [ lim X En;(B/o+ Z;x) —
o—00 Xﬁ o—00

2 lim xTTE(0iny(YB/o + Z;x)B* /%)
2 -2
q—1 E|Z|«T 2 2 2 2
= ( . IEBQIIE||Z|2_'11> (g E[Z]T — 2T E|Z]+7T)
qqfl a—
& (E|GE| 2| 1)’
(¢—1)%E|Z|7T

This finishes the proof. n
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4.3.3.2 Deriving the expansion of AMSE(\, ,, ¢, 0,) for ¢ € (1,2]

The way we derive the result (4.2) of Theorem 4.2.1 is similar to that in Chapter
4.3.2.3. We hence do not repeat all the details. The key step is applying Lemma
4.3.6 to obtain

lim o2 (AMSE(\. 4, ¢,04) — €E|G?) = lim o2 (AMSE(\. 4, ¢, 0w) — €E|G|?)

Ow—+00 0—00
2
— lim 22 lim 64(R,(x;(6),5) — €E|G|*/5?)

F—+00 5’2 T—00

= _EE|GP)%k,

4.3.4 Proof of Theorem 4.2.1 for g > 2

We aim to prove the same results as presented in Lemmas 4.3.5 and 4.3.6. However,
many of the limits we took when proving for the case 1 < ¢ < 2 become invalid for
q > 2 because DCT may not be applicable. Therefore, here we assume a slightly
stronger condition that G has a sub-Gaussian tail and use a different reasoning to
validate the results in Lemmas 4.3.5 and 4.3.6. Throughout this section, we use y
to denote x; (o) for simplicity. First note that Lemma 4.3.2 holds for ¢ > 2 as well.
Hence we already know X;(O) — 00 as 0 — 00. The following key lemma paves our

way for the proof.

Lemma 4.3.7. Suppose function h : R* — R satisfies |h(z,y)| < C(Jx|™ + |y|™2)
for some C > 0 and 0 < mqy,my < 00. B has sub-Gaussian tail. Then the following
result holds for any constants v > 0,7 € [0, 1] and q > 2,

] MBDIBIT L]
1+ xq(q — 1)|ng(yB/o + Z; x)|+~2

Q

lim y
g—00

(4.21)

q q—1 v+2—¢q
= —1E[h(B,Z)|Z| T ], as o — oc.
q JE—

Moreover, there is a finite constant K such that for sufficiently large o,

|W(B, Z)|Iny(B/o + Z; X)I"
1 +X<J(q — 1)|7]q(73/0_|_ Z;X)|q_2:| < K.

max XZJ—F} E [

(4.22)

0<~<1
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Proof. Define
1
A=Aln(yB/o + Z;x)| < 5lvBlo + Z}.

We evaluate the expectation on the set A and its complement A° respectively. Recall

we use pg to denote the distribution of B. By a change of variable we then have
{ WMB, Z)|ng(B/o + Z; x)|"
1+ xq(g = 1)Ing(vB/o + Z; x)|*~?
/ W,y —yz/o)|ng(y + (1 —v)z/o; x)|"
1+ xq(q — 1)|ng(y; x)|2

We have on H{Inq(y;x)\éély\} when o is large enough,

¢y — yx/o)dydpp(z).

X b,y —yefo)| gy + (L= e/a )l
T+ xalg — 1)y (g )12 ¢y —vz/o)
by = 1@/o)] - Tty + (L= /el

—
S]
N

q(q — 1)|x 7T ne(y; x)[72
g=2—v v

) g Ih(ﬂmy—w/a)l-I?ﬂr(l—é)%/dlq*1 by/V/2)e Ry

q(q — D)yl = [ng(y; X))o
© 95 T Wy — . 1— 1 2,
S a—tq 1 | ({L‘,y ’}/l‘/O')| E+( 7)1'/0-|q ¢(y/\/§>6727

q(q —1) Jy|=T

(d) 23—;?% x|™ + + |x|)™2) . +x#
¥ q (7] (lyl + |z[)™2) - (Jy| + |=[) NG

q—2
q(q — 1) [y|=
We have used Lemma 2.5.5 part (i) to obtain (a)(b); (c¢) is due to the condition
7¢(y; X)] < 3lyl; and (d) holds because of the condition on the function h(z,y).
Notice that the numerator of the upper bound is essentially a polynomial in |x| and
ly|. Since B has sub-Gaussian tail, if we choose ¢y small enough (when o is sufficiently
large), the integrability with respect to = can be guaranteed. The integrability w.r.t.
y is clear since (2 — ¢)/(q¢ — 1) > —1. Thus we can apply DCT to obtain

v+1

B, Z)|ng(B/o + Z; x)|"
lim quE{ hB, Z)|ng(B/o + Z; x| I
=00 1+ xq(q = V)|ng(yB/o + Z; x)|*~
_1
| i My = /o)X gy + (1= y)z/os X))
- alﬁrgo ] 1 9 ¢(
X1+ qlg — DxaTn(y; x|

Y = 72/0) L o< 21y WP B (2)

—1—v

v+2—¢q

:/(qqlh(w,y) o(y)dydpp(z) = %E[h(B,Z)|Z| a1 |.

q—2—v

q—1)[y| =T
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We now evaluate the expectation on the event A°. Note that A¢ implies

-1

q
WB/o+Z| = xqnvB/o+Z;x)| +|ng(vB/o+ Z;x)|
1
q— 1 -
> 2q1]’yB/o+Z\ 2|’yB/U+Z]
= |yB/o + Z| < 2(xq)T

Hence we have the following bounds,

w1 { \W(B,2)| - [ng(BJo+ Z;X)|*

X‘ITlE Ac
1+ xq(q —1)|ng(vB/o + Z; x)|172

<X E(A(B, Z)] - [ng(B/o + Z; x)|"Lae)
a v L—x Ty
<y L ey = )1 e T (y + 7 x)|"6(y)e = dydpp(z)
lyl<2(xq )2
(e) v 1 m m v (Xq 7.
< grax? (2™ 4yl + [2))™) (ly[ + |z]) T o (y)e dydpp(x)

lyl<2(xq) 2~

v 1
< iyt / o Pllal. s(w)e
lyl<2(xq)2—9

()
< C1X‘111X2 q/ (|z])e*dpp(x) < szm — 00 as 0 — 00,

(Xq)

xdyde( )

where (e) is due to Lemma 2.5.5 part (i) and condition on h(z,y); P(-,-), P(-) are
two polynomials; the extra term XTLI in step (f) is derived from the condition |y| <
Q(Xq)ﬁ. We thus have finished the proof of (4.21). Finally, note that the two upper
bounds we derived do not depend on ~y, hence (4.22) follows directly. O

We are now in position to prove Theorem 4.2.1 for ¢ > 2. We will be proving the
results of Lemmas 4.3.5 and 4.3.6 for ¢ > 2. After that the exactly same arguments
presented in Chapter 4.3.3.2 will close the proof. Since the basic idea of proving
Lemmas 4.3.5 and 4.3.6 for ¢ > 2 is the same as for the case ¢ € (1,2], we do not
detail out the entire proof and instead highlight the differences. The major difference
is that we apply Lemma 4.3.7 to make some of the limiting arguments valid in the
case ¢ > 2. Adopting the same notations in Chapter 4.3.3.1, we list the settings in

the use of Lemma 4.3.7 below
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e Lemma 4.3.5 I;: set h(z,y) = 2%, v =0,7= 1.

e Lemma 4.3.5 I3: set h(z,y) = wsgn(: +y),v = 1,7 = 1. Note that the

dependence of h(x,y) on o does not affect the result.

e Lemma 4.3.5 I5: Notice we have
_q 2 _1 2 B 1
X0l =x=Tok | B(Z® — 1)<nq(Z;x) +— [ Oy(sB/o+ Z;x)d8>
0
1
:Xq%l / IE[BQ(Z2 —1)0ny(sB/o + Z; X)}ds
0

! B2(7%2 -1
0

)
1+ xq(q — D)|ng(sB/o + Z; x)|"
We have switched the integral and expectation in the second step above due

to the integrability. Set h(z,y) = z?(y* — 1),v = 0,7 = s; then by the bound
(4.22) in Lemma 4.3.7, we can bring the limit ¢ — oo inside the above integral

to obtain the result of limy .o Y7102 1s.

e In Lemma 4.3.6, we need rebound the term E[n,(B/o + Z; x)B/o] in (4.18).
xT10*Elny(B/o + Z:x)B/o]

) B B [!
— =T 72 - . - .
10| 2 (m(z0)+ 2 [ dunoBjo + Zixjas)]
1 B2
— XQ‘IE[ }ds
/0 1+ xq(q — 1)|ng(sB/o + Z; x)|

We set h(z,y) = 2%,v = 0,7 = s. The rest arguments are similar to the previous

one.
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Chapter 5

Discussions

5.1 Linear asymptotics for non-convex problems

We remind the reader that our derivation of AMSE for LQLS with ¢ € [0,1) is
based on the replica method from statistical physics. In particular, we have made
the “replica symmetry” (RS) assumption for the method to work out the existing
AMSE formula. A crucial follow-up procedure is to perform the “replica-symmetry-
breaking” (RSB) scheme to check the validity of the RS assumption, and potentially
improve over the RS result. Since the RSB calculations are far more complicated
than RS calculations, we leave the work for future research.

Under our linear asymptotic (n/p — 0) framework, we should realize that the
AMSE characterization of LQLS for 0 < ¢ < 1 (we have to resort to the non-
rigorous replica method) is much harder than that for ¢ > 1 (we have rigorous and
general results). There seemingly exists a theoretical barrier between convex and
non-convex bridge regression problems. It seems such a barrier exists under more
general non-convex regression problems. As far as we know there has not been a
rigorous derivation of AMSE for any non-convex regression problems under the linear
asymptotics. Establishing a fully rigorous treatment is an important and challenging

research direction.
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5.2 Variable selection via bridge regression

The thesis is focused on characterizing the behavior of bridge regression for the goal
of parameter estimation. Hence we have used AMSE to measure the performance.
However, if the primary interest lies on variable selection, how would bridge regres-
sion perform? Will the preceding analyses be irrelevant in this case? To answer
these questions, we first define a measure of variable selection performance. For a
given estimator B , we consider the false discovery proportion (FDP) and true positive
proportion (TPP), defined as

P L5 7{07@‘ = 0)7 TPP — Y Ii(@‘ #0,8 # 0).
YL LB #0) iz 1(B: #0)

FDP =

We have been able to derive the asymptotically exact limits of FDP and TPP for
LASSO and sparse estimators obtained by thresholding B()\,q) with ¢ > 1. The
variable selection performance of LASSO or thresholded LQLS can then be evaluated
by plotting TPP (the limit) against FDP (the limit) at various tuning or threshold
levels. Denote this ROC-type curve by TF curve, and recall the optimal tuning A, ,
for AMSE

Avg = argmiin lim 30 q) 61
A oD
We have proved that, the thresholded B (As1,1) achieves a uniformly improved TF
curve than the plain LASSO. We further generalize the result to LQLS for any ¢ > 1
and conclude that thresholded version of B (Asgs @) with smaller AMSE attains a uni-
formly better TF curve, i.e., having an improved variable selection performance. The
implication of our results is two-fold. Firstly, variable selection does not have to be
carried out by sparsity inducing regularization in a single step. Rather, threshold-
ing a regularized estimator may lead to superior performance, even if the regularized
estimator is not sparse. For example, in the low signal-noise ratio case, thresholded
ridge regression can obtain a better TF curve than LASSO. Secondly, the goal of

variable selection is tightly aligned with parameter estimation, at least for the family
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of LQLS. Hence, our analysis of LQLS for parameter estimation carries over to the

variable selection paradigm. Refer to Wang et al. (2017) for all the details.

5.3 Prediction in bridge regression

By far we have demonstrated that for a given g € [1, 00), we would like to use B (Megs Q)
for parameter estimation, and the thresholded version for variable selection. If we
move the focus to prediction, does A = A, ; remain the optimal tuning for ﬁ(A, q)?

Denote the optimal tuning of B (), q) for prediction by
. . 1 A 2
Auwg = argmin lim S| XA0 @) — X5
A n—oo 1

We have proved that \., > A.., for LASSO, A\, , = .., for ridge regression, and
there is no definite conclusion for any other ¢ # 1, 2. Our findings not only single out
the featured properties of LASSO and ridge regression in the LQLS family, but have
a valuable implication for tuning parameter selection under the Stein’s Unbiased Risk
Estimate (SURE) (Stein, 1981) framework. Since SURE is an unbiased estimator for
the expected in-sample prediction error E||X3(), q) — X3||2/n, in the large sample
regime our result indicates that SURE can not identify the optimal tuning of LASSO
for parameter estimation, but it does for ridge regression. We further show that for
LASSO, as ¢, the sparsity level of the true coefficient 3, goes to zero, A, ; — A g — 0.
The result suggests that in the extremely sparse scenarios, SURE can be safely used
to select the optimal A of LASSO for parameter estimation. We leave a full treatment

regarding the prediction performance of bridge regression as a near future work.
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