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1. INTRODUCTION AND NOTATIONS

Titrougitout titis paper, ahí spaces and rnaps are piecewise-hinear
(PL) ja tite sense of [24] or [15]; (quasi-) manifolds are ahways supposed
to be chosed aad connected. Tite terrn “grapit” will be used instead of
“multigrapit”, itence loops are forbidden but multiple edges are alhowed.
Grapits will always be of finite type. As a general reference for grapit
titeory see [13] and for tite titeory of brancited coverings [1], [9]and [19].

Now, we recail sorne aecessary notioas on edge-cohoured graphs,
pscudocomplexes and tite relations between titem (a detailed survey on
titese subjects can be fonnd in [8]).

Aa (a + 1)-colonred grapit is a pali fi = (I’,’y), witere r = (V(r),
E(~)) isa conaected regular grapit of degree n+1 and y : E(I’) —* N,, =
{0, 1,2,... ,a} is a map sncit titat ‘4e’) # ‘¡(e”), for any two adjacent
edges e’,e”. We set V(fi) = V(~) and E(fi) = E(r). Aa edgc e E E(~)
sucit titat y(e) = le is called a Iv-edge.

Aa (n + 1)-coloured graph fi naturahly induces an (a + 1)-tuple
(¿c>,t,,¿2,...,t,,) of fixcd-poiat.free involutions Éir : V(fl) —* V%2), by
setting ¿ir(v) = in uf y and tu are tite vertices of a Iv-cohoured edge. Con-
versely, an (a + 1)-tuple t = (¿o,¿x,¿2,.. . ,t,.) oflixed-point-free involu-
tions on aflaite set V defines aa (n+1)-coloured grapit fi witit V(fi) =
E(fi) = {({v,¿>.(v)},Iv)¡v E V, Iv E N,,} and ‘y({v,¿>,(v)},Iv) = lv. We
also denote fi by (y, t).

A rnorpitisrn between two (a + 1)-coloured grapits fi’ = (y’, ¿‘)
and fi = (V,¿) js a pair (/,p), witere p is a permutation on N,. aad
f: V’—.Visamapsucittitat/o4=¿~<0>o/,foreveryceN,.. A
morpitism is said to be a cp-rnorpitisrn (coloured prescrviag) witen p = 1
(tite identity permutation), itence we sitahí denote a cp-morpitism sirnply
by a map /. If / is a bijection, titen the (cp-) morpitism will be called
a (cp-) isornorpitisrn.

For evcry Y GEN,,, we cali F-residue eacit coanected compoaent of
tite subgrapit fiy itaving V(fl) as vertcx set and ~<1(7) as cdge set. An
m — residue is an F-rcsiduc sucit titat #Y = rn. Wc can titink of an rn-
residue asan m-coloured grapit, by rneans ofabijection fi: Y —*

Let / be a cp-morpitism between fi’ and fi, and let A be any Y-residue of
fi, titen f<’(V(A)) consists of the vertices of a certain set of Y-residues
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A of fi’. We say titat A is ordinarily~, covered by / uf / ja injective witen
restricted to tite vertices of eacit A.

An a-dimensional pseudocomnplez K is an a-dimensional ba]1-com-
plex in witicit every h-bail, considered witit ah its faces, is isomorpitic
witit tite complex underlying an it-sirnplex (see [14], p. 49). For this
reason, eacit it-bali of K is called h-simplex. Note titat tite lirst derived
snbdivision Sd(K) of K is a usual simplicial complex. Tite h — sleeleton
of K is defined as ja tite sirnpllcial case: Sh(K) = {s E K¡dim(s) =/4.
We can titink to a grapit r as a 1-pseudocomplex r.

Aa n-pseudocornplex K is said to be itomnogeneous if every simplex
8 E K is a face of an n-simplex of K. If fi is aix n-itomogeaeous psen-
docornplex, titen tite disjoined star Std(s, fi) of a simplex 8 E fi is tite
subcornplex St(s’,Sd(fi)) of Sd(H), witeres’ E Sd(H) is any simplex’
sncit titat s’ (7 s and dim(s’) = dirn(s). Furtitermore, fi is said to be
strongly connecied if eacit pair .s’, s” of n-sirnplices of fi are connected
by a sequeace of a-simplices ~ ,s,,. E fi sucit titat ~o =

= s” and tite pair of simpilces sj..,,s~ itave a comrnon (a — 1)-face,
for 1 < i < ni. Tite uaderlying polyhedron ¡if¡ of an a-itomogeneous
pseudocomplex fi is called a quasi-rnanifold uf (i) tite disjoined star of
cvery simplex of fi is stroagly connected and (II) eacit (a — 1)-simplex
is a face of exactly two n-sirnplices [10]. A 3-dimensional quasi-manifold
is also called a singular 3-manifold in [18].

We can associate in a standard way an n-dirnensional pseudocom-
plex ¡<(fi) to an (a + 1)-coloured grapit fi = (V 4 by tite following rules
(see [6]):

(1) take a n-simplex a’}a,) for eacit a, E V, and label its vertices by N,.;
(2) ifa,, y E y and y = ¿c(z), titen identify tite (a—1)-faces of a~(x) and

o”(y) opposite to tite vertices labeled by c, so titat equally labeled
vertices are identified togetiter.

Tite grapit fi represenís ¡<(fi) and alí spaces itomeomorpitic to
¡K($.1)¡. Clearly, ¡¡<(fl)¡ is connected because fi is coanected too. As
a matter of fact, IK(fi)I is precisely a quasi-rnanifold [10] and it is ori-
entable 1ff fi is bipartite [8]. If two (a + 1)-coloured grapits fi’ and fi”

1The definition does not depend ox, tite choice of 5’, up Lo isomorphism of pseudo-

complexes.
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are ísomorpbic titen ¡¡<(fi’)¡ aid I¡<(fi”)I are obvioushy itomeomorpitic.
JI fi = (V,¿) is aii (a + 1)-coloured grapit sucit titat ¿~ = ¿~, for two
different colours e, e’ E N,,, titen j¡<(~)I is itorneornorpbic to tite sus-
pension S(X) of tite (a — 1)-dimensional space X = jJ<(fl7)¡, witere
Y = N,. — {c}.

Tite construction of ¡<(fi) naturaily defines a “labelling” map 4’
Sc>(¡<(fi)) —. N,, whjcit is injective witen restricted to tite vertices of
any simplex of ¡<(fi). Moreover, titere is a bijection $ between tite set
of ah residues of fi aad tite set of a» sirnplices of ¡<(fi) (inchudiag tite
empty simplex), sending eacit Y-residne to an (a — #Y)-sirnplex witose
vertices are labelled by N,, — Y. Titis bijection reverses tite inclusions.
So, witen fi = (F,y) represents a manifolil, tite 1-pseudocomphex 1’ is
ísomorphic to tite 1-skeheton of tite bail-cornplex dual to ¡<(fi). For tite
3-dirnensional case, tite singular set of I¡<(~)I consists of a finite number
of points [3]. Eacit singular point corresponds, via i>, to a 3-residue of
fi not representing 52

Aa (u + 1)-colaured grapit witicit represents a manifoid is cahed
an a-yem; moreover aix n-gern witit exactly u + 1 a-residues is cailed
a cryslalhizalion. Every rnanifold admits representations by gems [16]
and by crystalhizations [23]. AII 2- and 3- coloured grapits are gerns and,
since tite underlying polyitedron of a 3-dimensional pseudocornplex ¡< is
a manifold iffits Euler citaracteristic vanisites ([25], p. 216), a 4-coloured
grapit represents a 3-manifolil uf a2 — ac> — a3 = 0, where ac>, a2, a3 are
respectivehy tite aumber of 0-residues (vertices), 2-fesidues (bicolonred
cycles) asid 3-residues of tite grapit [16]. For higiter dimensions tite prob-
1cm of citaracterizing a-gcrns among (a+ 1)-coloured grapits is still open.

A 2-ceil embeddiag of an (a + 1).coloured grapit fi lato a surface is
said tobe regular 1ff titere exists a permutation ¿ on N,., witicit is a cycle
of order a + 1 and sucit titat each region of tite embedding itas boundary
composed by a {c, «c)} -residue, for a suitable c E N,. (see [11]). If an
(a+ 1)-coloured grapit fi regularly embeds in ~2, titen tite space
is itomeornorpitic to S” (see [7]).

Let fi’ = (V’,¿’) aud fi = (V,¿) be (a + 1)-coloured grapita. A
cp-morpitism f betweea two (a + 1)-coloured grapits fi’ = (y’, ¿‘) aad
fi = (V,¿) is said to be a l-covering [27] if titere exists a 2-residue of fi
not ordinarily coVered by /. A 1-coveriag naturally induces a PL-map
111 : ¡¡<(fi’)¡ —. ¡K(fi)¡, witicit is a (##~J~?)~fold brancited covering
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map. 11 0 represents a manifoid, titen tite branciting set consists of the
itomogeneons (a — 2)-subcomplex of ¡<%1), witose (a — 2)-simplices are
associated, via tL<, to tite 2-residues of O aot ordinarily covered by / (see
[17]).

2. CONSTRUCTION OF THE FAMILY

Let b, 1, t be parameters such titat b, 1 E ~ t E 7Z2¡ and gcd(l, 1) =
1. Furtiter, let a<r E Eh be a transitive pair of permutations on
We consider tite 4-coloured grapit On,(b,l,t,a,r) itaving as vertex set

V(On,(b,l,t,a,r)) = ~i, >< ~2I

and equippcd witit tite four fixed-point-free involutions:

¿c>(i,j) = (i,j — (—i)~), (2.1)
¿1(i,j) = (i,j + (—1)’), (2.2)

¿2(i,j) = (o«3)(i), 1 — j), (2.3)

¿3(i,j) = (rfl<3—t>(i), 1 — j + 2t), (2.4)

witere 71: ~2l —~ {—1, +1} is tite function

otherwise
Tite grapit is bipartite aid connected, titerefore its associated space
Sm(b, l,l,o, i-) is a 3-dimensional orientable quasi-manifold. lix partic-
ular, tite family Qn, = {G,,,(b,l,t,oyr)} coataias tite Lins-Mandel fam-
uy Q = {O(b,l,t,c)Ic E ~ [16], tite Lias-Mandel extended family
0 = {Ú(b,l,t,c,c’)¡c,c’ E ~b, gcd(b,c,c’) = 1) [21] and tite CaViccitioli
family Ca = {O~(b,l,t,a)¡a E Eh is a cyche of order b} [4],as stated in
tite followjag:

Lemma 2.1. Leí y = (01 2..b— 1) E Eh, titen:

(a) G(b, 1, t, e) = O,,.(b, l,i, y,
(b) O(b, 1,1, e, c’) = On,(b, 1, t, yO’, v

0);
(c) Oa(b, 1, t, a) = Gn,(b,l, t, v,a1).
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Proof. Observe lirst titat O(b, 1,1, c), Ú(b, 1, t, c, e’) and 00(b, 1,1, a)
itave tite same vertex set of Om(b,l,t,a,r). Let now (4,4,4,4), (4’,4,
4’, 4’) and (4”, 4’, 4”, 4”) be tite involntions defiaing tite titree grapits
respectively (see [16], [21] aad [4]), titen we gct:

(a) 4 = to, 4 = t1, 4(i,j) = (1 + ~(j), 1—5) = (vfl(5>(i), 1 —5) and
4(i,j) = (i + c77(j — 1), 1 —5 + 21) — (ycfl(j—t)(j) 1 —5 + 21);

(b) 4’ = ¿o, 4 = ¿~, 4’(i,j) = (i + ¿~(j), 1—1) = (yc%<5)(i) 1 —5)
aad 4’ = 4;

(c) 4” = jo, 4’ = ¾,4” = 4 and 4” (i,j) — (a”O—0(m), 1—5 + 21).
U

Let Sn, be tite family of spaces {Sn,(b,l,t,a,r)¡On,(b,l,t,o,r) E
Qn,>. Next lemma will give sorne itomeomorphisrns among elements of
3m.

Lemma 2.2.

(a) Tite grapits Gn,(b, 1,1, a, r), On,(b, 1,1, r, a), arid On,(b, 1,1, a
1, r’)

are isornorpitie; litus, Sn,(b,l,1,a,r) ~ Sn,(b,l,t,r,a) ~ Sm(b,l,t,
01, r1 ).

(b) On,(b,l,l,a<r) is equal lo On,(b,l,l + 1,a,c’) and isornorphic to
On,(b,l,l — t,a’,r); 1/tus, Sn,(b,l,l,a,r) ~ Srn(b,l,l+ t,a,r’) ~
Sn,(b, 1,1— 1, a% r)

(c) 1/ r = 1 (res>,. a = 1), liten a (resp. y) is a cycle of order b and
Sn,(b,l,t,a y)

(d) 1/ Sn,(b,1,1,a,r) isa rnanifold, titen u is itorneornorpitic lo 53

Proof. (a) Let ~ be tite bijection on ~b>< ~2l delined by #i,j) =

(i, 1—5+1). Titen, witen lis even ( resp. witen 1 is odd), an isomorpitism
(see Section 1) betwecn On,(b, l,t,a, r) and On, (b, 1,1, r, a) is givea by tite
pair (#,(2 3)) (resp. by tite pair (~,(0 1)(2 3))). Let «i,j) = (i,j+l).
If lis odd (resp. even), titen (~,(O 1)) is an isomorphisrn (resp. ~ is a
cp-isomorpitism) between Gn,(b, 1,1, o, r) and Gn,(b, 1,1, a’, r1).
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Figure 1. On,(6,3,1,(0 1234 5),(1 53))
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(b) Let (4,4,4,4) be tite 4-tuple of involutions associated to
On,(b, 1,1 + t,a, r’). Clearly, 4 = ~o, 4 = ti, 4 = ¿2 and, since
71(3—1) = —‘j(j) for ah j E ~2¡,4(i,j) = (r”(S~

t)(i),í — j + 21 +
2t) = (r—~#i—t)(i),l —1 + 21) = ¿

3(i,j). Titerefore, On,(b,l,t,a,r) =
On,(b,l,l + t,u,r

1). Finahly, let ck(i,j) = (i,1 — j), titen 4’ is a cp-
ísomorpitism between On,(b,l,t,a,r) and On,(b,l,l — i,a1,r).

(c) Tite results of point (a) ahlow us to prove only tite case r = 1.
Siace (a, i-) is a transitive permutation pair, a must generate a transitive
subgroup of E~, and titerefore is a cycle of order b. Up to equivaicace, we
can suppose a = y = (01 2••b— 1). It iseasy tofiad aplanar regular
embedding of On,(b,l,1,v, 1) (see an example in Figure 2) and titerefore
tite graph represents ~

(d) If 1 = t = 1 titen to = ¿~. So Sn,(b,1,1,a,r) is tite suspensíon
of a surface. U

As a consequence of point (b) and of tite assumption gcd(l, 1) = 1,
we sitail always suppose, wititout loss of gencrality, 1 =1 <1 and 1 odd.

Tite necessary and sufficient condition for On,(b,l,i,a,r) to repre-
sent a manifold wilh~be investigated now. Let s~ and ~ be tite permuta-
tions2

so — an(t>rI><2t)an(3t>a«4t) . .

— rn(t)a7l(2t)rn(3t>an(4t) . . .

Titese permutations are very important in our contest because (¿3
¿
2)’(i, 1) = (so(O, 1) and (¿2 o ¿3)’(i, 1) = (~(i), 1).

Let fi be a subgroup of Eh, titen fi acts on
7~h dividing it into

orbits. Wc denote by c(H) tite number of orbits of titis action. If 5 is a
subsct of Eh, we denote by <s> tite subgroup of Eh generated by 5. In
particular, ife,6 c El,, we write c(e) forc(<{e}>) and c(c,6) for c(<{c,6}>).
Furtitermore, we use tite notations 6’ = cór’ and [6,e] =

2Foilowing our convention tite product of permutations óc means
tite composition of maps 0 6.



-j

A “Universal” Cias. of 4-Coloured Graphs 173

1

¡

Figure 2. Planar regular embedding of On,(4,4, 3, (0 1 2 3),1) — E =
(0 3 1 2)—

Note titat ~ is a conjugate of so1, anil precisehY so1 = @>2, where
ji — rfl(t>a~(2t)rfl(3t)afl(4t) .. av((É’2)t)r((t 00. Titus, p = 1 uf ~ =
1; moreover c(so) =

Proposition 2.3. Tite grapit On,(b,l,t,a,r) represenís a man/oíd
uf

c(a) + c(r) + c(so) = b + c(a, ~)+ cQr, so).
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Prnof. Tite statement is obtained by computing tite number of
2- and 3-residues of tite grapit. Tite calculation is similar to tite one
contained in [20] and we only giVe a brief sketcit of it. For i,j,Iv E /%,
let us denote by r,, tite number of (Na — {Iv}).residues and by d1, tite
number of {i,j}-residues of tite grapit. We get:

= e(a), ~2 = c(r), rj = c(r,so), ~o= c(a,fl,

= b, d23 = c(so),

Jbt+2c(a) ifliseVen { b~ if lis even
= lb’i’+ c(a) iflisodd ,d02 = b

1j~-+c(a) iflisodd

f bi~Z1+2c(r) ifhiseVen b4. if lis evendc>
3— lb~j’-+c(r) iflisodd ‘1, b

1ji+c(r) iflisodd

So tite number of 0-, 2- and 3-residues is no = 2b1, a
2 == b(21 —

1) + 2c(a) + 2c<¿7-) + c(so) aixd a3 = e(a) + c(r) + c(a, ‘~) + c(r, ‘e). Since
a2 — Co — = e(a) + cc{r) + c(so) — b — c(a, <,3) — c(r, ‘e), tite statement
follows. U

Corollary 2.4. (a)
1/so = 1, liten On,(b,l,t,a,r) represents a

manzfold.

(b) 1/a and r are cycles of order b, titen On,(b,l,t,a<7-) isa rnanz-
foId uf ‘e = 1.

(e) On,(b,2,1,a,r) represenis a rnanifold 1ff

e(a) + c(r) + c([a,r]) = b+ c(a,a’) + c(r<rU).
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Proof. (a) We itave c(so) = b, e(r,so) = c(r) and, since ‘e = 1 uf
~= 1, c(a,~) = e(a).

(it) We itave c(a) = c(r) = c(ao,~) = c(r,’e) = 1. Since c(so) = b uf
‘e = 1, we get tite result.

(c) If 1 = 2 and t = 1, titen so = [a¿r] and ~ = [r,a]. Titerefore
= <{a,ar}> and <{r,’e}> = <{r,r~}>. U

3. TOPOLOGICAL PROPERTIES OF TEE FAMILY

Tite grapit On,(b, 1,1, a, r) is bigitly syrnmetric aad titerefore, follow-
ing rules (1) and (2) of Section 1, we can construct tite space Sn,(b, 1, t, a,
i-) in a simple way. By perforrning on tite 2b1 3-simpilces of tite space
tite identifications dependiag on to and ¿í, we obtain b disjoint 3-bafls
To,T

1,. . . ,T~i. Let 8(T1) be subdjvided ja four quarters of a spitere
R~, R7, s: and 57 as in Figure 3. Now, by tite action of tite 2-
edges, we itave to identify tite region R~ witit tite region R~<~>,for every

E ~b, so titat tite points A1, .61, <21 matcit respectively with tite points
A0c1»B«<1>, <2a<i> and tite point Pi,,, matcites witit tite point Q~(1),>., for
eacit 1 < Iv < 1— 1. After titese ideatifications, tite space becomes a col-
hection of e(a) 3-baus. Tite last operatioa, depending on ¿~, is to identify
tite region S7 witit the region 5’ for every i E

71h, so titat tite points
P

11,1.1, D1, PI,t matcit respectívely witit tite poiats Pr(í»...i,¡...t, Dr(l),
a~nd tite arc P1,~CP11,u..~ rnatcites witit tite arc Pr~í>,t.6Pr<1y...i,u..t.
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A

11I~1

D

Figure 3.

We sitafl stndy some topological properties of tbe spaces of 3,,, as
brancited coveriags of St

Tite map / : ~b X ~2¡ = V(Gn,(b,l,t,a,r)) —~ {0} x ~2¡ =

V(O,,,(l,l,t, 1, 1)) deflaed by

is a cp-morphism and, if b > 1, a 1-covering. Titerefore

1/1 : Sn,(b,l,t,o,r) —+ Srn(1, 1,1, 1, 1) ~

isa b-fohd brancited covering map. From now on wc always assume b> 1.
la order to cornpletehy describe ¡/¡ wc sball obtain tite brancitiag set B¡f¡
(Proposition 3.2) aud tite monodromy map w11¡ (Proposition 3.4).

Since gcd(l,l) = 1, the grapit On,(l,l,t, 1,1) itas oniy one {2,3}-
residue aad we denote titis residue by e. Figure 4 sitows two examples.
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Figure 4. On,(l,7,3,l,l) aad Orn(1,8,5,1,1)
Lemma 3.1. Tite 2-residues o/O = On,(1,1,t,1,l) aol ordinarily

covered by / are lite folloining:
(i) if a ~ 1: tite {l,2}-residue conlaining (0,0) and lite {0,2}-residue

(resp. tite {l,2}-residue) coniaining (0,1) initen lis odd (resp. initen
¿ is even,), bolit of lenglh tino;

(mi) i/ J~ ~ 1: tite {0,3}-residue containing (0,t + 1) and tite {1,3}-
residue (resp. lite {O,3}-residue) coniaining (0,1 + t + 1) initen lis
odd (resp. witen 1 is even), bolit of leagtit tino;

(iii) 1/ so # 1: tite {2,3}-residue e.
Proof. (i) If a ~ 1 titen titere exists i E ~& sncit that a(i) # i.

Since ~2 o ¿q(í,0) = (a(i),0) aad, when lis odd (resp. witca lis even)
o ¿o(i,l) = (a1(i),l) (resp. ~2 c> ¿i(i,l) = (a1(i), 1)), tite 2-residues

of O coatainiag (i, 0) and (i, 1) respectivehy, and covering tite aboye
residues, itave lengtit greater titan two.

(u) Let i C 74 such titat 4i) # i. Since ¿ao¿o(i,t+1) = (r(i),t+1)
aad, witen lis odd (resp. witen lis even) ¿aoui(i,l+t+l) =
t+ 1) (resp. ta o ¿

0(i, 1 + t + 1) = (r~’(i), ¿ + t + 1)), we olitain tite sane
result of point (i).

(ui) E) itas leagtit 21. Siace (¿a o ¿2)’(i,t) = (w(i),t) it is covered by
at least one {2, 3}-residue of On,(b, 1, t, a, z-) of lcngtit greater titan 21.

lo complete tite proof we itave to sitow titat tite remaining 2-residues
are ordinarihy covered by /. First we note titat the unique {0, 1}-residue
of O itas lengtit 21 and is covered by b residues of lengtit 21. Finaily, tite
remaining residues are of hengtit four and are covered by residues alt of
leagtli four. U
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Let L be tite 1-subcomphex associated by tite bijection ‘1’ (see Sec-
tion 1) to tite live 2-residues usted in tite previous lemma. Incidence
arguments on tite Iattice of tite residues Of Gn,(1,l, 1, 1,1) sitow titat jL¡
is itomeomorpitic to a O — yraph witen 1 is odd and is itomeomorphic
to a ita ndcuff-grapit witen 1 is even (see Figure 5). Of course, we are
interested in determining itow ¡U is embedded ja 53 Observe titat tite
embeddiag oaly depends on 1 aad 1; Wc denote it by y(l,l). Figure 6
sitows itow titis grapit is ernbedded ja tite 3-spitere and a constructive
proofof tite result is contained in the Appeadix. Note titat, by removing
from y(l, 1) tite 1-sirnphex A associated to 0, we get a two-bridge knot or
hink3 b(l,t). Furtitermore, g(l,i) itas a trivial embedding uf í = 1 = t.

A O

Figure 5. A 6-grapit and a itandcuff-grapit (triviahly embedded)

Remark 3.1. Tite coefficients a
1 of Figure 6, cailed (Yoninay syrn-

bois, are uniquely obtained by tite folhowing algorititm:

¡ = a1r0 + ~i,

For the conventions ox, two-bridge krots and links we refer Lo (2] asid denote by
b(l, 1) tite two-bridge knot or hink of type (l,i).
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ro = a2r1 + ~2,
= a3i’2 + r3,

= ~n,...ITn,.2 +
Tn,—I,

=
witere r

0 = 1 aixd O =r~ < r~—~ witen m > 1.

Now we are able to describe tite brancitiag set Biji.

•
•
e eS/

1V
vn odd

In even

Figure 6. Tite grapit g(1,1) - twists of ir raxliants
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Propos’it’ion 3.2. Leí.6 = be lite branciting sel of ¡/¡.

1) Leí us suppose ¿ odd:
a) ifa, i-, so # 1, liten E is tite 6-grapit y(l, 1) of Figure 6;
b) if so = ~, titen .6 is lite tino-bridge lenol b(l,i);
c) 1! a = 1 or i- = 1, liten .6 is lite trivial lenol.

2) Leí us suppose ¿ even:
a) ifa, r, ‘e ~ l,liten.6 is lite handcuff-grapit y(l, 1) of Figure 6;
b) if ‘e = 1, titen B is lite lino-bridge little bQ,i);
e) if a = 1 or i- = 1, titen E is lite trivial Ivnot.

ProaL If a,r,so ~ 1, titen Bis tite subcomplex associated to tite
five 2-residues of Lemma 3.1. Titerefore, E = g(l,t). If so = 1, titen E
does not coatain tite l-sjmplex associated to O. Hence, B is just b(l, 1).
Finalhy, let us suppose a = 1 or r = 1. la titis case, ¡f¡ is a cydic
covering and, since Sn,(b,l,i,a,r) ~ Sa by Lemma 2.2.c, the branciting
set E must be a trivial knot. U

Remark 3.2. Titeorem 3.2 gives a topological proof to Corollary
2.4.a. La fact, ~ so = 1 tite space Sn,(b,l,t,a,r) is a branched covering
of a knot or of a hink and titerefore is a manifoid. Tite coadition so = lis
onhy sufficient because also a brancited covering of tite grapit y(l, 1) can
be a manifoid. For exampie, if b = 4,1 = 3, 1 = 1, a =(01)(23)and
r = (0 2)(l 3), titen so = (0 3)(1 2) = ~ and titerefore tite branciting set is
g(3, 1). But Sn,(4,3,1, a, i-) is a manifold, since e(a) = c(r) e(so) = 2
and c(r,so) = c(a,~) = 1.

To determine tite fundamental group of 53 —g(l, 1) we need to citoose
a suitable splitting complex br y(l,t). It is easy to see titat tite 2-
subcomplex Ji? consisting of the 2-simplices associated to tite 2- and 3-
edges of On,(1,l,i, 1, 1) is agood citoice. Ja fact y(l,t) is contained ja 1<
because it consists of 1-simplices associated by ti’ to 2-residues containing
2- or 3-edges. Moreover, 1< is simply-connected because it is tite internal
of the 3-bali Tc> previously described. From Titeorem 3.3.1 of [22]follows
titat iri(53 .—g(l,i)) admits a presentation witit generators associated to
tite set of 3-edges {xg = ({(0,j+í),(0,l—j+t)},3)l1 =1=l}and tite
set of 2-edges {y~ = ({(0,j),(0, 1— j)},2)jl =5~ l}, witihe the reiators
are in 1-1 correspondence witit the {0,2}— {l,2}- {0,3}- and {l,3}-
residues not representiag g(¿,t). We orient eacit x

5 from (0,1 —5 + 1)
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to (0,j + 1) asid eacit yj~ from (0,j) to (0,1 — j). Tite 1— 1 {l,3}- and
{ 0, 3}-residues (aH of lengtit four) give tite relatioas a,i = = •~ =
(= X). la tite sane way, from tite 1—1 {1,2}- and {O,2}-residucs (again
of hengitt four), we get ~ñ = 1>2 = y, (= Y). Since titere are no otiter
relations tite following resuht is proved:

Propasitian 3.3. Tite fundamenlal gmup of S~ — g(l, 1) is lite free
group att itno generalors

— g(l,1)) =

for allí attd 1. U

Witen tite branciting set is different from g(l, 1), we can describe
tite fundamental group of 53~~ B~~¡ again with tite two geaerators X and
Y, but also witit some rehators corresponding to tite 1-simpilces of g(l, 1)
not contained in .6ií¡. ¡a particular, witen .6111 = b(l,t), we get a rehator
r corresponding to E>. By walking along titis residue, starting by tite
2-edge from (0,1), we obtain

7. = Yt~(t)X~(2t)Y~(3t)Xt1(4t> . . . yn((2l~1)t)X~(2¿t>

On tite contrary, witea Bííi 18 tite trivial knot we obtain tite relation
X = 1 (or Y = 1), aad tite fundamental group is isomorpitic to 72k Tite
moaodromy map wrÍ¡ can now be obtaiaed.

Proposition 3.4. The rnonodrorny map w¡11 : ri(5
3 — Buí) =

<{X,Y}; R> —. Eh, assoeiated to tite eovering lfI~ is defined by:

w¡
11(X) =

w111(Y) = a.
Proof. First we observe that is well-defined also witen B¡~¡ #

g(I, 1) and titerefore R # O. La fact if B¡íi = b(l, 1) titen R = {r} and
wy(r) = ‘e = 1. Moreover, if .6111 is the triviah knot titen we obtain tite
same conchusion because X = 1 1ff r = 1 aixd 1> = 1 jifa = 1. Let
us lix as base point O of ir1(S

3 — Buí) tite vertex (0,0) of tite 3-gem
O = Grn(1,l,t, 1,1), embedded in 53 as 1-skeieton of tite balh-complex
duahtol<(G). Tite loops X,Y E irí(53 — .6 íu~~) are showedinFigure7.
Let ¡f¡1(Q) = {0

11i C ~ú} betitefiberofO, witereQ1 isthebarycentre
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of tite 3-simphex associated to tite vertex (i,0) of On,(b,l,i,a,’r). Titen
tite lifting of X (resp. of Y) starting at Q, is an arc ending ja (Y’r(i)
(resp. ja ~«l))~ Titis completes tite proof. U

c

ji’
D

Figure 7. (1’ E R”, 1” E R’, J’ E 5’, Y’ e 5”)

As consequences of tite aboye resuhts we itave tite following charac-
terization of tite spaces of Sn,:

Thenrem 3.5. Tite class of spaces 8,,, is lite class of ahí tite cover-
ings of 53, brancited over eititer y(l,t) or b(h,l). U

Corollary 3.6. Leí M be a rnanifold witicit is a brancited covering
of a trivia¿hy ernbedded 6-grapit, liten M
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Proof. A brancited covering of y(1, 1) is itorneomorpitic to Sn,(b, 1,
1,a,r), for suitable b,a,r. Titerefore tite resuht follows from Lemma
2.2.d. U

Corollary 3.7. Leí 1 be even, titen tite following properlies itoid:
(i) Itere exisí no abehian coverings of g(l,t);
(u) ifar = ra titen lite apace Sn,(b,l,t,a,r) is a 8-manifoid.

Proof. (i) Let e(j) = S~TLt 71(j + 2Ivt). It is simple to citeck titat
e(j) = O for eacit j E ~ Now, let Z be any meridian around tite 1-
simphex .1 of g(l,t) assocjated to tite 2-residue 0. Titen, Z is mapped by
tite monodromy to (a conjugate of) so or ‘en. Since ar = ra, we olitain
so — a«Or«~> = 1. Titerefore, w(Z) = 1 and tite simplex A caanot be
contained ja tite braaciting set.

(u) By (i), Sn,(b,h,i,a,r) is tite brancited covering eititer of b(h,í)
or of tite trivial knot. ¡¡ence, tite space is a manifoid. U

la Proposition 7 of [4], A. Caviccitioli states titat if tite coadition

a~fl(i+(2¡~1>O(... (a~(5+3É)(aI?<á+t>(i + ,j(i)) + r(j + 2t)) . .

(2.5)

+‘q(j+(21—2)t))=i

itohds for every j E ~ titen 00(b,h,l,a) = Gn,(b,l,t,v,a’) is a
crystallizatioa and titerefore represents a manifold. Now we give a topo-
logical iaterpretatioa of titis coadition. First we claim titat if (2.5) itolds
for a value of j titen it holds for every j E 7121. In fact (2.5), written ja
terms of permutations with r = a 1, becomes

yn(i+(2L~2)t)r«5+<2l~1)t> = 1. (2.6)

Replaciag j witit j + 1, takiag tite javerse and recahhing that —q(l +j) =

= ~~(2l— .1), we obtain
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— 1
Now set Iv = t’j, witere 1’ is tite inverse of 1 ja 71~, titen —j+2Ivt = j (in
712,) aad titerefore, conjugating by r?IVS+OvflVS+2t) - -.

again obtaia (2.6). Evaiuating (2.6) for j = 1, we get ‘e = 1. Titus,
(2.5) is equivaient to tite condition so = 1 and titerefore it is just a
sufficjent condition for tite brancbiag set to be a knot or a llnk. Titis
guarantees titat tite represented space is a rnanifold. By making use
of Corohhary 2.4.b, we can prove titat, la tite Cavicchioli family, tite
coadition is also necessary.

Proposition 3.8. A grapit 04(b,l,t,a) E C0 represenís a rnanifold
uf condition (2.5) itolds. So evertg gern of C4 is also a crysiallizaiion.

Proof. By Lemma 2.1.c, O~(b,l,l,a) is tite grapit On,(b,l,l,v,
a’). Since a and y are botit cycles of order b, tite statement follows
frorn Corollary 2.4.b. U

4. A “UNIVERSAL” CLASS OF 4-COLOURED GRAPES

For eacit Iv =1, let C~,. denote tite class of 4-coloured grapits C~ =
{On,(b,h,t,a,r) E Cn,Ll = Iv> aud let S~ denote the class of spaces

— {Sn,(b,l,t,a,r) E Sn,¡On,(b,l,l,a,r) E

Ja titis section we sitow titat tite class C~,, is “universal”: every 3-
dimensional orientable manifoid or quasi-manifohd can be represented by
a grapit belongihg to O?,,. Ja particular, we claim titat Sn,(b,2,1,a,r)
is homeomorpitic to tite (singular) manifoid N(a, r) introduced by J.M.
Montesinos in [18]. In titat paper tite Autitor proved titat tite grapit
O of Figure 8 is universal; i.e. every orientable singular manifohd is
a brancited coveriag of O. Since ri(S

3 — O) is a free group on two
generators, tite monodromy map is completely defined by a transitive
pair of permutations ayr E Ef,. Referring to Figure 8 (it is just a copy
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of Figure 2 of [18]), tite monodromy seads tite geaerators a, aad y of
— 0) respectively to a and to r.

Figure 8. Tite Montesinos universal grapit

Propas¡tinn 4.1. (a) Tite grapit g(2, 1) is tite Montesinos universal
grapit O.

(b) Tite singular nianifoid Sn,(b,2, l,a,r) is itorneornorpitic lo N(a,
-), for every Iransilive pair (a, r) of permulalione of Eh.

Proof. Figure 9 sitows tite constructjon of g(2, 1) by a sequence of
identifications. Moreover tite íoops X and Y are itomotopic respectively
to tite íoops y and a, of Figure 8. U

Remark 4.1. Note tite correspoadence between Corohhary 7 of [18]
aad Corolhary 2.4.c.

Tite aboye result allows us to obtain a “universal” class of 4-coloured
grapits representing alt orientable 3-dimensional singular manifolds.
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p=Q

a

o

A

x

~

‘A

o

Figure 9. Construction of g(2, 1)
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Corollary 4.2. Every 8-dimensional orientable singular rnani/old
M behongs lo Si,,. Hence itere ea,isis att integer b > O and a Iransitive
pair (a,r) of perlrnulaiions of Só sucit tital O,,.(b,2,1,a,r) represenís
M. U

Figure 10 sitows an example for tite manifoid S~ x

— N.

¡

N

¡
-A

Figure 10. Cn,(6, 2,1, (0 1 2)(3 4 5), (0 2 5 3)(1 4)) -represents S2 x 5’-
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Remark 4.2. An ahgorititm for obtainiag, from a bipartite crys-
tallization O, a transitive permutation pair (a<r) sucit titat l¡<(%¡ ~
N(a, r) is contained ja [5] aad [26]. Tite ahgorititm itas been extended
to tite general case of bipartite 4-cohoured grapits by L. Grasselli in [12].

A. APPENDIX

Tite embedded grapit y(l, t) of Figure 6, will be coastructed from
O = 041,1,1,1,1) by usiag just rules (1) and (2) of Section 1.

By performing on tite 3-simphices of ¡<(O) only tite identifications
depeading on tite 0- and 1-edges of O, tite 3-bali T of Figure 7 is obtaiaed.
We refer to tite Coaway symbohs and tite coefficients ni, r~, ~2,... ,
described la Rernark 3.1.

By tite identificatioas dependiag on tite 3-edges, we glue tite two
quarters 5’ and 5” of tite 2-spitere 8(T) togetiter and we obtain a new
3-hall T’. If tite point A goes to infinity, tite hall becomes itomeomorpitic
to tite italf space z < O of IR3. Tite boundary 8(T’) becomes tite plane
z = 0, witit A = oc. la Figure Al, T’ is depicted, witit 8(T’) represented
by tite plane of tite paper. At titis stage tite simplices of g(l, 1) are marked
by tite titick lime. Note titat tite open arc PQ behongs to tite open itahf
space z ‘c O, witereas tite remainder of tite grapit belongs to the plane
z = 0. Now we perform on 8(T’) tite glueings depending on tite 3-edges.
Tite 1 3.edges incident to tite vertices (0,1 — j) (for O =j =1 — 1) of
tite grapit, matcit tite region a witit tite region </. So we obtain a new
3-hall witicit is sitown in Figure A.2. Observe titat now tite open arc
belongs to the interior of tite bali. By tite action of tite 1 2.edges adjacent
to tite vertices (0,1 — 1 — j) (for O =i =1 — 1) we matcit tite regions
a and a’, aad so on. After a

1 — 1 steps, we obtain eititer tite 3-bali
of Figure Aa, if 1 divides 1 (and titerefore 1 = 1 = ni), or, otiterwise,
tite bali of Figure A.4. In tite former case tite remaining 3-edge glues
tite two itemispiteres a’ and a” of tite boundary of tite bali togetiter, so
obtaining a 3-spitere, hut wititout citanging tite embedding of g(i,1). Ja
tite hatter case we itave to do anotiter stage of idcntificatioas. By tite ri
2-edges adjacent to tite vertices (0,1 —j) (for O < j < rí— 1), we ghue tite
regions fi~ and fif togetiter and we ohtain tite 3-bali of Figure A.5. By
tite ri 2-edges iacident to tite vertices (0,1— rí — j) (for O =j =ri — 1),
we glue tite regions fi and fi~’ togetiter and so on. At tite ead of titis
stage we arríve, after a2 steps, eltiter to tite 3-baH of Figure A.6, witen
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r~ divides t (and titerefore r~ = 1 and ni = 2), or, otiterwise, to tite
one of Figure A.?. Ja tite former case, g(l, 1) is obtained, otiterwise ja
tite hatter case we need a new stage of identifications (see Figures A.8
and A.9) and so on. Of course tite process will fiaisit after ni stages and
titerefore tite emhedded grapit g(l,1) will be equivalent to one of tite two
cases of Figure 6, depending oa tite parity of ni.

¡A

a,

e— ~1
e ___ c ________

‘St -I,2t -u.’

A~1

<fA

- 1 0 W41 -~.St .klt

A..2
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m=2

A. 6
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A .8
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m=3

y

y —A.9
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