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A UNIFORMLY CONTROLLABLE AND IMPLICIT SCHEME
FOR THE 1-D WAVE EQUATION*

ARNAUD MUNCH!

Abstract. This paper studies the exact controllability of a finite dimensional system obtained by
discretizing in space and time the linear 1-D wave system with a boundary control at one extreme. It
is known that usual schemes obtained with finite difference or finite element methods are not uniformly
controllable with respect to the discretization parameters h and At. We introduce an implicit finite
difference scheme which differs from the usual centered one by additional terms of order h? and At?.
Using a discrete version of Ingham’s inequality for nonharmonic Fourier series and spectral properties
of the scheme, we show that the associated control can be chosen uniformly bounded in L?(0,7") and
in such a way that it converges to the HUM control of the continuous wave, i.e. the minimal L?*-norm
control. The results are illustrated with several numerical experiments.
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INTRODUCTION

In the context of the boundary controllability problem of the 1-D wave equation, the following result is well
known [16]: given T' > 2 and (yo,y1) € L?(0,1) x H~1(0,1) there exists a control function v € L?(0,T) such
that the solution of the equation

Y" — Yza = 0, 0O<z<l, 0<t<T,
()4 y(0,6) =0, y(1,) = v(t), 0<t<T, (1)
y(x,0) =yo(x), ¥'(2,0) =y1(x), O0<z<l1,

satisfies
y(x, T)=14'(z,T) =0, VO<z<l1. (2)

We denote by ’ the time derivative. This controllability problem has been studied and solved some decades ago.
We mention the most successful moments theory (see [24]) and more recently the Hilbert Uniqueness Method
(HUM) offering a very general way to solve this kind of problem (see [16]).
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(Sh,At Yn,At) > (S,y(z,t))
(h, At) — (0,0)

Discrete exact
contirollability

(vp,At) X > (v(t))

(h, At) — (0,0)

Exact controllability

FIGURE 1. Non commuting diagram associated to the scheme (Sp a¢) for At < h.

We address in this work the numerical approximation of this problem which is known to be extremely
sensitive, since the pioneering work of Glowinski-Li-Lions. In [9], these authors described an algorithm based
on the HUM method and on the usual centered finite difference approximation of the wave system (1). This
approximation is of the type:

(S ar) Aatyn,ar — Apyn,ar = 0, 3)
h,A
! + Initial conditions and Boundary terms,

where Ay (resp. Ap) designates the three-point finite difference approximation of the second time (resp. space)
derivative operator (see Eq. (15)). Under the stability condition At < h, the finite dimensional system (Sp a¢)
is consistent with (S) in the sense that y;, a; converges towards y when h — the mesh size and At — the time step
— tend to zero. However, as observed in [9], the resulting sequence of controls (vj, a;) obtained with a discrete
HUM method has a bad asymptotic behavior as (h, At) — (0,0). Precisely, it is possible to exhibit initial
conditions such that v;, does not converge towards v but rather diverges exponentially as the mesh size tends to
zero [17]. In other words, the commuting property between numerical discretization and exact controllability
does not hold for (Sp a¢) (see Fig. 1). This by now well known phenomenon is due to the fact that (Sk a¢)
and, in general any discrete dynamics, generates spurious high-frequency oscillations that do not exist at the
continuous level [7]. Moreover, the interaction of waves with the grid produces a dispersion phenomenon and the
speed of propagation of these high frequency numerical waves may converges to zero when the mesh size tends
to zero. These spurious oscillations weakly converge to zero. Consequently, their existence is compatible with
the consistency of the numerical scheme. However, when we are dealing with the exact controllability problem,
a uniform time for the control of all numerical waves is needed. Since the velocity of propagation of some
high frequency numerical waves may tend to zero as the mesh size does, uniform observability and therefore
controllability properties of the discrete model may be no longer true for a fixed time 7" > 0 independent of h.

From a numerical point of view, several techniques have been proposed as possible remedies of the high
frequency spurious oscillations. We first mention a Tychonoff regularization procedure successfully implemented
in several experiments [8]. Roughly speaking, this method introduces an additional control, tending to zero with
the mesh size, acting on the interior of the domain which has the effect to damp the high frequency solution.
Using an analogy with numerical pathologies observed in Navier-Stokes problem, mixed finite element methods
have been efficiently used, discretizing the velocity and the position in two different finite dimensional spaces
[10]. Let us also mention the use of a bi-grid strategy which consists of performing a part of the computation
of the algorithm on a coarse grid [9]. These three quite efficient remedies introduced at the beginning of the
nineties suffer from a lack of both a theoretical justification and a rigorous convergence analysis. In this respect,
we mention the recent work [3,25] based on spectral method.

From the theoretical point of view, many results have been obtained, remedies suggested and justified, but
mainly at the semi-discrete level (discretization in space). This fact may be a strong limitation if we know how
an additional discretization in time could perturb properties of a scheme. Thus, at the semi-discrete level, it
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(Sh.AtYn.At) y(2,1))
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(vpAt) > (v(t))
(h, At) — (0,0)

FIGURE 2. Commuting diagram associated to the scheme (Sy ;) for At < hy/T/2.

was shown in [12,26] that the filtering of the high frequency modes leads to a uniform observability inequality
for the adjoint system. This is equivalent to the uniform controllability of the projection of the solution over
the space generated by the remaining eigenmodes. However, in practice, it is not very efficient to compute these
projections. In addition, the uniform time 7' depends strongly on the filtering. Let us also mention the semi-
discrete 1-D wave system derived from a mixed finite element method introduced and studied in [4] (see also [2,6].
The authors show the uniform controllability with respect to h of the scheme and obtained the convergence in
the L?-norm of the semi-discrete control toward the continuous minimal L?-norm control. To the knowledge
of the author, the only result of convergence obtained at the fully discrete level is from [20]. It is shown that
the scheme (Sp a¢) is uniformly controllable if At = h. This is however a very particular situation because this
scheme then provides the exact solution.
In this paper, we prove that the following scheme

1
Aatyn At + Z(hQ — A) AR Aatyn.ar — Apyn.ar =0,

+ Initial conditions and Boundary terms

(Sn.at) (4)

produces a discrete uniformly bounded and converging control under the condition At < h/T/2, and therefore
permits to restore the commuting property (see Fig. 2). The scheme (S a;) differs from (Sy, a¢) by additional
terms factor of h? and At? introduced in order to damp out the high frequencies solutions. This scheme
is derived from the initial one (Sp a¢) by introducing two parameters, acting on the consistency and on the
uniform controllability respectively. The determination of the admissible parameters, using a discrete version
of an Ingham inequality for nonharmonic series, then leads to (Sp a¢).

The rest of the paper is organized as follows. The first section briefly recalls some controllability results for
the wave equation (1). In the second section, the fully discrete model is introduced and the main results of
existence, characterization and convergence of the discrete control are presented. The third section studies the
corresponding homogeneous system. The main result is a uniform observability inequality which is fundamental
for the study. In the fourth section, the controllability problem for the discrete system is addressed and a
uniformly bounded sequence of controls is given. Next, the convergence of the discrete controls to the HUM
control of the continuous equation is proved. The fifth section is devoted to the presentation of some numerical
results which are in full agreement with the theoretical study. Results of this paper were partially announced
n [18].

1. THE CONTINUOUS PROBLEM: RESULTS AND NOTATIONS

In this section, we recall briefly the controllability property of the wave system (1). For further details, we
refer for instance to [16].
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Theorem 1.1. Given any T > 2 and (yo,y1) € L*(0,1) x H~1(0,1) there exists a control function v € L*(0,T)
such that the solution y of (1) satisfies (2).

According to the Hilbert Uniqueness Method (HUM), the control of minimal L?-norm can be obtained by
minimizing the functional 7 : H}(0,1) x L?(0,1) — R defined as follows:

Fluwoewn) = 5 [ (1,020 [ gl (0)de — (w0, (5)

where (-, ) -1 g1 denotes the duality product between H=1(0,1) and H}(0,1) and w the solution of the adjoint
backward homogeneous equation

W’ — wge =0, O<z<l, 0<t<T,
w(0,t) = w(1,t) =0, 0<t<T, (6)
w(z,T) =wo(x), w(z,T)=wi(x), 0<z<l

Then, the following result holds.
Theorem 1.2. Given any T > 2 and (yo,vy1) € L?(0,1) x H1(0,1) the functional J has a unique minimizer
(o, w1) € HE(0,1) x L2(0,1). If & is the corresponding solution of (6) with initial data (1o, w1) then v(t) =
Wy (1,t) is the control of (1) with minimal L?-norm.
Remark 1.3. The control v from Theorem 1.2 is usually referred as the HUM control. It may be characterized
by the following property:

(1) v is a control of (1) or equivalently,

1

/ o(t)w (1,1)dt = (1, (., 0)) sy — / yo(2)w' (z, 0)dz, (7)
0 0

for any (wo,w;) € HE(0,1) x L?(0,1), w being the solution of the adjoint system (6).
(2) There exists (g, w;) € HE(0,1) x L?(0, 1) such that v(t) = 1, (t, 1), where 1 is solution of the adjoint
system (6) with initial data (o, w1 ).
This controllability property is equivalent to the existence of a constant C(T') such that the observability

inequality
T

B <0() [ (0Pt ®)
0
where E is the conservative energy holds, i.e. E(t) = E(0),Vt € [0,T],

E(t) = %/0 [|u’(x,t)|2 + |ux(:v,t)|2]dx, W <t<T, ()

associated to u solution of the system

u’ — Uy, =0, O<z<l, 0<t<T,
(A) ¢ u(0,t) =u(l,t) =0, 0<t<T, (10)
u(z,0) = uo(x), v'(x,0) = uy(x), 0<z<l.

Let us finally remark that the eigenvalues of system (1) are given by Ay = (k7)2?,k > 0 and the corresponding
eigenfunctions (¢ )r>o are given by ¢ (x) = sin(y/Arz). Finally, we assume that any initial data (yo,y1) of (1)
may be expanded in Fourier series as follows:

Yo=Y Wbk, Y1 =Y bkdr, (11)

k>0 k>0
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such that the solution y of (1) can be written

y(ot) = Z[— cos(y/ ) + iz sin(v/0)| o (12)

2. A FULLY DISCRETE FINITE DIFFERENCE MODEL — DISCRETE CONTROLLABILITY

2.1. Presentation of a discrete scheme associated to the wave equation

We introduce a finite difference approximation in space and time of the wave equation (1). Let us consider
JeN, h=1/(J+1) and a uniform grid of the space interval (0,1) given by 0 = zp < 21 < ... < xy < xj41 = 1,
with z; = jh,j = 0,...,J + 1. Let us also consider N € N, At = T/N and a uniform grid of the time
interval (0,7) given by 0 = tg < t1 < ... < ty = 1, with ¢, = nAt,n = 0,..., N. h and At are the space and
time step respectively. Let us denote by y7' the approximation of y at the node x; and at time ¢,:

yr ~y(z,tn), 0<j<J+1,0<n<N. (13)

We then associate to the continuous wave equation (1) the following discrete scheme:
1 _ _ _
INE <9 [yyjf —2y7 + y}@f} + (1 —26) [yy“ -2+l 1] +6 {y;?jf -2+ y;?_fD

1 _ _ _
(a [yy:f gyt y;“f} (1 20) [y;al oyt y} ta [y;uf Loyt y} )

0 G
,Q
(Sh.ae) 1<j<J+1, 0<n<N,
yg:()v yT]L+1:v}TZa 0§n§N7
0 1 1 0
Y; Ty Yi — Y5 .
L — s = y1s 0<j<J+1.
9 ija At y1]7 =)= +
(14)
Defining for j =1,...,J and n =0, ..., N the following operators:
W Y =200 Lyt =2yt
Apyi = - h2] I Any) = . AtJQ —, (15)
the first equation of (SZ’Zt) can be simply rewritten as follows:
14 0R2AAAYY = (1 4+ aAPAA)ALY?, 1<j<J, 0<n<N. 16
J J

Then, according to the property Aa¢(Any}) = An(Aa,y}), j=0,....,J +1,n=0,..., N, the scheme (Sz’zt) is
equivalent to
(1 + Hl/h2Ah)AAty]n = Ah?}?; 1 SJ S J; 0 S n S Na

0<n<N,

(Spel) 4 Y0 = 0w = i (17)
J J J J .
= - . = . 0<1<J+1
92 Yos, At Yij, S + )
where
6, =6 — av? v =At/h. (18)

We assume that the parameters 6, a are positives and independent of h and that the ratio v is of order one,
i.e. At and h are of same order (on the contrary, see Rem. 3.15 below).
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Remark 2.1.

e ) = a = 0 leads to 8, = 0. Therefore, the scheme (S,?’OAt) corresponds to the usual centered finite
difference scheme. 7

o (S;OL:Zt) corresponds to a Newmark scheme (see [23]) introduced in general in order to improve the
stability of the scheme.

Let us rewrite the scheme (SZ”AOt) in an equivalent vectorial form: we denote by K € M ;x ;(R) the tri-diagonal
matrix associated to the approximation of the Laplacean:

2 -1
-1 2 -1 (0)
K= - , (19)
-1
(0) -1 2 -1
-1 2 IxJ
and by Mg” € My (R) the mass matrix:
My =1-6,K. (20)

If we denote by Y™ the vector (y7,y%,....,y3)T, n=0,..., N, then (SZ”AOt) takes the following vectorial form:

M (Yt -2y + YY) + PKY R = F, 0<n <N,
21
7Y£+th = Yon L}iY’? = Yin 2y
2 CAt ’
where Fpt = (f1',...., f7_, f7) with ' =0, j =1..J — 1, and

fr==0,up =208 + oY) + %), 0<n <N, (22)

taking into account that y’,, = vy and yg =0, for n = 0...N.

Definition 2.2. Let U,V € R’. We define the following scalar products:

M

U, V)=) U;V;, (UV)=nU,V). (23)

1

J

Definition 2.3. Let (U, V) € R* and (U, V) € R*/. We define the symmetric products on R?’:

(U, V),(O,V))o = (K,U,U) + (M*V,V),
(U, V),(U, V) = (K,U,U) + (M{*V,V),

where

V2 K
M = M — T K Kn=1g (25)

Finally, we introduce the following subset of RT x Rt x R}:
Definition 2.4.

h

S = {(H,Oé,v) € RT x RT x R, cos2( 5

)(V2(1—4a)+49) < 1,Vh>0}. (26)
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2.2. Discrete controllability — notations and results

Our main goal is to study the controllability property associated to the discrete case: given T large enough
independent of h and At and (Yon, Y1n) € R27, does there exist a control function (v} )n,n = 0...N, such that
the solution Y;* of (21) satisfies

N Y, - YhN_1
Y," =0, A7 =0, (27)
and therefore Y,f\’ = Y,fv_l = 07 If this holds for any (yon,y1n) € R?/, we say that the system (21) is exactly
controllable.

This finite dimensional controllability problem we have just addressed has a positive answer and a sequence
of discrete controls (vp,)pso may be found. Let us now describe how this sequence may be constructed such that
the convergence to the HUM control of the continuous problem is ensured. We introduce the Fourier expansion
of the initial data (yon,y1r) in (21). Remark that the eigenvalues )\Z:z, k=1,..,J of system (21) are given,

for all (0,a,v) € S, by:

2

2 in(kmh/2
)\Z’ﬁ = arcsm z/sm( mh/2) , Vk=1,..,J, (28)
\/1 — 4(0 — av?) sin?(kmh/2)
such that 0 < )‘?Z )\g )\fojz while the corresponding eigenfunctions (¢g,n)(1<r<s) are given by

br,p = (¢k71)(1<g< 7)s Wlth qbk g = Sln(k‘ﬂ'jh) We then assume that any initial data (yon, y1n) may be expanded
in Fourier series as follows:

J

1 o b . o
Yoh = 3 Z [ (1 + cos < )\Z’,,LAt)) + k’:a sin < )\Z’ At) bk,
k=1 \/ Ak
29
J 0S ( AZ:zAt) -1 B sin ( )\z”‘;:At) (29)
Yih = Z ko, n A7 + \/}\97 A Pk,h -
Ll k,h
Therefore, Y, takes the following form:
J b
Y= Z @, COS (\ / )\z:%nAt) + L: sin (\ / )\z:%nAt) Ok, - (30)
k=1 VA

In the sequel, (Ek,h)(kw) and (5k7h)(k>0) will denote the sequence of the Fourier coefficients extended by zero,
i.e. we assume ay = Ek,h =0 when k& > J.

Let us also consider a cut-off function p € C2°[0,T] such that p(t) =1 for ¢ € [¢, T — €], for any € > 0. Taking
e = 2At, we approximate this function by p" = p(nAt) =1 for n € [2, N — 2] and p™ = 0 otherwise. We then
define the discrete version Jj, : R2/ — R of the functional J defined in (5) as follows:

At N-— 2 wn+17wn 2
TIn(won, win) = 3 z=: [< ) +Pn9u<thJ>

- _ wl+wl wl-wp
- ((_Kh 1M06Vy1ha (MIGV) 1]\409’/y0h)7 ( i 2 ha hAt h )) ; (31)
1
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where W} is the solution of the following adjoint homogeneous system:

MY (WP oW - WY £ 2KW =0, 0<n<N,

N-1 N-1 32
W Wy Wy (32)
2 ’ At '

Let us then introduce the following definition:

Definition 2.5. We define C = C; U C5 with

Ci={(0,a,v) e Rt xRT xR}, 0 =a =1/4},

1—46 33
C = {(9,04,1/) ERT xRT xRS ,v= 17404,(1 —4a)(1 —46) > 0}. (33)

Remark 2.6. We have C C §. Actually, «, 0 and v being independent of h, it is easy to see that
C={(0,a,v) eRT xRT x Rj,}biﬂbeOSQ(ﬂ'h/Q)(V2(1 —4a) + 40) = 1}. (34)

The relation between the controllability of (21) and the functional J3, is given by the following theorem which
is a discrete version of Theorem 1.2.

Theorem 2.7. Let (0, a,v) € C. Given any T > 2max(1,v?) and (Yon,y1n) € R?’, the functional J, defined
by (31) has a unique minimizer (Wop, W1n) € R*. Let v, = (v}),, defined as follows:

J

P At At
—0,h . 0<n<N
At? h At ==

QV(U}L - ”2) =0, GV(U;LV - U;ILV_I) =0,

2n41_ 1in in tim—1
n+1 n n—1 irn n Wi W5 o1l Wi-W

" thvh —2vy v, WY p
Up — Uy -

where WP is the solution of (32) with initial data (Wop, W1n). Then, vy, = (V) is a control for (21).

The proof of Theorem 2.7 will be given in Section 4. We now define the extensions @) and P of v, on [0, T]:

the piecewise constant function in each interval [t,,¢,+1[ such that
or) =
Qon Qup)(tn) =0, 0<n<N-1.

(36)

P the continuous function linear in each interval [t,,t,+1] such that
v =
(on) P(op)(tn) =v)), 0<n<N-1

One of the main results of this paper is the following convergence theorem.

Theorem 2.8. Let (0,a,v) € C and T > 2max(1,v?). Let (Yon, Yin) be a sequence of discretizations of the
continuous initial data (yo,y1). Assume that (akn,brn)k, the Fourier coefficients of the discrete initial data
verify

b b .
(arn)r — (ar)k, —i\: — (ﬁ) in 1% when h — 0, (37)
1a k
\V Ak /),

where (ay,br) are the Fourier coefficients of the continuous initial data. Let (vy)n be the sequence of con-
trols given by Theorem 2.7. Then (Q(vy))n and (hP(vy)")n are uniformly bounded in L*(0,T), (h*P(vy)")n
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is uniformly bounded in L>(0,T) and there exist a subsequence (denoted in the same way) and v € L%*(0,T)

such that
Q(vp) —v € L*([0,T]) when h — 0,

hP(vy) — 0 € L*([0,T)) when h — 0, (38)
h2P(v) — 0 € L*([0,T]) when h — 0.

Moreover, the limit v is the HUM control of the continuous system (1).
If the convergence in (37) is strong, then the above convergences are strong too.

The proof of Theorem 2.8 will be given in Section 5.
Remark 2.9. At and h being of same order, the limit h — 0 in Theorem 2.8 implicitly implies that At — 0.

3. THE HOMOGENEOUS SYSTEM

As recalled in Section 2, the controllability property stated in Theorem 1.1 is equivalent to an observability
inequality for the homogeneous system. In this section, we prove that a discrete version of such inequality holds
for the following homogeneous system:

(1+6,h*An)Ancul = Apul, 1<j<J, 0<n<N,

(AZ:(Zt) ug =ulyq =0, 0<n<N, (39)

(uf +uj)/2 =woj,  (uj —uf)/At=wj, 0<j<J+1.

which takes the following vectorial form

M (UPT —2Up + U™ Y +12KUP =0 n=0,...,N,

40
UpiUy o URSUR (40)
2 At

where U = (uf,...,u"y)T.
3.1. Study of the scheme (Az’(zt)
Definition 3.1. The discrete energy EZ"X, n =0, ..., N, associated to the scheme (39) is

J n+1 n+1 n+1 2 n+1 n+1
Eoo — h Z “jJr —uj 279 ujj:l — Uiy (Y uj n Ujp — Uy ujyy —uy - (41)
" 2 At v At At h h

=0

Remark 3.2. We have the important equalities

1 1 urtt —ur Uttt —ur

E@,a - (K n+1 n ((I-0,K h h h h
(g BT URN (e BT -URNY LU U U U |
2 ho At BN At 0 2 2 ’ At .

The following proposition indicates that the discrete system (39) is conservative:

Proposition 3.3. The energy E%* is constant in time:

EC* =E’® V¥n=1,..,N, Vb,a>0. (43)

n
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Proof. Multiplying the first equation of 40 by (U""'1 — U™ ") and using the symmetry of K and Mg"’, we
obtain the relation

(MU U, (URT —Up) + A (KU U =
(Mg (UR = U™, (UR = U ™) + A (KU U (44)

Then, multiplying by 1/(2At#?) and using the equality of (42), we obtain

Bl =E% vn=1,..,N, (45)
leading to Egva = Eg’a, Vn = 1...N. This completes the proof of Proposition 3.3. (]
Lemma 3.4. For all a,0 > 0, we have

1 1-46,\ <
B 2 gomin (150 ) 3 - g ] - ] (46)
j=0

Proof. Let us first consider the case 6, > 0. We first write that

J n+1 n~\ 2 n+1 2 n+1 n\ 2 n+1 n+1
o s I Z “j _og, | (Yt Uit Y e B (Y Y Uiy —Uj
B 23 pard v At At h h '

Then, using the Dirichlet boundary condition, it follows that

J n+1 n\ 2 n+1 n+1 n n

h U, — U, U, — U u” — u"

0,00 ~ _ J J Jj+1 J j+1 J
By 25 > {(1 49»( AL ) +( ; )( - )} (48)

J=0
and then,
J
BY 2 g 3 | - - — )|
7=0
1 1-46, "
> o min(1, 2 “) Z {(u}”l — U?)Q + (uyill u?+1)(u1+1 - U?)] :
=0
Finally, simple computations (see for instance [20]) lead to
J 1<
> {(u;?“ —uf)? + (upfy — ) (] — ] )} =3 > {(“?H —ufy)? 4 (W] - “?)2]’ (50)
=0 =0

leading to the result. Finally, in the case 6, < 0, we have min(1, (1 — 46,)/v?) = 1 and the result is obvious.
This lemma implies the following proposition. U

Proposition 3.5. For all (0,a,v) € S, the energy satisfies:
Ef* =0 <« (u?);=0. (51)

Proof. (0,,v) € 8 implies that (1—46,)/v? > 1—v~2tan?(rh/2) > 0 for h > 0 small enough. Then, according

to Lemma 3.4, if the energy vanishes, we have that u”'|r1 = uf,, and u?jr‘ll = uf for all j = 0,...,J. Then,
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taking into account that ug = u’;,; = 0, we get the result. According to Remark 3.2, |[.||; is then a natural
norm associated to the energy E%°. O

Proposition 3.6 (stability). The scheme (A,Gl’fzt) is stable if and only if (6,a,v) € S.

Proof. The scheme (AZ:‘Zt) is stable if Eg’o‘ is a positive quadratic form, i.e., if the matrix Mle ¥ is positive
definite (we recall that the matrix KJ, is positive definite). The eigenvalues 0 < A\ < MS < ... < MK of the
matrix K are given by AJK = 4sin?(jmwh/2). This implies that the eigenvalues of M = I — (8, + v?/4)K are
given by

2

2 iTh
A 14<9y+%>sm2<%>, 1<j<J (52)

oy
Then, the matrix is positive definite if max;<j<s )\]Ml > 0, implying max; << s sin®(kwh/2) (v?*(1—4a)+46) < 1

and finally the condition (0, a,v) € S using J =1/h — 1. O

Proposition 3.7 (consistency). For all 8,« > 0, the error of consistency produced by the scheme (AZ’aAt) s of
order

(0 — 1/12)0(h?) + (a — 1/12)O(At?) + O(h*) + O(AtY) + O(h> At?). (53)

Proof. Formally, using Taylor developments, we obtain

1
(1 + 02 AR) Anu(zj, tn) = uge (x4, t0) + ﬁAtQUtttt(Ij, tn)
+ Ohusree (24, 10) + O(R2AE?) + O(h*) + O(At?), (54)
1
(1+ aAtQAAt)Ahu(:cj, tn) = Uze(Tj,tn) + EhQ’umm(zj, tn)

+ aAP Uit (5, 1) + O(R2AE) + O(h*) + O(AtY),
leading to

[(1+4+ Oh AL Apy — (1+ aAtQAAt)Ah)]u(xj,tn) — [ug — uga) (5, tn) =

1 1
h2 [9 Uttrx (I'], tn) — Eumm(xj, tn)] -+ AtQ[Eutttt(xj, tn) — aumtt(:ﬂj, tn)] -+ O(h2At2) -+ O(h4) -+ O(At4)
(55)
Then, using uy (), tn) — Ups (2, tn) = 0, we formally obtain that

[(1+4+ Oh AL An; — (1+ aAtQAAt)Ah)]u(xj,tn) — [uer — Ugg) (T, tn) =

{hQ (9 - %) + At2(1—12 - a)] it (25, 6) + O(h2AE) + O(h*) + O(A#Y). (56

Equation (56) then gives the result. Finally, it appears also that for 6 = o and At = h leading to 6, = 0 and
to the scheme (AZ:%)’ the consistency is arbitrarily large. O

Remark 3.8. From (56), we remark that for v = /(1 — 126) /(1 — 12«), the consistency is fourth order in time
and space. However, in this case (6, a,v) ¢ C.

The consistency and the stability of the scheme (AZ:‘Zt) imply, using the Lax theory, the convergence in a
suitable norm of the sequence (Up,)p,a¢ towards u solution of the system (A) when h, At go to zero.
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3.2. Uniform discrete observability inequality

The aim of this section is to prove the following fundamental theorem.

Theorem 3.9. Let (,a,v) € C and T > 2max(1,v%). There exist two constants C1,Cy > 0 independent of h

and At such that
2

+9y

n+1 n
uy; —uy

2
0,a
< [
A > < CyE, (57)

N=1 /1. n
CLE?™ < At Z (‘#

n=0

The left part of (57) is a uniform discrete observability inequality, discrete version of the inequality

E(0)<C / (s (1,6))? + pb, ((1, 1)), (58)

with p = h?, similar to (8). It is possible to prove these inequalities using a discrete multiplier technique (see
for instance [14] in the continuous case and [19] in the discrete case). However, for simplicity, we present a proof
based on Fourier analysis. In this respect, we assume that the solution U;? takes the following form

J

b
Up=>Y_ [ak,h cos(y/ Ay nAl) + % sin(y )\Z:‘,ant)] Prhs (59)
k=1 \/ Aen

or equivalently

e Y g, @
k| < J,k7£0
where
> ap.p — b _

H—k,h = —Hi,hs His,h = A/ )‘Z’,m Ck,h = - Qkyh/uk’% C—k,h = Ck,h - (61)

Let us first show the

Proposition 3.10. Let (0, a,v) € C. For every T > 2max(1,v?), there exist two constants c,C > 0 independent
of At and h such that

(b 9 N-1 n |2 n+l _  n|2
o(T) min(1, %) Z |Ck,h|2 W‘ < At Z (‘% + 6, uJTtu’ >
k| < J,k#0 n=0
sin(kmh) |?
< O(T) max(1,v?) Z |ck.n|? (T)} :

|| < k0

In order to show these inequalities, we use the following discrete version of Ingham’s inequality for nonharmonic
Fourier series [13] proved in [21].

Theorem 3.11 (discrete Ingham inequality). Let At > 0 and {ux} be a sequence of reel numbers satisfying for
some v and 0 < p < 1/2 the conditions:

uk+lfﬂk2fy>0a VkEZ,

21 — (At)P (63)

|/Lk*,u'l|§ At ; Vk,lGZ
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Then, for every T > 2w /7, there exist two positives constants C1(T,~) and Co(T,~y) such that

J N-1 J
A SNCTEIND DS

k=—J n=0 k=—J

2 J
< (T Y el (64)
k=—J

CkeznAt,uk

for every complex sequence (cx)kez € 12
If (0, c,v) € C, the conditions (63) are fullfiled:
Lemma 3.12. Let (0, «,v) € C. Then,

V A?f}? Y A?fi,h >mmin(l,v7?), Vji=2,..,J;

‘Mﬁf Al <2nAt +0(1), Vi k=1,..J

Proof. The first inequality is a consequence of the following relation obtained using a Taylor expansion. For
instance, for (6, a, v) € Ca, we obtain:

o AL YA =T+ O, k<
1—-4o (66)
. Ao [\ - +0(h?), Yo<p<I.
\/ B,k \/ B71h =T U0 £ 40— a) cos?(2E) (h%) <p<

(65)

The second inequality, less restrictive, is a consequence of the following relations

o i = - om0, i<,

g W%ff,hWZ;‘;,h2%_jj(f<m>fwz))hl+0<1>, V0 < BBy <1 (67)

—2(1(60) - (30) ) A + (),

where

V1—460 sin(%)

f(B) = arcsin (68)
\/1 —40+4(0 — ) COS2(%ﬁ)
using | arcsin(z)| < 7/2,Vz € [0,1].
Thanks to this lemma, we are now in position to prove the Proposition 3.10. (]
Proof of Proposition 3.10. Tt results from (60) that
N-1| .2 N-1 . 2
ulf|® i A Sin(kmJh)
9D SIS SIS SR RL L0l @
n=0 n=0|k|<Jk#0

Then, according to Lemma 3.12, we can apply Theorem 3.11 with p = 0 and 7" > 2max(1,2?) to obtain that
there exist two constants C; and Cy independent of At and therefore h such that

2 i sin(km.Jh)

sin(kmwJh) 2
” | (70)

< CQ(T) Z |Ck,h|2

|k| < .J,k£0

T Y el

k| < k0
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Then, we compute

untt — .
G )
|k|<.J,k#£0
with
_ ei/»“k,hAt _ 1
Choh = Chyh : (72)

At
Therefore, applying again the Theorem 3.11, there exist two constants C3 and Cj such that the following
inequalities hold:

2 N-1

2 2

N : uitt = i .
C3(T) Z |&k.n|?|sin(kTJRh)| < At Z JTtJ < Cy(T) Z &g |?|sin(kmJR)| . (73)
k| <J,k£0 n=0 [k < J,k£0
Finally, from (70) and (73), there exist two constants such that
. 2 N-1 2 n+1 n |2
5 o1~ oy | sin(kwJh) u” uy T —
e(T) Z (lek,n|” + 00" |ék.n]7) — < At Z —| 46, AL
[k < J,k£0 n=0 (74)
i sin(kmJh) |*
<C(T) Y (ewnl® +0.0%En) ( 5 )"
[k|<J,k#0
Let us then show that
min(l, 1/_2)|ck7h|2 < (|Ck,h|2 + Hyh2|ék7h|2) < max(l, V_2)|Ck7h|2. (75)

We write (|cx.n|? + 0,h%(Ckn]?) = |eknl?(1 + 0,07 2|einA —1]2). In the case 6, > 0, using [etrer2 — 1|2 < 4,
we obtain that

lex,nl? < (lernl® + 00|k 1)) < lernl* (1 +40,072), (76)

whereas in the case 0, < 0, we obtain
ek l?(1+40,072) < (lek,nl? + 0,070 ) < |exnl®. (77)

Then, for (6, a,v) € C1, we have (1 +40,v72) = (1 + (1 — v?)r=2) = v=2 > 0, whereas for (0,a,v) € Ca, we
have (1 +46,v72) = 1 +4=2 =40 — 1o — =2 eading to (75). Finally, from (74) and (75) we obtain the
result by noting that sin(kw.Jh) = — sin(kwh) by definition of h = 1/(J + 1), leading to J =1/h — 1. O

We now evaluate the energy Eg *. 'We have:

Theorem 3.13. Let (0, ,v) € C. Then, we have the following inequalities:

sin(kmh) 2 0 sin(kmh) 2
min(1,v7%) > ekl T‘ <2E0% <max(L,v?) Y el T‘ . (78)
|| < k#0 || < k0
Proof. According to (42), we have
0,c 1 0.,
Ey® =g <K(U,1 +UL), Uy, + U,?) + oA7 (Ml (U, —Up), U, - Uy ). (79)
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Then using that
Ul +Up = Z crn (@A £ 1) g, = Z C1kPk,h,

k| <J,k#0 k| < k0

1 0 i At (80)
Uh — Uh = Z ckﬁ(e eSSt 1)¢kz,h = Z 02k¢k,h7
|k|<Jk#0 |k < k0
we obtain
1 1
0, 0,
Ey® = 2 > c1rCiq(K@rh, dgh) + 57305 > cakCq (M1 Pre,h, Pg,n).  (81)
|k],q|<J,k#0,q97#0 [k],1q| <J,k#0,q#£0

Furthermore, the eigenvalues of the matrix K are A\X = élsinQ(lcﬂ'h/Z)7 k=1,...,J, associated to the eigenvec-
tors ¢F. Besides, M = M8 —v?/JAK =T — (0, + */4)K = I — K/4. This implies that

1 1 K
0,
By =55 > C1kC1gAL (Pk,hs Pa,h) + AR > CakC2q <1 - Tk> (Pr,ns Pg,n)-  (82)
[k[;1q|<J,k#0,q70 [k[;1q| <J,k#0,970
Then, using that
J+1 1
(Ph,hs Pgh) = —5—0kq = 57-0kq, (83)
we obtain
1 1
ESe = Tz Z (|Clk|2 sin?(kwh/2) + ﬁ|02k|2 COSQ(k'TFh/Q)). (84)
k| < k0
Then, we write |cox|? = 2|ckn]?(1 — cos(ur,pAt)) and |c1x]? = 2|cknl*(1 + cos(ux,nAt)). We write that
cos(pur,p At) = 1 — 2sin®(py, 1, 3t) to obtain
% sin® (kmh/2
cos(pp,p At) =1 —2 v=sin” (kmh/2) (85)

1— 46, sin?(kwh/2)

This leads to

1+ cos(unAt) = 7 —24C¢;)VS Zl(?(};gp) 1= cos(uendhd) = 7 iyjes:ﬁégz:;/i/)Q)’ (86)
and finally to
e B L s
k| <J,k#0 v k| <J,k#0 v
Then using the fact that 1 + 40,v=2 = v—2, we show that
min(1,2?%) < 1 — 46, sin?(krh/2) < max(1,v?) (88)
(we recall that v = 1 implies 6, = 0 when (0, «,v) € C), leading to the result. O

According to the Theorem 3.11, the uniform gap between two consecutive eigenvalues is a sufficient (and
actually also necessary) property that leads to uniform observability inequalities with respect to h and At. In
the continuous case, this gap is constantly equal to 7. Figures 3 and 4 depict the evolution of the square root
of )\Z’a for different values of 6, o and v.
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(@,0,v) = (1/4,1/4,1/2) € C

(0, 0,v = /152) ~ (0.2,0.1,0.5573) € C

(0, a,v=0.99 4w)q_fC

0,a,v)=(0,0,1) €C

0,a,v) = (1/4 1/4,1.2)eC
0,a,v) =(0.0.099) ¢ C

0,a,v= /L) ~ (0.1,0.2,1.7320) € C

(
(
(
(0,

k=1,..,J
FiGuRrE 3. Evolution of )\Z:z, k=1,...,J for different values of 6, « and v.
0, a,v) = (1/4,1/4,1/2) € C

(0, 0,v = \/152) ~ (0.2,0.1,0.5573) € C

(0, 0,v =099,/ ¢ C

4o

0,a,v)=1(6,0,1.) € C

/ (0,a,v) =(1/4,1/4,12) € C
’/A (0, c,v) = (0,0,0.99) ¢ C
. — (avs= V) & (0.1,0.2,1.7320) € €

FI1GURE 4. Evolution of )\Z’ﬁ, k= %J, ..., J for different values of 0, @ and v: zoom on the high frequencies.

Remark 3.14. According to the reversibility in time of the wave system, the previous inequalities obtained
with Up, solution of (40) are also true for Wy, solution of (21).

Remark 3.15. If we assume that v may be not of order one, we may add to C the following subset of S

_ tan(mwh/2)

C3=1:(0,0,vp) €ERT x RT x R,
s {( % vh) SV e

o< 1/4,91/4}. (89)
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a=0= 1/4: Stable and controllable Yv > 0
9 ; 7
o v>1 L
Stable and con‘erollable
Unstable | 1-46."
W= ViE
Stable and control blé ¢ ’
Yy = tan(mwh/2) x , v <1 ;
N L
14— — e ?
V < 1 // //
NI
Stable and cgnt/rollable
_ 1-46
1/ 12 y Unstable
/ g v>1
1/12 \LQ a
O(hY) + O(A) O(h?) + O(AtY)

FIGURE 5. Zone of stability and uniform controllability for 6, « > 0 associated to the condition
T > 2max(1,1?).

Similar results of uniform controllability can be obtained with (6, o, 1) € Cg for T > 2max(1,v7) = 2. In
particular, the spectrum fulfills a uniform gap property. The major drawback is that At is of order h?, which
produces a very time consuming scheme. Furthermore, if we assume that 6 may depend on h, another subset
that ensures a uniform gap property is the following one:

Cy= {(G;L,a,u) €RT x RT xR}, 0, = (2cos(nh/2)) %, a = 1/4}7 (90)

and also

cos(mh/2)72 — 40,
1—-4o

Cs = {(Oh,a,l/h) ERT xRt xR}, vy, = \/ , (cos(mh/2)™2% — 40,)(1 — 4a) > 0}. (91)

Numerical results obtained with C4 (resp. Cs) are very close to those obtained with Cy (resp. Ca). We
summarize these different results in Figure 5
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3.3. A convergence result

In this short paragraph, we prove a convergence result for the homogeneous adjoint system (32).
We assume that the corresponding solution of (32) has the following Fourier decomposition

J

b

W = E |:Qk7h cos(up(n — N)AL) + ;L_’;}; sin(ug(n — N)At)} Dre,h (92)
k=1 )

and that the solution of the continuous system (6) takes the form

J
w(.,t) = Z [gk cos(kn(t —=T)) + i—’; sin(km(t — T))] Ok - (93)
k=1

Lemma 3.16. Let W and w(.,t) be given by (92) and (93) respectively. Assume that (ay p, i’;’h)k weakly

converge toward (ay, %—;)k in 2 when h — 0. Then, the sequence (Q(wn/h))n>0 converges weakly to w(1,.) in
L?(0,T) when h tends to zero.

Proof. Tt suffices to see that for any test function ¢ € D(0,T),

/ : Q(%)wmdt -/ D (L, (0t (94)

But from (¢r) (1) = (—1)*km = limj_o(¢x)/h and the weak convergence of the Fourier coefficients, the result
follows. O

4. THE CONTROLLABILITY PROBLEM

4.1. Existence of the discrete controls. Proofs of Theorem 2.7

Firstly, we deduce a variational characterization of the controllability property for the system (21). Let
W;* be the solution of the adjoint backward homogeneous system (32). Multiplying the system (32) by the
solution Y, of system (21), summing for n =1, ..., N — 1, we obtain the following relation:

N-1
D FR W)+ (WY MY, 0 — (Wi, Mg YD) + (W MY — (Wl = MgvyN) = 0. (95)
n=1

Then, using that YhN = YhN_:l = 0 and the definition of F}*, we simply obtain

N—-1
> (w — 0, (0 =207 + vz-1>w9) — (WL MPYR) + (WE, M) =0, (96)

n=1
or equivalently

N

>

—1
n=0

(v%zw.’; 0, (ot — o) (T — w.’})) 0,00} — o) — 6,0 — o

— (W, M»Y2) + (WP, MYl =0, (97)
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If we assume that
0, (vh —vp) =0, Ou(vy —vf ') =0, (98)

then, according to the relation

YO Yl w?l +wt
W ay) - W vty = (Wi wparf Yy (W

0,
and using v = At/h, the equalities (Y;? 4+ Y;!)/2 = yor and (Y;} — Y,?)/At = y1p, we obtain the following
characterization:

Lemma 4.1. Given T > 2max(1 v?), the system (21) is controllable if, for any (Yon,Y1n) € R%, there

exists (v))n such that At Zn 0 (vh) < o0, At Zi\/':—Ol(ﬁLA;ﬂh) < 00, Atz ( liivt’zﬁﬁil )? < oo which
satisfies (98) and

N-1 7L+1 n+1 n
—vlw w
AtZ(’thQh = h ’At J)

n=0
B WO+ W W} _ WO
<<K;11M§“y1h,(Mf) LALf y0>< b h>) —0, (100)
1

for any (won, w1n) € R?7, W} being the corresponding solution of (32).

Thanks to this characterization, we are now able to prove Theorem 2.7.

Proof of Theorem 2.7. Suppose that the functional J;, has a minimum which is attained at (wop,W1n). It
follows that, for any A > 0 and (wop, w1n),

N—1
]. " wnJr — wn+1 w
— v 0 by _ N N = At ety B nou J J Y J
<3 TIn((Wor, W1n) + AN won, win)) jh((’womwm))] ;( o T A7 Al
o . WO+ WE W) — WP
= ( (=Ky My yin, (My*)~ ' M yon 5 5 Al +O0(N). (101)
1
By letting A tend to zero, we obtain that
N-1 N T An+1 n+1 n
W' w w — W w —w
0< At I T nel/ J J T J
= ;}( hon T F At Al
wl+wl wl-wp
(( Ky "M yan, (M77) MG yo) ( h2 b, hAt h)) (102)
1

In the same way, taking A < 0, we finally obtain:

At At

- - WP+ Wl Wl -wp?
—((—Kthg“ym(Mf“) lMg”yOh),( ok, R h)) (103)
1

N-1 An m ~n+1 n+1 n

wiyw w — " —w

0=At ~J T nel/ J J Wy J
E ( hh +p
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Then, according to the Lemma 4.1, this implies that v, = (v}), is a control if and only if:

N—-1 ~ A sy mn N-1 n n n
3 WIWT L g, oyt it e 3 Iy 9yhvh+1 — v wy —wj (104)
h h At At h At At

n=0

N1 +1 —1
<%9th}? —2U}?+’UZ > ?«FM(U;LV 'U;LV_I)'LUN— oyh 1 0
=0

0
h At2? 2 - J A2 (vh - vh)wJ =
an+1 _ An ~n—1

&_9_1’ nWy wJ_ nflwgiwj n
z_;)(iﬁ At[p At r At DwJ

0, 1 N . .
# s (P @ = 05 - Py - i) (105)

Since p® = pN~! = 0 and according to (98), this relation shows that v, defined in Theorem 2.7 is a control

for (21). Hence, the proof of Theorem 2.7 is complete if we show that there exists a unique minimizer of the
functional 7. O

Lemma 4.2. The functional Jp, defined by (31) has a unique minimizer.

Proof. Let us first remark that Jj, is continuous with respect to the norm [|.||;. We use the conservation of the
energy to write that

2
(wor, win)l[f. (106)

1

0.0 _
EO&E‘
1

‘W,SJrW,} WE— WP
2

o w Tt wlN wN —w Nt
At L2

2 ’ At

ol

Then, according to the right part of (57), there exists a constant Co such that

|T ((won, win))| < ||won, w1kl <C2||'w0h7'w1h||1 + H—Kh_lMg”ym, (M) M yon,

1>. (107)

Since J}, is strictly convex, let us show that 73, is coercive, i.e.,

In((won, win)) = oco. (108)

[[(wor,win)|[1—00

This result follows from the uniform observability inequality, i.e., the left part of (57): there exists a positive
constant C7 such that

Tn(won, win) > ||won, winll1 (C1||w0h,w1h||1 - H—K,ZIM(?“ylh, (M) "' M yon

1). (109)

This concludes the proof of Lemma 4.2 and also of Theorem 2.7. O
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4.2. Boundedness of the discrete control

397

An important property of the control v, given by Theorem 2.7 is the following uniform boundedness result:

Theorem 4.3. The control vy, given by Theorem 2.7 satisfies

2

N-1 nal N 2
. —1pp0v 0,\—1 370,
At;[( ) +9 hQ(Th) :| SCH_KthO y1h7(M1 ) 1MO Yon

1

where C is a constant independent of h and At.
Moreover, there exists another constant C' > 0 independent of h and At such that

n+1 n
Un — Y

<
At ¢

max _ h? *KEIM(?”?JMa(Mf) M) Yon

nel0,N—1]

1

Proof. We multiply (35) by v}’ and we obtain,

N[z g 2 (O =0\ o, N (2 gy op Tt — o
At [ 0,h°| +——*= At "0, h
Z[(Uh) + ( At ) } 1( Vi P At At )

n=0 n=

N-1 n+1 /2 N 1 n\2 ~n+1 ~n\ 2 1/2
n 2 — Uy (UJ ) wy —wjy
<[At2( +h yp( ))] [ ( 5+ Oup (7& ))]
=0 n=0
L ”‘va 1/2 Wn)2 " — o\ 2 1/2
<[ X5 (i o (B h) )] o (e () )]
n=0 n= ()

Hence,

N-1 n+1 n\ 2 N-1 ~n\2 ~an+1 ~n\ 2
n\2 2 Uh Y ) nf Wy — Wy
Atz<(vh) +h 91/(Tl> >§Atz< % +6up (T) )
n=0 n=0

Since (Wop, W1p) is a minimizer for J;,, we have

TIn((Wohr, win)) < Jn((0,0)) = 0.

Consequently,

N—-1 an 2 wn+1 e 2
“J n J J

n=0
—1qa76. 0,\—1 776,
§2((—Kh My¥yin, (M)~ M, yOh),(

wWR+wl wl-wp

2 ’ At ))1
wWR+wl wl-wp
2 ’ At

< 2H—Kthé’Vy1h, (M{*) ™ Mg* yon
< 2\/2E0“
1
N e 2 antl an\ 27N 1/2
<ovmes(ae T[(5) oo (U )

n=0

1 1

*K 1Jw() ylhv(M ) Mg Yohn

*K;TIM(?”ylha (Mf”)*lMg”yOh

(110)

(111)

(112)

(113)

(114)

)
1

(115)
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hence
2

— K} P My ym, (M)~ M yon (116)

N—-1 o 2 uA}nJrl_uA}n 2
_J 3 J J <
AtZKh) +p 9,,<7At >]_SC’2

n=0

1

Inequality (110) follows from (113) and (116). We now prove (111). We sum the relation (35) for n from 0 to p
leading to

r p+1 D P 1in jp+1 1P
v —v w W —-W
A n _ . 2"h h _ A J 0,h p " J J 117
D e~ (117)
and then
p+1 P p jp+1 1P P 1in
2|V T <A1 n W, =W -1 AL Wj
h x| S o, 370 vy | + hp A +0, nio 7
- -, (118)
N 1/2 N/ yin 1/2 Werl _ e
§9;1\/T<At > (v2)2> + 9;1\/T<At > T’ ) + h‘# ~
n=0 n=0

The first two terms can be bounded by (110) and (116). Concerning the last one, we observe that it is part of
the energy associated to the initial condition (wop,w1p), and we easily obtain that

el pp |2
h? % < 4hEY* < 4EQ" . (119)
2
We conclude using that Eg’a < CH—Kthg“ylh, (M)~ ME yop O
1
Definition 4.4. Let (U, V) € R* and (U, V) € R*/. We then define the following scalar product
(@)@ V) = (s o), (<xoag v o o)) o
1
and
U VI = || = K My VL (MP) T Mg U | = (Mg VK MG V) o+ (Mg U, (M7) ™ Mg+U). - (121)
Remark 4.5. (,)_; is an inner product and ||.||_1 is a norm on R?/. Actually, this norm is equivalent to the

norm ||.|[;zxp-1. For (0, a,v) € C, we obtain
2

J —
1 kmh . kmh _ b
llyon, yin|[21 = 3 E (0052 (—2 ) + 2 sin? (—2 )) ((ak,h)2 + (—#];Z) ) (122)
k=1 :

The proof is presented in the subsection 7.1. On the other hand, from the left part of the observability
inequality (57), from (106) and (110), we deduce that

|| Do, W1nl|? < QE%Q < Cllyon, yinl|* 1. (123)

Thus, the sequence of minimizers (Wop, W1k )n>o is bounded in the [|.||;-norm if the same property holds for
(Yoh, Y1n)r>0 in the ||.||-1-norm.
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4.3. Convergence of the discrete controls. Proof of Theorem 2.8

Let us now show the convergence of the controls vy, of the discrete system (17) to the HUM control of the
continuous system (1). In order to obtain this result, we use the Fourier decompositions (11) and (29) of the
initial data.

Proof of Theorem 2.8.

1. Proof of the weak convergence.

For every h and At, let v, be the control given by Theorem 2.7 and (wop,W1n) be the minimizer of the
functional Jj,. From (37), it follows that the sequence (Yon,¥y1r)n is uniformly bounded in [? x h~1, i.e.
> ko0(@en)? + (bn/(p,n))? < 0o and consequently, according to (122), also uniformly bounded in the |||
norm. Therefore, Theorem 4.3 implies that the sequences

N-1 N-1 ,Un-i-l —n 2
1Qva)l120.1y = At }: (p)?, B2(IP (un)l|Z2(0.0) = B2 At Z < h N h> )
n—=0 n=0 (124)

2\ p! 2 ’UZJF—I — ’U}T:
([P (v )]l (0,T) ne%g,%?{fl] At

)

are uniformly bounded. This is equivalent to say that Q(vy,),0,hP’(v) are uniformly bounded in L?(0,7) and
that 6,h2P’(vy,) is uniformly bounded in L>°(0,T). Hence, there exists a subsequence (denoted in the same
way) and v, € L%(0,T) such that

Q(vy) = v, O,hP'(vy) —o  in L*0,T). (125)

To show that © = 0 (in the case 6, # 0), we compute that

N—
At
||P(Uh)||L2(o T g () + vt + (vp1)?)

Zﬁ
~ o

N-1 N 126
(@R + @)D = 55 Y ) + 50 S ? e

n= n=1

0
< Q)2 0.y + At(w)? = 1QuilIZ2(0.7) + At(vy ™) < 2/1Q(wn)I22(0.1),

|k

<

(e}

3
Il

where we used v) " = v)¥ from (98) in the case 6, # 0. This implies that the sequence (hP(vy))p, is bounded
in H1(0,7). Hence there exist v; and 0 such that

0,P(vp) —v1, O,hP(vy) — o, O,hP'(vy) =0 in L*([0,T]). (127)

It follows that ¥ = 0 and therefore © = 0. The last convergence in Theorem 2.8 is a consequence of the bound
of 0,h?P’(vy,) in L°°(0,T) and the fact that its weak limit in L?(0,T) is equal to 0.

2. Identification of the limit. We show that v is the HUM control of the continuous system (1). In this
respect, it is necessary and sufficient to verify the assumptions from Remark 1.3.

To prove the first assumption (1.), let us first remark that it is sufficient to show that (7) is satisfied by
the eigenfunctions ¢y of the wave operator, for all & > 0. Indeed, from the continuity of the linear form
A HF(0,1) x L%0,1) — R,

1

A(wo,wl):/o u(t)wx(u)dt—<y1,w(.,0)>H,1,H01+/O yol)! (2, 0)d. (128)
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It follows that (7) holds for any (wg,w1) € H(0,1) x L?(0,1) if and only if it is verified on a basis of the space
H}(0,1) x L?(0,1). We then first consider w of the form

w(.,t) = cos(pmt)dp. (129)
Then, we obtain that v is a control for the system (1) if and only if
T 1
t t)ydt = — v, 0. 130
| oo costomtyr = o, o> (130)

Furthermore, we remark that the characterization of Lemma 4.1 of the discrete control v, of system (21) takes
the form

/OT (lQ(wz)Q(wJ) + Ol,hP’(Uh)P'(wJ)) at

h
- _ WP+ WL W - wp
—((—Kthg“ylh,(Mf”) 1M09Vy0h)7( h R _h h)) =0, (131)
1

2 ’ At

for any (won, w1n) € R?/. Using the definition of the norm ||.||; and yon and y1p (see (21)), we simply have

_ _ WP+ wl wl-wp?
— I, Mg yan, (M77) T Mg yon |, | —2 h —h b
2 At 1
Wy + Wy wl—wp 1
= (Mgv.ylh, —ho h) + (Mgv.yo;l, —h h) = E((MOGVY;,W;) - (M(?"Y,?,W,?)).
(132)
According to (129), we consider
W = cos(pupnAt)dh . (133)

Then, using the fact that pp — k7 when h — 0, for all £ > 0, similar computations than before show that
.1 byl Tirl 0,30 1170 1
}1113%) N MyY, W, | — | My'Y, , W}, = —5%- (134)

Moreover, we have w" = cos(u,nAt)sin(Jprh) = — cos(upty, ) sin(prh). This implies that

T T .
1 sin(pmh
| 3o = - [ @ o) ™M1t (135)
0 0
and taking into account that
Q(vn) — v, cos(fiptn) Lecit, t,41) — cos(pmt) in LQ(O, ), (136)
we obtain
T4 T
lim / Q) (@) (1)t = / o(t) cos(prt)prdt. (137)
—0Jo 0
In addition, we have by definition of the extension P:
sin(pmh)
P(wy)(t) = =——=—[(t = tn) cos(pp(n + 1)At) + (tny1 — t) cos(upndt)[Licp,, 1,11 5 (138)

At
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leading to (P(wy))'(t) = —=22 [cos(p,(n + 1)At) — cos(yndt)]Lyeqr, 1., Then, using that STt —
%% < EZ and the weak convergence hP’(vj,) — 0 in L?(0,T'), we have that
T
}Limo hP'(vp,)(t) P (wy)dt = 0. (139)
—0.Jo

It follows that the limit v satisfies (130). We obtain the same result if we consider w of the form w(.,t) =
sin(pmt)¢, instead of (129). Therefore, v is a control for the system (1) and the first part of Remark 1.3 is
proved.

Let us now prove the second part. Let (Wop, W1p) be the minimizer of the function J,. From Remark 4.5 and
the boundedness of (yon,y1n), we deduce that the sequence (ax,n, bk n/ ik n)k, associated to W}, is uniformly
bounded in (2. Therefore, there exists a subsequence, denoted in the same way, which converges weakly to
(ak,br/(km))k. Thus, by Lemma 3.16, the sequence (Q(w./h)), tends weakly to (w,(1,.)) in L?(0,T), where @
is solution of (6) with initial condition (1o, w1). Let ¢ be a test function in H'(0,7). We have that

A1wwwa=ygé(m%mmeMme@mmemQa

—1i n 2V h ntl) — n)\.
_;{%At;(vhw( n) OIS At )
Then, from (104), we obtain
/T ( )7/}( dt hm At NZ h 7/} Jr 0, hp" ,(Dn—i-l — @Z w(thrl) — w(tn)
o - N At
n=0 (141)
— i [ (@CEOQWIO + 8.1 ) P 0 )
1—
Let us note that from (116) and Remark 4.5, that
) N—-1 ) wn+1 . UA}? N-1 ?1}"+1 o uA)? 2
A "2 —L—-2L) <h’A L) <chn? 2. 142
a3 6 (g ) < (M) <Ol a2
This implies that limy_o hpP’(;) = 0 in L?([0,T]). We finally obtain that
T T
[ et = [ anouma e 1o, (143)
0 0

which implies that v(¢) = w,(1,¢). This concludes the proof of the weak converge of the sequence (vp,)p.

3. Proof of the strong convergence

We have already proved that (vj)n>o converges weakly to v = w,(1,.) in L?(0,T) when h goes to zero,
where w is solution of (6) with initial conditions (wy, 1), the minimizer of 7. By considering in (100) the test
function (Wop, W1k ), we obtain from (104) that

N—-1 wn 2 wn-‘rl — o 2 1 ~
Aty <(7J> er"@V(JTt‘]) > x <<MO th,Wl) — (MﬁvY,?,W,?)). (144)

n=1
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Now, from the strong convergence of the Fourier coefficient, a computation as performed for the weak conver-
gence leads to

1 ) ! )
hn%)Kt((Mg“th,W;) - (M(?"Y,?,W,?)) = (u1, (., 0)) -1 1 —/O ug(z)w' (x,0)dz. (145)

It follows from (144) that

lim T<<Q (%))2 + 9Vp(t)(Pl(?fJJ))2)dt = /OT(wz)Q(l,t)dt. (146)

h—0 Jo

Now, from the weak convergence of Q(w;/h) to w,(1,.) proved in Lemma 3.16, we note that

/OT(wxf(Lt)dt < ggmoinf/OT (Q (%))th < Jim sup /OT (Q (%))th
= %Lmos‘lp/oT((Q (%))2 + 9up(t)(P’(wJ))2)dt = /()T(wx)Q(l,t)dt.

We conclude that Q(w;/h) converges strongly in L?(0,T) to 1,(1,.) when h tends to zero. In addition,
from (146), we deduce that

(147)

T

i [ plt) (P2t = 0. (148)

Now, since (see the first equality in (112)),

[ (@ur@ +aarer)a= (@ (%) @ P @ore))a o)

and if we take into account the former strong convergence results and the weak convergence of Q(vp,) and hP’(vy,),
it follows that

T T
: 2 / 2 _ (124t
lim ; ((Q(vh)) (t) + 0, (hP'(vp)) (t)) dt 7/0 (t)=dt (150)

h—0
On the other hand,

/ (QUon)(t) — w(t)2dt < / (QUon)(t) — v(t))2dt + 6, / (WP (ur))2 (£)dt
0 0 0 (151)

</ ) (PO + 0. mP w20 )+ | Co(trar -2 / " QUi

By passing to the limit, it follows that Q(v;,) converges strongly in L?(0,7T') to v(t), and next, according to (150),
that hP’(vy) converges strongly in L2(0,T) to zero.

To finish the proof of Theorem 2.8, let us show that h2P’(vy) converges strongly to zero in L>(0,T).
Equality (117) implies

P

p+1
-

ApJ,»l A~
Yh —
At

w

B g [ Qs _9_1[@ 21 q
= |hp Al v vp)(s)ds — 0, | 0 5

an(fo(5)-

h2

152
ﬁ}§+1 _ ’Uf}il} ( )

<
<

+ HQ(vh) -

L2 (o,T)) .

L£2(0,T)
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From (119) and the strong convergence of both Q(w;y/h) and vy, to the limit control v, we conclude that

+1
2 / _ 12 ”5 — UZ
h=|| P (vn)|| o< 0,7y = h° max B v

— 0 when h—0. (153)
pE[1,N]

O

Remark 4.6. In Theorem 2.8, we assume the convergence of the sequence of the Fourier coefficients of the
discrete initial data to the sequence of the Fourier coefficients of the continuous initial data. It is shown in [4]
that the weak (resp. strong) convergence in L2(0, 1) is fulfilled if the initial data are piecewise continuous (resp.
once differentiable with continuous derivative in [0,1]) functions.

4.4. Summary — Invariance of the parametrized family (SZ:Zt

Before the section devoted to numerical simulations, let us summarize the results obtained. The introduction
of two parameters «, 6 in the usual centered finite difference scheme permits to restore the commuting property
between HUM controllability and numerical discretization. 6 acts on the uniform controllability (and therefore
on the convergence of v ) whereas « acts on the stability of the scheme (and therefore on the convergence of y,).
A natural question that appears concerns the choice of the best parameters. The consistency of the scheme
suggests that o = 1/12 or § = 1/12 are good candidates. However, quite surprisingly, the two parameters can
be eliminated. For all (6, a,v) € C, the parameter 6, is invariant with respect to « and 6:

1
6, = Z(l —?), (154)

Therefore, the main equation of (Sz’zt) becomes

1
AVN Z(hQ — AP)ARAny) = Anyy, (155)

and the condition of stability and uniform controllability is

At < h\/g (156)

depending only on the time of exact controllability 7" > 2. In particular, for At = h, the additional term
vanishes and we reobtain the uniform controllability of the usual centered scheme. The additional term defined
on the whole space interval (0,1) is neglectable for the small frequency solutions and of order of the energy
for the highest frequency solutions. This term permits to damp out the spurious high frequency solutions in
uniform time while preserving the convergence towards the solution. For At # h, the consistency of this new
scheme is of order two in space and time. This kind of method is similar to the Tychonov regularization used
in [8] and also more recently revisited in [15].

5. NUMERICAL SIMULATIONS

The aim of this section is to present some simple numerical experiments in order to confirm the theoretical

results that indicate the efficiency of the scheme (SZ’Zt) in order to restore uniform controllability. The com-
putations presented in the sequel are performed usiné the MATLAB package with double precision.
We applied the HUM method to obtain the minimal L2-norm control. Let us recall that the HUM method
consists of finding the initial conditions (wg,w;) of the homogeneous adjoint system (6) minimizing the func-
tional J defined by (5). The control is then given by v(t) = w,(1,t). This linear minimization problem can
be reformulated by introducing the operator A : (H}(0,1) x L%(0,1)) — H~1(0,1) x L?(0, 1), which associates
(wo,w1) and (Yo, y1) such that

Ao, w1) = (y1, —Yo)- (157)
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FIGURE 6. log(cond(AZ’,aAt)) vs. 1/h for various values of v = At/h < 1 and § = a = 0.
T = 2.4(>2max(1,1?)).

If T is sufficiently large, A is an isomorphism from H}(0,1) x L?(0,1) onto H1(0,1) x L?(0, 1) [16], and satisfies

(Ao, iby), (i, 1)) = / (s (1, £))24d. (158)

In order to solve numerically this linear problem, the direct approach consists of computing explicitly the matrix
AZ”'Zt € Majx27(R) associated to the operator A and writing that

(Woh, W1n) = (Aﬁ’,‘Zt)*l(ylh, —Yoh)- (159)
In Section 7.2, we present the explicit calculation of the matrix AZ”'Zt. The indirect method consists, follow-
ing [9], of using a conjugate gradient algorithm to solve (157). This approach avoids the computations of the

. 0 . . .
inverse of Ay ‘A, and is less CPU time consuming.
9

5.1. Numerical study of the condition number of AZ’;t

In this section, we use the explicit expression of the positive definite matrix AZ’,O‘At to compute its condition

number cond(AZ’,it) defined as the ratio of the largest eigenvalue over the lowest eigenvalue.

Figure 6 depicts the evolution of log(cond(AZ’,'zt)) as a function of 1/h for # = o = 0 and different values of

v=At/h <1, e, for (,a,v) €S8 corresponding to the usual centered finite difference scheme. For v < 1 i.e.
(0, a,v) ¢ C it appears that cond(AZ’,aAt) increases exponentially with 1/h:

cond(AfL”‘Zt) ~ Ce/h for v<1, (160)

where the coefficient C,, > 0 and (3, > 0 depend on the ratio v. On the other hand, for v =1 and 8 = o > 0,
i.e., such that (6, a,v) € C, the behavior is only polynomial with respect to 1/h (see Fig. 7). We obtain the fit

cond(AZ’,aAt) ~o e OITI0p =215 for =1, (161)

which is the slope frequently observed in well-posed finite element and finite difference schemes. Figure 7

also represents the log(cond(Ai”aAt)) as a function of log(1/h) for other values of (6,c,v) € C. The same

evolution, and in particular the same slope, is observed. We also highlight that the condition 7' > 2 max(1, v?)
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T T T T T 25 T T
O alpha=theta, nu=1 O nu=1.2
H 3 alpha=1/24, theta=1/12, nu=0.894
O alpha=1/12, theta=1/20, nu=1.091
[> alpha=theta=1/4, nu=0.8

®

O nu=08

FIGURE 7. 1og(cond(AZ’,aAt)) vS. FIGURE 8. 10g(cond(A,el'zt)) vS.
log(1/h). T = 2.4(>2max(1,1?)), log(1/h). T =24,0 = a = 1/4
(0, a,v) €C. and v € {0.8,1, 1.2}.

is a necessary condition for the uniform controllability. For instance, let us consider # = o« = 1/4 implying
(0,a,v) € C for all v > 0. Figure 8 depicts the evolution of log(cond(Ah A¢)) in function of log(1/h) for three
values of v : 0.8,1 and 1.2. For v = 0.8 and v = 1, we obtain a polynomlal evolution. On the contrary, for
v = 1.2, which implies 2max(1,2%) = 2 x (1.2)> > T = 2.4, the evolution blows up for a small enough value
of h. The evolution of the condition number of Ah’ A associated to the HUM operator A indicates clearly that
the numerical resolution of the control problem with the usual finite difference scheme (Sh At) h # At is not

well-posed. As we will see in the next paragraph, the exponential behavior of cond( h "A¢) may produce, for a

small enough value of h, a bad approximation of (Az Ae) ! used with a direct method, and a divergence of an

iterative approach, like the conjugate gradient algorithm. On the contrary, the use of the scheme (Sh A;) with
(0,,v) € C and T > 2max(1,r?) permits to recover the usual polynomial behavior of the condition number.
We remark that these different behaviors are independent of the regularity of the initial condition.

5.2. Numerical examples

In the rest of this section, we present some numerical experiments. For brevity, we consider only one initial
condition. We take the most singular situation where the initial condition yo is discontinuous. We compare
the result obtained from the usual finite difference scheme (FDS), i.e. (Sh At) At < h, the scheme (SZ:Zt)
for (6,a,v) € C (MDS) and the bi-grid method (BI-GRID) introduced in [9] (see also [1]). When the initial
conditions (yo,y1) are both continuous, the usual centered scheme (FDS) provides good numerical results, and
convergence of the discrete control is observed (see for instance [5] for numerical simulations in 2-D). This point
is in agreement with the theoretical result at the semi-discrete level presented in [17]. The loss of uniform
controllability occurs when the initial velocity y; is discontinuous. The well-known Glowinski-Li-Lions test
enters in this case (see [9]).

On the interval [0, 1], we consider the following discontinuous initial conditions associated to the wave equa-
tion (1):

wio) ={ 0 LN =0 (162)
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L L L ) L L L L L L L L L L L A 1
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FIGURE 9. (FDS) P(w1p)(z) vs. © € [0,1],v =0.98, T = 2.4 and h = 1/10 (top left), h = 1/20
(top right), h = 1/30 (bottom left), h = 1/40 (bottom right).

Let us take T = 2.4. The control v associated to (1) which minimizes the energy J with minimal L?-norm is
the following discontinuous function:

o(t) = { 0 t €10,0.9)U[1.9,T] (163)

8(t—1.4) t€)0.9,1.9]

leading to ||v||z2(0,7) = 4/ V3 2 2.3094. The corresponding initial conditions of the forward problem (6) are

i) =0+ () ={ 07 TEDA (161)

5.2.1. Usual centered finite scheme (82:0At), At < h (FDS)

Let us use the usual centered scheme (82:0At), with v = 0.98 coupled with the direct inverse method (159).
Figures 9 represent (w1p), for h = 1/10,1/20,1/30 and 1/40, obtained by (159). On these figures, the curve in
dash dot represents the solution w; of the continuous system defined in (164). As expected, due to the irregular-
ity of the initial condition yy which exhibits high frequency components of the solution y, the method produces
a divergent sequence. Figure 10 represents the discrete control vp, (and more precisely P(vp)) associated to
(Woh, W1n). The curve in dash dot represents the control v defined in (163). For v < 1, it appears that the
L2-norm of the control diverges when h tends to zero with a rate higher than exp(1/h) (see Fig. 11). For v = 1,
[|Q(vn)||z2(0,1) converges to a finite value when h = At goes to zero.
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,v=0.98T=24and h =1/10 (top left),

F1cure 10. (FDS): Control P(vp)(t) vs. t € [0,T]
h = 1/40 (bottom right).

h =1/20 (top right), h = 1/30 (bottom left),

O 1.
L] * 0.99
<D] 0.98
0.97
[> 096
095

@

FIGURE 11. (FDS) log(||Q(vn)||z2(0,)) vs. 1/h for different values of v. T'= 2.4.

The use of the indirect inverse method — conjugate gradient algorithm — does not produce a better result.
The error produced by this algorithm at the n-th iteration is of order (see [11])

n
\/ cond(AZ’,aAt) -1

cond(AZ’,aAt) +1

(165)
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* h=1/15
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FIGURE 12. LoglO(Relative error of the residual) vs. iteration of the conjugate gradient algo-
rithm — Left: (FDS) with v = 0.99 and h = 1/15,1/20,1/25 — Right: h = 1/25 (FDS) with
v =0.99, (MFS) and Bi-Grid with v = 0.8.

Hence, if the condition number is of order h=2, the error at the n — th iteration is of order (1 —2h)"™ ~ 1 — 2hn,
whereas if the condition number is of order exp(1l/h), the error is of order (1 — 2exp(—1/(2h)))" ~ 1 —
2nexp(—1/(2h)). In the last situation, the convergence of the algorithm is not guaranteed. Figure 12-left
depicts the relative error of the residual associated to the iterative algorithm for three values of h. For the
smallest one, i.e. h = 1/25, the algorithm does not converge. On the contrary, the use of the scheme (Sﬁjit)
(MFS) with (6, a, ) € C produces a decreasing relative error and a fast convergence (see Fig. 12-right). Let us
note however that the behavior of the error for h = 1/25 leads to an interesting remark. After a few iterations,
the error reaches the relative value ~ 102 and then increases. This means that the usual centered scheme is
able to solve the approximate controllability problem where the goal is to drive the solution to an e-state such
that

lyC Dllz2o) + 1V Dll-100) <€ > 0. (166)
Actually, in this case, the approximate control of the full discrete system can be obtained by minimizing the
functional

Tii (won, win) = Ji(won, win) + €||won, winl|7, (167)
leading to an observability constant C'(h,T) + € uniformly bounded from below with respect to h and At.

5.2.2. Modified finite difference scheme (Szjzt), (0,a,v) € C (MFS)

Let us now present some results associated to the scheme (SZ’Zt) and (0,«,v) € C. The minimization

problem is solved using a conjugate gradient algorithm. Convergence is assumed to be attained when the
relative error on the residual is less than € = 1.F — 08. Table 1 summarizes the results obtained with (6, o, v) =
(1/20,1/12,1.095445). The results illustrate the convergence of the discrete control. Convergence is obtained
after a number of iterations which is independent of h. The initial condition being irregular, Theorem 2.8 only
ensures weak convergence in the L?-norm. We numerically observe the strong convergence of the discrete control
(vn)n (and also of w1p) with low rate (see Fig. 13). Figures 14 and 15 then depict the discrete control P(vp,)
and initial forward condition P(wip) for h = 1/21, h = 1/41, h =1/81 and h = 1/161. The pictures highlight
the well known numerical Gibbs phenomenon at the discontinuity of the control, i.e., at t = 0.9 and ¢t = 1.9. It
is also interesting to note that the system is stabilized at time ¢ = 1.9 lower than T' = 2.4.

In the same spirit, Table 2 and Figures 16 display the results obtained with (0, o, v) & (1/12,1/24,0.894427).
For these value leading to v < 1, the results are slightly deteriorated. Observe for instance the ratio
llyn(T)||22(0,1)/|1yr(0)||£2(0,1) Which indicates the decreasing rate of the solution for the L?-norm. This ra-
tio is greater than the ratio obtained in Table 1. We also note that the algorithm requires more iterations in
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TABLE 1. (MFS) Results obtained with MFS for (0, o, v) ~ (1/20,1/12,1.095445).

h=1/21  h=1/41  h=1/81  h=1/161 h=1/321
Nb. iteration 9 5 4 4 4
l[don[ 1201y | 0.000846908 0.000149009  2.63e-006  7.04913e-009 4.35578e-013
[ o101y | 0.00780284  0.00175735 4.03116e-005 1.49863¢-007 9.9983¢-012

o1 binllizon | 0619121 0.0442768  0.0314859 0.02233 0.0158137

N1l 1201

llyo—yonlz2 (0.1 0.000171413 3.95289¢-005 4.07445e-005 2.69717e-005 1.92028e-005

||yOHL2(0,1)
ly1nllg-10.1) | 0-00053694  0.000184141 3.98393e-005 1.61162¢-007 1.14645¢-011
% 0.324091 0.272798 0.232061 0.207709 0.16381
lvnl|L20.m) 2.13703 2.21929 2.26328 2.28606 2.29766

Hyh(T)H[ﬂ(o,l)
Hyh(O)HL2(0,1)

0.00580092  0.00141641 5.37207e-005 2.07521e-005 1.44698e-005

-0.4

‘ ‘ ‘ ‘ ‘
Y \e\\
-0.8

L L L L L
3 35 4 4.5 5 55 6

FIGURE 13. Relative error r=?llo.oa  ,—0.347570.2530 (o) and |[®1n—b1]lo.0e _ ,—1.2149},0.5082
’ [[v]lo.00 l[w1llo.00
(%) vs. 1/h [Log-Log scale].

order to converge. If we exclude the particular case v = 1 leading to exact values, we observe that the best
results in terms of convergence rate and relative error are obtained for the largest value of v that ensures uniform
controllability, i.e. v~ \/T/2. This was the case with § =1/20 and o = 1/12.

5.2.3. Bi-grid finite difference scheme v <1 (Bi-Grid)

To conclude this section, we now compare our scheme with the scheme proposed in [9] based on a bi-grid
strategy. It consists of performing some parts of the algorithm on a coarse grid. This projection has the effect
to regularize the initial condition. [9] presents a numerical study that indicates the efficiency of the method.
In our example, the results are given by Table 3, Figures 17 and 18. At a first glance, the result seems very
good. In particular, the number of iterations to reach convergence is low (see also Fig. 12, right). However, the
ratio ||yn(T)|[z2(0,1)/l1Yr(0)||L2(0,1) in Table 3 indicates that the control obtained does not drive the solution
at rest at time 7. This result is not a contradiction. The theoretical proof of convergence for this method
remains to be done. It was recently proved in [22] that the control obtained by this method only controls
the projection of the discrete wave system on the coarse mesh. Figure 18 shows that the sequence (P(w1p))n
converges to a function, say s, slightly different from @ at the discontinuity = 1/2. According to [22], we
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L
0 0.5

FIcure 14. (MFS) Control P(vp)(t) vs. t € [0,T] — (0, o, v) ~ (1/20,1/12,1.095445),T = 2.4

L L L L L L
15 2 25 0 0.5 1 15 2 25

and h = 1/21,1/41,1/81,1/161.
TABLE 2. (MFS) Results obtained with MFS for (0, o, v) ~ (1/12,1/24,0.894427).

h=1/21 h=1/41 h=1/81 h=1/161 h=1/321
Nb. iteration 11 11 11 11 11
|| Won||12(0,1) 0.0080438  0.00279635  0.00133671 0.000474703 0.000171095
l|Won || a1 (0,1 0.121 0.0882796 0.067398 0.046819 0.0336129
[l —binllp20.) 0.0348545 0.0251213 0.0200815 0.0136948  0.00985628

N1l 1201
||yo—yohHL2(0,1)
Nyollp2(0,1)
||y1h||H*1(0,1)
th*vHLHo,T)
HvHL2(0,T)
llvnllz2(0,7)
Hyh(T)H[ﬂ(o,l)
Hyr(0)llL2(0.1)

0.000879055 0.000627187 0.000506205 0.000370724 0.000263518

0.00235356  0.00189625  0.00139522  0.00102185  0.000699627
0.363298 0.311467 0.24415 0.185029 0.160107
2.14065 2.22097 2.26356 2.28646 2.29783
0.008666 0.016713 0.00667307  0.00168309  0.0015795
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FIGURE 15. (MFS) P(t1p)(z) vs. € [0,1] - (6, a,v) ~ (1/20,1/12,1.095445), T = 2.4 and
h=1/21,1/41,1/81,1/161.

may conjecture that the initial conditions (g, 91 ), associated to (wg, w1 ) using (157), are a kind of regularization
of (yo,y1). In our example, the bi-grid procedure has no regularization effect on yy. The projection of yo on
a coarse grid remains discontinuous with a jump independent of h. This example shows that the test on the
relative residual commonly used in the literature should be replaced or at least confirmed by a test on the
quantity ||y (T)||r2(0,1)/]|yn(0)||L2(0,1) or Ex(T)/ER(0), where Ej, designates the discrete energy associated to
the system (21). We add that these numerical pathologies remain if we consider ¥ = 1. On the other hand, if
we consider a continuous regularization of yg, the Bi-Grid method becomes very efficient for v < 1.

For regular initial data, the implicit scheme (MFS) is comparable in term of CPU time with the explicit
scheme obtained by the Bi-Grid method. The implicit character (inversion of the tri-diagonal mass matrix
M(‘)g ¥) is compensated by the less restrictive stability and controllability condition At < h+/T/2. For the Bi-
Grid method, we recall that this condition is At < h. In this respect, it may be interesting to couple, for regular
initial conditions, these two methods. This will produce an implicit scheme with part of the computations
performed on the coarse grid.

6. CONCLUSIONS

In the framework of the exact boundary controllability, we have introduced in this work a parametrized
implicit and consistent scheme for the 1-D wave equation. The use of a discrete version of an Ingham inequality
has then allowed us to determine the subset of these parameters which leads to uniform observability and
controllability properties with respect to the parameters of discretization. The resulting scheme, similar to
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L L L L
0 0.5 1 1.5 2 25

L L L L 5 L L L L
0 05 1 15 2 25 0 05 1 15 2 25

FIGure 16. (MFS) Control P(vp)(t) vs. t € [0,T] — (0, v, v) =~ (1/12,1/24,0.894427),T = 2.4
and h = 1/21,1/41,1/81,1/161.

TABLE 3. (Bi-Grid) Results obtained with BI-GRID for different values of h — v = 0.5.

h=1/21 h=1/41 h=1/81 h=1/161 h=1/321
Nb. iteration 7 8 7 6 6
l[Won||z2(0,1) | 0.00569164 0.00171293 0.000773171 0.000245656 6.82782e-005
||[Won||#1(0,1) 0.0424603  0.0249753  0.0184336 0.0132289 0.009157

[1®2 ~h1nlle2(0.1) 0.105889 0.077454 0.0550586 0.0391519 0.0278292

H"I’lHL?(o,l)

lvo—vorllizon | () 967206  0.195063 0.139463 0.0991343 0.070346

Nyollp2(0,1)
lyanllz-100) | 0.0957837 00621117  0.0453737  0.0324067  0.0226495
lon—vloon | 376652  0.310142  0.255145  0.208134  0.166963
[lv] ‘LQ(O,T)
ol o) 220027  2.30346 2.3068 2.30823 2.30888
HonMll20. | 186798 0.132 0.0961499  0.0689093  0.049955
Hyr(0)[lL2(0.1)

those obtained after a Tychonov regularization, is an implicit one where some differential terms of order four,
factors of h2 and At? appear. Under the stability and uniform controllability condition At < h+/T/2, we have
shown, using a Fourier analysis, the strong convergence of the discrete control toward the continuous control
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FIGUuRE 17. (Bi-Grid) Control P(vp)(t) vs. t € [0,T] obtained with the bi-grid method —

v=05T=24and h=1/21,1/41,1/81,1/161.
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with minimal L2?-norm. The numerical experiments presented are in very good agreement with the theory.
Concerning the CPU time, the scheme appears comparable with the multi-grid method. The implicit character
of the scheme is compensated by a less restrictive condition on the ratio At/h. It will be now interesting to
study whether or not it is possible to extend or adapt this kind of fully discrete analysis to more complicated
models, like for instance the elasto-dynamic model or to higher dimension, for which contrary to the 1-D wave

system, no exact scheme is known.

7. APPENDIX

7.1. Appendix 1: Proof of the relation (122)
The aim of this first appendix is to show the equality (122), i.e.,

J - 2
1 kmh . kmh _ b
[Yon, yanll>1 = 3 Z(COS2 <T> +v? sin? <T>) ((ak,h)2 + (m) )
k=1 :
In order to simplify the expressions of this appendix, we note

krmh krmh

Cj, = COS <T> , Sk =sin <T> . 1k = cos(pup nAL),  s1, = sin(pn AL).

(168)

(169)
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FIGURE 18. (Bi-Grid) P(w1p)(x) vs. = € [0,1] with the Bi-Grid method — v = 0.5, T = 2.4
and h = 1/21,1/41,1/81,1/161.

(Yoh, Y1n) are given by (29), i.e.,

J - J —
1 b cip — 1 bi.h s
Yon = 5 321 [ak,h(l + c1k) + —M]Z}; 51k:| Pk,hy  Yih = ;;:1 {ak,hi( lkAt )} —N];}; —A”; Pke,h- (170)

We recall that the eigenvalues of K are )\f = 45%, k =1,...,J. Therefore, using (154), for (0, a,v) € C, the
eigenvalues of Mg v and Mle v are
o, oy
)\2/10 =1-(1-1Hs =c + 123, )\2/11 =1-si=ci. (171)

According to (83), this leads to

J - 2
1 (2 +12s2)2 (i — 1) | brn sk
MO K- po i k k) p2\ g e o TR 2R 172
(Mo"y1n, K;, " My"y1n) 3 1;—1 52 L N fn A (172)
Similarly, we obtain
J o2 2.2)2 7 2
_ 1 c,+v°s _ b
(Mg~ yon, (M{*) ™ Mg“yon) = 5 > (e V7si)” = i) [akﬁ(l + ) + —u’:’;slk] : (173)
k=1 k '
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Finally, using h%/At? = v=2, it follows that

J
1 _ (Clk — 1)2 (Clk + 1)2
||y0h7y1h||2—1 =3 Z(Ci + VQSi)Q [ai,h< 2,2 + 2
S S g (174)
b 1 1 b cip — 1)s cip +1)s
+( k,h) 5%1@( L +_2) + T kb (( 1k . 2) 1k (c1k ! ) lk)].
Kk h Skl/ Ck Kk h Skl/ Ck
Using (85) and (86), we have
Lemma 7.1.
2 2.2 2 2. 2
cp — Vs 2¢L 8KV 2c;; EMZ
G Vs I A . S . /LA 175
C1k 2 +12s2 Sk i+ 128 + e c+12s? C1k i +12s8 (175)
Then, we obtain
(Clk — 1)2 i (Clk + 1)2 o 1 + i - 4
s3v2 2 C\st?2 d) A +Esd (176)

cip — 1)s cir + 1)s
((1k2 su. (e 2>1k)0,
R ci

and finally the result.

7.2. Appendix 2: Explicit computation of AZ’,aAt

The aim of this second appendix is to compute explicitly the matrix associated to the HUM operator A :
(HE(0,1) x L?(0,1)) — (H~1(0,1) x L%(0,1)). In this respect, we use the following property:

1
(A(wo, wr), (wo, wr)) = / (wa(1,0))2dt,  V(wo,wn) € (HA0,1) x L*(0, 1)). (177)
0
At the discrete level, w,(1,t) is approximated by w’%h_w" = —%ﬂi, and A by A,el’,'zt € Majx2s(R) defined as
follows
N-1 n |2 n+1 n |2
6, _ wJ 'LUJ — 'LUJ
<Ah,At(w0ha wlh)7 (’w0h, wlh)) = At ; (‘T +0, T >7 (178)
for all (won,w1n) € R?/, and ¢} € R solution of
Wittt = MOwpr —wpr n=0,..,N,
179
WoIwWE o whowp (179
2 — Woh; At = Wih,

with M% = (M) ' 2M{" — V2 K) € My ;(R).
A simple computation first leads to

Lemma 7.2. Forn=2,..,N and k =0,....n — 1, let us define the sequence (a}) as follows:

4 4p+1 4p+-2 4p+3
aop = aop = ]_;aop = aop = —]_, p > —1
1 .
ap = 1,a§Jr =-1;p>1 . (180)

-1 2
ag =ap_; —a, s n>k
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Then, for n > 2 even, we have

Wi= 3 @) WRe ST et W,

kevene[o’n,Q] k"‘ide[l,n—l]

whereas for n > 3 odd, we have

W= S M WP Y ap(t)f Wi

kedde[1,n—2] keven €[0,n—1]
Definition 7.3. We define E™9, 0™9) ¢ M, ;(R) by

Bt = N apMO)E, 00 = N ap (M),
keven €[0,q] kodd c[1,q]
From this definition, it results that
Wy = E(”’"%)W,S + O("’”fl)Wé, n even,
wp =0 AW + ECrUW nodd.
Lemma 7.4. Forn > 2 even, we have

J
non __ (n,n—2) p(n,n—2) 0 0 (n,n—2) ~A(n,n—1) 0 1
wiwy = <EJj P wiwy, + Ej; Oy W W,
Jk=1

+ O((]rjz.,nfl)E‘(]T]lC,nfﬂwjl_wg + O((]le_,nfl)O‘(;]:nfl)w

whereas for n > 3 odd, we have

J
n,on _ (n,n—2) ~(n,n—2) 0 0 (n,n—2) pa(n,n—1)_ 0 1
wywy = (OJj Oy wiwy + O Eyy W Wy,
=1

1
J

1

)

+ BN D wle) + E§’§7"‘1>E§’;’”‘1>w;w;> .

We add that
J J
0,0 0,.0 1.1 1,1
wjwy = § 5.Ij5.lkijk, w]¢] = E 5Jj5kajwk'
Jik=1 g k=1

In order to simplify the previous expression, we introduce the following notation:

Definition 7.5. For n > 2 even, we note

AO,O,n o E(n,n72)El(]7]LC,n72) AO,l,n _ Egr;,n72)0517;,n71)

kg — Lgj 3 ik, J )
1,0,n _ ~A(n,n—1) »(n,n—2) 1,1,n _ ~(nn—1) ~(nn—1)
Ajk,J =0y, Ej 5 Ajk,] =0y; Oy .

For n > 3, we note

0,0,n _ ~(n,n—2) ~(n,n—2) 0,1,n _ ~(n,n—2) ~(n,n—1)
Ajk,J - OJj OJk ) Ajk,J - OJj EJk ’

1,0,n _ pa(n,n—1) ~(n,n—2) 1,1,n _ pa(n,n—1) p(n,n—1)
Ajk,J = EJj Ok Ajk,] = EJj EG :

?

(181)

(182)

(183)

(184)

(185)

(186)

(187)

(188)

(189)
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We add 0,0,0 0,1,0 1,0,0 1,1,0
Ay = 5Jj5]k; Ay = Ay = Ajl’c,ZI =0; 190
A0OL . gOLL _ gL01 _ . gL 5.8 (190)
gk, J jkl gk, J ]kJ_ JjOJk -
Therefore, from Lemma 7.4 and Definition 7.5, it follows that
N-1) n 2
Y| M- Z 3 (585wl + ALk + AL whu + ARkl
n=0 n=0 j,k=1 (191)
—6,
=(A ag,1 (Wi, wy), (wh, wy,)),
with ) N
~0o 11 12
Apoaty = ( AL, Ay )QIXQJ, A, Aig, Agy € My s(R), (192)
and Nt
At % n At N " At — n
(A1) = 33 Ag,fi, o (A =53 Ajlk?z, o (A =53 AL (193)
n=0 n=0 n=0
Besides, from ¢, = eon, — At/2 e1n, ¢F, = €on + At/2 e1p, we deduce that
—0,
<Ah it l(whv wh) (w}(:,? wh)> <Ah At, 1(Won, W1n), (Won, W1n)) (194)
with A
Ay + A + AT, + Ao —5L (A1 — Ap + ATy — Agy)
Ah At,1 = At At\? (195)
—7(1411 + Ao — A1T2 — Ag) (7) (Ajp — Ajp — Ang + As)
27 x2J

We verify that AZ”‘Zt’l is a symmetric matrix, thanks to the symmetry of A;; and Aas.
Finally, performing similar computations with the term in (178) factor of 8,, we obtain an explicit expression
of the matrix Ah At
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