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ABSTRACT OF THE DISSERTATION

A Unifying Framework for

Computational Reinforcement Learning Theory

by Lihong Li

Dissertation Director: Michael L. Littman

Computational learning theory studies mathematical models that allow one to formally
analyze and compare the performance of supervised-learning algorithms such as their
sample complexity. While existing models such as PAC (Probably Approximately Cor-
rect) have played an influential role in understanding the nature of supervised learning,
they have not been as successful in reinforcement learning (RL). Here, the fundamental
barrier is the need for active exploration in sequential decision problems.

An RL agent tries to maximize long-term utility by exploiting its knowledge about
the problem, but this knowledge has to be acquired by the agent itself through explor-
ing the problem that may reduce short-term utility. The need for active exploration
is common in many problems in daily life, engineering, and sciences. For example, a
Backgammon program strives to take good moves to maximize the probability of win-
ning a game, but sometimes it may try novel and possibly harmful moves to discover
how the opponent reacts in the hope of discovering a better game-playing strategy. It
has been known since the early days of RL that a good tradeoff between exploration
and exploitation is critical for the agent to learn fast (i.e., to reach near-optimal strate-
gies with a small sample complezity), but a general theoretical analysis of this tradeoff

remained open until recently.
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In this dissertation, we introduce a novel computational learning model called K WIK
(Knows What It Knows) that is designed particularly for its utility in analyzing learn-
ing problems like RL where active exploration can impact the training data the learner
is exposed to. My thesis is that the KWIK learning model provides a flexible, modu-
larized, and unifying way for creating and analyzing reinforcement-learning algorithms
with provably efficient exploration. In particular, we show how the KWIK perspective
can be used to unify the analysis of existing RL algorithms with polynomial sample
complexity. It also facilitates the development of new algorithms with smaller sample
complexity, which have demonstrated empirically faster learning speed in real-world
problems. Furthermore, we provide an improved, matching sample complexity lower
bound, which suggests the optimality (in a sense) of one of the KWIK-based algorithms

known as delayed Q-learning.
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Chapter 1

Introduction

This chapter gives an informal introduction to reinforcement learning and the class of
problems we focus on in this dissertation, explains the challenges we try to solve, and

then states the thesis of this dissertation, followed by a summary of contributions.

1.1 Reinforcement Learning: Achieving Intelligence by Interaction

Reinforcement learning or RL [Bertsekas and Tsitsiklis [1996; [Kaelbling et al. 1996}
Sutton and Barto|1998] is a sub-area of artificial intelligence [Russell and Norvig|2002],
which considers how an autonomous agent situated in a possibly unknown environment
may come to act intelligently by interacting/experimenting with the environment. Here,
the agent refers to a software or hardware entity that can perceive the state of the
environment, and take actions to affect the environment’s state. In return, it receives
a numerical signal called reinforcement from the environment for every action it takes.
Its goal is to maximize the total reinforcements it receives over time. The so-called
“reward hypothesis” says that the problem of achieving a goal can always be formulated
as one of maximizing the expected value of the cumulative, real-valued reinforcement
signals [Sutton |2004].

Reinforcement learning is “in a sense the whole Al problem in a microcosm” |Sut-
ton 1992][] and has broad applicability. In addition to numerous natural applications
in robotics (e.g., Bresina et al.| [2002], Tedrake et al.| [2004], Ng et al. [2004], Peters

and Schaall [2007]), reinforcement learning has also been be applied successfully to

'Reinforcement learning also arguably subsumes many extensively studied machine-learning prob-
lems [Langford and Singh/2006].



many other learning-to-control problems in a broad sense, including the early checkers-

learning program [Samuel|[1959], the celebrated TD-Gammon program 1995]

that achieved world-champion-level game-playing ability in backgammon, packet rout-

ing [Boyan and Littman|[1994], elevator dispatching |Crites and Barto||[1996], discrete
optimization problems such as job-shop scheduling and Boolean satisfiability [Zhang and
Dietterich1995; [Boyan and Moore|2000; |Lagoudakis and Littman [2001], channel allo-

cation [Singh and Bertsekas|[1997], algorithm selection |[Lagoudakis and Littman!2000],

option pricing [Tsitsiklis and Van Roy| |2001], spoken dialog management [Williams
2006], resource allocation 2005], the game of Go [Silver et al.|[2007], and pa-

rameter selection [Ruvolo et al.[2009], among numerous others.

Below, I describe some concrete examples and discuss how to formulate them as
reinforcement-learning problems. We start with a simple problem that will serve as a

running example in this chapter, and then move on to realistic ones.

Example 1 Consider a minimum-cost navigation task in the directed graph in Fig-
ure [1.1. There is a set of nodes connected by edges, with node S on the left as the
source and node T on the right as the sink. Each edge in the graph is associated with
a real-valued cost, as labelled in the figure. In each episode, the agent starts from the
source and moves along some path to the sink. In some nodes such as S and G, the
agent has to take an action, that is, to decide which edge to follow. Fach time it crosses
an edge, the agent receives its cost. Once the sink is reached, the next episode begins.
We may view reinforcements as negative costs in this ezample, and thus maximizing the
total reinforcements received in an episode is equivalent to minimizing the total cost. In
this case, the minimum-cost path from S toT is: S —- D - FE —-F —-G—H —> T,

and the total cost is 3.

The simple problem above can in fact model many challenging problems including

numerous examples extensively studied in the intelligent planning literature [Russell

land Norvig 2002]. Furthermore, more realistic problems can be modelled if we intro-

duce stochastic transitions to the minimum-cost navigation problem; that is, following

an edge may land the agent to more than one node in a probabilistic manner. Such
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(B) 01 100
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Figure 1.1: A directed graph with edge costs for minimum-cost navigation: S is the
source node and 1" the sink.
problems are known as stochastic shortest-path problems that find numerous applica-

tions [Bertsekas and Tsitsiklis |1996].

Example 2 In board games like backgammon and Go, two agents make alternating
moves. The state of the game is the entire board configuration; the number of states
is huge but still finite. We may assign a 0 reinforcement to every move an agent
makes, 1 if an agent wins, and —1 if it loses. By mazimizing the total reinforcements
it receives, each agent effectively mazimizes the chances it wins a game. After being
formulated into a reinforcement-learning problem, both games can be solved by standard
RL algorithms [Tesauro |1995; Silver et al|2007]. Note that chess is a deterministic
game, while backgammon is stochastic because the next board configuration depends on

the result of rolling a die.

Example 3 In a spoken dialog system (SDS), an agent (a computer software/hardware
system) participates in a spoken conversation with a person. DIALER—a voice dialer
application accessible within the ATET Research Labs, for example, receives daily calls
from human users, asks questions (such as ConfirmName) to collect information about
the callees, and then directs the call to the desired persons [Williams |2008]. DIALER’s
vocabulary consists of about 50,000 ATET employees. Since many employees have the
same name, DIALER can disambiguate by asking for the callee’s location. It can also
disambiguate between multiple phone listings for the same person (office vs. mobile)
and indicate when a callee has no number listed. In designing the system, we may
assign a —1 reinforcement for every communicative action DIALER takes, a large final
reward of +20 if the call is correctly transferred and a large penalty of —20 otherwise.

By maximizing the total reinforcements DIALER receives in a course of conversation, it



fulfills our design objective: it should transfer a call to the desired callee by asking as few
questions as possible. After formulating the optimization of DIALER as an RL problem,

we may apply various RL algorithms to solve it (Williams |2008; |Li et al.| 2009¢].

In this dissertation, we focus on risk-neutral, single-agent, online reinforcement
learning in Markovian environments that are fully observable and stationary. Formal
definitions are given in the next chapter, but it is helpful to give informal explanations
for our scope of interest.

e We focus on risk-neutral RL agents who goal is to maximize expected total re-
inforcements. Therefore, two distributions of total reinforcements are effectively
identical as long as they have the same expectation. In contrast, a risk-aversive or
risk-sensitive RL agent has to strike a balance between getting high reinforcements
and avoiding catastrophic situations even if they happen with tiny probability
(see, e.g., Mihatsch and Neuneier| [2002]). For example, a profit-maximizing firm
may want to be conservative in making business decisions to avoid bankruptcy
even if its conservation will probably lower the expected profits.

e We consider RL problems that involve decision making of a single agent so that the
behavior of the environment is fixed beforehand and does not change according
to what the agent does. In contrast, numerous works in multi-agent systems
study interactions among multiple agents such as collaboration and competition
(see, e.g., Littman [1996]). Board games in Example [2| are instances of two-agent
systems, while spoken dialog management in Example |3|is a natural fit of single-
agent RL.

e We consider online RL problems in the sense that the interaction between the
agent and environment is continuous without interruption. Consequently, the
agent only perform actions in states it actually visits. In contrast, some authors
have studied mechanisms such as reset (which sends the agent to a certain state)
or generative model (which generates sample interactions in a state even if it is
not the actual state of the environment). The online RL problem is arguably
more challenging and general. More discussions are in §2.1]

e We consider Markovian environments where the state contains sufficient statistics



to summarize the history of the environment. In other words, the future behavior
of the environment depends only on its current state and the actions taken by the
agent, and is independent of its history given the current state.

e A related assumption is that the state of the environment is fully observable
by the agent and thus the agent has full access to the sufficient statistics of the
environment’s history. In contrast, an agent in a partially observable environment
(e.g., partially observable Markov decision processes [Kaelbling et al.[1998|) has
the additional challenge of inferring the state of the environment. In poker, for
example, an agent does not observe the cards of the others, while in board games
like Go the entire state is completely visible to both players.

e We only consider stationary environments whose behavior do not change over
time. For instance, we require that the probability of outcomes of a coin flip does
not depend on when the coin is flipped. Sometimes a non-stationary problem can
be turned into a stationary one by including time as a component in the state of
the environment.

All these assumptions above are reasonable approximations of many real-life prob-

lems and are common in the majority of RL literature. They simplify the problem
setting and allow one to focus on many key issues in reinforcement learning that we

will discuss in the next section.

1.2 Three Challenges of Reinforcement Learning

Three challenges, among others, are critical in reinforcement learning: the need for
sequential decision making, the exploration/exploitation dilemma, and the need for gen-

eralization across states.

1.2.1 Sequential Decision Making

In reinforcement learning, an agent has to achieve its goal (that is, to maximize the total
reinforcements) by taking a sequence of actions. Each action affects not only the current

reinforcement the agent receives, but also the new state of the environment. Therefore,



the agent needs to maintain a balance between maximizing current reinforcement and
reaching a “good” new state that allows more reinforcements to be obtained in the
future. An agent that simply maximizes current reinforcement is suboptimal in almost

all RL problem of practical interests.

Example 4 Let us reconsider Example [1. In order for the agent to find a minimum-
cost path from the source S to sink T in Figure[1.1], it is insufficient to behave greedily in
each node by selecting the adjacent edge with the smallest cost. In node S, for instance,
if the agent chooses to go to A because the immediate cost is 0 as opposed to the cost
of 3 to go to D, then it has to suffer more costs by travelling from A to G. Intuitively,
the long-term benefit of going to the better node D outweighs the myopic advantage of

going to A.

1.2.2 The Exploration/Exploitation Dilemma

The second challenge to designing reinforcement-learning algorithms is the explo-
ration/exploitation dilemma, which is sometimes called the problem of dual con-
trol [Fel’dbaum|[1961]. How can the agent maximize its total reinforcement if it has in-
complete knowledge about the environment? Without external help, the agent needs to
interact /experiment with the environment to acquire such knowledge. While the agent
strives to maximize its total reinforcements, it has to purposely try actions—even if
they appear suboptimal—in the hope of getting more total reinforcements in the future
by obtaining more information about the environment. A purely exploring agent that
extensively explores the environment is undesirable as such a utility-blind agent may
suffer small reinforcements. A purely exploiting agent which always picks actions that
appear the best is also undesirable as it may end up with a suboptimal action-choosing
strategy because of its incomplete knowledge of the environment. Therefore, a good

tradeoff between exploration and exploitation is critical.

Example 5 In Example |1, suppose the agent knows the costs of edges along the fol-
lowing path: S — D — E — F — G — T, but not the costs of others. It has to

explore an edge by actually crossing it. If the agent is afraid of potential cost increase



incurred by exploration, it may content itself with the path above and stick to it in every
episode. By doing so, the agent avoids taking the worse path to T via I. However, such
a conservative agent will miss the actual optimal path with insufficient exploration, and

will suffer more costs in the long run.

The need for exploration also exists in other machine-learning settings such as active
learning, in which a supervised-learning agent decides what input—output data to use
in its training set; see Settles| [2009] for a recent survey. As we will see in the
exploration/exploitation tradeoff is significantly harder in sequential decision making.
On the other hand, techniques developed for exploration in RL may find use in other

machine-learning problems as well.

1.2.3 Generalization

The third challenge of reinforcement learning, which is also faced by other machine-
learning and artificial-intelligence problems, is how to generalize across states. The
game of backgammon, for example, has a gigantic state space (in which each state is a
board configuration), rendering reinforcement learning hopeless unless approximation
techniques are used to enable generalization [Tesauro|[1995].

Consider the following example for concreteness.

Example 6 To find a minimum-cost path in problems like Figure when edge costs
are unknown, the agent has to cross all edges at least once in the worst case, rending
this approach inefficient in graphs with many edges. However, if the agent has access
to additional information to generalize its observation of costs of some edges to others,
exploration may be done more efficiently. Figure[1.9 depicts a directed graph, in which
each edge is associated with a cost vector of dimension n = 3. The cost of traversing
an edge is the dot product of its cost vector with a fired weight vector w* = [1,2,0]T.
The resulting edge costs coincide with those in Figure|1.1]

Now suppose w* is unknown to the agent, but the graph topology and all cost vectors
are. Also, we suppose the agent has explored the following edges and thus observed the

corresponding costs: (G, H),(G,I),(G,T). These “training data” allow the agent to
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Figure 1.2: A directed graph with edge-cost vectors for minimum-cost navigation: S is
the source node and T the sink. The cost of an edge is the dot product between its cost
vector and the vector w* = [0,1,2]T. The resulting edge costs are identical to those in

Figure

solve the following system of linear equations

1 00 0
101 |wW'=]2
010 1

for w* directly. Thus, the agent is able to infer all edge costs—without actually crossing
all edges—and then find the minimum-cost path. This example shows how generalization

of knowledge from one state/node to others may result in faster learning.

While function approximation such as linear regression, neural networks, and deci-
sion trees has been extensively studied in supervised learning (see, e.g., Hastie et al.
[2003]), it is much harder to be applied in reinforcement learning, partly due to the
sequential decision making nature of reinforcement-learning problems and the need for

balancing exploration and exploitation.

1.3 Thesis

The challenges discussed in the previous section suggest the difficulty of the central
question studied in this dissertation: Can we devise reinforcement-learning algorithms
that provably efficiently solve the exploration/exploitation dilemma when function ap-
proximation may be used?

The dissertation investigates a computational learning model called Knows What
It Knows or KWIK that is suitable for use in reinforcement-learning algorithms. A

key characteristic of a KWIK learner is the option of explicitly saying “I don’t know”



when the learner is unable to make a sufficiently accurate prediction. Naturally, this
knows-what-it-knows property is useful for an RL agent to decide what to explore to

reduce uncertainty about the environment, as illustrated in the following example.

Example 7 In Ezample [0, the agent is able to infer w* if it has crossed the edges
(G,H),(G,I),(G,T). However, we did not address the question how the agent decide
which edge to explore and which not to. Again, suppose w* € Ri 1s unknown to the
agent, but the graph topology and all cost vectors are.

First, the agent can deduce that the path, S — A — B — C — G, is more costly
than the alternative, S — D — E — F — G, so the agent can safely choose the latter
to arrive at G. From node G, there are three distinct paths to reach T: G — H — T,
G—T, and G— I —T. Now, the agent has to decide which edge to follow.

A simple approach for this task is for the agent to assume edge costs are uniform

and walk the shortest (middle) path to collect the following data:
w*-[1,1,1] = 3, w*-[0,1,0] = 1.

Standard linear least-squares regression could use this dataset to find the following so-
lution: W = [1,1,1]T. The learned weight vector could then be used to estimate costs
for the three paths from G to T': 2 for the top, 1 for the middle, and 2 for the bottom.
Using these estimates, an agent would continue to take the middle path forever, never
realizing it is not optimal.

In contrast, consider a learning algorithm that “knows what it knows”. Instead of
creating an approximate weight vector W, it reasons about whether the costs for each edge
can be obtained from the available data. The middle path, since all its edge costs have
been observed, is definitely 1. The last edge of the bottom path has cost vector [0,0,0],
so0 its cost must be 0, but the penultimate edge of this path has cost vector [1,0,1]. This
vector is a linear combination of the two observed cost vectors, so, regardless of w*, its

cost 1s
w*-[1,0,1] =w"-([1,1,1] — [0,1,0]) =w" - [1,1,1] = w*-[0,1,0] =3 -1 = 2.

Thus, the agent knows the bottom path’s cost is 2—worse than the middle path.
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The vector [1,0,0] on the top path is linearly independent of the observed cost vectors,
so its cost is undecided. We know we do not know. A safe thing to assume provisionally
1s that the cost is zero—the smallest possible cost, encouraging the agent to try the top
path in the next episode. Now, it observes w* - [1,0,0] = 0, allowing it to infer w*
exactly and accurately predict the cost for any vector (since the training data spans
R3). It now knows that it knows all the costs, and can confidently take the optimal
(top) path.

In general, any algorithm that guesses a weight vector may never find the optimal
path. An algorithm that uses linear algebra to distinguish known from unknown costs
will either take an optimal route or discover the cost of a linearly independent cost
vector on each episode. Thus, it can never choose suboptimal paths more than n times.
Formal discussions of learning noise-free linear functions are provided in §5.2.3,

In contrast, an agent that does mot generalize, but visits every edge to learn its
cost, will require m episodes to learn optimal behavior, in the worst case, where m 1is
the number of edges in the graph. This example shows how combining generalization
with explicitly distinguished known and unknown areas can lead to efficient and optimal

decision algorithms.

As indicated in the example above, KWIK provides a useful mechanism for efficient
exploration. We argue that it does capture the necessary ingredients for efficient rein-
forcement learning, and indeed relate KWIK learning to efficient reinforcement learning
in a general way. We study some of the basic properties of KWIK learning, and then
use it to unify many existing provably efficient reinforcement-learning algorithms as

well as to propose new ones. My thesis is the following:

The KWIK learning model provides a flexible, modularized, and unifying way
for creating and analyzing reinforcement-learning algorithms with provably

efficient exploration.

1.4 Contributions

The rest of the document is divided into three parts, followed by a concluding chap-

ter and two appendices: Part [I| (§§2H4]) reviews background of planning and learning
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in Markov decision processes; Part [l (§§5H6|) introduces the KWIK learning model;
Part (§47H8) uses tools from the KWIK model to create, analyze, and unify many
provably efficient reinforcement-learning algorithms. Each chapter and the major con-

tributions are outlined as follows.

. reviews the basic theory of Markov decision processes (MDPs)—the class of
environments we focus on, and then defines the “planning” and “learning” prob-
lems in an MDP. Most results in this chapter are found in standard textbooks on

this topic, such as the ones by Puterman [1994] and by Bertsekas [2001].

° surveys planning algorithms in MDPs, including ezact algorithms for finite
MDPs and approzimate algorithms that are more general and suitable for general

MDPs. New results in this chapter include:

o A convergence proof of the prioritized sweeping algorithm and some of its
variants [Li and Littman/2008b).
© A unified notation and theory of state abstraction for MDPs |Li, Walsh, and

Littman [2006].

e {4 surveys reinforcement learning in MDPs. First, classic examples of exact and
approximate RL algorithms are reviewed. Then, the exploration/exploitation
dilemma is introduced, which motivates the notion of PAC-MDP as a mathemat-
ical framework for formal analysis of exploration efficiency of RL algorithms. New

results in this chapter include:

¢ The notion of PAC-MDP for formal analysis of RL algorithms, and a general
PAC-MDP theorem that generalizes the original one studied by [Strehl, Li,
and Littman| [2006a]. Furthermore, the theorem improves its ancestor via a
more careful analysis, yielding a better bound that will be used in §§7Hg| to
improve a number of existing PAC-MDP results.

¢ An example showing that Bayesian exploration may not be PAC-MDP al-

though it is optimal in its own sense.
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° introduces the KWIK learning model, presents a few KWIK-learnable exam-

ples, and studies its basic properties. New results in this chapter include:

o A formal definition of the KWIK model [Li, Littman, and Walsh|2008].

¢ A number of KWIK-learnable examples, both deterministic and stochas-
tic, together with complete algorithmic details and analyses. Some of them
improve or extend previous results by [Li, Littman, and Walsh| [2008] and
Brunskill, Leffler, Li, Littman, and Roy| [2008].

¢ A preliminary discussion of basic properties of the KWIK framework.

e {b|studies general techniques for constructing algorithms for complex KWIK prob-

lems by combining base KWIK algorithms. New results in this chapter include:

¢ Full details and improved analyses of a few general KWIK combination
techniques [Li, Littman, and Walsh||2008] including input-partition, output-
combination, cross-product, union, and noisy union.

¢ A matching lower bound showing the optimality of noisy union in terms of
sample complexity [Diuk, Li, and Leffler|2009).

¢ An algorithm for KWIK-learning multivariate normal distributions with un-
known mean vectors and covariance matrices, generalizing previous results

by [Brunskill, Leffler, Li, Littman, and Roy|[2008] and others.

e {7] studies and unifies model-based PAC-MDP reinforcement learning, in which
the agent estimates a model of the environment from observations and then uses

the model to choose actions. New results in this chapter include:

¢ A novel, abstract algorithm, KWIK-Rmax, which is shown to be PAC-MDP
whenever the transition and reward functions of the underlying MDP can be
KWIK-learned.

¢ A unification of almost all existing model-based PAC-MDP algorithms, based
on KWIK-Rmax, including those for finite MDPs, MDPs with linear dynam-
ics, MDPs with normal offset dynamics, and factored-state MDPs modeled

as a dynamical Bayes net (DBN).
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A new PAC-MDP algorithm, met-Rmax, which can learn the structure of the
DBN while efficiently exploring a factored-state MDP, improves on a state-
of-the-art algorithm both analytically and empirically [Diuk, Li, and Leffler
2009].

. studies model-free PAC-MDP reinforcement learning, in which the agent de-

cides what action to take without estimating a model of the environment. New

results in this chapter include:

o

A general lemma relating Bellman error and a condition for PAC-MDP for
algorithms that acts greedily with respect to its value function. The lemma is
used in the PAC-MDP analysis of three algorithms, which are simplified ver-
sions of their ancestors |Strehl, Li, and Littman/2006b; [Strehl, Li, Wiewiora,
Langford, and Littman|2006¢]|.

The first model-free PAC-MDP algorithm, delayed Q-learning, for finite
MDPs. The algorithm simplifies the original one of [Strehl, Li, Wiewiora,
Langford, and Littman| [2006¢].

A new lower bound of sample complexity of exploration for RL algorithms,
which matches the sample complexity upper bound of delayed Q-learning in
terms of several factors, including the probably most important one (number
of states), and thus showing the optimality of delayed Q-learning in this sense.
A new algorithm, LSPI-Rmax, which combines the algorithmic insights of
Rmax with the model-free least-squares policy iteration algorithm [Li, Littman,
and Mansley|2009a]. The algorithm has demonstrated promising empirical
results in a few benchmark problems, suggesting PAC-MDP algorithms and
analysis are useful for creating practical RL algorithms that work well em-
pirically.

A new algorithm, REKWIRE, which is model-free and uses linear function
approximation. We show REKWIRE is PAC-MDP under certain assumptions

about the linear approximation architecture [Li and Littman/2008a].
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e g9 concludes the dissertation, including implications concerning the strengths and
weaknesses of model-based and model-free RL algorithms. A number of open

problems, extensions, and limitations of our work are discussed.

e Supporting materials are provided in the appendices. §A]lists the notation and
convention we adopt in the dissertation. §B] collects a number of mathematical

facts that are used in our analysis.
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Planning and Learning in Markov

Decision Processes
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Chapter 2

Markov Decision Processes

In reinforcement learning, an environment is often modeled as a Markov decision process
or MDP [Puterman|1994], where the history of the environment can be summarized in
a sufficient statistic called state. We first introduce Markov decision processes, define
(optimal) policies and value functions, and then give formal definitions of the planning

and learning problems in an MDP.

2.1 Definition

In reinforcement learning, an environment is often modeled as a Markov decision process
or MDP [Puterman||1994], where the history of the environment can be summarized
in a sufficient statistic called state. MDPs are natural abstraction of many real-life
problems such as those investigated by Puterman| [1994].
A Markov decision process is defined as a five-tuple: M = (S, A, T, R, ), where:
e S is the state space. It can be discrete or continuous.
e A is the action space. Similarly, it can be discrete or continuous.
o T € (PS)SXA is a transition function, with Ps denoting the set of probability
distributions over S. If § is discrete, we may define T'(- | s,a) for any (s,a) €
S x A as a probability mass function, so that T'(s’ | s,a) is understood to be the
probability of reaching a new state s’ if action a is executed in state s. If S is
continuous, T'(- | s,a) is understood to be a probability density function.
e R € RS*4 is a reward function that defines the reinforcements received by the
agent. For now on, we will use the word “reward” instead of “reinforcement”
as the former is used more often in the literature. In most practical situations,

we may assume, without loss of generality, that R is bounded: R € [0, 1]5*A4;
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otherwise, policy-invariant reward transformation techniques [Ng et al.|1999] may
be used to transform the reward to the range [0,1] when a priori bounds are
known for the reward function.

e v € (0,1) is a discount factor, whose role will be discussed shortly.

In the minimum-cost navigation task of Example [I] states are the nodes in the
graph, actions are the edges, and rewards are the negative costs. In the spoken dialog
management problem of Example [3] a state contains the agent’s belief distribution of
the user intention and auxiliary information regarding the status of the conversation,
an action may be a communicative action (like asking whom the caller is trying to
reach), and the reward function is as given before. However, it is not appropriate to

model multi-agent problems like those in Example [2| as an MDP.

Definition 1 The online interaction between the agent and environment, modeled as
an MDP M = (S, A, T, R,~), proceeds according to the following protocol. Beginning at
the initial timestep t = 1, an online interaction between the agent and the environment
proceeds in discrete timesteps as follows. At timestep t =1,2,3,...,

1. The agent perceives the current state s; € S of the environment, and takes an
action a; € A.

2. In response, the environment sends an immediate reward ry € [0, 1] to the agent,
and moves to a next state s;y1 € S. This transition s governed by the dynamics
of the MDP. In particular, the expectation of r¢ is R(st,at), and the next state
St+1 18 drawn randomly from the distribution T'(- | s¢,at).

3. The clock ticks: t «— ¢t + 1.

Our discussion will be easier with the following terminology:

e An MDP is called finite if both the state and action spaces are finite sets; in
contrast, it is called continuous if either the state or action space is continuous.

e An MDP is often referred to as an uncontrolled MDP or a Markov chain if |A| = 1.
For a Markov chain, we may drop the dependence on a denote the transition
function and reward function by T'(- | s) and R(s), respectively, since there is

only one action.
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e An MDP is stochastic if the reward and transitions are randomized; otherwise, it
is deterministic. For a deterministic MDP, we abuse notation by using 7T'(s,a) to

denote the next state of the agent if it takes action a in state s.

2.2 Policy and Value Function

The return of the agent at timestep ¢, denoted Ry, is defined as the total discounted
reward received by the agent after time ¢:

0o

R Y Z'YTTH-T'

=0
Mathematically, the discount factor is a convenient trick that guarantees boundedness
of the return provided that all immediate rewards are bounded. Practically, it says that
a unit reward in the next timestep is worth  in the current timestep, which has useful
interpretations in many real-life problems |[Puterman|/1994].

The return R; is defined using an infinite sum, which may result in difficulty in

analysis. The following useful lemma states that it can be approximated to arbitrary

precision by a partial sum of a “small” number of leading terms.

Lemma 1 Let Ry(H) be a H-step discounted return at timestep t defined by

H-1
def T
Rt(H) = E Y Tt+r-
7=0

Then for any € > 0 and t, we have 0 < Ry — Ry(H) < € when

1 1
H > In .
L—y €1-79)

(2.1)

PROOF. It is clear that R; > R;(H) as all immediate rewards are non-negative. On

the other hand, if H satisfies Equation then the inequality v > 1 4 In~ implies

In g1y
H Z lil = log,y (6(1 — ’Y)),
n3
and hence

= T = T /}/H 6(1_7)
Rt—Rt(H):Z’YTt+TSZV=1_7§ =e
T=H T=H

L=v
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as all immediate rewards are bounded by 1 from above. O

Clearly, the return R; is a random variable that depends on a few factors: the
transition and reward functions of the MDP as well as the agent’s action-selection rule.
The first two factors are inherent in the environment and cannot be altered by the
agent. However, by varying the way it chooses actions in the interaction, the agent is
able to control or maximize the return. Formally, a stationary policy, = € AS, defines
an action-selection rule, where 7(s) is the action to be chosen when the current state
is s. Policies are also called feedback laws or control laws in the literature.

For any MDP M, a stationary policy m determines a distribution of the reward
sequence, and thus a distribution of the return. Therefore, we may talk about expected
return and use it to evaluate a policy. Naturally, a reward-maximizing agent prefers
policies that yield largest expected returns in all states. We define the state-value

function, Vi (s), as the expected return by executing 7 starting from state s:

Vi) Y E.[Ri|s =], (2.2)

where E; refers to the probability distribution of the reward sequence induced by the
dynamics of the MDP as well as the policy (i.e., a; = 7(s;) for all ¢). Similarly, the
state—action value function, Q73,(s,a), is the expected return by taking action a in state

s and following 7 thereafter:
Qy(s,a) = Eg[Ri|s1=s,a1 =aq], (2.3)

To maximize the total rewards received from the environment, the agent desires an
optimal policy 7 whose value functions, denoted by V};(s) and Q},(s, a), respectively,

satisfy the conditions:

Var(s) = maxVy(s)
s
Qi) = maxQ(s)
The (optimal) state—action value functions are frequently referred to as (optimal) Q-

functions in the literature. If there is no ambiguity, we drop the subscript M from the

value functions and simplify the notation to V7™, Q™, V*, and @, respectively.
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It is clear that the value functions defined above must be bounded between 0 and

1/(1 — ), since any return satisfies

(e e} o0 1
N
t=1 t=1 v

In some applications, however, expert knowledge is available about a tighter upper
bound of the value function of an MDP. We denote this upper bound by Viyax, and will
use it in the analysis in later chapters to yield tighter results. It should be understood
that, if no such expert knowledge is available, we may simply set Viax to 1/(1 — 7).
As an analogue of Lemma [l we may define H-step value functions in a straight-
forward manner, which are denoted V™ (s, H) and Q™ (s, a, H), respectively. Lemma

implies the following result immediately:

Lemma 2 Foranye >0,s €S, a € A, and policy 7, we have 0 < V™ (s)=V™(s,H) <
e and 0 < Q7 (s,a) — Q" (s,a,H) <€, when

1 1
H > In

Tl-y e(l-79)

The existence of (optimal) value functions and policies is a well-studied problem.
They always exist for finite MDPs, and also exist under certain technical assumptions for
MDPs with infinite (either discrete or continuous) state or action spaces |Bertsekas and
Shreve |1996; Puterman|/1994]. It is beyond the scope of the thesis to identify sufficient
conditions for their existence, and to simplify exposition, we will always assume such
quantities exist whenever they are used.

A greedy policy my (or mg) with respect to a value function V' (or Q) is defined by

v (s) o argmax (R(s,a) + ’yZT(s' | s,a)V(s’)) (2.4)
acA seS

7Q(s) def argmax Q(s, a). (2.5)
acA

An important fact is that an optimal policy must be greedy with respect to the optimal
value functions:

m*(s) = argmax (R(s,a) + 'yZT(s’ | s,a)V*(s’)) (2.6)

acA seS

= argmax@Q”(s,a). (2.7)
acA
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It is often easier to work with the state—action value function than state-value functions.
Most of the results presented in this dissertation are therefore stated in terms of state—
action value functions.

The following lemma, which is proved by Singh and Yee|[1994], states that the greedy

policy with respect to a sufficiently accurate value function is uniformly near—optimalﬂ

Lemma 3 Let Q € RS*4 be a state—action value function, and mq the greedy policy
with respect to Q. Then,

_le-el.
<

Vi(s) = V7™(s)

The policies we have discussed so far are deterministic and stationary policies. Two
other kinds of policies will be useful for our purpose, which we will define below. Value
functions as in Equations [2.2] and [2.3] can be defined in the same way, although it
is known that there exists at least one optimal policy that is both deterministic and
stationary [Puterman|1994].

A stochastic and stationary policy is one that selects actions randomly. Specifically,
it maps states to probability distributions over the set of actions; m € (P, A)S. We will
use 7(a | ) to denote the probability of choosing a in state s when 7 is stochastic.

Another type of policy is those that are non-stationary in the sense that they do
not map states to actions (or probability distributions over actions, in the case of a
stochastic policy). Rather, it maps a history of interaction to actions. Formally, a

SxAxR)t=1xS
XAXR)TIXS where the

deterministic, non-stationary policy at timestep ¢ is: m; € Al
first (t—1) factors of S x A x R refers to the visited states, chosen actions, and observed
rewards in timesteps 1,2,...,¢t — 1, and the last S corresponds to the current state.
Finally, we mention a useful observation that, when the agent follows a stationary
policy m, then the sequence of states of state—actions may be viewed as states of an

induced Markov chain. For instance, if 7 is stochastic, then the induced Markov chain

M’ has an expanded state space, S’ df 5« A, and the transition and reward functions,

ISingh and Yee |1994] considers finite MDPs only, but their proof may be adapted to general MDPs.
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T’ and R, are defined respectively by:

T ((s,d) | (s,0)) = T(s]s,a)r(d|s)

R ((s,a)) fef R(s,a).

2.3 Bellman Equations

Bellman equations characterize the structure of optimal value functions and embody
the principle of dynamic programming |Bellman|/1957].

S
First, we define the Bellman operator (a.k.a. Bellman backup) B € (]RS)]R by

BV (s) © max BV(s), VseS (2.8)

acA

where the operator B¢ associated with action a is defined by

BV (s) € R(s,a) +7 Y T(s' | s,a)V(s), VseS. (2.9)

s'eS

In other words, BV defines a new value function where BV (s) is the one-step looka-
head value of state s using V(-) to retrieve the value of the successor states s’; BV (s)
is the maximum one-step lookahead value. Clearly, properties of B also holds for B¢
since B¢ can be viewed as the Bellman operator in a new MDP whose action set is the
singleton {a}. By abusing notation, we also use B to denote the Bellman operator for
action—value functions: given any action-value function Q € RS*A,

BAQ(s,a) & R(s,a)+~ Z T(s'|s,a) max Q(s',d). (2.10)

s'eS

It is easy to see that the Bellman operator is monotonic in the following sense:

Lemma 4 Let Vi,V € RS be two bounded state-value functions and Vi < Vs, then
BV, < BVa. Similarly, let Q1, Qa € RS*4A be two bounded state—action value functions

and Q1 < Q2, then BQ1 < BQs.

PROOF. Assume Vi < V5, and let s € S be any state. Then for any a € A,

BV (s) - BUV(s) =7 3T | s,0) (Vi() — Vals)) <0,
s'eS
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and so

BV1(s) — Bla(s) = max BV (s) — max BVs(s) < max (B*Vi(s) — B Va(s)) <0,
ac ac

acA
where the inequality above makes use of the fact that max, fi(x) — max, fo(x) <
max, (f1(z) — fa(x)). The inequality for @ can be proved similarly. O

A fundamental property of the Bellman operator is the contraction property, which

is stated formally in the following lemma.

Lemma 5 [Puterman 1994, Proposition 6.2.4] Let Vi,Va € RS be two bounded state-
value functions, then,

1BVI — BVa| o <IIVi— Val -

Similarly, let Q1,Qy € RS*A be two bounded state-action value functions, then,

IBQ1 = BQa|l o, <7 1Q1 — Qo -

The contraction property guarantees existence of a fized point, according to Banach’s
Fixed-Point Theorem [Puterman![1994, Theorem 6.2.3]. The fixed point coincides with
the optimal value function V* (or Q*). Therefore, computing V* (or Q*) of a given

MDP is equivalent to solving the so-called Bellman equation:
V = 9BV (2.11)
Q = BQ. (2.12)

If a value function does not solve the Bellman equation exactly, namely, V' # V* (or
Q@ # @), then it incurs a nonzero Bellman error (or Bellman residual):

E(sV) ¥ @8v(s)-v(s). (2.13)

E(s,a;Q) = BQ(s,a) — Q(s,a). (2.14)

An important special case of Bellman equations is when a fixed policy is used,
making the MDP an induced Markov chain and the corresponding Bellman operator
a linear operator. For instance, when the MDP has finitely many states and a fixed
policy m is used, then the functions V7 solve the following system of linear equations:

V(s) = R(s,m(s))+v Y T(s'|s,m(s))V(s), (2.15)
s'eS
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and similarly for V'™:
Qs,a) = R(s,a)+71 Y T(s' | 5,)Qs', 7(s). (2.16)
s'eS

Finally, we give a useful lemma that follows immediately from the definition of B.

Lemma 6 Let Vi,Va € RS be two bounded state-value functions such that Vi(s) =

Va(s) 4+ ¢ for all s € S where ¢ € R is a constant, then,
BVi(s) — BVa(s) =ve, VseS.

Similarly, let Q1,Q2 € RS*A be two bounded state-action value functions such that

Q1(s,a) = Qa(s,a) + ¢ for all (s,a) where ¢ € R is a constant, then,

BQi(s,a) —BQa(s,a) =~ve, V(s,a) €S x A

2.4 Planning and Learning

An implication of Equation is that the agent can act optimally if it knows the
optimal value function @Q*. In fact, most algorithms for solving MDPs (i.e., finding
7*) work along this line of reasoning by trying to approximate Q*, whose asymptotic
correctness is guaranteed by Lemma 3] We make an important distinction between two

problems—planning and learning—when we talk about solving an MDP.

Definition 2 Let M = (S, A, T,R,~) be an MDP. The planning problem is one of
computing an optimal policy ™ of M when the complete five-tuple is given as input to

the agent.

Definition 3 Let M = (S, A, T, R,~) be an MDP. The reinforcement-learning problem
is similar to the Planning problem except: (i) the transition and reward functions of M
are not provided as input; and (ii) the agent must infer these dynamics (either explicitly

or implicitly) from the transitions it experiences during interactions with the MDP.

Various models exist to capture the ways the agent interacts with the MDP. This

dissertation focuses on the most challenging one of online interactions (Definition ,
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in which the agent can only take actions in the state in which it is situated. I briefly

mention other somewhat easier models of interactions:

e The reset model allows the agent to reset its state to a fixed state sg € S, which
is sometimes called the start state. In this model, finding an optimal policy can
be reduced to a sequence of supervised-learning problems [Fiechter 1994]. This

model will be used in but not in other parts of the dissertation.

e The generative model allows the agent to send a query (s, a) to an oracle O, which
returns a sample (r, s') so that E[r] = R(s,a) and ' ~ T'(- | s,a). This model sig-
nificantly simplifies the exploration/exploitation tradeoff: when the agent chooses
an unnecessary state—action pair to sample, this mistake does not influence the
future states of the agent. In contrast, a mistake made by an online agent may
require a large number of actions to fix; see Example [8] for an example. Since a
generative model can be viewed as an implicit specification of the MDP model, re-
inforcement learning under the generative-model assumption is in fact very similar

to sampling-based approximate planning (c.f., §3.3).

e The parallel sampling model [Kearns and Singh|[1999] is closely related to the
generative model: the agent may submit a argumentless query to an oracle 9,

and receives a sample transition for every state—action pair:
D= {(s,a,1,5)|s€S,ae AE[r]=R(s,a),s ~T(-|s,a)}.

Clearly, a parallel sampler can be simulated by a generative model; on the other
hand, a parallel sampler can be used as a generative model, although all sample

transitions are wasted except the one for the queried state—action pair.

e The batch learning model requires that the agent optimizes its policy based on a

static set of sample transitions,
D = {(ss,ai,7i,8,) | Blri] = R(ss,a:), 8, ~T(- | siya;),i =1,2,...,m}.

Due to the limited access of the model dynamics (through the finite sample set

D), the agent may not always find a (near-)optimal policy. On the other hand,
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by separating policy optimization from data collection, it is often easier to create

and analyze algorithms (e.g., Lagoudakis and Parr| [2003a] and [Schuurmans and)

\Greenwald| [1999]).

Planning and learning are closely related given their similarities [Sutton and Barto

1998, Chapter 9]. For ease of exposition, however, they are treated separately here.

The next two chapters survey a number of planning and learning algorithms in MDPs.
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Chapter 3

Planning in Markov Decision Processes

Planning is sometimes an important sub-step in reinforcement learning. In fact, it
can be viewed as a simpler version of reinforcement learning with access to the MDP
model. Planning in MDPs often involves computing or approximating the optimal value
function. This chapter surveys both exact and approximate planning algorithms.

In MDP planning, we typically assume the agent has access to the dynamics of
the MDP. Equations and imply that we may approximate either V* or Q* to
approximate the optimal policy. Therefore, depending on convenience or convention,

some algorithms compute V* while others compute Q*.

3.1 Exact Planning in Finite Markov Decision Processes

This section summarizes a few classic planning approaches to finite MDPs, where we
can afford to compute and represent the ezact optimal value function and policy. The
focus of this section is on a class of methods called dynamic programming |Bellman
1957|, while a linear-programming-based approach is also described.

Since there are only finitely many states and actions, we assume the value functions
and policies are represented by lookup tables. Let n = |S| and m = |.A| be the numbers
of states and actions, respectively. If we number the states and actions so that & =
{1,2,...,n}and A ={1,2,...,m}, then the Q-function can be stored in a matrix with

n rows and m columns, with the (s, a)-entry storing the value of Q(s,a).
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3.1.1 Value Iteration

Value iteration [Bellman!|1957] is probably the simplest and easiest-to-implement algo-
rithm for solving an MDP. This algorithm operates in the value-function space. Start-
ing with an arbitrary, bounded initial value-function estimate, it repeatedly applies the
Bellman operator (§2.3) so that the value-function estimate approaches the optimal
value function in the limit.

The basic form of value iteration is given in Algorithm For concreteness, the
pseudocode initializes the value function to be zero everywhere, but value iteration
is guaranteed to converge to the optimal value function for any bounded initial value
function. Let V; be the value-function estimate before the ¢-th iteration in Algorithm
A well-known fact of value iteration is that the sequence of value functions, [Vi]ien,
approaches V* at a geometric rate, which follows from the contraction property of the
Bellman operator (Lemma [j]).

It should be noted that, even if V; converges to V* only in the limit, in practice, we
can terminate the algorithm after iteration ¢ when we discover the change of value func-
tion, ||Vi41 — Vi||, drops below a threshold [Williams and Baird|/1993, Theorem 3.1].
In fact, it can be shown that the greedy policy 7 of V; in value iteration will converge
to * after finitely many iterations even if V; may not equal V* exactly [Puterman 1994,

Theorem 6.3.3].

Algorithm 1 Value iteration

0: Inputs: M = (S, A, T, R,~)

1: Initialization: V(s) <0 forall s € S
2: fort=1,2,3,... do

3: V «— BV

4: end for

3.1.2 Asynchronous Value Iteration

Value iteration is simple to implement and is quite efficient for problems with small state
and action spaces. But in every iteration it has to sweep over the whole state—action

space to update the value function, which renders it expensive in large-scale problems.
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In practice, however, such a thorough sweep is not necessary, due to a few reasons.
First, a state can be unimportant if selecting a wrong action in this state does not have
large (negative) impact on the rewards received by the agent (see, e.g., Li [2004] and
Li et al. [2007]). Second, the accuracy of the value function in some states may not
be important to a reward-maximizing agent if these states are unlikely to be visited
or unreachable. Finally, if some states’ values are already close to the optimal values,
performing updates of their values will result in small changes in the value function
(and possibly no change in the resulting greedy policy); in contrast, it may be more
economic to perform updates in states whose values are less accurate.

The last two reasons motivate the algorithmic idea of updating some states’ values
in an adaptive way that is not necessarily determined beforehand. In contrast to the
basic form given in Algorithm [} which is often called synchronous value iteration, the
many variants of asynchronous value iteration [Bertsekas| 1982 Bertsekas and Tsitsiklis
1989] update the value function in an asynchronous manner. A basic form is given
in Algorithm [2] where different variants adopt different strategies to select states for
performing value backup. It is well known that if every state s € S is chosen infinitely

often for value update, then V; converges to V* [Bertsekas and Tsitsiklis||[1989].

Algorithm 2 Asynchronous value iteration

0: Inputs: M = (S, A, T, R,~)

1: Initialization: V(s) «— 0 for all s € S
2: fort=1,2,3,... do
3
4

Choose a state s; € S and update its state-value estimate: V' (s;) « BV (s¢).
: end for

In the real-time dynamic programming (RTDP) algorithm [Barto et al.|[1995], for in-
stance, the agent only performs a value-function backup in states it actually visits (c.f.,
Algorithm , and thus can spend its limited computational resources on states that
are more important, according to the second reason above. Although assumptions like
ergodicity are usually needed to guarantee every state—action pair be chosen infinitely
often for value update, online performance guarantees can be established for variants

of RTDP based on the analytic tools developed in this dissertation (§8.1J).

In contrast to the online version of asynchronous value iteration like RTDP, we only
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Algorithm 3 A generic form of real-time dynamic programming.
: Inputs: M = (S, A, T,R,~)
. Initialize Q(s,a) for all (s,a) € S x A.
. Initialize the initial state s; € S.
: fort=1,2,3,... do
Take some action a; € A.
Update the value function: Q(s¢, ar) < BQ(s¢t, ar).
Reach a next state s;y1 ~ T(+|s¢, ar).
end for

focus on the offline version where the agent does not choose actions, but its pure goal is
to compute a near-optimal value function. Specifically, we describe a class of algorithms
known as prioritized sweeping that prioritizes states according to certain errors (for
example, the Bellman error defined in Equation , which is motivated by the third
reason above. This approac}ﬂ originally proposed by Moore and Atkeson [1993] and
Peng and Williams| [1993], has been quite successful in practice and resulted in a number
of variants [Andre et al.[1998; [McMahan and Gordon/2005; |Wingate and Seppi/2005].
These algorithms rely on a priority function, H, and update the values of states with
highest priority. Algorithm 4] gives a generic form of prioritized-sweeping algorithms,
which actually includes many specific instances of asynchronous value iteration with
appropriate priority functions H. Again, we use subscript to denote the value of the

quantity in the ¢-th iteration of Algorithm |4} for instance, H; and V4.

Algorithm 4 An abstract form of prioritized sweeping.

Inputs: M = (S, A, T,R,~)

Initialize V' (s) for all s € S.

Initialize priority values H(s) for all s € S.

fort=1,2,3,--- do
Pick the state with the highest priority: s; < argmax,cg H(s).
Perform Bellman backup on state sy: V(s;) «— BV (sy).
Update priority values for all s € S.

end for

1. Asynchronous value iteration given in Algorithm [2| repeatedly performs Bellman

backups in an arbitrary state ordering, which is easily guaranteed by many H(s)

"We note that prioritized sweeping was first proposed as a reinforcement-learning algorithm rather
than a planning algorithm.
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functions. For example, let S = {1,2,---,n} and suppose we wish to perform
Bellman backups in the order of 1 =2 — .. —>n—-1—-n—>1—2—--- then

this is guaranteed by the following priority function: It is initialized for every

state s by
2n — s
Hy(s) — o™ (3.1)
and updated by
Ht(s)a if s 7£ St
Hyyq(s) — . (3.2)
7Ht2(s) if s = St

Therefore, asynchronous value iteration is a special case of Algorithm [4]

2. The PS algorithm |[Moore and Atkeson|/1993] does not specify how to initialize H.
In practice, we may initialize H(s) with random positive valuesﬂ The algorithm

then updates H(s) in the following way: for any state s € S,

max {H¢(s), Ay - maxgea T(s¢]s,a)}, if s# s¢

Hyiq(s) < (3.3)

Ay - maxgea T(s¢ls, a), if s=s;
where Ay = |Vig1(st) — Vi(se)| = |E(se; V)| is the change of s,’s state value after

the most recent Bellman backup.

3. The GenPS algorithm |Andre et al||1998] updates H(s) so that it is always the

absolute Bellman error in state s. Specifically, for all states s € .S,
Hit1(s) < |E(s: Vig)] - (3.4)

Note that Andre et al.| [1998] also provide a heuristic approach to updating H(s)
without explicitly computing Bellman errors in all states. We only consider a
version of GenPS that always maintains the exact absolute Bellman errorsﬂ As
shown by Lemma [§] in the next subsection, this condition can be satisfied quite

efficiently without recomputing Bellman errors for all states in every step.

2See |Li and Littman |2008b] for an example that shows PS may not converge to the optimal value
function if some H(s) is initialized to 0.

3See [Li and Littman| [2008b| for an example that shows the heuristic GenPS algorithm may not
converge to the optimal value function.
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4. Since the IPS algorithm |[McMahan and Gordon 2005 does not perform Bell-
man backups, it is quite different from all these Bellman-backup-based planning
algorithms above, and thus is not straightforward to convert to the form of Al-
gorithm [4] However, it becomes a special case of Algorithm []if A contains only
one action; namely, if the MDP is actually a Markov chain. More specifically, IPS

is for episodic problems in whichﬁ

e there is an absorbing goal state sq4 so that R(sy,a) =0 for all a € A, and

e all other rewards are negative: —1 < R(s,a) < 0 for all s # s4 and a € A.

Consequently, V*(s;) = 0 and there exists a constant v € (O,ﬁ) such that
V*(s) < —v for all s € S\ {s4}; that is, all non-goal states’ values differ from
0 by at least v. This class of problems are also called stochastic shortest path
problems [Bertsekas [2001]. IPS can be viewed as an instance of Algorithm it

initializes the value function pessimistically

1 .
- if S # Sg
Vi) =g
0 otherwise,
initializes the priority value by
0 ifs#sg

Hl(s) —

1 otherwise,

and updates priority values according to

_ E(s; Viy1)
Vit1(s) + E(s; Viga(s))

Hyp1(s) <

It can be shown that the value function V; will not decrease as the algorithm oper-
ates (c.f., Lemmal9)), and Hy(s) > 0 at all times (c.f., Lemma[L0). The motivation

of the priority value above is that IPS reduces to the highly efficient Dijkstra’s

4We have adapted the algorithm to be consistent with our notation and setting. The algorithm
was originally proposed for non-discounting, minimum-cost problems by [McMahan and Gordon| [2005],
while we use a discount factor and consider reward-maximizing problems.

5The formulation we present here is not optimal for implementation, but will suffice for our theo-
retical purposes in this paper.
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algorithm when the Markov chain is a deterministic, acyclic graph [McMahan and

Gordon |2005].

We now present convergence results that are recently established by |Li and Littman
[2008b]. Complete proofs are given in The following key lemma gives a set of

sufficient conditions for the convergence of Algorithm [4]

Lemma 7 Let F C S be the set of states that are chosen for Bellman backups infinitely
often during the whole run of Algorithm | so, S\ F consists of states that eventually
become starved of backups. Let T be the last step in which some state in S\ F is chosen
for update. Clearly, F # 0 by the Pigeonhole Principle. Then the Bellman errors of

infinitely updated states are driven to 0 in the limit; formally,

lim max |E(s; V;)| = 0. (3.5)

t—oo seF

Furthermore, Vi converges to V* if the following conditions hold:
1. The priority values converge to 0 in the limit:
lim H(s;) = 0.
t—o0

2. There exists a constant C > 0 such that: Hy(s) > C-|E(s; V;)| for all states s ¢ F

and t > 7;

Some intuitions are helpful. The first condition requires that, in the limit, all priority
values must approach 0 so that no state with a positive priority value will be starved of
updates. The second condition requires that, in the limit, the priority value for starving
states must not be too small compared to their absolute Bellman errors. Therefore, these
two conditions together guarantee that any starving state must have a zero Bellman
error, and thus does not need Bellman backups at all.

Lemma 7] allows one to prove a number of variants of prioritized-sweeping algorithms

converge to the optimal value function in the limit{

5The literature contains a number of references to prioritized sweeping, but the only informal argument
for its asymptotic convergence to the optimal value function is flawed. Thus, although the community
appears confident the algorithm converges, no published proof exists to the best of my knowledge.
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Theorem 1 GenPS of | Andre et al| [1998] converges to the optimal value function in

the limit.

Theorem 2 PS of Moore and Atkeson| [1995] converges to the optimal value function

in the limit, if the initial priority values are non-zero, namely, Hy(s) > 0 for all s € S.

Theorem 3 IPS of McMahan and Gordon [2005] in a Markov chain converges to the

optimal value function in the limit.

3.1.3 Policy Iteration

Another classic dynamic-programming approach to planning in MDPs is policy itera-
tion [Howard|1960]. This algorithm directly searches for the optimal policy in the policy
space. Starting with an arbitrary policy, the algorithm proceeds in an iterative way:
in every iteration, it first performs the policy-evaluation step by computing the value
function of the current policy (which is equivalent to solving the system of linear equa-
tions in Equation or , and then improves the policy by updating the policy
to be the greedy policy with respect to the value function of the current policy. The

pseudocode of policy iteration is given in Algorithm [5]

Algorithm 5 Policy iteration.
: Inputs: M = (S, A, T,R,~)
. Initialize 7; € AS arbitrarily.
:fort=1,2,3,... do
Policy evaluation: solve for Q™.
Policy improvement: define w11 that is greedy w.r.t. Q™.
end for

It is known that the every policy m in policy iteration dominates all previous poli-
cies 7, for 7 < t [Puterman||1994, Proposition 6.4.1]. Since the number of deterministic
policies is finite in finite MDPs (|A||S|), policy iteration is guaranteed to terminate after
finitely many iterations. Although policy iteration often terminates in quite few itera-
tions in practice, it remains a long standing open problem whether it terminates after
a polynomial (in |S|, |A|, log ﬁ) number of steps. In fact, it is known that certain

variants of policy iteration may take exponential time |Littman et al.[1995]. However,
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policy iteration is a polynomial-time algorithm if ~ is fixed or if v is represented in
unary [Littman et al.[1995]. Complexity results that are independent of v are investi-
gated by Mansour and Singh| [1999], but they are exponential in |S|. Interested readers
are also referred to Madani| [2002] for discount-independent complexity bounds for this

algorithm in restricted classes of MDPs.

3.1.4 Linear Programming

In addition to dynamic programming, linear programming also provides a solution
method for planning in finite MDPs |[d’Epenoux |1963|. Specifically, the optimal value
function of an MDP can be formulated as the solution to a linear program whose size is
polynomial in the representation size of the MDP. Since linear programs are polynomi-
ally solvable, their relation to MDPs is currently the only proof that MDPs can be solved
in polynomial time |Littman et al.[1995]. Given a finite MDP M = (S, A, T, R,~), the

linear program can be defined as:

min V(s) subject to: V > BV, (3.6)
VRIS s

whose solution is the optimal value function, V*. The optimization problem above
is indeed a linear program. To see it, observe that the nonlinear constraint V(s) >
(BV)(s) can be turned into a system of |A| many linear inequalities:
V(s)>R(s)+v Y _T(s | 5,a)V(s), VacA
s'eS

Therefore, the inequality V' > BV is in fact a system of |S| |A| many linear inequalities.

3.2 Compact Representation and Function Approximation

One of the most important benefits of using function approximation is to avoid rep-
resenting the value function or policy by a lookup table. There are many alternatives
such as using multi-layer neural networks |Tesauro| 1995} (Crites and Barto| 1996, lo-
cally weighted regression [Atkeson et al.|1997a], decision trees [McCallum||[1995; Uther
2002] , and Gaussian processes [Engel et al. 2003; |Rasmussen and Kuss/[2004], just to

name a few. In the following, we only review two popular techniques known as state
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abstraction and linear function approximation that will be useful in our discussions in

the next chapters.

3.2.1 State Abstraction

State abstraction (a.k.a. state aggregation) has been extensively studied in artificial
intelligence (e.g., |Giunchiglia and Walsh [1992]) and operations research (e.g., [Rogers
et al. [1991]) as a technique for accelerating decision making. Abstraction can be
thought of as a process that maps the ground representation—the original description
of a problem—to an abstract representation, a much more compact and easier one to
work with [Giunchiglia and Walsh|[1992]. In other words, abstraction allows the agent
to distinguish relevant information from irrelevant information. From a computational
perspective, state abstraction is a technique for making learning and planning algo-
rithms practical on large, real-world problems.

Here, we focus on state abstraction in Markov decision processes, where different
types of abstraction have been proposed such as bisimulation [Givan et al.|2003], homo-
morphism |Ravindran and Barto||[2003|, utile distinction |McCallum||1995], and policy
irrelevance |Jong and Stone |2005]. Despite many successes, negative results are re-
ported when using state abstraction in MDPs. For example, McCallum| [1995] has
observed that aggregating states using one form of state abstraction makes it impossi-
ble to find the optimal policy using value iteration or Q-learning (c.f., ; Gordon
[1996] reported a chattering phenomenon of Sarsa(\) when combined with improperly
constrained state abstraction.

These undesirable results raise important questions like “What information is lost
when an abstraction is applied?” and “When is the optimal policy still preserved?”.
This concern motivates a unified theory of state abstraction proposed by Li et al.|[2006],
which we will summarize below.

Giunchiglia and Walsh| [1992] argue that abstraction is in general a mapping from
one problem representation to a new representation, while preserving certain properties.
Here, we focus on the preservation of properties that are needed for an agent to find an

optimal policy in an MDP. Previous abstraction definitions have applied this insight.
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For example, bisimulation [Givan et al.2003] is essentially a type of abstraction that
preserves the one-step dynamics of an MDP (i.e., the transition and reward functions),
while policy irrelevance abstraction attempts to preserve the optimal actions [Jong
and Stone|[2005]. Many of the methods we discussed attempt “fuzzy conservation” of
such properties through statistical tests and notions of bounding, but in the interest
of developing a formalism we choose to focus on abstraction schemes where states are
only aggregated when they have exact equality over the parameters of the abstraction

scheme.

Definition 4 Let M = (S, A, T, R,~) be the ground MDP and its abstract version be
M = (S, A, T, R,~). Define the abstraction function as ¢ € S°; ¢(s) € S is the abstract
state corresponding to ground state s, and the inverse image ¢~1(3), with 5 € S, is the
set of ground states that correspond to § under abstraction function ¢. Note that under
these assumptions, {¢~1(3) | 5 € S} partitions the ground state space S. To guarantee
T and R are well-defined, a weighting function is needed: w € [0,1]5, such that for each
5€8, Y sep-1(s) W(s) = 1. With these definitions at hand, we can define the transition
and reward functions of the abstract MDP as follows:

R(3,a) o Z w(s)R(s,a),

s€671(3)

T(5|5,a) & Z Z w(s)T(s" | s,a).

s€p~1(5) s'ep—1(5)

It can be verified that T'(5' | 5,a) is a well-defined next state distribution: for any

ZT(§'|§,a) = ) wEe)T( | s,a)
= Z Z 7w(s)T(3’]s,a)

Intuitively, w(s) measures the extent to which state s contributes to the abstract state

@(s). In the rest of the paper, we will only mention w when necessary; otherwise, it can
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be any valid weighting function. We now consider how policies 7 in the abstract MDP
translate to policies 7 in the ground MDP. Since all ground states in ¢~!(s) are treated
identically, it is natural to translate policies by the following rule: (s, a) = 7(¢(s), a)
for all s and a. Finally, value functions for the abstract MDP M can be defined in the
straightforward way and are denoted V7 (5), V*(5), Q™ (5, a), and Q*(5, a), respectively.

We are now ready to define five types of state abstraction in MDPs and categorize

much previous work using this language.

Definition 5 Given an MDP M = (S, A, T, R,~), and any states s1,s2 € S, we define
five types of abstraction as below, with an arbitrary but fived weighting function w(s)m
1. A model-irrelevance abstraction ¢meqel %S such that for any action a and any

abstract state 3, Gmodel(51) = Pmodel(S2) implies

R(s1,a) = R(s2,a) and Z T(s' | s1,a) = Z T(s" | s2,a).

5'€4 moda ) 5/ €4 moaa (%)

2. A QQ"-irrelevance abstraction ¢gr is such that for any policy m and any action a,
P (s1) = ¢qr(s2) implies Q™ (s1,a) = Q" (s2,a).

3. A Q*-irrelevance abstraction ¢g-« is such that for any action a, ¢pg«(s1) = ¢pg+(s2)
implies Q*(s1,a) = Q*(s2,a).

4. An a*-irrelevance abstraction ¢g« is such that every abstract class has an action
a* that is optimal for all the states in that class, and ¢q+(S1) = Qg+ (s2) implies
that Q*(s1,a*) = max, Q*(s1,a) = max, Q*(s2,a) = Q*(s2,a™).

5. A w*-irrelevance abstraction ¢.« is such that every abstract class has an action
a* that is optimal for all the states in that class, that is ¢r«(S1) = Gq+(s2) implies

that Q*(slv (L*) = naxXg Q*(Sl) a) and Q*(527 a*) = maXg Q*(827 (I).

Intuitively, ¢model Preserves the one-step model (e.g., bisimulation [Givan et al.
2003|); ¢~ preserves the state-action value function for all policies; ¢g+ preserves the
optimal state—action value function (e.g., stochastic dynamic programming with fac-

tored representations [Boutilier et al.2000] or the G-algorithm [Chapman and Kaelbling

" Although w does not appear important in the definition, it can play an important role in affecting
planning and/or learning efficiency [Van Roy |20006].
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1991]); ¢q+ preserves the optimal action and its value (e.g., utile distinction [McCallum

1995)); and ¢~ attempts to preserve the optimal action [Jong and Stone|2005].

It is shown by 12006] that by using any of the four abstractions: ¢medel, Q=
Q-+, and ¢,+, the optimal policy in the abstract MDP will be optimal in the ground

MDP; however, abstraction ¢, might lead to a suboptimal policy in the ground MDPEl
Similar results hold for reinforcement learning [’

Before ending this subsection, we note again that the abstractions in Definition
are based on exact equivalence of certain quantities. Although this definition has been
useful for developing a formal framework to study properties of state abstraction, it is
often too stringent in practice, especially in stochastic domains and discounted MDPs.

One possible extension is to relax the exactness and allow some form of approximate or

soft abstraction [Bertsekas and Castanon|1989; Dean et al.|1997; [Even-Dar and Mansour]

2003a [Ferns et al.|2004; Li and Littman|2005; [Van Roy||2006; Taylor et al.|2009].

3.2.2 Linear Function Approximation

Linear function approximation is another general representation scheme. It is widely

used in planning (e.g., |[Schweitzer and Seidmann| [1985]), reinforcement learning (e.g.,

[Samuel [1959] and |Sutton| [1988]), and machine learning (e.g., Hastie et al.|[2003]). It is

useful for at least a few reasons. First, the class of linear functions often provide good

approximations to the target function when the set of features (see below) is reasonably

well selected. Furthermore, the kernel trick [Shawe-Taylor and Cristianini2004] can be

employed to boost the representational power of linear approximation schemes. Second,
the linear approximation scheme is relatively simple compared to nonlinear schemes like
neural networks, rendering intuitive understanding and rigorous analysis of its behavior
easier. Finally, linear approximation appears stabler than nonlinear approximation

when they are used in reinforcement learning; see §4.2.2] for more details.

8Related counterexamples for the suboptimality led by ¢4+ are given by |McCallum| 11995h and |Jong|
i)

9When ¢q+ is used, however, a chattering behavior has been observed for some reinforcement-
learning algorithms like Sarsa [Gordon|[1996} [Li et al.|2006]. But this kind of chattering does not affect
the optimality of the greedy policy Sarsa converges to.
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Given a set of k basis functions (a.k.a. features):
b eRY, i=1,2,...k

where X is the set of inputs, we may use a linear combination of them, denoted
f, to approximate a target function f : X — R. That is, we seek a vector
W =

[wy,ws, ..., wp]" € RF so that
k
fe > wigi & f.
i=1
For convenience, we denote the feature vector by

6L 61, ..., 0n]T € (]R{’“)X,

and so the linear approximation is compacted written as f =w'o.
There are various ways to define optimal weight vectors in the search of good linear
approximations. For instance, the linear least-squares solution is a linear approximation

that minimizes squared differences between w'¢ and f:

2

def .
wr = argmlnHquS— fH )
weRFE 2

When the set of basis functions, {¢1, ¢9,...,dx}, is linearly independent, the least-
squares solution w* is unique.

Linear approximation is quite general, including a number of important cases with
appropriately chosen features. When we use the indicator feature for a finite input
set, we can recover the tabular representation, in which each component in the weight
vector corresponds to an entry in the lookup table. Similarly, linear approximation also
subsumes the abstraction/aggregation technique discussed in the previous subsection,
provided that the number of aggregated inputs is finite. Finally, we note that a wide
class of function approxitors known as averagers (c.f., can be interpreted as a
special kind of linear approximator, including k-nearest neighbor regression and kernel
regression among others.

We now discuss a few popular choices of basis functions when the input space X
is a subset of R™, and every input x € X is represented as a column vector: x =

[l’l,l'g, ey :L‘n]T.
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e A polynomial basis function ¢ of degree d can be represented by:
n
¢(x) =[5, st di€Zyand ) di=d.

i=1 =1
For example, a degree-0 polynomial basis is the constant function, and a degree-1
polynomial basis can be one of the n possibilities: z1,xo,...,Z,. It is known that
the set of all polynomial basis functions of degree up to d contains ("j;d) functions,
and that they are linearly independent [Cheney and Light{2000, Chapter 4]. A nice
property of polynomial bases is the Weierstrass approximation theorem, which
states that any continuous function f defined in a bounded and closed set X C R"

can be approximated to arbitrary precision by polynomial functions. However,

using high order polynomial basis functions can be numerically unstable.

e Radial basis functions (RBFs) define features for inputs based on a set of fixed pro-
totypical inputs. Specifically, let x;1,Xa,...,X be k fized, distinct points (called

“centers”) in X. For any x € X', we can define k basis functions byﬂ

def

¢i(x) = exp (—7’ Ix — xiHQ) )

where 7 € R, is an adjustable constant, ||-|| is any metric defined on X, and i =
1,2,...,k. When the k centers are distinct, then the set of radial basis functions
defined above is linear independent |[Cheney and Light |2000, Chapter 15]. RBF's
are local basis functions in the sense that each basis ¢;(x) achieves maximum
value at x; and vanishes to 0 when x is far away from x;. Hence, any change in
the corresponding coefficient, w;, has a diminishing effect on the approximation
in regions far away from x;. The parameter 7 controls the speed of diminishing.

In contrast, polynomial basis functions are global.

e Cerebellar model articulation controller or CMAC is a type of neural networks
motivated by neuroscience |Albus |1971]. It is also called cerebellar model arith-
metic computer [Miller et al.[1990] or tile coding [Sutton and Barto|1998]. CMAC

may be viewed a multi-layer discretization. At every layer, it poses a grid on the

10Note that a more general definition of RBF's is possible. Interested readers are referred to Chapter 15
of the textbook by |Cheney and Light| [2000].
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input space X to divide it into a number N of hyper-rectangles, each of which
corresponds to a cell in the grid. The grids for different layers are different. At
layer 4, each input point x € X has a feature vector ¢; € {0,1}" consisting of
zeros except in the position corresonding to the cell in the grid where x is located.

The final feature vector in CMAC is a concatenation of these vectors:

-
¢(X) = ¢1(X)T7¢2(X)Ta"' a¢K(X)T )

where K is the number of layers in CMAC. If every layer of discretization divides

X into N cells, then ¢(x) € {0, 1}VE; furthermore, ¢(x) contains exactly K ones

for all x. CMAC then approximates a target function using these k = N K basis

functions in CMAC to do linear approximation. CMAC has been popular and

successful in many reinforcement-learning systems (see, e.g., [Miller et al.| [1990]

and [Sutton and Barto [1998]).

In addition to those surveyed above, other pre-defined features like proto-value

functions [Mahadevan and Maggioni 2007], Krylov basis function [Petrik 2007], and

Fourier basis functions |[Konidaris and Osentoski [2008] are frequently used in practice.

But they may not always be effective for all problems. If the feature set is not expressive
enough to capture the underlying value function, a linear value-function approximation
will likely lead to a poor policy no matter what learning algorithm is used. On the
other hand, using a large pool of features helps avoid this problem, but at the cost of
increased computational and sample complexity.

The applicability of linear function approximation can be augmented by feature-

selection procedures like matching pursuit [Mallat and Zhang|1993] and Lasso [Tibshirani

1996]. This problem is an extremely important question that we cannot cover in this
dissertation. In the context of MDP planning and learning, interesting progress has

been made recently for feature section, including the use of Bellman errors [Menache]

let al. 2005; Keller et al. |2006; [Parr et al.|2007], spectral analysis [Mahadevan and)

2007], Lasso-type regularization |[Loth et al.2007; Kolter and Ng/|2009b], and
others [Parr et al2008} Li et al./|2009¢].
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3.3 Approximate Planning in Large Markov Decision Processes

Although MDPs can be solved exactly in polynomial time (c.f., §3.1.4), most MDPs of
practical interest are too large to solve exactly. For instance, in the game of 19 x 19 Go,
the total number of states (legal board positions) is estimated to be 2.08 x 10170, which
far exceeds the number of atoms in the known universe |[Tromp and Farneback! [2007].
Consequently, it is impossible even to represent the Q-function for all possible state
by a lookup table (as what we assumed in , let alone running the exact planning
algorithms such as value iterationE] As another example, many real-life problems such
as robotics applications exhibit continuous state spaces that contain infinitely many
states, which makes approximation necessary unless restricted assumptions are made
about the dynamics of the problem. This section describes approximation algorithms
that are feasible for large-scale problems such as Go at the price of losing the guarantee
of computing the exact optimal value functions.

There have been a number of approximate planning algorithms. Most of them
rely on compact representations of the value functions based on techniques surveyed in
as opposed to the table-based representation. Below we first review some of the
most popular function approximation architectures, and then survey a few approximate

planning algorithms. Other approximate approaches are mentioned in the end.

3.3.1 State Abstraction

A natural way to solve a large MDP M is to solve an abstract MDP M, and then use the
optimal policy in M as a (hopefully) near-optimal policy in the original, ground MDP.
Such a method has success in solving large MDPs with performance guarantees |Givan
et al.|2000; Tsitsiklis and Van Roy||1996; Van Roy||2006; Taylor et al.|[2009].

State abstraction in solving continuous MDPs is also known as aggregation or dis-
cretization. In this context, the state and action spaces are often assumed to be mul-

tidimensional cubes: S = [0,1]" and A = [0,1]™ for some n,m € N. Discretizing the

1 As a two-player game, Go has the additional complexity that makes it £XP-complete [Robson
1983].
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state space evenly with resolution h € (0,1) results in a % X % X % grid with (%)n

cells, and similar for the action space. A discretization algorithm first computes such
finite partitions of the state and action spaces, then constructs an approximate MDP
M = (S, A, T,R,~) where S and A correspond to cells in the grids, and P and R are
defined in different ways depending on the algorithm, and finally solves M using finite
MDP planning algorithms surveyed in Obviously, the optimal policy in M may be
arbitrarily poor in the original MDP if no assumptions are made to limit the amount
of information lost during discretization. Often, one has to assume that the transition
and reward functions are sufficiently smooth (i.e., Lipschitz’s continuity conditions),
and that the transition probability density function is bounded.

Under such assumptions, Bertsekas [1975] show that as the discretization becomes
finer the resulting optimal value function in M become closer to the optimal value
function in M; in the limit, they coincide. Later on, |Chow and Tsitsiklis [1991]
give a one-way multigrid algorithm whose computational complexity turns out to be
(near) optimal [Chow and Tsitsiklis| |[1989]. For example, when the transition and re-
ward functions are Lipschitz continuous and when the transition probability density
is bounded, their algorithm is able to compute an approximate value function V such

that HV —V*|| < e with computational complexity:

[e.e]

1
. V)26)2n+m ?

°(i

where the corresponding lower bound is

2 ()

The process above discretizes the state and action spaces uniformly. In situations

where the value function is flat in some regions, it is better to use adaptive discretization
so that the same amount of computational resources (as measured by the total number
of discretization cells) can be used to produce more accurate solutions [Bertsekas and
Castanon| [1989; Moore and Atkeson|[1995; IMunos and Moore|[2002; [Li and Littman
2005].
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3.3.2 Approximate Dynamic Programming

Using dynamic programming in an abstract MDP in the previous subsection is in fact

a special case of the more general method of approzimate dynamic programming.

Approximate Value Iteration

Approximate value iteration (AVI) computes an estimate of the optimal value function
by repeatedly applying an approximate Bellman operator to the present value function
estimate, as opposed to applying the exact Bellman operator in value iteration. Starting

from an initial value function Vi, AVI iterates using
Vg1 — BV,

~ S A
where t = 1,2,..., and B € (R‘S)R is an approximate Bellman operator. If 95 is a
contraction such as in discretization algorithms, then V; converges to its fixed point,
denoted V*, that satisfies the Bellman equation: V* = BV*. If B is close to B, then

V* is closed to V*; formally (see, e.g., Munos and Moore| [2000]),

. 1 .
Hv*—v* g——fH%v*—v*

L=y

=1i7H%Vﬂ—%V*

o0 o0

Hence, the right-hand side becomes 0 if B = B, which in turn implies VE=V*,

A popular form of approximate value iteration is fitted value iteration [Gordon |1995],
or FVI for short, where the approximate Bellman operator is the concatenation of the
exact Bellman operator and an approximation operator: B = A8, where A € (RS )RS
is an approximation operator. Therefore, the update rule of FVI, Vi1 «— 2ABV;, can be
viewed as a two-phase operation: the first phase involves the normal Bellman backup B
on the current value function V;, and we denote the outcome function by ‘7t; the second
phase uses 2 to approximate V, in some parametric/succinct way and the outcome
is Viy1. 2 can be an interpolation operator or, more generally, a supervised-learning
algorithm:

e In lazy approximation [Li and Littman|[2005], 20 produces a piecewise constant

approximation of V; in a continuous MDP.
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e In least-squares value iteration [Schweitzer and Seidmann| 1985; [Tsitsiklis and Van
Roy| 1996} [Bertsekas and Tsitsiklis [1996], 2 is a least-squares projection onto a
space of functions linear in pre-defined features.

e In a randomized algorithm by [Rust| [1997], Monte Carlo techniques are used to
replace the expensive Bellman operator by inexpensive sampling of next states.

e In smooth value iteration [Boyan and Moore|[1995], 2 is a supervised-learning algo-
rithm such as locally weighted regression [Atkeson et al.|[1997b] or backpropagation
for neural networks [Mitchell/[1997].

Unfortunately, the combination of 2 and 2B may not always be stable: although 8
is a y-contraction in the £,,-norm, as guaranteed in Lemma the composition B = AB
may be an expansion, potentially causing the sequence [Vi]ien to diverge or oscillate in
FVI. Such undesirable phenomena can be observed in practice for natural problems and
popular choices of 2 [Boyan and Moore|/1995; Tsitsiklis and Van Roy|1996].

On the other hand, convergence is guaranteed if 25 is also a contraction. An impor-
tant special case is when 2l is a non-expansion, such as the so-called averager |Gordon
1995|; that is,

[AVL = AV2l, < [V2 =Vl -

Asymptotic as well as finite-time convergence rates are established under further as-

sumptions about A and B [Munos |2007; Munos and Szepesvari|2008].

Approximate Policy Iteration

We can also obtain approximate versions of policy iteration. In Algorithm [5| two steps
are involved: policy evaluation and policy improvement. In approximate policy iteration
(API), both steps may be computed approximately. The reason we find approximate
policy improvement useful is that the action space may be too large (e.g., infinite)
to compute the exact greedy action. For finite-action MDPs, policy improvement can
always be performed exactly in time O(|.A|). For concreteness in our discussion, pseu-
docode of API is provided in Algorithm [6]

Unlike policy iteration, Algorithm [6] may not converge: due to the approximation in

Lines [3|and |4}, monotonicity in the sequence of policies, [m]ten, is not guaranteed except
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Algorithm 6 Approximate policy iteration.
0: Inputs: M = (S, A, T,R,~)
1: Initialize 7; € AS arbitrarily
2: fort=1,2,3,... do
3:  Approximate policy evaluation: compute Q’” ~ Q™.
4
5

Approximate policy improvement: compute 71 & argmax Q“t.
: end for

in special cases (e.g., Perkins and Precup [2003]). However, if the approximations in
APl are sufficiently accurate, the sequence of policies does converge to a near-optimal
policy in a weaker sense. Define the policy-evaluation error by

def A
g = max HQt - Q™

[e.o]

and the policy-improvement error by
o™ max Q71— Q.

then the sequence of policies, [m]icn, approximates the optimal policy in the limit for

finite MDPs in the sense that [Bertsekas and Tsitsiklis||1996]

2veg + €
(1=7)2"

This bound is limited partly because of the /,,-norm it uses as many approximation

limsup ||[V™ — V|| <
t—o0

operators 2 minimize function approximation errors in other norms. Extensions of this
error bound have been established recently to weighted £,-norms |[Munos|[2003; Antos

et al. |2008].

3.3.3 Approximate Linear Programming

Approximate linear programming (ALP) introduces approximation of value functions to
the linear-programming formulation in Equation for finite MDPs |de Farias and Van
Royl|[2003|. First, we use a linear function approximation (c.f., : V = &dw, where
d € RISIXk ig the design matriz, each row of which encodes the transposed feature
vector for that state, and w € R¥ is a weight vector. Then, we rewrite the linear

program in Equation with this approximation:

min ¢’ dw subject to: dw > Bdw, (3.7)
VERISI
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where ¢ € Ri measures relative importance of each state in the objective of Equa-
tion Similar to the constraint in Equation [3.6] the constraint above can be turned
into a system of |S||.A| many inequalities. Although ALP reduces the number of vari-
ables from |S| to k, the number of constraints is still too large as we try to avoid heavy
dependence on |S| or |A|. To reduce dependence on the size of the state and action
spaces, constraint sampling can be used to solve Equation approximately [de Farias

and Van Roy|2004).

3.3.4 Sparse Sampling

Algorithms in the previous three subsections are all global methods: once the algorithm
terminates, it produces a value function (in the form of a piecewise constant function,
a linear function, or a trained neural network, etc.) that can be used to derive a greedy
policy in all states using Equations or In contrast, local planning algorithms
produce an action that is (near-)optimal only in given states.

An example is lookahead (heuristic) search algorithms |[Russell and Norvig|2002] that
are sometimes effective for solving deterministic MDPs. Conceptually, these methods
create a search tree rooted at the state of interest by some form of forward search
(depth-first search, breadth-first search, etc.) in the state space. If heuristic functions
are available, there are techniques to prune the search tree to reduce computational
complexity. In stochastic MDPs, however, the forward-search procedure above must
be replaced by repeatedly sampling trajectories to re-construct the expected reward
function and transition probabilities in reachable states. This idea appears in the sparse
sampling algorithms [Kearns et al.[2002]. A similar technique known as rollout has also
been useful [Tesauro and Galperin [1997].

Thanks to the discount factor (c.f., Lemma, the depth of sparse sampling is on the
order of O(1/(1 — 7)), making the algorithm’s complexity independent of the number
of states. However, the number of nodes in the forward search tree has an exponential
dependence on the tree height, @(1/(1 —)). More recently, adaptive sparse sampling
algorithms based on bandit exploration techniques (c.f., have been developed

to reduce the computational complexity by reducing the amount of sampling |[Chang
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et al.|2005; Kocsis and Szepesvari |2006]. These algorithms have recently achieved

considerable success in the challenging game of Go |Gelly et al.||2006].

3.4 Proofs

This section provides detailed proofs of all technical lemmas used in this chapter.

3.4.1 Proof of Lemma

The following lemma will also be useful in our convergence proof later. For convenience,

define E%(s; V) for all a € A as follows:
EY(s;V) € R(s,a) +7 Y T(s'| 5,0)V(s') — V(s).
s'eS
It follows from the definition that

E(s;V) =max E%(s; V). (3.8)

acA

As before, we will use V; to denote value of V' in the ¢-th iteration.

Lemma 8 Using the notation in Algorithm[f), we have for all t = 1,2,... that:

maxgea [F(s; Vi) + 9T (se | s,a)E(s; Vi), if s # 8¢
E(s;Viy1) = (3.9)

maxge A [E£(s; Vi) + 7T (st | 8¢,0)E(s; V)] — E(si; Vi), if s = s¢.

PrOOF. We consider the two cases separately. For s # s; and any a € A,

B(s;Vip) = R(s,a) 47 S T(s | 5,0)Visa(s) = Visa (5)
s'eS

= R(s,a)+~ Z T(s" | 5,a)Vi(s") +~7T (st | 5,a)E(s4; Vi) — Vi(s)
s'eS
= E%s;Vi) + 9T (st | 5,a)E(s; Vi),
where the first equality is due to the definition of E%, the second equality follows from

the fact that V;y1(s’) differs from V;(s’) only when s’ = s; and the difference is exactly

E(st; V), and the last equality is again due to the definition of E*. Using Equation
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we have proved the first part of Equation 3.9 For s = s; and any a € A, a similar
reasoning follows:

E%(s5;Vis1) = R(sp,a) +7 Y T(s' | s1,0)Visa(s') = Viga(se)
s'eS

= R(si,a) +7 Y T(s' | s1,a)Vi(s) + 7T (s | 51,0)E(s15 Vi) — (Va(se) + E(s5 V1))
s'eS

= E%s;; Vi) + 9T (st | st,0)E(s1; Vi) — E(s15 V).
Using Equation [3.8| again, we have proved the second part of Equation [3.9] U
PROOF (of Lemmal[7). Given any MDP M = (S, A, T, R, ~), we run Algorithm [4] forever
using an arbitrary bounded initial value function V;. Now, we will construct an induced
MDP M’ = (S, A, T',R',~) with the same states, actions, and discount factor. For
states s € F, the reward function and transition probabilities are the same as M; for

states s ¢ F and any a € A,

R'(s,a) def 11(8) - (1—v) and T'(s'|s,a) def I(s' = s).

In other words, we turn states s ¢ F to absorbing states with self loops, and the new
reward is constructed so that V;11(s) is exactly the optimal value of s in the induced
MDP M’.

After timestep 7, Algorithm 4| running on M can be viewed as running on M’ since
states s ¢ F will not get their values updated anyway. By construction of M’, the value
function over these states converges to the optimal value function of M’ [Bertsekas and
Tsitsiklis [1989], since all states s € F are updated infinitely often and all states s ¢ F
already have their optimal values. Hence, the Bellman error evaluated using the model
of M’ converges to 0 for all states s € S.

Finally, we consider the Bellman error evaluated using the model of M. For states
s € F, the Bellman error in s converges to 0, as M and M’ have the same dynamics

for these states. Thus, we have proved the first part of the lemma:

li E(s; V)| = 0.
Jim max |E(s; V)| = 0

We now consider Bellman errors of states outside of F. For any ¢t > 7, we have

1;3;{|E(5;V})| < %a}‘HtC(«S) < HtéSt)

)
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where the first inequality follows from Condition 2] and the second from the operations

of Algorithm [4f But, Condition (1| requires that H(s;) converges to 0, implying that,
Jim {rgglE(S;%)l} =0.

In other words, the Bellman errors of starving states also converge to 0. Therefore, we

have shown that lim; .o |E(s;V;)| = 0 for all states s € S, and thus completed the

asymptotic convergence proof since zero Bellman error implies an exact optimal value

function. O

3.4.2 Proof of Theorem [1]

PROOF (of Theorem [1)). Since Hy(s) = |E(s; V;)| for all s € S and all ¢ > 1 in GenPS,
Condition [T of Lemma 7] follows immediately from Equation and Condition [2]is sat-
isfied with constant C' = 1. Therefore, GenPS converges to the optimal value function,

by Lemma O

3.4.3 Proof of Theorem [2

PROOF (of Theorem [2). We first verify that Condition [I] of Lemma [7] holds in PS. For
t > 7, let ¢ be the last time s; is chosen for a Bellman backup. Since s; is chosen for
backups infinitely often if ¢ > 7, we can always find a ¢ large enough so that ¢’ exists. It
follows from Equation that state s;’s priority value at time ¢, Hy(s;), can be written

equivalently as:

Hi(s;) = max [|E(st0;‘/}0)\méix[T(stO]st,a)]}.

' <to<t
Since the right-hand side above converges to 0, due to Equation Hy(s;) also con-
verges to 0. Thus, Condition [I] of Lemma [7] is satisfied.

Verifying Condition [2] is more involved. Let s be any state outside of F. We first
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consider the case of s = s; for some ¢t < 7. On one hand,

E(s;Vig1) = max[E*(s; Vi) + T (st | st,a)E(s; Vi) — E(se; Vi)

acA
< max [E%(s; Vo)l + ymax [T(se | st,0) E(se; Vi)] = E(se; Vi)

= ymax [T (s; | s¢,a)E(s; Vi)]
acA
< ymax [T(s; | sp,a)] [E(s; Vi)
acA
= yHii(se),
where the first equality is justified by Lemma the first inequality is due to the
fact that max,[f(x) + g(x)] < max, f(z) + max, g(x), the second equality is due to

Equation and s = s;, and the last equality is due to Equation On the other

hand, let a; = arg max,c 4 F*(s¢; Vi), then we have

E(s;Vig1) = max[E%(s; Vi) + 4T (st | st,a)E(se; Vi)] — E(se; Vy)

acA

> E(s; Vi) AT (st | s,00) E(s; Vi) — E(s45 Va)
= YT (st | s, ) E(s1; Vi)

> —T(st | st,ar) [E(se; Vi)

>

—ymax [T(s; | s¢,a)] |[E(si; V)]
ac A
= —yHi1(s1),

where the first equality is again due to Lemma [8] the second equality is by definition of
a¢ and s = s, and the last equality is due to Equation Therefore, we have proved

for all ¢ that |E(sy; Vig1)| < vHy41(st), or equivalently,
1
Hipa(se) = 5 |E (515 Vig)] - (3.10)

In general, a similar analysis for s # s; seems impossible. So, we use another trick. For
any state s ¢ F, let 7, < 7 be the last time that it is chosen for update by PSE Due

to Equation |3.10], we have

1
Hepa() 2~ |E(s: Vo). (3.11)

12We have verified Condition 1| of Lemma which requires that the priority values of non-starving
states converge to 0 in the limit. Therefore, any state s will be chosen for Bellman backup at least
once if Hi(s) > 0, since H(s) is non-decreasing w.r.t. ¢ if s is never chosen for Bellman backup. This
justifies the well-definedness of 7.
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As verified above, H¢(s) converges to 0 in the limit, and it is non-decreasing for ¢ > 75,
due to Equation Therefore, H.,+1(s) = 0, implying E(s; V-, +1) = 0. Furthermore,
we can show that E(s;V;) = 0 for all t > 75. Otherwise, let ¢ be the first time after 7, in
which E(s; V;) # 0. This event can happen only when the Bellman backup on s; at step
t makes the Bellman error of s be nonzero; namely, |E(s; Vi) maxqaea[T(s|st,a)] # 0.
But, it also causes H;yi(s) # 0, contradicting the fact that Hy(s) = 0 for all t > 7.
Since both Hi(s) and E(s;V;) are zero, Condition [2] is satisfied trivially with constant

C=1 U

3.4.4 Proof of Theorem [3

Two lemmas will be useful. The first says that the Bellman error in IPS is non-negative;
in other words, the value function cannot decrease over time. The second says that the
denominator in IPS’s priority function, Vi11(s)+ E(s; Vit1(s)), is never close to 0. Since
we only consider Markov chains (MDPs with a single action), we suppress dependences

on actions to simplify our notation.

Lemma 9 During the execution of IPS in a Markov chain, E(s; Vi) > 0 for all t. That

is, Vi(s) is non-decreasing over time, since Vii1(s) = Vi(s) +1(s = s4)E(s; V4).
PrOOF. We prove the lemma by mathematical induction. For t = 1, we have

E(ssVi) = R(s)+4 S T( | s)Vi(s) — Va(s)
s'eS

since we have assumed R(s) > —1. For the inductive step, assume E(s;V;—1) > 0 for
some t > 1, and consider any state s at timestep t. If s = s;_1, then according to

Lemma [§] we have

E(s;Vy) = E(s;Vie1) + YT (st—1 | st—1)E(s1—1; Vie1) — E(s¢-1; Vi—1)

= T(s¢—1| s¢t—1)E(st—1;Vi—1) > 0.
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On the other hand, if s # s;_1, Lemma [§] implies that
E(s; Vi) = E(s;Vie1) + 9T (s¢-1 | 8)E(s¢-1; Vi-1) > 0.

So in either case, F(s; V;) > 0 and thus the lemma is proved by mathematical induction.

O

Lemma 10 During the execution of IPS in a Markov chain, E(s; Vi) + Vi(s) < —v for
all t and all s # sg.

ProOF. We will first prove the fact that V;(s) < V*(s) for all ¢ by mathematical induc-
tion. This statement is true for t = 1 as the algorithm uses pessimistic initialization:
Vi(s) < —1/(1 —~). Suppose V;_1(s) < V*(s) for all 7 < ¢ for some ¢t > 1 and consider
timestep ¢ for any state s. If s # s;_1, then Vi(s) = Vi_1(s) < V*(s); otherwise,

Vi(s) = R(s)+7 > _ T(s' | )Vica(s) S R(s) + D T(s' | s)V*(s) = V*(s),
s'eS s'eS

where the inequality makes use of the inductive hypothesis that V;_;(s") < V*(s'), and
last step is due to the Bellman equation. We have thus proved Vi(s) < V*(s) for all ¢.
The lemma then follows immediately from this fact, since for any s # s,

E(s;Vi) + Vi(s) = R(s)+v > T(s|s)Vi(s)

s'eS

< R(s)+v Y T(s'| )V*(s)
s'eS
= V*s) < —v.

PROOF (of Theorem . We verify both conditions in Lemma . First, note that

_ |E(s; Vir1)] < |E(s; Vig1)|
Vir1(s) + E(s; Viga(s)) — v ’

where the first step is due to Lemma [ and the second to Lemma According to

Hip(s) =

Lemma (7] |E(s; V;)| converges to 0 in the limit. It follows that H:(s) also converges to

0 in the limit, and so Condition [1] is satisfied. Similarly, we have

B |E(s; Vit1)| o _ B Vi)
Vig1(s) + E(s; Viga(s)) — Vi(s)

which verifies that Condition [2] also holds. Thus, by Lemma [7], IPS converges to the

Ht+1(8) = = (1_7)’E(8a‘4+1)‘7

exact value function V* in the limit. O
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Chapter 4

Reinforcement Learning in Markov Decision Processes

This chapter surveys a number of reinforcement-learning algorithms, including exact
ones for finite MDPs and approximate ones with function approximation. Of particular
interest is the exploration/exploitation tradeoff and ad hoc heuristics approaches, which
motivate the formal notion of PAC-MDP as a mathematical framework for evaluating

the efficiency of exploration.

4.1 Reinforcement Learning in Finite Markov Decision Processes

This section surveys a small number of classical reinforcement-learning algorithms for
finite MDPs. Similar to exact planning algorithms in the previous section, we assume
that the value function and policies are represented by lookup tables and the goal is to
learn an exact optimal policy or value function.

We start in with model-free algorithms that directly learn optimal value func-
tions from which optimal policies can be derived using Equation In contrast, the
model-based ones in are indirect in the sense that they first learn the MDP model
and then plan in the MDP to obtain an optimal policy. It is worth mentioning a third
class of algorithms known as policy search that attempt to search for an optimal policy
directly in a pre-given policy space [Baxter and Bartlett| 2001; Konda and Tsitsiklis
2000; [Sutton et al. 2000]. Many reinforcement-learning algorithms are not covered
here, such as adaptive heuristic critic [Barto et al. [1983] and adaptive real-time dynamic

programming [Barto et al.|1995].
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4.1.1 Temporal Difference

Temporal difference or TD [Sutton| |1988; |Watkins [1989] is a family of algorithms for
solving online reinforcement learning as defined in Definition [3] They can be viewed as
stochastic approximation algorithms based on the Bellman equation (Equation .
When the environment is an ergodic Markov chain, the TD(\) algorithm of |Sutton
[1988] can be used to learn the value function exactly in the limit. Here, we focus on
another algorithm known as Q-learning [Watkins|[1989] that aims at learning the optimal
value function of a finite MDP, and is similar to an algorithm called Sarsa [Sutton/|[1996].

Algorithm [7] gives a detailed description of Q-learning. The algorithm requires a
sequence of learning rates, [ay]ien, where oy € (0,1). It is known that [Watkins and
Dayan!1992; Tsitsiklis||1994] the value function in Q-learning converges to Q* asymptot-

ically with probability 1 as long as the following conditions hold for every state—action

pair, (s,a):
oo oo
Zati =00 and Zai < 00, (4.1)
i=1 i=1

where t1, o, ... are the timesteps in which action a is taken in state s (that is, s;, = s

and a;; = a). These two conditions are often needed in proving asymptotic convergence
of stochastic approximation algorithms [Robbins and Monro||1951]. Intuitively, the first
condition guarantees that the sequence of learning rates is sufficiently large to move the
initial Q(s, a) value to approach Q*(s, a), while the second guarantees that the updates
on (s, a) decreases fast enough so that Q(s, a) eventually stablizes at Q*(s, a). Similar
convergence guarantees are established for variants of Q-learning, including TD(0) and
Sarsa [Sutton |1988} Szepesvari and Littman [1999; Singh et al.|2000].

Since the learning rate ay is less than 1, the first condition in Equation implies
that every action a¢ must be tried in every state s infinitely often. Obviously, this
requirement is unavoidable for convergence of Q-learning unless further assumptions
are made: if the agent wants to learn Q*(s,a) exactly in a stochastic MDP, it has to
apply action a infinitely many times in state s to recover R(s,a) and T'(- | s, a) precisely.
This fact is related to the exploration/exploitation dilemma that we describe in and

elaborate more in Among many natural exploration strategies [Thrun |1992], the
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“e-greedy” rule is popular in reinforcement learning. An e-greedy agent simply takes a
greedy action with respect to its current value-function estimate with probability 1 — e
and a random action with probability e. If an MDP is ergodic, then every action will be
tried in every state infinitely often, and thus Q-learning converges to Q* asymptotically

with probability 1.

Algorithm 7 Q-learning.

: Inputs: S, A, 7.

: Initialize Q(s,a) for all (s,a) € S x A

:forallt=1,2,... do

Observe current state s, take action a;, observe reward 14, and transition to a
new state sg41.

Update Q-function by

W N e O

>

Q(s¢,at) «— Q(s¢,at) + (Tt + ’Yglgfo(StH? a) — Q(st, at)) .

5. end for

4.1.2 Certainty Equivalence

Q-learning in the previous subsection works by learning the optimal value function based
on online transitions without estimating rewards and transitions of the underlying MDP.
It is thus called model free. In contrast, model-based approaches are more straightfor-
ward: they often learn the reward and transition functions of the MDP either implicitly
or explicitly, and then compute the optimal policy in the learned MDP using any of
the MDP planning algorithms surveyed in This subsection describes certainty
equivalence [Kumar and Varaiya/|1986], a representative model-based algorithm.

At time ¢, let the MDP estimate be M; = (S,A,ﬁ,]%t,w, where T} and R, are

maximum-likelihood estimates of the true transition and reward functions, respectively.

Formally,
T (8, | s CL) de Nsﬂ,sl(t) _ Z:_:ll H(ST = 5,0r = 4, 8741 = 8/) (4 2)
t ) - - — .
Nisa(t) Zi:ll I(sr = s,ar = a)
ot ] =l
Ri(s,a) = Neal@) g rl(s; = s,ar = a), (4.3)
5a =1

where N 4(t) is the number of times action a is taken in state s before timestep ¢, and
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N a5 (t) is the number of times state s’ is reached after the agent takes action a in
state s before timestep t. When N 4(t) = 0, various adjustments to Equations and
4.3| are possible, such as adding 1 to the denominator.

An implementation of certainty equivalence is given in Algorithm [§| where the MDP
estimate is updated and a new policy is re-computed at every step. This choice is
computationally expensive but simplifies the exposition. It is expected that smarter,

but more complicated, variants of Algorithm [§| are more efficient in practice.

Algorithm 8 A version of certainty equivalence.

0: Inputs: S, A, ~.

1: for allt=1,2,... do

2:  Compute an MDP estimate, Mt, using Equations and .

3 Compute an optimal policy, 7}, of the MDP M,.

4:  Observe current state s, take action a; = 7/ (s¢) (possibly with some exploration
rule such as e-greedy), observe reward r¢, and transition to a next state s;41.

5: end for

The simulation lemma (c.f., Lemma implies that if the true MDP model param-
eters are learned to within sufficient accuracy, then the optimal policy in the learned
MDP is near-optimal in the true MDP. Therefore, if certainty equivalence is able to
collect data so that N ,(t) — oo in the limit for all (s,a), then the estimated model

converges to the true model, and thus the policy 7} converges to 7*.

4.1.3 Dyna

Certainty equivalence and Q-learning represent two extremes: the former performs a
complete planning step when it updates its policy based on the estimate MDP, while the
latter performs extremely simple planning by one-step lookahead. Although certainty
equivalence seems to make the best use of data, it is computationally demanding. In
contrast, Q-learning is computationally cheap, but makes inefficient use of data as every
transition is used once. Middle-ground solutions seek to combine the best of both
worlds. A representative solution is Dyna [Sutton |1990; 1991].

Dyna maintains an estimated MDP like certainty equivalence, and also acts based on
an estimate of the Q-function like Q-learning. Instead of a complete replanning in every

step like certainty equivalence, Dyna performs shallow planning. This computation can
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be achieved in different ways, such as:

e select a subset of previous transitions and perform Q-learning-like backups (e.g.,
the experience-replay technique of [Lin| [1992]);

e select a subset of states, for each s of them pick an action a, simulate a transition
from (s, a) using the model, and then do Q-learning-like backups (e.g., the Dyna-Q
algorithm of |Sutton| [1990]); and

e select a subset of states and perform Bellman backups in those states using the
estimated transition and reward functions (e.g., the PS algorithm of Moore and
Atkeson| [1993]; c.f., §3.1.2)).

Dyna was first proposed [Sutton|1990; 1991] with the subset of states being chosen

randomly for shallow planning. It was then shown independently by Moore and Atkeson
[1993] and [Peng and Williams| [1993] that it is beneficial to select such states in an

informed manner.

4.2 Approximate Reinforcement Learning

As we shall see, approximate reinforcement learning bears many similarities to approx-
imate planning. A fundamental reason is that many approximate planning algorithms
avoid computational complexity that is explicitly dependent on the size of the MDP
by using samples of transitions of the MDP. For instance, one of the algorithms we
will discuss is based on approximate policy iteration. When the learning algorithm is
similar to the planning algorithm, we will mention it briefly without going into details.

Since the motivation of studying approximate RL is to solve large-scale MDPs, we

will use compact function representations such as those covered in

4.2.1 State Abstraction

Similar to discretization/abstraction-based planning algorithms, an approximate RL
algorithm may discretize the state/action space of a possibly continuous MDP to obtain
a smaller, finite MDP, and then run any of the algorithms for finite MDPs in §4.1|

Adaptive discretization such as the U-tree algorithm |[McCallum|1995] adaptively refines
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the piecewise constant value function estimate (which is represented as a regression tree)
based on observed state transitions. See [Moore and Atkeson| [1995] and Bernstein and

Shimkin| [2008] for more examples.

4.2.2 Incremental Temporal Difference

The temporal-different methods in can be modified naturally when the value
function is represented compactly by: Q(s,a) = Qw(s,a), where Qw(:,-) is a para-
metric function with parameter vector w € R* for some k € N. For instance, if state
discretization is used, then @) is a piecewise constant function, and components of w
correspond to the function values in the discretized states. As another example, if Qv
is linearly parameterized, then w is the weight vector defining the linear function. As
a third example, if Q) is represented by a neural network with fixed topology, then w
consists of weights associated with links in the network.

Q-learning for finite MDPs (Algorithm [7)) can be modified to be Algorithm |§| when
function approximation is used, with only two changes in the initialization step and
update rule (Lines || and |4} respectively). Here, w may be initialized in different ways.
Learning occurs on the parameter vector instead of the Q-values directly. An important

special case is when @Q is linear in some pre-defined basis function, ¢ : S x A — R¥,

def

Quw(s,a) = wg(s,a),

in which case the update rule in Line [4] of Algorithm [0] becomes
Wit] < Wi + Qg (Tt + vggvvfrﬁ(sw, a) — W;r¢($t, at)> B(st, ar).

Extensions similar to Line [4] of Algorithm [J]can be applied to variants of Q-learning,
such as TD(\) [Sutton|1988] and Sarsa [Sutton/1996]. Unfortunately, these stochastic-
approximation-style updates do not necessarily guarantee convergence. Mixed results
are known such as the tremendous empirical success of applying neural network as the
function approximator in Backgammon |[Tesauro |1995] and the unfortunate divergence
results reported in the literature [Boyan and Moore (1995; Baird [1995]. Special cases

are investigated to establish convergence guarantees. Such cases often rely on the
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Algorithm 9 Q-learning with function approximation.

0: Inputs: S, A, ~.
1: Initialize w.
2: for allt=1,2,... do
3:  Observe current state sy, take action a;, observe reward r;, and transition to a
new state s¢41.
4:  Update parameter by
W W+ oy (Tt + ymax Qw(st+1,a) — Qw(st, at)) VwQw (st, at).
5. end for

fact that the Bellman operator when combined with special function approximators
is a contraction [Tsitsiklis and Van Roy [1997; [Szepesvari and Smart [2004; Melo and
Ribeiro|2007; Melo et al.|2008]; see for more discussions.

Another approach known as residual gradient is due to Baird| [1995]. It changes
the update rule of Algorithm [J] to perform stochastic gradient descent on the squared
Bellman error. Although the algorithm is limited by a double-sample requirement to
guarantee unbiasedness, its value function cannot diverge. However, this algorithm can
be slow in learning [Baird|1995} Schoknecht and Merke 2003 or suffer suboptimal online
prediction performance [Li[2008].

A third approach known as grow-support is proposed by Boyan and Moore, [1995],
which assumes the optimal value function can be represented exactly by the approxima-
tion scheme. The algorithm maintains a “support set” of states whose optimal values
have been computed sufficiently accurately, and is initialized to the empty set at the
beginning. When sample transitions accumulate, the support set grows and eventually

the optimal value function is computed for all states.

4.2.3 Approximate Policy Iteration

Approximate policy iteration (Algorithm @ can be used to solve reinforcement-learning
problems as well. Different ways to do the approximate policy-evaluation and policy-
improvement steps result in different APIl-based algorithms. For instance, when rollouts

are used to estimate Q’” and a classifier mapping states to the greedy action with respect
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to Q”t are used, we have a classifier-based RL algorithm [Lagoudakis and Parr|2003b;
L2004} ILi et al.[2007]. Other examples include an algorithm that uses kernel regression
for policy evaluation [Ormoneit and Sen|2002]. In this section, we focus on least-squares
policy iteration or LSPI |[Lagoudakis and Parr/|2003a], an algorithm that employs least-
squares techniques for policy evaluation based on linear function approximation. A
more general algorithm is studied by |Antos et al.| [2008].

In its original form, LSPI is an offline algorithm. Instead of requiring data to be
obtained from online interaction with the environment (Definition [1]), the algorithm
assumes that a set of sampled transitions are provided without requirements on how

they are collected. Precisely, the sample set D contains m data points:
D = {(si,ai,mi,8;) | i=1,2,...,m},

where the i-th sample, (s;,a;, 74, s}), provides a piece of information for the dynamics
in (s4,a;): the agent takes action a; in state s;, receives an immediate reward r; and
reaches a next state s;. Algorithm [10] gives a pseudo-code description of the algorithm.
In practice, various approaches can be used to decide when to terminate the algo-
rithm [Lagoudakis and Parr/[2003a]. Furthermore, robust matrix inversion like pseudo-

inverse |Golub and Van Loan |1996] is needed when the matrix A is ill-conditioned.

Algorithm 10 Least-squares policy iteration.

0: Inputs: S, A,v,D = {(sj,a;,ri,s,) |i=1,2,....,m},¢ € (Rk
1: Initialize wi € R* arbitrarily.
2: fort=1,2,3,...do
3 A Opkxr {the k x k zero matrix}
b — 0y, {the zero vector of dimension k}
fori=1,2,...,mdo
a} — argmax,¢ 4 Qw, (s}, a) = argmax,. 4 w; ¢(s},a).
A At @(si, ai) (s, i) — 78(s), a))
b—b+ ¢(Si, ai)ri.
end for
10wy — A7
11: end for

)SXA

Like generic API algorithms, LSPI has the policy-evaluation and policy-improvement
steps in every iteration. The intermediate policies are represented implicitly as the

greedy policy with respect to the linear value functions. In iteration ¢, the weight
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vector is w¢, and the policy is
m($) def argmax w, ¢(s, a).
acA

The key component of LSPI is its policy-evaluation step (Lines in Algorithm,
which is called LSTDQ |Lagoudakis and Parr/2003a]. This algorithm can be viewed
as an off-line, off-policy version of the least-squares temporal difference (LSTD) algo-
rithm [Bradtke and Barto|1996] applied to an induced Markov chain (c.f., whose
state space is S x A. A useful extension known as LSTD(\) is due to Boyan| [2002]
who showed the potential advantage of using a nonzero A value. LSTD is identical to
LSTD(0).

Assuming A is finite and it takes O(k) time to compute the basis ¢, the computa-
tional complexity of LSTDQ in Algorithm [10|is O(km |A| 4+ k*m + k3): the first term
is from the computation of greedy actions in state s}, the second from the construction
of matrix A and vector b, and the last from the matrix inversion in Line Although
the linear dependence on m and |A| is reasonable, the cubic dependence on k makes
the algorithm intractable except for small value of k. Recently, recursive least-squares

A

techniques were applied to LSTD and LSTDQ, so that the matrix inverse, A~!

, is com-
puted iteratively using the Sherman-Morrison formula [Golub and Van Loan 1996],
resulting in an O(k?) complexity [Xu et al.[2002]. More recently, techniques for solving
sparse linear systems motivate even more efficient LSTD-like algorithms that enjoys
O(k) complexity |Geramifard et al.2006; 2007; Yao and Liu [2008]. Interested readers
are referred to the discussions at the end of §3.2.2)for related papers on feature selection
in reinforcement learning when linear value-function approximation is used.

Motivated by successes of the kernel trick in machine learning [Shawe-Taylor and
Cristianini|2004], Xu et al. [2005] introduced the kernel LSTD(A) algorithm, the use of
which in the general API framework results in kernel LSPI [Xu et al[2007]. Recently,
Taylor and Parr| [2009] gave an analysis of Bellman errors when kernel methods are

used in temporal difference learning.
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4.2.4 Other Algorithms

There are many other RL algorithms that cannot be covered in detail in this disser-
tation. For example, policy-search and policy-gradient algorithms search a pre-defined
policy space for a near-optimal policy [Sutton et al. 2000; Baxter and Bartlett| 2001}
Ng and Jordan|2000]; Actor-critic algorithms [Barto et al. 1983; [Sutton| [1984; [Konda;
and Tsitsiklis|2003; Peters et al.[|2005] consist of two interacting components: The actor
maintains and updates a policy for choosing actions, while the critic learns a value func-
tion for that policy incrementally. Motivated by the success of Dyna in finite MDPs,
Sutton et al.| [2008] introduce the use of linear value functions to Dyna in continuous
MDPs. Finally, we note that the RL problem can be formulated as an optimization
problem and can be approached by many general-purpose algorithms such evolutionary

algorithms [Moriarty et al.|[1999; Whiteson and Stone|2006].

4.3 Exploration in Reinforcement Learning

This section reviews previous work on balancing exploration and exploitation. We start
with the K-armed bandit problems, which can be viewed as a special case of MDPs,
and then discuss Bayesian exploration, which is optimal in a sense but computationally
expensive. Finally, ad hoc heuristics are described with examples showing why they

may fail. These negative results motivate a formal framework to evaluate efficiency of

exploration in §4.4.3

4.3.1 Exploration in K-Armed Bandit Problems

Many of the exploration strategies for MDPs find their analogues in a specific type
of MDP called K -armed bandits [Berry and Fristedt||1985|. It suffices to focus on this
problem for the purpose of the dissertation. Interested readers are referred to the litera-
ture on several variants of it, such as adversarial bandits [Auer et al.[2002b}; |Auer|2002],
non-stationary bandits [Auer et al.2002b; |Auer 2002, associative bandits [Kaelbling
1994; |Auer|[2002; |Abe et al.[2003; Strehl et al.[[2006d], and budgeted bandits [Madani

et al.2004]. Although the terms “arm” and “payoff” are typically used in the K-armed
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bandit literature, we will instead use “action” and “reward” to be consistent with the
terminology in the rest of the dissertation.

A K-armed bandit is an MDP M with a single state (so |S| = 1) and K actions (so
|A| = K). Rewards due to taking an action are stochastic as in general MDPs, but the
transition always falls back to the same state. Since there is only one state, we suppress
s and denote the reward function by R(a). The optimal policy in a K-armed bandit is

to choose the action with maximum expected reward:

a* = argmax R(a).
acA

Without knowledge of the function R(-), the agent has to explore different actions and
hopefully converges to the optimal action eventually. To evaluate how fast the agent

learns in this process, two natural formalisms can be used.

Regret Analysis

The expected regret is the expected difference between cumulative expected rewards of
the optimal action and the actions chosen by the agent. Precisely, let a; be the action

chosen at timestep ¢, then the expected regret up to time H € N is defined by
H
L(H)® H-R(a*) — Y R(a).
t=1

By definition, it is clear that L(H) > 0 for any H. If L(H) = o(H), it implies the
agent will choose the optimal action almost always in the limit. The smaller L(H) is,
the faster the agent is expected to converge to (near-)optimal actions.

A regret lower bound of Q(In H) in K-armed bandits has been known for a long
time. |Lai and Robbins| [1985] show an algorithm that achieves this lower bound asymp-
totically. Later, more algorithms with ©(ln H) regret bound were developed.

More recently, Auer et al.| [2002a] proposed an algorithm called UCB (standing for
“upper confidence bound”) that achieves a O(In H) regret uniformly over time. The
algorithm is simple and sheds lights on some efficient exploration methods for MDPs.

For time ¢ € N and action a € A, denote by (similar to Equation [4.3))
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the maximum-likelihood estimate of the average reward of action a at time ¢, where
Ny (t) is the number of times action a has been chosen before timestep ¢t. A purely
exploiting agent will choose an action that maximizes the empirical average reward so
far; that is,

a; = argmax Ry (a).
acA

But since these finite-sample estimates of average rewards are imprecise, the action with
the highest empirical average reward may not be the optimal action a*. Thus, it may be
beneficial in the long run to try alternative actions in case we have underestimated their
rewards. Naturally, we have a higher confidence in our maximum-likelihood estimate
when it is computed using more data. If few data are available for estimating the reward
of an action, we would like to encourage the agent to explore this action to refine the
estimate of its reward. The UCB algorithm uses exactly this idea by applying:
- 2In(t — 1)
ar = arg;g‘ax {Rt(a) + Na(t)} .

The second term above is a confidence interval, and thus the sum is an upper confidence
bound of the true reward, R(a). The confidence-interval term is an exploration bonus
that encourages trying infrequently chosen actions. |Auer| [2002] also show that a similar
idea can be used in variations of K-armed bandit problems, such as in the adversarial

setting. Finally, the idea of UCB has been used in sampling-based approximate planning

for large-scale MDPs (§3.3.4)).

PAC Analysis

Another way to quantify learning speed in K-armed bandits is through sample complex-
ity in the Probably Approzimately Correct (PAC) framework [Valiant||1984]. Although
PAC was originally proposed for supervised learning (c.f., , it can be defined sim-
ilarly for studying bandit problems. Roughly speaking, the PAC sample complexity
is an upper bound of the number of timesteps a learner needs to identify, with high
probability, a near-optimal action of the bandit.

Formally, let A be a K-armed bandit learning algorithm. The algorithm is allowed

to try the K actions in a sequential order, and then must terminate with an output
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a* € A after finitely many timesteps. The algorithm is also allowed to be randomized.
Due to randomness in the algorithm and in the rewards observed, both the number T’

of timesteps A takes to terminate and its output action a* are stochastic.

Definition 6 Let A be a K-armed bandit learning algorithm that terminates after T
timesteps with action a*. A function ((€,0) is called a sample complexity of A, if for
any €,0 € (0,1), the following holds with probability at least 1 — §: (i) T < ((¢,0), and
(i) R(a*) — R(a*) < e.

Matching upper and lower bounds are found for K-armed bandit problems. Even-
Dar et al. [2002] describe the median elimination algorithm that eliminates actions in
rounds. In each round, each surviving action is tried for some polynomial number of
times, and the bottom half actions (in terms of the rewards they collect in that round)
are eliminated. The algorithm continues until all but one action are eliminated, and

returns this surviving action. The sample complexity of this algorithm is

K 1
C(e,6) =0 <621n5> .

Later, Mannor and Tsitsiklis| [2004] show a matching lower bound. We cite their result

here, which will be useful in §6] and

Lemma 11 [Mannor and Tsitsiklis|2004, Theorem 1] The sample complexity ¢ of any

K-armed bandit algorithm A is, in the worst case,
K. 1

4.3.2 Bayesian Exploration

We now turn to the general MDP setting that features the nature of sequential decision
making; that is, actions can affect future states and thus future rewards. This is
different from bandit problems where earlier actions does not affect later consequences.
It turns out that this difference makes MDPs a much harder problem than bandits

when studying the exploration-exploitation tradeoff.
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About half a century ago, researchers started studying Bayesian approaches to ex-
ploration; see Duff [2002] for an interesting historical review. Starting with a prior
distribution of parameters in the underlying MDP, these methods repeatedly update
the posterior distribution of the parameters conditional on the observation history. At
each time step, the action that maximizes expected future rewards with respect to the
posterior distribution is taken.

Let M be the class of MDPs over which we have a prior distribution, pg, and p;
be the posterior distribution over M after ¢ transitions have been observed. Assume,
for simplicity, that the reward function is known and the only uncertainty about the
MDP is in its transition function. Then, Bayes rule implies the following formula for

computing p; based on p;_; and the transition at timestep ¢: for any M € M

TM St+1 | St, t)Pt—1 M
pe(M) = (541 | st at)pe—1(M) _
2omrem T (st | s, ae)pe—1 (M)

where T is the transition function of MDP model M.

Bayesian action selection is optimal in the sense that it takes the posterior into
account and finds the Bayesian-optimal balance between exploration and exploitation.
However, their use in practice is limited for two reasons. First, they all require a
prior distribution over candidate MDPs, which is unclear in many real-world applica-
tions. Second, computing the optimal value function over posterior distributions can
be a computationally extremely expensive procedure, although progress has been made
recently [Duff||2002; Poupart et al.|2006]. Furthermore, we will show an example in
where an agent that uses Bayesian exploration fails to find the optimal policy in
the limit. For these reasons, we focus on non-Bayesian and computationally tractable

approaches in the dissertation.

4.3.3 Exploration Heuristics

Given the expensive operations of Bayesian exploration strategies, people have used
many practical exploration heuristics; see the survey by Thrun [1992]. These heuristics
work quite well in some problems, but all require trial-and-error tuning of parameters.

In some problems, these ad hoc approaches may fail or be inefficient.
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The simplest and most popular exploration rule is probably e-greedy: the agent
chooses the greedy action with respect to its current value-function estimate with prob-
ability 1 —¢, and a random action with probability €. If there are finitely many actions,
this exploration rule can be formally defined by (assuming the greedy action is unique,

for simplicity):

a6 i a=argmax;,cy Q(s,a’)
m(a|s) =

ﬁ, otherwise
Clearly, O-greedy is a purely greedy policy, while 1-greedy is a uniformly random policy
that assigns equal probability mass to all actions. In practice, it is helpful to use large
€ at the beginning and then decrease it to zero, since after a long run the agent has
hopefully converged to a good enough policy and thus the fraction of exploration can
be reduced.

While e-greedy differentiates greedy actions from non-greedy actions, the Boltzmann
exploration rule takes the Q-function estimates into account and embodies a soft version
of e-greedy. This strategy requires a temperature parameter T € Ry, and the action-
selection probabilities are given by the following ruleﬂ

oo (22)

T reners (2e)

where @ is an estimated Q-function. Therefore, instead of having a hard separation

m(als) =

between greedy and non-greedy actions, this exploration smooths the probability by
taking into account the Q-values. The parameter T controls the degree of exploration:
when it is smaller, more probability mass is placed on the greedy action; in the limit of
7 — 0, this exploration rule converges to a greedy policy; in the limit of 7 — oo, the rule
converges to a uniformly random policy. Because Boltzmann exploration approaches the
greedy action selection in the limit and the difference is governed by the temperature,
this exploration rule is sometimes called softmaz. In practice, we may start with a

relatively large temperature, and then decay it as learning proceeds.

'It is easily verified that . . ,7m(a|s)=1forall s € S.
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An alternative approach, called counter-based exploration, has shown empirical ad-
vantages over e-greedy in some problems |[Thrun [1992]. It requires a threshold m € N,
and a counter ¢ is maintained for each (s,a) pair that remembers how many times
action a has been taken in state s. When the agent is in state s, it randomly picks
action a such that c(s,a) < m; if no such action exists, a greedy action is chosen. The
threshold controls the exploration-exploitation tradeoff: when m is small, the agent
tries to exploit sooner, but risks at a higher probability of ending up with suboptimal
policies; when m gets larger, the agent becomes more conservative and tends to explore
more before exploiting and hence it is more likely to learn a near-optimal policy. While
this strategy is able to explore various actions when visiting a certain state, it is myopic
as it only reasons about uncertainty of actions in the current state. A similar algorithm
called Rmax remedies this problem, and is discussed in more details in §7]

Another approach is to add an exploration bonus to the value-function estimate and
then act greedily or e-greedily. The bonus term decreases over time, and is somewhat
similar in form to the UCB algorithm described in This additive bonus has the
effect of encouraging taking actions that have not been taken frequently, and may bring
benefits even in non-stationary environments [Sutton//1990].

Finally, we mention another common practical choice known as optimistic initial-
ization [Sutton and Barto||1998]. The idea is to initialize the value function so that
Q1(s,a) > Q*(s,a) for all s € S and a € A. The intuition is that if an action’s Q-value
is optimistic in the current state, the agent is encouraged to execute that action and
thus learn much of it. When sufficient learning has been completed and all Q-values
are close to their true Q*-values, selecting the maximum will guarantee near-optimal
behavior. This trick can also be combined with other exploration techniques. For ex-
ample, the agent can initialize its value function optimistically, and then follow the
e-greedy policy.

Successes have been observed for the ad hoc exploration rules above |Thrun|1992;
Sutton and Barto|[1998]. However, they may not always work effectively in all MDPs.
For example, [Whitehead [1991] gives an example where e-greedy rule takes O(215])

many steps even to reach the goal state for the first time, although only O(|S ]2) many
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Figure 4.1: Combination lock.

steps are needed by better exploration strategies. Similarly, several common algorithms
such as Q-learning with e-greedy exploration and/or optimistic initialization are shown

to be inefficient [Strehl|2007b, Section 4.1].

Example 8 [Whitehead|1991] Figure shows a combination-lock example where the
e-greedy rule may be inefficient. We have an MDP with N + 1 states and 2 actions.
State 1 is the start state and state G is the absorbing goal state. Taking the solid action
transports the agent to the state to the right, while taking the dashed action resets the
agent to the start state 1 and it has to re-start from 1 trying to get to the goal state. To
simplify exposition, we use v =1, and R(s,a) = —1 for all state—actions unless s = G,
in which case R(s,a) = 0.

An agent that uses e-greedy exploration rule will, at each timestep, be reset to the
start state with probability at least €/2. Therefore, the probability that the agent always
chooses the solid action until it reaches the goal is (1 — ¢/2), which implies the value
of state N is exponentially small in N. In contrast, the optimal policy requires only N

steps. This example shows that a poor exploration rule may be exponentially inefficient.

4.4 Performance Measures of Reinforcement-Learning Algorithms

Much early theoretical investigation of reinforcement-learning algorithms was on
whether the algorithms converge to the optimal solution in the limit. While such
theory is important for showing an algorithm is sound or consistent, it largely ignores
the issue of efficiency. The negative (inefficiency) results mentioned in the previous
section motivate a rigorous study of performance of reinforcement-learning algorithms.

The next three subsections discuss three considerations that are essential to measure
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the goodness of an RL algorithm: computation, space, and learning speed. Finally, we

briefly mention a few other dimensions that we do not focus on in this dissertation.

4.4.1 Computational Complexity

The per-timestep computational complexity (or computational complezity for short)
measures the amount of computation the algorithm has to carry out per timestep in the
worst case. We do not consider the total amount of computation during the execution
of an algorithm mainly because we allow the algorithm to run forever, in which case
the total computation is trivially infinity. However, we note that it may be useful to
consider computational complexity in the amortized sense [Cormen et al.|[2001].

The per-timestep computation of an RL algorithm often comes from two sources: the
computation required to choose actions, and the computation requires to learn (i.e., to
update the internal data structures and quantities like the value functions and policies).
The latter depends critically on algorithms, and so only the former is discussed at a
high level here.

Two operations are common in choosing actions: one is to compute a value-function
estimate, and the other is to find the greedy action in a state with respect to the value-
function estimate. The first operation is frequently used in model-based algorithms
(c.f., when they re-plan by solving the optimal value function for the learned

MDP model. This process can be quite expensive (see Littman [1996] for a survey).

2 2
@<rsw \A\)
L=y

time in the worst case. In contrast, model-free algorithms like Q-learning do not require

For instance, value iteration takes

this planning step but uses their value-function estimates for action selection.

The second operation—finding a (near-)greedy action—is a necessary operation for
all meaningful reinforcement-learning algorithms. If the Q-function is represented by a
heap [Cormen et al.|[2001], finding the greedy action takes O(ln |A|) time. In general,

O(|A|) complexity is needed.
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4.4.2 Space Complexity

The space complexity measures the amount of space the algorithm needs in the worst
case. Q-learning, for example, requires |S||.A| space to store the Q-function in a tabular
manner. For incremental algorithms with linear value-function representations like
Algorithm @ the space complexity is O(k), the number of free parameters to learn.
LSPI, however, requires O(k?) space to store the matrix A as well as additional O(m)

space to store the sample set D.

4.4.3 Some Notions of Learning Complexity

As opposed to computational and space complexities that measures how feasible an
algorithm is in terms of computing resources, the third quantity, learning complexity,
measures how much information is needed by the algorithm to learn to achieve near-
optimal policies. However, such a notion is not easy to define as in other learning
problems like supervised learning [Kearns and Vazirani|1994]. A fundamental challenge
in reinforcement learning is the interactive nature in the sequential-decision-making
scenario. In this subsection, we examine natural extensions of a few notions of learning
complexity in supervised learning, and discuss their limitations. We then, in the fol-
lowing subsection, define the sample complexity of exploration, which addresses some
of the limits and will be the focus of the dissertation.

The first such choice is regret, an idea borrowed from competitive analysis of bandit
algorithms ( The idea is to compare the performance of an algorithm, where
“performance” is problem dependent such as prediction mistakes, to the best possible in
hindsight. In the case of reinforcement learning, we may also analyze the regret, which
is difference between the largest total reward obtained by the best policy and that of
the algorithm |[Auer and Ortner/|2007]. In a sense, the regret is exactly what a reward-
maximizing algorithm tries to minimize. However, analysis of regret is significantly
harder and requires rather restricted assumptions that are not needed in our sample-
complexity analysis. Furthermore, the regret bounds obtained are often weaker than

the sample-complexity bounds we present in this dissertation.
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If the algorithm has some prior information about the true, underlying MDP, it
can adopt the Bayesian approach (§4.3.2)): at every timestep, it maintains a posterior
distribution of the underlying MDP based on the prior and the data it has observed
so far, and computes the Bayesian optimal action that maximizes the expected future
return. This class of methods, although optimal in the Bayesian sense, are computa-
tionally intractable in general, and as we will show soon, do not necessarily converge
to a near-optimal value function or policy. Furthermore, specifying the prior distribu-
tion over MDPs may not be easy in many applications, and an unfortunately specified
prior may prevent convergence to the true MDP model even if infinitely many data are
given [Diaconis and Freedman| 1986].

A third approach is to study asymptotic convergence rate of the value function to
the optimal value function. Due to the need for exploration, assumptions must be made
about the sequence of data in the online interaction. For instance, [Szepesvari| |[1998]
assumes the data are IID (independent and identically distributed). A weaker kind of
assumption is to assume that the MDP is fast mixing [Even-Dar and Mansour 2003bf
Antos et al.2008]. Under the mixing assumption, the exploration/exploitation dilemma
is less challenging since the agent will have the chance to visit almost all states very
quickly in a fast mixing MDP no matter what policy it uses.

Finally, [Simsek and Barto| [2006] studied a different model for exploration, where the
online interaction of the agent is separated into an exploration phase and an exploitation
phase, similar to the training and testing separation in supervised learning. The goal of
the agent is to collect as much information of the unknown MDP during exploration to
compute a good policy for late exploitation. In contrast, the focus of the dissertation
is more natural for a reinforcement-learning agent that has to balance exploration and

exploitation simultaneously.

4.4.4 Sample Complexity of Exploration and PAC-MDP

This subsection defines the sample complexity of exploration, first proposed by [Kakade
[2003]. Such a notion is very general, without restrictive assumptions such as mixing

that are needed in other notions of learning complexity. On the other hand, the criterion
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of achieving small sample complexity of exploration is tractable in many challenging
problems, and families of algorithms have been developed for various classes of MDPs. It
is the main theme of the dissertation to create and analyze algorithms with polynomial

sample complexity of exploration.

Definition

In measuring the sample complexity of exploration (or sample complezity for short) of
a reinforcement-learning algorithm A, we treat A as a non-stationary policy that maps
histories to actions (c.f., . Two additional inputs are needed: €, € (0,1). The
precision parameter, €, controls the quality of behavior we require of the algorithm (i.e.,
how close to optimality do we desire to be). The confidence parameter, §, measures how
certain we want to be of the algorithm’s performance. As both parameters decrease,
greater exploration and learning is necessary as more is expected of the algorithms.

Similar to other learning algorithms for stochastic problems, we cannot expect an
algorithm to identify the optimal policy with finite experience and with full confidence:
we allow € > 0 because a finite sample does not reveal the whole dynamics of the MDP
in general; we allow 6 > 0 because there is always some, albeit tiny, probability that
the experience observed by the agent is not representative and thus misleads the agent
to end up with a poor policy.

The following definition is proposed by Kakade| [2003].

Definition 7 Let ¢; = (s1,a1,71,82,a2,72,...,8t) be a path generated by executing a
reinforcement-learning algorithm A in an MDP M wup to timestep t. The algorithm is
viewed as a non-stationary policy, denoted Ay at timestep t. For any fized € > 0, the
sample complexity of A is the number of timesteps t such that the policy at time t, Ay,

is non-e-optimal: VAt (sy) < V*(s4) — €.

The sample complexity of exploration of an algorithm A is defined using the infinite-
length online interaction between an agent running A and an environment. If we view it
a “mistake” when VAt (s;) < V*(s;) — e happens, then sample complexity of exploration

measures the total number of mistakes of an RL algorithm during the whole run of it.
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We place no limitations on when the algorithm makes a mistake during an infinite-
length interaction with the MDP. This freedom is essential for RL as, in a stochastic
MDP, the agent does not have absolute control of the sequence of states it will visit,
and so a mistake may happen at any time during the interaction, depending on when
the agent is stochastically transitioned to those “bad” states. Intuitively, we prefer
algorithms with smaller sample complexity, which motivates the following notation of

sample efficiency [Strehl et al.|[2006a5c]:

Definition 8 An algorithm A is said to be PAC-MDP (Probably Approximately Cor-
rect in Markov Decision Processes) in an MDP M if, for any € >0 and 0 < 6 < 1, the
sample complexity of A is bounded by some function polynomial in the relevant quanti-
ties (1/e, 1/6, 1/(1 — =), and |M|) with probability at least 1 — &, where |M| measures
the complezity of the MDP M. Usually, |M| is polynomially related to the number of
parameters describing M ; for instance, it is the numbers of states and actions for finite
MDPs, and it is the number of parameters if the MDP can be described in a parametric
way. Furthermore, the algorithm is called efficiently PAC-MDP if its computational

and sample complexities are polynomial.

The terminology, PAC, in our definition is borrowed from |Angluin [1988|] for the
distribution-free supervised-learning model proposed by Valiant| [1984]. A discussion of
the parameters involved in Definition [§]is in order:

e The precision parameter, €, specifies the level of optimality we want the algorithm
to achieve, and a mistake is incurred when the non-stationary policy, A;, is not
e-optimal. As in supervised learning, we cannot guarantee ¢ = 0 because any
finite set of samples does not reveal the complete dynamics of an MDP when it
is stochastic.

e The confidence parameter, J, measures how certain we want to be of the algo-
rithm’s sample complexity of exploration. As in supervised learning, we cannot
guarantee § = 0 because there is always a non-zero, albeit tiny, probability that
the observed interactions/samples are not representative of the true dynamics of

the MDP and thus misleads the agent to act sub-optimally.
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e The dependence on 1/(1 — «) is necessary and unique in reinforcement learning.
In many RL analyses, 1/(1 — ) plays a role that is roughly the effective depth of
decision horizon for value functions and policies (c.f., Lemma[2)). The larger this
effective decision horizon is, the more we expect the sample complexity to be.

e The quantity |M| of an MDP M is used to measure how large the MDP is. An
analogue in PAC learning of concept classes is the number of variables in the
Boolean formula [Valiant||1984]. The quantity |M]| is often defined in a natural
way, and will be made clear when we analyze the sample complexity of exploration
in later chapters.

Efficiency in the PAC-MDP framework implies efficiency in a more complicated
framework called average loss which, as an analogue of per-timestep regret in sequential
decision making problems, measures the actual per-timestep reward achieved by the
agent against the expected per-timestep reward of the optimal policy in states the
agent visits |Strehl and Littman [2008a]. While these two notions are closely related,
we choose to focus on PAC-MDP learnability due to its cleanness.

The definition of sample complexity of exploration was first used in the analysis of
Rmax by Kakade [2003], and will be the focus of the present dissertation. However, we
note the analyses of E? by Kearns and Singh| [2002], factored E3 by Kearns and Koller
[1999], and metric E3 by |[Kakade et al. [2003] use slightly different definitions of efficient
learning. In particular, these algorithms are required to halt after a polynomial amount
of time and output a near-optimal policy for the last state, with high probability. Our
analyses are essentially equivalent, but simpler in the sense that mixing-time arguments

are avoided.

A General PAC-MDP Theorem

Most of the PAC-MDP results developed in this dissertation depend on the following
general theorem for proving PAC-MDP-ness, first established by [Strehl et al.| [2006a]
and then slightly generalized in later works [Strehl 2007b; Strehl et al.[2009]. The one
presented here generalizes and improves previous versions and the modifications are

important for our discussion in later chapters.
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Definition 9 During an online interaction as described in Definition[d], let K; be a set
of state—action pairs defined arbitrarily in a way that depends only on the history of the
agent up to timestep t (before the t-th action is chosen). An escape event, denoted Ay,

occurs at timestep t if (s¢,at) ¢ K.

Definition 10 [Strehl et al)|2006a] Let M = (S, A, T, R,~) be an MDP, Q € RS*4 ¢
state—action value function, and K C S x A a subset of state—action pairs. We define
the known state—action MDP (with respect to K) as Mg = (S, A, Tk, Rx,7), where

for all s,s' € S and a € A,

T(s"|s,a), if(s,a) € K
Ti(s'| s,a) &

I(s=4s"), otherwise,

and

R(s,a), if (s,a) € K
(1 =9)Q(s,a), otherwise.

In words, the known state—action MDP is defined in a way so that the transition
and reward functions coincide with the true MDP in state—action pairs in K, and the

Q-functions are exact in state—action pairs outside K.

Theorem 4 [Strehl et al| |2006a] Let A(e,d) be an algorithm that takes € and
0 as inputs (in addition to other algorithm-specific inputs), acts greedily accord-
ing to its estimated state—action value function, denoted )y at timestep t. Define
Vi(s) def argmax,c 4 Q¢(s,a). Suppose that on every timestep t, there exists a set Ky
of state—action pairs that depends only on the agent’s history up to timestep t. We
assume that Ky = K1 unless, during timestep t, an update to some state—action value
occurs or the escape event A happens. Let My, be the known state-action MDP and
e be the greedy policy with respect to Q. Suppose that for any inputs € and &, with
probability at least 1 — 6/2, the following conditions hold for all timesteps t:

1. (Optimism) Vi(s¢) > V*(s¢) — €/4,

2. (Accuracy) Vi(st) — VJ\?Kt(St) <e€/4, and
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3. (Bounded Surprises) The total number of updates of action—value estimates plus
the number of times the escape event from Ky, Ag, can occur is bounded by a
function ((e,0). The function ¢ may depend on |M]|.

Then, with probability at least 1 — §, the sample complezity of exploration of A(e,d) is

ofat= et

PROOF. Suppose that the learning algorithm A (e, d) is executed on an MDP M. Fix

the history of the agent up to the ¢-th timestep. Define

1 4
= In .
L=y e(l—7)

Let W denote the event that, after following the policy A; from state s; in M for H

H

timesteps, one of the two following events occur: (a) the algorithm performs a successful
update (a change to its state—action value function) of some state-action pair (s, a), or

(b) some state—action pair (s,a) ¢ K; is experienced (escape event Ag). Then,

Vit (se, H) > Vit (s1, H) = Pr(W) Vi

€

> VAT}Kt (s¢) — 1 Pr(W)Viax
> V(sy) — g — Pr(W)Vinax

N 3€
> V*(s) — 1 Pr(W)Vimax-

where: the first step follows from the fact that following A; in MDP M is identical to
following m; in M, unless event W occurs, in which case a difference of at most Vijax
can occur; the second step is due to Lemma 2} and the last two steps make use of the

accuracy and optimism conditions.

Now, suppose Pr(W) < 4V,iax and the inequality derived above implies e-optimality

of the non-stationary policy at timestep t:
Vit (s1) > Viyt(se, H) > V*(sy) — €.

Otherwise, Pr(W) > m; that is, an agent following A; will either update its state—

action value function in H timesteps, or encounter some (s,a) ¢ K; in H timesteps,
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with probability at least . We view this H-step trajectory as a Bernoulli trial with

success probability at least 4V;ax. Then, Lemma [56| implies that after

s (i 3) - (2 () )

timesteps ¢ where Pr(W) > W ¢ (€,0) successes will occur, with probability at least
1—4/2. However, by Condition with high probability, ((e, d) is the maximum number
of successes in these Bernoulli trials that can occur during an entire execution of A.

Finally, we may complete the proof using a union bound to bound the total failure

probability by §/2 + /2 = 6. O

Bayesian Reinforcement Learning Is Not PAC-MDP

Given the fact that Bayesian exploration maximizes the expected utility in every action,
it is natural to ask how it is related to the PAC-MDP framework. The following example
shows a Bayesian RL algorithm is not PAC-MDP in general. In fact, the example shows
a stronger assertion that Bayesian RL in not consistent: the learned policy may not
converge to the optimal policy even in the limit. A more general, yet more complicated,
result is given by Kolter and Ng| [2009a] that applies to any greedy algorithm with a

fast decaying exploration bonus:

Example 9 The MDP is a two-armed bandit; namely, it has a single state and two
actions with self-looping transitions (Figure . The reward of action ay is known to
be 1/2; equivalently, the prior probability of R(a1) being 1/2 is 1. The reward of action

az may have two values, whose respective prior probabilities are:

Pr(R(a2)=0) = p

Pr(R(as) = 1/2+¢(1-7)) = 1—p,

for some p € Ry that we will specify. If R(az) = 0, the optimal policy is to choose ay;
otherwise, choosing ay is not an e-optimal policy as the difference between this policy
and the optimal policy that chooses ag is e(1 —y)(1 +~v +~2 +---) = €. Since the
MDP has only one state, we suppress dependence on states, and thus the prior and

posterior distributions of reward functions are represented as a binomial distribution:
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Figure 4.2: An example showing Bayesian exploration may not be PAC-MDP or con-
sistent.

b= (a,1—a), where o € 0,1] is the probability that R(az) = 0. Initially, by = (p,1—p).
The Bellman equation of this MDP in “belief state” by is

Q*(bo,a1) = R(a1)+~V*(bo)

@) = POV +0-p) (4= 491 ).

where by = (1,0) and by = (0,1) correspond to the next belief states after action ay is
chosen. Since complete knowledge of the MDP is available with belief state by or by, we

can compute their value functions easily:

1

2(1—7)
V(by) = 2(11_7)“.

Our goal is to decide the free parameter p such that Q*(by,a1) > Q*(bo,a2), and so a

Vi) =

Bayesian algorithm will never choose action as, and thus will fail to find the optimal
policy when R(az) =1/2+¢(1 — 7).

Instead of computing V*(by) exactly using the Bellman equation above, it suffices
for our purpose to show that Q*(bo,as) is smaller than a lower bound of Q*(by,a1).

Specifically, we have

Q" (bo,a1) = 3 +V*(bo) > 3 + Q" (bo, ar),

and thus
1

2(1 =)

On the other hand, we may compute Q*(bg, az) easily by the Bellman equation:

Q" (bo, a1) =

@) = OV (b)) +(1L-p) (G4 el =) 49V ()

D 1
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Therefore,
Q*(bo,a1) — Q*(bo,a2) > ple+1/2) —e

and it suffices to set
€

e+1/2

to force a Bayesian algorithm to always select a.

~ 2¢

p>

In this example above, it is interesting to note that the undesirable inconsistency
phenomenon happens for essentially all values of p, not just for extreme values. How-
ever, it is possible to introduce PAC-MDP-like result in Bayesian RL with techniques

we study in this dissertation |[Asmuth et al.[2009].

4.5 Use of Models in Reinforcement Learning

Most reinforcement-learning algorithms can roughly be categorized into two families:
model-based and model-free. As mentioned in §4.1) model-based algorithms work by
estimating parameters of the unknown MDP and then computing the optimal policy of
the estimated MDP model. The simulation lemma insures that the policy will be near-
optimal as long as the MDP is learned to sufficient accuracy. Model-free algorithms, on
the other hand, often learn the optimal value function directly without trying to learn
the MDP model, either explicitly or implicitly.

The use of model estimation in reinforcement learning has been a topic of controversy
(see, e.g., |Atkeson and Gordon [1997]). While there are good reasons to prefer model-
based approaches, other concerns make model-free approaches a better choice. In our
following discussions, the term “model-based” is used in a broad sense which either
means (i) the algorithm builds an explicit model such as in certainty equivalence, or (ii)
the algorithm uses an implicit representation of a model such as experience replay.

The major reason to use model-based approaches is probably that they are often
more sample-efficient—a critical advantage in situations where data are expensive, such
as in robotics [Sutton|1990; Lin/1992; Moore and Atkeson|1993; Peng and Williams|1993}
Atkeson and Santamaria/|1997]. For instance, Sutton| [1990] proposes the Dyna architec-

ture with two instantiations: Dyna-Pl and Dyna-Q. In every timestep, the learned MDP
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model is used to generate hypothetical state transitions, with which Bellman backups
are performed (called relazation planning). In contrast, model-free algorithms such as
Q-learning often discard a sample transition after performing a stochastic-approximation
step with it, and so are generally considered less sample-efficient.

A related advantage of model-based approaches is that they can facilitate efficient
exploration [Moore and Atkeson||1993} [Schneider||1997; |[Jong and Stone [2007]. By ex-
plicitly estimating a model and measuring uncertainty in the model parameters, an
agent is able to tell which part of the state space needs more exploration. In fact,
the first algorithm with provably efficient exploration in general, finite MDPs is model-
based [Kearns and Singh/2002|. In contrast, efficient exploration is harder to achieve in
model-free approaches. Simple heuristics like e-greedy can be inefficient (Example ,
and rather complicated exploration strategies are needed [Strehl et al.|2006¢|.

But there are limitations of model-based approaches, which make model-free ap-
proaches a better choice in some cases. A major problem with model-based methods is
that they are often computational expensive. Solving an MDP often suffers the curse
of dimensionality [Bellman |1957]: the computational complexity of finding a (near)
optimal policy in an MDP often grows exponentially with the number of variables used
to describe a state [Chow and Tsitsiklis| 1989]. Approximate planning algorithms with
policy-quality guarantees may suffer an exponential dependence on other quantities
(c.f., §3:3.4).

A more subtle risk with model-based approaches is that an agent can end up with
suboptimal policies when the model is misleadingly imprecise. For example, Lin| [1992]
found empirically that model building may actually slow down learning. |[Kuvayev
and Sutton [1997] also report empirical evidence that using a learned but imprecise
model in fact impedes learning in a Dyna-style algorithm. Recently, a hybrid approach
is proposed so that the learned, but possibly imprecise, model is used to make local
improvement to the policy |[Abbeel et al.[2006b].

The results in the dissertation provide novel insights regarding comparisons between

model-based and model-free approaches.
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Chapter 5

The KWIK Learning Framework

This and the next chapters deviate from reinforcement learning and focus on a new
supervised-learning framework called Knows What It Knows, or KWIK in short |Li
et al. 2008]. This framework provides a unifying mathematical background for the

formal study of efficient RL algorithms in Part [[TI]

5.1 Definition

As shown by Example[7] the key property of a KWIK learner provides a useful mech-
anism for efficiently exploring an unknown environment. We formalize the learning
model here. A KWIK problem is specified by a five-tuple: P = (X,), Z,H, h*), where:
X is an input set; ) is an output set; Z is a observation set; H C Y% is a hypothesis set
consisting of hypotheses mapping X to ); and h* € Y% is an unknown target function.

In this dissertation, we make the following “realization assumption” for KWIK

problems:
Assumption 1 In a KWIK problem P = (X,Y, Z,’H,h*), we have h* € H.

The study of “unrealizable” KWIK models are left for future work; see for a
preliminary discussion.

Two parties are involved in a KWIK learning process. The learner runs a learning
algorithm and makes predictions; the environment, which represents an instance of
a KWIK learning problem, provides the learner with inputs and observations. The
protocol for a KWIK “run” is as follows (Figure :

1. The input set X, output set ), observation set Z, hypothesis class H, accuracy

parameter € € (0,1), and confidence parameter 6 € (0,1) are known to both the
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Given:

X.V.ZH €0
v

Environment: Pick h* € H
secretly & adversarially

\Z
Environment: Pick @y adversarially }<

“I KNOW [ n 5
Yt

>
Ll

“J_”}—>{ Observe zt }—

Learner

“| don’t know”

Figure 5.1: KWIK protocol.

learner and the environment.
2. The environment selects a target function h* € H secretly and adversarially.

3. At timestep t =1,2,3,...

e The environment selects an input z; € X in an arbitrary way and informs

the learner. The target value y, = h*(z;) is unknown to the learner.

e The learner predicts an output ¢ € Y U {L}, where L is a special symbol

that is not in ). We call g, valid if § # L.

o If §j, = L, the learner makes an observation z; € Z of the output. In the
deterministic case, zz = ;. In the stochastic case, the relation between z;
and 1 is problem specific, and may or may not be known by the learner. For
example, considers a problem where z; = 1 with probability y; and
0 with probability 1 — 3 when Z = {0,1}, and assumes z; = yp + ¢
where 7y is a normally distributed random variable with zero mean and

known variance, while more complicated examples arise in

To simplify notation, we always assume that ) is a subset of R™ for an appropriate
value of n, so that the subtraction, y; — ys, is well-defined for any elements y;,y2 € V.
With this numeric representation of ), we further require that ) be equipped with a

real-valued function, ||, so that |y; — y2| measures the discrepancy or distance between
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y1 and yo. For example, |-| may be understood to be a vector £),-norm. Conceptually,
any real-valued function can be used in the KWIK protocol above. However, certain
conditions are necessary for a formal analysis of algorithms in this and the next chapters.
Specifically, we make the following mild assumptions, which, for instance, are satisfied

when |-| is a semi-norm:

Assumption 2 The discrepancy function, |-| € RY, associated with Y satisfies the
following conditions: for all y,y1,y2 € Y,

° ly—yl=0,

e Non-negativity: |y; — y2| > 0,

o Symmetry: ly1 — y2| = |y2 — y1|, and

e Triangle inequality: |y1 — ya| < |y1 — y| + |y — yo|.

Definition 11 Let P = (X,),Z,H,h*) be a KWIK problem. We say that H is
KWIK-learnable if there exists an algorithm A with the following property: for any
0 <€ <1, the following two requirements are satisfied with probability at least 1 —
in a whole run of A according to the KWIK protocol above:

1. (Accuracy) If 4 # L, it must be e-accurate: |G — yi| < €;

2. (Sample complexity) The total number of Ls predicted during the whole run is
bounded by a function, denoted B(e,d,dim(H)), which is polynomial in 1/e, 1/6,
and dim(H), where dim(H) is a pre-defined nonnegative-valued function measur-
ing the dimension or complexity of H.

We call A o KWIK algorithm and B(e, §,dim(H)) its KWIK bound. We will also use
B(e,0) for simplicity, if there is no ambiguity. Furthermore, H is efficiently KWIK-
learnable if, in addition to the accuracy and sample-complexity requirements, the per-

timestep computational complezity of A is polynomial in 1/€, 1/6, and dim(H).

All KWIK algorithms studied in this dissertation enjoy polynomial computational
complexity and thus are efficient. We note that a KWIK algorithm can be randomized,
and so the confidence parameter, §, may be necessary even in deterministic problems.

Finally, we point out a minor difference between the above definition and the origi-

nal one. Li et al. [2008] requires a KWIK algorithm must produce finitely many 1s with
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probability 1, while Definition [11] allows infinitely many s with at most ¢ probability.
To show these two definitions are equivalent, it suffices to show that any KWIK algo-
rithm A satisfying Definition [11| with a KWIK bound B(e, d, dim(H)) can be converted
into another algorithm A’ satisfying the definition in [Li et al. [2008]. The conversion is
straightforward: A’ simply simulates A using parameter ¢ and d, and then makes ar-
bitrary predictions if A returns more than B(e, d,dim(H)) many Ls. By Definition
the probability that A outputs more than B(e, d,dim(H)) many Ls or makes a non-e-
accurate prediction during a run is at most §. It follows that A’ dissatisfies the accuracy
requirement with probability at most . Furthermore, the number of s returned by A’
is at most B(e, d,dim(H)), by construction. Therefore, A’ satisfies the KWIK definition

of |Li et al.|[2008].

5.2 Example KWIK Learners in Deterministic Problems

This and the next sections describe some KWIK-learnable hypothesis classes, some
of which will be useful in later chapters. We begin by describing the simplest and
most general KWIK algorithms, and then transition to more complicated, stochastic

problems in the next section.

5.2.1 Memorization

The memorization algorithm (Algorithm can be used when the input set is finite
and observations are deterministic.

The algorithm simply memorizes the corresponding output for each possible x € X.
It initializes a hypothesis, ﬁ, that is represented by a lookup table and predicts L for
all inputs. When the environment chooses an input = for the first time, the algorithm
reports L to observe the corresponding y and remembers it by storing y in entry fz(m)

It only reports L once for each input. We have thus proved the following theorem:

Theorem 5 Memorization is a KWIK algorithm for deterministic KWIK problems,
P=(X,Y,Z H,h*), where X is finite, with the following KWIK bound:

Bmemorization(57 5) = |X’ :
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While memorization ignores ¢ and §, the KWIK bound in Theorem [j] is clearly
tight. The computational complexity of the algorithm is linear in the time required for
retrieving entries in the table h, which is constant if it is a hash table and is at most

O(|X|) with a reasonable representation of h.

Algorithm 11 Memorization.
0: Inputs: X,Y,H,€,0.
1: Initialize h(z) — L for all z € X.
2: fort=1,2,...do
3. Observe z; € X and predict §; = h(z).

4 if h(z) = L then

5 Observe 1.

6: Update hypothesis: h(z) < ;.
7. end if

8: end for

5.2.2 Enumeration

When the hypothesis set is finite and observations are deterministic, the enumeration
algorithm (Algorithm can be used.

The algorithm keeps track of HC ‘H, the version space containing hypotheses that
are consistent with observed data. Initially, H is set to H. In every timestep ¢, the
algorithm computes L = {h(z;) | h € H}, the set of outputs for z; computed by all
hypotheses in the version space. If ‘ﬁ‘ = 0, then the version space is empty, implying
that the target hypothesis is not in the hypothesis class H, which violates Assumption [I}
If ‘ﬁ‘ = 1, it means that all remaining hypotheses in H agree on the output for this
input, and therefore the algorithm knows what the correct output must be, thanks to
the realization assumption. In this case, the only element in Lis predicted as the output.
On the other hand, if )I:‘ > 1, two hypotheses in the version space disagree. Hence,
the algorithm is uncertain about the true output and has to return L to receive the
true label ;. It then updates the version space by eliminating all mistaken hypotheses

(Line @] of Algorithm . Therefore, the new version space must be strictly smaller. If

7:[‘ = 1 at any point, ﬁ’ = 1 for all future inputs, and the algorithm will no longer

return L. We have thus proved the main theorem in this section:
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Theorem 6 Enumeration is a KWIK algorithm for deterministic KWIK problems, P =

(X, ), Z,H,h*), where |H| is finite, with the following KWIK bound:
Benumeration(ea 5) = |H| — 1.

The computational complexity of enumeration is O(|H|), assuming it takes O(1)

time to compute h(z) for all h € H and = € X.

Algorithm 12 Enumeration.
0: Inputs: X,V,H,¢,6.
1: 7:[ — H.
2: fort=1,2,...do
3:  Observe z; € X.

4:  Compute L = {h(x;) | h € H}.

5. if ‘ﬁ‘ =1 then

6: Predict ¢, = y where y is the only element in L.
7. else

8: Predict 4, = L and observe y;.

9: He—H\{h|heHAh(z)#y}

10:  end if

11: end for

An example given by |Li et al.| [2008] shows enumeration may enjoy an exponentially
smaller KWIK bound than memorization. However, memorization becomes better when

‘H is large or infinite.

5.2.3 Deterministic Linear Regression

The previous two algorithms exploited the finiteness of the hypothesis class and input
set. Finite KWIK bounds can also be achieved when these sets are all infinite, as
shown by the deterministic linear regression problem. Specifically, we define X = R",
Y =Z=R, and

H={fw]| fw(x)=w x,weR"}
That is, H is the set of linear functions on n variables for some unknown weight vector

w. In the deterministic case where z; = 3¢, H can be KWIK-learned by the deterministic

linear-regression algorithm (Algorithm with the following guarantee:
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Algorithm 13 Deterministic linear-regression.
0: Inputs: X,)Y, Z,'H,¢,6.
1: D« (Z)
2: fort=1,2,...do
3: Let D be {(v1, f(v1)), (va, f(v2)), ..., (Vi, f(VE))}-
Observe x; € X.
if x is linearly independent of vi, v, ..., vi then
Predict 4, = 1 and observe y;.
D —DU{(xt,41)}-
else
Let x¢ = a1v1 + agve + - - - + ap vy for some aq,...,a; € R.
10: Predict ¢; using Equation [5.1
11:  end if
12: end for

Theorem 7 Deterministic linear-regression solves the deterministic linear-regression

problem with a« KWIK bound of:
Bdeterministic Iinear—regression(E ) 5) =n.

ProOOF. The algorithm maintains a training set D of training examples, which is

initialized to the empty set () prior to learning. On the ¢-th input x;, let

D = {(v1, f(v1)), (v2, f(v2)), -+ (Vi, f(Vi))}

be the current set of training examples. The algorithm first detects if x; is linearly
dependent of the previous inputs stored in D. This test can be decided efficiently by,
say, Gaussian elimination |Golub and Van Loan||1996]. If x; is linearly independent,
then the algorithm predicts L, observes the output y; = f(x¢), and then expands the
training set: D « D U {(x¢,y¢)}. Otherwise, there exist k real numbers, a1, a9, - - , ag,
such that x; = a1vy + asvae + ... + agve. In this case, we can accurately predict the
value of f(x¢) using information in D, without necessarily knowing the weight vector

W

f(Xt) = WTXt

= WT(CL1V1 +agve + ...+ apvy)
= alevl + CLQWTVQ + ...+ akWTvk

= ai1f(v1) +aaf(ve) + ...+ apf(vg). (5.1)
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Thus, the accuracy requirement is satisfied.

By operation of the algorithm, the inputs in D (i.e., v1, Vo, ..., Vvk) must be linearly
independent at all times. Hence, D contains at most n training pairs. Since every L
will increase the size of D by 1, the algorithm can return 1 at most n times. O

Any case where the sequence of inputs, [X¢]icn, contain n linearly independent
vectors may be used to show this KWIK bound is tight. Furthermore, we may allow
a small prediction error if x; is “almost” linearly dependent on the inputs in D, which
may result in practically more useful algorithms. However, we shall confine ourselves
to a slightly more constrained hypothesis class where the weight vector has a bounded
fo-norm:

H={fwlfwx) = WTX7W € R", HWH2 <1}

We decompose X; into a linear combination of vi,..., vy plus a residual term Ax; that
is orthogonal to all v;:

Xy = a1vy + -+ ap vy + Axg.

If ||Ax¢||, < €, we may pretend the input is
Xt =Xt — Axy = a1vy + -+ apvy

and apply Equation to predict f(x;) precisely. The prediction, g; < f(X¢), must be

e-close to f(xy):

G = FOx)l =[5 —w R+ w TR~ w x|
< ‘g)t — WTit‘ + ’WTf{t — WTXt’
= 0+ ‘WTAXt‘
< Wil [[Ax]l,
<

where we have applied the triangle inequality in the first inequality and the Cauchy-

Schwarz inequality in the second.
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5.2.4 Distance Learning

This section considers another KWIK problem with infinite input/output sets and
hypothesis class. In distance learning, we are to KWIK-learn the distance of an input
point to an unknown point in a Euclidean space.

Define X =R", Y = Z =R, U{0}, and
H={fe| folx) = [x —clly,c € R},

where ||x||, = Vx T x denotes the £o-norm of vector x € R™. That is, there is an unknown
point and the target function maps input points to the fo-distance from the unknown
point. Since translations do not change the f5-distance metric in R”, we may assume
without loss of generality that the first input is the origin: x; = 0. This assumption will
simplify our exposition; otherwise, we simply subtract x; from all inputs x;. Although
this problem can be solved using a geometric argument |Li et al.|2008], we give a simpler
solution by reducing it to the deterministic linear regression problem that we studied
in the previous subsection/T]

First, consider the squared f¢s-distance of an input x to the unknown point c:
2 2 T 2
% —clly = llell; = 2¢ x + [[x]3, (5.2)

If we augment the input x by appending a unity component to it to yield a (n + 1)-

dimensional column vector, denoted x':
T
x! & [XT, 1} e R
then Equation [5.2] can be rewritten as

2 2 T
I = clf? = Ix[13 = w .

where

-
w |:—2CT, HCH;:| c R*t!

is an unknown weight vector defining a linear function in the augmented input x’.

Therefore, we can learn the following hypothesis class with a KWIK bound of n + 1,

!This reduction is due to Robert Schapire.
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based on Theorem [Tt
H = {gec | ge(x) = Ix — c|3 — [[x]]3,c € R"}.

Finally, if we can predict gc(x) for an input x accurately, we can use the following

formula to compute f¢(x) exactly:
Fe(x) = \/ge(x) + [Ix[[5.
Thus, we have proved the main result of this subsection:
Theorem 8 Distance-learning is a KWIK algorithm with the following KWIK bound:

Bdistance—learning(@ 5) =n+1

5.3 Example KWIK Learners in Stochastic Problems

In problems in the previous section, observations are noise free. In this section, we
consider a few fundamental, noisy KWIK learning problems.
5.3.1 Coin Learning

We start with the simplest Bernoulli case and note that the same algorithm can actually

be applied to KWIK-learn the expectation of a bounded, real-valued random variable.

Algorithm 14 Coin-learning.
0: Inputs: X,), Z,H,¢,6,m.
1. ¢« 0. {Number of observed data.}
2: p— 0. {Maximum-likelihood of p.}
3: fort=1,2,... do
4 Observe x; € X.
5 if ¢ <m then
6 Predict 4, = L and observe z;.
7: c—c+1.
8
9

p—p+(z—p)/ec
else
10: Predict g, = p.
11:  end if
12: end for
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We have a biased coin whose unknown probability of heads is p. In the notation
of this paper, X is a singleton containing an arbitrarily chosen element (meaning that
we have a single coin with a fixed but unknown head probability), Y = H = [0, 1], and
Z ={0,1} with 0 for tail and 1 for head. With probability at least 1 — 4, we want to
learn an estimate p that is e-accurate: |p — p| < e. Note that |p — p| coincides with the
total variation between two binomial distributions, Bin(p,1 — p) and Bin(p, 1 — p).

If we could observe p, then this problem would be trivial with a KWIK bound
of 1. However, observations are noisy: instead of observing p, we see either 1 (with
probability p) or 0 (with probability 1 —p). A natural idea to make use of such discrete
outcomes would be to compute the maximum-likelihood estimate given enough data.
Each time the algorithm says L, it gets an independent trial that it can use to compute
the empirical probability: -

R 1
p= m tz:; 2ty
where z; € Z is the t-th observation in the m trials. The number of trials needed before

we are 1 — § certain our estimate is within e-accuracy follows directly from Hoeffding’s

inequality (Lemma [52)):
1 2

m=—In—.

22§
We have thus proved the main theorem in this section:

Theorem 9 With an appropriate parameter m, the coin-learning algorithm (Algo-

rithm can accurately learn a binomial distribution with a KWIK bound of

1 2 1 1
Bcoin—learning(€7 5) =m = 22 In 5 =0 (62 In 5) .

Note that a trick is used in Line [§ of Algorithm [14] to maintain a running average
of all observations seen so far, resulting in O(1) space complexity. The computational
complexity of the algorithm is O(1), assuming all arithmetic operations can be done in

constant time.

5.3.2 Dice Learning

Dice-learning generalizes coin-learning and can KWIK-learn a multinomial distribution

over n elements, where each distribution is specified by n non-negative numbers that
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sum up to unity. An example is dice rolling (hence the name of the algorithm) where

one tries to predict the probabilities of getting 1,2,...,6; in this case, n = 6.
Formally, the input set X still contains a single element, meaning there is one specific

multinomial distribution to learn; the output set and hypothesis class coincide and both

contain all possible multinomial distributions over n elements:

Y=H=A{p|peRL|pl, =1}

and the observation set, for convenience, is the set of elementary basis vectors in the
n-dimensional space: Z = {ej,es,...,e,}, where e; = [0,...,0,1,0,...,0]" with the
only nonzero element 1 in the ¢-th component. Naturally, e; corresponds to the discrete
observation that the i-th outcome is observed. Given two discrete distributions in H,

p and p, we use as the discrepancy metric their total variation, defined by:
def 1
’f)_p| :dvar (1371)) = Qzl‘ﬁz _pi" (5'3)
1=

Theorem 10 With an appropriate parameter m, the dice-learning algorithm (Algo-
rithm can accurately learn a multinomial distribution over n outcomes with a K WIK
bound of

2n . 2n n., n
Bdice—learning(67 5) =m = 67 In 7 =0 (672 In E) .

Algorithm 15 Dice-learning.
0: Inputs: X,)Y, Z,H,¢,6.

1: Initialization:

2: fort=1,2,...do
Observe x; € X.
if ¢ < m then
Predict y; = L and observe z;.
c«—c+1.
p P+ 2P
else
Predict y; = p.
10:  end if
11: end for
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For comparison, note that KWIK-learning a multinomial distribution can be reduced
to KWIK-learning a binomial distribution. We may re-use coin-learning to KWIK-learn
each probability in the multinomial distribution p = (p1,p2,...,pn) to ensure 2¢/n
accuracy with probability at least 1 — d/n. Applying a union bound (Lemma , we
conclude that with probability at least 1 — J, every p; is learned to within %—aceuracy,

implying the total variation is at most e:
) 1~ . 1~ 2€
p—p|l= 2;_1 |pi — pil < 51-_1 56

The resulting KWIK bound for dice-learning is

2e¢ 0 n?  2n n? n
Bcoin—learning <7’L’ TL) = @ In 7 =0 (62 In 5) s

which, however, is asymptotically worse by a factor of n than the stated bound.

However, a different analysis using a multiplicative form of the |Chernoff| [1952] in-
equality (Lemma proves the KWIK bound given by Theoremsufﬁces to guarantee
€ total variation [Kakade|2003, Lemma 8.5.5]. Although Byice-learning is asymptotically
better than Bcgin-learning, it is worse for small values of n due to the larger constant,
which is a by-product of the more complicated analysis. Interested readers are also
referred to Weissman et al.| [2003] for a similar result.

Similar to coin-learning, the analysis and KWIK bound for dice-learning also applies

to a slightly more general situation, where the hypothesis space is
H={pecRy|[pl, <C}.

for some constant C' € R,. By re-scaling and introducing a dummy dimension, we may

re-use the KWIK bound of dice-learning to obtain the following KWIK bound:

nC? n

The dice-learning algorithm will serve as an important building block in some of our
KWIK applications to reinforcement learning in Two other important stochastic

problems are studied in the next subsections.
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5.3.3 Learning the Mean of A Univariate Normal Distribution

An important continuous distribution is the univariate normal distribution, N (u, 0?),

whose probability density function and cumulative distribution function are given by

o) L exp (—““)2) ,

202

and

o) & Priy <oy~ Neot) = [ " o)y,

—00

respectively, where i € R is the mean and o?

€ R, is the variance. For simplicity,
this section considers the simplified problem of KWIK-learning the value of p when
the variance 2 is known a priori. The general problem of KWIK-learning multivariate
normal distributions with unknown mean and covariance is considered in §6.6]

The algorithm is identical to coin-learning, and thus we omit the pseudocode descrip-
tions. The only difference lies in the analytic technique used to quantify the KWIK
bound, namely, the parameter m. In coin-learning, we may use Hoeffding’s inequality
as all observations are bounded random variables. But, this bound does not apply

to a normally distributed random variable simply because it is unbounded. Below we

discuss three approaches for determining m.

Using Hoeffding’s Inequality

Two indirect techniques can be used to handle such unbounded random variables. One
is to discard a random variable when its magnitude is large, and then argue that when
m is large enough, with high probability, the sample set contains enough samples with
small magnitude. This approach is adopted by [Brunskill et al.| [2008] to learn the mean
vector of a multivariate normal distribution. Another way is to use a truncated normal
distribution. Let 7 € R, be a constant, and x ~ N(u,0?). Then the induced random
variable, Z, defined by

z < sgn(z) min{|z| , 7},

follows the 7-truncated normal distribution. In other words, we truncate the random

variable x so that it is always within the range [—7,7]. If |u| < 1, it can be shown
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that [Strehl and Littman/2008b; |Li et al.|2009b]

|n— Efz]] <

DN

when

16 1
7>14+20ln =0(ocln-|.
o vV 2me ( €>

Now, we may KWIK-learn E[Z] using coin-learning as |Z| < 7. Applying Lemma we
have that the following sample size (or KWIK bound) guarantees that the maximum-

likelihood estimate, [i, approximates E[Z] to within precision €/2 with probability 1 —4:

872 1 o2 o1 1

And, we can easily show that ji is an e-accurate estimate of u by the triangle inequality:
o= pl < [ — E[z][ 4 [E[z] — pl <

with probability at least 1 — 4.

Using Chebyshev’s Inequality

A direct and simple way to get around unbounded random variables is to use Cheby-
shev’s inequality (Lemma, which requires boundedness of the variance of the random
variable, instead of the variable itself. This approach enables a simple analysis to de-
cide a KWIK bound for learning the mean of a univariate normal distribution when
the variance is known. We let the right-hand side of Chebyshev’s inequality be § and

solve for m:
m=—. (5.5)

Unfortunately, the dependence on 1/§ is not logarithmic, because the tail bound in
Chebyshev’s inequality is not exponential. However, Equation has a slightly better
dependence on 1/e than Equation

The result above can be generalized to a multivariate normal distribution, denoted

N (i, X), in several ways. One way is to use one of the general techniques to combine

individual KWIK learners that we will discuss in the next chapter (c.f., and in
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particular, Lemma. Another way is to use the multidimensional form of Chebyshev’s
inequality (Lemma [57). A slightly improved result is recently proved by Monhor| [2007]
showing that the following sample size suffices to guarantee the maximum-likelihood

estimate, [i, is e-close to p in fo-norm:

m = o(tig?), (5.6)

where the trace, tr (X), is the sum of the diagonal elements of ¥. Clearly, this KWIK

bound is precisely a generalization of Equation [5.5]

Using Bernstein’s Inequality

Bernstein’s inequality (see Lemma [55|in the appendix for a precise statement) provides
another way to analyze the KWIK bound of learning the mean of a univariate normal
distribution. Like Hoeffding’s inequality, it gives the desired exponential tail bounds;
like Chebyshev’s inequality, it allows one to reason with the original normal distribution
directly without tricks such as truncation.

The key to using Lemma is to find a constant ¢ that satisfies the condition of
this lemma (in particular, Equation in the appendix). In our problem of learning

the mean of a normal distribution, we have the following technical lemma, whose proof

is given in
Lemma 12 Let x ~ N (u,0?), then for all k > 3,

E [z — ul*] < (V20)* VL.

Lemma [12] implies immediately that Equation holds for univariate normal dis-
tributions with constant ¢ = 40/v3 = O(c). We then let the right-hand side of

Bernstein’s inequality be § and solve for m, resulting in the following KWIK bound:

o+ Loe 2
_ /3 1 o 1

Clearly, this KWIK bound is asymptotically better than Equations [5.4] and [5.5] The

analysis above proves the main theorem of this section.
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Theorem 11 The coin-learning algorithm can be used to KWIK-learn the mean of a
univariate normal distribution with known variance, when m is set by Equation [5.7.

The resulting KWIK bound is

o2 1
Buniuariate normal(@ 5) = <62 In 5) .

5.3.4 Subinterval Prediction

This section considers another way to generalize the learning problem in that
will be useful in studying a model-free reinforcement-learning algorithm in In this
problem, the learner is going to predict a subinterval of an interval that grows over
time, but it only has access to noisy observations of numbers chosen arbitrarily from
this interval.

Formally, we are given two known constants L < U, X =N, Y = {(l,u) | L <1 <
u<U} CR? Z=[LU]CR,and H = Y*. Here, ) is viewed a set of closed intervals,
so each element y = (I,u) € ) is understood to be the closed interval [I, u]. At timestep
t, the input is 2y = ¢, and the ¢-th output is y; = (I, u). The environment chooses a
number ¢; € ¥ in an arbitrary way, and provides a stochastic observation, z;, so that
E[z] = ¢;. In addition, we assume that [; > ly > I3 > -+, and ug < ug < wug < -+
namely, the output sequence, [y;]+en, is a sequence of non-shrinking intervals with non-
increasing lower endpoints and non-decreasing upper endpoints. The goal of the learner
at timestep ¢ is to predict L or an interval, g = [l}, @], such that g, is a subinterval of

y¢, modulo e-error. Formally, we use the following discrepancy function:

90— wnl = masc { [l = ] [ — il } (5.8)

where [v]4 o max{v,0} for all v € R. In other words, a predicted subinterval is not
e-accurate if its lower endpoint is too small or its upper endpoint is too large.
For the specific version of subinterval prediction problem defined above, we note

two important observations. First, if |y — y;| < €, then |j; — y| < €, where

n Zt+at Zt+at
yt = 2 ) 2
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is a degenerate interval. Therefore, we may assume that every non-_1 prediction g, is
degenerate. Second, if some non-_L prediction 7; is made at timestep ¢, then the same
prediction will be e-correct for all future timesteps 7 > ¢, since the target intervals are
non-shrinking: y; Cyo Cy3 C ---.

To see the connection between subinterval prediction and coin-learning, consider
the degenerate case where we assume I = u; = Iy = ug = Il3 = ug = --- = ¢* for
some unknown constant ¢*, and so each interval y; becomes a singleton, {c¢*}. Then,
the discrepancy function of Equation [5.8| is equivalent to the requirements that the
predictions be e-close to c*.

Perhaps unsurprisingly, the coin-learning algorithm can be used almost without mod-
ification to solve the subinterval prediction problem. The only difference in the algo-
rithm is that, when making a prediction at timestep ¢, instead of predicting y; = p, we
need to predict y; = (p,p) since every prediction must be an interval in )). The main

theorem of this section is similar to that for coin-learning:

Theorem 12 The coin-learning algorithm can be used to solve the subinterval prediction

problem, when m is set appropriately. The resulting KWIK bound is

erH).

Bsubinterval(€7 6) = ( €2 )

ProOOF. The proof is an application of Hoeffding’s inequality. Suppose the algorithm

has outputted m _Ls and observed the first m observations, z1, 22, ..., zy. Define

def c1+Ca+ -+ cCm

m =

m
Then, Hoeffding’s inequality implies
. 2me>
Pr (p — DPm = f) < exp (_(U—L)2> , (5.9)
. 2me?
Pr (p — Pm < _6) < exp <_(U—L)2> . (5.10)

By setting the right-hand sides above to §/2 and solving for m, we have

(U-L)? 2
m=a g
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which guarantees the validity of Equations [5.9] and [5.10] with probability at least 1 — 4.
Therefore, with probability at least 1 — 9§, we have
1 & 1 &
lt—]ﬁ<lt—(pm—e) = m;(lt—ci)—l-e: m;(li—ci)+€<€
1= 1=

and

p—u < (pm +€) —u =

for all ¢ > m, which implies

5.3.5 Stochastic Linear Regression

This section extends deterministic linear-regression (Algorithm to the noisy case
where the observations are target outputs corrupted by additive, white noise |Strehl
and Littman|2008b]. In this setting, certain regularity assumptions are necessary in

the problem formulation. Define X = {x € R" | ||x||, <1}, Y = Z =[-1,1], and
H={fw| fw(x) = WTX,W € R", HWHQ <1}

That is, H is a set of linear functions on n variables. The target output is corrupted by
additive, white noise: z; = y; + 1, where 7 is a real-valued random variable with zero
expectation. Note also that 7; is bounded since both 3y, € )V and z; € Z are bounded.
Here, we describe the noisy linear-regression algorithm proposed by [Strehl and Littman

[2008b], which has the KWIK bound of:

- /n3
Bhoisy linear-regression = O (64> .
We note that an algorithm was recently developed by Walsh et al. [2009b], which enjoys
a significantly improved KWIK bound of O (n/ 64).
In contrast, the deterministic case in enjoys a significantly smaller KWIK
bound in terms of n (linear instead of cubic). Here, the algorithm must be cautious to

average over the noisy samples to make predictions accurately. Each time the algorithm

returns |, it acquires a training input—output pair. Intuitively speaking, the algorithm
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reports | whenever it finds the current input does not lie in a subspace spanned by
sufficiently many inputs in the training set. First, if the input does not lie close to the
subspace spanned by inputs in the training data, no reliable prediction is possible, as
in deterministic linear-regression. However, even if inputs in the training set span the
whole input space, we still have to require a large enough number of training data to
average out noise in the outputs.

Let X € R™*™ denote an m X n design matrix whose rows we interpret as transposed
input vectors. We let X (i) denote the transpose of the i-th row of X. Let z € R™
denote an m-dimensional vector whose i-th component, denoted z(i), is interpreted as
the corresponding noisy observation.

Since X T X is symmetric and positive semi-definite, it can be written as the following

form of singular value decomposition |Golub and Van Loan|/1996]:
X'X=UAU", (5.11)

where U = [uy,...,u,] € R™", with uy,...,u, being a set of orthonormal singular
vectors of X "X, and A = diag(\1,...,\,), with corresponding singular values \; >
Ay > o> A > 1> A1 > -+ > A > 0. Note that A is diagonal but not necessarily
invertible. Now, define U = [uy,...,u;] € R™* and A = diag(\y,...,\x) € RF*F. For

a fixed input x; (a new input provided to the algorithm at time t), define

a ¥ XUA'UTx eR™ (5.12)

-
a = 0,...,0,u2+1xt,...,uzxt} e R". (5.13)

The main result about this algorithm is the following theorem. A proof sketch is

provided due to Strehl and Littman| [2008b] and detailed by |Li et al. [2009b].

Theorem 13 With appropriate parameter settings, noisy linear-regression is an efficient

KWIK algorithm with a KWIK bound of O (n3/64).
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Algorithm 16 Noisy linear-regression.

0: Inputs: X, YV, Z,H,¢€,0, a1, as
1: Initialize X =[] and z =[].
2: fort=1,2,3,--- do
3:  Observe x; € X.
4:  Compute q and u using Equations and
5. if [|qlly < oq and ||afy, < ag then
6: Solve for w:
W« argmin [ Xw — z||§ .
weR™:|[wl|,<1
7: Predict g, = W x;.
8: else
9: Predict g, = L.
10: Receive observation z;.
11: Append x/ as a new row to the matrix X.
12: Append z; as a new element to the vector z.
13:  end if
14: end for
PAC MB KWIK
iid inputs adversarial inputs adversarial inputs
labels up front labels when wrong labels on request
no mistakes no mistakes

[=— correct

request —a
incorrect

Figure 5.2: A Pictorial Comparison of PAC, MB, and KWIK (from [Li et al.| [2008]).

5.4 Related Learning Models

The KWIK model is most relevant to two existing learning models: PAC (probably
approximately correct) [Valiant|1984] and MB (mistake bound) |Littlestone||1988|. Fig-
ure gives a pictorial comparison among PAC, MB, and KWIK.

The PAC model is extensively studied mostly for batch learning a binary concept,
where there is a separation between training and testing phases. In the training phase,
a set of training input—output pairs, drawn IID from an unknown distribution, are
provided to the learner, and the learner strives to infer the target function to within

e-accuracy in the testing phase. Precisely, let D be the distribution over the input set,
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X. PAC requires the inferred hypothesis, denoted ﬁ, to be e-accurate with probability

at least 1 — 0 with respect to the target function A* in the following sense:
E.op |1(h(z) # h*(az))] <e

Many hypothesis spaces are known to be learnable in the PAC model, such as the set
of conjunctions and 3-CNF, but some are computationally intractable to learn under
certain cryptographical assumptions [Kearns and Vazirani||1994].

The MB model is for online learning in which inputs may be chosen adversarially,
both similar to KWIK. However, this model does not explicitly allow the option of
predicting 1 and so the learner must make a prediction g € )Y in every timestep ¢,
and some of these predictions may be wrong. To achieve successful learning in this
model, the number of mistakes made by the learner has to be small (such as being
polylogarithmic in the size of the hypothesis class). In binary classification, for example,
the total number of mistakes may be defined as

o0

Z I(gt # ).

t=1
The MB model is shown to be polynomially equivalent to the learning-by-query
model [Angluin [1988]: if a hypothesis class H is learnable in the MB model, then
it is also learnable in the query model, and vice versa.

Littlestone [1989] proves that a MB-learnable hypothesis space must be PAC-
learnable. On the other hand, Blum| [1994] shows that there exists a hypothesis space
that is efficiently PAC-learnable but not efficiently MB-learnable, assuming the exis-
tence of one-way functions, a cryptographical conjecture that is widely assumed to be
true (see, e.g., Papadimitriou| [1994]). Therefore, MB appears to be a strictly harder

model than PAC. The following examples show that KWIK is strictly harder than MB.

Example 10 A MB-learnable, but not KWIK-learnable example is Boolean conjunc-
tions. Define X =B", Y = Z =B, and

H=A{h|h(x)=xi Nxiy A+ N2y, where 0 <k <n andiy,..., i € {1,2,...,n}}.

By convention, define h(x) = 1 when no wvariable is used in the conjunction. Let
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observations be deterministic. We define dim(H) = n, and so desire an algorithm with
at most poly(n) mistakes in the MB model, or at most poly(n) Ls in the KWIK model.

This hypothesis class is MB-learnable with no more than n mistakes by the following
algorithm. It initializes a set R by {1,2,...,n}. For an input x, if x; = 1 for alli € R,
it predicts § = 1 (TRUE), and otherwise, §y = 0 (FALSE). It then gets to observe the
true output, y. If § = 0 and y = 1, it updates R by: R «— R\ {i | x; = 0}. First,
it can be observed that R is always a superset of the indices of the variables involved
in the target conjunction, h*. Therefore, a “false positive” error (namely, § = 1 and
y = 0) is impossible, and so the number of mistakes made by the algorithm is upper
bounded by the number of “false negative” errors (namely, § =0 and y = 1). Second,
we can observe that every false negative error reduces the size of R by at least one.
Since |R| = n initially and is non-negative, the total number of mistakes is at most n.

We now show that it may require 2" —1 many Ls to learn 'H in the KWIK model. Let
the target function be the conjunction of all variables; namely, h*(x) = z1Aza A+ Axy,.
We now construct a worst-case sequence of inputs to get the 2" — 1 KWIK bound:
X1,X9,...,Xon_1. These inputs are distinct and are organized in n groups:

e The first group consists of the first input x; = [0,0,...,0]";

e The second group consists of the next n inputs, each of which has exactly one 1 in

T in which

one component and 0 elsewhere; namely, x; = [0,0,...,0,1,0,---,0]
the 1 appears in the (t — 1)-st position for 2 <t <mn+1;
e The third group consists of the next (g) = n(n — 1)/2 inputs, each of which has

exactly two 1s in two components and 0 elsewhere;

o The last group consists of the final (nfl) = n inputs, each of which has exactly
n—11sinn —1 components and 0 in the rest.

The total number of inputs above is

()2 o

The correct output for all labels above are FALSE, but at any timestep t < 2™, the

put—output observations up to t — 1 do not reveal any positive instance of h*. The
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way we construct the inputs guarantees that in all these timesteps, the correct output
can be either TRUE or FALSE, without knowing h*. Only until yon_1 = FALSE is
observed can the learner realize that h* is the conjunction of all n variables and start

making accurate predictions.

In addition to PAC and MB, KWIK also shares elements with a few other learning
models. First, we consider a generalization of the number of mistakes known as loss,
which applies to both classification and regression problems. The learning process is
similar to that in MB: we also denote the input, prediction, and output at timestep ¢ by
x¢, §t, and gy, respectively. The learner is informed of a loss function ¢ : Y? — R, ; the
function value, ¢(9¢, y¢), is understood to be a measure of how inconsistent or different
the prediction g is from the ground truth g;. For example, in binary classification

problems the 0/1-loss function is often used:

(Gt y) = UGt # wr);

whereas in a regression problem where ) C R, £ may be the square loss function:
N . 2
(G ye) = (Ge — )"

The total H-step loss of the learner is

H

ZE(Qta yt)v

t=1
which may be infinite as H — oco. We can now define H-step regret L(H) as the
difference between the total loss of the learner and the total loss of the best hypothesis
of the hypothesis space in hindsight:

H H
L(H) = Y (g, yr) — min {Zah(mt),yt)} :
t=1

If L(H) = o(H), we know the learner’s total loss will approach that of the best hypoth-
esis in hindsight, and thus call the learner (or the learning algorithm) no-regret. See
for a similar definition of regret.

Another model similar to MB is the regret framework as applied to associative bandit

problems [Strehl et al.2006d]: at every timestep ¢ in this model, the learner receives
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input x; € X, selects an action a; from a possibly infinite set A, and then receives
a randomized payoff 4 € R, whose expectation depends on x; and a;. The goal is
to minimize the regret, defined as the difference between the largest total payoff by
following the best action-selection rule 7 in some given rule set II and the total payoff
received by the learner. No-regret algorithms have been found for variants of associative
bandit problems in the sense that their regrets are sublinear in the number of timesteps
(e.g., |Auer| [2002]). Consequently, the average per-timestep regret converges to 0 in
the limit. Under certain conditions and transformations, we can equate regret with the
number of prediction mistakes, and thus the overall probability of making a mistake of
a no-regret algorithm converges to 0. However, these algorithms, like MB algorithms,
may make inaccurate predictions, violating the accuracy requirement of the KWIK
model.

Conformal prediction [Shafer and Vovk 2008] is an online-learning paradigm in which
the learner has to make a region, rather than a point, prediction, for the present input
based on previously observed input—output pairs. It is required that these prediction
regions contain the correct output with high probability. It is straightforward to decide
whether the output is known within sufficient accuracy based on the “size” of the region.
For example, in regression problems, if the region is an interval of length smaller than
€, then any point prediction in this region will be e-accurate with high probability.
However, existing conformal-prediction methods make statistical assumptions about
inputs such as independence or exchangeability, and thus are rendered inapplicable in
the KWIK setting.

The notion of allowing the learner to opt out of some inputs by returning L is not
unique to KWIK. Several other authors have considered related models. For example:

e In the MB-like apple-tasting setting [Helmbold et al. 2000], the learner receives

feedback asymmetrically only when it predicts a particular label (a positive ex-
ample, say), which conflates the request for a sample with the prediction of a
particular outcome.

o Sleeping experts [Freund et al||1997a] can respond L for some inputs, although

they need not learn from these experiences and the number of 1s in the whole
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run may be unbounded.

e Learners in the settings of selective sampling [Cesa-Bianchi et al. [2006] and la-
bel efficient prediction |[Cesa-Bianchi et al.|2005] request labels randomly with a
changing probability and achieve bounds on the expected number of mistakes and
the expected number of label requests for a finite number of interactions. These
algorithms cannot be used unmodified in the KWIK setting because, with high
probability, KWIK algorithms must not make mistakes at any time.

e Query-by-committee algorithms [Seung et al.|1992; Freund et al. [1997b] deter-
mines the confidence level of its prediction for an example based on the degree of
disagreements in the predictions of sub-algorithms in the committee. Similarly to
selective sampling algorithms, query-by-committee algorithms were proposed for
active learning and may not possess the accuracy requirement as KWIK.

e Finally, the averaged classifier by |Freund et al.|[2004] may return L if the averaged
prediction for an example is close to the classification boundary. However, it is

assumed that examples are ¢.i.d. and a non-_L prediction may not be accurate.

5.5 Further Discussions

So far in this chapter, we have defined KWIK and investigated some of its basic proper-
ties under the realization assumption. In this section, we briefly discuss a few potential

extensions.

5.5.1 Agnostic KWIK Learning

For simplicity, the dissertation focuses on the realizable case where the hypothesis class
must contain the true hypothesis: h* € H. A natural extension is the agnostic case
that removes such an assumption. This subsection gives a preliminary study of agnostic
KWIK learning. We first show a simple case where agnostic KWIK learning is possible,
then give a hypothesis class that cannot be KWIK-learned agnostically, and finally
provide a general impossibility result by a reduction to online learning with malicious

noise.
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Before going into positive and negative examples, it is necessary to define when a
learning algorithm is deemed successful in the agnostic setting. It is possible that no
hypothesis in the hypothesis class is able to make accurate predictions for all inputs.
Motivated by the agnostic PAC model [Kearns et al. [1994], a natural way to define
the problem is to compare the prediction error of the learner to the prediction error
of the best hypothesis in H. Specifically, we may replace the accuracy requirement in
Definition [11] by: “There is a constant ¢ > 1 so that if §; # L, it must be close to the

best hypothesis’ prediction: |§; — y¢| < € + ¢£”, where

inf sup |h(z) — h*
fof sup |h(z) — W (@)

£= inf h -0, =
is the smallest f.-error of the best hypothesis in H, and h* is the target function and
may not be in H. Note that the realization assumption guarantees £ =0 as h* € H.
The following algorithm which we call agnostic enumeration (Algorithm is due to
Michael Littmarﬂ and can be viewed as a robust version of enumeration in the agnostic

and deterministic case when H is finite and Y C R. It can KWIK-learn H when ¢ > 2

with a KWIK bound of

Bagnostic enumeration — |H‘ -1

Algorithm 17 Agnostic enumeration.
0: Inputs: X,Y,H,¢,4,&.
1: 7:[ — H.
2: fort=1,2,...do
3:  Observe z; € X.

4:  Compute L = {h(x;) | h € H}.

5. lmax < max;; and lpin < min; ;.

6:  if lpax — Imin < 2€ then

7 Predict ¢ = (Imax + lmin)/2-

8: else

9: Predict g, = L and observe y;.

10: He—H\{h|heHA|h(x)—y] >}
11:  end if

12: end for

In general, however, agnostic KWIK learning may not be possible for small values

of ¢, as shown by the following example of learning a linear function:

2Personal communications, 2008.
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Example 11 Let X = Y = Z = [0,1] and require ¢ = 1. The observations are
deterministic. Let € < &. The target function f to learn is the zero function (which is
trivially linear): f(x) = 0. Let the input at time t be x; = min{t3,1} for some small
B > 0, then the corresponding output is y; = f(x¢) = 0. Assume that the learner knows
f is noise free. But, since it does not know that f is exactly linear, it has to predict
conservatively to handle the worst-case situations. At time t where % <t < %, the
learner has to predict 1, based on the training data up to time t —1. The possible range
26 2t€

of yt, which is [~ 7=, 7=3|, is too wide to guarantee a prediction error of at most § + €.

By letting 8 | 0, the number of 1s does not depend on € or &, and is unbounded.
Finally, we note that since KWIK-learning is strictly harder than PAC learning with

malicious noise |[Kearns and Li|{1993], their bounds for maximum possible error rates

that can be tolerated by any learning algorithm applies directly to the KWIK model.

5.5.2 Dimension in KWIK Learning

An open problem in KWIK is how we may characterize the dimension or complexity
of a hypothesis class, which would be useful in characterizing the sample-complexity
bounds, similar to the VC dimension. A natural idea is to define a combinatorial
dimension that helps in this direction. For simplicity, we only consider the noise-free
and realizable case in this section. The following definition is motivated by a similar

combinatorial parameter proposed by Kearns and Li [1993].

Definition 12 A hypothesis class H is s-splittable with precision € if there exist s

input—output pairs (x;,y;) € X x Y and s distinct hypotheses hy,...,hs € H such that:
2. |hi(x;) — yi|l > €, but |hj(x;) — yi| < € for all other j.

In other words, the i-th data can only rule out hypothesis h;, but not other hj. The

complexity metric, denoted dimy(H, €), is then defined as the largest possible s.

It is useful to compare dim; to other complexity measures in computational learning

theory. To allow a reasonable comparison, we assume that J = B and so H contains
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binary concepts. First, it can be shown that dimgs(#) is never smaller than the VC-
dimension of H [Vapnik [2006]. Second, dim,(H) bears some similarity to the teaching
dimension |Goldman and Kearns|[1995], but is never smaller than the teaching dimen-
sion.

A few simple observations follow directly from definition. The proofs are omitted.

Lemma 13 Let B(e,0) be the KWIK bound of an algorithm A for a hypothesis class
H. If 6 < 1, then B(e,6) > dims(H, €).

Lemma 14 There are problems where dims(H) = |H| — 1. So enumeration is optimal

n some cases.

Lemma 15 There are problems where dimgs(H) = |X|. So memorization is optimal in

s0me cases.

Lemma 16 In the deterministic linear regression problem defined in dimg(H) =

n, implying optimality of the deterministic linear-regression algorithm.

Unfortunately, dimg(H) cannot be used to derive KWIK upper bounds, even if we
ignore computational limitations. The following example shows that there is a hypoth-

esis class ‘H with a small dims(H) but cannot be KWIK-learned by any algorithm.

Example 12 Let X = [0,1], Y = Z =B, and H = {h | h(z) = I(z > 6),0 € [0,1]}.
So, the hypothesis class contains all step functions defined on X. QObservations are
deterministic. Suppose the target function uses 8 = 1; that is, h*(z) = I(z > 1). Fur-
thermore, the sequence of inputs are xy =1 — 1/t. If e < 1, then any KWIK algorithm

must predict L for all inputs, and the KWIK bound is co. However, dimg(H) = 2.

5.6 Proofs

This section provides detailed proofs of all technical lemmas used in this chapter.
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5.6.1 Proof of Lemma [12

PROOF. Let x ~ N (p,0?). For all p € N, Lemma states that

(2p)lo?
2Pp!

E [\x - MF”} - (5.14)

Notice that

2vp! (2p) -

Therefore,

2Ppl >/ (2p)!, (5.15)

implying that

(2p)lo®

2p
E [|x - u|2p} = 29 < Ppla?P < (\/§O'> (2p)!.

We have thus proved the lemma for even k.

For odd k, we will need the Cauchy-Schwarz inequality (Lemma . Specifically,

B[l - u] < /B [lr - nP] = /BT < hvam

where the first step applies Lemma @ with v = |z — u|k and v = 1, the second uses
Equation [5.14] and the last uses Equation We have thus proved the lemma also

for odd k, and the proof is complete. O
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Chapter 6

Combining KWIK Learners

This section provides examples of how KWIK learners can be combined to provide
learning guarantees for more complex hypothesis classes. In all cases, we are given a
collection of Kk KWIK problems with respective input, output, observation, and hypoth-
esis sets, together with corresponding KWIK algorithms for these problems. Each of
these algorithms is referred to a sub-algorithm. The goal here is to create a master al-
gorithm, which makes use of the sub-algorithms, for solving a new KWIK problem that
is defined using the k KWIK problems in various ways. Applications of these master

algorithms in PAC-MDP reinforcement learning are the topic of Part [[TI|

6.1 Input Partition

We first consider a variant of memorization that combines learners across disjoint input
sets. Let Xp,..., X% be a set of disjoint input sets (X; N AX; = 0 if ¢ # j) and Y be
an output set. Let Hi,...,Hi be a set of KWIK-learnable hypothesis classes with
KWIK bounds of By(e,d),..., B(e,6) where H; C Y. The input-partition algorithm
(Algorithm can be used to KWIK-learn the hypothesis class

def
HE Hy x - x Hy CY0Y-UA

Note that input-partition applies both in deterministic and in stochastic problems.
Input-partition runs a sub-algorithm, denoted A;, for each subclass H;. When it
receives an input x; € X; at timestep ¢, it queries A; and returns its response ;. If
1+ = L, an observation is obtained and input-partition informs A; of this observation to
allow it to learn. Otherwise, g; is e-accurate with high probability, since A; is a KWIK

algorithm for H;. The total number of Ls is the sum of the number of s returned by
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Algorithm 18 Input-partition.
0: Inputs: A1,..., X%, YV, Z, H1,..., Hg, 6,6, A1, ..., Ayg.
1. Each sub-algorithm A; is run using parameters € and §/k.
2: fort=1,2,...do

3:  Observe z; € X def X1 U---UX, and find 4 such that z; € AX.

4 Run A; with input z; and make ¢; the return of A; on x;.
5 if s = 1 then

6: Observe z; and feed it to A; to allow it to learn.

7. end if

8: end for

all sub-algorithms A;. To achieve 1 — ¢ certainty, it insists on 1 — §/k certainty from
each of the sub-algorithms. By a union bound, the overall failure probability is at most
the sum of the failure probabilities of the sub-algorithms, which is k-§/k = 6. We have

thus proved the main result in this section.

Theorem 14 [Input-partition can KWIK-learn the hypothesis class, H def Hix - xHp
with a KWIK bound of:

k

)
Binput—partition(€7 5) = Z B; (Ea k’) .
=1

Example 13 Let X =Y = R. Define H to be a set of piecewise linear functions:
H=A{f|f(z)=pxifx >0, f(x) = mx otherwise,p € R,m € R}.

Using Algorithm we can KWIK-learn the class of linear functions over two input
sets, X = (—00,0) and X} = [0,00), each requiring a KWIK bound of 1. Note that
{X_, X} is a partition of the entire input set: X_UXy = X and X_-NXy = 0. We
can use Algorithm to KWIK-learn 'H with a KWIK bound of 1 +1 = 2. The two
KWIK learners are called A_ and A, respectively.

Assume the first input is x1 = 2, which is in X4. Input-partition queries A4 with
input 1. Since Ay has no idea about y1, it returns L. Hence, input-partition reports
y1 = L, and y1 = 4 is observed. Learner Ay can now infer with certainty that p =
y1/x1 = 2, and we can now predict f(x) for all x € X1. The next input is vo = 0.5 €
X4, which is again presented to Ay, resulting in yo = pxo = 1. The third input is

xs = —1 € X_. The algorithm queries A_ with input x3 and receives 1 since A_
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does not have enough information to predict y3. The algorithm then predicts 1 for the
second time and sees ys = 3. Learner A_ can now determine m = y3/xrs = —3, and

the target function is completely identified:

2x ifx>0
f(z) =

—3x otherwise.
6.2 Output Combination

A similar approach applies to the output set ) when it is a cross product of k sets:
Y =1 X -+ X V. Since the accuracy requirement in Definition depends on the
output set as well as the interpretation of the discrepancy metric |-|, it is necessary
to make certain assumptions to relate the discrepancy metric in ) to those in );. A
natural choice, which we will use in is to assume the existence of some o € R such
that for any € € (0,1) and any vy;,9; € Vi, if |9; — yi| < «e for all i = 1,2,...,k, then
| —y| < e, where y = (y1,...,yx) and § = (41,...,9x). For example, if we use the
(1, la, or £ norms in the output spaces ) and ), then a can be 1/k, 1/vk, and 1,
respectively.

Let X be an input set and )i,...,)r be a collection of output sets. Let
Hi,...,H be a set of KWIK-learnable hypothesis classes with KWIK bounds of
Bi(e,6), ..., Bi(e,6) where H; C Vi¥. The output-combination algorithm can be used
to KWIK-learn the hypothesis class for the composite output set, ) def Vi X X Wt

HY 2y %o X H C© (1 X x V)Y

Note that ouptut-combination applies both in deterministic and in stochastic problems.

Output-combination works by running each sub-algorithm, A;, simultaneously with
parameters «e and d/k. Given an input x; € X, it collects the returns of all sub-
algorithms. If any one of them returns 1, output-combination also returns L to acquire
an observation z; to allow the sub-algorithms to learn. Otherwise, it simply combines
the k component predictions and returns the assembled prediction ¢;. Since each com-
ponent prediction is ae-accurate, the combined prediction must be e-accurate. Further-

more, the total number of Ls returned by output-combination is the sum of 1s returned
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Algorithm 19 Output-combination.
0: Inputs: X, V1,..., Ve, Z, H1,..., H,6,0,Aq, ..., Ay.
1. Each sub-algorithm A; is run using parameters ae and ¢/k.
2: fort=1,2,...do
3:  Observe x; € X.

4:  for alli e {1,2,...,k} do

5: Run A; with input x;, and let ¢ be the sub-algorithm’s return.
6: end for

7. if §{ = L for any i then

8: Predict 4, = 1 and observe z;.

9: Feed z; to all A; with g)i = 1 to allow them to learn.

10:  else

11: Predict §; = (91,92, ..., 9F).

12:  end if

13: end for

by the sub-algorithms. Finally, a union bound implies the overall failure probability is
at most the sum of the failure probabilities of the sub-algorithms, which is k- 6/k = 4.

We have thus proved the main result of this section.

Theorem 15 Output-combination can K WIK-learn the hypothesis class H def Hyx---X
Hi with a KWIK bound of

6.3 Cross Product

The next algorithm generalizes the previous algorithm by combining both the input
and output sets. Let X7,...,Xx and Vi,..., )V, be a set of input and output sets and
‘Hi,...,Hr be a collection of KWIK-learnable hypothesis classes with KWIK bounds
of Bi(e,d),...,Bk(e,d) on these sets. That is, H; C lez Let X & X1 X - X A
and Y def V1 X --- X Y be the composite input and output sets, respectively. The

cross-product algorithm (Algorithm can learn the hypothesis class
H déf Hl NEEED 4 Hk) g (yl X oo X yk)Xlx'”XXk'

Note that cross-product applies both in deterministic and stochastic problems.
Here, each input consists of a vector of inputs from each of the sets A7, ..., X and

outputs are vectors of outputs from )i,...,),. Like Algorithm each component
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Algorithm 20 Cross-product.

0: Inputs: X1,..., X%, V1, Ve, 21, .-, 2, H1, oo, Hi, 6,0, Aq, ... Ay,
1. Each sub-algorithm A; is run using parameters ae and ¢/k.

2: fort=1,2,...do

3. Observe 7, = (xf,...,2F) € &1 x -+ x Xj.

4:  Run A; with input 2% for all . Denote their returns by §?.

5. if i = L for any i then

6: Predict §; = L and observe z; = (2},...,2F) € Zy x --- x Z},.
7: Feed 2! to all A; with §i = L to allow them to learn.

8  else

9: Predict §; = (91,92, ..., 9F).

10: end if

11: end for

of the output vector can be learned independently via the corresponding algorithm.
Each is learned to within an accuracy of ae and confidence 1 — d/k. Any time any
component returns 1, cross-product returns L. Since each L returned can be traced to
one of the sub-algorithms, the total is bounded as described above. By a union bound,
total failure probability is no more than k x §/k = §. We have thus proved the main

result of this section.

Theorem 16 Cross-product can KWIK-learn the composite hypothesis class H def H1 %
-« X Hy with a KWIK bound of

)
Bcross—product(ea 5) = Z B; (ae, k) .

We note that Algorithm [19]is a degenerate case of this algorithm where X; = &; for

all 7, j and every input tuple z; = (z,...,x) for some x € Xj.

6.4 Union

The previous two algorithms concern combinations of input or output sets and apply
to both deterministic and noisy observations. We next provide an intuitive algorithm
for the deterministic case that combines learners for different hypothesis classes. Let
Hi, ..., Hp € V¥ be a set of KWIK-learnable hypothesis classes with KWIK bounds
of Bi(¢,6),...,Bg(e,9). That is, all the hypothesis classes share the same input and

output sets. The union algorithm (Algorithm can be used to KWIK-learn the joint
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hypothesis class

Algorithm 21 Union for deterministic problems.
0: Inputs: X, Y, H1,...,Hg, Aq,..., A, €,0.
1: Each sub-algorithm A; is run with parameters €/2 and ¢/k.
2 A— {1,2,--- ,k}.
3: fort=1,2,...do
4 Observe x; € X
5 Run each A; in A to obtain their predictions, ;.
6: L {j|ic A}
7. if L € L then
8
9

Predict ¢; = L and observe y; € Y
: Send y; to all sub-algorithms A; with g = L
10:  else if there exists some yo € ) such that maxyecr, [yo — y| < €/2 then

11: Predict 4; = yo

12: else

13: PAredicAt 7y = L and observe y; € Y
14: A= AN{i | 96 — yel = €/2}

15:  end if

16: end for

One can think of Union as a higher-level version of enumeration. It maintains a set
of active sub-algorithms /l, one for each hypothesis class; A is initialized to {1,...,k}.
Given an input z; at timestep ¢, the union algorithm queries each sub-algorithm i € A
to obtain a prediction ;. Let L = {fj; | i € A}.

If L € L, the union algorithm reports | and obtains the correct output g;. Any
algorithm ¢ for which ¢; = L is then sent the correct output y; to allow it to learn.
Below, we assume L ¢ L.

If all predictions in L are sufficiently consistent, as defined in Line of Algo-

rithm then the prediction made in Line |11 must be e-accurate because

19t — ye| <19t — Grix| + [t — | < %4- % =€,
where i* denotes which hypothesis class the (unknown) target hypothesis lies in: h* €
H,;». With high probability, i* € A during the whole run of union, since predictions by
A+ must be §-accurate.

If the consistency condition in Line is not satisfied, the algorithm is not able

to make an e-accurate prediction and so returns L. Using the correct output y;, any



121

algorithm that incurred a prediction error greater than or equal to €/2 is “killed”;
that is, it is removed from the active set, as done in Line Clearly, at least one
sub-algorithm becomes inactive.

On each input z; for which union reports L, either one of the sub-algorithms reported
1 (at most ), Bi(e/2,6/k) times), or these sub-algorithms disagreed and at least one
was removed from A (at most k — 1 times). Finally, the total failure probability is d,

by a union bound. We have thus proved the main result of this section.

def

Theorem 17 Union can KWIK-learn the joint hypothesis class H = Ule H; with a

KWIK bound of
k
€0
Bunion(€,8) = (k= 1) + > _ B; <2, k) :
i=1

Example 14 Let X =) =R. Now, define H1 ={f | f(z) = |x — ¢|,c € R}. That is,
each function in Hi maps x to its distance from some unknown point c. We can learn
H1 with a KWIK bound of 2 using a 1-dimensional version of distance-learning. Next,
define Ho = {f | f(x) = mxz+b,m € R,b € R}. That is, Ha is the set of lines. We can
learn Ho with a KWIK bound of 2 using deterministic linear-regression. Finally, define
H = H1UHa, the union of these two classes. We can use Algorithm[21] to KWIK-learn
H with a KWIK bound no greater than 2+2+ (2 —1) = 5.

Assume the first input is 1 = 2. The union algorithm queries the learners for
‘Hi and He with x1 as input and neither has any idea, so it returns 1 and receives
the feedback vy = 2, which it passes to the sub-algorithms. The next input is xo = 8.
The learners for Hy and Ha still lack enough information, so it returns L and sees
yo = 4, which it passes to the sub-algorithms. Next, x3 = 1. Now, the learner for H;
unambiguously computes ¢ = 4, because that’s the only interpretation consistent with
the first two examples (|12 — 4| = 2, |8 — 4] = 4), so it returns |1 — 4| = 3. On the
other hand, the learner for Hy unambiguously computes m = 1/3 and b = 4/3, because
that’s the only interpretation consistent with the first two examples (2 x 1/3+4/3 = 2,
8x1/3+4/3 =4), so it returns 1 x 1/3+4/3 = 5/3. Since the two sub-algorithms
disagree, the union algorithm returns 1 one last time and finds out that ys3 = 3. It

makes all future predictions (accurately) using the algorithm for Hy. The total number
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of Ls returned is 3.

6.5 Noisy Union

In this section, we provide a powerful and general algorithm that extends union to
work with noisy observations as well. In a stochastic problem, we cannot eliminate a
candidate hypothesis simply based on a single mistake it makes (as we did in union).
Instead, we use a scoring function to measure the cumulative error of each hypothesis,
which gets eliminated from the version space when its cumulative error becomes too
large. A similar technique is used for hypothesis testing by Kearns and Schapire, [1994],
who consider a PAC-style learning model for probabilistic concepts.

Let X be the input set, Y = [0, 1] be the output set, Z = B a binary observation set,
and Hi,...,Hr be a set of KWIK-learnable hypothesis classes with KWIK bounds of
Bi(e,6), ..., Bi(e,8) where H; C Y% for all 4. That is, all the hypothesis classes share
the same input and output sets. The noisy union algorithm (Algorithm can be used

to KWIK-learn the joint hypothesis class ‘H def U; Hi with a KWIK bound of

k. k i e 0
Bnoisy union(G, 5) =0 (62 In 5) + ;Bl <8’ k_|_1> )

Furthermore, we provide a lemma at the end of the section showing that noisy union is
optimal up to a constant factor.

We first sketch the special case of k = 2 to explain the intuition of noisy union, and
then extend the analysis to the general case. This algorithm is similar to the union
algorithm, except that it has to deal with noisy observations. The algorithm proceeds
by running the KWIK sub-algorithms, denoted A; and Ag, using parameters (g, dp),
as sub-algorithms for each of the H; hypothesis classes, where ¢y = €/4 and Jy = §/3.
Given an input x; in timestep ¢, it queries each sub-algorithm A; to obtain a prediction
. Let Ly = {911, Y2} be the set of predictions.

If 1L e Ly, noisy union reports L, obtains an observation z; € Z, and sends it to sub-
algorithms ¢ if §; = L to allow it to learn. In the following, we focus on the remaining

cases where | ¢ L.
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If |gs1 — Ge2| < 4ep, then these two predictions are sufficiently consistent, so with
high probability the prediction p; = (941 + U2)/2 is e-close to y; = Pr(z; = 1). The
reason is that, since one of the predictions, say 91, deviates from y; by at most ¢y with

probability at least 1 — d/3, and so the triangle inequality implies

| _ |Qt1 — th’

B + 901 — 9t < 2€0 + €0 < €.

1Dt — ye| < |Pe — G| + |91 — U

If |91 — Gi2] > 4eg, then the individual predictions are not sufficiently consistent
for noisy union to make an e-accurate prediction. Thus, it reports L and needs to
know which sub-algorithm provided an inaccurate response. But, since the observations
are noisy in this problem, it cannot eliminate h; on the basis of a single observation.
Instead, it maintains the total squared prediction error for every sub-algorithm i: e; =
> tep (Ut — Zt)2, where D = {t | |gu1 — Gr2| > 4eo} is the set of trials in which the sub-
algorithms gave inconsistent predictions. It can be shown using simple algebra that
Elei] < Elea] if h* € Hy, and vice versa. Our last step is to show e; provides a robust
measure for eliminating invalid predictors when |D| is sufficiently large.

Using Hoeffding’s inequality and some algebra, we find

L2
Pr (41 > f3) < exp (— 2t !yg iz ) < exp (—2¢; D))

Setting the righthand side to be §/3 and solving for |D|, we have

1 3 1 1
D= —m2=0(—=In=).
D] 2€2 ns O<€2 n(5>

Since each A; succeeds with probability 1 — §/3, and the comparison of e; and eg also
succeeds with probability 1 —¢/3, a union bound implies that the noisy union algorithm
succeeds with probability at least 1 — 6. All Ls are either from a sub-algorithm (at
most Y, Bi(eo, do)) or from the noisy union algorithm itself (O(1/€%1n(1/4))).

The general case where k > 2 can be reduced to the k = 2 case by pairing the k
learners and running noisy union described above on each pair. Here, each sub-algorithm
is run with parameters €/8 and §/(k + 1). The algorithm is formally described in
Algorithm Although there are (g) = O(k?) pairs, a similar but more careful analysis
can reduce the dependence of the KWIK bound on k from quadratic to linearithmic,

leading to Theorem
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Algorithm 22 Noisy union
Inputs: X, YV, Z, Hy, ..., Hi, A1,..., Ak, 6,0, m.
Run each sub-algorithm A; with parameters ¢/8 and §/(k + 1).
R«—{1,2,--- k}  {version space of hypothesis classes}
foralll1 <i<j<kdo

—0

Aij — 0
: end for
: for timestep t =1,2,... do
Observe z; € X
Run each A; to obtain its prediction, ¥
10:  if gy = L for some ¢ € R then

0:
1:
2:
3:
4: Cij
5
6
7
8
9

11: Predict 3, = 1 and observe z; € Z

12: Send z; to all sub-algorithms A; with g = L

13:  else

14: if |91 — 91| < e for all 4,j € R then

15: Predict the midpoint of the predictions: §; = (max;ecg ¥y + miner Gu;)/2
16: else

17: Predict gy = | and observe z; € Z

18: for all i,j € R such that ¢ < j and |§y — 95| > €/2 do

19: cij < ¢cij +1

20: Aij — Nij + (G — 20)* — (915 — 21)?

21: if ¢;j = m then

22: R «— R\ {I} where I =i if A;; > 0 and I = j otherwise.
23: end if

24: end for

25: end if

26:  end if

27: end for

Theorem 18 Noisy union can KWIK-learn the combined hypothesis class H def Hi U
-« UHy with a KWIK bound of

ko k = e 0
Bnoisy union(fa 5) =0 <€2 In (5) + ZBZ <87 kf'f‘l)

=1

when the parameter m is set appropriately:

1. k

Example 15 [Li et al.||2009b] There are k meteorologists in a town. Every morning,
each of them makes a prediction about the chances of rain of that day. At the end
of the day, we observe and record whether it rained or not. Such historical data may
be used by noisy union to identify an accurate meteorologist (assuming he exists) after

polynomially many days.
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Finally, we provide a lower bound showing the optimality of noisy union for com-
bining hypothesis classes. To simplify exposition, we separate the KWIK bounds of
sub-algorithms from the KWIK bound used to select the right sub-algorithm in noisy
union. To do so, we assume B;(e, d) are all zero in order to show the optimality of noisy

union in terms of combining hypothesis classes. The proof is left in

Theorem 19 Suppose all sub-algorithms have been KWIK-learned beforehand; that is,
Bi(e,0) = 0. Then, a KWIK lower bound for the noisy union is

k. k
6.6 Case Study: Multivariate Normal Learning

In this section, we give a non-trivial study of KWIK-learning multivariate normal dis-
tributions to illustrate some of the combination techniques presented in previous sec-
tions. This section extends and generalizes a number of previous results in the litera-
ture |[Abbeel and Ng2005; [Strehl and Littman [2008b; Brunskill et al.|[2008].

Recall that a multivariate normal distribution, N (g, ¥), has the following probabil-

ity density function: for any x € R",

def 1 1 Twe—1 )
X) = —————exp|—=(x—p) T (x— ,
o) s e (T e
where p = [p;]; € R™ is the mean vector, and ¥ = [0y;];; € R"*™ is the covariance

matrix. We assume Y. is non-singular. The problem of KWIK-learning a multivariate
normal distribution can be formulated by defining the following: the input set X is a

singleton indicating there is a single normal distribution to learn,
— M = {(WE)} C R xRV,
= R"
and the discrepancy function is defined as the total variation, as usual:

N (1, 21), N (p2, X2)| = dvar N (1, 1), N (p2, E2)).

The normal-learning algorithm (Algorithm is very intuitive. Before making pre-

dictions, it simply outputs L to collect a sufficient amount of samples to obtain highly
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accurate maximum-likelihood predictions of the mean vector and the covariance matrix.
It is not difficult to show that, after m observations, the estimate of the normal distri-

bution computed by Algorithm [23| coincides with the maximum-likelihood estimate:

m
1 Z
= _ Zt
m
t=1

>

Y o= Z(zt—ﬂ)(zt—ﬂ)T
=1

1
m

The algorithm has O(n?) per-step computational complexity and space complexity.

Algorithm 23 Normal-learning.
0: Inputs: X,Y, Z,H,¢,6,m.

10 g 0p, X — Opxn-
2: fort=1,2,...do

3 Observe x; € X.

4 if t <m then

5: Predict ¢, = L to observe z; € Z.
6: [L — ﬂ + Z¢.

7 i] “— f] + ztz;r.

8 if t = m then

10: S S/m— .
11: end if

12:  else

13: Predict ; = (j1,%).
14: end if

15: end for

To simplify notation, in the rest of this section as well as §6.7.3] and §6.7.4] we

suppress the timestep t in our notation, and use z; to denote the i-th component in
vector z. The (i, 7)-entries of ¥ and 3 are denoted oi; and Gy, respectively.

In §5.3.3] we discuss how to KWIK-learn g when n = 1 and ¥ is known. In the
general learning problem defined above, a few challenges arise:

e How can the learner robustly learn pu to a desired precision?

e How can the learner robustly learn ¥ to a desired precision?

e How can the learner translate prediction errors in p and ¥ to the total variation

defined above?

The first two questions are relatively easy to solve given the tools we have developed

so far, while the last is rather difficult, requiring simplifying assumptions in previous
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work: |Abbeel and Ng| [2005] and |Strehl and Littman| [2008b] assume that ¥ = 021, for
some known o2 and identity matrix I,,; Brunskill et al| [2008] assume ¥ is diagonal.
Here, we replace all these assumptions by a mild one that is satisfied in most reasonable
applications. In particular, we assume that there exists a constant, B > 1, such that

max |03 < B.
K]

),

Although our analysis below is complicated, it reduces to essentially the same bounds
(modulo constant factors) of Abbeel and Ng| [2005] and Brunskill et al.| [2008] under
respective assumptions.

The three challenges above are addressed by three lemmas , respectively.
We should point out that there are opportunities to prove tightened bounds than those
given below, but the main point here is to illustrate how we may guarantee polynomial
KWIK bounds by combining individual KWIK learners in a non-trivial example, and
how one may link discrepancy in individual output spaces to the joint output spaces

(c.f., Lemma . A refined analysis is left for future investigation.

Lemma 17 It suffices to set

2n’B n’B
=—=0(—=.
= e ( €20 )
to guarantee ||fp — p|ly < € with probability at least 1 — /2.

PROOF. A straightforward application of output combination to Equation [5.5| using

a = 1/4/n. Note that we have made use of the assumption that Var[z;] =o0;; < B. O

Lemma 18 Assume max; |fi; — p;| < € for e < 1/3. Then, it suffices to set

. 8n?B?  (n?B?
= €2 )’

to guarantee |G;; — 045 < € for all i,j with probability at least 1 — §/2.
PROOF. The proof is again a straightforward application of output combination to

Lemma [54) using o = 1. Specifically, we may KWIK-learn each element in the matrix X

to within e-accuracy, and then use a union bound to KWIK-learn all elements in 3. The
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only difficult step is to get an upper bound of the variance of the maximum-likelihood
estimate of ¢;;, which is solved by Lemma [27]in O
The last lemma relates the discrepancy metrics for g and ¥ to the total variation

of normal distributions. Its proof is rather complicated, to which §6.7.4] is devoted.

Lemma 19 Assume ||t — p||, < €1, max; ; |655 — 04| < €2, and ney HZ_1H1 < 1. Then,

2n3 Beg
2 —n3/2)\ e’

N 2
une (A (i ). N (1.5)) < \/} N W;z +

where A\ > Ao > --- > X, > 0 are the n eigenvalues of the covariance matrix 3. Note

that €3 < \,n~3/2 suffices to guarantee neg HE_lul < 1 due to Lemma .

Putting all these three pieces together, we may prove the following KWIK bound
for Algorithm [23}

Theorem 20 Algorithm [23 has the following KWIK bound:

n8B*
Bnormal—learning(ea 5) =0 (W) ’

where A\, > 0 is the smallest eigenvalue of the covariance matriz 3.

PROOF. To guarantee dy., (/\/(ﬂ, ), N (e, E)) < ¢, it follows from Lemma |19 that it

suffices to have

€ > €1

2 =

i > n262

8 —

€2 n3 Besy

- > =
8 T A2 —n32he

Solving the three inequalities for €; and €5, we obtain

vV An€

€1 < 5 (6.1)
An€2
e < 2 (6.2)
AQ 2
€ n (6.3)

8n3B + n3/2 )\, e’
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Equations [6.2] and [6.3] imply that

Ap€? A2 2 } 222

< mi =
2 = { 812" 838 + 132Aye? | | 8nPB + nd/2A,e2

(6.4)
where equality holds because A\, < B (c.f., Lemma . We now apply Lemma |17 and
Lemma [1§ to Equation [6.1] and Equation [6.4] to obtain

16n2B 8n?B2(8n®B + n3/2\,¢?)? nSB*
m = max , = — .
An€20 Abetd Aketo

Finally, a straightforward application of the union bound implies that the probability
of failing to guarantee e-KL-divergence is at most 6/2+6/2 = §, which proves the desired
KWIK bound. g

6.7 Proofs

This section provides detailed proofs of all technical lemmas used in this chapter.

6.7.1 Proof of Theorem [1§

Without loss of generality, assume h* € Hi, and so |§;1 — yi| < €/8 whenever g # L.

The following lemma says the accuracy requirement of Definition [11|is satisfied.
Lemma 20 If § # L, then |5 — yi] < e.

PROOF. By assumption, |g;1 — y:| < €/8. Since the midpoint prediction ¢, differs from
911 by at most €/2, the prediction error can be bounded using the triangle inequality:

. R . € €
|yt—yt|S\yt—yt1\+!yt1—yt|§§+§<6.

O

We next show that the sample-complexity requirement of Definition [L1]is also sat-
isfied. Note that the total number of Ls returned by noisy union is the number of
timesteps Lines [T and [17] of Algorithm [22] are executed. Since Line[I1]can be executed
at most ), B(e/8,0/(k+ 1)) times, all that remains is to show that Line [17| cannot be

executed many times. To do this, we first prove the following three lemmas.
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Lemma 21 Whenever Line[17 is executed, c1; and Ay; will be updated for at least one

iin {2,3,---,k}. Consequently, Line[17 is executed on at most m(k — 1) timesteps.

PROOF. Suppose at timestep ¢ noisy union predicts g, = L because |§; — 3i;| > € for
some 1 < i < j < k. Then, by the triangle inequality |a| + |b] > |a — b|, we have that
|Gt1 — Gui| + 1901 — Ge5] > |98 — G915 > €, which implies at least one of g1 — G| > €/2
or |gs — Gtj| > €/2 is true. Hence, either ¢i; and Ay, or ¢1; and Ayj, or both, are
updated. O

We next turn to decide an appropriate value of m to guarantee that the correct

hypothesis is not ruled out with high probability.

Lemma 22 Let i be the index given in the Lemma such that |y — G| > €/2. On

average, A1, is decremented by at least €2/8.
PROOF. By definition and simple algebra, the expected increment of Ay; is:

E.oy, [0 — 20)* — (91 — 20)?]
= E. vy (900 — 96) (001 + 6 — 22)]
= @ — 9u) (G + 96 — 2) + (1= y) (91 — Jea) (I1 + D)
= —(n — 9u)” + 2000 — 9e) (G — v
< —(@n —06)* + 2100 — 96) G — ve)
= —(ha — 9)” + 2|90 — el |92 — wel
< —(Gn —u)* + i 961 — il

N R . N €
= |91 — Yul (— |91 — e + Z)

E(_E+E>__i
2\ 2 4/ 8

IN

Lemma 23 Each change of Ay; in Line is at most 2 |G — Gl -
PrOOF. Using simple algebra, we have

(91 — 20)* = (G — 20)%| = |G — Gu) Gex + s — 220)| = G — Guil |G + G — 224] -
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It can be verified that g + g — 22¢| < 2 for z; € {0, 1}, and the lemma follows. [

Based on Lemma and we can decide the value of m. To simplify notation,
assume without loss of generality that |§;1 — 94| > €/2 for the first m timesteps; namely,
Aq; changes in every timestep until one of A; and A; is eliminated in Line @ at the
end of timestep m. Applying Hoeffding’s inequality to the martingale Ay;, we have at

the end of timestep m that

exp (_ (Z;il & /2) >

23", (26)?

e

m€2
S exXp| o8

where the first inequality is due to Lemma [22] the second due to Hoeffding’s inequality

IN

and Lemma and the last due to the fact that e, > €¢/2. Setting the last expression
to 6/k%, we can solve for m:
128 k?
m =

67211'1?

By the union bound, we have that

) 5
1ﬁﬁ<k+r

Pr(Ay; >0 forany i € {2,3,...,k}) < (k—
That is, the probability that the noisy union algorithm ends up with an incorrect hy-
pothesis is tiny if every sub-algorithm succeeds. Applying the union bound again with
the k sub-algorithms, A;, each failing with probability at most §/(k + 1), we conclude
that the total failure probability of noisy union is at most 4.
Using the m value derived above and Lemma [2I], the KWIK bound of noisy union is
m m
e 0 128(k — 1) Kk? e 6
k—1 B; | = = In — Bi|l=,——
m >*';§; i (8’k;+-1> I S Gl

1=

6.7.2 Proof of Theorem [19

The proof is through a reduction to the multi-armed bandit problem (c.f., §4.3.1). In

particular, we will construct a problem such that a KWIK learner for H aef Ule H;
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has to solve &k — 1 instances of two-armed bandit problems, each of which requires a
sample complexity lower bound in Lemma

Let A be a hypothetical KWIK algorithm that solves the k-meteorologist problem
with a sample complexity B(e,d). Given any e and J, we define the following KWIK
problem: X = {1,2,...,k—1},Y = [0,1],Z = B, and H; = {h;} for i = 1,2,... k.

The target function h* = hg. The set of k meteorologists are defined by

hi(j) €1 — e+ 2613 < j).

In other words, the set of meteorologists are constructed such that h; makes accurate
predictions for inputs z € {i + 1,7+ 2,...,k — 1}, and non-e-accurate predictions for
inputs = € {1,2,...,i}. We now construct a sequence of inputs in the following way:

fix a constant 7 € N, and let

Tl = X9 = =z, =1
.T7—+1:.%'T+2:"':£U27—:2
T(k—2)r41 = L(k—2)r42 = "=k — 1.

That is, the inputs consists of kK — 1 blocks of the same inputs. As h* is the target
function, we always have z; = 1 with probability 1 4+ ¢ and 0 with probability 1 — e.

Without loss of generality, we may assume that, for each input block, A returns L
for a while and then switches to non- L predictions. As long as 7 > ((€,d), A should
make non- 1 predictions at the end of each input block.

In the ¢-th input block where inputs are always ¢, the algorithm should, with high
probability, eventually discover h; is not e-correct. Note that the two-armed bandit
problem used by |[Mannor and Tsitsiklis [2004] can be reduced to the problem of finding
out whether E[z;] equals 1 — € or 1 + ¢; in this reduction, the sample complexity for
the two-armed bandit becomes the number of Ls returned by A. Thus, the same lower

bound in Lemma [11| applies to A, with which we can prove the following lemma.

Lemma 24 After returning L for m; times on input i € X, the probability that A fails



133

to discover the non-e-accuracy of h; is at least
def 2
p(m;) = coexp (—clmie ) ,
for some constants c1,co € Ry

ProOOF. Lemma implies a lower bound of the number of samples to discover the

non-e-optimality of h; with probability 1 — d;:

for some constants c1,co € Ry. Reorganizing terms to solve for §; gives the desired
result. O

Given the lower bound for any individual input x € X, the remaining question is
how to get a KWIK lower bound for the whole run of A. Recall that J is the probability

of failing on any input:

d = Pr(A fails to eliminate h; for some i < k)

= 1— Pr(A eliminates h; for all i < k)

- 1_ kl:[l Pr(A eliminates h;)
-

. H (1 — Pr(A fails to eliminate h;))
-

> 1- ] (= plm)),

i=1
where the third equality is due to the statistical independence between input blocks,
and the last inequality is due to Lemma
Two technical lemmas (Lemmas [25|and [26| below) are needed to further lower bound
the last expression above, which in turn lower-bounds § and allows one to infer a lower
bound of B(€,d) = mj +mg+---+mg_1. Specifically, we apply Lemma with ¢ = o
and A = exp(—ci€?) and obtainﬂ

2 k—1
(521—(1—026xp(—cli<i’?6>> .

Mf ¢o > 1, we can always replace it with another constant ¢ < 1 without violating Lemma
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The theorem then follows immediately from Lemma [26| using N = k — 1 and n = €.

We now state and prove the two technical lemmas.

Lemma 25 Let ¢ and A be constants in (0,1). Under the constraints ), m; < ¢ and

my; > 0 for all i, the function

N
flmy,mag,...omy) =1—J] (1= cA™)
i=1
is minimized when m; =mg = -+ =My = % Therefore,
flmy,ma,...,my) >1—(1— CA%)N.
PROOF. Since f(mi,...,my) € (0, 1), finding the minimum of f is equivalent to finding

the mazimum of the following function:
N
g(mi,ma,...,my) =1In(1 — f(my,ma,...,my)) = Zln(l — cA™),
i=1

under the same constraints. Due to the concavity of In(-), we have

N N
1 : ms
g(ml,mg,...,mN)§N1n<N§ (1—cAm’)>:Nln<1—;E A 1).

i=1 i=1
Finally, we use the fact that the arithmetic mean is no less than the geometric mean

to further simplify the upper bound of g:
g(m1,ma,....my) < Nln (1 — AW Zﬁl’”i) < Nln(1 — cA¥).

Equality holds in both inequalities above when m; =mg =--- =my =

<

Lemma 26 If

§>1— (1—chxp (—%”))N (6.5)

for some constants c1,co € Ry, then
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PROOF. Reorganizing terms in Equation gives
18 1
1 —coexp <_Nn> >(1-6)n.

The function (1 — §)*/? is a decreasing function of § for 0 < § < 1, and limg_ g+ (1 —

6)1/9 = 1/e. Therefore, as long as 0 is less than some constant c3 € (0,1), we will have

)
~ J
-0k = (-9 " = @ —ew (-9),
where ¢4 = (1—03)1/63 € (0,2) and ¢5 = lné € (1,00) are two constants. It is
important to note that cs (and thus ¢4 and ¢5) does not depend on € or N or A. Now,
apply the inequality e* > 14z for x = —¢59/N € R to get exp (—c5d/N) > 1 —c50/N.

The above chain of inequalities results in:

)
1 —coexp <_01]\€;'7> 21—%.

Solving this inequality for ¢ yields the desired lower bound:

N CQN
> —In——.
c1n cs50

6.7.3 Proof of Lemma 27

Lemma 27 Let ji; and fi; be e-accurate estimates of j; and p; in a multivariate normal
distribution, N (u, X), from which z is drawn. Define s;; o (zi—f1i)(zj—f1;) and assume
e < 1/3. Then,

Var|[s;;] < 4B>.

PRrROOF. We first upper bound Var|[s;;] by a well-known fact in probability theory:

Var(s;;] = E[S?j] - (E[Sij])2 < E[S?J]
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We next show E[sgj] is bounded by 4B2%:

E[s%] = E [(z — i)2(z — )7
VB[] B [ - )]
(i — i) * 4 6(pi — 1) 203 + 307 - \/(Mj — )+ 6(pj — f1)%0 5 + 3073,

e* +662B + 3B?

IN

IA
~

IN

< 4B?

where the first step is by definition, the second by the Cauchy-Schwarz inequality
(Lemma , the third due to Lemma the fourth due to our assumption that
| — il < € |y — | < €, and max;jo;; < B, and the last is because € < 1/3

and B > 1. O

6.7.4 Proof of Lemma [19

We first derive an upper bound of the total variation between two multivariate normal

distributions:

duar (N (. 2). N (3. )
< dyar V(1 2), N (2, 2)) 4 dyar (N (&2, ), N (g, i))

< 2kt N (. 2), N (i1, 5)) + \/ 2dkr, (N (&, %), N (1, i))

_ \/(p,—p,)TE—l(,u—ﬂ) + \/m 32; ttr (2@) _n, (6.6)

where the first step is due to the triangle inequality, the second uses Lemma and
the last uses Lemma The rest of our proof relies on bounding each term of the
right-hand side above.

To simplify the final expression, we will bound some characteristics of the covariance
matrix 3. Let Ay > ... > A, > 0 be the singular values of the non-singular covariance
matrix ¥, and £~ its inverse. Since ¥ is symmetric and positive definite, \;s are also

its eigenvalues. Also recall that we assume . is bounded by —B and B component-wise.
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Lemma 28 Using the notation and assumption above, we have:

IN

tr (2) nB
An < maxoy < B
7

n

VAl = L

IN

1=,

3E

PrOOF. We prove the three upper bounds one by one:
1. The first follows from the fact that every element in ¥ is between —B and B.

2. The second follows almost immediately from Lemma [64}

1< tr (%)
A < — N = < B.
_n; n

3. It is known that ||A||; < \/n|A||, for any nxn matrix A (see, e.g., Theorem 5.6.18
of Horn and Johnson| [1986]). On the other hand, |S7!||, equals the largest

singular value of ¥=1, which is 1/)\,.

We now start with bounding the first term in Equation [6.6}
Lemma 29 Using the notation and assumptions above, we have:
T 1 . 1 L2
(B —p) Z (=) < = Al
n

PROOF. First note that, since X! is symmetric, the ratio

(n— i) S (u— )
e — 213

is a Rayleigh quotient, which is upper-bounded by the largest singular value of %1,
which is A L. g

We then move to bounding the second term in Equation

Lemma 30 Using the notation and assumptions above, if max; ; |aij — (}ij] < e, then

det 3 (1 1 1) n2e
1 <me(—4—+-4—)<E

Baers =M\ T A A,
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PROOF. Define E = [e;j];j = ¥ — ¥. Clearly, F is symmetric since both ¥ and 3 are.
Its eigenvalues are denoted by 1)1 > 1)y > - -+ > 4, which are real (but can be negative

or positive or zero). According to Lemma
det E
In 22
NG H Z 3

By Gersgorin’s theorem [Horn and Johnson| /1986, Theorem 6.1.1], the eigenvalues

of E must be small as the elements of E are small. Specifically, any 1; must lie in one

of the n Gersgorin discs D; (7 =1,2,...,n):

D;E SueR|jw—eyl <>
%

It follows for all 7 that

] <

=1
as every component in E lies in the range [—e¢, €].

On the other hand, from Weyl’s theorem |[Horn and Johnson|/1986, Theorem 4.3.1],

we have
Y1 >N — N >y

We have just proved that both |¢;| and |¢,,| are at most ne, and thus

Consequently,

A + ne ne

<
- )\z )\z

>

Finally, by putting all pieces together we have
det by - " ne _ n2e

In — < 1 — < —
M ety Z Zn( )-, = A

7
where the second-to-last inequality uses the inequality In(1 + z) < x for = > 0. Il

Now, we bound the third term of Equation [6.6}

Lemma 31 Using the notation and assumption above, if max; ;|o;; — 6i;] < € and
ne HE_lHl <1, then

- 2n3eB
—1y) _ &neb
tr (Z Z) n < N FEVE W

Note that € < \yn~>/2 suffices to quarantee ne HE_1H1 < 1 due to Lemma .
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PROOF. The i-th row (or column) of ¥~! is the solution to the system of linear equa-
tions: Yz = e; where e; has n — 1 zero components except a 1 in the i-th component.
Similarly, the i-th row (or column) of ! is the solution to ¥z = e;. Since ¥ and 3.
differ by at most € in every component, we have
[=-2], _ e
[0/ Pu—

For convenience, denote the right-hand side by €. It follows from a standard perturba-

tion result in numerical analysis (Lemma that

2€'r1 (%) ||

—1zl;, <
bz =2l < 5o sy

where the condition number 1(-) is defined by

def

k1(2) = 3] 157, -

The above inequality holds for all n possible e; vectors. Note that ||z — 2|, is the
absolute sum of the i-th row (or column) of X' — %71 if e; is used in the system of
linear equations. Let t; > 1y > --- > 1y > 0 be the singular values of ¥ 71 — 51
These singular values are in general different from the eigenvalues of X1 —3~1 but they
coincide with the absolute values of the eigenvalues of the symmetric matrix X1 — s-1
It follows from this fact, the interpretation of ||z||, above, and Gersgorin’s theorem that

for all 4,

. 2¢'k1(X) 2¢'k1 (%) -1
P < meaiLtz z|; < T () ) HE] H1

max el = 15,



We can now finish the proof:

IN

<

<
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on e[

T—nell=1l,
2n3eB

A2 —n3/2),€

where the first equality is due to the identity tr (EflE) = tr (I,) = n, the first inequality

is a direct application of von Neumann’s inequality (Lemma , the second inequality

makes use of the upper bound for ; that we have proved earlier, the second equality

is due to Lemma and the third equality is obtained by the definitions of ¢ and

#1(X), and the last two inequalities are due to the upper bounds on tr (X) and ||S~ Hl

provided in Lemma

g

Combining Equation [6.6] with Lemmas 2931}, we can complete the proof.
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Chapter 7

Model-based Approaches

This chapter studies model-based PAC-MDP algorithms. A new algorithm called
KWIK-Rmax is proposed that unifies existing PAC-MDP algorithms in the literature.
Novel PAC-MDP algorithms are also developed using tools from the KWIK learning
framework. As case studies, we present two experiments showing KWIK-Rmax is effec-

tive in practice, in addition to its strong theoretical guarantee.

7.1 A Generic Model-based PAC-MDP Algorithm

Recall that a model-based RL algorithm often learns a model of the unknown MDP and
then computes an optimal policy according to the learned model. These algorithms are
often considered more sample efficient. In fact, the earliest PAC-MDP algorithms are
both model based [Kearns and Singh/[2002; Brafman and Tennenholtz 2002]. At the
core of all existing model-based PAC-MDP algorithms lies the idea of distinguishing
between known states—states where the transition distribution and rewards can be
accurately inferred from observed transitions—and unknown states.

As an example, consider the Rmax algorithm (Algorithm for finite MDPs. At
the beginning of learning, the algorithm initializes its internal MDP model, M, to an
optimistic one that assigns Vi,.x value to all states. It then follows an optimal policy
in M to collect observations about the true MDP’s dynamics through the standard
online-interaction protocol. When some state—action pair, (s, a), has been experienced
m times, the algorithm updates its internal model using maximume-likelihood estimates
from observations for that pair. Now, observe that the transition probabilities, T'(- |
s,a), and reward function, R(s,a), can be learned using a small number of samples to

within arbitrary precision with high probability, using tools developed in Therefore,
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as long as m is large enough, the estimated transition and function functions in (s,a)
are accurate. Furthermore, we may guarantee that Rmax either explores (by visiting an
unknown state—action pair) or exploits (by following a near-optimal policy in the true
MDP), and the number of exploration steps is bounded by a polynomial, as shown by
Kakade| [2003]. These results together show that Rmax is PAC-MDP.

Algorithm 24 Rmax

0: Inputs: S, A,v,¢,5,m.
1: Initialize counter ¢(s,a) < 0 for all s € S and a € A.
2: Initialize the empirical known state—action MDP M = (S, A, T, R,~):

A

T(s' | s,0) =1(s' = 5),  R(s,a) = Viax(1 — 7).

3: for all timesteps t =1,2,3,... do
4:  Compute an optimal policy 7y of M using any exact planning algorithms in

5. Observe the current state s;, take action a; = m(s¢), receive reward ry, and

transition to the next state sqy1.

c(sg,ar) — c(sg,ap) + 1

if ¢(s¢,a;) = m then
Change T(- | s¢,a;) and R(s;,as) using maximum-likelihood estimates (c.f.,
Equations and based on the m observed transitions.

9: end if

10: end for

® P

A key observation, which is the focus of this section, is that, if a class of MDPs
can be KWIK-learned, then there exists an Rmax-style algorithm that is PAC-MDP for
this class of MDPs. This idea is formalized in Theorem which is proved through
construction of the KWIK-Rmax algorithm (Algorithm . The proof relies on a form
of the simulation lemma (Lemma, which relates value-function approximation error

to model approximation error, and on a generic PAC-MDP theorem in §4.4.4]

Definition 13 Fiz the state space S, action space A, and discount factor ~y.

1. Define X =S x A, Yr C Ps, and Zr = S. Let Hy C XYT be the set of transition
functions of an MDP. Hy is (efficiently) KWIK-learnable (when the observation

set is Z1) if in the accuracy requirement of Deﬁm’tion ’T( | s,a) = T(- | s,a)
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is interpreted as the {1-distance:

res | T(s" | s,a) = T(s' | s,a) if S is countable
A def Zs €S ’ )
(- | 5,0) = T(-| 5,0)| & | |

fs’GS ‘T(Sl | s,a) —T(s" | S,a)‘ ds' otherwise.

2. Define X =S x A and Yg = Zp = [0,1]. Let Hp C (Vr)™ be the set of reward
functions of an MDP. Hp is (efficiently) KWIK-learnable (when the observation
set is Zgr) if in the accuracy requirement of Definition |R(s,a) — R(s,a)| is

interpreted as the absolute value.

3. Let M ={M = (S, A, T,R,y) | T € Hr,R € Hg} be a class of MDPs. M s
(efficiently) KWIK-learnable if both Hy and Hg are (efficiently) K WIK-learnable.

Theorem 21 Let M be a class of MDPs with state space S and action space A. If M
can be (efficiently) KWIK-learned by algorithms Ar (for transition functions) and AR
(for reward functions), then KWIK-Rmax is PAC-MDP. In particular, if the following

parameters are used,
er =0(e(1-7)%), er=0(c(1-7), ep=06((l-7)), or=0dr=0(),

then the sample complexity of exploration of KWIK-Rmax is

0 (Vm (BT (e(1 = )/ Vina: 8) + Br(e(1 — ),6) + In 1> In 1) (1)

€(1—7) 6)  €el—=9)

The algorithm KWIK-Rmax (Algorithm relies on two KWIK algorithms, A
(using parameters ep,d7) and Ap (using parameters eg, dg), for KWIK-learning the
MDP’s transition and reward functions, respectively, and maintains an estimate of the
MDP called the empirical known state—action MDP. The estimate distinguishes two
types of state—actions: for state—actions where both A7 and A g can make valid predic-
tions, the predictions must be accurate with high probability (thanks to the accuracy
requirement for KWIK algorithms) and thus their dynamics are known; for other state—
actions, their transition and reward functions cannot be accurately estimated and thus
they are unknown. By assigning the largest possible value (which is Vipax) to all un-

known state—actions, the agent is encouraged to explore these state—actions, unless the
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Algorithm 25 KWIK-Rmax

0: Inputs: S, ./4, v, Ap, AR, er,0R,€R,0R, €p.

1: Run A7 with parameters ey and d7.

2: Run A g with parameters ez and dg.

3: for all timesteps t =1,2,3,... do

4:  Update the empirical known state—action MDP M = (S, A, T, R, )

5. for all (s,a) € S x A do
6: if Ar(s,a) =1 or Ar(s,a) = L then
: /
7 T(s' | s,a) = Lifs _t_S and  R(s,a) = Viax(1 —7).
0 otherwise
8: else
9: T(-|s,a) = Ar(s,a) and R(s,a) = Ag(s,a).
10: end if

11:  end for

12:  Compute a near-optimal value function Q; of M such that Q¢(s,a) — Q*M(s, a)| <

ep for all (s,a), where Q}F\Z is the optimal state-action value function of M.

13:  Observe the current state s;, take action a; = arg max,ec 4 Q¢(s¢, a), receive reward
ry, and transition to the next state s;41.

14: if AT(St, at) = 1 then

15: Inform Ap of the sample (s¢, ar) — Spy1.
16: end if

17: if Ag(s¢,a;) = L then

18: Inform AR of the sample s; — r¢.

19:  end if

20: end for

probability of reaching them is too small, in which case the policy is near-optimal. Since
the number of visits to an unknown state—action is polynomial in the relevant quantities
(the sample complexity requirement for KWIK algorithms), the number of timesteps
the algorithm does not behave near-optimally is also a polynomial. This intuition is
exactly the basic idea of our PAC-MDP proof in

A few caveats are in order regarding practical issues when instantiating and imple-

menting Algorithm

1. The definitions of T and R given in Algorithm are conceptual rather than oper-
ational. For finite MDPs, one may represent 7' by a matrix of size O(|S|* |A|) and
R by a vector of size O(|S||A|). For structured MDPs, more compact represen-

tations are possible. For instance, MDPs for some linear dynamical systems can

be represented by matrices of finite dimension (§7.2.2] and §7.2.3)), and factored
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MDPs can be represented by a dynamic Bayes net (§7.2.4] and §7.2.5)).

2. It is unnecessary to update T and R and recompute @; for every timestep t. The
known state-action MDP M (and thus Q}K\Z and @) remains unchanged unless
some unknown state—action becomes known. Therefore, one may update M and

Q: only when A or Apr obtain new samples in lines 13 or 16.

3. It is unnecessary to compute Q?\Z for all (s,a). In fact, it suffices to guarantee
that Q; is ep-accurate in state s;: |Q¢(s¢, a) — Q}‘\;[(st, a)‘ < ¢p for all a € A. This
kind of local planning often requires significantly less computation than global
planning (c.f., . However, to make use of Theorem it has to be guaranteed

that @Q; changes at most a polynomial number of times.

4. Given the approximate MDP M and the current state S¢, the algorithm computes
a near-optimal action for s;. This step can be done efficiently using dynamic
programming for finite MDPs. In general, however, doing so is computationally
expensive [Chow and Tsitsiklis [1989]. Fortunately, recent advances in approxi-
mate local planning have made it possible for large-scale problems [Kearns et al.

2002; Kocsis and Szepesvari [2006].

The remaining sections consider various subclasses of MDPs and unify most ex-
isting PAC-MDP algorithms using the KWIK framework developed in previous sec-
tions. §7.2.1] considers finite MDPs without considering generalization across states,
while §§7.2.21{7.2.4] show how generalization can be combined with KWIK to make
use of structural assumptions of corresponding MDP classes to obtain more efficient
RL algorithms. Finally, shows how we may obtain a PAC-MDP algorithm for
factored-state MDPs with unknown factorization structures by streamlining four KWIK
algorithms we have developed, resulting in a novel algorithm that is significantly better
than the state-of-the-art result. In all these cases, we focus on learning the transition
function and assume the reward function is known. The extension to KWIK-learning

reward functions is straightforward.
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7.2 KWIK-Learnable MDP Classes

In this section, we examine several classes of MDPs and show they can be KWIK-learned
by techniques studied in Part The KWIK bounds and relevant KWIK algorithms
are summarized in Table In light of Theorem these KWIK bounds imply
corresponding sample complexity of exploration bounds for KWIK-Rmax running on
these MDPs. We also note a few others KWIK-learnable MDPs which are not covered
in detail here, including [Diuk et al.|2008] |[Asmuth et al.2008] [Leffler et al.[2007]
[Walsh et al.|[2009b].

’ Case ‘ Subalgorithms ‘ KWIK Bound ‘
Finite input-partition O (n;m In %)
« dice-learning
~ 2
Linear output- O (715_4n>
Dynamics | combination
< noisy linear-
regression
Normal input-partition @) (%)
Offset — output- min
combination
+ coin-learning
Factored | cross-product O <n3mlz2N o In nngN)
with < input-partition
Known P | < dice-learning
Factored | output- @) <nD+3m€l2)ND+1 In nngN)
with combination
Unknown | <— noisy union
P «— input-partition
«— dice-learning

Table 7.1: KWIK bounds and the component KWIK algorithms for a number of promi-
nent MDP classes. Refer to the text for definitions of the quantities in the KWIK
bounds.
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7.2.1 Finite MDPs

Finite MDPs have received the bulk of the attention in the literature because of their
mathematical simplicity and generality. A finite MDP M = (S, A, T, R,~) consists of
n = |S| states and m = |A| actions. For each combination of state (s) and action (a)
and next state ('), the transition function returns a probability, denoted T'(s" | s, a).
As the reinforcement-learning agent moves around in the state space, it observes state—
action—next-state transitions and must predict the probabilities for transitions it has not
yet observed. In the model-based setting, an algorithm learns a mapping from the size
nm input set of state—action combinations to multinomial distributions over the next
states via multinomial observations. Thus, the problem of learning the model can be
solved via input-partition over a set of individual probabilities learned via dice-learning.

The resulting KWIK bound is:

1)
Bﬁnite MDP(Q 5) = Z Bdice-learning <67 )

nm

(s,a)ESXA
2
— m o(ldm>

2
- o(" ),
where the KWIK bounds of input-partition and dice-learning are used in the first two
equalities.
This approach is precisely what is found in almost all sample-efficient RL algorithms
in the literature for finite MDPs [Kearns and Singh [2002; Brafman and Tennenholtz
2002; Kakade 2003; |Strehl et al.[2006a]. Applying Theorem [21] with the KWIK bound

Binite MDP, We recover essentially the same sample complexity of exploration found by

Kakade| [2003]{T]

2 3 2 3
o (PVmax” nmy L\ s (T ma”
Sl—7)3"" & el-7) (1 —n)3

A few notes are in places regarding extensions of the two-level algorithm for KWIK-

learning finite MDPs above:

'Our bound is tighter than the bound by Kakade| [2003| due to a slightly more careful analysis. But
the basic idea of the proofs are the same.
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e In many problems, taking an action in a state can often land the agent to a small
number of next states. Classic examples are the various gridworlds [Sutton and
Barto 1998, in which there are at most five possible next states from any (s, a)
pair: s itself, and the states to the north, east, south, and west of s. Formally,
we may assume the number of next states from any state—action pair is upper
bounded by some number k£ € N:

k> (87;?2;;/4}{8/ €S|T(s | s,a) >0},
and k£ < n. In such MDPs, we may use the same algorithm above, but the KWIK
bound for each dice-learning component can be tightened, yielding an improved

KWIK bound of

o™ u").
This bound is linearithmic in n when k is a constant.

e A similar algorithm can KWIK-learn an MDP with an infinite state space, pro-
vided that the MDP satisfy a local modeling assumption |[Kakade et al. |2003].
Roughly speaking, this assumption requires the following: for any (s,a) pair, if
we have k IID samples, D = {(s1,a,71,5)),..., (s, a, 7k, 5;)}, such that every s;
is in a small enough neighborhood of s, then we can accurately infer the unknown
dynamics, R(s,a) and T'(- | s,a), from D with high confidence. The KWIK bound
for learning this type of MDP is in general (at least) linear in a quantity known
as the covering number, which may be finite and much less than |S]|.

e For an MDP with intractably large a state space, if there is a model-irrelevance
abstraction (§3.2.1)) such that the corresponding abstract MDP has finitely many
abstract states, then we can apply the two-level algorithm to KWIK-learn the
abstract MDP. The resulting KWIK bound depends on }5’ | instead of |S].

e Finally, interested readers are referred to a similar analysis in finite MDPs where
the outcomes of a transition, including the reward and next state, are not ob-
served by the agent immediately, but will be delayed for a constant timesteps

K [Walsh et al. 2007; [2009a]. Such delayed-observation MDPs can be turned

into a regular MDP, called the “augmented MDP”, with exponentially (in K)
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many states [Katsikopoulos and Engelbrecht 2003|. Fortunately, we may exploit
a special structure (thanks to the constant observation delay) in the augmented
MDP’s dynamics, and to learn the MDP with a polynomial KWIK bound.
Before closing this subsection, it is appropriate to mention an algorithm similar
to Rmax (namely, KWIK-Rmax in finite MDPs), which uses an incremental planning
algorithm to solve the known-state MDP and thus enjoys a much lower computational
complexity. The algorithm, RTDP-Rmax [Strehl et al.|2006a], maintains a known-state
MDP like Rmax, but then uses RTDP ( to refine its Q-function incrementally.
Surprisingly, this algorithm’s sample complexity of exploration is the same as Rmax’s
(ignoring logarithmic factors), despite the laziness nature of its planning component.
Two related algorithms are analyzed in
In a real-time system, an RL agent may have to decide what action to take in a
given time period. This time period may be too short to solve the known-state MDP
completely (as in Rmax), but may be large enough to afford more than one Bellman
backup (as in RTDP-Rmax). A natural idea is for the agent to perform as many Bellman
backups as possible within the given time period. Motivated by this observation, [Strehl
[2007b] combines prioritized sweeping with RTDP-Rmax and argue that the resulting
algorithm, which we call PS-Rmax, remains PAC-MDP. PS-Rmax contains RTDP-Rmax
as a special case in which only one Bellman backup is allowed per timestep. On the
other extreme, the asymptotic convergence results established in imply that PS-
Rmax approaches Rmax when more and more Bellman backups are affordable in each

timestep.

7.2.2 MDPs with Linear Dynamics

In many robotics and control applications, the systems being manipulated possess in-
finite state spaces and action spaces, but their dynamics are governed by a system of
linear equations (see, e.g., Sontag [1998]). Our model formulation is based on [Strehl
and Littman| [2008b], and is similar to |[Abbeel and Ng [2005]. Here, S C R™ and

A C R™ are the state and action spaces, respectively. The transition function T is a
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multivariate normal distribution:
T( | S,CL) :N(FQS(S,(I),O'QI) s

where ¢ € (R”)R"SMA is a basis function satisfying ||¢(s,a)||, < 1 for all (s,a), F €

R™s*" ig a fixed but unknown matrix, o2

is some positive number, and I € R"S*"s ig
the identity matrix. We assume ¢ and o2 are given, but F' is unknown.

For such linearly parameterized transition functions, the expectation of each com-
ponent of the next state is linear in the feature of the current state—action pair, and the
coefficients correspond to the numbers in the corresponding rows in F'. To guarantee ep
¢1-distance between 7' and T as required by Theorem it follows from Proposition 7
of Abbeel and Ng| [2005] that we only need to guarantee the mean vector, F'¢(s,a), is
predicted to within /7/20¢r in the f3-norm. Now the transition function of the class
of linearly parameterized MDPs can be KWIK-learned via output-combination over the

ng state components using o = 1/,/ng, each of which can be KWIK-learned by noisy

linear-regression. The resulting KWIK bound is

Jng ' ns oet
where the first step applies Proposition 7 of|[Abbeel and Ng|[2005] and the KWIK bound

W}é) -0 (”%”) 7

Blinear MDP(fa 6) = Bnoisy linear-regression (

of output-combination, and the second uses the recent result of Walsh et al. [2009b].
Combining Bjjner Mmpp With Theorem we obtain the following sample complexity of

exploration upper bound of KWIK-Rmax in linear MDPs:

A n%anaXS
ole(1-7)>)
7.2.3 Typed MDPs with Normal Offset Dynamics

The linear transition model above is a class of parameterized transition functions for
continuous MDPs. A related class is called typed dynamics (see, e.g., Leffler et al.
[2007]), where the transition functions depends on a type 7(s) assigned to each state s
and action a.

Here, we consider a specific subset of this class, adopted from Brunskill et al. [2008],

where & C R™ and the next state distribution is given by the following multivariate
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normal distribution:
T( | S, CL) ~N (8 + Hr(s)as Z’r(s)a) ’

where fi7(5), € R" and X, (5), € R"*" are the mean and covariance matrix of the normal
distribution for the type—action pair (7(s),a). In other words, the offset of states is
normally distributed. We assume the number of actions, denoted m = |A|, and the
number of types, denoted n, = [{7(s) | s € S§}|, are both finite.

An example domain where such dynamics may arise is robot navigation across vary-
ing terrain. The distribution of the offset of the robot’s position after taking an action
(such as turn-left or go-forward) depends on this action as well as the type of the ter-
rain (such as sand, wood, or ice, etc.). In many real-world applications, the number
of types is often small although the number of states can be astronomically large or
even infinite. Typed offset dynamics, therefore, provide a compact way to represent the
MDP. A robot navigation example is considered in §7.3.2] while more motivations and
experiments are found in |Brunskill et al.| [2009].

For each type—action pair (7, a), the components in pi+, and ¥, can be interpreted as
means of observations. For instance, assume that we have acquired a sample transition,

s,a,r,s'), then by definition
( y

tir(s)alt] = Byr(isa) [8[1] — sli]]

for all ¢ = 1,2,...,n. Therefore, we may decompose the problem of KWIK-learning
the offset means using input-partition over all type—action pairs. For each (7,a) pair,
learning the corresponding normal distribution can be done by Algorithm 23] The
KWIK bound for learning typed, normally offset MDPs is thus

5 n8n2m
Btyped normal-offset MDP €, (5 Z Bnormal learning n m =0 )\2 s

min

where Apin is the smallest eigenvalue (or singular value) of the covariance matrix, ¥,

over all (7,a) pair. The resulting sample complexity of exploration of KWIK-Rmax in

~ n8n2m2V 5
O max )
(A”‘ (1 - 7)55)

min

this class of MDPs is
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The large exponent in the KWIK bound above is due to the need for learning the
covariance matrices, X,. If only the mean vector in the offset dynamics are unknown
and the covariance matrix is assumed to be 0,1, for the type—action pair (7,a), as
assumed by |Abbeel and Ng [2005], then applying input-partition to the KWIK bound
in Equation yields the following KWIK bound for learning this class of MDPs,

nmr
0 ( €20 ) ’
and the sample complexity of exploration of KWIK-Rmax is
(5 nmn‘eraX3 '
e3(1—7)3%

7.2.4 Factored-State MDPs with Known Structure

In many applications, the MDP’s state space is most naturally represented as the cross
product of subspaces, each of which corresponds to a state variable. Under such con-
ditions, dynamic programming and reinforcement learning often face the “curse of di-
mensionality” [Bellman||1957], which says that the number of states in the MDP is
exponential in the number of state variables, rendering most finite MDP-based learn-
ing/optimization algorithms intractable. Factored-state representations [Boutilier et al.
1999| are compact representations of MDPs that avoid explicitly enumerating all states
when defining an MDP. Although planning in factored-state MDPs remains hard in the
worst case |[Littman|1997], their compact structure can reduce the sample complexity of
learning significantly since the number of parameters needed to specify a factored-state
MDP can be exponentially smaller than in the unstructured case.

In a factored-state MDP, let m = |A| be the number of actions; every state is a
vector consisting of n component: s = (s[1],s[2],...,s[n]) € S. Each component s[i] is
called a state variable and can take values in a finite set ;. The whole state space S
is thus §; x -+ x §,,. Without loss of generality, assume N = |S;| for all ¢ and thus
|S| = N™. The transition function is factored into the product of n transition functions,

one for each state variable:

n

T(s' | s,a) = [[Tu(s'i] | s, a).

=1
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In other words, the values of all the next state variables are independent of each other,
conditioned on the current state—action pair (s,a). Furthermore, we assume that the
distribution T;(- | s,a) depends on a small subset of {s[1],s[2],...,s[n]}, denoted P(i).
This assumption is valid in many real-life applications and and essential in most work
in graphical models (e.g., /Abbeel et al.| [2006a]). Let D be the largest size of P;:
D = max; |P;|. Although we treat D as a constant, we include D explicitly in the
KWIK bounds to show how D affects learning efficiency.

Using the quantities defined above, the transition function can be rewritten as

n

T(s' | s,a) = [[ T[] | Pi), a).

i=1

An advantage of this succinct representation is that, instead of representing the com-
plete conditional probability table, T;(- | s,a), which has N™m entries, we only need
to use the smaller T;(- | P(i),a), which has at most NPm entries. If D < n, we are
able to achieve an exponentially more compact representation. These kinds of transi-
tion functions can be represented as dynamic Bayesian networks or DBNs |[Dean and
Kanazawa |1989]. Here, we consider the case where the structure (namely, P(i) for all
i) is known a priori and show how to relax this assumption in .

The reward function can be represented in a similar way as the sum of local reward
functions. We assume, for simplicity, that R(s, a) is known and focus on KWIK-learning
the transition functions. Our algorithm and insights still apply when the reward func-
tion is unknown.

Transitions in a factored-state MDP can be thought of as mappings from vectors
(s[1],s[2],...,s[n],a) to vectors (s'[1], s'[2], ..., s'[n]). Given known dependencies, cross-
product with a@ = 1/n can be used to learn each component of the transition function
to guarantee that the combined transition distribution differs from the true transition

distribution by € in terms of ¢; distribution:

Lemma 32 Let P and Q) be two probability distributions over the same finite sample
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space Q", which are factored: for any w = (w1, ...,wy) € Q7

Pw) = [[Pw,
=1

Q) = JJQiw),
=1
for some probability distributions P; and Q; over 2. Then,

P=QI <> |P—Qil.
=1

The proof is in §7.4.2l Each component transition probability function T;(- | -,-) can
be learned by input-partition applied to dice-learning. This three-level KWIK algorithm
provides an approach to learn the transition function of a factored-state MDP with the

following KWIK bound:

n
€ 0
Bactored-state MDP(Q 5) = Z; Binput—partition <n’ n)
1=
€ 1)
= nNPm. Bdice—learning <na nNDm)
n3mNP+HL - NP+,
= In
€2 )
_ 0 <n3mD;7VD+1 In nmN) 7
€ )

where the first equality applies output-combination with o = 1/n; the second equality
applies input-partition to all possible (s,a) pairs, ignoring non-parent variables, and
there are NPm many of them; the third equality simply uses the KWIK bound of
dice-learning.

Combined with Theorem [2I] the KWIK bound above results in the following sample

complexity of exploration of KWIK-Rmax:

o <n3mDND+1VmaX3 nmN 1 > o <n3mDND+1VmaX3>

T R S ) EITE—E

This insight can be used to derive the factored-state-MDP learning algorithm proposed

by Kearns and Koller| [1999].

7.2.5 Factored-State MDPs with Unknown Structures

Without known structural dependencies of the DBN, learning a factored-state MDP is

more challenging. [Strehl et al. [2007] showed that each possible dependence structure
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can be viewed as a separate hypothesis and provided an algorithm for learning the
dependencies in a factored-state MDP while learning the transition probabilities. The
resulting KWIK bound is super-quadratic in k£ = @(2D ), where D, as before, is the
maximum in-degree of the true DBN.

We can construct a conceptually simpler algorithm for this problem using compo-
nents introduced throughout this paper. The key idea is to insert a noisy union com-
ponent between cross-product and input-partition in the three-leval algorithm in
As a whole, the algorithm has four levels with a cross-product at the top to decompose
the transitions for the separate components of the factored-state representation, as in
Each of these n individual factor transitions is learned using a separate copy
of the noisy union algorithm. Within each of these copies, a union is performed over
the & = (g) = O(nP) possible parent sets for the given state component. As in the
known-structure case, an input-partition algorithm is used for each of those possible
configurations to handle the different combinations of parent values and action, and
finally dice-learning is used to learn the individual transition probabilities themselves.

The resulting KWIK bound is:

n
€ 0
Bfactored—state MDP = § Bnoisy—union —y
i—1 n n
=

€ )
n < —|— ;Bmput partition <8n’ 71(]?‘1‘1))))

= 0 (IW; In — + nkNPm - Byice— learning (6 5))

= 0

€ 8n’ n(k + 1)mNP

3 N 2 kNDJrl
= O —ln——l—nmk‘ND- Zlnnm )
€ 1)
D+3mDND+1 nmN
= (9< 5 In >,
€ 1)

where the first equality applies output-combination with « = 1/n; the second equality
uses noisy-union; the third equality applies input-partition to all possible (s, a) pairs, ig-
noring non-parent variables, and there are N”m many of them; and the fourth equality
simply uses the KWIK bound of dice-learning.

The resulting sample complexity of exploration of KWIK-Rmax is thus

~ (nPH3mDNPHV, 2
(1 —7)?
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Note that our noisy union component is conceptually simpler, significantly more
efficient (kInk vs. k?Ink dependence on k = (g)), and more generally applicable than
the similar procedure employed by [Strehl et al. [2007]. Thus, our improvement is
exponential in D and polynomial in n. Empirical studies in §7.3.1] show that the new

algorithm works much better in practice.

7.3 Case Studies

We have covered a number of special classes of MDPs that are KWIK-learnable and
thus can apply KWIK-Rmax to explore efficiently in such MDPs. This section shows the
resulting algorithms demonstrate significant performance improvements over previous
methods in the literature, in addition to their theoretical contributions. Two represen-
tative examples are chosen: (ii) system administrator for factored-state MDP without
known DBN structure, and (ii) robotics navigation with unknown, typed, normal offset;
detailed descriptions and more results for these two problems are found in [Diuk et al.
[2009] and Brunskill et al.| [2008], respectively. Interested readers are referred to more

empirical studies in other papers [Walsh et al|2009a; Leffler et al.|2007].

7.3.1 System Administrator

In the system-administrator problem [Guestrin et al.2003], an agent (the system ad-
ministrator) attempts to maintain a network of n computers, each of which is connected
to some other computers. For instance, the machines may be connected as a ring or a
star (Figure . The working status of a computer is encoded as a binary number: 0
for failed and 1 for working. The reward received by the agent at any timestep is pro-
portional to the number of working machines. If a machine fails, the agent may reboot
it so that its status is very likely to be working in the next timestep. If a machine is
not rebooted, its status in the next timestep depends stochastically on the status of its
parents (namely, the machines that are connected to it). In every timestep, the agent
can reboot at most one machine.

This problem can be formulated as an MDP as follows. The state space S = B"
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(a) “Ring” topology (b) “Star” topology

Figure 7.1: Example network topologies in the system administrator problem.

contains all possible joint statuses of the set of n machines. The action set A =
{0,1,--- ,n} contains n + 1 actions, including the option of rebooting no machines and

the options of rebooting any one of the n machines. The reward function is

n
R(s,a) = K, > slil,
=1

for some constant K, > 0. The transition function is factored:

n

T(s' | s,a) € [[ ('l | P(0), a),

i=1
where P (i) is the set of computers connected to machine ¢, and T;(s'[i] | P(i), a) specifies
the “local” transition probabilities of machine i:
e Rebooting machine i at timestep ¢ always guarantees its status to be 1 (working)
at timestep t + 1;
e If machine 7 is down at timestep ¢ and is not rebooted, it remains down at timestep
t+1;
e If machine ¢ is working at timestep ¢, the probability of its status being 0 at
timestep ¢ +1 is min{1, Ko+ K1 3 ;cp(;) (1 —s[j])} for some constants Ko, K1 > 0.
That is, if all neighboring machines are working, there is a positive probability Kq
for machine 4 to fail. With more and more neighboring machines having failed,
the probability of failing machine 7 also increases. There are of course other ways
to define transition probabilities.
The ring network (Figure with n = 8 was chosen for experiments. Therefore,

the in-degree D of the DBN of this MDP was always 3, including two neighbors and
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the machine itself. Parameters were set by: K, = 1, Ky = 0.05, and K; = 0.3. We
compared three algorithms:

e Factored-Rmax [Strehl 2007a] is the three-layer instantiation of KWIK-Rmax de-
scribed in §7.2.4] The structure of the DBN is given to the algorithm as input,
so there is no need for structure discovery.

e SLF-Rmax [Strehl et al. [2007] is similar to Factored-Rmax but does not require
a known DBN structure. It uses a subroutine to discovery the structure of the
DBN.

e Met-Rmax [Diuk et al.|[2009] is the four-layer instantiation of KWIK-Rmax de-
scribed in It is similar to SLF-Rmax but uses a different approach (i.e.,
noisy union) to discover the DBN structure.

All three algorithms require the “knownness parameter” m, and SLF-Rmax requires an
additional parameter € in structure discovery. A parameter search was performed for
the three algorithms to optimize them: m = 30 for factored-Rmax, m = 30 and ¢; = 0.2
for SLF-Rmax, and m = 50 for met-Rmax.

Figure shows the results. As expected, Factored-Rmax was the fastest as it had

access to the information of DBN structure, which was unavailable to the other two
algorithms. Met-Rmax is able to discover the underlying DBN structure like SLF-Rmax

but at a much faster rate, which is consistent with our analysis in §7.2.5|

7.3.2 Robotics Navigation

The second experiment is in a real-life robotic environment involving a navigation task
where a robotic car must traverse multiple surface types to reach a goal location. This
experiment is to demonstrate the noisy offset dynamics described in can provide
a sufficiently good representation of real-world dynamics to allow a robot to learn good
navigation policies.

Previous study has demonstrated the benefits of using types of states [Leffler et al.
2005; 2007|]. Specifically, Leffler et al. [2007] proposes the RAM-Rmax algorithm—a
variant of Rmax that is able to make use of state types and enjoys a smaller sample

complexity that depends on the number of types, which can be much smaller than the
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Figure 7.2: Cumulative reward on each timestep for the three algorithms on the SysAd-
min domain: factored-Rmax (with given DBN structure), met-Rmax and SLF-Rmax.

number of states. However, RAM-Rmax is for finite MDPs. Applying it in continuous
MDPs requires a pre-processing step of discretization. Here, we assume the state offset
in this robotics navigation task follows the typed normal distributions defined in
(a common and reasonable assumption in many robotics applications), and compared
an algorithm called CORL [Brunskill et al.|[2008] to RAM-Rmax. CORL stands for
“Continuous-state Offset-dynamics Reinforcement Learner”, and is an instantiation of
KWIK-Rmax for the class of MDPs with typed, normal offsets. It works directly with
continuous-valued states, thus removing the need for discretization.

A LEGO® Mindstorms NXT robot (Figure was run on a maze-like environ-
ment with two types of surface (Figure[7.3(b)|): rocks embedded in wax and a carpeted
area. The task of the robot was to navigate in this environment from the start state to
the goal state without going outside the environment’s boundaries. A tracking pattern
was placed on the top of the robot and an overhead camera was used to determine the
robot’s current position and orientation. The tracking pattern was used to avoid the
complications of robot localization (see, e.g., Thrun et al. [2001]), and to allow us to

focus on how well the algorithms explores in this (approximately) Markovian problem.
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(a) A LEGO® robot. (b) Image of the environment: the
start location and orientation is
marked with an arrow, and the goal
location is indicated by the circle.

Figure 7.3: Robot in the navigation experiment.

The state space has three components: the z-coordinate, the y-coordinate, and the
orientation #. The reward function assigns —1 for going out of boundaries, +1 for
reaching the goal, and —0.01 for taking an action. The reward function was known to
both algorithms, and so the only target to learn was the transition dynamics. Reaching
the goal and going out of boundaries would terminate the current episode and the robot
was moved back to the start location and orientation for a new episode. Three actions
were allowed: going forward, turning left, and turning right. The discount factor v =1
was used since this task is episodic.

In our experiments, RAM-Rmax used value iteration over the finite, discretized state
space, while CORL used fitted value iteration ( whose prototypical points are the
same as the discretized states used by RAM-Rmax. Both algorithms used an EDISON
image segmentation system to uniquely identify the current surface type. Parameters
needed by both algorithms were hand-tuned.

Figure shows the average reward with standard deviation for each of the
algorithms over three runs. Both algorithms are able to receive near-optimal reward
on a consistent basis, choosing similar paths to the goal. This result indicates our
dynamics representation is sufficient to allow our algorithm to learn well in this real-life
environment. Combined with previous study by |Leffler et al.| [2007], it suggests that:

e Rmax-style exploration not only possesses strong theoretical guarantees, but can
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also find near-optimal policies faster than popular exploration heuristics in prac-
tice; and

e Rmax-style exploration can be further improved by the use of generalization, either

via types or via making structural assumptions about the MDP’s dynamics.

In addition, a compact parametric representation may also lead to computational
benefits, as shown in Figure . The computational time per episode was roughly
constant for CORL, but grew with the number of episodes in RAM-Rmax (as a result of
its dynamics model representation).

Finally, we note that the type function in our experiments was assumed to be
known, which may not always be true in other applications. A preliminary study on

type discovery was recently done by |Diuk et al. [2009] using noisy union in

7.4 Proofs

This section provides detailed proofs of all technical lemmas used in this chapter.

7.4.1 Proof of Theorem [21]

The proof relies on a general PAC-MDP result in Theorem [4] in which the set K; of

state—action pairs is defined as follows.

Definition 14 Let M = (S, A, T, R,~) be an MDP. At timestep t of KWIK-Rmax (Al-

gorithm , define the set of known state—actions with respect to A7 and Ag by
def
Ka,Ap = {(s,a) €S x A| Ap(s,a) # L, Ag(s,a) # L}.

In other words, KA, A, consists of state-action pairs where both KWIK algorithms,

A1 and Ag, are able to make valid predictions.

We first provide a version of the simulation lemma (Lemma, and then verify the
three conditions in Theorem [ in Lemmas B4H36] to show KWIK-Rmax is PAC-MDP.

We choose the five parameters by

g =) el—1)
20 207 Vinax 20
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Lemma 33 (Simulation Lemma) Let M, = (S, ATi,Ri,v) and My =
(S8, A, Ty, Ry,~) be two MDPs with the same state/action spaces and discount factor.
Let Q7 and Q5 (V' and V') be their optimal state—action value (state-value) functions,
respectively. Assume the two transition functions and reward functions are close in the

following sense: there exist two constants, ep and €g, such that for every (s,a),
IT0 (- | s,a) —Ta(- | s,a)] < ep
\Rl(s,a) — RQ(S,CL)| S €R,
where |T1(- | s,a) — Ta(- | s,a)| is defined in Definition [I3 Then, for any s € S and

ac A:

Qi(sia) — Q(s,a)| < BTV Vmaxer

-y
Vinax
Vi) Vi) < e

PrROOF. We will prove the case where S is uncountable; the other case is similar. Define
the Bellman operators, 81 and Bq, for M; and My, respectively: for ¢ = 1,2 and any

state—action value function Q € RS*4,

B.Q(s,0) Y Rils,a) +y [ TS| 5.0) sup QL)'
s'eS a'eA

It is known that Q7 is the fized point of B;: B,Q; = Q7. Define two errors:

the /o approximation error e = [|Q] — @3/, and the /o, Bellman backup error

b=|B1Q5 — B2Q3| .. Then,
e = [B:1Q7 — B0l
< [B1Q1 — B1Qsll o + 1B1Q2 — B2Q5
< 71101 - @l + %105 — B2Q51.
= vye-+b,
where the first step is due to the fixed-point property of 9B;, the second due to the

triangle inequality, the third due to the contraction property of B; (Lemma5), and the

last due to the definitions of e and b. It follows immediately that (1 —v)e < b, and so

e< —. (7.3)
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We now give an upper bound for b:

b = sup |B1Q5(s,a) — B2Q5(s,a)l

s,a

(Fr(s.0) = Ra(s,) +7 [ (T [ 5.0) = To(s | 5.0)) sup Q36 )

= sup
s,a a

< sup[Ra(s,0) = Ra(sia)| +ysup | [ (1| .0) = Tals' | 5.0)) sup @3 ')
s,a s,a S a’

<

€R —|—fysup/ ‘Tl(s' | s,a) — Ta(s | s,a)‘ sup ‘Q;(s’,a’)‘ ds'
s,a JS a’

< eR—l—'yVmaXsup/ |T1(s’ | s,a) — To(s | s,a)‘ ds’
s,a JS

< €r+ ’vaaXETa

where the first inequality is due to the triangle inequality and the fact that sup,{f1(x)+
fa(x)} < sup, fi(x) + sup, fa(z) for all real-valued functions f; and fa, the second due
to the Cauchy-Schwartz inequality, the third due to ||@3],, < Vimax by assumption
(§2.2). Combining this result with Equation we have for all (s,a) that

* * b €R + Y Vinax€T
— <e< < .

The second part of the lemma follows immediately from the following relation between

optimal state—action value functions and optimal state-value functions: for any s € S,

Vi (s) = V5 ()] = [sup Q1(s, a) — sup Q3(s, a)| < sup|Q}(s,a) — Q3(s,a)|.

g

Lemma 34 With probability at least 1 — /2, Qi(s,a) > Q*(s,a) — €/4 for all t and
(s,a).

PROOF. Since the algorithm computes an €p-accurate Q¢ function, we have
Qu(s,a) — Q% (s,a) > QY (s,a) —ep — Q7 (s, a).

We next bound Q*]‘\Z(s, a) — Q*(s,a). Let Mg, be the known state—action MDP, where
K, is given in Definition . The transition and reward functions in M, agree with M

in unknown state—actions and with M in known state—actions. Since the transition and
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reward functions of M are accurate (with failure probability at most 6z + dp = 6/2),

Lemma [33] yields

% * €Rr + Y Vimaxer
‘QM(&G) — Qi (s,0)| < ?

On the other hand, since My, is identical to M except in unknown state-actions to

which the largest possible values are assigned, its optimal state—action value function

must be optimistic: Q};, (s,a) > Q*(s,a) for all (s,a). Combining these inequalities,

we have
Qi(s,a) — Q%(s,a) = QY (s,a) —ep — Q7 (s, a)
* €R + 7Vm x€T *
> Quy(s,a) — ﬁ —ep —Q*(s,a)
€R + Y Vinax€r
e B
The lemma follows by the parameters given in Equation [7.2] O

Lemma 35 With probability at least 1 — /2, Vi(s¢) — Vil (st) < €/4, where Vi(s) =

max, Q¢(s,a), and m; is the policy computed by KWIK-Rmax at timestep t.

Proor. If Q; is ep-accurate, then V; is also ep-accurate:

Vils) = Vyy(s)] =

sup Q¢(s, a) — sup Q' (s, a)

< sup | Qu(s, @) = Qi (s, )| < e

Consequently,

™ T €R + Y Vinax€
Vi(s) = Vi (5) < Vils) — Vi (s) L maxch

L=v
* 6R+7Vm x€T

< Vo) e = Vi(s) 4 BT
< 2ep Yepot €R+’7VmaX€T

1= L=~

€
< R
- 4

where the first step is from Lemma and the second from the ep-accuracy of V; in

MDP M, the third is due to an inequality of Singh and Yee |1994] and the last is

2 Although [Singh and Yee| [1994] consider finite MDPs only, their proof is also valid for arbitrary

MDPs as long as the value functions and state occupation distributions used in the proof are all well-
defined in a continuous-state MDP.
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due to Equation [7.2] The only failure probability is in the use of Lemma [33] where the
KWIK learners, A or A g, may fail to return accurate prediction in some state—actions;

this failure probability is at most d7 + dg = 6/2, by a union bound. O

Lemma 36 The total number of timesteps in which Q¢ changes or an unknown state

is visited, denoted by ((¢,d), is at most By(er,dr) + Br(€er,oR).

PROOF. Since @ (and also M ) is unchanged unless K; changes (as a result of experi-
encing some unknown (s, a;)), we may only bound the number of timesteps in which
an unknown state—action pair is experienced, which is Bp(er, o) + Br(€er,0R). d

We can now complete the proof of Theorem [21] by the previous lemmas and Theo-

rem [4] yielding the desired sample complexity of exploration in Equation [7.1]

7.4.2 Proof of Lemma [32

PROOF (of Lemma . For j =0,1,2,...,n, define the following factored distribution

over " for any w = (w1,...,wy) € Q"

QU (w) =[] Qilw) T Pilws)

i=1 i=j+1
Therefore, Q© = P, and Q™ = Q. Furthermore, QU~Y and Q) only differ in the

transition in the j-th factor. For any j =0,1,...,n — 1, we have

QU - QU = 3 QD((wr, - swn)) = QU (@, wa))

W1 yeeeysWn €52

= Y Qi) QW) Pyra(wiya) - Palwn) [Piy1 (wj1) — Qi1 (wjr1)]

W1 5eeesWn €D

= D Quw) D Qiwy) Y Piralwira)- Y Palwn)

w1 EN ijQ wj+2€Q wn €
> Pa(win) — Qira(wjs)]
Wj+1€Q
= > 1Pwis) - Qjra(wis)]
wj+1EQ
= |Pi1— Qj1l,

where the first equality is by the definition of the ¢;-distance, the second is by the
definition of Q). and the last follows from the fact that P; and Q; defines a marginal

distribution over variable w;.
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Applying this equation for j = 0,1,...,n — 1 and the triangle inequality, we have

P-Q = |QU-qQ"
- ‘Qw) — QW 4 Q) — ... _ Q=D 4 =) _ o)
< ‘Qm) . Q(l)‘ n ’Qu) - Q@)’ oot ‘Q(n—n —Qm

= |PL=Qi|+|Po— Q2|+ +|Py—Qnl.

and finish the proof of the lemma. O
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(a) Reward received by algorithms averaged over three runs. Error bars show one standard
deviation.
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Figure 7.4: Experimental results for the robot navigation problem. FError bars show
one standard deviation.
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Chapter 8

Model-free Approaches

This chapter studies model-free PAC-MDP algorithms. Although it is difficult to give
a generic algorithmic scheme (like KWIK-Rmax in for model-free algorithms due to
technical difficulties in their analysis, we devise PAC-MDP model-free algorithms for
certain types of MDPs and show the asymptotic optimality of one of them through a
new lower bound for the sample complexity of exploration.

Most of the algorithms investigated in this chapter can be viewed as using KWIK
techniques to approximate Bellman backups in a robust way to allow a polynomial
sample complexity of exploration, including algorithms for finite MDPs in §48.1H8.2]
and an algorithm for finite-horizon MDPs with linear value-function approximation in
In we also study an algorithm that is motivated by Rmax and generalizes it to
the case where approximate policy iteration with linear value-function approximation

is used for planning.

8.1 Approximate Real-Time Dynamic Programming

When an explicit description of an MDP model is available, asynchronous value iteration
methods such as real-time dynamic programming can be used to compute the optimal
value function ( In this and the next sections, we consider approximate real-time
dynamic programming algorithms for finite MDPs, in which an approximate Bellman
operator is repeatedly applied to refine the agent’s state—action value function estimate
in state—actions it visits online. Algorithms in these two sections can be shown to be
PAC-MDP in a similar way based on the general PAC-MDP result (Theorem |4) and a
key lemma given in

In this section, we will assume that the agent is given an approximate MDP model
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( or a generative model (, with which approximate Bellman backups can
be performed. Although these assumptions are not satisfied in many reinforcement-
learning problems, these algorithms’ analyses are instructive and can highlight the key
components of the more complicated PAC-MDP analysis for the online reinforcement-
learning algorithm studied in the next section. Furthermore, the PAC-MDP results
in this section yield useful online performance guarantees for such learning real-time
heuristic search algorithms that include real-time learning A* [Korf|[1990] as a special
case. Interested readers are referred to two variants of adaptive RTDP [Strehl et al.
2006a] that can be analyzed in a similar manner.

Unfortunately, approximate asynchronous value iteration is much harder to analyze
than the model-based approaches considered in §7} In fact, its convergence is guaran-
teed only for finite MDPs and a few restricted cases when function approximation is
used |Bertsekas and Tsitsiklis||1996]. We therefore focus on finite MDPs in this and the
next sections. However, we note that generalization from finite MDPs to MDPs with

state abstraction is possible, as is discussed in more detail in §8.2.3]

8.1.1 General Analysis

A common line of reasoning is adopted for the PAC-MDP analysis of the approxi-
mate real-time dynamic programming algorithms considered here and in the next section.

These algorithms start with an optimistic state—action value function,
V(S7 CL) : Ql(sa a) — Vma}m

and repeatedly apply an approximate Bellman operator to refine the Q-function in

visited state—action pairs. Our analysis consists of three major steps that correspond
to the three conditions in Theorem [4

1. If the approximate Bellman backup is sufficiently accurate, say, using KWIK tech-

niques described in §5|to estimate the Bellman backup values, we can guarantee

that the value function remains optimistic after a Bellman backup, and thus sat-

isfy the optimism condition of Theorem [4] For instance, the randomized RTDP

and delayed Q-learning algorithms in §8.1.3] and use KWIK algorithms and
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analyses in §5.3.1] and §5.3.4] respectively.

2. The lemma given in this subsection is used to guarantee the accuracy condition

of Theorem M| and plays a role analogous to the simulation lemma for model-
based algorithms. It makes use of a new notion of known state—actions based on
Bellman errors, rather than on model prediction errors as in §7] This result is
very general and can be applied to MDPs with infinite states.

3. Finally, we verify the bounded-surprises condition by bounding two terms: (i)
the number of changes to the value function during a whole run of the algorithm,
which relies on a “large-update” trick, and (ii) the number of visits to unknown
states, which relies on the KWIK bound of estimating a Bellman backup value.

The second step is our focus here, while the other two are algorithm-specific and thus
are left to their respective sections.

In model-based algorithms such as KWIK-Rmax, we define known state—actions to
be those where accurate predictions about the transition and reward functions can be
made with high confidence. The simulation lemma is then used to show that, if an
agent follows a near-optimal policy in this known state-action MDP and has a small
probability of reaching unknown state—actions, then the policy must be near-optimal
in the true MDP.

In model-free algorithms such as Q-learning, a different notion of known state—actions
is needed, because these algorithms do not explicitly estimate transition and reward
functions of the MDP. Usually, model-free algorithms maintain an estimate of the op-
timal state—action value function, whose Bellman errors can be computed by Equa-
tion 2.14] and used to define known state—actions. Recall that the Bellman error of a
value function in a state—action pair measures local consistency of this function. Be-
low, known state—actions are defined to be those whose Bellman errors are essentially

non-negative.

Definition 15 Let Q be a state—action value function of an MDP M = (S, A, T, R,~),

B the Bellman operator defined by Equation [2.10, and € € Ry a parameter, the set of
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known state—actions with respect to @) and € is defined by
Ko(e) © {(s,a) € § x A| BQ(s,a) - Q(s,a) = —¢}.

With Definition an important lemma can be stated and proved that is useful for

analyzing model-free algorithms.

Lemma 37 Using the notation in Theorem [f and Definition we  define

K, def Kq, (e(1 —~)/4). Then, the accuracy condition in Theorem is satisfied.

PROOF. For convenience, denote €; = ¢(1—-y)/4. Due to the construction of the known

state—action MDP, we have

> —¢1, if (s,a) € K,
%MK,ﬂtQt(‘S?a) - Qt(87a)

0, otherwise

where B, x, is the Bellman operator defined using My and policy m:

) def R(s,a) + 7 ges (T(S/ ‘ 37“)Qt(3/77ﬁr(5l)))7 if (s,a) € K¢

Qi(s,a)(1 — ) +~vQ¢(s,a), otherwise.

%MK,ﬂ}Qt(Sa a

Therefore, Q; < By x, Q¢ + €1. Due to the two properties of the Bellman operator
given in Lemmas [4 and [6] applying the operator to the inequality above repeatedly

yields, for every (s,a), that

Qt(saa) S %?‘JKyﬂ-tQt(S’ a) + ,761 + 61
= %?‘/IK,WtQt(Sa a) + 7261 + ve1 + €1
<
< ﬁ}(,m@t(sﬂl)+€1(1+’y+72+...)
< €1

i (5:0) + 72

€
= %K(s,a)—i—z.

Hence,

. €
Vi(st) = gle%i(Qt(st’ a) = Qi(st,ar) < Q) (st at) + —

€
1 = V]@tK(St) + Z,

where we have used the fact that a; = m(s¢) = argmax,c 4 Q¢(s¢, a). O
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8.1.2 Modified RTDP

As a simple application of Theorem [4] and Lemma this section provides online
performance guarantees of a variant of RTDP that only has access to an approximate
MDP model, instead of an exact model. Our analysis results in useful theoretical
insights of such learning real-time algorithms within the PAC-MDP framework. In
some sense, our results provide polynomial mistake-bound results for such learning

real-time heuristic search algorithms, where a “mistake” occurs when the algorithm’s

policy is not e-optimal (c.f., §4.4.4).
Algorithm 26 Modified RTDP.

: Inputs: S,A,’y,%,el €R,.
. Initialize Q(s,a) « Viax for all (s,a) € S x A.
. Initialize the first state s; € S.
:fort=1,2,3,... do
Choose the greedy action a; < argmax,c 4 Q(st, a).
Compute an attempted backup value: g «— %Q(st, at).
if ¢ < Q(s¢,a;) — €1 then
Q(st,at) < q.
end if
Observe the next state si11 ~ T'(- | s¢, a¢).
end for

© X NPT RO

—
e

Algorithm [26] gives the modified RTDP algorithm, which requires as input an oracle
B for performing approximate Bellman backups. The algorithm differs from RTDP
in that it only updates a state—action’s Q-value when the value decreases at least by
€1 after the approximate Bellman backup, as required in Line [6} in other words, only
“large” updates are allowed. Since rewards are non-negative, the value function must be
non-negative as well. The modification to disallow small updates in the value function
guarantees that the state—action value function can be updated a finite number of times,
a condition required by Theorem This fact permits us to show modified RTDP’s

polynomial sample complexity of exploration.

Theorem 22 Assume ¢; = €(1 —7)/8 and H{BQ - ‘BQH < €1 for all Q(-,-) such
that 0 < Q(s,a) < Viax, then modified RTDP is PAC-MDP with the following sample
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complezity of exploration:

o (s (P v ) sy

The proof relies on Theorem |4 by verifying that three conditions hold. The optimism

condition is verified by the following lemma, whose proof is given in the appendix.

Lemma 38 In modified RTDP, we have at all timesteps t that

Qu(s,a) 2 Q*(s,a) — = Q*(s,a) — -

PROOF (of Theorem . The optimism and accuracy conditions of Theorem [4| are
verified by Lemma [38] and Lemma respectively. For Condition [3| first observe that
every visit to a state—action outside K; results in an update of the state—action value.
To see why, observe that the attempted Bellman backup value, ¢, computed in Line

of Algorithm [26]is small enough to trigger an update:

a—Q(st,ar) = BQ(s¢, ar)—Q (51, ar) < BQ(s1, ar)—Q(1, ar)+e1 < —6(147_7)4%1 = —e€1.

Therefore, the number of surprises coincides with the number of updates to the value
function. Now, observe that each update of the state—action value results in a reduction
of at least €1 and that the initial state—action value is at most Viax. So, the number
of updates in each state—action value is at most & def Vmax/€1, and the total number
of updates in all state—action values is at most |S||.A| k. Hence, the bounded-surprises

condition of Theorem [ is satisfied with

8|S Al Vinax

C(e8) = 151141 1 Ry

S]] Vi _
€

8.1.3 Randomized RTDP

In computing a Bellman backup as in RTDP, the per-timestep sample complexity is
linear in the number of states in the worst case. In randomized RTDP, the complexity
is weakly dependent on the number of states when a generative model £ is available.

This improvement is achieved by replacing the exact Bellman operator by a randomized
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approximate Bellman operator, which draws m samples from a generative model and
then averages the m sample backup values. Clearly, such a Monte Carlo approximation
gives an unbiased estimate of the true Bellman backup, and thus Hoeffding’s inequality
can be used to quantify the value of m required to guarantee low approximation error.

However, since each such randomized approximation step has some non-zero proba-
bility of failing to compute an accurate backup value, the algorithm employs additional
mechanism to force the total number of approximations to be bounded, and so we
may use a union bound to bound the total failure probability of the whole algorithm.
This goal is achieved by introducing a timestamp for each state—action pair to avoid
unnecessary Bellman backups. The complete algorithm, which we describe in Algo-
rithm is slightly simplified to get rid of an unnecessary exploration bonus in the

original presentation by [Strehl et al.| [2006Db].

Algorithm 27 Randomized RTDP.

0: Inputs: S, A,7,9,e1 e Ry, meN.
1. for all (s,a) € S x A do
2: Q(s,a) < Vipax  {optimistic initialization of state—action values}
30 A(s,a) — 0 {timestamp of last attempted update}
4: end for
5. t* «— 0  {timestamp of most recent Q-value change}
6: fort=1,2,3,... do
7. Observe the current state s;, take action a; < argmax,c 4 Q(s¢, a), obtain reward
r¢, and transition to a next state s;41.
8 if A(s,a) <t* then
9: Sample m independent transitions from the generative model O: D =
{(ra1, 841), (2, 849), - -« s (Ttm, Shn) } and compute an attempted update:
1 & ,
q— m ; <7“tz + ’7%1653( Q84 a)> .
10: if ¢ < Q(st,a;) — €1 then
11: Q(st, ar) < q.
12: t* —t
13: end if
14: A(s,a) «— t.
15:  end if

16: end for
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Theorem 23 [Strehl et al.||2006b] When €1 = €(1 —~)/8, and

(Ve 12 ISIIA
m‘0< 2172 i)

randomized RTDP is PAC-MDP with the following sample complezity of exploration:

o (s (P +m ) )

The proof of the theorem follows a similar line of reasoning to that of Theorem

We will need the following definitions and lemmas, which are helpful for understanding

the behavior of randomized RTDP as well. Proofs for the lemmas are found in §8.5.2]

Definition 16 In the execution of randomized RTDP, an attempted update occurs
when Line[9 of Algorithm[27 is executed. A successful update occurs at timestep t when

the state—action value function changes in Lz’ne namely, when q < Q(s¢,ar) — €1.

Definition 17 We define Agrrpp as the event that the following holds for all timesteps

t, in which an attempted update occurs:
lg — BQi(st,ar)| < €1 (8.1)

Lemma 39 During an entire execution of randomized RTDP, there are at most

def “S| ‘-’4| Vinax
Kg — ——————

€1
successful updates and

Ko S [S| A (1+ k)

attempted updates.

Lemma 40 It suffices to set

(YVmax + 1)2 4k,
m = rmax T )y, e
26% 1)

to guarantee that event Arrpp holds with probability at least 1 — §/2.
Lemma 41 Assuming event Arrpp holds, then the following holds true for an entire

execution of randomized RTDP: If an attempted update occurs at timestep t and (s, at) ¢

K, then the update will be successful.
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Lemma 42 Assuming event Agrrpp holds, then we have at all timesteps t that

Qu(s,a) > Q"(s,0) — 6_17 = Q*(s,a) — g.

We are now ready to prove the main theorem of this subsection.
PROOF (of Theorem . The proof relies on Theorem [4| by verifying that three con-
ditions hold. First, assume Agrrpp holds. The optimism and accuracy conditions are
verified by Lemmas [42] and [37], respectively. The bounded-surprises condition also
holds with ((e,0) = ks, because (i) Lemma guarantees that a successful update
occurs whenever a state—action pair outside K; is experienced, and (ii) any change in
the value function coincides, by definition, to successful updates.

If, on the other hand, Arrpp fails, then the three conditions may not be satisfied.
However, the probability that Arrpp fails is at most 4/2, according to Lemma

which completes the proof. O

8.2 Delayed Q-learning

Delayed Q-learning [Strehl et al. 2006¢| is the first model-free PAC-MDP algorithm for
general finite MDPs. It generalizes earlier results for deterministic finite MDPs [Koenig
and Simmons||1996] and bears a number of similarities to randomized RTDP. Some of
its variants are developed by |Strehl [2007b|, which use techniques such as interval
estimation. This section presents a slightly improved version that does not use the
somewhat unnatural exploration bonus from the original description by [Strehl et al.

[2006¢|, and shows the algorithm is PAC-MDP using Theorem |4| and Lemma

8.2.1 Algorithm

Delayed Q-learning may be viewed as a modified version of randomized RTDP that does
not require a generative model. Instead, the agent only observes one sample transition
for the action it takes in the current state, as described in the online interaction protocol
(Definition . This challenge calls for corresponding changes in the algorithm. A com-
plete pseudocode description is in Algorithm [28] Below, we give informal explanations

for why the algorithm is PAC-MDP. A formal analysis is given in the next subsection.



178

First, like randomized RTDP, delayed Q-learning uses optimistic initialization of the
value function, and waits until m transitions from (s, a) are gathered before considering
an update of Q(s,a). When m is sufficiently large (but is still bounded by a polynomial),
the new value of Q)(s,a) is still optimistic (modulo a small gap of ©(e)), based on the
sample-complexity result for the subinterval prediction problem in Thus, the
optimism condition in Theorem [] is satisfied.

Second, we use Definition [L5|for the known state—action set, K;, similar to the anal-
ysis of randomized RTDP. By virtue of Lemma[37} the accuracy condition of Theorem [4]
is automatically satisfied.

Third, delayed Q-learning maintains a learning flag for each state—action pair that
is TRUE when this pair does not belong to the set K;. However, an unsuccessful at-
tempted update in Q(s, a) at timestep ¢ does not necessarily imply with high probability
that (s,a) ¢ K, which is different from randomized RTDP. The reason is that the state—
action value function may change during the collection of the m samples; consequently,
it is possible that (s,a) € Ky, but (s,a) ¢ Ky, , where k; < ks < --- < k;,, are the m
most recent timesteps in which (s, a) is experienced. Luckily, by using a slightly more
complicated learning-flag mechanism, we can still bound the total number of attempted
updates and consequently the total number of changes in K;. This fact is used to satisfy
the bounded-surprises condition of Theorem []

Finally, we note that the batch update achieved by averaging m samples is equiva-
lent to performing stochastic gradient descent using these samples with a sequence of

learning rates: 1, 3 L assuming updates on Q(s,a) do not affect the sequence of

19y m
samples. This observation justifies the name of the algorithm, emphasizing both the
relation to Q-learning with the harmonic learning rates above and the batch nature of

the updates.

8.2.2 Sample Complexity of Exploration

The main result of this section is the following theorem, which says that delayed Q-

learning is PAC-MDP.
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Algorithm 28 Delayed Q-learning

0: Inputs: S, 4,v,m € N,e; € Ry

1. for all (s,a) € S x A do

2: Q(s,a) < Vipax  {optimistic initialization of state—action values}
(s,a) < 0  {used for attempted updates of the value in (s,a)}
(s,a) <— 0  {beginning timestep of attempted update in (s,a)}

U

B

C(s,a) «— 0  {counter for (s,a)}

L(s,a) — TRUE {the learning flag}

t* «— 0 {timestamp of most recent state-action value change}

:fort=1,2,3,--- do

10:  Observe the current state s;, take action a; «— argmax, 4 Q(s¢, a), receive reward
ri € [0, 1], and transition to a next state s;41.

11: if B(St, CLt) < t* then

12: L(st,at) — TRUE

13:  end if

14:  if L(s;,a;) = TRUE then

15: if C(s¢,at) =0 then

16: B(St, at) — 1

17: end if

18: C(sg,ap) «— C(s,ap) + 1

19: Ul(st,ar) < U(sgyar) + 1 + ymaxgeq Q(Se41,a)
20: if C(s¢,at) =m then

21: q— U(st,a)/m

22: if Q(s¢,ar) —q > € then
23: Q(s¢,at) — q

24: t* —t

25: else if B(s¢, at) > t* then
26: L(St, CLt) «— FALSE

27: end if

28: U(st,at) <0

29: C(st,ae) < 0

30: end if

31:  end if

32: end for




180

Theorem 24 In delayed Q-learning, if parameters are set by

B Vinax? S| |A|
m”(e?(l—w?l“eé(l—v))’

and

1—
o= 1=

8
then the algorithm is PAC-MDP with the following sample complexity of exploration:

4
O(!SHAWmax o1 |srAr>.

-t el e(1—7)

The proof of this theorem slightly improves the original one by |Strehl et al.| [2006¢].

We will need a modified version of Definition and a few technical lemmas, whose

proofs are found in §8.5.3]

Definition 18 In the execution of delayed Q-learning, an attempted update occurs
when the condition in Line of Algorz'thm is true (and thus Lines @ are exe-
cuted). A successful update occurs when the state—action value function is changed in

Line[23. An attempted update that is not successful is called an unsuccessful update.

Lemma 43 During an entire execution of delayed Q-learning, there are at most

def |S’ |A’ Vmax
Ky = ——————.

€1

successful updates and

Ko 2 |SI Al (1 + ks) .

attempted updates.

Definition 19 We define Apqr as the following event: for all timesteps t in which an
attempted update occurs, if (st,ar) ¢ K, , then the update will succeed, where ki < kg <

oo < kyy =t are the m last timesteps during which (sy, ar) is experienced.

Lemma 44 It suffices to set

(1 4+ vVimax)? | 3kKa

in delayed Q-learning to guarantee event Apqr holds with probability at least 1 — /3.
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The next lemma states that, with high probability, delayed Q-learning will maintain

an optimistic value function.

Lemma 45 During execution of delayed Q-learning, if m satisfies Equation then
Qi(s,a) > Q*(s,a) — €1 /(1 — ) holds for all timesteps t and state—action pairs (s,a),

with probability at least 1 — §/3.

Lemma 46 If event Apgr occurs, then the following holds: If an unsuccessful update

occurs at time t and L(st, ay) is set to FALSE, then (s¢,at) € Kiy1.

The following lemma bounds the number of timesteps ¢ in which a state—action pair

(s,a) € K, is experienced.

Lemma 47 If event Apgr, occurs, then the number of timesteps t such that (s¢,a:) ¢ Ky
18 at most
2mVimax |S||A|
€1 '
PROOF (of Theorem . The proof relies on Theorem || by verifying that three con-
ditions hold. We have shown, with high probability that, the optimism, accuracy, and
bounded-surprises conditions hold in Lemmas [45] and [47] respectively. Using a
union bound, the total probability that any of them fails to hold is at most J, thus

completing the proof. O

8.2.3 An Extension to State Abstractions

Delayed Q-learning is stated for finite MDPs and the sample complexity bound in The-
orem [24] is in terms of the number of states and actions. However, it is possible to
extend the algorithm and analysis to infinite-state MDPs when a certain type of state
abstraction (§3.2.1) is used.

In MDP state abstractions, a function ¢ is used to aggregate “similar” states into one
abstract state. Recall that the Q*-irrelevance abstraction, ¢+, aggregates states with
the same optimal Q-values. In the context of our discussion, we can relax the notion

a little by allowing a small gap in the abstraction. We call an abstraction function ¢
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a Q*-irrelevance abstraction with gap € if the following holds: for all s1,s9 € S and
a € A: ¢(s1) = ¢(s2) implies |Q*(s1,a) — Q*(s2,a)] < e. Given such an abstraction
function ¢, the original MDP can be turned into an abstract MDP, M = (S, A, T, R, ’y)E|
Furthermore, we assume that ‘5’ } is finite.

The modification to the algorithm is straightforward. We simply run delayed Q-
learning on the abstract MDP M and estimate the optimal abstract Q-function, Q*(3, a),
for 5 € S. Thus, even if S is infinitely large, we may still represent Q*(s,a) by a finite-
entry table.

To analyze the sample complexity of exploration, we shall assume the abstract Q-
function allows a sufficiently accurate representation of the true Q-function; otherwise,
a policy derived from the abstract Q-function may be poor in the true MDP. Specif-
ically, we assume that ¢ is a Q*-irrelevance abstraction with gap ¢ = O(e(1 — 7v)).
Consequently, every attempted update value (i.e., the quantity ¢ computed in Line
of Algorithm may introduce an additional error term on the order of O(e(1 — 'y))E|
which in turn translates into an additional O(e) gap on the right-hand side of the
bound in Lemma This additional term does not violate the accuracy requirement
in Theorem [ if we re-scale the error parameter €, and so the same asymptotic sample
complexity of exploration holds. The rest of the analysis in remains unchanged.

Thus, we have proved the following corollary of Theorem

Corollary 1 When provided with a Q*-irrelevance abstraction ¢ with gap O(e(1 —7)),
delayed Q-learning is PAC-MDP with the following sample complezity of exploration:

S A Va1 [8]1A
O( Al—t Mei—) M- )

8.2.4 Optimality of Delayed Q-learning

The main result of this section (Theorem is an improvement on previous sample

complexity of exploration lower bounds for reinforcement learning in MDPs. Existing

'In defining the abstract MDP, any well-defined weighting function can be used (c.f., Definition .

2Equivalently, every attempted update involves solving an agnostic version of the subinterval-
prediction problem, in which the best prediction has an error of O(e(1 — 7)).
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Figure 8.1: The difficult-to-learn MDPs used to show an improved lower bound of
sample complexity of exploration.

results [Kakade|[2003] show a linear dependence on |S| and €, but we find that a lin-
earithmic dependence on |S| and a quadratic dependence on € are necessary for any
deterministic reinforcement-learning algorithm. We note that our analysis has some

similarity to the lower-bound analysis of Leftler et al.| [2005], although their result is for

a different learning model.

Theorem 25 For any deterministic reinforcement-learning algorithm A, there is an

MDP M = (S, A, T, R,~) such that the sample complexity of exploration of A in M is

o (114, 1), »

To prove this theorem, consider the family of MDPs depicted in Figure 8] Each

MDP in this family has N + 2 states: S = {1,2,...,N,+,—}, and A = | A| actions. For
convenience, denote by [N] the set {1,2,..., N}. Transitions from each state i € [V]
are the same, so only the transitions from state 1 are depicted. One of the actions (the
solid one) deterministically transports the agent to state + with reward 0.5 + €. Let a
be any of the other A — 1 actions (the dashed ones). From any state i € [N], taking a
will cause a transition to + with reward 1 and probability p;,, and to — with reward 0
otherwise, where p;, € {0.5,0.5 + 2¢} is a number very close to 0.5 + €. Furthermore,
for each i € [N], there is at most one action a such that p;, = 0.5 + 2e. Transitions

from states + and — are identical: they simply reset the agent to one of the states in

[N] uniformly at random.
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In fact, the MDP defined above can be viewed as N copies of a multi-armed bandit
problem where the states + and — are dummy states for resetting the agent to the next
“real” state. Therefore, the optimal action in a state 7 is independent of the optimal
action in any other state: it is the solid action if p;, = 0.5 for all dashed actions a;
otherwise, it is the dashed action a for which p;, = 0.5 + 2¢. Intuitively, this MDP is
hard to learn for exactly the same reason that a biased coin is hard to learn if the bias
(that is, the probability of head after a coin toss) is close to 0.5.

The lemma below follows from a sample-complexity lower bound stated in

Lemma, Its proof is in the appendix.

Lemma 48 There exists constants ci,co € (0,1) such that during a whole run of A,
for any state i € [N], the probability (with respect to the randomness of the MDP) that

sub-optimal actions are taken in i more than m; times is at least

(m;) := coex —mi€2
p{my;) = C2 €Xp ClA :

With this lemma, we are ready to prove the main theorem.

PROOF (of Theorem . Let ((€,0) be an upper bound of the sample complexity of
any PAC-MDP algorithm A with probability at least 1 — . Let sub-optimal actions be
taken m; times in state i € [N] during a whole run of A. Consequently,
N N
0> Pr (Zmz > C(e,é)) =1-"Pr (Zmz < ((6,5)) ,
i=1 =1
where the first step is because the actual sample complexity is at least ), m;—every
timestep in which a suboptimal action is taken counts towards the sample complexity.
We wish to find a lower bound for the last expression above by optimizing the values
of m;s subject to the constraint: ) . m; < ((€,6). Due to the statistical independence
of what states i € [N] are visited by the algorithmﬁ we can factor the probability above
to obtain

N
0>1-— max (1 —p(my)).

M1,..;mu;y; Mi<((e,0) i1

31t does not help for the algorithm to base its policy in one state on samples collected in other states,
due to the independence of states in this MDP. If an algorithm attempts to do so, an adversary can
make use of this fact to assign p;, to even increase the failure probability of the algorithm.
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where Lemma [48] is applied.
We now use Lemma [25] to obtain a lower bound of the last expression above, which

in turn lower-bounds §. Applying this lemma with ¢ = ¢ and A = exp(—ci—i‘) gives

521 (1- oo (D)) ”

The theorem then follows immediately from Lemma [26( with 7 = €2/A using the fact
that N = |S| — 2. O

8.3 LSPI-Rmax

In this section, we illustrate how theoretical insights in provably PAC-MDP analysis
may result in more practical algorithms with good empirical performance in balancing
exploration and exploitation. Specifically, we describe a variant of the model-free LSPI
algorithm ( that is motivated by ideas in KWIK-Rmax and is thus called LSPI-
Rmax [Li et al|[2009a]. Although the algorithm shares some similarity to Rmax-style
algorithms and is reduced to exactly Rmax in a special case, we view it as a model-free

algorithm since the MDP model is not estimated explicitly in general in LSPI-Rmax.

8.3.1 Algorithm

The algorithm uses linear function approximation (§3.2.2)) to represent a value function:

def

Qw(s,a) = quf)(s, a),

where w € RF is a k-vector and ¢ : (Rk)SXA

consists of k predefined features.

As a first step toward combining LSPI with Rmax-style exploration, we extend the
concept of known state—action pairs as used by KWIK-Rmax to continuous state spaces.
Our approach relies on the intuition that the dynamics of a state-action pair can be
reliably predicted with sufficient sample transitions from its neighbor state—actions,
similar to the idea in locally weighted regression [Atkeson et al.[1997a]. Formally, the

algorithm requires a distance function that computes the dissimilarity (or distance)

between two state-action pairs: d: (S x A)? — R,.
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Definition 20 Lete > 0 and m > 0 be two predefined constants. Given a set of sample

transitions D = {(s;, a;, 4, s;)}, a state—action pair (s,a) is called (¢, m)-known if
’{(si,ai,n,s;) €D |d(s,a,sia;) < 5}’ > m.

In other words, D contains at least m samples that are e-close to (s,a). Furthermore,

a state s is called (g, m)-known if (s,a) is (,m)-known for all actions a.

Using this notion, we are now ready to present LSTDQ-Rmax (Algorithm , a
variant of LSTDQ (c.f., that assigns Vipax to unknown states and unknown
state-actions. Let (s,a,r,s") be a sample in D, and consider the following cases:

e If both (s,a) and s are (g, m)-known, LSTDQ-Rmax operates exactly like LSTDQ,

as in Lines [7}-[] of Algorithm

e If (s,a) is (e,m)-known but s’ is not, then we pretend s’ is a goal state whose

value is the largest possible, Vipax. Therefore, the return of (s,a) is the sum
of the immediate reward, r, and the pretended discounted value of s', yViax;
this corresponds to Lines that encourage the agent to further explore the
neighborhood of s’.

e Similarly, when (s,a) is not (¢, m)-known, the return of this state-action pair is

treated as Viax, which results in Lines

e Finally, since solutions found by LSTDQ-Rmax are biased by the sample distribu-

tion in the input sample set D, Lines add artificial samples to (s, a’) pairs
so that untried actions a’ in s are preferred when a nearby state is visited in the
future. These state—action pairs also have the largest possible value, Viax.

With LSTDQ-Rmax as a building block, we can give a generic form of the full online
learning algorithm, LSPI-Rmax, in Algorithm In this algorithm, the agent always
chooses greedy actions with respect to its current value-function estimate. When new
training samples are added to the sample set D, it runs LSPI to update its value function,
in which it uses LSTDQ-Rmax instead of LSTDQ to evaluate value functions.

To summarize: LSTDQ-Rmax is just like LSTDQ, except that it assigns maximum

value, Vinax, to states and state—action pairs that are not (¢, m)-known; LSTDQ-Rmax
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becomes LSTDQ when m = 0. LSPI-Rmax is just an online version of LSPI that uses

LSTDQ-Rmax instead of LSTDQ to approximate the policy-evaluation step.

Algorithm 29 LSTDQ-Rmax

1: Input: D, 7,9, k,v,e,m.

2: Qutput: weight vector w so that Qw ~ Q™

3: A« Opxy (the k X k zero matrix)

4: b « 0y (the k x 1 zero column-vector)

5. for all (s,a,r,s') € D do

6: if (s,a) is (¢,m)-known then

7 if s’ is (¢, m)-known then

8 A At @(s,a)- ((s.a) —1(s',7(s))
9: b—b+d¢(s,a)-r

10: else

11: A— A+g(s,a)-¢(s,a)’

12: b —b+d¢(s,a) (r+ vViax)

13: end if

14:  else

15: A A+ ¢(s,a)-p(s,a)"

16: b — b+ ¢(s,a) - Vinax

17 end if

18:  for all a’ € A\ {a} where (s,d’) is not (¢, m)-known do
19: A A+ ¢(s,a')-d(s,a')"
20: b «— b+ @(s,a) - Vinax

21: end for
22: end for
23: Return w = A~ 'b

Algorithm 30 LSPI-RMAX

: Input: @, k,v,e,m.

. Initialize w, s1, and set D « ()

:fort=1,2,3,--- do

Choose the greedy action a; in s; with respect to Qw, observe reward r; and sy41

=W =

o

D« DU {(st,at,7t,t41)}
Update w by running LSPI with LSTDQ-Rmax instead of LSTDQ.
7: end for

2

8.3.2 Implementation Issues

While we have given the generic form of LSPI-Rmax, a number of implementation issues
remain open. We describe our solutions to these problems, but note that other solutions

do exist and might work better in some situations.
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The first natural question is how to decide whether a state-action pair is (e, m)-
known or not. A straightforward algorithm would be to search over all samples in
D and count the number of nearest neighbors within & distance. However, when D
is large, even this O(|D|)-time algorithm is far too expensive. A better way is to
employ smarter nearest-neighbor search techniques such as kd-trees [Friedman et al.
1977] whose time complexity is sub-linear in |D|, but still is prohibitively expensive
in high dimension state spaces. Therefore, it might be worthwhile to sacrifice exact
counting for faster computation. In our implementation, we coarsely discretize S x A
into bins, and the number of nearest neighbors is approximated by counting how many
samples in D fall in the same bin. Thus, all samples in a bin are simultaneously known
or simultaneously unknown under this approximationﬁ By maintaining a counter for
each bin, we are able to achieve a much lower computational complexity that is linear
in the state dimension. Therefore, this binning implementation can be viewed as a
computationally efficient approximation to the exact nearest-neighbor search procedure
such as kd-tree algorithms. We note that better choices for identifying known state—
actions are possible in the presence of domain knowledge, and the number of bins may
grow sub-exponentially. Another useful idea is to use variable-resolution bins, such as
those used by |[Nouri and Littman| [2009].

It is important to note that the discretization procedure we use here should not be
confused with discretization for solving large MDPs. Discretization there directly de-
cides the complexity of value functions being considered, and solving a discretized model
often requires repeated access to the whole model (e.g., in the dynamic-programming
algorithms surveyed in . Here, in contrast, discretization is used only to indicate
whether enough samples have been observed in a local region, that is, whether a state—
action pair is known. Thus, the class of value functions under consideration and the
computational complexity mostly depend on the number of features, rather than num-
ber of bins used by LSPI-Rmax. These differences make our approach less prone to the

curse of dimensionality than discretization methods.

4This implementation also has a desired side-effect of smoothing the optimal value function of the
known-state MDP, which makes it easier to learn the optimal value function and policy for the known-
state MDP.
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A second problem is that D keeps growing without limit as time goes on. However,
if the MDP dynamics are smoothﬂ (which is often the case in practice), it is unnecessary
to keep all samples in D if many of them are close to each other. Thus, we have chosen to
avoid adding a sample to D if the corresponding bin size reaches a predefined capacity,
which varied between 50 and 100 in our experiments in Excluding samples has
the effect of making the sample distribution in D more uniform, which is often preferred
for the policy-improvement step of LSPI in practice [Lagoudakis and Parr|[2003a].

Third, Lines ensure that untried actions a’ in s are preferred when a nearby
state is visited in the future by using artificial samples. Empirically, it is desirable to
avoid adding too many such artificial samples, which may overwhelm the real ones.
There are many ways to do so—in our implementation, an artificial sample is used only
when the bin corresponding to (s,a’) is empty. This choice has the desired property
that if the local region of (s, a’) is underrepresented, the artificial sample has the effect
of increasing the value of @’ in s so as to encourage exploration of @’ in the neighborhood
of s; on the other hand, if a’ has been tried in nearby states of s’, the algorithm will
use those real samples and does not use artificial ones.

Finally, LSPI is invoked in each step in Algorithm Since LSPI is rather expensive
(the complexity of each iteration is on the order of O(k?)) and adding a sample to the
training set D usually has small effects on the value function it finds, our implementation
calls LSPI (Line [f] in Algorithm only after a certain number of samples are added
to D.

8.3.3 Relation to Rmax

Because LSPI-Rmax’s root is in Rmax, it is natural to consider the relation between
them. Given a finite MDP, Rmax estimates Q(s,a) for each (s,a). If we view this tab-
ular representation as a linear function approximation with indicator features (,
then LSPI-Rmax precisely duplicates Rmax with ¢ = 0. (Note that Rmax has a similar

parameter m.) In fact, what LSTDQ-Rmax solves for is the state—action value function

SNearby states have similar transition and reward functions if the MDP’s dynamics are smooth.
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of policy m on the empirical known state—state MDP My maintained by Rmax. Conse-
quently, Line[6] of Algorithm [30 becomes exact policy iteration and returns the optimal
state—action value function of M.

This connection to Rmax serves as a sanity check of the plausibility of our approach.
We can make this similarity formal. A thorough analysis of LSPI-Rmax is difficult,
since a nontrivial performance guarantee for LSPI itself is open except in limited sit-
uations [Lagoudakis and Parr|2003a; Antos et al. [2008]. Our preliminary analysis is
specific to the bin-based implementation described in the previous section. Similar
to known states, we call a bin to be known if every action has been tried at least m
times in states in this bin. Suppose the state space is partitioned into C' disjoint bins.
Let K C {1,2,---,C} be the subset of known bins, then the known-bin MDP can be

defined by My def (S, A, Tk, R, ~) where

def R(s,a) if sisin a known bin
€
RK(& a) =

1 otherwise,

)
4 T(s,a,s') if sisin a known bin
/ ef

Tk(s,a,s) =

I(s=4¢") otherwise.

\
Assumption [3| below asserts that LSPI, when using a sufficiently good feature func-

tion @, is able to return a near-optimal policy in known-bin MDP.

Assumption 3 Let €, € (0,1) be given. Let m = m(e,d) be some positive constant
depending on € and 6. We call C' a cover number of the MDP if the state space S can
be partitioned into C disjoint bins: S = S1US2 U ---US¢, such that, with probability at
least 1 — &, LSPI with the given features ¢ returns an e-accurate value function in the

known-state MDP My for any K C {1,2,...,C}.

This assumption allows one to show a bound on the sample complexity of explo-
ration stated in Theorem 26 whose proof follows similar steps as the sample complexity
proof for KWIK-Rmax. Although it is hard to verify Assumption [3]in practice, the the-

orem serves as a best-case sanity check that the algorithm does employ the exploration
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Figure 8.2: Problems used in experiments. Left: CoNTCoMBLOCK. Middle: MOUN-
TAINCAR (adapted from [Sutton and Barto [1998]). Right: EXPRESSWORLD (adapted
from Boyan and Moore| [1995]).

efficiency of Rmax. An important open question is to generalize the analysis to broader

classes of linear function approximation.

Theorem 26 When it is implemented using bins S1,...,Sc that are defined in As-
sumption[3, LSPI-Rmax’s sample complexity of exploration is

0 (6(‘1/‘“_",” (C’Am(e(l —4),6/(CA)) +In ;) 6(11_w> .

LSPI-Rmax is similar to metric E? in the sense that they both depend on some kind
of smoothness assumption. The notation of (¢, m)-known state—actions plays a similar
role to the local modeling assumption. Metric E? estimates the model explicitly based on

samples and then employs a hypothetical planner to get the desired policy. In contrast,

LSTDQ-Rmax builds a compressed empirical model implicitly [Boyan |2002; Parr et al.

and approximate policy iteration is then used to solve the planning problem. The
near-optimality part in Assumption [3]is roughly the analog of the approximate planner
assumption made in metric E3. Since LSPI does not make a clean distinction between
learning and planning, it is not clear how to use the same assumptions that applied to

metric E? to analyze LSPI-Rmax.

8.3.4 Experiments

This section reports experimental results on four continuous, episodic domains ordered

by increasing difficulty of exploration. We did not try to optimize features, which is an
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important problem. Further investigation is needed to study the effect of features on

exploration.

Domains

MOUNTAINCAR [Sutton and Barto|1998] is a problem in which the agent tries to drive a
car to a hilltop (Figure[8.2(a)). To do so, the agent has to reverse the car to move away
from the goal and then apply full throttle until it reaches the hilltop. This problem
has two continuous state variables and three actions. Every step gives rise to a reward
of —1, and the state transition is governed by a system of nonlinear equations [Sutton
and Barto|1998]. We used CMAC features consisting of 3 layers of 4 x 4 tilings, which
are then repeated for each of the three actions, leading to a total of 3 x 3 x4 x4 = 144
features. The same approach of repeating features for every action was adopted in the
other problems.

BicYCLE is the problem of balancing a simulated bicycle. We used the deterministic
version of bicycle [Randlgv and Alstrgm)1998] (i.e., the noise in the displacement action
is always zero) to illustrate how LSPI-Rmax works in a challenging, high dimensional
problem, although the problem is somewhat easier than the original, stochastic one.
There are six continuous state variables and two continuous action variables. Each
balancing step leads to a reward of +1, and an episode terminates when the bicycle
falls. We used the same set of hand-coded features and the same discretization in the
continuous action space as in the original LSPI paper |[Lagoudakis and Parr(2003a]; that
is, there were 100 features and 5 actions.

EXPRESSWORLD is adapted from PUDDLEWORLD [Sutton [1996]. In PUDDLE-
WORLD, the state space is a two-dimensional continuous grid world in which the agent
can move along four directions (N, E, S, and W) to reach the goal region in the north-
east corner while trying to avoid two puddles (Figure 8.2b)). Each step yields a —1
reward plus a penalty for entering the puddle region. To make exploration more im-
portant in this task, we add an “express lane” 0.15 units wide—if the agent moves
within this lane, every immediate reward is —0.5 instead of —1. Start states are drawn

randomly from the left half plane so that the agent has to learn how to avoid puddles,
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as well as to explore actively to discover the goal as well as the express lane. We have
found empirically that this exploration task is quite challenging. Partly because the
reward function that has sharp changes in the puddle region, it is not easy to find good
features for this problem. Therefore, we simply used a 6 x 6 discretization of the state
space and treated it as a CMAC feature with one layer of gridding, which resulted in a
total of 4 x 6 x 6 = 144 features.

The last problem, CONTCOMBLOCK, is a continuous version of combination lock,
which was designed to require a smart exploration strategy [Koenig and Simmons|1996].
The state space is a segment [0, 1] with a fixed start state 0 (Figure [8.2|(c)). There are
two actions: LEFT always takes the agent back to the start state 0; the other action
RIGHT takes the agent from state x to a new state y = £+0.02+ A, where A is generated
via Gaussian noise with mean 0 and standard deviation 0.005. If the agent reaches a
state x > 0.98, the episode terminates. Every step results in a —1 reward. Therefore,
the optimal policy is to always choose RIGHT, and on average each episode takes about
50 steps to finish. We used CMAC features that have 3 layers of grids, each dividing
the state space into 6 pieces. Hence, 2 x 3 x 6 = 36 features were used.

For BICYCLE, the agent was allowed to run 2000 episodes, each of which was at
most 72000 steps long; in the other problems, the agent had to run up to 200 episodes,
each of which was at most 300 steps long. The discount factor was set to 0.99 for all
four problems.

In the experiments, the capacity of a bin was set to 100 except in BICYCLE where
it was 50 (since this problem’s state space is larger). We invoked LSPI in LSPI-Rmax
every time 100 new samples were added to D, except in CONTCOMBLOCK where LSPI
was invoked immediately after a new sample was added.

We compared LSPI-Rmax against LSPI with e-greedy and counter-based exploration.
For each of them, we have tried different exploration parameters and report the best
result. Since all problems are continuous, we had to modify the counter-based method

to use the same trick as LSPI-Rmax (c¢f., §8.3.2)), and maintained a counter for each bin.
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Results

Figure [8.3|shows the learning curves for cumulative reward of LSPI with different explo-
ration rules in all four problems, where the y-axis is the cumulative rewards, averaged
over 30 runs. The slope of a curve corresponds to per-episode reward. In M OUNTAIN-
CAR and BICYCLE, all three exploration rules had similar cumulative rewards for the
first dozen episodes, but LSPI-Rmax quickly showed its advantage over the other two
and converged to a much better policy. It is also observed that e-greedy and counter-
based exploration rules can be better than the other, depending on specific problems.
In CoNnTCoOMBLOCK, LSPI-Rmax was the only one that succeeded.

The learning curve for EXPRESSWORLD probably best illustrates the way LSPI-Rmax
works. At the beginning of learning, LSPI-Rmax actually receives much less cumulative
rewards since it attempts to visit different parts of the state space and thus receives a
lot of penalty for entering puddles. However, after about 10 episodes, it has obtained
a better policy, which finally compensates the cost of exploration at the beginning. In
contrast, LSPIl with e-greedy and counter-based exploration converged to suboptimal
policies (visible in the graph as their reward slopes).

The success of LSPI-Rmax comes from the fact that the agent actively explores the
state space. This claim is supported by Figure which plots the states visited by
the three agents in EXPRESSWORLD for the first three episodes during a typical run.
(We chose this domain for demonstration because it is easier to visualize its 2D state
space). Observe that all three agents failed to reach the goal for the first three episodes.
However, the LSPI-Rmax agent apparently behaves more intelligently by experiencing
novel parts of the state space, while the other two agents had difficulty getting far away
from the start states on the left half plane.

Finally, we study the effect of parameter m on cumulative rewards in LSPI-Rmax.
Figure plots the average per-episode reward, as well as standard deviation, of LSPI-
Rmax during the entire 30 runs in EXPRESSWORLD with different threshold m values.
The results demonstrate how m controls the exploration-exploitation tradeoff. When

m is small, the agent tries to exploit sooner, but risks at ending up with less effective
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Figure 8.3: Learning curves for cumulative rewards with three exploration strategies.
All results are averaged over 30 independent runs. In the last two figures, the curves
for e-greedy and counter-based exploration almost overlap.



196
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counter-based

Rmax

Figure 8.4: State visitation of the first three episodes of a typical run in EXPRESS-

WORLD. The goal state was not reached with any exploration rules within the first

three episodes.
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Figure 8.5: Effect of exploration threshold m on average per-episode reward in EX-
PRESSWORLD.

policies, which explains the large variance in the average per-episode reward. When
m gets larger, the agent becomes more conservative and tends to explore more before
exploiting. Consequently, learning is more robust and the variance is small. However,
being conservative comes with costs as the algorithm delays exploitation while explor-
ing. In between, medium m values work best. Similar patterns are observed in other

problems.

8.4 REKWIRE

In this section, we explore a simpler setting of reinforcement learning than what the
other parts of the dissertation focus on. In particular, we consider finite-horizon MDPs
with a fixed distribution of start states [Fiechter |1994]. This type of MDP is useful
for episodic problems such as EXPRESSWORLD in the previous section as well as real-
istic problems like navigation (c.f., , etc. Meanwhile, exploration in these MDPs
appears easier than in other MDPs where the agent follows a continuous trajectory
without termination (which is the focus of most of the dissertation).

In the following, we first give notation for finite-horizon MDPs, which has a number

of similarities to that for infinite-horizon MDPs in Then, we present a a model-free
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algorithm with linear value-function approximation. By relating the algorithm to the
problem of KWIK linear regression, we can perform a formal analysis for its sample

complexity of exploration. Finally, proof-of-concept experiments are discussed.

8.4.1 Preliminaries

In this section, environments are modeled by finite-horizon MDPs which can be de-
scribed by a six-tuple, M = (S, A, T, R, H, j19), where: S, A, T, and R are the state
space, action space, transition function, and reward function, similar to the infinite-
horizon MDP defined in §2.1; H € N is the horizon; and po € Ps is a start-state
distribution. In general, an H-horizon MDP may have transition probabilities and
reward function dependent on the stage. We choose a simpler definition for ease of
exposition. The results and analysis in this section may be extended to the general
case with minor modifications.

An episode is a sequence of H state transitions: (s1,a1,71,82,* , SH,GH,TH, SH+1),
where s1 ~ g, Sg11 is a terminal state, and rewards and next states are random vari-
ables according to the transition and reward functions of the MDP. An agent repeatedly
chooses actions until the current episode terminates, and then a new episode starts over
again from a start state picked randomly according to pg. For convenience, define the
set of stages by [H] ={1,2,--- ,H}.

A deterministic, stationary policy maps states and stages to actions: 7 € AS*H],
Specifically, 7(s,h) € A is the action the agent will take if s is the current state at
stage h. Given a policy 7, we define the state-value function, V;"(s), as the expected
cumulative reward received by executing 7 starting from state s at stage h until the
episode terminates at stage H. Similarly, the state-action value function, Q7 (s,a), is
the expected cumulative reward received by taking action a in state s at stage h and
following 7 until the episode terminates at stage H. A reinforcement-learning agent
attempts to learn an optimal policy 7* whose value functions at stage h are denoted by
Vi (s) and Qj(s,a), respectively. It is known that V¥ = max, V}" and Q) = max, QF.
A greedy policy at stage h, denoted mg,, with respect to a value function @y, is one

that selects actions with maximum Q-values; namely, g, (s,h) = argmaxq Q(s, a).
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The greedy policy with respect to @} is optimal for stage h. As in infinite-horizon,
discounted MDPs, the Bellman equation plays a central role to many RL algorithms

including the one we will describe: for any s € S,a € A, h € [H],
“(s,a) = 8.5
Qi(s,a) = R(s,a +Z< 50 max G () (5.5)

where ()7, is understood to be the zero function.

Given the complete model of a finite MDP (i.e., the six-tuple), standard algorithms
exist for finding the optimal value function and the optimal policies [Puterman|/1994];
these methods are straightforward modifications to many algorithms surveyed in If
the transition and/or reward functions are unknown, the agent has to learn the optimal

value function or policy by interacting with the environment.

8.4.2 KWIK Online Linear Regression

In this subsection, we propose an algorithm, REKWIRE (REinforcement learning based
on KWIk online REgression), for H-horizon reinforcement-learning problems in which a
linear value function is used. The key idea of the algorithm is to reduce the RL problem
into a sequence of H instances of KWIK online linear regression problems. A KWIK
online linear regression problem is the same as the noisy linear regression problem
defined in except that we do not require the target function to be exactly linear
in the input vectors, but that the target function is “almost” linear in the input vectors.
This setting is what we call the semi-linearity assumption (Assumption. Asin

we define ¥ CRF and Y = Z = R, where k is the dimension of inputs.

Assumption 4 We make the following assumptions for the KWIK online linear re-
gression problem:
A. (Bounded-input assumption) ||x¢|y < 1 for allt.
B. (Semi-linearity assumption) There exist some (unknown) vector w* € R¥ and a
small number § € [0,1) such that [|[w*||y <1 and |E[z|x] — w* - x¢| < & for all t.

We call the quantity £ the slack value.

Another assumption is needed for the foundation of our algorithm.
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Assumption 5 Under certain conditions C on the process generating the samples
[(x¢, yt)]ten, there exists a KWIK online linear regression algorithm Ay with a KWIK

bound By (k, %, %) and a per-step computation complexity 1o(k, %, %)

Before ending this section, we give an example to shed some light on what C might
look like. Some notation is in order. Let z; = [y1,2, -+, %] and X; € R™*F be the
design matrix up to time t: X; = [x1,%2, -+ ,x¢] . Then, §i41 = a/, 2 gives the least-
squares prediction of y;y1, where a;y1 = Xy(X,) X)Ix;11, MT and MT denotes the
transpose and pseudo-inverse of matrix M, respectively. Define e; def [€7, €5, - € T
Since |ef| < ¢ for all i (Assumption 4B), we have |a, e;| < ¢||ay||,. This inequality is
tight when the signs of components of a; and e; coincide (or are completely opposite). It

* o«

turns out that if the error € “mixes quickly” with a; over time, then we have admissible

KWIK online linear regression algorithms:

Theorem 27 If }atTet‘ = Ot %) ast — oo for some constant a > 0, then noisy

linear-regression (Algorithm@) is a KWIK algorithm under Assumption .

We conjecture that this sufficient condition is reasonable in some natural problems

of practical interest, and thus will use noisy linear-regression as A in the experiments.

8.4.3 Algorithm

We assume a set of d features are predefined: ¢ : S x A — [~1,1]*. A Q-function
can then be represented compactly by a weight vector w;, € R¥ for each h € [H]:
Qn(s,a) = wy, - ¢(s,a). We make a semi-linearity assumption for the value function at
every stage. Remember that outputs in the KWIK online regression are in [—1, 1]; we

need to re-scale the value function to the same range by dividing Q} by H:

Assumption 6 (Semi-linearity assumption of the optimal value function) For every
stage h € [H), there exists some (unknown) vector wi € R* and a small number &, > 0

such that ||wj|l, <1 and

GO g < @ (56)
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for all s and a. Whether it is required to know &y, depends on whether such information

18 needed by Ay.

Algorithm [8.4.3] gives a formal description of REKWIRE. Basically, the algorithm
learns the optimal value functions @ by treating them as H related KWIK online
linear regression problems. It runs H copies of the base algorithm Ay to update the
weight vector wy, for stage h. By the Equation [8.5] the Q-function at stage h is defined
recursively as the sum of immediate reward at stage h and the expected optimal Q-value
of the next states. Therefore, the algorithm improves its value-function estimates by
performing Bellman-backup-style updates. A central idea behind the efficiency of the
reduction is that we only use a backup value when it is “known”. A backup value is
“known” when the prediction made by Ay is valid, and thus by Assumption [5| must be
near-accurate. Figure gives a simple H-horizon example for H = 3 and illustrates
how REKWIRE chooses actions and computes backup values.

A quick observation about REKWIRE is that, if the per-step computation complexity
of Ay is 79, then the per-step computation complexity of REKWIRE is O(|.A| 79), when
execution of Lines [I7H21] are amortized to every timestep. So, the per-step computa-
tion complexity scales nicely from regression problems to sequential decision making in
MDPs, in contrast to algorithms such as state-space discretization [Chow and Tsitsik-
lis| [1989] that scales exponentially in the dimension of & and sparse sampling |[Kearns
et al. 2002] that scales exponentially in the horizon H. We next turn to the more
difficult questions of bounding the sample complexity of exploration and value-function

approximation error.
8.4.4 Analysis
The first main result in this section is the following theorem.

Theorem 28 Suppose Assumption@ holds. If Aéh) is run with parameters e, and oy,
in REKWIRE, then:
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Stage h = 1:
(w1 is used to compute ¢; | and ¢; r)

(1) choose exploratory a; = L since

_ _ =1
QaL =1 QrR=25
(2) no backup is needed as this is the
T = 0.3 first horizon

\< Stage h = 2:
(wy is used to compute g2 | and g r)

(3) choose greedy a; = R since both

goL = 1.3 G2.R = 1.7 2, and ¢ g are valid
(4) use 71 + @24, to update w; as this
re = 0.9 backup value is “trusted”
>/ Stage h = 3:

(w3 is used to compute g3 and g3 r)

(5) choose exploratory a3 = R since
_ gsr = L
g3 = 0.8 3R =L
(6) do not use 13+ @3 4, to update wo
rs = 0.1 as this value is “unknown”

'/ (7) use 73 to update wj as this

@ backup value is always “trusted”

Episode terminates in state s.

Figure 8.6: An illustration of the operations of REKWIRE in a 3-horizon MDP. Two

actions are allowed in every state: {L,R}. The same notation as in Algorithm is
used.

I. The number of Ls outputted in stage h € [H] is at most

ZBO( € 51)

II. The total number of Ls outputted during the whole run of REKWIRE in all stages

H
h—1 €h Ohp

1II. With probability at least 1 — Zfil 01, all valid Q-value predictions at stage h differ

15 at most

from the true values by at most

H
HY (a+8&).
I=h
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0: Inputs: S, A, H, @, €, and J, for h € [H].
1: Initialize H copies of Ay, one for each h € [H]. The copy at stage h is run with
parameters €, and &,, and is denoted by Aéh).

2: for episode i =1,2,3,--- do

3 for stage h=1,2,3,--- ,H do

4: Observe state sy,.

5: for all a € A do

6 Use Agh) to compute qp, o € [0, H]U{L} as a prediction for Qj (sp,a). Here,
if Aéh) gives a valid prediction, then this prediction has to be multiplied by
H to obtain g, , due to the normalization (Equation we have used.

7 end for

if ¢4, = L for some a € A then
: ap < a {do exploration}
10: L, — FALSE {Qj(sp,ap) is “unknown” }

11: else

12: ap < argmax, ¢n, {do exploitation}

13: Ly — TRUE {Qj (sn,an) is “known” and gy, is “trusted”}
14: end if

15: Take action aj, and observe reward ry,.

16: end for
17: for h=2,3,--- ,H do
18: if L;, = TRUE then

19: Use <¢(3h,1, ap-1), %) as an example for Aéh_l) to update wy,_1.

20: end if

21:  end for

22:  Use (¢(5H,aH) %{) as an example for AE)H) to update wgy. {terminating
rewards are always “trusted” }

23: end for

The following corollary, which follows immediately from Theorem [28] indicates that
the KWIK bound and error bound of the KWIK online linear regression algorithm
Ay scale nicely to the analogous quantities in the more complicated, H-horizon RL

problem.

Corollary 2 If e, = €q, 0 = 0o, and &, = &y for all h € [H] in Theorem then:

1. The number of Ls outputted at stage h is

0 (HBO (%,1,1»;
€0 0o

II. The total number of Ls outputted during a whole run of REKWIRE in all stages is

O <H2B0 (k: l, 1)) :
€0 50
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II1. With probability at least 1 — Hdg, all valid Q-value predictions at stage h differ

from the true values by at most
H(H ~h+1)(e0+&) =0 (H*(e0 + &) -

Using Corollary [2], we can prove the following theorem about the sample complex-
ity of exploration of REKWIRE. Our focus is to provide the first polynomial sample

complexity bound, although improved bounds are possible with a more careful analysis.

Theorem 29 Given any €,6 > 0 and k features that satisfy Assumption [0 with &, =
O (%), if we run A with e, = O (%) and 6, = O (&) in REKWIRE, then the policy

used by the agent is e-optimal except in

3 3
o(H o ( H HY 1
€ e’ 0 1)

episodes, with probability at least 1 — d.

8.4.5 An Extension to the Discounted Case

While we have focused on finite-horizon RL problems in this section, it is sometimes
easier to model environments by infinite-horizon MDPs with a discount factor, as is
defined in Changes in notation and terminology are necessary since there is no
notion of horizon in this setting. Specifically, we only need to consider policies that
maps states to actions: 7 € A®. The value functions, such as Q7 (s,a) and Q*(s,a),
are defined as the expected ~y-discounted cumulative reward. These are what we have
focused on in the rest of the dissertation.

In light of Lemma [2| we may convert a y-discounted, infinite-horizon MDP M., into
an H-horizon MDP My so that the optimal value functions of My and M, differ by

at most €, provided
1 1

H > In .
1—v e(l-7)

It is worth mentioning that even if the optimal value function Q7 of M, is semi-
linear, the value functions in My, @7, need not be semi-linear. We note that this

problem may be resolved by using different sets of features at different stages. That
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is, we require features ¢y, : S x A — [—1,1]¢ at stage h, and assume that Qj, satisfies

Assumption [6] with small slack &,. REKWIRE can then be applied.

8.4.6 Related Work

Our work is most relevant to the original KWIK online linear regression framework
proposed by [Strehl and Littman| [2008b]. The only difference in problem formulation
is that we make a semi-linearity assumption while they assume exact linearity. This
change is necessary if we allow Bellman-backup-style updates on the value functions
since the backup value (i.e., w# in Line of Algorithm is unavoidably
biased and it is unreasonable to assume the target function at stage h— 1 remains linear
for all possible biases introduced in stage h.

The second significant difference is how KWIK online linear regression is applied to
RL problems. |Strehl and Littman| [2008b] adopt a model-based approach: they assume
the MDP state transitions are governed by a set of linear equations with Gaussian white
noise and apply KWIK online linear regression to learn the transition matrices, finally
solving the learned MDP model to obtain a policy that either explores or exploits. Even
if an MDP can be accurately modeled as a linear system, solving a continuous MDP
remains a challenging task |[Chow and Tsitsiklis [1989; |[Kearns et al.2002]. A similar
problem arises in the metric E3 algorithm [Kakade et al.|2003]. In contrast, the model-
free approach taken in this paper avoids this problem completely by learning the value
function directly. With a learned linear value function, finding the greedy action takes
only O(]A| 79) time per step.

The KWIK online linear regression framework we described is related to the online
learning model of linear functions (e.g., Cesa-Bianchi et al| [1996]). In this model,
like ours, input data are not assumed to be i.i.d. Cumulative absolute and squared
prediction error bounds are developed under various assumptions. The main difference
between that model and ours is that we require the learner to be aware of its prediction
accuracy.

Our algorithm shares some similarity with the grow-support algorithm by |[Boyan

and Moore| [1995] in that we both use value-function estimates for backups when the
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estimates are “trusted”. But grow-support assumes complete knowledge about the MDP
model and thus focuses on stability issues when combining function approximation and
dynamic programming. In contrast, REKWIRE is a learning algorithm and has to
explore in the MDP to gather information needed for computing the optimal policy.
Finally, Peters and Schaal [2007] proposed an interesting reduction from RL to
reward-weighted regression. While they consider the specific task of following a given
trajectory in rigid-body systems whose dynamics are governed by a set of equations
with unknown parameters, this paper focuses on learning in general MDPs where the

learner is not provided with such target trajectories.

8.4.7 Experiments

We demonstrate REKWIRE on a few benchmark problems as a proof of concept. Noisy
linear-regression was used as the base algorithm Ay . Sarsa(0) with e-greedy and Boltz-

mann exploration rules were used for comparison.

Setup

The same three finite-horizon problems in Figure [8.2] were used. In CONTCOMBLOCK,
the left action always resets the agent to the start state s1, and the right action takes the
agent from state s to a new state s’ = s40.054+ A where A ~ A(0,0.0125) is Gaussian
noise. If the agent reaches a state s > 0.95, the episode terminates. Every step results
in a —1 reward, as before. Therefore, the optimal policy is to always choose right,
and on average each episode takes about 19 to 20 steps to finish. We set H = 25. To
separate the issue of exploration from that of feature selection, we used ¢y, (s, LEFT) =
Qn(s,LEFT) - [1,0,n1,n9] " and ¢p,(s, RIGHT) = Qp(s, RIGHT) - [0, 10,n1,72] ", where n;
and ny were noisy values uniformly distributed in [—0.5,0.5], and Qp(s,a) = Q} (s, a)
was computed by the Bellman equation (Equation on the discretized MDP. Clearly,
wy, = [1,0.1,0,0]7 yields a quite accurate linear approximation to @}, and the noise
was added to make the problem more interesting.

In MOUNTAINCAR, the start state is s; = [0,0] and we set H = 75. As before,

bn(s,a) = Qu(s,a)-[1,n1,n2] ", and hence wy, = [1,0,0]" yields a quite accurate linear
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Figure 8.7: Probabilities of reaching the goal states in CONTCOMBLOCK (top), MOUN-
TAINCAR (middle), and per-episode rewards in PUDDLEWORLD (bottom). All results
are averaged over 20 runs.
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approximation to Q7.
In EXPRESSWORLD, we set H = 45. As before, ¢p(s,a) = Qh(s, a)-[1,n1,n9] ", and

hence wy, = [1,0, 0]—r yields a quite accurate linear approximation to )} .

Results

Figure [8.7] summarizes the results on all three problems. We picked parameters that
seemed to work best for each algorithm. Since the number of steps to the goal states
is very close to H in CONTCOMBLOCK and MOUNTAINCAR, we instead plotted the
probabilities of reaching the goal within H steps. In contrast, we evaluated per-episode
reward in EXPRESSWORLD as it is necessary to distinguish whether the agent discovers
the express lane or not.

It is observed that our algorithm consistently solved all three problems, while e-
greedy and Boltzmann rules worked satisfactorily for some and failed for others. For
example, e-greedy was inefficient in CONTCOMBLOCK, as expected; the Boltzmann
rule failed to converge to the optimal policy in EXPRESSWORLD although it quickly
learned a good policy early on. Our algorithm, however, seemed too conservative and
converged more slowly. A partial explanation is that it learned H weight vectors, while
Sarsa learned only one weight vector and used it to compute a policy in all stages. It
remains an interesting open question how we may avoid representing the value function
using H weights in REKWIRE, which is particularly important when it is applied to
discounted problems.

We next take a closer look at REKWIRE in CoNTCOMBLOCK, whose value functions
can be easily visualized. To make the problem more interesting, we ran REKWIRE with
RBF features with 4 RBF centers located evenly in the state space [0,1]. Figure
plots the probability of reaching the goal within H = 25 steps for our algorithm, which
is consistently high after around 25,000 episodesﬁ In contrast, both e-greedy and

Boltzmann rules failed this task in our experiments.

5Since the feature vector has 10 dimensions (1 constant feature plus 4 RBF centers per action) and
H = 25, each parameter required about 1000 data to estimate.
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Figure 8.8: Probability of reaching the goal within H = 25 steps in CoNTCOMBLOCK
when RBF features were used. The results were computed based on a typical run and
the probabilities were computed using every other block of 100 episodes.

Figure gives a few snapshots of the value function Vh(s) = max, Qh(s, a) com-
puted by REKWIRE: Vh(s, a) is a valid prediction only when Qp(s,a) is valid for both
actions; otherwise, Vh(s, a) = L and the value is not plotted in the figure. At the begin-
ning of learning, most states’ values are unknown. The algorithm has to work backwards
by learning @} from larger h to smaller h, as shown in the plots. The plots show that
the “known” region essentially stopped growing after about 25000 episodes, and the
policy stablized after that, which is consistent with the learning curve in Figure
Comparing to the true value function, we found that the value function computed by
REKWIRE was indeed very close to the true value for “known” regions, exactly as we

would expect.

8.5 Proofs

This section provides detailed proofs of all technical lemmas used in this chapter.
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8.5.1 Proofs of Lemmas for Theorem [22|

PROOF (of Lemma . The proof is by mathematical induction. For t = 1 and any
(s,a), Qi(s,a) = Vimax > Q* due to Line 2] of Algorithm and thus Qi(s,a) >
Q*(s,a) —e1 /(1 —7). Assume Q(s,a) > Q*(s,a) —e1/(1 —~) for some ¢ and all (s, a),

and a successful update occurs in timestep ¢ on (s, a;). Then,

Y€1 €1

Qt+1(8t,(1t) > ‘BQt(St,at) —€ = %Q*(Staat) - 1—~ —€ = Q*(St,at) - 1—~

where the first step is due to the assumption that B is an e1-approximation of 93, the
second due to Lemmal[d] and the inductive hypothesis, and the last due to the fixed-point
property of Q*. Also observe that Q.y1(s,a) = Q¢(s,a) for all (s,a) # (s, at), and thus

the optimism condition continues to hold for these unaffected state—action pairs. O

8.5.2 Proofs of Lemmas for Theorem 23|

PROOF (of Lemma [39). Note that each time a successful update occurs for (s;,a;) at
timestep t, Q¢(st, a;) decreases by at least e1. Since Q1(s,a) = Vipax and Q(s,a) > 0
for all ¢, at most Viyax/€1 successful updates can happen. Hence, the total number
of successful updates during the whole run of randomized RTDP is bounded by ks =
|S| |A| Vinax/€1. Now, note that when a state-action pair, (s,a), is first experienced, it
will always perform an attempted update. Next, another attempted update of (s,a)
will occur only when at least the Q-value of some state—action pair has been successfully
updated (due to Lineof Algorithm since the last attempted update of (s,a). Thus,
the total number of attempted updates is bounded by k. O
PROOF (of Lemma. Let t be an arbitrary timestep when an attempted update occurs
on Qi(st,ar), and let {(r,s41), (T2, 849), - -+ s (Ftm, S}pm) } be the m sampled transitions.

Define m random variables as follows: for i =1,2,...,m,
def /
Ti = T +ymax Q¢(sy;, a).
acA

Since 1y € [0,1] and Qu(s,a) € [0, Vinax], we have z; € [0,7Vinax + 1]. Furthermore,

Elz;] = BQ:(st,a¢) by definition. It follows immediately from Lemma [52f that for any
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91 € (0,1), the following holds with probability at least 1 —d1: |g — BQ(s¢, ar)| < €1, if

2
('YVmax + 1) In z
26% (51

m =
Since there are at most k, attempted updates, due to Lemma the lemma is proved
by setting §; = ﬁ and a union bound. a
PROOF (of Lemma . According to Lemma with probability at least 1 — §/2,
Equation holds for all timesteps ¢t when an attempted update occurs. Therefore,

with probability at least 1 — /2, in an entire run of randomized RTDP, if (s, a;) ¢
def

Ky = Kq,(e(1 —v)/4), the attempted update will be successful because
€(1-7) _
q— Qu(st,ar) < BQu(s,ar) — Qu(se,ar) +e1 < T4 tea = —e€.
We have used the fact that e = €(1 — ) /8. O

PROOF (of Lemma . Equation guarantees that every sampling-based approxi-
mate Bellman backup performed in Line [J]is an e;-approximation of the true Bellman

backup, and thus the proof parallels that of Lemma O

8.5.3 Proofs of Lemmas for Theorem [24]

PROOF (of Lemma [43)). Consider a fixed state-action pair (s, a). Its associated action—
value estimate is initialized to Vax and cannot be negative during the whole run of the
algorithm. Each time Q(s, a) is successfully updated, it decreases by at least €;. Thus,
Q(s,a) cannot be updated more than Vi.x/€1 times, and thus at most ks successful
updates are possible.

Consider a fixed state—action pair (s, a). Once (s, a) is experienced for the m-th time,
an attempted update will occur. Suppose that an attempted update of (s,a) occurs
during timestep t. Afterward, for another attempted update to occur during some later
timestep ¢/, it must be the case that a successful update of some state-action pair (not
necessarily (s,a)) has occurred on or after timestep ¢ and before timestep ¢'. Therefore,
there are at most 1 + k4 attempted updates of (s,a), and thus k, attempted updates
are possible. Il
PROOF (of Lemma . Fix any timestep k1 (and the complete history of the agent
up to k1) such that (sg,,ar,) ¢ Kk, L(sk,,ar,) = TRUE, and C(sg,,ar,) = 0. In
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other words, if (sk,,ar,) is experienced m — 1 more times after timestep ki, then an
attempted update will occur.

Let D = {(s[1],r[1]),..., (s[m],7[m])} € (§xR)™ be any sequence of m independent
next state and immediate reward tuples for (s, ,ax, ). Due to the Markov assumption,
whenever the agent is in state si, and chooses action ag,, the resulting next state
and immediate reward are chosen independently of the history of the agent. Thus,
the probability that (sk,,ar,) is experienced m — 1 more times and that the resulting
next state and immediate reward sequence equals D is at most the probability that D
is obtained by m independent draws from the transition and reward distributions for
(Skysaky ). Therefore, it suffices to prove this lemma by showing that the probability
that a random sequence D could cause an unsuccessful update of (sg,,ax,) is at most
d/3. We prove this statement next.

Given the random sequence in D, we may formulate the problem of approximat-
ing a Bellman backup while maintaining an optimistic value function as a subin-
terval prediction problem studied in Specifically, the i-th output/interval is
[(BQr, (st at), BQr, (s, at)], the i-th observation is r[i| +~Vj, (s[i]) whose expectation is
BQk, (st, ar). If we run coin-learning and make the first valid prediction after observing
m samples, then Theorem guarantees that the new Q-value is still optimistic with
probability at least 1 — % when m is set by Equation

Finally, using a union bound over all possible timesteps k1 satisfying the condition
above, which is at most k., we complete the proof. O
PROOF (of Lemma [4F]). It can be shown, by a similar argument as in the proof of
Lemma, that at all timesteps ¢ where an attempted update occurs, we have with
probability at least 1 — 0/3 that ¢ — BQ¢(s¢, ar) > —e1, where ¢ = U(sy, ar)/m is the
attempted update value. Now assume the inequality above is true for all attempted
updates, and then the proof proceeds by mathematical induction in a similar manner
as in the proof of Lemma O
PROOF (of Lemma. The proof is by contradiction. Suppose an unsuccessful update
occurs at timestep t, Liy1(s¢, a;) = FALSE, and (s¢,a;) ¢ Kiy1. Let k) < ko < -+ <

kmy = t be the most recent m timesteps in which (s¢, a;) is experienced. Because of
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event Apqr,, we have (s¢,a;) € Kj,. Since the update is unsuccessful on timestep ¢,
we have that Ky = K1, which in turn implies (s,a) ¢ K;. Therefore, there must
exist some timestep ¢’ (so that ¢ > ¢ > k1) in which a successful update occurs. Thus,
Li41(st,a;) = TRUE since it is set so at timestep ¢’ in Line [12| of Algorithm which
contradicts our assumption. [l
PrROOF (of Lemma . First, observe that Q(s,a) cannot be updated more than
Vinax/€1 times since every update will decrease the value by at least €;, and the value
is non-negative.

Suppose at some timestep t, (s¢,ar) ¢ Ky and L(st, a¢) = FALSE (implying the last
attempted update was unsuccessful). By Lemma we have that (s, a;) € Ky 1 where
t' was the time of the last attempted update of (s,a). Thus, some successful update
has occurred since timestep ¢’ 4+ 1. By the rules of Algorithm we have that L(s, at)
will be set to TRUE and, by event Apq,, the next attempted update will succeed.

Now, suppose at timestep ¢, (s, a;) ¢ Ky and (s, a;) = TRUE. Within at most m
more experiences of (s, a;), an attempted update of Q(s¢, a;) will occur. Suppose this
attempted update takes place at time t” > ¢ and that the m most recent experiences of
(st,a¢) happened at times ki < ko < --- < kp, = t”". By event Apqu, if (s¢,ar) ¢ K,
the update will be successful. Otherwise, if (s¢,a;) € K}, , then some successful update
must have occurred between times k; and ¢ (since Ky, # K;). Hence, even if the
update is unsuccessful, L(s;,a;) remains TRUE, (s;,a;) ¢ Kpo1 will hold, and the
next attempted update of (s, a;) will be successful.

In either case, if (s¢,a;) ¢ Ky, then within at most 2m more experiences of (s, az),
a successful update of Q(s¢,a¢) will occur. This observation concludes the proof of
the lemma together with the previous observation that every state—action value can be

changed at most Viax/€1 times. O

8.5.4 Proof of Theorem [25]

PROOF. (of Lemma If we treat decision making in each state as an A-arm bandit
problem, finding the optimal action for that state becomes one of finding an e-optimal

action in the bandit problem. This bandit problem is the one used by |Mannor and
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Tsitsiklis| [2004] to establish a sample complexity lower bound (Lemma in the PAC
model.

By construction of the MDP in Figure there is at most one optimal action in
each state ¢ € [N]. Thus, if any bandit algorithm A’ can guarantee with probability at
least 1 — 9; that at most m; sub-optimal actions are taken in a whole run, then we can
turn it into a bandit algorithm with a PAC sample complexity of 2m; + 1: we simply
run A’ for 2m; + 1 steps and the majority action must be e-optimal with probability at
least 1 — 9;. In other words, the lower bound above for PAC sample complexity results
immediately in a lower bound for the total number of sub-optimal actions taken by A’
and thus

1A . co

m; > —— In —
Y2 0;

for appropriately chosen constants c¢; and cy. Reorganizing terms gives the desired

result. O

8.5.5 Proof of Theorem [27]

If g, is valid, the agent does not see 3, and thus we can assume without loss of generality
that ¢ is unknown for ¢ = 1,2,--- up to some indefinite T. Let 41 = atTHzt be the

least-squares prediction of y;11, where a;11 = X; (XtT Xt)T X¢4+1. Then,

|E[Jt11] — yer1| = ‘E[atTJrth] - yt+1)
< E[atTHZt] - WIXt+1’ + )W*Txtﬂ - yt+1’

T T T
= |E[a; 2] — w. X, at+1‘ + ’W* Xt+1 — yt+1‘

< |Elaj 1] - W*XtTaH-l‘ +¢
t
< Y e (Bl - wixi)| +¢
T=1

t
T
= E Ap1,76r +§
T=1

-
= at—l—let‘ +é,

where the first inequality follows from the triangle inequality, the second in-

equality from Assumption , and the second equality from the fact Xt—r ] =
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X)X (X7 X)) %41 = %0010

By the assumption made in the theorem statement, ‘a;let| decreases to 0 quickly
at the rate of O(t~®), which means t = Q(e~/*) will be large enough to guarantee
!ag— Het‘ < €/2. This fact indicates that when ¢ is large enough (but still is polynomial
in %, the least-squares prediction ;41 has a prediction bias of £ + ¢/2. This argument
essentially converts the problem into one where the errors ef = 0, and the theorem

follows from a similar analysis to [Strehl and Littman| [2008b].

8.5.6 Proof of Theorem [28

Before proving the sample complexity of exploration bound, we first provide two useful

lemmas.

Lemma 49 Let fi and fo be two real-valued functions on the same finite domain X;
namely, fi: X — R, fori=1,2. If maxgex |fi(z) — fo(x)] < A for some A >0, then

|max,ex fi(x) — maxzex fo(z)| < A.

PROOF. Define z; = argmaxgcx fi(z) for ¢ = 1,2, and then max,cx fi(z) —

maxgcx fo(x) = fi(x1) — fa(z2). On the one hand, we have

fi(z1) — fa(za) = fi(z2) — falza) = —A
on the other hand, we have
fi(z1) = fa(w2) < fi(w1) — fa(z1) < A
The lemma is proved by combining these two inequalities. O

Lemma 50 Let m be a policy for an H-horizon MDP. Let s1 be a fixed start state of

an episode, and sy, be the state visited at stage h of this episode. Then,

Vi'(s1) = Vi"(s1) = Ex

H
P CACRACHANE Qi(sm(sh,h»)] ,
h=1

where E, stands for the expectation with respect to the probability distributions of tra-

jectories p = [s1,82, - ,Si, SH+1] generated by policy .
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PrROOF. We let r; denote the reward received at stage h by following m. Note that
both s; and rj, are random variables whose distributions are completely determined by

policy 7 as s; is fixed. Then,

Vit(s1) = Qi(s1,7"(s1,1))
= QT(Slaﬁ(Slal))Jr(QT(Sl,W*(Shl))—Q’{(SLW(Sl»l)))

= Befr+ V5 ()] + (@151, 7 (51, 1)) — @1(s1,7(s1, 1)) ).

We apply the derivation above for V;*(sj) recursively up to stage H, and obtain

V1*(31) = Eﬂ[Tl +7ro 4 - +7“H] + E;,

H
Z (QZ(Sh,ﬂ'*(Sha h)) — Qj (sh, 7(sh, h)))] )
h=1

By definition, V{"(s1) = Ex[r1 + r2 + - - - + g, which completes the proof. O

We are now ready to prove Theorem by mathematical induction. For h = H,
the theorem is ensured by Assumption [5} For the induction step, assume the theorem
holds for all stages [ > h where h < H and we consider stage h. Due to operations of
Algorithm the transitions from s;, to sp41 in all episodes can be categorized into
two groups: (i) Lp+1 = TRUE, and (ii) L+ = FALSE.

Transitions belonging to case (i) consist of a stream of data for A(()h) to run according
to the KWIK online regression protocol, and Assumption [5| guarantees that there are
at most By(d,1/ep,1/6y) timesteps for which L is outputted. On the other hand,
by the induction hypothesis, case (ii) happens at most Z{ih_ﬂ By(d,1/e;,1/6;) times.
Therefore, the total number of | outputted in stage h is at most

H

Bo(d, 1/en,1/01) + > Bold,1/e1,1/6),
l=h+1

which is what we desire to prove for part I.
Part II follows directly from part I.

For part III, the target function to learn at stage h is given by

Gn(s,0) = Ris,a) + 3 T(s,0,¢) max Gy (', ),
s'es a'eA
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where Qh+1 is the function learned by REKWIRE in stage h + 1 By the induction
hypothesis, we have ‘Qh+1($l,a,) — Q5 (s,ad)| < HZZIih_H(q + &) for all (¢,d)
whenever L is not outputted. Let Qh be the function A(()h) learns, then for any (s,a)
we have ‘Qh(s, a) — Qn(s, a)‘ < H(ep+&p,) due to Assumptionsand@ Combining all

these facts, we have for any (s, a):

‘Qh(s,a) — Q1 (s,a) ‘ ‘Qh s,a) — Qn(s,a ‘ ‘Qh s,a) — Q7 (s, a)‘

< H(ep+&n)+

TS(IS(H]&XA s’ a") — max Q3 S/a')
Z ) max @n41(s', a') —max @y, (s', o)

< H(ep + &) +max

* !
max maXQh—H(S a’) - g}gi‘(@hﬂ(s’a)

H

H(en+&)+H Y (a+&)

I=h+1

IN

H
= HY (¢+&),
I=h

where the last inequality is due to Lemma

8.5.7 Proof of Theorem [29]

For episode 7, let p; be the probability of entering some state s for which L is outputted,
when start states are drawn from pg. Denote by 7; the policy used by REKWIRE in
episode 7. Let Qh be the value-function estimate of the algorithm for stage h.
Consider any state trajectory p = [s1,S2, - , Sm, Sm+1] generated by policy ;. Two
situations can occur: (i) L is outputted (maybe multiple times) in p, and (ii) L is not
outputted in p. The probabilities of cases (i) and (ii) are p and 1 — p, respectively.

When case (ii) happens, with probability at least 1 — Zh 10p =1— 2, we have for each

"Strictly speaking, Qh+1 may change over time and thus Qh is not a stationary learning target. But,
this fact does not affect our analysis as long as Qp+1 is always bounded between Qj,,  —H ZlH: ne(€+&)

and Q.+ HY L, (e +&).
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Qp(sns ™ (sn, b)) — Qp(sn, Ti(sn, 1)
< Qi(s, ™ (sn,h)) — Qnlsn, mi(sn, h)) + O (H*(en + &)

= Qn(s,7(sn,h)) — Qn(sn, mi(sn, b)) + O <%)

< Qh(s, 7 (sn,h) — Qnlsn, ™ (sn, 1)) + O <§>
< o @ +) +0 (%)
- o) M

where the first and last inequalities are due to Corollary (III), and the second due to
the fact that m; is greedy with respect to Qh when no L is outputted.

For any fixed start state s;, Lemma [50] asserts that

Vit (s1) = V™(

i (Qh Sh, ™ (Spy M) — QZ(Sh,m(sh,h)))] ,

Combined with Equation and the fact that case (i) happens with probability p;, the
equality above implies V{*(s1) — V" (s1) = O(e+Hp;). When p; < py for some threshold
po = O(57), we have Vi*(s1) — V" (s1) = O(€) and also Eg ~p, [V*(s1) — V™ (s1)] =
O(e), indicating that the policy 7; is indeed O(e)-optimal.

We claim that with high probability p; > pg will hold only a polynomial number
of episodes. Specifically, Corollary [2| asserts that L is outputted O(H?2By(d, Iis, I(;I )
times. Using the inequality of [Hoeffding [1963], with probability at least 1 — % the

number of episodes ¢ with p; > pg is

H2By(d, 22
O( (7675)1111)'

Po J

Substituting pg = O(;) and applying the union bound to the two cases (p; > po and

pi < po) gives the lemma.
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Figure 8.9: Value function evolution when RBF features are used. The bottom-right

plot gives the true V* function.
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Chapter 9

Conclusions

This chapter revisits the contributions of the dissertation, and then explains how they
can be used to address the three challenges in reinforcement learning that are defined at
the beginning of the dissertation. A number of open problems and possible extensions

are discussed briefly.

9.1 Contributions Revisited

As mentioned in the introduction, the dissertation studies provably efficient exploration
in sequential decision making problems where function approximation can be used.
Here, we review the major contributions in the context of the three challenges defined
in and discuss how they help address these challenges.

First, the KWIK framework is developed to facilitate analyzing and developing al-
gorithms for learning problems where active exploration can impact the training data
the learner is exposed to. One of the key features in a KWIK learner is the option of
explicitly saying “I don’t know” (instead of making a normal prediction), which signals
a need for exploration. This feature is essential for sequential decision making problems
like reinforcement learning, in which a sub-optimal decision at one timestep may take
a long time to recover from. This effect is best illustrated in the simple combination-
lock example (§4.3.3)), where a sub-optimal action can take ©(|S|) steps to recover
from, and the uninformative, random-walk-like e-greedy rule ends up being exponen-
tially inefficient in exploring this problem. Furthermore, KWIK is flexible enough to
allow generalization between input—output pairs, thus providing opportunities to tackle
large-scale problems. For instance, met-Rmax ( results in an exponential reduc-

tion in the sample complexity of exploration compared to Rmax by using a factored
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representation to generalize over different states. As another example, CORL (§7.3.2)
KWIK-learns a multivariate normal distribution and thus explores an infinitely large
MDP with provably small sample complexity.

Second, the KWIK framework provides a unifying language for analyzing PAC-MDP
algorithms. This tool is particularly helpful in the family of model-based algorithms,
where the KWIK-Rmax algorithm (§7.1]) unifies essentially all model-based PAC-MDP
algorithms in the literature as well as the analyses of their sample complexity of explo-
ration. Specifically, these include finite MDPs [Kearns and Singh|{2002; Brafman and
Tennenholtz 2002; |Kakade|2003; [Strehl et al.|2006a], metric MDPs [Kakade et al.|2003],
factored-state MDPs [Kearns and Koller|[1999; |Strehl| 2007a; [Strehl et al. [2007; Diuk
et al.|2009], MDPs with relocatable action models |Leffler et al.[2007], MDPs with linear
dynamics [Strehl and Littman/2008b], MDPs with normal offsets [Brunskill et al.|2008],
relational MDPs with object-oriented representations [Diuk et al.[2008], and MDPs with
delayed observations [Walsh et al.|2009a]. We expect more KWIK-learnable classes of
MDPs with practical interest can be found and treated in this algorithmic framework.

Third, KWIK-based PAC-MDP algorithms can also suggest algorithmic ideas for
efficient exploration in existing algorithms, even if they are not PAC-MDP in general.
The LSPI-Rmax algorithm combines ideas from Rmax with the powerful LSPI algorithm,
and so tends to explore efficiently while using linear function approximation to avoid
the curse of dimensionality. Similarly, one of the key features in delayed Q-learning is
that it acts greedily with respect to an optimistic value function at all time. It may be
interesting to investigate heuristics for making the value function optimistic in regular
Q-learning and Sarsa, which has not been investigated in this dissertation.

Finally, delayed Q-learning and the matching lower bound of sample complexity
proved in sheds some light on the long-standing question of in what way esti-
mating a model may help reinforcement learning. Our new lower bound is tight for
the factors |S|, 1/, and 1/4, in the weaker parallel sampling model [Kearns and Singh
1999] (c.f., §2.4). This finding suggests that a worse dependence on 1/e is possible only
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in MDPs with slow mixing ratesE In both the parallel-sampling model and the MDP
used to prove the lower bound in the distribution of states being sampled /visited
mixes extremely fast (in one and two timesteps, respectively). The slower the mixing
rate, the more difficult is the temporal credit assignment problem [Sutton and Barto
1998]. In other words, a worse dependence on 1/e seems to require the construction of
an MDP where deep planning is necessary.

Another important lesson learned from the study of delayed Q-learning is that it is
unnecessary to learn an accurate model to explore efficiently in online reinforcement
learning. Here, the sample complexity of exploration in this algorithm, @(!S ), is smaller
than the number of parameters needed to represent a transition probability function,
O(|S[?). In contrast, all existing model-based PAC-MDP algorithms rely on accurately

learning the MDP model, a process that can be expensive and difficult in practice.

9.2 Open Problems

We briefly discuss a few important open problems, some of which are motivated by the

limitations of the work in this dissertation.

9.2.1 Issues in the KWIK Framework

Despite our focus on reinforcement learning here, the KWIK framework might find
applications in other areas of machine learning. An in-depth study is interesting and
may follow a similar line of study of the PAC and MB models.

An extremely important open problem is agnostic KWIK, which undoubtedly is
difficult in general (c.f., . This finding is not surprising, given the hardness results
in agnostic PAC learning [Kearns et al.|[1994], but the goal may be achievable in special

situations.

!There are many ways to define a mixing rate. Roughly speaking, it measures how fast the distribu-
tion of states an agent reaches becomes independent of the initial state and the policy being followed.
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Another open problem is to find a dimensionality measure for characterizing com-
plexity of hypothesis classes that is useful in the KWIK context. A number of dimen-
sionality measures have been developed in the literature |[Angluin| 2004] but do not
appear to be directly usable in KWIK.

Last, but not least, it is useful to investigate techniques for converting a KWIK
algorithm in deterministic problems to stochastic problems. Moving from the deter-
ministic setting to the stochastic one, for example, the KWIK bound changes from
O(k) to O(kInk/e?) for union (§6.5)), and from O(n) to O(n/e*) for linear regression.

Are there general-purpose conversion techniques?

9.2.2 Issues in Reinforcement Learning

Following the discussion of KWIK in the previous subsection, a natural question to
ask in the reinforcement-learning context is: is KWIK necessary for provably efficient
reinforcement learning? Either proving or disproving this statement require a careful
formulation of the problem.

Second, it would be interesting to develop an KWIK-based, model-free algorithm
that can be instantiated to different algorithms when different function approximations
are used. Our result in applies to finite MDPs and special cases of abstract-state
MDPs only.

Third, we note that the main results in this dissertation are worst-case results:
we consider the most-difficult-to-solve MDPs and devise conservative algorithms to
handle such worse cases even if they may rarely happen in reality. In practice, however,
this kind of exploration is inefficient and risky. Prior knowledge may step in and
help. One form of prior knowledge is a non-trivial optimistic initialization of value
functions, as is done by |Asmuth et al. [2008] and [Strehl et al. [2009]. Another form is a
Bayesian prior distribution of possible world models, which has shown some benefits in
balancing conservative (but provably efficient) exploration and prior knowledge about
the model |[Asmuth et al.|[2009].

Finally, we note that the KWIK model we use here requires a hard separation

between known and unknown labels. It is possible to extend many ideas to “soft”
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version of knownness using techniques such as interval estimation [Strehl and Littman

2005; 2008a].

9.3 Concluding Remarks

Reinforcement learning possesses a unique combination of challenges that are fundamen-
tal to artificial intelligence and machine learning, including: exploration/exploitation
tradeoff, sequential decision making, and generalization, among others. The present
dissertation studies a novel computational learning framework, and uses it to ana-
lyze, unify, and create provably efficient algorithms that addresses these challenges. I
hope this framework can provide a solid foundation for formal studies of reinforcement-
learning algorithms, which eventually leads to creation of powerful, highly intelligent

agents and practically useful solutions for real-life problems.
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This section summarizes the notation used frequently in the dissertation.

A.1 Fonts

In general, we use different fonts for different types of objects, as is summarized by

Table However, we allow a few exceptions for compliance with convention. These

exceptions are defined in the next sections.

Object Type Font Examples

action slanted TurnRight
algorithm bold-face, upper case A A;

algorithm name sans-serif KWIK-Rmax, delayed Q-learning
domain small capitals DIALER, BYCICLE
function italic, lower case £y g

matrix italic, upper case A, B, %, by
operator frankfurt, upper case A, B

scalar italic, lower case a,1,5,t,z,y, 2

set calligraphic, upper case DX, YV, ZH
vector bold-face, lower case X, X, W, 4

vector component

italic, lower case w/subscript

Ly Ltg, Wk, ]

Table A.1: Fonts used in the dissertation for various objects.

A.2 Mathematical Notation

Table [A.2] summarizes the notation for mathematics used in the dissertation. For com-

pleteness, we give precise definitions for some of the more important ones:

1. I(-) is the indicator function: I(E) = 1 if event E happens, and 0 otherwise.
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Symbol Meaning

U] empty set

B set of binary numbers {0, 1}

N set of natural numbers

R set, of real numbers

Ry set of non-negative real numbers

R_ set of non-positive real numbers

Px set of probability distributions over some set X

yr set of functions mapping X to Y

[a¢]ten a sequence whose t-th element is a;

A = [a;j];; matrix whose elements is a;; in the (i,j)-entry

0, the n-dimensional zero vector

I, the n x n identity matrix

Onm the n x m zero matrix

I(-) set-indicator function

det A determinant of a square matrix A

tr (A) trace of a square matrix A (i.e., the sum of its diagonal elements)
dkr, (+, ) Kullback-Leibler (KL) divergence between two distributions
dvar (+, ) total variation between two distributions

E[] expectation of a random variable

Var|] variance of a random variable

IIIl,, vector or matrix ¢,-norm

Table A.2: Mathematical notation.

2. [|-[|, (for p > 0) is the £,-norm that may be used for a vector x € R", a matrix

A € R™™ or a real-valued function f € R¥:

n 1/p
def
[, = (Z\mp)
i=1

A = max Ay
A, w4,

1/p
T (/6X|f<x>|pdx) |

assuming the integral above is well-defined. The fo-norm is sometimes called the
Euclidean norm.
3. Asymptotic notation: Let f, g be two positive-valued functions defined on positive

reals, then
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(a) f = O(g) if there exist positive constants ¢ and X such that one of the
following happens (depending on which case is of interest): (i) f(x) < cg(x)
for all x > X, or (ii) f(z) < cg(z) for z € (0, X);

(b) f=ol(g)if g =0O(f);

(c) f=06(g) if both f = O(g) and g = O(f); and

(d) f = Q(g) if there exist positive constants ¢ and X such that one of the
following happens (depending on which case is of interest): (i) f(x) > cg(x)
for all z > X, or (ii) f(x) > cg(zx) for z € (0, X);

A.3 Machine Learning and Reinforcement Learning Notation

Table summarizes notation used for machine learning and reinforcement learning

in the dissertation.

Symbol

Meaning

input set of a supervised-learning problem
output set of a supervised-learning problem
observation set of a supervised-learning problem
hypothesis class of a supervised-learning problem
estimate of an (unknown) quantity f

e
~+

e >IN
N
<
=

set of actions in a Markov decision process
actions in a Markov decision process
approximation operator

B, B Bellman operators

v € 10,1] discount factor in a Markov decision process

M, M Markov decision process

TeAS a deterministic policy

T e (PA)S a stochastic policy

R e RS*A reward function in a Markov decision process

S set of states in a Markov decision process

s,s¢ €8 states in a Markov decision process

T e (PS)SXA transition probabilities in a Markov decision process

Table A.3: Notation for machine learning and reinforcement learning.
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Appendix B

Some Mathematical Facts

This chapter lists a number of mathematical facts that are used in the dissertation.

B.1 Statistics

Lemma 51 (Union bound; Boole’s inequality) If event E; happens with probability p; €

[0,1], fori=1,2,..., then the probability that at least one of these events happens is

oo oo
by (U Al-) “Y
i=1 i=1
and the probability that none of these events happens is
[e.¢] [e.e]
Pr (ﬂ&-) >1-Y i
i=1 i=1
where A; denotes the complement of event A;.

In Lemmas a sequence of m random variables, [z;]1<i<m, are involved. We

use [i to denote the empirical average:

def 1 =
=1
Lemma 52 [Hoeffding |1965] Let x1,x2,...,x, be m independent random variables

such that L; < x; < U; and E[z;] = p; for all i. The expectation of the empirical

average, fi, 1S
def N 1 -
p=El] = mzl,uz
i

Then,

N 2m2e2
Pr (lu’_,u’ > 6) < exp _Zm (U —L)2 )
i=1\Ui i

R 2m2e2
Pr (lu’ —H < _6> < exp _Zm (U I L)2 .
i=1\Ui i
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It is important to note that the sequence of random variables in Lemma [52] can in
fact be martingales instead of independent random variables |[Azuma/1967]. Such a fact
is used in the dissertation.

A similar inequality concentration is given by the next lemma. It is sometimes called

a multiplicative form of Chernoff’s inequality.

Lemma 53 [Chernoff|1952] Let x1,x2,...,Tm € B be m independent Bernoulli trials,
each with a success probability p: Elx;] = p for all i = 1,2,...,m. Then for any

a € 0,1], we have

Lemma 54 (Chebyshev’s Inequality) Let x1,xo, . .., Xy, be m independent random vari-

ables such that Var[z;] = 02 and Elx;] = pu for all i. Then

2

o
Pr(lp—pul>e) < —.
(la=plze) =<

Lemma 55 (Bernstein’s Inequality) Let x1, 22, ..., Ty be m independent random vari-

ables such that for all i, E[z;] = pu, Var(z;) = 02, and

o2klck—2

E [z — ] < 75 (B.1)

for some constant ¢ € Ry and all k > 3. Then

m€2
Pr(lg—ul>e) < _ .
i ul 29 <o (~5055 o )

The next lemma is derived from Lemma [53| and improves a previous result [Strehl
2007b, Lemma 1]. The dissertation uses this improved result to get tighter analyses for

many algorithms.

Lemma 56 Let x1,z9,23,... € B be a sequence of m independent Bernoulli trials,
each with a success probability at least p: Elx;] > p, for some constant p > 0. Then

for any k € N and 6 € (0,1), with probability at least 1 — &, x1 + xo + -+ + Xy > k if

mZZ(k:—Hn(lS). (B.2)
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PROOF. Lemma [53] implies

m 2
Pr (sz < k) < exp (_m;;a > ,
i=1

where k % (1 —a)mpu, and so a =1 — m—# To guarante the failure probability on the

left-hand side is less than 4, it suffices to set m so that the right-hand side is no greater

than 9§, resulting in

21n 1
el S (B.3)

1
>_2 1n=
= a2 2
o 0 k
“(1_“1#)

We want to find a large enough value for m to satisfy the inequality above. Using

simple algebra, the inequality above can be rewritten as
2 1k
m—] B L > 0.
w0 p
Solving this quadratic equation for the unknown value \/m gives

\F>F+”2Ml

Finally, using the elementary inequality, (z + y)? < 2(2? + y?), we find the value of m
given in Equation suffices to gaurantee Equation O

Lemma 57 (Multidimensional Chebyshev’s Inequality) Let x ~ R™ be a random vector

such that Blx;] = p € R" and E[(x — p)(x — p) '] = ¥ € R, Then

pr (Vx-S 2 ) < 5.

Lemma 58 [Kullback 1967 Let py and pa be two probability density functions defined

over a space X. Define XT = {x € X | p1(x) > po(2)}. If p1 and pa are both measurable

over X1, then

(dvar (plap2))2 .

N | —

1
dkr, (p1,p2) > 3 llp1 —m”% =

B.2 Normal Distributions

We have used the following technical lemmas in the analysis of normal-learning (

While some of the facts are known (such as from the Wikipedia pages for normal



233

distributionsﬂ and multivariate normal distributionsﬂ), it is not easy to find a citation

or a proof for them. Thus, we also

provide complete proofs here. We start with a simple

lemma involving the first four moments of a univariate normal distribution.

Lemma 59 Let z ~ N(u,0?) be

E [wQ]

PrROOF. The proof is a direct

drawn from a univariate normal distribution. Then,
o2 + /LZ

13 + 3o’

pt + 6p2o® + 30

calculation through repeated applications of the

integration-by-parts technique. The second moment is easy to compute from a well-

known fact in probability theory:
E [.1'2] =

For the third moment, we have:

Var[z] + (E[z])? = 0% + 2.

1 _ 2
E [:c3] = /ac3 exp —% dz
2mo JR 20
1 2 (z — p)? p / 2 (z — p)?
= - ——— |de + — ———)d
5 /Rx (x — p)exp < 572 x+ Jaro ) x exp 572 x
2 2\ 1 2 2
0 2 (. —p) 20 / (z—p) 2
= S T ) e+ uE
[\/%Ux eXp< 202 >:|—oo+ 2no R$exp 202 v [x ]
= 0+ 20°E[z] 4 pE [2?]
= 4 3uc?,
Similarly,
1 (z —p)?
E[zY] = ! -
= = 7 /Rx P ( 20z )W
1 3 (z — p)? H / 3 (x — p)?
= - ———— | de + — -7 )d
5 /Rx (x —p) exp( 552 T+ 5 Rw exp 552 x
2 2\ 1 2 2
—0" 3 (z —p) 30 / 2 (z —p) 3
= e —E E
[ 27mx exp < 952 ﬂ . + 5 R:z: exp 552 dr + p [:L‘ ]

0+ 30°E [2°] + pE [27]

pt + 6u0? + 30t

L http://en.wikipedia.org/wiki/Normal_distribution.

2http://en.wikipedia.org/wiki/Multivariate_normal_distribution.
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O

Lemma 60 Let x ~ N (p,0%) be drawn from a univariate normal distribution. Then,

for any p € N,
(2p)lo?
2pp!

E [jz — uf”] =

PRrROOF. Using the change-of-variable technique with y = (z — u)/o, we have

1 (z — p)?
E[ _ QP} — / — %P P
2 — 4l o [l e (5 ) de
aP 2 y?
= Pexp | —= | dy. B.4
Ver ]Ry p( 2) Y B4

Define
f) L /2pex AN
SRV SR ANY A

Using the integration-by-parts technique, we may compute f(p) by

2p—1 2\ 1° . 2
= (2p-1)f(p-1).

Applying the above equality recursively, we have

f)=2p-flp-1)=-=2p-1)(2p—3)---5-3- f(1).

Observe that f(1) is in fact the second moment of the normally distributed random

variable, y, and thus Lemma [59| implies f(1) = 1. Consequently,

fp) = @p-1)(2p-3)---5-3-1
(2p)(2p—1)(2p—2)(2p—3)---3-2-1
(2p)(2p—2)---4-2

(2p)!
2pp!

The lemma follows immediately by substituting the above formula of f(p) in Equa-

tion B4l g

Lemma 61 Let N(0,1,) be an n-dimensional multivariate normal distribution, and

Y = [04jlij € R™™ a matriz. Then,

Eyx n0,1,) [XTEX} = tr (X).
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PROOF. Denote X = [X1,X2,...,X,] . Then

1 x| x
T _ T XX
ExN(0,1,) [x Ex} = (277)"/2/ X Exexp( 5 >dx

_ 27:)” /HZZUUXzXJeXp (-) dx

=1 j=1

1 - x'x
= 27r)”/2 ZZU”/ X;X;j exp (—2> dx

=1 j=1

x%—{—xQ-
= ZZU’J/ XiXjexp | — 5 J dx;dx;

=1 j#i

\/%ZU“/X exp <—> dx;.

The first term above must be 0, as for all ¢ # j:

X?—l—x? x2
/ X;X;exp [ — dx;dx; :/x,; exp | ——= dxi/xj exp | —
R2 2 R 2 R

) de = 0.
We can now complete the proof:

1 — x2 -
E,. [Tz]:—E /2 ) ax =Y o=t (S
N(O,In) X X \/% — Ull R Xz eXp 2 XZ — Oll r( )

where we have used Lemma |59 on individual normally distributed variable x;. O

v |

Lemma 62 Given two n-dimensional multivariate normal distributions, N (, X) and

N (@, fl), such that Y and 3 are non-singular, then

dkr, (N(u, %), N (i, E)) % ((u — )5 (- 1) +1n jzzg Ftr (i—lz) — n) .



236

ProoFr. The proof is a direct calculation of the KL-divergence between these two

normal distributions.
dice (A (1, 2), N (72,5))

_ Mm/ exp <_<x - /Nz;(x - u))

[ det 33 (x =) S x = 1) = (x — ) 'S (x — )
-In Tots exp ( 5 ) dx

_ 11 det 3 1 /neXp<_(x—,u)TE_1(x—u)>dX

2 dets (2m)n/2y/det & 2
1 Ty— (x—p) "2 (x—p)
T 2@2m) At s /n(x —H)ET e ( 2 > o
1 NT-1 - (x—p) S (x—p)
+2(27r)"/2\/m /n(x — 1) X (x— 1) exp <— 5 ) dx.

Denote the three terms above by ¢1, to and t3. Then, dkr, (,/\/'(M, ), N (f, ﬁ))) =t —

to + t3. First, it is easy to see that

det 3

1
t1==-Iln——.
! 2ndet2

Second, we may change the variable by x = /2y + ;1 and rewrite t5 by

1 T y'y 1 n
27 9@2m)n /Rny yeXp( 3 )y =gt =35

where Lemma [61]is used. Third, we use the same change of variable and rewrite ¢3:

1 T y S5 Int 2y 1 1/2¢—1y1
ta = ———— — dv = =t (2 /25 —1x /2>’
57 2(2m)n /Rny yeXp( 2 Y=ok

where we use Lemma [61] again. Using Lemma we have
1 1/2/$—1521/2 1 S—1571/2\y01/2 1 S—1
ts = tr (2 (=1s )) = St ((2 Sy ) - 5@(2 2).
Combining the values of t1, t2, and t3, we complete the proof of the lemma. O
B.3 Linear Algebra

Here, we list a few lemmas from linear algebra that are useful in the dissertation.
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Lemma 63 For any matriz A = [a;j];; € R™™™ and matriz B = [b;;];; € R™*", the
following is valid:

tr (AB) = tr (BA).
PRrROOF. Using the definition of matrix trace and after simple algebra, we may see

tr (AB) = Zzai_jb]’i = tr (BA)

i=1 j=1
O

Lemma 64 [Horn and Johnson||1986, Theorem 1.2.12] For any matriz M € R"*", let

V1,0, ...,y be its eigenvalues, then:
tr(4) = 1+t -+,
det A = h1¢pa- - n.
Lemma 65 [Golub and Van Loan||1996, Lemma 2.7.1, Theorem 2.7.2] Suppose Ax = b

and (A + AA)y = b+ Ab with ||AA| < €||A]l and ||Ab|| < €||b]]. If ek(A) < 1, then

A+ AA is nonsingular, and

ly—all __2en(4)
fel = T en(A)

where ||-|| can be any €, matriz/vector norm, and k(A) = ||A||||A™Y|| is the correspond-

ing condition number.

Lemma 66 [von Neumann||1937] Let A, B € R™™ be two symmetric matrices, whose
singular values are a1 > ag > -+ > a, > 0 and by > by > -+ > b, > 0, respectively.

Then,
tr (AB)] < aibs.

i=1
B.4 Miscellaneous
Lemma 67 (Cauchy-Schwarz Inequality) Let u and v be two real-valued random vari-

ables. Their marginal and joint probability distributions are denoted by P,, P,, and

P, respectively. Then

Eyo~p,, [uv] < VEup,u2\/Eyp,v2.



238

Bibliography

Pieter Abbeel and Andrew Y. Ng. Exploration and apprenticeship learning in reinforcement
learning. In Proceedings of the Twenty-Second International Conference on Machine Learning

(ICML-05), pages 1-8, 2005.

Pieter Abbeel, Daphne Koller, and Andrew Y. Ng. Learning factor graphs in polynomial time

and sample complexity. Journal of Machine Learning Research, 7:1743-1788, 2006a.

Pieter Abbeel, Margan Quigley, and Andrew Y. Ng. Using inaccurate models in reinforcement
learning. In Proceedings of the Twenty-Third International Conference on Machine Learning

(ICML-06), pages 1-8, 2006b.

Naoki Abe, Alan W. Biermann, and Philip M. Long. Reinforcement learning with immediate
rewards and linear hypotheses. Algorithmica, 37(4):263-293, 2003.

James S. Albus. A theory of cerebellar functions. Mathematical Biosciences, 10(1/2):25-61,
1971.

David Andre, Nir Friedman, and Ronald Parr. Generalized prioritized sweeping. In Advances

in Neural Information Processing Systems 10, pages 1001-1007, 1998.
Dana Angluin. Queries and concept learning. Machine Learning, 2(4):319-342, 1988.
Dana Angluin. Queries revisited. Theoretical Computer Science, 313(2):175-194, 2004.

Andris Antos, Csaba Szepesvéri, and Rémi Munos. Learning near-optimal policies with
Bellman-residual minimizing based fitted policy iteration and a single sample path. Ma-

chine Learning, 71(1):89-129, 2008.

John Asmuth, Michael L. Littman, and Robert Zinkov. Potential-based shaping in model-based
reinforcement learning. In Proceedings of the Twenty-Third AAAI Conference on Artificial
Intelligence (AAAI-08), pages 604—-609, 2008.



239

John Asmuth, Lihong Li, Michael L. Littman, Ali Nouri, and David Wingate. A Bayesian
sampling approach to exploration in reinforcement learning. In Proceedings of the Twenty-

Fifth Conference on Uncertainty in Artificial Intelligence (UAI-09), 2009.

Christopher G. Atkeson and Geoffrey J. Gordon, editors. Proceedings of the
ICML-97 Workshop on Modelling in Reinforcement Learning, 1997. URL:

http://www.cs.cmu.edu/ ggordon/ml97ws.

Christopher G. Atkeson and Juan Carlos Santamaria. A comparison of direct and model-based
reinforcement learning. In Proceedings of the 1997 IEEE International Conference on Robotics

and Automation (ICRA-97), pages 3557-3564, 1997.

Christopher G. Atkeson, Andrew W. Moore, and Stefan Schaal. Locally weighted learning for
control. Artificial Intelligence Review, 11(1-5):75-113, 1997a.

Christopher G. Atkeson, Andrew W. Moore, and Stefan Schaal. Locally weighted learning.
Artificial Intelligence Review, 11(1-5):11-73, 1997b.

Peter Auer. Using confidence bounds for exploitation-exploration trade-offs. Journal of Machine

Learning Research, 3:397-422, 2002.

Peter Auer and Ronald Ortner. Logarithmic online regret bounds for undiscounted reinforce-
ment learning. In Advances in Neural Information Processing Systems 19 (NIPS-06), pages
49-56, 2007.

Peter Auer, Nicolo Cesa-Bianchi, and Paul Fischer. Finite-time analysis of the multiarmed

bandit problem. Machine Learning, 47(2-3):235-256, 2002a.

Peter Auer, Nicolo Cesa-Bianchi, Yoav Freund, and Robert E. Schapire. The nonstochastic
multiarmed bandit problem. SIAM Journal on Computing, 32(1):48-77, 2002b.

Kazuoki Azuma. Weighted sums of certain dependent random variables. Tohoku Mathematical

Journal, 19(3):357-367, 1967.

Leemon C. Baird. Residual algorithms: Reinforcement learning with function approximation. In
Proceedings of the Twelfth International Conference on Machine Learning (ICML-95), pages
30-37, 1995.



240

Andrew G. Barto, Richard S. Sutton, and Charles W. Anderson. Neuronlike elements that can
solve difficult learning control problems. IEEE Transactions on Systems, Man, and Cyber-
netics, 13:835-846, 1983. Reprinted in J. A. Anderson and E. Rosenfeld, Neurocomputing:
Foundations of Research, MIT Press, Cambridge, MA, 1988.

Andrew G. Barto, Steven J. Bradtke, and Satinder P. Singh. Learning to act using real-time
dynamic programming. Artificial Intelligence, 72(1-2):81-138, 1995.

Jonathan Baxter and Peter Bartlett. Infinite-horizon policy-gradient estimation. Journal of

Artificial Intelligence Research, 15:319-350, 2001.
Richard E. Bellman. Dynamic Programming. Princeton University Press, 1957.

Andrey Bernstein and Nahum Shimkin. Adaptive aggregation for reinforcement learning with
efficient exploration: Deterministic domains. In Proceedings of the Twenty-First Annual

Conference on Learning Theory (COLT-08), 2008.

Donald A. Berry and Bert Fristedt. Bandit Problems: Sequential Allocation of FExperiments.
Chapman and Hall, 1985. ISBN 0412248107.

Dimitri P. Bertsekas. Convergence of discretization procedures in dynamic programming. I[EEE

Transactions on Automatic Control, 20(3):415-419, 1975.

Dimitri P. Bertsekas. Distributed dynamic programming. IEEE Transactions on Automatic

Control, AC-27(3):610-616, 1982.

Dimitri P. Bertsekas. Dynamic Programming and Optimal Control, volume 1/2. Athena Scien-

tific, 2nd edition, 2001. ISBN 1-886-52908-6.

Dimitri P. Bertsekas and David A. Castafion. Adaptive aggregation methods for infinite horizon

dynamic programming. IEEE Transactions on Automatic Control, 34(6):589-598, 1989.

Dimitri P. Bertsekas and Steven E. Shreve. Stochastic Optimal Control: The Discrete-Time
Case. Athena Scientific, 1996. ISBN 1-886529-03-5. Originally published in 1978 by Academic

Press.

Dimitri P. Bertsekas and John N. Tsitsiklis. Parallel and Distributed Computation: Numerical
Methods. Prentice Hall, 1989. ISBN 0-13-648700-9. Reprinted by Athena Scientific in 1997.

Dimitri P. Bertsekas and John N. Tsitsiklis. Neuro-Dynamic Programming. Athena Scientific,
September 1996. ISBN 1-886529-10-8.



241

Avrim Blum. Separating distribution-free and mistake-bound learning models over the Boolean

domain. STAM Journal on Computing, 23(5):990-1000, 1994.

Craig Boutilier, Thomas Dean, and Steve Hanks. Decision-theoretic planning: Structural as-
sumptions and computational leverage. Journal of Artificial Intelligence Research, 11:1-94,

1999.

Craig Boutilier, Richard Dearden, and Moisés Goldszmidt. Stochastic dynamic programming

with factored representations. Artificial Intelligence, 121(1-2):49-107, 2000.

Justin A. Boyan. Least-squares temporal difference learning. Machine Learning, 49(2):233-246,
November 2002.

Justin A. Boyan and Michael L. Littman. Packet routing in dynamically changing networks: A
reinforcement learning approach. In Advances in Neural Information Processing Systems 6

(NIPS-93), pages 671-678, 1994.

Justin A. Boyan and Andrew W. Moore. Generalization in reinforcement learning: Safely
approximating the value function. In Advances in Neural Information Processing Systems 7

(NIPS-94), pages 369-376, 1995.

Justin A. Boyan and Andrew W. Moore. Learning evaluation functions to improve optimization

by local search. Journal of Machine Learning Research, 1:77-112, 2000.

Steven J. Bradtke and Andrew G. Barto. Linear least-squares algorithms for temporal difference

learning. Machine Learning, 22:33-57, 1996.

Ronen I. Brafman and Moshe Tennenholtz. R-max—a general polynomial time algorithm for
near-optimal reinforcement learning. Journal of Machine Learning Research, 3:213-231, Oc-

tober 2002.

John L. Bresina, Richard Dearden, Nicolas Meuleau, Sailesh Ramkrishnan, David E. Smith, and
Richard Washington. Planning under continuous time and resource uncertainty: A challenge
for AL. In Proceedings of the Fighteenth Annual Conference on Uncertainty in Artificial
Intelligence (UAI-02), pages 77-84, 2002.

Emma Brunskill, Bethany R. Leffler, Lihong Li, Michael L. Littman, and Nicholas Roy. CORL:
A continuous-state offset-dynamics reinforcement learner. In Proceedings of the Twenty-

Fourth Conference on Uncertainty in Artificial Intelligence (UAI-08), pages 53-61, 2008.



242

Emma Brunskill, Bethany R. Leffler, Lihong Li, Michael L. Littman, and Nicholas Roy. Provably
efficient learning with typed parametric models, 2009. Conditionally accepted to the Journal

of Machine Learning Research.

Nicolo Cesa-Bianchi, Philip M. Long, and Manfred Warmuth. Worst-case quadratic loss bounds
for prediction using linear functions and gradient descent. IFEFE Transactions on Neural

Networks, 7(3):604-619, 1996.

Nicolo Cesa-Bianchi, Géabor Lugosi, and Gilles Stoltz. Minimizing regret with label efficient
prediction. IEEE Transactions on Information Theory, 51(6):2152-2162, 2005.

Nicolo Cesa-Bianchi, Claudio Gentile, and Luca Zaniboni. Worst-case analysis of selective

sampling for linear classification. Journal of Machine Learning Research, 7:1205-1230, 2006.

Hyeong Soo Chang, Michael C. Fu, Jiagiao Hu, and Steven I. Marcus. An adaptive sampling

algorithm for solving Markov decision processes. Operations Research, 53(1):126-139, 2005.

David Chapman and Leslie Pack Kaelbling. Input generalization in delayed reinforcement learn-
ing: An algorithm and performance comparisons. In Proceedings of the Twelfth International

Joint Conference on Artificial Intelligence (IJCAI-91), pages 726-731, 1991.

Ward Cheney and Will Light. A Course in Approzimation Theory. Brooks/Cole Publishing
Company, 2000. ISBN 0-534-36224-9.

Herman Chernoff. A measure of asymptotic efficiency for tests of a hypothesis based on the

sum of observations. Annals of Mathematical Statistics, 23:493-507, 1952.

Chee-Seng Chow and John N. Tsitsiklis. The complexity of dynamic programming. Journal of
Complexity, 5(4):466—488, 1989.

Chee-Seng Chow and John N. Tsitsiklis. An optimal one-way multigrid algorithm for discrete-
time stochastic control. IEEE Transactions on Automatic Control, 36(8):898-814, 1991.

Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford Stein. Introduction

to Algorithms. MIT Press, 2nd edition, 2001.

Robert H. Crites and Andrew G. Barto. Improving elevator performance using reinforcement
learning. In Advances in Neural Information Processing Systems 8 (NIPS-95), pages 1017—
1023, 1996.



243

Daniela P. de Farias and Benjamin Van Roy. The linear programming approach to approximate

dynamic programming. Operations Research, 51(6):850-865, 2003.

Daniela Pucci de Farias and Benjamin Van Roy. On constraint sampling in the linear program-
ming approach to approximate dynamic programming. Mathematics of Operations Research,

29(3):462-478, 2004.

Thomas Dean and Keiji Kanazawa. A model for reasoning about persistence and causation.

Computational Intelligence, 5(3):142-150, 1989.

Thomas Dean, Robert Givan, and Sonia M. Leach. Model reduction techniques for computing
approximately optimal solutions for Markov decision processes. In Proceedings of the Thir-

teenth Conference on Uncertainty in Artificial Intelligence (UAI-97), pages 124-131, 1997.

F. d’Epenoux. A probabilistic production and inventory problem. Management Science, 10(1):

98-108, 1963.

Persi Diaconis and David Freedman. On the consistency of Bayes estimates. The Annals of

Statistics, 14(1):1-67, 1986. With discussions.

Carlos Diuk, Andre Cohen, and Michael L. Littman. An object-oriented representation for
efficient reinforcement learning. In Proceedings of the Twenty-Fifth International Conference

on Machine Learning (ICML-08), pages 240-247, 2008.

Carlos Diuk, Lihong Li, and Bethany R. Leffler. The adaptive k-meteorologists problem and
its application to structure discovery and feature selection in reinforcement learning. In
Proceedings of the Twenty-Sizth International Conference on Machine Learning (ICML-09),
20009.

Michael O’Gordon Duff. Optimal Learning: Computational Procedures for Bayes-Adaptive
Markov Decision Processes. PhD thesis, University of Massachusetts, Amherst, MA, 2002.

Yaakov Engel, Shie Mannor, and Ron Meir. Bayes meets Bellman: The caussian process ap-
proach to temporal difference learning. In Proceedings of the Twentieth International Con-

ference on Machine Learning (ICML-03), pages 154-161, 2003.

Eyal Even-Dar and Yishay Mansour. Approximate equivalence of Markov decision processes. In
Proceedings of the Sizteenth Annual Conference on Computational Learning Theory (COLT-
03), volume 2777 of Lecture Notes in Computer Science, pages 581-594, 2003a.



244

Eyal Even-Dar and Yishay Mansour. Learning rates for Q-learning. Journal of Machine Learn-

ing Research, 5:1-25, 2003b.

Eyal Even-Dar, Shie Mannor, and Yishay Mansour. PAC bounds for multi-armed bandit and
Markov decision processes. In Proceedings of the Fifteenth Annual Conference on Computa-

tional Learning Theory (COLT-02), pages 255-270, 2002.
A. A. FeI’dbaum. Dual-control theory. I. Automation and Remote Control, 21:874-880, 1961.

Norm Ferns, Prakash Panangaden, and Doina Precup. Metrics for finite Markov decision pro-
cesses. In Proceedings of the Twentieth Conference on Uncertainty in Artificial Intelligence

(UAI-04), pages 162-169, 2004.

Claude-Nicolas Fiechter. Efficient reinforcement learning. In Proceedings of the Seventh Annual

ACM Conference on Computational Learning Theory (COLT-94), pages 88-97, 1994.

Yoav Freund, Robert E. Schapire, Yoram Singer, and Manfred K. Warmuth. Using and combin-
ing predictors that specialize. In Proceedings of the Twenty-Ninth Annual ACM Symposium
on the Theory of Computing (STOC-97), pages 334-343, 1997a.

Yoav Freund, H. Sebastian Seung, Eli Shamir, and Naftali Tishby. Selective sampling using the
query by committee algorithm. Machine Learning, 28(2-3):133-168, 1997b.

Yoav Freund, Yishay Mansour, and Robert E. Schapire. Generalization bounds for averaged

classifiers. The Annals of Statistics, 32(4):1698-1722, 2004.

Jerome H. Friedman, Jon Louis Bentley, and Raphael Ari Finkel. An algorithm for finding best
matches in logarithmic expected time. ACM Transactions on Mathematical Software, 3(3):

209-226, 1977.

Sylvain Gelly, Yizao Wang, Rémi Munos, and Olivier Teytaud. Modifications of UCT with
patterns in Monte-Carlo Go. Technical Report 6062, INRIA, 2006.

Alborz Geramifard, Michael H. Bowling, and Richard S. Sutton. Incremental least-squares
temporal difference learning. In Proceedings of the Twenty-First National Conference on

Artificial Intelligence (AAAI-06), pages 356-361, 2006.

Alborz Geramifard, Michael H. Bowling, Martin Zinkevich, and Richard S. Sutton. iLLSTD:
Eligibility traces and convergence analysis. In Advances in Neural Information Processing

Systems 19 (NIPS-06), pages 441-448, 2007.



245

Fausto Giunchiglia and Toby Walsh. A theory of abstraction. Artificial Intelligence, 57(2-3):
323-390, 1992.

Robert Givan, Sonia Leach, and Thomas Dean. Bounded-parameter Markov decision processes.

Artificial Intelligence, 122(1-2):71-109, 2000.

Robert Givan, Thomas Dean, and Matthew Greig. Equivalence notions and model minimization

in Markov decision processes. Artificial Intelligence, 147(1-2):163-223, 2003.

Sally A. Goldman and Michael J. Kearns. On the complexity of teaching. Journal of Computer
and System Sciences, 50(1):20-31, 1995.

Gene H. Golub and Charles F. Van Loan. Matriz Computations. The Johns Hopkins University
Press, 3rd edition, 1996. ISBN 0-801-85414-8.

Geoffrey J. Gordon. Stable function approximation in dynamic programming. In Proceedings of

the Twelfth International Conference on Machine Learning (ICML-95), pages 261-268, 1995.

Geoffrey J. Gordon. Chattering in Sarsa(\). Technical report, Carnegie Mellon University
Learning Lab, Pittsburgh, PA, 1996.

Carlos Guestrin, Daphne Koller, Ronald Parr, and Shobha Venkataraman. FEfficient solution
algorithms for factored MDPs. Journal of Artificial Intelligence Research, 19:399-468, 2003.

Trevor Hastie, Robert Tibshirani, and Jerome H. Friedman. The Elements of Statistical Learn-
ing: Data Mining, Inference, and Prediction. Springer Series in Statistics. Springer, 1st

edition, July 2003. ISBN 0387952845.

David P. Helmbold, Nick Littlestone, and Philip M. Long. Apple tasting. Information and
Computation, 161(2):85-139, 2000.

Wassily Hoeffding. Probability inequalities for sums of bounded random variables. Journal of

the American Statistical Association, 58(301):13-30, 1963.

Roger A. Horn and Charles R. Johnson. Matriz Analysis. Cambridge University Press, 1986.
ISBN 0-521-38632-2.

Roland A. Howard. Dynamic Programming and Markov Processes. MIT Press, Cambridge,
MA, 1960. ISBN 0-262-08009-5.



246

Nicholas K. Jong and Peter Stone. State abstraction discovery from irrelevant state variables.
In Proceedings of the Nineteenth International Joint Conference on Artificial Intelligence

(IJCAIL-05), pages T52-757, 2005.

Nicholas K. Jong and Peter Stone. Model-based exploration in continuous state spaces. In
Proceedings of the Seventh International Symposium on Abstraction, Reformulation and Ap-
prozimation (SARA-07), volume 4612 of Lecture Notes in Computer Science, pages 258-272,
2007.

Leslie Pack Kaelbling. Associative reinforcement learning: Functions in k-DNF. Machine

Learning, 15(3):279-298, 1994.

Leslie Pack Kaelbling, Michael L. Littman, and Andrew P. Moore. Reinforcement learning: A
survey. Journal of Artificial Intelligence Research, 4:237-285, 1996. URL http://citeseer.

nj.nec.com/kaelbling96reinforcement.html.

Leslie Pack Kaelbling, Michael L. Littman, and Anthony R. Cassandra. Planning and acting in
partially observable stochastic domains. Artificial Intelligence, 101(1-2):99-134, 1998.

Sham Kakade. On the Sample Complezity of Reinforcement Learning. PhD thesis, Gatsby

Computational Neuroscience Unit, University College London, UK, 2003.

Sham Kakade, Michael J. Kearns, and John Langford. Exploration in metric state spaces.
In Proceedings of the Twentieth International Conference on Machine Learning (ICML-03),
pages 306-312, 2003.

Konstantinos V. Katsikopoulos and Sascha E. Engelbrecht. Markov decision processes with
delays and asynchronous cost collection. IEEE Transactions on Automatic Control, 48(4):

568-574, 2003.

Michael J. Kearns and Daphne Koller. Efficient reinforcement learning in factored MDPs. In
Proceedings of the Sixzteenth International Joint Conference on Artificial Intelligence (IJCAI-
99), pages T740-747, 1999.

Michael J. Kearns and Ming Li. Learning in the presence of malicious errors. SIAM Journal

on Computing, 22(4):807-837, 1993.

Michael J. Kearns and Robert E. Schapire. Efficient distribution-free learning of probabilistic
concepts. Journal of Computer and System Sciences, 48(3):464-497, 1994.


http://citeseer.nj.nec.com/kaelbling96reinforcement.html
http://citeseer.nj.nec.com/kaelbling96reinforcement.html

247

Michael J. Kearns and Satinder P. Singh. Finite-sample convergence rates for Q-learning and
indirect algorithms. In Advances in Neural Information Processing Systems 11 (NIPS-98),
volume 11, pages 996-1002, 1999.

Michael J. Kearns and Satinder P. Singh. Near-optimal reinforcement learning in polynomial

time. Machine Learning, 49(2-3):209-232, 2002.

Michael J. Kearns and Umesh V. Vazirani. An Introduction to Computational Learning Theory.

MIT Press, August 1994. ISBN 0262111934.

Michael J. Kearns, Robert E. Schapire, and Linda Sellie. Toward efficient agnostic learning.
Machine Learning, 17(2-3):115-141, 1994.

Michael J. Kearns, Yishay Mansour, and Andrew Y. Ng. A sparse sampling algorithm for near-
optimal planning in large Markov decision processes. Machine Learning, 49(2-3):193-208,
2002.

Philipp W. Keller, Shie Mannor, and Doina Precup. Automatic basis function construction
for approximate dynamic programming and reinforcement learning. In Proceedings of the
Twenty-Third International Conference on Machine Learning (ICML-06), pages 449-456,
2006.

Levente Kocsis and Csaba Szepesvari. Bandit based Monte-Carlo planning. In Proceedings
of the Seventeenth European Conference on Machine Learning (ECML-06), pages 282293,
2006.

Sven Koenig and Reid G. Simmons. The effect of representation and knowledge on goal-
directed exploration with reinforcement-learning algorithms. Machine Learning, 22(1-3):

227-250, 1996.

J. Zico Kolter and Andrew Y. Ng. Near Bayesian exploration in polynomial time. In Proceedings

of the Twenty-Sizth International Conference on Machine Learning (ICML-09), 2009a.

J. Zico Kolter and Andrew Y. Ng. Regularization and feature selection in least-squares temporal
difference learning. In Proceedings of the Twenty-Sizth International Conference on Machine

Learning (ICML-09), 2009b.

Vijay R. Konda and John N. Tsitsiklis. Actor-critic algorithms. In Advances in Neural Infor-
mation Processing Systems 12 (NIPS-99), pages 1008-1014, 2000.



248

Vijay R. Konda and John N. Tsitsiklis. On actor-critic algorithms. SIAM Journal on Control
and Optimization, 42(4):1143-1166, 2003.

George Konidaris and Sarah Osentoski. Value function approximation in reinforcement learning
using the Fourier basis. Technical Report UM-CS-2008-19, Department of Computer Science,

University of Massachusetts, Amherst, 2008.
Richard E. Korf. Real-time heuristic search. Artificial Intelligence, 42(2-3):189-211, 1990.

Solomon Kullback. A lower bound for discrimination in terms of variation. IEEE Transactions

on Information Theory, 13(1):126-127, January 1967.

P.R. Kumar and Pravin Varaiya. Stochastic Systems: Estimation, Identification, and Adaptive
Control. Prentice Hall, 1986. ISBN 013846684X.

Leonid Kuvayev and Richard S. Sutton. Approximation in model-based learning. In Proceedings

of the ICML-97 Workshop on Modelling in Reinforcement Learning, 1997.

Michail G. Lagoudakis and Michael L. Littman. Algorithm selection using reinforcement learn-
ing. In Proceedings of the Seventeenth International Conference on Machine Learning (ICML-

00), pages 511-518, 2000.

Michail G. Lagoudakis and Michael L. Littman. Learning to select branching rules in the DPLL
procedure for satisfiability. In Workshop on Theory and Applications of Satisfiability Testing
(SAT-01). Elsevier, 2001. Electronic Notes in Discrete Mathematics (ENDM) Volume 9.

Michail G. Lagoudakis and Ronald Parr. Least-squares policy iteration. Journal of Machine

Learning Research, 4:1107-1149, 2003a.

Michail G. Lagoudakis and Ronald Parr. Reinforcement learning as classification: Leveraging
modern classifiers. In Proceedings of the Twentieth International Conference on Machine

Learning (ICML-03), pages 424-431, 2003b.

Tze Leung Lai and Herbert Robbins. Asymptotically efficient adaptive allocation rules. Ad-
vances in Applied Mathematics, 6:4-22, 1985.

John Langford and Satinder P. Singh. Reinforcement learning theory tutorial, 2006. In the

Twenty-Third International Conference on Machine Learning (ICML-06).

Bethany R. Leffler, Michael L. Littman, Alexander L. Strehl, and Thomas J. Walsh. Efficient

exploration with latent structure. In Robotics: Science and Systems, pages 81-88, 2005.



249

Bethany R. Leffler, Michael L. Littman, and Timothy Edmunds. Efficient reinforcement learning
with relocatable action models. In Proceedings of the Twenty-Second Conference on Artificial

Intelligence (AAAI-07), pages 572-577, 2007.

Lihong Li. Focus of attention in reinforcement learning. Master’s thesis, University of Alberta,
Edmonton, AB, Canada, 2004. Tech report TRO7-12, Department of Computing Science,
University of Alberta. URL: http://www.cs.ualberta.ca/research/techreports/.

Lihong Li. A worst-case comparison between temporal difference and residual gradient with
linear function approximation. In Proceedings of the Twenty-Fifth International Conference

on Machine Learning (ICML-08), pages 560-567, 2008.

Lihong Li and Michael L. Littman. Lazy approximation for solving continuous finite-horizon
MDPs. In Proceedings of the Twentieth National Conference on Artificial Intelligence (AAAI-
05), pages 1175-1180, 2005.

Lihong Li and Michael L. Littman. Efficient value-function approximation via online linear
regression. In Proceedings of the Tenth International Symposium on Artificial Intelligence

and Mathematics (ISAIM-08), 2008a.

Lihong Li and Michael L. Littman. Prioritized sweeping converges to the optimal value function.

Technical Report DCS-TR-631, Department of Computer Science, Rutgers University, 2008b.

Lihong Li, Thomas J. Walsh, and Michael L. Littman. Towards a unified theory of state
abstraction for MDPs. In Proceedings of the Ninth International Symposium on Artificial
Intelligence and Mathematics (ISAIM-06), 2006.

Lihong Li, Vadim Bulitko, and Russell Greiner. Focus of attention in reinforcement learning.

Journal of Universal Computer Science, 13(9):1246-1269, 2007.

Lihong Li, Michael L. Littman, and Thomas J. Walsh. Knows what it knows: A framework for
self-aware learning. In Proceedings of the Twenty-Fifth International Conference on Machine

Learning (ICML-08), pages 568-575, 2008.

Lihong Li, Michael L. Littman, and Christopher R. Mansley. Online exploration in least-squares
policy iteration. In Proceedings of the Eighteenth International Conference on Agents and

Multiagent Systems (AAMAS-09), 2009a.

Lihong Li, Michael L. Littman, Alexander L. Strehl, and Thomas J. Walsh. Knows what it

knows: A framework for self-aware learning, 2009b. Working draft.



250

Lihong Li, Jason D. Williams, and Suhrid Balakrishnan. Reinforcement learning for spoken
dialog management using least-squares policy iteration and fast feature selection, 2009c.

Submitted.

Long-Ji Lin. Self-improving reactive agents based on reinforcement learning, planning and

teaching. Machine Learning, 8(3—4):293-321, 1992.

Nick Littlestone. Learning quickly when irrelevant attributes abound: A new linear-threshold

algorithms. Machine Learning, 2(4):285-318, 1988.

Nick Littlestone. From on-line to batch learning. In Proceedings of the Second Annual Workshop
on Computational Learning Theory (COLT-89), pages 269-284, 1989.

Michael L. Littman. Algorithms for Sequential Decision Making. PhD thesis, Brown University,
Providence, RI, 1996.

Michael L. Littman. Probabilistic propositional planning: Representations and complexity.
In Proceedings of the Fourteenth National Conference on Artificial Intelligence (AAAI-97),
pages 748-754, 1997.

Michael L. Littman, Thomas Dean, and Leslie Pack Kaelbling. On the complexity of solving
Markov decision problems. In Proceedings of the Eleventh Annual Conference on Uncertainty

in Artificial Intelligence (UAI-95), pages 394-402, 1995.

Manuel Loth, Manuel Davy, and Philippe Preux. Sparse temporal difference learning using
LASSO. In Proceedings of the IEEE International Symposium on Approximate Dynamic
Programming and Reinforcement Learning, pages 352—359, 2007.

Omid Madani. On policy iteration as a Newton’s method and polynomial policy iteration
algorithms. In Proceedings of the Fighteenth National Conference on Artificial Intelligence
(AAAI-02), pages 273-278, 2002.

Omid Madani, Daniel J. Lizotte, and Russell Greiner. The budgeted multi-armed bandit prob-
lem. In Proceedings of the Seventeenth Annual Conference on Learning Theory (COLT-04),
pages 643—-645, 2004.

Sridhar Mahadevan and Mauro Maggioni. Proto-value functions: A Laplacian framework for
learning representation and control in Markov decision processes. Journal of Machine Learn-

ing Research, 8:2169-2231, 2007.



251

Stéphe G. Mallat and Zhifeng Zhang. Matching pursuits with time-frequency dictionaries. IEEE
Transactions on Signal Processing, 41(12), 1993.

Shie Mannor and John N. Tsitsiklis. The sample complexity of exploration in the multi-armed

bandit problem. Journal of Machine Learning Research, 5:623-648, 2004.

Yishay Mansour and Satinder Singh. On the complexity of policy iteration. In Proceedings of
the Fifteenth Conference on Uncertainty in Artificial Intelligence (UAI-99), pages 401-408,
1999.

Andrew McCallum. Reinforcement Learning with Selective Perception and Hidden State. PhD
thesis, University of Rochester, Rochester, NY, 1995.

H. Brendan McMahan and Geoffrey J. Gordon. Fast exact planning in Markov decision pro-
cesses. In Proceedings of the Fifteenth International Conference on Automated Planning and

Scheduling (ICAPS-05), pages 151-160, 2005.

Francisco S. Melo and M. Isabel Ribeiro. Q-learning with linear function approximation. In
Proceedings of the Twentieth Annual Conference on Computational Learning Theory (COLT-
07), pages 308-322, 2007.

Francisco S. Melo, Sean P. Meyn, and M. Isabel Ribeiro. An analysis of reinforcement learning
with function approximation. In Proceedings of the Twenty-Fifth International Conference

on Machine Learning (ICML-08), pages 664-671, 2008.

Ishai Menache, Shie Mannor, and Nahum Shimkin. Basis function adaptation in temporal

difference reinforcement learning. Annals of Operations Research, 134(1):215-238, 2005.

Oliver Mihatsch and Ralph Neuneier. Risk-sensitive reinforcement learning. Machine Learning,

49(2-3):267-290, 2002.

W. Thomas Miller, Filson H. Glanz, and L. Gordon Kraft. CMAC: An associative neural
network alternative to backpropagation. Proceedings of the IEEE, 78(10):1561-1567, 1990.

Tom M. Mitchell. Machine Learning. McGraw-Hill, March 1997. ISBN 0-07-042807-7.

Davaadorjin Monhor. A Chebyshev inequality for multivariate normal distribution. Probability

in the Engineering and Informational Sciences, 21:289-300, 2007.

Andrew W. Moore and Christopher G. Atkeson. Prioritized sweeping: Reinforcement learning

with less data and less time. Machine Learning, 13(1):103-130, 1993.



252

Andrew W. Moore and Christopher G. Atkeson. The parti-game algorithm for variable res-
olution reinforcement learning in multidimensional state-spaces. Machine Learning, 21(3):

199-233, 1995.

David E. Moriarty, Alan C. Schultz, and John J. Grefenstette. Evolutionary algorithms for
reinforcement learning. Journal of Artificial Intelligence Research, 11:241-276, 1999.

Rémi Munos. Error bounds for approximate policy iteration. In Proceedings of the Twentieth

International Conference on Machine Learning (ICML-03), pages 560-567, 2003.

Rémi Munos. Performance bounds in /,-norm for approximate value iteration. SIAM Journal

on Control and Optimization, 46(2):541-561, 2007.

Rémi Munos and Andrew W. Moore. Rates of convergence for variable resolution schemes
in optimal control. In Proceedings of the Seventeenth International Conference on Machine

Learning (ICML-00), pages 647-654, 2000.

Rémi Munos and Andrew W. Moore. Variable resolution discretization in optimal control.

Machine Learning, 49(2-3):291-323, 2002.

Rémi Munos and Csaba Szepesvéri. Finite-time bounds for sampling-based fitted value iteration.

Journal of Machine Learning Research, 9:815-857, 2008.

Andrew Y. Ng and Michael I. Jordan. PEGASUS: A policy search method for large MDPs and
POMDPs. In Proceedings of the Sixteenth Conference on Uncertainty in Artificial Intelligence
(UAI-00), pages 406—415, 2000.

Andrew Y. Ng, Daishi Harada, and Stuart J. Russell. Policy invariance under reward transfor-
mations: Theory and application to reward shaping. In Proceedings of the Sizteenth Inter-

national Conference on Machine Learning (ICML-99), pages 278-287, 1999.

Andrew Y. Ng, H. Jin Kim, Michael I. Jordan, and Shankar Sastry. Autonomous helicopter
flight via reinforcement learning. In Advances in Neural Information Processing Systems 16

(NIPS-03), 2004.

Ali Nouri and Michael L. Littman. Multi-resolution exploration in continuous spaces. In Ad-

vances in Neural Information Processing Systems 21 (NIPS-08), pages 12091216, 20009.

Dirk Ormoneit and Saunak Sen. Kernel-based reinforcement learning. Machine Learning, 49:

161-178, 2002.



253

Christos H. Papadimitriou.  Computational Complexity. Addison Wesley, 1994. ISBN
0201530821.

Ronald Parr, Christopher Painter-Wakefield, Lihong Li, and Michael L. Littman. Analyzing
feature generation for value-function approximation. In Proceedings of the Twenty-Fourth

International Conference on Machine Learning (ICML-07), pages 737-744, 2007.

Ronald Parr, Lihong Li, Gavin Taylor, Christopher Painter-Wakefield, and Michael L. Littman.
An analysis of linear models, linear value-function approximation, and feature selection for
reinforcement learning. In Proceedings of the Twenty-Fifth International Conference on Ma-

chine Learning (ICML-08), pages 752-759, 2008.

Jing Peng and Ronald J. Williams. Efficient learning and planning within the Dyna framework.
In Proceedings of the Second International Conference on Simulation of Adaptive Behavior,

pages 281-290, 1993.

Theodore J. Perkins and Doina Precup. A convergent form of approximate policy iteration. In

Advances in Neural Information Processing Systems 15 (NIPS-02), pages 1595-1602, 2003.

Jan Peters and Stefan Schaal. Reinforcement learning by reward-weighted regression for op-
erational space control. In Proceedings of the Twenty-Fourth International Conference on

Machine Learning (ICML-07), pages 745-750, 2007.

Jan Peters, Sethu Vijayakumar, and Stefan Schaal. Natural actor-critic. In Proceedings of the

Sizteenth European Conference on Machine Learning (ECML-05), pages 280-291, 2005.

Marek Petrik. An analysis of Laplacian methods for value function approximation in MDPs. In
Proceedings of the Twentieth International Joint Conference on Artificial Intelligence (IJCAI-
07), pages 2574-2579, 2007.

Pascal Poupart, Nikos Vlassis, Jesse Hoey, and Kevin Regan. An analytic solution to discrete
Bayesian reinforcement learning. In Proceedings of the Twenty-Third International Confer-

ence on Machine Learning (ICML-06), pages 697-704, 2006.

Martin L. Puterman. Markov Decision Processes: Discrete Stochastic Dynamic Programming.

Wiley-Interscience, New York, 1994. ISBN 0-471-61977-9.

Jette Randlgv and Preben Alstrgm. Learning to drive a bicycle using reinforcement learning
and shaping. In Proceedings of the Fifteenth Interational Conference on Machine Learning

(ICML-98), pages 463471, 1998.



254

Carl Edward Rasmussen and Malte Kuss. Gaussian processes in reinforcement learning. In

Advances in Neural Information Processing Systems 16 (NIPS-03), 2004.

Balaraman Ravindran and Andrew G. Barto. SMDP homomorphisms: An algebraic approach to
abstraction in semi-Markov decision processes. In Proceedings of the Eighteenth International

Joint Conference on Artificial Intelligence (IJCAI-03), pages 1011-1016, 2003.

Herbert Robbins and Sutton Monro. A stochastic approximation method. Annals of Mathe-
matical Statistics, 22(3):400-407, 1951.

J. M. Robson. The complexity of Go. In IFIP Congress, pages 413—417, 1983.

David F. Rogers, Robert D. Plante, Richard T. Wong, and James R. Evans. Aggregation and
disaggregation techniques and methodology in optimization. Operations Research, 39(4):

553-582, 1991.

Stuart J. Russell and Peter Norvig. Artificial Intelligence: A Modern Approach. Prentice Hall,
second edition, December 2002. ISBN 0-137-90395-2.

John Rust. Using randomization to break the curse of dimensionality. Econometrica, 65(3):

487-516, 1997.

Paul Ruvolo, Ian R. Fasel, and Javier R. Movellan. Optimization on a budget: A reinforcement
learning approach. In Advances in Neural Information Processing Systems 21 (NIPS-08),
pages 1385-1392, 2009.

Arthur L. Samuel. Some studies in machine learning using the game of checkers. IBM Journal

on Research and Development, 3(3):210-229, 1959.

Jeff G. Schneider. Exploiting model uncertainty estimates for safe dynamic control learning. In

Advances in Neural Information Processing Systems 9 (NIPS-96), pages 1047-1053, 1997.

Ralf Schoknecht and Artur Merke. TD(0) converges provably faster than the residual gradient
algorithm. In Proceedings of the Twentieth International Conference on Machine Learning

(ICML-03), pages 680-687, 2003.

Dale Schuurmans and Lloyd Greenwald. Efficient exploration for optimizing immediate reward.
In Proceedings of the Sizteenth National Conference on Artificial Intelligence (AAAI-99),
pages 385—-392, 1999.



255

Paul J. Schweitzer and Abraham Seidmann. Generalized polynomial approximations in Marko-
vian decision processes. Journal of Mathematical Analysis and Applications, 110(2):568-582,
1985.

Burr Settles. Active learning literature survey. Technical Report 1648, Department of Computer

Sciences, University of Wisconsin-Madison, January 2009.

H. Sebastian Seung, Manfred Opper, and Naftali Tishby. Query by committee. In Proceedings of
the Fifth Annual Conference on Computational Learning Theory (COLT-92), pages 287-294,
1992.

Glenn Shafer and Vladimir Vovk. A tutorial on conformal prediction. Journal of Machine

Learning Research, 9:371-421, 2008.

John Shawe-Taylor and Nello Cristianini. Kernel Methods for Pattern Analysis. Cambridge
University Press, June 2004. ISBN 0521813972.

David Silver, Richard S. Sutton, and Martin Miiller. Reinforcement learning of local shape in
the game of Go. In Proceedings of the Twentieth International Joint Conference on Artificial

Intelligence (IJCAI-07), pages 1053-1058, 2007.

Ozgﬁr Simsek and Andrew G. Barto. An intrinsic reward mechanism for efficient exploration. In
Proceedings of the Twenty-Third International Conference on Machine Learning (ICML-06),
pages 833-840, 2006.

Satinder P. Singh and Dimitri P. Bertsekas. Reinforcement learning for dynamic channel allo-
cation in cellular telephone systems. In Advances in Neural Information Processing Systems

9 (NIPS-96), pages 974-980, 1997.

Satinder P. Singh and Richard C. Yee. An upper bound on the loss from approximate optimal-
value functions. Machine Learning, 16(3):227-233, 1994.

Satinder P. Singh, Tommi Jaakkola, Michael L. Littman, and Csaba Szepesvéri. Convergence
results for single-step on-policy reinforcement-learning algorithms. Machine Learning, 38(3):

287-308, 2000.

Eduardo D. Sontag. Mathematical Control Theory: Deterministic Finite Dimensional Systems,
volume 6 of Texts in Applied Mathematics. Springer, 2nd edition, July 1998. ISBN 0-387-
98489-5.



256

Alexander L. Strehl. Model-based reinforcement learning in factored-state MDPs. In Pro-
ceedings of the IEEE International Symposium on Approximate Dynamic Programming and

Reinforcement Learning, pages 103-110, 2007a.

Alexander L. Strehl. Probably Approximately Correct (PAC) Exploration in Reinforcement
Learning. PhD thesis, Rutgers University, New Brunswick, NJ, 2007b.

Alexander L. Strehl and Michael L. Littman. A theoretical analysis of model-based interval
estimation. In Proceedings of the Twenty-Second Conference on Machine Learning (ICML-
05), pages 857-864, 2005.

Alexander L. Strehl and Michael L. Littman. An analysis of model-based interval estimation
for markov decision processes. Journal of Computer and System Sciences, 74(8):1309-1331,

2008a.

Alexander L. Strehl and Michael L. Littman. Online linear regression and its application to
model-based reinforcement learning. In Advances in Neural Information Processing Systems

20 (NIPS-07), pages 1417-1424, 2008b.

Alexander L. Strehl, Lihong Li, and Michael L. Littman. Incremental model-based learners
with formal learning-time guarantees. In Proceedings of the Twenty-Second Conference on

Uncertainty in Artificial Intelligence (UAI-06), pages 485-493, 2006a.

Alexander L. Strehl, Lihong Li, and Michael L. Littman. PAC reinforcement learning bounds for
RTDP and Rand-RTDP. In Proceedings of the AAAI-06 Workshop on Learning for Search,
2006b. Also an AAAT technical report WS-06-11, pages 50-56.

Alexander L. Strehl, Lihong Li, Eric Wiewiora, John Langford, and Michael L. Littman. PAC
model-free reinforcement learning. In Proceedings of the Twenty-Third International Confer-

ence on Machine Learning (ICML-06), pages 881-888, 2006c.

Alexander L. Strehl, Chris Mesterharm, Michael L. Littman, and Haym Hirsh. Experience-
efficient learning in associative bandit problems. In Proceedings of the Twenty-Third Inter-

national Conference on Machine Learning (ICML-06), pages 889-896, 2006d.

Alexander L. Strehl, Carlos Diuk, and Michael L. Littman. Efficient structure learning in
factored-state MDPs. In Proceedings of the Twenty-Second AAAI Conference on Artificial
Intelligence (AAAI-07), pages 645-650, 2007.



257

Alexander L. Strehl, Lihong Li, and Michael L. Littman. Reinforcement learning in finite MDPs:

PAC analysis, 2009. Conditionally accepted to the Journal of Machine Learning Research.

Richard S. Sutton. Temporal Credit Assignment in Reinforcement Learning. PhD thesis, Uni-
versity of Massachusetts, Amherst, MA, 1984.

Richard S. Sutton. Learning to predict by the methods of temporal differences. Machine
Learning, 3(1):9-44, 1988.

Richard S. Sutton. Integrated architectures for learning, planning and reacting based on ap-
proximating dynamic programming. In Proceedings of the Seventh International Workshop

on Machine Learning (ICML-90), pages 216-224, 1990.

Richard S. Sutton. Planning by incremental dynamic programming. In Proceedings of the Eighth
International Workshop on Machine Learning (ICML-91), pages 353-357, 1991.

Richard S. Sutton. Introduction: The challenge of reinforcement learning. Machine Learning,

8(3-4):225-227, 1992.

Richard S. Sutton. Generalization in reinforcement learning: Successful examples using sparse
coarse coding. In Advances in Neural Information Processing Systems 8 (NIPS-95), pages
1038-1044, 1996.

Richard S. Sutton. The reward hypothesis, 2004. http://rlai.cs.ualberta.ca/RLAI /rewardhy-

pothesis.html.

Richard S. Sutton and Andrew G. Barto. Reinforcement Learning: An Introduction. MIT Press,
Cambridge, MA, March 1998. ISBN 0-262-19398-1.

Richard S. Sutton, David McAllester, Satinder P. Singh, and Yishay Mansour. Policy gradient
methods for reinforcement learning with function approximation. In Advances in Neural

Information Processing Systems 12 (NIPS-99), pages 1057-1063, 2000.

Richard S. Sutton, Csaba Szepesvari, Alborz Geramifard, and Michael H. Bowling. Dyna-style
planning with linear function approximation and prioritized sweeping. In Proceedings of the
Twenty-Fourth Conference on Uncertainty in Artificial Intelligence (UAI-08), pages 528-536,
2008.

Csaba Szepesvéari. The asymptotic convergence-rate of Q-learning. In Advances in Neural

Information Processing Systems 10 (NIPS-97), pages 1064-1070, 1998.



258

Csaba Szepesvari and Michael L. Littman. A unified analysis of value-function-based

reinforcement-learning algorithms. Neural Computation, 11(8):2017-2059, 1999.

Csaba Szepesvari and William D. Smart. Interpolation-based Q-learning. In Proceedings of
the Twenty-First International Conference on Machine Learning (ICML-04), pages 100-107,
2004.

Gavin Taylor and Ronald Parr. Kernelized value function approximation for reinforcement
learning. In Proceedings of the Twenty-Sixth International Conference on Machine Learning

(ICML-09), 2009.

Jonathan Taylor, Prakash Panangaden, and Doina Precup. Bounding performance loss in ap-
proximate mdp homomorphisms. In Advances in Neural Information Processing Systems 21

(NIPS-08), pages 16491656, 2009.

Russ Tedrake, Teresa Weirui Zhang, Ming-fai Fong, and H. Sebastian Seung. Actuating a simple
3D passive dynamic walker. In Proceedings of the IEEE International Conference on Robotics

and Automation (ICRA-04), pages 4656-4661, 2004.

Gerald Tesauro. Temporal difference learning and TD-Gammon. Communications of the ACM,

38(3):58-68, March 1995.

Gerald Tesauro. Online resource allocation using decompositional reinforcement learning. In
Proceedings of the Twentieth National Conference on Artificial Intelligence (AAAI-05), pages
886891, 2005.

Gerald Tesauro and Gregory R. Galperin. On-line policy improvement using Monte-Carlo
search. In Advances in Neural Information Processing Systems 9 (NIPS-96), pages 1068
1074, 1997.

Sebastian Thrun. The role of exploration in learning control. In David A. White and Donald A.
Sofge, editors, Handbook of Intelligent Control: Neural, Fuzzy and Adaptive Approaches,
pages 527-559. Van Nostrand Reinhold, 1992.

Sebastian Thrun, Dieter Fox, Wolfram Burgard, and Frank Dellaert. Robust Monte Carlo
localization for mobile robots. Artificial Intelligence, 128(1-2):99-141, 2001.

Robert Tibshirani. Regression shrinkage and selection via the Lasso. Journal of the Royal

Statistical Society (Series B), 58(1):267-288, 1996.



259

John Tromp and Gunnar Farnebdck. Combinatorics of Go. In Computers and Games, LNCS

4630, pages 84-99. Springer, 2007.

John N. Tsitsiklis. Asynchronous stochastic approximation and Q-learning. Machine Learning,

16(3):185-202, 1994.

John N. Tsitsiklis and Benjamin Van Roy. Feature-based methods for large scale dynamic

programming. Machine Learning, 22(1-3):59-94, 1996.

John N. Tsitsiklis and Benjamin Van Roy. An analysis of temporal-difference learning with

function approximation. IEEE Transactions on Automatic Control, 42:674—690, 1997.

John N. Tsitsiklis and Benjamin Van Roy. Regression methods for pricing complex American-

style options. IEEE Transactions on Neural Networks, 12(4):694-703, 2001.

William Uther. Tree Based Hierarchical Reinforcement Learning. PhD thesis, School of Com-

puter Science, Carnegie Mellon University, Pittsburgh, PA, 2002.

Leslie G. Valiant. A theory of the learnable. Communications of the ACM, 27(11):1134-1142,
November 1984.

Benjamin Van Roy. Performance loss bounds for approximate value iteration with state aggre-

gation. Mathematics of Operations Research, 31(2):234-244, 2006.

Vladimir Vapnik. Estimation of Dependences Based on Empirical Data. Springer, 2nd edition,
March 2006. ISBN 0387308652. Reprint of 1982 Edition, including “Empirical Inference
Science” (Afterword of 2006).

John von Neumann. Some matrix-inequalities and metrization of matrix-space. Tomck Univer-

sity Review, 1:286-300, 1937.

Thomas J. Walsh, Ali Nouri, Lihong Li, and Michael L. Littman. Planning and learning in
environments with delayed feedback. In Proceedings of the Fighteenth European Conference
on Machine Learning (ECML-07), volume 4701 of Lecture Notes in Computer Science, pages
442-453, 2007.

Thomas J. Walsh, Ali Nouri, Lihong Li, and Michael L. Littman. Planning and learning in en-
vironments with delayed feedback. Journal of Autonomous Agents and Multi-Agent Systems,

18(1):83-105, 2009a.



260

Thomas J. Walsh, Istvdn Szita, Carlos Diuk, and Michael L. Littman. Exploring compact
reinforcement-learning representations with linear regression. In Proceedings of the Twenty-

Fifth Conference on Uncertainty in Artificial Intelligence (UAI-09), 2009b.

Christopher J.C.H. Watkins. Learning from Delayed Rewards. PhD thesis, King’s College,
University of Cambridge, UK, 1989.

Christopher J.C.H. Watkins and Peter Dayan. Q-learning. Machine Learning, 8:279-292, 1992.

Tsachy Weissman, Erik Ordentlich, Gadiel Seroussi, Sergio Verdu, and Marcelo J. Weinberger.
Inequalities for the [; deviation of the empirical distribution. Technical Report HPL-2003-97,
HP Lab, Palo Alto, 2003.

Steven D. Whitehead. Complexity and cooperation in Q-learning. In Proceedings of the Fighth
International Workshop on Machine Learning (ICML-91), pages 363-367, 1991.

Shimon Whiteson and Peter Stone. Evolutionary function approximation for reinforcement

learning. Journal of Machine Learning Research, 7:877-917, 2006.

Jason D. Williams. Partially Observable Markov Decision Processes for Spoken Dialogue Man-

agement. PhD thesis, Cambridge University, Cambridge, UK, 2006.

Jason D. Williams. Integrating expert knowledge into POMDP optimization for spoken dialog
systems. In Proceedings of the AAAI-08 Workshop on Advancements in POMDP Solvers,
2008. Also available in AAAI Technical Report WS-08-01.

Ronald J. Williams and Leemon C. Baird. Tight performance bounds on greedy policies based
on imperfect value functions. Technical Report NU-CCS-93-14, College of Computer Science,

Northeastern University, 1993.

David Wingate and Kevin D. Seppi. Prioritization methods for accelerating MDP solvers.
Journal of Machine Learning Research, 6:851-881, 2005.

Xin Xu, Han gen He, and Dewen Hu. Efficient reinforcement learning using recursive least-

squares methods. Journal of Artificial Intelligence Research, 16:259-292, 2002.

Xin Xu, Tao Xie, Dewen Hu, and Xicheng Lu. Kernel least-squares temporal difference learning.

International Journal of Information and Technology, 11(9):54-63, 2005.

Xin Xu, Dewen Hu, and Xicheng Lu. Kernel-based least-squares policy iteration for reinforce-

ment learning. IEEE Transactions on Neural Networks, 18(4):973-992, 2007.



261

Hengshuai Yao and Zhi-Qiang Liu. Preconditioned temporal difference learning. In Proceedings

of the Twenty-Fifth International Conference on Machine Learning (ICML-08), pages 1208—
1215, 2008.

Wei Zhang and Thomas G. Dietterich. A reinforcement learning approach to job-shop schedul-
ing. In Proceedings of the Fourteenth International Joint Conference on Artificial Intelligence

(IJCAI-95), pages 1114-1120, 1995.



262

Vita

Lihong Li

EDUCATION

Oct. 2009 Ph.D. in Computer Science, Rutgers University, New Brunswick, NJ, USA
Jul. 2004 M.Sc. in Computing Science, University of Alberta, Edmonton, AB, Canada

Jul. 2002 B.E. in Computer Science and Technology, Tsinghua University, Beijing, China

EXPERIENCE

01/2005—05/2009 Graduate Assistant, Department of Computer Science, Rutgers
University, New Brunswick, NJ, USA

06/2008—08/2008 Research Intern, AT&T Shannon Labs, Florham Park, NJ, USA

05/2007—08/2007 Research Intern, Yahoo! Research, New York, NY, USA

05/2006—08/2006 Engineer Intern, Google Inc., New York, NY, USA

09/2002—07/2004 Teaching/Research Assistant, Department of Computing Science,
University of Alberta, Edmonton, AB, Canada

PUBLICATION

1.

Provably efficient learning with typed parametric models. Emma Brunskill, Bethany R.
Leffler, Lihong Li, Michael L. Littman, and Nicholas Roy. Conditionally accepted to
the Journal of Machine Learning Research.

. Reinforcement learning in finite MDPs: PAC analysis. Alexander L. Strehl, Lihong Li,

and Michael L. Littman. Conditionally accepted to the Journal of Machine Learning
Research.

Maintaining equilibria during exploration in sponsored search auctions. John Langford,
Lihong Li, Yevgeniy Vorobeychik, and Jennifer Wortman. Algorithmica (Special Issue
on WINE-07), in print.

. The adaptive k-meteorologists problem and its application to structure discovery and

feature selection in reinforcement learning. Carlos Diuk, Lihong Li and Bethany R.
Leffler. In Proceedings of the Twenty-Sizth International Conference on Machine Learning
(ICML-09). Montreal, Canada, June, 2009.

. A Bayesian sampling approach to exploration in reinforcement learning. John Asmuth,

Lihong Li, Michael L. Littman, Ali Nouri, and David Wingate. In Proceedings of the
Twenty-Fifth Conference on Uncertainty in Artificial Intelligence (UAI-09). Montreal,
Canada, June, 2009.

Sparse online learning via truncated gradient. John Langford, Lihong Li, and Tong
Zhang. Journal of Machine Learning Research, 10:719-743, 2009.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

263

Online exploration in least-squares policy iteration. Lihong Li, Michael L. Littman,
and Christopher R. Mansley. In the Eighteenth International Conference on Agents and
Multiagent Systems (AAMAS-09). Budapest, Hungary, May, 2009.

Prioritized sweeping converges to the optimal value function. Lihong Li and Michael
L. Littman. Technical report DCS-TR-631, Department of Computer Science, Rutgers
University, 2008.

Sparse online learning via truncated gradient. John Langford, Lihong Li, and Tong
Zhang. In Advances in Neural Information Processing Systems 21 (NIPS-08), pages 905
912, 2009.

Planning and learning in environments with delayed feedback. Thomas J. Walsh, Ali
Nouri, Lihong Li, and Michael L. Littman. Journal of Autonomous Agents and Multi-
Agent Systems, 18(1):83-105, 2009.

A worst-case comparison between temporal difference and residual gradient with linear
function approximation. Lihong Li. In Proceedings of the Twenty-Fifth International
Conference on Machine Learning (ICML-08), pages 560-567. Helsinki, Finland, July,
2008.

Knows what it knows: A framework for self-aware learning. Lihong Li, Michael L.
Littman, and Thomas J. Walsh. In Proceedings of the Twenty-Fifth International Con-
ference on Machine Learning (ICML-08), pages 568-575. Helsinki, Finland, July, 2008.
Co-winner of the “Best Student Paper” Award.

An analysis of linear models, linear value-function approximation, and feature selection
for reinforcement learning. Ronald Parr, Lihong Li, Gavin Taylor, Christopher Painter-
Wakefield, and Michael L. Littman. In Proceedings of the Twenty-Fifth International
Conference on Machine Learning (ICML-08), pages 752-759. Helsinki, Finland, July,
2008.

CORL: A continuous-state offset-dynamics reinforcement learner. Emma Brunskill,
Bethany R. Leffler, Lihong Li, Michael L. Littman, and Nicholas Roy. In Proceed-
ings of the Twenty-Fourth Conference on Uncertainty in Artificial Intelligence (UAI-08),
pages 53-61. Helsinki, Finland, July, 2008.

Efficient value-function approximation via online linear regression. Lihong Li and
Michael L. Littman. In Proceedings of the Tenth International Symposium on Artificial
Intelligence and Mathematics (AMAI-08). Fort Lauderdale, FL, January, 2008.

Maintaining equilibria during exploration in sponsored search auctions. Jennifer Wort-
man, Yevgeniy Vorobeychik, Lihong Li, and John Langford. In Proceedings of the Third
International Workshop on Internet and Network Economics (WINE-07), pages 119-130.
San Diego, CA, December, 2007. Also appears in Lecture Notes in Computer Science,
vol. 4858.

Focus of attention in reinforcement learning. Lihong Li, Vadim Bulitko, and Russell
Greiner. In the Journal of Universal Computer Science, 13(9):1246-1269, November,
2007.

Planning and learning in environments with delayed feedback. Thomas J. Walsh, Ali
Nouri, Lihong Li, and Michael L. Littman. In Proceedings of the Eighteenth European
Conference on Machine Learning (ECML-07), pages 442-453. Warsaw, Poland, Septem-
ber, 2007. Also appears in Lecture Notes in Computer Science, vol. 4701.

Analyzing feature generation for value-function approximation. Ronald Parr, Christopher
Painter-Wakefield, Lihong Li, and Michael L. Littman. In Proceedings of the Twenty-
Fourth International Conference on Machine Learning (ICML-07), pages 737-744. Cor-
vallis, OR, June, 2007.



20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

264

PAC model-free reinforcement learning. Alexander L. Strehl, Lihong Li, Eric Wiewiora,
John Langford, and Michael L. Littman. In Proceedings of the Twenty-Third International
Conference on Machine Learning (ICML-06), pages 881-888. Pittsburgh, PA, June, 2006.

Incremental model-based learners with formal learning-time guarantees. Alexander L.
Strehl, Lihong Li, and Michael L. Littman. In Proceedings of the Twenty-Second Con-
ference on Uncertainty in Artificial Intelligence (UAI-06), pages 485—493. Cambridge,
MA, July, 2006.

Towards a unified theory of state abstraction for MDPs. Lihong Li, Thomas J. Walsh,
and Michael L. Littman. In Proceedings of the Ninth International Symposium on Arti-
ficial Intelligence and Mathematics (AMAI-06). Fort Lauderdale, FL, January, 2006.

Lazy approximation for solving continuous finite-horizon MDPs. Lihong Li and Michael
L. Littman. In Proceedings of the Twentieth National Conference on Artificial Intelligence
(AAAI-05), pages 1175-1180. Pittsburgh, PA, 2005.

Focus of attention in reinforcement learning. Lihong Li. Master’s thesis, Department
of Computing Science, University of Alberta, Edmonton, AB, Canada, July, 2004.

Batch reinforcement learning with state importance. Lihong Li, Vadim Bulitko, and
Russell Greiner. In Proceedings of the Fifteenth European Conference on Machine Learn-
ing (ECML-04), pages 566-568. Pisa, Italy, 2004. Also appears in Lecture Notes in
Computer Science, vol. 3201.

Lookahead pathologies for single agent search. Vadim Bulitko, Lihong Li, Russell
Greiner, and Ilya Levner. In Proceedings of the Fighteenth International Joint Confer-
ences on Artificial Intelligence (IJCAI-03), pages 1531-1533. Acapulco, Mexico, August,
2003.

Improving an adaptive image interpretation system by leveraging. Lihong Li, Vadim Bu-
litko, Russell Greiner, and Ilya Levner. In Proceedings of the Eighth Australian and New
Zealand Conference on Intelligent Information Systems. Sydney, Australia, December
2003.

Learning robust object recognition strategies. Ilya Levner, Vadim Bulitko, Lihong Li,
Greg Lee, and Russell Greiner. In Proceedings of the Fighth Australian and New Zealand
Conference on Intelligent Information Systems. Sydney, Australia, December 2003.

Automated feature extraction for object recognition. Ilya Levner, Vadim Bulitko, Lihong
Li, Greg Lee, and Russell Greiner. In Proceedings of Image and Vision Computing’03
New Zealand. Palmerston North, New Zealand, November 2003.

Towards automated creation of image interpretation systems. Ilya Levner, Vadim Bulitko,
Lihong Li, Greg Lee, and Russell Greiner. In Proceedings of the Sixzteenth Australian
Joint Conference on Artificial Intelligence, pages 653-665. Perth, Australia, December
2003. Also appears in Lecture Notes in Computer Science, vol. 2903.

Typical XML document transformation methods and an application system. Lihong Li,
Min Shao, Zhenkun Zheng, Chuan He, and Zhi-Hui Du. In Computer Science, 30(2):40—
44, 2003. (In Chinese)

Design and implementation of an agent communication module based on KQML. Li-
hong Li. Bachelor’s thesis, Department of Computer Science and Technology, Tsinghua
University, Beijing, China, July, 2002.



	Abstract
	Acknowledgements
	Dedication
	List of Tables
	List of Figures
	List of Algorithms
	1 Introduction
	1.1 Reinforcement Learning: Achieving Intelligence by Interaction
	1.2 Three Challenges of Reinforcement Learning
	1.2.1 Sequential Decision Making
	1.2.2 The Exploration/Exploitation Dilemma
	1.2.3 Generalization

	1.3 Thesis
	1.4 Contributions

	I Planning and Learning in Markov Decision Processes
	2 Markov Decision Processes
	2.1 Definition
	2.2 Policy and Value Function
	2.3 Bellman Equations
	2.4 Planning and Learning

	3 Planning in Markov Decision Processes
	3.1 Exact Planning in Finite Markov Decision Processes
	3.1.1 Value Iteration
	3.1.2 Asynchronous Value Iteration
	3.1.3 Policy Iteration
	3.1.4 Linear Programming

	3.2 Compact Representation and Function Approximation
	3.2.1 State Abstraction
	3.2.2 Linear Function Approximation

	3.3 Approximate Planning in Large Markov Decision Processes
	3.3.1 State Abstraction
	3.3.2 Approximate Dynamic Programming
	Approximate Value Iteration
	Approximate Policy Iteration

	3.3.3 Approximate Linear Programming
	3.3.4 Sparse Sampling

	3.4 Proofs
	3.4.1 Proof of Lemma 7
	3.4.2 Proof of Theorem 1
	3.4.3 Proof of Theorem 2
	3.4.4 Proof of Theorem 3


	4 Reinforcement Learning in Markov Decision Processes
	4.1 Reinforcement Learning in Finite Markov Decision Processes
	4.1.1 Temporal Difference
	4.1.2 Certainty Equivalence
	4.1.3 Dyna

	4.2 Approximate Reinforcement Learning
	4.2.1 State Abstraction
	4.2.2 Incremental Temporal Difference
	4.2.3 Approximate Policy Iteration
	4.2.4 Other Algorithms

	4.3 Exploration in Reinforcement Learning
	4.3.1 Exploration in K-Armed Bandit Problems
	Regret Analysis
	PAC Analysis

	4.3.2 Bayesian Exploration
	4.3.3 Exploration Heuristics

	4.4 Performance Measures of Reinforcement-Learning Algorithms
	4.4.1 Computational Complexity
	4.4.2 Space Complexity
	4.4.3 Some Notions of Learning Complexity
	4.4.4 Sample Complexity of Exploration and PAC-MDP
	Definition
	A General PAC-MDP Theorem
	Bayesian Reinforcement Learning Is Not PAC-MDP


	4.5 Use of Models in Reinforcement Learning


	II KWIK Learning
	5 The KWIK Learning Framework
	5.1 Definition
	5.2 Example KWIK Learners in Deterministic Problems
	5.2.1 Memorization
	5.2.2 Enumeration
	5.2.3 Deterministic Linear Regression
	5.2.4 Distance Learning

	5.3 Example KWIK Learners in Stochastic Problems
	5.3.1 Coin Learning
	5.3.2 Dice Learning
	5.3.3 Learning the Mean of A Univariate Normal Distribution
	Using Hoeffding's Inequality
	Using Chebyshev's Inequality
	Using Bernstein's Inequality

	5.3.4 Subinterval Prediction
	5.3.5 Stochastic Linear Regression

	5.4 Related Learning Models
	5.5 Further Discussions
	5.5.1 Agnostic KWIK Learning
	5.5.2 Dimension in KWIK Learning

	5.6 Proofs
	5.6.1 Proof of Lemma 12


	6 Combining KWIK Learners
	6.1 Input Partition
	6.2 Output Combination
	6.3 Cross Product
	6.4 Union
	6.5 Noisy Union
	6.6 Case Study: Multivariate Normal Learning
	6.7 Proofs
	6.7.1 Proof of Theorem 18
	6.7.2 Proof of Theorem 19
	6.7.3 Proof of Lemma 27
	6.7.4 Proof of Lemma 19



	III PAC-MDP Reinforcement Learning
	7 Model-based Approaches
	7.1 A Generic Model-based PAC-MDP Algorithm
	7.2 KWIK-Learnable MDP Classes
	7.2.1 Finite MDPs
	7.2.2 MDPs with Linear Dynamics
	7.2.3 Typed MDPs with Normal Offset Dynamics
	7.2.4 Factored-State MDPs with Known Structure
	7.2.5 Factored-State MDPs with Unknown Structures

	7.3 Case Studies
	7.3.1 System Administrator
	7.3.2 Robotics Navigation

	7.4 Proofs
	7.4.1 Proof of Theorem 21
	7.4.2 Proof of Lemma 32


	8 Model-free Approaches
	8.1 Approximate Real-Time Dynamic Programming
	8.1.1 General Analysis
	8.1.2 Modified RTDP
	8.1.3 Randomized RTDP

	8.2 Delayed Q-learning
	8.2.1 Algorithm
	8.2.2 Sample Complexity of Exploration
	8.2.3 An Extension to State Abstractions
	8.2.4 Optimality of Delayed Q-learning

	8.3 LSPI-Rmax
	8.3.1 Algorithm
	8.3.2 Implementation Issues
	8.3.3 Relation to Rmax
	8.3.4 Experiments
	Domains
	Results


	8.4 REKWIRE
	8.4.1 Preliminaries
	8.4.2 KWIK Online Linear Regression
	8.4.3 Algorithm
	8.4.4 Analysis
	8.4.5 An Extension to the Discounted Case
	8.4.6 Related Work
	8.4.7 Experiments
	Setup
	Results


	8.5 Proofs
	8.5.1 Proofs of Lemmas for Theorem 22
	8.5.2 Proofs of Lemmas for Theorem 23
	8.5.3 Proofs of Lemmas for Theorem 24
	8.5.4 Proof of Theorem 25
	8.5.5 Proof of Theorem 27
	8.5.6 Proof of Theorem 28
	8.5.7 Proof of Theorem 29



	IV Conclusions
	9 Conclusions
	9.1 Contributions Revisited
	9.2 Open Problems
	9.2.1 Issues in the KWIK Framework
	9.2.2 Issues in Reinforcement Learning

	9.3 Concluding Remarks


	V Appendices
	Appendix A. Notation
	A.1 Fonts
	A.2 Mathematical Notation
	A.3 Machine Learning and Reinforcement Learning Notation

	Appendix B. Some Mathematical Facts
	B.1 Statistics
	B.2 Normal Distributions
	B.3 Linear Algebra
	B.4 Miscellaneous


	References
	Vita

