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Summary. An estimate of the convergence speed in the multidimensional
invariance principle is obtained. Using this estimate, we can prove strong
invariance principles for partial sums of independent not necessarily identi-
cally distributed multidimensional random vectors.

1. Introduction and Main Results

We denote by (R%]:|) the d-dimensional euclidean space. Let C,[0,1] be the
space of all continuous RR%valued functions on [0,1] endowed with the sup-
norm | - ||. Log t stands for log(max(t,e), t =0.

Let ¢&,,...,¢,: @—IR? be independent random vectors with zero means,

cov(¢)=071, 1=k=<n and ) o7 =1, where I denotes the d-dimensional unit
1

matrix.
Let S,: @ — C,[0,1] be the partial sum process which is defined by

(L) S =3 bt

£m+19 tmétét
m+1 tm

m+ 1>

m 0 0
0<m<n, where t,,:=) o;, 0<m=<n. (Z ék==Za,f:=O).
1 1 1

Denote by W;|B(C,[0,1]) the Wiener-measure with covariance matrix I,
i.e. the unique p-measure on the Borel-g-algebra of C,[0,1] such that Woer,
=N(0,tI'), 0=¢t=1 and {=,: te[0,1]} is a stochastic process with independent
and stationary increments under Wy, where n,; 0<t<1 are the canonical
projections (i.e. ,(f):=f (1), feC,[0,1], 0<t<1). Let W=W,.

If Q,|B(C,[0,1]), i=1,2, are p-measures, we put for each 6 >0:

(L.2) AMQ4,Q,,9):=sup{Q,(4) —0Q,(4%): A< C,[0,1] closed},
where A%:={geC,[0,1]: 3f€A, |g—f| <d}.
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Call 1(Q,,0,,0) the “d-distance” of @, and Q,.

These o-distances have turned out to be extremely useful especially in
treating the Prohorov-distance of p-measures (cf. [3, 4, 10, 11, 137).

In this paper we prove an inequality for the J-distances of the partial sum
process S, from the Wiener-measure W (see Theorem 1). Our result concerns
independent not necessarily identically distributed d-dimensional random vec-
tors and does not require higher than second moments. Thus our inequality
can be applied to rather different problems. Our inequality yields a multi-
dimensional version of Prohorov’s invariance principle for triangular arrays of
rowwise independent r.v.’s fulfilling the Lindeberg-condition (see Corollary 4)
as well as unimprovable estimates of the Prohorov-distance of the p-measures
PoS,|B(C,[0,1]) and W|B(C,[0,1]) (see Corollary 2); it can be used to obtain
strong approximation results (see Theorems 2, 3, 5, 6) as well as functional
(compact) laws of the iterated logarithm (see Corollaries 5/6).

Sahanenko (cf. [13]) obtained in the l-dimensional case (ie. d=1) the

following estimate of the é-distances of PoS,, and W:

(1.3) M(PoSyy, W,0) S ()67 K,,, s>2,

where K,: =) E[|&,[°], ¢(s) is a positive constant depending on s only.
1

He used in his proof a refinement of the already rather complicated com-
mon probability space method of Komlés et al. (1976), which is restricted to
the 1-dimensional case. The question remained open, whether (1.3) holds true
in the multidimensional case (cf. [4], p. 64).

Using a recent result in connection with the multidimensional central limit
theorem (cf. [8], Theorem 6), we now obtain by a comparatively simple
construction method, which is related to the method of Csérgo and Révész
(1975), Theorem 1 below enabling us to extend Sahanenko’s result to the
multidimensional case, if 2<s<4. At the same time, we are able to prove (1.3)
for s=4 in the multidimensional case, if ¢ is sufficiently large - in particular, if
5>K§n, where y<1/(2s—4). This shows that (1.3) can be obtained for any
given s>2 by a much easier construction method than that in [13], if d is
large. On the other hand, it can be shown by similar arguments as in [2,
Remark 3] that it is impossible to prove (1.3) by such a simple method if § is
small and s>4.

Theorem 1. Let &,,...,¢,: Q> R? be independent random vectors with zero
1 ' @ Cy[0,1] be defined by
(1.1). Let s>2, 0<y<1/(2s—4). Then we have for 6 =(K,,(6)+ 62 L,(5):

means, cov(&)=0f I, 1<k<n, and ) o} =1. Let §

(1.4) A(PoSyy, Wycy 8) Sy (67 K, (8)+ 6> L,(8),

where K, ZE[léklsl{lékl<5}] L,(9): ZE[léklzl{likl>5}] ¢y =¢1(1,8,d)

>0 and c, —cz(y,s d) >0 are constants dependmg on vy, s and d only.
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Corollary 1. Let S, ;: Q— C,[0,1] be as in Theorem 1. Let 2<s<4. Then we
have for 6>0:

(1.5) APoS, W,e30)Sc (675K, (6)+ 672 L, (),

where ¢, =c5(8,d), c,=c,(s,d) are positive constants depending on s and d only.

Since 07K, (6)+6"?L,(8)<67°K,,, 6>0, we easily obtain from (L.5) a
multidimensional version of (1.3), if 2<s<4. Furthermore, Theorem 1 implies
the following unimprovable estimate of the Prohorov distance of PoS,, and W:

Corollary 2. Let S,: Q— C,[0,1] be as in Theorem 1. Then we have for
2<s<5:

(1.6) p(PoS,,, W)Scs KL+,

n)?
where cs=c;(s,d)>0.
Thus we have obtained as a byproduct of (1.4) an improvement of the main

result of Borovkov and Sahanenko (1980) {cf. [3], Theorem 4).
Recall that the Prohorov-distance of two p-measures Q,|B(C,[0,17]), i=1,2,

is defined by ‘
p(Q1,Q,)=1nf{6>0: 2(Q,,0,,0)<}.

Furthermore, it easily follows from Theorem 1:

Corollary 3. Let S,: Q@— C,[0,1] be as in Theorem 1, let 2<s<4. Set ¢:=
e(s):=(s+1)/(s —2). Suppose that L, (6°<8° Then: p(PeSyy, W)=<c,d, where
Ce=Cq(S,d) is a positive constant depending on s and d only.

An immediate consequence of Corollary 3 is the above announced in-
variance principle for triangular arrays of rowwise independent random vectors
fulfilling the Lindeberg-condition.

Corollary 4. Let {&,,: 1=k<k,}, neN, be a triangular array of rowwise inde-
k

pendent random vectors with zero means cov(¢,)=02 I, 1<k<k, and 3 o,

=1 (nelN). Let §,: Q- C,[0,1] be defined by k=1
2 t—t,,
S(n)(t):z Z ink+%5nm+l’ tnmékétnm+l’
k=1 tnm+1 _tnm

m
2
0sm<k,, where t,,:= 3 o}, 0<m<k,, neN.
k=1

Assume that for all 5>0 the following is true:

kn
L,(0):= 3 EO& 1064l>8}1-0 a5 nco.
k=

Then PoS,)|B(C,4[0,1]) converges weakly to W|B(C,[0,1]).
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Theorem 1 is now used to obtain strong invariance principles for partial
sums of independent not necessarily identically distributed d-dimensional ran-
dom vectors.

We denote in the sequel by s the set of all continuous functions H:
[0, 0)— [0, c0) such that ¢t~ H(t) is non-decreasing and ¢~**" H(f) is non-
increasing for some r>0.

Theorem 2. Let {£,} be a sequence of independent random vectors with zero
means and cov(&)=c} T, keN. Assume that the following holds true for some
se(2,4):

(17) iqwmQHHM§%n<w
and
(1.8) ia{zE[liklz {|&>a)]<co  where 0<a,?o0.

Then one can construct a p-space (Q,, Ay, B) and two sequences of independent
random vectors {X,}, {Y,} with BoX,=Po¢&,, BoY,=N(0,67T), keN, such that

the partial sums S,:=Y X,, T,:=Y Y, fulfill:
i i

(1.9 S,—T,=o(a,) as.

Remark. It is easy to see that the conditions (1.7) and (1.8) are fulfilled if
(1.10) Y H(a) 'E[H([)]<oo  for some Hes#.
1

From Theorem 2 we obtain

Theorem 3. Let {&,} be a sequence of independent random vectors with zero
means and cov(¢,)=a2 T, keN. Let f: [0,00)—(0, 00) be a non-decreasing func-

1 n
tion such that ZW< 0. Assume that o,:=y E[H(&.)]— co, where Hes#.
n 1

Then a construction is possible such that
(L11) S,—T,=0(H "4,/ ()  as.

Let {£) be a sequence of independent random vectors such that
O<lim E[H(|¢,)]=lim E[H(|&,])] <co. According to (1.11), a construction is
k k

possible such that
1
1.12 S,~T,=o(H '(nf(n) as, if ) ——<o0.
(12 2 F
Since f(n)/logn— oo as n— oo by Kronecker’s Lemma, the convergence rate is

considerably worse than that in the strong invariance principle for partial sums
of iid. random vectors. Recall that it was shown in [8], Theorem 2 for the
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iid. case that if He# such that r~2?(LogLogt)~* H(t) is non-decreasing, a
construction with error term o(H~*(n)) is possible. If Hes# such that
t~%(LogLogt)~! H(t) is non-increasing it is still possible to obtain a con-

struction with error term o (H—l(n) %), where h(t):=t=2 H(z), t=0
(cf. [8], Theorem 3). (n)

The following Theorem 4, however, shows that under the above assump-
tions no better convergence rate than (1.12) can be reached in general

1 —_—

Theorem 4. Let o< f,1oo be such that Y, 0. Let HeH#. There exists a

sequence of independent r.v.’s £: Q- R, keN with zero means, E[£]]1=1 and

E[H(& D11+ H(1), keN, such that for all sequences of independent r.v’s {X,}
with ByoX,=Po¢,, keN, and for all sequences of iid. rv’s {Y,} with oY,
=N(0, 1), where (Q,, s4,, B) is an arbitrary p-space, the following holds true:

(1.13) T = hl s

H=Y(nf,)

Our next result implies the above announced functional law of the iterated
logarithm. To simplify our notations, we set Log, t: =Log(Logt), t=0.

Theorem 5. Let {£,} be a sequence of independent random vectors with zero

n
means and cov(E,)=02 T, keN. Assume B,:=Y o} — 0,
1

(1.19) i(Bk Log, B) *? E[|1{|&I<V/B,Log,B,}]1<co  for some s>2
1

and
(1.15) Z(BkLog2 B)~! E|:|£k|2 1{|&]>VB,Log, B,}] < 0.

1

Then a construction is possible such that

(1.16) S,—T,=o(yB,Log,B,) as.

(1.14) and (1.15) are fulfilled if
(1.17) Y (BLog, B) " E[| 1<  for some s>2.
1

Let & be the set of all absolutely continuous functions f: [0,1]— IR such that
1

f(0)=0and [|f'()*dt<1. Denote by % the functions {t >I'"*f(1), fe F}.
(]

Furthermore, we set:

i t—B
S@:=) ¢t Cmri> BuSt=B,.q,
; k B —B +1 +1

m+1 m

o
0<m< o0, where B,=) ¢,=0.
1
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Corollary 5. Let {{,} be as in Theorem 5. Let U,: Q— C,;[0,1] be defined by
Un(t):=(2B,Log, B,)""*S(B,t), 0=<t=<1. Suppose that (1.14) and (1.15) hold
true, B, — co and

— B
(1.18) lim ntl

< 0.
" Bn exp(l/ Lng Bn)

With probability one, {U,,: neN} is relatively compact in C,[0,1] and the set of
its limit points coincides with .

Corollary 5 implies immediately the following compact law of the iterated
logarithm:

Corollary 6. Under the assumptions of Corollary5 we have with probability one:

{(2B,,Log2 B,)~ U2 & nelNy is relatively compact in R and the set of its
1
limit points coincides with {I''* x: |x|<1}.

Thus we have obtained a strong extension of [15], Theorem 1.2, which was
proved in [15] under the more restrictive assumptions “lim(B,, /B,)<o” and

(1.17), if 2<s<4. Furthermore, we have shown that [15] Theorem 1.2 remains
valid for any s>4 and that the condition “E[X]=0 (neIN)” can be omitted.
As a last application of Theorem 1 we present a sufficient condition which

guarantees that in the strong invariance principle the convergence rate o()/ B,)
can be reached.

Theorem 6. Let {£,} be a sequence of independent random vectors with zero
means and cov(&)=a; T, keN.
Assume that B, — oo and

e o]

(1.19) Y By E[|E,F]<oo  for some s>2.

k=1

Then a construction is possible such that

S,~T,=o()/B,) as.

Using Kronecker’s lemma, we obtain from (1.19):
Y E[&[1=0(Bf?) for some s>2,
1

i.e. Lyapunov’s condition - a well known sufficient condition for the invariance
principle (in distribution).

The paper is now organized as follows: In Sect. 2 we prove Theorem 1 and
its corollaries. Some more or less known lemmas needed here are formulated
and proved in Sect. 6. In Sect. 3 we infer from Theorem 1 the above strong
invariance principles for partial sums of independent random vectors (i.e.
Theorems 2, 3, 5 and 6). Theorem 4 is proved in Sect. 4, whereas the proof of
Corollaries 5 and 6 is given in Sect. 5.
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2. Proof of Theorem 1 and its Corollaries
Main tool of the proof is the following Theorem 7, which is related to [8],

Theorem 7.

Theorem 7. Let &,,...,¢,: Q—R? be independent random vectors with zero
means. Assume A, /A, = 1/2, where A, (A,) is the smallest (largest) eigenvalue of I
=cov(¢,+...+¢&). Let 3=53<4, s>5 There exist positive constants c,

=¢,(5,5,d), cg=c4(5,s,d) such that, if |£,|<c,)/ %, Logl/p,, as, 1<k<n, where
Peni=A7"? iE[!ka], the following holds true:

One canlconstruct a p-space (Q,,54,,PB) and random vectors S,, T,:Q,—~R?
such that POoS"=PoEn:§k, BoT,=N(O,I), E[|S,— T, 1<cg AS* pLF ' and E[|S,
—Ti*1Scg A, pi,T" f(l>r some 1=1(3,s)>0.

Proof (cf. [8], Theorem 7). We denote by ¢, ...,c,, constants depending on §,s
and d only. Since by Lemma 1(b)

2.1) Pui=PanSCo Pt D SCio P,
we have
(2.2) Logl/p,zc¢,,-Logl/p,,.

1/2
Setting ¢.,: = (%lj) (4 —3)(s4+1)~2, we infer from (2.2):

it
(2.3) Els—— 2 /i Logllp, as, I<k<n.
V/8d(s+1)?

By [8], Theorem 6 (applied with &:=(4 —3)/s) we have:
(2.4 Z (Poj;’l— V23 & N(O, I)’Cupﬁ_s) <c,y pSt Y,
1

Thus we can obtain from the Strassen-Dudley theorem (cf. [7], Theorem 2) a
p-space (@, ,, F,) and random vectors S,,T,: Q,—IR? with FoS, =Po) &,
1
BT, =N(0,1), such that
(2.5) PAIS, —T|>c, A2 pr = Seys pt+ .
Since
E[IS, - T[]
§XS+E[|S)1_7-;1ls+1]S/(s+1)E){[Sn __Tn|>x}1/(s+1)
§x3+2s~l(E[|Sn|s+ 1]s/(s+ l)+E[|T;,|S+ 1]sl(s+ 1))PO{|Sn_Tn| >x}1/(s+ 1)
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for x>0, we easily obtain from an obvious modification of [8], Lemma 3:
(2.6) E[IS, — T 1<c , AP ps—4=9,

Using (2.1), we immediately obtain E[|S, — T[] S ¢, 452 pL¥ Y. (Notice that (s
+5—4)/(s —2)=(s+1)/s, since §=3.)

Finally
E[IS,~T,|*] < E[IS,~T,F1**<ci; 4, p3 2495
< cg A, path,
(2._1) ni’sn
24—
where n:=w.

s(5—2)
We now proceed to the proof of Theorem 1. Since 6K, () <67 K, (9),
s=¢', it suffices to prove Theorem 1 for s=3.
To simplify our notations, we set for 1 Em=<n:

= 3 (L& 1{E]S8YT+6-2 ELIE L{EI> 5Y)).

Furthermore, we define:
Ek’=fk1{|ék|§5}a Ek==€_k—E[«f_k], 1=ksn.

We denote by ¢, s, ...,c55 positive constants depending on y, s and d only.
(i) The purpose of this part of the proof is to show that there exist positive
constants §=35(y, s)e[3,4), e=¢(y,5)e(0,1] and ¢, 5 such that

2.7) 0 Kq,(9) Scy5(07° K, (9
Since ZE[lEklzj <d, we infer from Lemma 1(a):
1

(2.8) K, (0)<c s K, (8)6~26=2  jf 5<s.

We choose ¢ and §in a way such that

(2.9 §—se=0
and
(2.10) F—se)y=E—-2)/(s—=2)—s.

Since y=3%(1 —9)/(s —2), where $>0, (2.10) can be rewritten:

4 4
211 §=—— ——]e&.
@1 s «9+1+(S y‘+1)8

It is now easy to see that a possible choice is:
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4+37 37

§=—r—F, = —"
1+9 (s—4)+s79

(524)

and (trivially) §=s, e=1, if s<4.
Since 6 2(K,(d))’, we easily obtain (2.7) from (2.8), (2.9) and (2.10).
Let now (¢, 5) be fixed. We set for 1 Em<n:

Bui= 3 (ELIEF HIEI 01 +6 2 DG 11E)>5}))

Using (2.7), we obtain

67 B, =c15(07° KO +07 2 L, (0) S(cy5 +1) 2" (0% ),
if we w.lL.o.g. assume
(2.12) a,<e 26

(In particular: 6-2L,(§)<e"2)
Thus we have

(2.13) 5B, S, (075 a,).
(i) Let S,,: 2 C,[0,1] be defined by

i1 tnSt=t,.q, O0=m<n.

2.14) SN'(n)(t)==ka+t—t_t+t
1

m+1 m
An application of Lemma 2 yields
(2.15) A(PoS,, Po8,,20)S 6 a,.

(iii) Let ¢,,>0 be a sufficiently large chosen constant, which is determined
by (2.25).

We now define a finite sequence of non-negative integers 0=m,<... <m,
=n by the following recursion: m,:=0. Let m;_, be defined for a j=1. Then
we set

o -1
(2.16) mj:zmin{k>mj_1:c1752 (Iog——) gtk—tm,_l}/\n,
A g
where min: =n+1.
Put r:=min{jeN: m;=n}.

Since
dof =E[|&)* 1{|EIS 83+ E[IE, 12 1{l&,) > 6}]

S =0 1)+ 82— 0t _y),

we obtain from (2.12):

6 —1
——) , 1<k<n.

(2.17) dof <2y —o, _,)* <562 (log
O — 04
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From the definition of the m;’s and (2.17) it follows immediately

S

m; m;

4
m; mj—~1

-1
(2.18) by, =l €707 <log ) +al,

)

0
é(C17+S) 52 (loga——;a—

m;j mj—1

-1
). 1z
Furthermore, we infer from the definition of the m;’s

o -1
(2.19) c1752(loga—_—) Sty ~tm,_,» 1SjSr—1L

="m;
mj myj—1

(iv) Let A;(A;) be the smallest (largest) eigenvalue of

Gi=cov(é, . i +...+&)  py=i7" Y E[&F],

mj-1+1

pi=A7%2 Y E[EF], 1<j<r

mj-1+1
Since '
AiZty, —t, =2 Y E[&IP1{I&]>6}],
mj—1+1
we obtain
&yt
(2.20) 1, —t,  —A;<20%"%(a, —a, )<26? (1og_) 1
J J J J-1 am'_amj-;

Thus we have by (2.19)

o -1
(2.21) A;2(cy,—2)6° (log*) , 1gjsr—~1.
O, = Ol _
Since 4;=t,, —t,,,_,, we infer from (2.18):
0 -1
(222) A4S (err+9 8 (log—" —) | Lsjsr.
O(mj_ mj—1

Using the Holder-inequality, we easily obtain:
E[GFIS2ENGS],  1=k=n,

Together with (2.21) this implies:

s

223 < am’_amj_l(l > )5/2 1sjsr—1
2.23) P, m2 & %, Oy, ) ==

J

U. Einmah]

sjsr—-L

From (2.23) it easily follows if we choose ¢, in a way such that ¢,,2c¢,5:=4s

+2
1 o° :
(2.24) Log l/psjgflog;-—_a—, 1gjgr—1.

mj mi-1
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We put ¢,4:=¢,(5,5,d), where §=3(y,5) is defined by (2.7). Recalling relations

(221) and (2.24), it is straightforward to check that 20=c,,)/4;Logl/p,;
1<j<r—1, when setting

(2.25) €, ,i=max(c4,10c7d).
Hence:
(2.26) IE&l=cioV A;Logl/py;, m;_ <ksm;, 1Zjsr-—1.

(v) We apply Theorem 7 and obtain a p-space (Q,,.#/;, F}) with independent
random vectors (U, J), 1<j<r~—1 such that

(2.27) BoU;=Po Zﬂfk, BoV,=N(0,I),
(2.28) E[@-@S]gczo(amj—amj_l}

and

(2.29) E[0,- VP 1Sc,, - A pif", 1Sjsr—L.

(Notice that 1,254, I=j<r—1, since ¢,;>c, 5. Use (2.21) and (2.22).)

j=2
A similar argument as in (2.23) shows

¥ BB, oy
S B GRS 1<i<r—1.
(272 & (°gcxm.—am ) T EE

J Jj—1

Since Log 1/p;;2¢,,Log 1/p,; by Lemma 1, we infer from (2.22) and (2.24):

Ay plirsesy P Prcs o (Log 1)p, 2
§c24-ﬁ—’"'5%_5§*% 1sjsr—L
(Note that p;; remains bounded, 1 <j<r~1. Use (2.12) and (2.13).)
Therefore
(2.30) EN0 -V 1=c,5- 82 (B, =B, s 1SjSr—1
We set V; —(t )“ZF 1/21/ 1<jsr—1.

Then oV;= N(O (t _—_— )I) and

Q3 Ro(V;=T)=NO((ty,~tn, )2 1=, 15j=r—1.
Denoting the largest cigenvalue of ((z,, JAI=LY%)? by p,, we obtain
from the obvious inequality 1y =y, — L, —/1)/( m}_l) 15j< <r—1 (2.19)
and (2.20):
4 (am.—aMi—1)2 0 am‘_am'—l ;
f‘jéc— 52s-2 1Ogcx T éczs_JFf—’ lsjsr-1

17 m; mj—1
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Since E[|V,— V1?1 <dp;, 620, —t,, JS5*%(B,,. — B
fer from the above inequality and (2.30)

), 15j=r—1, we in-

m;— 1

(2.32) E[U,—V)’12¢27 8 (B, —Bn, ). 1SjSr—L.
Since E[|Vj—f/jls] <c,g- 17 by (2.31),

52 %(at,, —a

J mj-1

)§e‘2(3"2)/5(cxmj-a )Z/s

mj-. 1

by (2.12), we finally infer from (2.29) and the above estimate of y;
(2.33) E[|[7j“Vj|s]§029(“mj“‘“

- 1)

1gjsr—1.

Using Lemma A.1,, [1] we obtain a p-space (©2,, «/,, F;) and two sequences
of independent random vectors X,, 1 <k=<n and Y,, 1<k<n such that

(2.34) BoX,=Pof,, PBoY,=N(0,62]), 15k<n

and

@3 Be( ¥ X ¥ %)-ReO¥) 1gjsr-L
mj—1+1 mj—+1

m

(vi) From Lemma 3, (2.35), (2.32) and (2.33) we obtain

Weset S, :=YX,, T,:=Y Y, 1<msn.
1 i

j
P{ max |Smj—ij|gé}=Pl{ max Z(Uk—l/k)gé}
1£jsr-1 1=jsr—1|k=1
g, &
=c (ex (-—»i—)—i—c 5‘Socn).
1 \CXp ¢yn B, 29
Therefore by (2.13):
(2.36) B{ max IS, —T,|20}Sc00 g,
15j5r—1

(vii) If the constant c,, is chosen large enough, we infer from Lemma 3,
and (2.22) for 1 £j<r

P{ max IS, ~S

mj_ 1 Sk<mj

my_ 1| 2C317 6} S35 07 (00, — 0ty ).

(Notice that E[|E [F]<2°E[}E,]], 1<k=n)

Hence

(2.37) P{max max |5, —§

12jSrmj 1 SkSm;

[=cy 03 Scy,0 %0,

mj—

Using (2.18) instead of (2.22), we obtain similarly:

(2.38) B{max max | -T, |2c;;0}=5¢c,,0 %

mi_ .
. ji-1 n
1SjSr my- 1 Sk<m;
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(viii) (2.36), (2.37) and (2.38) imply immediately:

239) By { max IS, ~ T2 ey, +1)8) S(eo 265,672
Lsksn

Therefore

(2.39) /I(POS(n)a 0T (2¢3,+1)0)=(c30+2¢3,) 07

where Tj,,: Q, — C,[0,1] is defined by

t—t
Zn)(t)::Tm+z_—mt—va+1 for tmétgtm-i-l’
m+1" ‘'m
0m<n.
To finish the proof is suffices to show
(2.40) MBo T, W,6) <538 a,.

Let w: 2 — C,[0,1] be a Brownian motion, i.e. Pow=W.
Let w: Q> C,[0,1] be defined by

(2.41) W(t)==w(tm)+%(w(tm+1)—w(x,,,)) for r, <t<t

m-+ 1 m

m+ 1>
0m<n.

Since w=(w,...,w,), where w;: Q- C[0,1] is a 1-dimensional Brownian
motion (i=1,...,d), we obtain from the definition of W, ([6], Theorem 1.5.1)
and (2.17)

P{ sup [W(t)—w(r)| 29}

0=t=1

sP{max sup |w(t)—w(t,_,)|=/2}

1Zk=nte-1StS1k

<24 Z P{lw, (D)2 5/2/ D)} <4d z exp( 52d><c335_san.

This proves (2.40), since Pow=PF,0T,,.

Corollaries 1 and 2 are immedlate consequences of Theorem 1 applied for y
=1/s and y=1/(s+1), respectively. (Notice that Corollary 1 is trivial for
d<(K,,(8)+5~?L,(5)'*) Corollary 3 follows from Corollary 1, using the
obvious inequalities

K., (9) <dobs—Drp 552 L,(6%
and

L(OSL,(), <1

It suffices to prove Corollary 4 for I'=I. Since the Prohorov distance

metrizes the weak convergence, Corollary 4 is proved if we show that
p(PeSyy, W)—0 as n— co.
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Since 67'L,(0)—0 for all >0, there exists a sequence J,}0 such that
07 3L, (82)—0. (Use Lemma 6, [12], Chap. X.) Hence, L,(63)<é> for suf-
ficiently large n. From Corollary 3, applied with s=7/2, we obtain:

p(PoS,,, W)<6,0.

3. Proof of Theorems 2, 3, > and 6

Using the well known Strassen-Dudley theorem (cf. [7], Theorem 2), we obtain
from the proof of Theorem 1 the following proposition which improves ([11],
Theorem 2).

Proposition 1. Let ¢,...,¢,: Q> R? be independent random vectors, defined on a
p-space (Q,s4,P), with zero means and cov({)=cll, 1SkEn. Let s>2,

0<y<1/(2s—4). Let 8f)/B,=[B;"*(K,(8)+& 2L, 5)), where B,:=Y a2
1

neN. One can construct a p-space (8,,4,,F) and two finite sequences of
independent random vectors X ,..., X, and Y,,....Y, with BoX, =Po&,, Ro¥Y,
m m

=N(0,cov(¢,)), 1<k=<n such that the partial sums S,:=Y X,, T:=>Y,
1<m<n, fulfill: L 1

B {max IS, —T,|>c,, 6} Sc;5(6~° K, (8)+ 6~ 2 L,(5),

1gsksn .
where c,,, c35>0 are constants depending on y, s and d only.

Proof. Using relations (2.15) and (2.39) of Theorem 1 (applied with

E/VB,s &,V B, and 8/)/B,), we obtain

5
(3.1) A (Pos(,,),fw;,,,,cs4 —~) <35 (67K, (8)+6-2 L, (5),

VB,

where S,: - C,[0,1] is the partial sum process of the random vectors
&NV B, 15k=n and T,: Q,— C,[0,1] is the partial sum process of a finite

sequence of independent random vectors 7, ...,1,: 2,—R? such that Pon, =
2
N (O,—;—"I ), 1=<k<n. The assertion follows by a straightforward application of

(71, Th’éorem 2.

Remarks (a) By obvious modifications of the proof of Theorem 1 one can easily
show that the above proposition remains valid, if the covariance matrices
2 i=cov(&,), 1=k =<n, fulfill the condition

(3.2) o2 uy S So2p,  for Jil=1 (1sks<n)

where u,,u, are positive constants. We only have to replace the constants c;,,
¢35 by constants depending on u,, u,,y,s and d.
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(b) Let 2<s<4. Then it is easy to see that for any given >0 a con-
struction is possible such that

(3.3) Ry { max S, —T|>c;4 0} Sc3,(07° K, (0)+ 672 L,(9)),

1<k=n

where c,4, ¢5, are positive constants depending on s and d only.
(¢) Since K_,(8)+6°~ % L,(8)<d&°*~%B,, the condition

“621/B,[B7*(K, (8)+ 6 2L,(9)) for some y<1/2s—4)”

is always fulfilled, if 6 >4¢~>1/B,.
Now we start to prove Theorem 2. W.Lo.g. we assume that I'=1.
Let 0<d, 1 oo such that

(3.4 d/a,—0 as k— oo

and

[co]

(3:5) Z (ENES HIGI=a ] +a 2 ENE)” &> a}]) <

(The existence of such a sequence follows easily from (1.7) and (1.8), since
E[|E P L{E NS0} + 652 E[|&,)* 1{|&,|> 6}], 6>0, is non-decreasing.)
We define {m,: neIN} by the following recursion:

my:=1, m,;=min{k:d,224, }, nzl
By definition we have

(3.6) i . <2 nzl.

My~ 1 ="Ymy1?

Applying the above remark (b) to {&,: m,_;<k<m,} (neN) we obtain a p-
space (Q,, #,, F) and two sequences of independent random vectors {X,}, {Y,}
such that the following holds true:

(37 R{ max |[5,-S,, , - (T,~T,  _I>cssd,, ,}

m
my-1=k<mp

my—1
SC350,) Z (EUEIF H{IgGI=4a,,_}]+a,.° 1E[|fk|21{|5k|>am" 1}])
<2SC37WE G (ENES 1{E ) 2a3]+a 2 E[IE )P 1{&,1 2a,}]),

where §:=T,:=0.
Thus we obtain from the Borel-Cantelli lemma, (3.5) and the definition of
the m,’s that almost surely

1S, — LIS K(w)+ Y ¢34,
j=1
SK(w)+2c6d, if m

sK(w)+2c;364d,, ,

j-1

<k<m,.

n—1=

This proves the assertion (recall (3.4)).
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Theorem 3 is an immediate consequence of the remark after Theorem 2
and Lemma 15, ([12], Chap. IX).

Theorems 5 and 6 are special cases of Theorem 2, if 2<s<4. Thus we have
to prove these results only for s>4. We will show that the above proof of
Theorem 2 works in these cases, too. But we have to be a little more careful,
since we can apply our proposition only for sufficiently large 6, if s=4.

The main problem is (3.7). Let a,=7/ B,Log, B, (resp. a,=}/ B,). It suffices
to show that there exists a sequence d, ] co such that (3.4) and (3.5) as well as

(3.8) d,2V/B,(B; (K, (@) +a "2 L,(a,)

for some y<1/(2s—4) hold true.
It is easy to see that such a sequence can be found if

3.9) [B,¥*(K,,(a,)+a; *L,(a)]"=0(a,/)/B,)

for some y<1/(25—4).
Using the same argument as in the remark (c) after the proposition, we

immediately obtain (3.9) for a,=V/ B, Log, B,, hence Theorem 3.
Since By ¥2(K,,(a,) +a;~2 L,(a,))<B; %2 Y E[|¢,], we have by (L.19):
1
B3 (K,,(a,) +a;" % L,(a,)=0(n°),

therefore (3.9) for a,=1/ B,, hence Theorem 6.

4. Proof of Theorem 4

To simplify our notations, we set: G(x):=H *(x), x>0. Let 1+2/f,<b,To0
such that

® 1
4.1 =00
@h 2 kb7,
and
BU2Gkf)2—1 1
. <k VW "< keN.
(4.2) 0L kb, f, = €

Let {£) be a sequence of independent random variables with symmetric
distributions such that

1
P{|&,|=b* Gk f)} =——
{16 =Bl Gl = —
Gl )’
4.3) P{|£k|:1}=l_kb}c/2fk and

b2 Gk £,)? —1

, keN.
kb, f.

P{g,=0}=
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From (4.3) it follows immediately that E[¢,]=0, E[¢(?]=1, keN. Furthermore,
we have

H(b,/* G(k£)
kb, f,

since t~* H(¢) is non-increasing and H(0)=0.
Using the obvious inequality: |X,|<|S,—T,|+IS,_, —T,_,|+|Y,|, we obtain:

E[H(& 1= +TH)=1+H(1), keN,

S, — T, Xl _
(4.4 {hm <o ,<Ph hm
) n G(nf) G(nf, )
. |Y| . . .
(Notice that P hm o f) oo =1, since {Y } is a sequence of independent
n

N(O, 1)-distributed r.v.’s.)
From the Borel-Cantelli lemma, (4.1) and (4.3) we infer

— |X
P, {lim X, < oo}=0, hence the assertion by (4.4).

5. Proof of Corollaries 5 and 6

We use the following proposition which is related to Strassen’s functional law
of the iterated logarithm for the Brownian motion {(cf. [14] Theorem 1).

Proposition 2. Let {{(t): t=0} be the Brownian motion in R%. Let B,Tc0 such

that
B
(5.1) lim ( ntl )
» B, exp()/ Log, B,

Set {,(1):=(2B,Log, B,)" " {(B,t), 0=t < 1.
With probability one, {{,: neIN} is relatively compact in C,[0,1] and the set
of its limit points coincides with .

Proof (cf. [14], Theorem 1). Since the first part of the assertion follows easily
from [14], Corollary 1, we have only to show the second part.

We use similar arguments as in [14], Theorem 1 (cf. p. 214/215). It suffices
to show that for given x4 and ¢>0 the following holds true:

(5.2) P(lim {||¢, — x| <&})=1.

Let m be a positive integer, let § >0.
We denote by A the event

(25 (e (s orasiam 1sse).

where ([(¢) (x"(¢)) denotes the x-th coordinate of { ) (x(1)), 1 <x <d (te[0,1]).
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Using the same arguments as in [14], we obtain for sufficiently large n

(5.3) P(4) 40

2 ;
" " LogB,)/mLogLogB,

where ¢(d) >0 depends only on 6.
We define the subsequence {n;: j=1} =N by the following recursion:

ni:=1, np=min{k>n;_,:B,2m-B, }, j=2
By definition we have:

(5.4) B,zm-B, ,, j22.

1?

Furthermore, we obtain from (5.1) and the definition of the n/s:

(5.5) B, =sK-m-B,  exp()/Llog,B, ), j22,

where K is a positive constant such that B,<K-B, ,exp()/Log,B,_,), n=2
and 7=B, <K.
This implies immediately:

(5.6) B, <(K-my exp(j}/Log, B, ).

From (5.6) we easily obtain: angexp(gj]/Logj), j=1, where K>0 is an
appropriate constant.
Therefore by (5.3)

o

(5.7) Y P(4,)=co.

i=1

Since the events A, j21 are independent by (5.4), we infer from the Borel-
Cantelli lemma

1=P(lim 4, )=P(lim 4,).
J n

We can now prove (5.2) by the same arguments as in [14], p. 215.
To prove Corollary 5, we use standard arguments. First, we assume w.l.o.g.
that the sequence T,, n=1 in Theorem 5 fulfills

(5.8) T,=I"?{(B,), neN,

where {{(t): t=0} is a d-dimensional Brownian motion on (Q,,%,, ). This
assumption can be justified by [6], Proposition 1.4.1 or [1], Lemma A.1.

Using the same arguments as in the proof of (2.40), we obtain from
Theorem 5 and (5.8)

(59) sup |0, (=T ,,0-0 as,
0=r=1

where {{,(¢): 0=t<1} is defined as in Proposition 2 and {(j(n):ne]N} is defined

as {U,,:neIN} with ¢, replaced by X, keN.
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Since Po°(U(n))nsN=P°(U(n))neN: we easily obtain from (5.9) and Proposition 2
the assertion.
To prove Corollary 6, we remark that

{(2B,Log, B,)""? ¥ &:neN} =mn,({U,,: neN})
and !
{r'?x:|x|<1}=n,(%), where n;: C,[0,1]>R?

is (trivially) continuous.

6. Lemmas

Lemmal. Let &,,...,¢: Q—>R? be random vectors such that E[|¢,]< oo for

some s>3 (1<k=<n). Set B,:=Y E[|£,|*]. Then we have for any given 5¢[3,s]
1

(@ “S/ZZE[If 1= “ZEEI& P

If we additionally assume that E[£,]=0 (1S k<n), we have furthermore

n _ A /2 - z
iR YENGRS (2] de-een (12 S B
1 ‘n !

)(5— 2)/(s—2)

where 7, (A,) is the smallest (largest) eigenvalue of I:=cov(¢ e FEY.

Proof. (a) follows from Lemma 2, [12] Chap. VI (applied to X, =|&,|, 1<k <n).
Note that this lemma is formulated in [12] for r.v.’s with zero means. But it
can be easily seen from the proof in [12] that this lemma is also applicable in
our situation.

(b) follows from (a), since d1,<B,<dA,,.

Lemma2. Let ¢,...,¢ 0 Q—>R? be integrable random vectors with zero means.
Set for a fixed 6>0:

Gi=&1{181<8),  E:=§ —E[E], 1<k=n

Then we have:
max
12k=n

Proof. W.lo.g. we assume 6=2 Y E[|&,]21{|&,|>6}]1<1. In this case we obtain:
1

Z En— Z Em‘é25}§5‘2 iE[lék|21{|5k1>5}]-
=1 k=1

m=1

SEGIS Y ENG-El1=5-1 Y ENEP 1{E)> 8] <,
k=1 k=1 k=1
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’

gkz P{&+&3<677 3 ENES 1{&]>6}].
=1 k=1

hence

k ko

Y lu— Y &
m=1

m=1

Zf Zé

m=1 m=1 1=k=n

>25} <P{ max

max
1=kzn

Lemma3. Let &,: Q—>RY 1<k<n, be independent random vectors with zero
means. Let s>2. Let A, be the largest eigenvalue of I:=cov({, + ... +&,). Then
we have for t>0:

P{ max

12kZn

> c zr}éc‘l (exp (—c—jliz)+t-sk§E[|5k|ﬂ)

m=1

with positive constants T, ,C, depending only on s and d.

Proof. W.l.o.g. we assume t =3 ]/E]/ A4,.

= 2

(If t<31/3 ]//1—,l , the estimate is trivial, since in this case exp (—CZ i )

> exp(—94dz;)) A
Let &=(&. 1,..-» &0, 1=k <n. Since we have

max >t Z P{ max
1<k<n i=1 1<k=n

we obtain from Theorem 12 ([12], Chap. III)

i Em zt}§2i1’{

m=1 i=1

n

5 é,,,l_t/f}

m=1

Zé

m=1

P{ max

1£k=n

5 cufzueval

The assertion follows from the last inequality by an application of Corollary 4
([9], p. 653).
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