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1. INTRODUCTION

The partial (inverse) Fourier integral of a Schwartz function f on R is defined
as

IS .,
SUE, 2) = / f(eemiEr ag

where f denotes the Fourier transform of f. The behaviour of the partial Fourier
integrals as £ tends to oo has been a subject of interest for a long time. The
following uniform control is well known:

Theorem 1.1. Suppose f is a Schwartz function and 1 < p < 0o, then
(1) I Sup ISTAE ey < Cpll flleey-

By a standard approximation argument it follows that S[f] may be meaningfully
defined as a continuous function in ¢ for almost every x whenever f € LP and the
a priori bound of the theorem continues to hold for such functions.

Theorem 1.1 is intimately related to almost everywhere convergence of partial
Fourier sums for functions in L”[0, 1]. Via a transference principle [12], it is indeed
equivalent to the celebrated theorem by Carleson [2] for p = 2 and the extension
of Carleson’s theorem by Hunt [9] for 1 < p < oo; see also [7],[15], and [8].

The main purpose of this paper is to sharpen Theorem 1.1 towards control of
the variation norm in the parameter ¢. Thus we consider mixed LP and V" norms
of the type:

B =

K T
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We will prove the following, where " =r/(r — 1):

Theorem 1.2. Supposer > 2 and r' < p < co. Then

(2) ISU e vry < Cprll fllzo)-
At the endpoint 7 = p we have the result:

Theorem 1.3. Suppose 2 < r < oo and r' = p. Then for all measurable functions
f and sets F with |f| < 1p, we have

Nz (IS o) vy = A < Gyl F.

Note that if in the above definition of the mixed L” and V" norm we interchange
the order between integration in the x variable and taking the supremum over the
choices of K and the points & to {x so that these choices become independent
of the variable x, then the estimates corresponding to Theorems 1.2 and 1.3 are

weaker and follow by an inequality of Rubio de Francia [22], see also the proof [13]
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which is closer to the methods of this paper. As will be discussed in Section 2, the
conditions on the exponents in Theorem 1.2 are sharp, and in the range of Lorentz
norms no better than the stated weak-type estimate is possible in Theorem 1.3.

While the concept of r-variation norm is at least as old as Wiener’s 1920s paper
on quadratic variation [25], such norms and related oscillation norms have been
pioneered by Bourgain [1] as a tool to prove convergence results for ergodic aver-
ages. Bourgain’s simple motivation is that the variational estimate, rather than
the weaker L estimate, allows him to prove pointwise convergence without previ-
ous knowledge that pointwise convergence holds for a dense subclass of functions.
Such dense subclasses of functions, while usually available in the setting of analysis
on Fuclidean space, are less abundant in the ergodic theory setting. In Appendix
D we demonstrate the use of Theorem 1.2 in the setting of Wiener-Wintner type
theorems as developed in [14].

Additionally, we are motivated by the fact that variation norms are in certain
situations more stable under nonlinear perturbation than supemum norms. For
example one can deduce bounds for certain r-variational lengths of curves in Lie
groups from the corresponding lengths of the “trace” of the curves in the corre-
sponding Lie algebras, see Appendix C for definitions and details. What we have in
mind is proving Carleson type theorems for nonlinear perturbations of the Fourier
transform as discussed in [19], [20]. Unfortunately the naive approach fails and
the ultimate goal remains unattained since we only know the correlation between
lengths of the trace and the original curve for r < 2, while the variational Carleson
theorem only holds for » > 2. Nonetheless, this method allows one to see that
a variational version of the Christ-Kiselev theorem [4] follows from a variational
Menshov-Paley-Zygmund theorem which we prove in Appendix B. The variational
Carleson theorem can be viewed as an endpoint estimate in this theory.

The Carleson-Hunt theorem has previously been generalized by using other
norms in place of the variation norm, see for example [14], [5], [6].

Our proof of Theorem 1.2 will follow the method of [15] as refined in [8]. In
Section 3 we reduce the problem to that of bounding certain model operators which
map f to linear combinations of wave-packets associated to collections of multitiles.
In Section 5 we bound the model operators when the collection of multitiles is of
a certain type called a tree; this bound is in terms of two quantities, energy and
density, which are associated to the tree. These quantities are defined in Section 4
and an algorithm is given to decompose an arbitrary collection of multitiles into a
union of trees with controlled energy and density. These ingredients are combined
to complete the proof in Section 6. Finally, a variational estimate which is crucial
for the proof of the model operator bound for trees is given in Appendix A.

The first author was partially supported by NSF VIGRE grant DMS 0502315.
The second author was partially supported by NSF grant DMS 0652890. The third
author was partially supported by NSF grant DMS 0701302. The fourth author
was partially supported by a grant from the McArthur Foundation, and by NSF
grant DMS 0649473. The fifth author was partially supported by an EPSRC grant.

2. OPTIMALITY OF THE EXPONENTS

In [11] it was shown that the condition > 2 is necessary for the Fourier series
analog of the bound (2) to hold; we begin by noting that similar considerations

apply to the Fourier transform on the real line. For any integer k, consider the
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dyadic averaging operator

Eilf)(z) = —

N |11, ()] I (2)

where I, (z) is the dyadic interval of length 2% containing z. From arguments
in [21] and [11] one sees that E is unbounded from L? — LP(V;?). Applying the
square-function estimate from Appendix A it then follows that for 1 < p < oo, the
operator f — fxy, is unbounded from LP — LP(V}?), where x denotes convolution,
where ¢ is a Schwartz function with ¢ (€) = 1 for |¢] < 1 and ¢ = 0 for |¢| > 2,
and where 1), = 275 (27%.). Letting S;[f](x) = S[f](t, ) — S[f](—t, ) one applies

the standard estimates

1/2 1/2
I (ZISzk[ngQ) v < Gl <Zlgkl2> e )

kEZ keZ

f(y) dy

and

1/2
I (Z (Y — 1) * f|2> o) < Cp || fll pogwy

keZ
with gr = (¢Yx — Yr41) * f to see that

1/2
I (Z |So-k[f] = Vg1 * f|2> @ < Cpllfll o)
keZ
for 1 < p < co. We thus have f — S,—«[f](z) unbounded from L? — L2(V}?) and
hence S is unbounded from L? — LP(V?) for any p.

The necessity of the condition p > 7’ is a consequence of the following argument.
First note that, for 1 <t < 2 we have

sin(tx)
S = )
o)) =
For integers n let t,,, = @ so that
sin(tynx)  sin(tynqiv)| 2
x x e

For each = let E(z) = [1,2] N {t,», : n € Z} and note that for large |z|, the
cardinality of F(z) is > C|z| and so

ISi[-a)(@)llvy = C(L+ |2])7
It follows that [|S[¢_1]|[zpr) = oo for p < 7/, and in fact the Lorentz norm
HS[Q/J,l]HL;/,S(W) = oo for s < oc.
3. THE MODEL OPERATORS

To start the proof of Theorems 1.2 and 1.3, we first linearize the variation norm.

Fix K, measurable real valued functions & (z) < ... < &x(x), and measurable
complex valued functions a,(z), ..., ax () satisfying |ay(z)|” + ... + lax(z)|[” = 1.
Letting
K
S'f1(x) =Y (SI1(& (), x) = S[f1(E(2), 2))ar(w)
k=1
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Theorem 1.2 will follow by standard arguments from the estimate

(3) ISl er@) < Ol fllze)

where C' is independent of K and the linearizing functions, and where f is any
Schwartz function (an analogous statement holds for the endpoint p = 7’ result,
all such considerations for Theorem 1.3 will henceforth remain implicit).

Let D = {[2%m,2%(m + 1)) : m,k € Z} be the set of dyadic intervals. A tile
will be any rectangle I x w where I,w are dyadic intervals, and |I||w| = 1/2. We
will write S" as the sum of wave packets adapted to tiles, and then decompose the
operator into a finite sum of model operators by sorting the wave packets into a
finite number of classes.

For each k,

SU)(Exr2) — SUf)(Eprr ) = / L e () F(O) de.

To suitably express the difference above as a sum of wave packets, we will first
need to construct a partition of 1¢, | ¢ ) adapted to certain dyadic intervals. The
fact that (£,_1, &) has two boundary points instead of the one from (—oo, &) will
necessitate a slightly more involved discretization argument than that in [15].

For any { < &', let J¢¢ be the set of maximal dyadic intervals J such that
J C (&,¢) and dist(J, §),dist(J, &) > |J|. Let v be a smooth function from R to
[0, 1] which vanishes on (—oo, —1/100] and is identically equal to 1 on [1/100, o).
Given an interval J = [a,b) and i € {—1,0, 1}, define

w1i(§) =v (;‘_JT) -7 (%) .

For each J € J¢ ¢, one may check that there is a unique interval J' € J¢ ¢ which
lies strictly to the left of J and satisfies dist(.J’,J) = 0, and one may check that
J' has size |J|/2,|J|, or 2|J|. We define ¢; = ¢y where i(.J) is chosen so that

|J'| = 2°)|.J|. Then
1(575/): Z @J-.

JEJg,g/

We now write each multiplier ¢, as the sum of wave packets. For every tile
P =1xJ,define ¢p(z) = /|I]|\/0(x —c(I)) where ¢(I) denotes the center of the
interval I and ~denotes the inverse Fourier transform. For each .J, we then have

> (f ) G155 = f1.
|[11=1/(2|J)
This gives:
K
S'fx) = > > fbia) dres | (@),

k=1 \J€J¢, (), II=(1/(2]T]))

The wave packets will be sorted into a finite number of classes, each well
suited for further analysis. Sorting is accomplished by dividing every J¢¢ into
a finite number of disjoint sets. These sets will be indexed by a fixed sub-
set of {1,2,3} x {1,2,3,4}* x {left, right}. Specifically, for each (m,n,side) €
{1,2,3,4}2 x {left, right}, we define

o Jee (tmmnsidey = 1J € D J C (§,£), {isin the interval J—(m+1)|J]|, £ is
in the interval J + (n+ 1)|J|, and J is the side-child of its dyadic parent}.
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o Jeeommnsidey = {J € D J C (£,€), € is in the interval J — (m + 1)|J],
dist(¢’, J) > n|J|, and J is the side-child of its dyadic parent}.

o Jee 3mmnsidey = 1J €D J C (&), dist(&,J) > ml|J|, £ is in the interval
J+ (n+1)|J|, and J is the side-child of its dyadic parent}.

We will choose R C {1,2,3} x {1,2,3,4}? x {left, right} so that for each &, ¢,
the collection {J¢ ¢ ,}per is pairwise disjoint and Je g = Upepde e, We will also
assume that for each p € R there is an i(p) € {—1,0, 1} such that |J'| = 2!)|J]|
for every &€ < &', J € Jep, and J' € J¢g with J' strictly to the left of J and
dist(J, J') = 0. One may check that these conditions are satisfied, say, for

R={(1,2,1,left), (1,2,2, left), (1,3, 1, left),
(1,3,2,left), (2,1, 1, left), (2,1, 1, right), (2, 2, 1, right),
(3,4, 1,left), (3,3, 1, right), (3, 4, 2, left) }.

It now follows that

S'f1=Y_8lf]

pPER
where

K

Sf@) =Y S bra) brca | awla).

k=1 JEJgkil(z),fk(z),p |I|:1/(2‘J|)

It will be convenient to rewrite each operator S” in terms of multitiles. A
multitile will be a subset of R? of the form I x w where I € D and where w is the
union of three intervals wy, w,,wy. For each p = (I, m,n, side) € R, we consider
a set of p-multitiles which is parameterized by {(I,w,) : I,w, € D,|I||lw,| =
1/2, and w, is the side-child of its parent}. Specifically, given w, = [a,b)

o If p = (1,m,n, side) then w; = w, — (M~ 1)|w,| and wy, = wy, + (P +1)|wy|.

o If p = (2, m, n, side) then w; = w, —(Mm+1)|w,| and wy, = [a+(n+1)|w,|, 00)

o If p = (3, m,n, side) then w; = (—o0, b — (M + 1)|wy|) and wy, = w, + (n +
1)|wal-

For every p-multitile P, let ap(z) = ag(z) if k satisfies 1 < k < K and &_1(z) € w,

and & € wy, (such a k would clearly be unique), and ap(x) = 0 if there is no such
k. Then, using P, to denote the set of p-multitiles, we have

Sf)(x) = Y (f,¢p) dp(x)ap(z)

PeP,

where, for each p-multitile P, ¢p(z) = \/|I|\/Pun.ip) (@ — c(1)).
Inequality (3) and hence Theorem 1.2 will then follow after proving the bound

(4) IS?[f e < Cllfllze

for each p € R. The argument for the case p = (3, m, n, side) is analogous to that
for the case p = (2, m, n, side), so below we will assume p = (2, m, n, side) in which
case we say that p is a 2-index or p = (1, m, n, side) in which case we say that p is
a l-index.

5



4. ENERGY AND DENSITY

We want to prove

| Z (f, op) dpap| r@) < Ol f|l e
P

where P ranges over an arbitrary finite collection of p-multitiles, p is a 1 or 2-index,
and C' does not depend on this collection or on the linearizing functions (which
were used to define the functions ap). By a standard limiting argument, this is
sufficient to prove (4) and hence Theorem 1.2.

The wave packets ¢p are adapted to the multitiles P in the following sense. For
each P, QASP is supported on the interval with the same center as w, and % the
diameter, which we denote %wu. Fixing a large C' and N and defining, for each I,

we have
(5)

for n > 0, where the constant above may depend on n.

Fix 1 < (5 < Cy < (Y such that for every multitile P, ép is supported on Csw,,
Cowy N Cowy = 0, Cow, Nwy, = 0, Cow; C Ciwy, Cow, C Chw;. One may check that
the values C5 = 11/10,Cy = 2, and C = 12 satisfy these properties.

Given a dyadic interval Iy and a point {r € R, we say that a collection T of
multitiles is a tree with top interval I7 and top frequency &r if I C Ip and wr C wy,
for every P € T where wr is the interval [(r—(Co—1)/(4|I7]), &0+ (Co—1) /(4|17]))
and w,, is the convex hull of Cow, UChw;. A tree T will be said to be [-overlapping
if for every P € T, &7 € Cowy; it will be said to be [-lacunary if for every P € T,
fT Q ngl.

We split our arbitrary finite collection of multitiles into a bounded number of
subcollections (i.e. henceforth all multitiles will be assumed to belong to a fixed
subcollection) to obtain the following two separation properties.

A

= < 1"y ()

(G—ZWic(wu)z¢P) (l’)

Cy —C
(6) If P, P satisfy |w!| < |wa|, then || < —2—"2|w,].
204
(7) If P, P satisfy Cw, N Ciw,, # 0 and |w,| = |w,,| then w, = w.,.

From (6), it follows that if P, P" € T, T is a [-lacunary tree, and |w)| < |w,| then
Csw; N Csw) = (), and that if P, P’ € T, T is an l-overlapping tree, and |w!| < |w,|
then Csw, N Csw!, = 0. From (7), it follows that if P,P’ € T, T is a tree, and
|wu| = |wl,|, then T NI = 0.

Given any collection of multitiles P, we define

energy(P) = SlTlp \/ﬁ Z | {f,op) |7

PeT

where the sup ranges over all [-overlapping trees T' C P. We set

density (P) =
6



K 1/r’
—sup (= / (14 |z = () /)™ law(@)| Tup (G (2)) da
T |[T| E 1

where the sup is over all non-empty trees 7' C P, and where £ C R is a fixed set
which will be chosen later .

The following proposition allows one to decompose an arbitrary collection of
multitiles into the union of trees, where the trees are divided into collections T
with the energy of trees from T; bounded by 277. The control over energy is
balanced by an L? bound for the functions Nj; = > pcq. 1oy, In contrast to [15]

and [8], it is necessary here to consider ¢ > 1 and [ > 0 in order to effectively
use the tree estimate Proposition 5.1 with ¢ > 1. The bound (11) permits one to
make further decompositions to take advantage of large |F| in the L? bound for
the N;; while maintaining compatibility with bounds for trees with a fixed density
obtained from Proposition 4.2.

Proposition 4.1. Let P be a collection of multitiles with energy bounded above by
e, and let | f| be bounded above by 1. Then, there is a collection of trees T such
that

(8) > |Ir| < Ce | F
TeT
and
energy (P \ UrerT) < e/2.
and such that, for every integer [ > 0,
9) | Z Loy, lBvo < C2%e2.
TeT

Furthermore, if for some collection of trees T’,

(10) P=|JT

T €T’
then
(11) Sl <C D Inl.
TeT T'eT’

Above, and subsequently, || - [|pymo denotes the dyadic BMO norm.

Proof. Without loss of generality, assume that e > 0. We select trees through an
iterative procedure. Suppose that trees Sj, T have been chosen for k£ = 1,...,7.
Set

J
P, =P\ | JTx
k=1

If energy(P;) < e/2 then we terminate the procedure, set T = {T}}1<1<; and
n = j. Otherwise, we may find an [-overlapping tree S C P, such that

T ) 2

Pes

(12)

Choose such a tree S; 1 with {s.,, maximal in the sense that for any [-overlapping
tree S satisfying (12) with {s > &g, we have that (Sj;1,&s,ls,,,) is an [-

overlapping tree. Let T}y, be the maximal, with respect to inclusion, tree with
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top data ({s,,,, Is;,,). This process will eventually stop since each T} is nonempty
and P is finite.
To verify (8) it suffices to show

 Sngl) <o 3
NI ) <S> )
7] 2 7] 2

Since the S; satisfy (12), we have

2 n 2
(%ZUS]W) < 422' |F|1/2’¢P
=1

j=1 PeS;

Since ||‘F|L1/2||L2 < 1, the right hand side above is

<1GZZZ > |F|1/27¢P H<|F|1/27¢P>||<¢P7¢P/>‘

j=1 k=1 PeS; P'eSy,

By symmetry, it remains, for (8), to show that

@) D3> > HLeRllhomlior op) | < Ce Y1)

j=1 k=1 P€S; P'eSy:|I'|=|1]|

and

(14) 30> WL enIf el (op dp) | < Ce*> s
j=1 k=1 P€S; P'cSy:|I'|<|I| J=1

In both cases, we will use the estimate

(15 oroml 0 () fur 1)

which holds whenever |I'| < |I].
Estimating the product of two terms by the square of their maximum, we see
that the left side of (13) is

SQZZZ Z [(f, o) 2] (Dp, dpr) |.
j=1 k=1 P€S; P'eSy:|I'|=|1|

Recall that (¢p, ¢) = 0 unless Csw, N Csw!, # 0. Thus, by (7), (15) and the fact
that the S are pairwise disjoint, we have that the display above is

SQZZ|<f>¢P>|2 Z <w1,11'>§2022|<f7¢13>|2

j=1 PeS; I':|\I'\=|1| j=1 PeS;

Since the energy of P is bounded above by e, the right side above is

<20) eI
j=1

which finishes the proof of (13).



Applying Cauchy-Schwarz, we see that the left side of (14) is

1/2 oy 172

SZ Z|<f>¢P>|2 Z Z Z [(f, )| (PP, dp) |

n
j=1 PES]' PES]' k=1 P/ES)C:‘I/‘<|I|

Twice using the fact that the energy of P is bounded by e, we see that the display
above is

<) U1 Do (D2 Do [ewllplom)]
j=1

PeS; \ k=1 P'eSy:|I'|<|I]

2\ 1/2

Thus, to prove (14) it remains to show that, for each j,
2

DU X ee e Pep) || <Ol

PeS; \ k=1 P'eSy:|I'|<|I]

Again, we only have | {¢p, [Ip/|"2¢p) | nonzero when Csw, N Csw], # ) which can
only happen if sup Csw, € Csw! or inf Csw, € Csw!,. Applying (15), we thus see
that the left side of above is

2

<2) (>0 D0 e[ (w1

PeS; \ k=1 P'eS:|I'|<|I|
sup Cawy, €C3w!,
2

+23 (> Y e (wr 1y)

PeS; \ k=1 P'eSy:|I'|<|]|
inf Cw, €C3w),

Suppose P € Si, P' € S, P # P, |I'| < |I| and Csw, N Csw!, # 0. If |I'| = |1],
then from (7) it follows that w, = w!, and hence, since P # P’, we have INI" = ().
If [I'| < |I], then from (6) it follows that {5, > {s,, and &g, ¢ Cowy, and hence
k < k. But ws, Cw,, and P’ ¢ Ty, so I'N I, = (). We conclude that each of the
two terms above is

2
a6) <23 el (wn e ) <2 30 20 > (wnleg)

Pes; l:21§|lsj\ pes;:|I1=2
One may check that for each [
Z <w1, 1R\15j> <C
PES]':‘I‘ZW

and so the right side of (16) is < C|I,|, which finishes the proof of (14) and thus

(8)-

For (9), we need to show that for each dyadic interval .J, we have

1 1 )
m/JIZ Lotp(z) — m/JZ Lo, () dy| do < 0222,
9
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To this end, it will suffice to show that
(17) > Il < e,

TeT
JN2 I #0,J

Let T = {T €T:IrC 241 T | I7| < |J|} and note that if T € T with 2' 7 N J #
0,J then T € T. Write f = f"+ f” where [f'| < lows; and [ 7] < Ig\giesy.
We will write T as the union of collections of trees T U T° U T U . .. each of

which will have certain properties related to the energy. For each tree T € T there
is an l-overlapping tree S chosen in the algorithm above with /g = I and

1
ﬁZ‘<fa¢P>|2 > e* /4.
pes
Let T ={T' € T: |I—IS‘ZP65 [(f", ¢p)|> > €*/16}. For j > 1, define
j T 1 "
T/ ={TeT: suwp D U op)? > € /16}

S’CS |IS/| Pes’

(18)

where, for each T', the sup above is taken over all [-overlapping trees " with S C .
We then let T={T € T\ (TUT!'U...)}.
For each j, we have

dolrl<C )y 2y (")l
TeTi TeTi PeS:|I1<2-7|J|
Since the S above are pairwise disjoint, the right hand side is

(19) <CPey D [ en)

k>j P:|11=2"%|J]|
Ic2i+g

Fixing k, we apply Minkowski’s inequality to obtain

1/2

S oenls| Y S [k o)

P|I|=27F]J| K:|K|=2'"F1J) \ P:|I|=27%|J]|
Ical+ly Kn2!+2J=0 Icol+ly

where above, we sum over dyadic intervals K and use the fact that f" is supported
on R\ 2/+5.J. Since ¢ppr = ce?(c@)=cwu) ¢y, when I = I', we may use orthogonality
and the fact that |f”| <1 to see that the right side above is

1/2\ 2

< C27k|J| > > lkorlli

K| K|=21"%J| \ I:|I|=2"F|J]
Kn2it27=( IcoHtty

where for each I, P; is any multitile with time interval /. Using (5) gives
Ikép 72 < C(1+dist(K, 1)/ 1),
and so we see that the display above is

< C27 M)
10



Summing over k and 7, we conclude that
> Iz < ce?).
Teu;T;
Thus, to prove (17), it suffices to show
> lIr < Ce 2.
TeT’

Let T € T and let S” be any l-overlapping tree contained in S satisfying |Is/| <
|I5|. Since the energy of P is bounded by e and since T is not in any T/, we have

|S,|Z|f¢P|2 Z| (f",op)? < Ce*.
PES’ pes’ PGS/
From (12) and the fact that T' ¢ T°, we have
Z| L op) |2 > €?/8 — €216 = €?/16.

PeS

By the same reasoning as in the proof of (8), we thus have
Yozl < Ce?|f5 < Cle?2 ).
TeT!

Moving on to (11), for each T € T, let S be the corresponding [-overlapping
tree from the selection algorithm above and recall

Dolle/2P < Y [{fwa)

TeT PeUrer S

Since P = (Jpep 17, the right side above is

<> D TGw) P+ DY D [{(fw) P

T'eT PET'NUper S T'eT PeT’'NUrper S
&1 €Cawy & >inf C3wy,

+ ) > | (fowa) |

TeT’ PeT’'NUrer S
sup Caw; <&7/ <inf C3wy,

Since P has energy bounded by e

SO HwaP<s S el

T'eT PET'NUrper S TeT’
& €Cawy

Since the rectangles {I x [inf Csw,, sup Cowy) : P € | Jpop S} are pairwise disjoint,
we apply the energy bound again to see that

YooY w)P<d Y Sl )y Sl

T'eT’ PET’DUTGT S T €T’ PGT’OUTGT S T €T’
& >inf C3wey & >inf C3wy

Now, suppose P € T'N S, P € TN S where T,T € T and
& € [sup Cowy, inf Cw,) N [sup Cowy, inf C30,),

and suppose I C I and P # P. From (7) we have I C I. We also have inf Co&; <

sup Chw; since otherwise it would follow that S was selected prior to S and hence
11



P € T which is impossible. From (6), we have inf Co&; > sup Csw; and so P is in
the maximal [-overlapping tree with top data (I,inf Cod;).

For each 7" € T’ let T" be the collection of multitiles P € T" N (Jop S with
& € [sup Cowy, inf C3w,) and I maximal among such multitiles. Then

> > [(Frw) <D D) > [(f,wa) [

€T’ PeT’'NUrper S T'eT! P'eT” PeT'NUrper S
sup Cow; <& <inf Czwy, sup Cow; <& <inf Czwy,
ICI//

Considering the discussion in the preceding paragraph, we may apply the energy
bound to see that the right side above is

Y S 2R < Y 2l
T/eT/ P//eT// T/eT/
We thus obtain (11). O

The proposition below is for use in tandem with Proposition 4.1.

Proposition 4.2. Let P be a collection of multitiles and d > 0. Then, there is a
collection of trees T such that

(20) S Il < cd B
TeT
and such that
density (P \ UrerT) < d/2.

Proof. We select trees through an iterative procedure. Suppose that trees 7}, Tj+,
T have been chosen for j =1,... k. Let

k
P, =P\|JuTUT; .
j=1
If density (Py) < d/2 then we terminate the procedure and set
T={T.T/,T,....Ti, T} T }.

Otherwise, we may find a nonempty tree T' C Py such that

1 —4 T/ o
(21) m/E(lﬂx—C(IT)I/IITI) Yo la@)” dz > (d/2)".

k:fp_1(x)€wr

Choose Ty41 C Py so that |Ir, +1| is maximal among all nonempty trees contained
in Py, which satisfy (21), and so that Ty is the maximal, with respect to inclusion,
tree contained in Py, with top data (I, &ry,, )- Let T, C Py be the maximal tree
contained in Py, with top data (Iry,,, &7, , +(C2—1)/(2|I1,,,])) and T, ,, C Py, be
the maximal tree contained in Py with top data (Ir, ., ¢z, — (C2 — 1)/(2|IT,€Jr1 ).
Since each T} is nonempty and P is finite, this process will eventually stop.

To prove (20), it will suffice to verify

(22) > || < Cd|E.
J

To this end, we first observe that the tiles I, X wr, are pairwise disjoint. Indeed,

suppose that (I, xwr,)N(I1, xwr,) # () and j < j’. Then, by the first maximality

condition, we have |Ir;| > [Ir,| and so I, C I, and |wr| < |wr,|. From the
12



latter inequality, it follows that for every P € T}, either wy, C wp, wp+ C Wiy, OF
J
wr- C Wy Thus, T C T; UT;" U T, which contradicts the selection algorithm.
J

Breaking the integral up into pieces and applying a pigeonhole argument, it
follows from (21) that for each j there is a positive integer [; such that

(23) Ip,| < C2%d / S @) dr

l .
j
BNz Iz ki1 (z)ewr;

For each [ we let T = {T} : ; = [} and choose elements of T": T T, ...
and subsets of T": T(ll), Tg), ... as follows. Suppose Tj(l) and Tg-l) have been chosen
forj=1,...,k IfTO® \Uf:1 Tg.l) is empty, then terminate the selection procedure.
Otherwise, let T,iﬂzl be an element of T® \U§:1 Tg-l) with |IT&1| maximal, and let

k
l l
Ty, = {7 e TO\NJ T : (2'r xwr) (QZIT,SLH X wp ) # 0}
j=1

By construction, T® = [ i Tg-l) and so
(24) Z [ Ir| < Z Z [ I7].
TeT® i etV
Using the fact that the tiles I7; x wr, are pairwise disjoint, and (twice) the fact
that |I7| < [[ 0] for every T' € T;l), we see that for each j
J
Z |Ir| < 02l|[T§z)|.
J
TeT!!
From (23), we thus see that the right side of (24) is

<c2¥a [ Y)Y Ja@) d
E .
J

J .
kg1 (I)EwT](z)

Since each "1, |ax(z)|” < 1 and the tiles 2l[Tj(l) X w

display above is

T are pairwise disjoint, the

< 027247 |E)|.

Summing over [, we thus obtain (22). O

5. THE TREE ESTIMATE

The following bound allows us to estimate the model operator in the special case
where the collection of multitiles is a tree. The bound will be applied in Section 6
with ¢ = 7" and ¢ = 1.

Proposition 5.1. Let T be a tree with energy bounded above by e and density
bounded above by d. Then, for each 1 < q < 2

(25) | Z<fa ¢p)paplplLe < Ced™™ 71D [p|'a,

PeT
13



Furthermore, for 1 > 0 we have
(26) | Z<f> Op)dpaplpl|Lamairyy < C27H N T10egmnLr/ D 11/,
PeT

The bounds above also hold for 2 < ¢ < 0o, but we omit the proof for this range
of exponents since it requires an additional LP estimate for ), (f, ¢p)¢p, and
is not required for our purposes.

Proof. Let J be the collection of dyadic intervals J which are maximal with respect
to the property that I ¢ 3.J for every P € T.
Our first goal is to prove
(27)
I Y (fép)dpaplelli < Ced™ D111 + dist(Ip, J) /| Ir]) =N
PeT:|I|<C"|J|

for each J € J, where C” > 1 is a constant to be determined later. By Holder’s
inequality, we may assume that ¢ > 7. Fix P € T with |I| < C”|J|. From the
energy bound, we have

(28) I(f, dp)dparlpllioy < Ce(l+dist(Z, J)/[I))~laplp| paw)-

From the density bound applied to ~ 1/(Cy — 1) nonempty trees, each with top
time interval I, we obtain

i [asle=cn Y el e <o

ki _1(z)€w
Since I ¢ 3.J, it follows that 1+ |z —y|/|I| < C(1 +dist(I, J)/|I]) for every x € J
and y € I. Thus
”aPlEH%q(J) < HaPlEHTL,r’(J) < C(1 + dist (I, J)/|[‘)4‘]|d’"/

where, above, we use the fact that |ap| < 1. Since |I| < C”|J] the right side above
is
< O(1 4 dist(I, J)/|I])*].J|d"".
and so the right side of (28) is
< Ced™ /9| J|M9(1 4 dist (1, .J)/|I|)~ N9,
Summing this estimate and using the fact that T is a tree, we have
| >0 (forbparleli < C27HQU+ dist(Ir, J)/|rl) Y Oed /1|7
PeT:|T|=2-*|J]|

and summing over k gives (27).
Using the maximality of each .J, we see that if [ > 4 and J N (R\ 2'17) # () then
dist(I7,J) > |J|/2 and |J| > 2/73|I7|. Tt thus follows from (27) that

I Z<fa op)dpaplp| L.

PeT
< C(|Ir|/|T)(dist(Ir, J)/|J])~ed™ /D | Iy | ag =IO

whenever J N (R \ 2'17) # (. Summing over all .J, we thus obtain (26) for [ > 4.
It remains to prove

(29) 1> (f, dp)bparipll Lo < Ced™™ /D 1p]1,

PeT
14



and, again, we may assume that ¢ > r’. The first step will be to demonstrate

(30) /J > aw@)” dv < Cd”|J|

neE k:p—1(z)€wy

where wy = Uper, 10y @i-

We will say that an [-overlapping tree T' is [~-overlapping if for every P € T,
&7 < inf w;. We will say that an l-overlapping tree T' is [*-overlapping if for every
P e T, & > infw;. For the remainder of the proof, we assume without loss of
generality that 7T is either [T-overlapping, [~-overlapping, or [-lacunary. .

By the maximality of J there is a multitile P € T with I C 3J where J
is the dyadic double of J. This implies that there is a dyadic interval J' with
|J| < |J'| <4]J| and dist(J, J") < |J| and I C J'.

If T is [*-overlapping then 7" = ({P},&r, J') is a tree. For every P’ € T with
|I'| > C"|J|, we have w] C [&r—C4/(2C"|J]), {r+C1/(2C"|J|)) . Thus, by choosing
C" >8C1/(Cy — 1), we have wy C wy.

If T is I~-overlapping then 7" = ({P},&r + (Cy — 1)/(4]J]), J') is a tree. Using
the fact that T"is [~-overlapping, we see that w] C [&7,{r + Co/(2C"]J])) for every
P’ € T with |I'| > C"|J|. Thus, by choosing C" > 4Cy/(Cy—1), we have w; C wyr.

If T is [-lacunary then 7" = ({P},&r — (Cy — 1) /(4] J])) is a tree. Using the fact
that 1" is [-lacunary, we see that w] C [{r — C1/(2C"|J]), &r) for every P’ € T with
|I'| > C"]J|. Thus, by choosing C” > 4C;/(Cy — 1), we have w; C wy.

In any of the three cases, the density bound gives

g [l = Y ) de <

k:&p—1(x)Ewpr

and hence (30).

We now show that if 7" is [-lacunary then (29) follows from (30). We start by
observing that for each x there is at most one integer m and at most one integer
k such that there exists a P € T with |I| = 2™, {1 € wy, and & € wy,. Indeed
suppose such a P exists, and P’ € T with [I’| > |I|. Since T is [-lacunary, we
have inf(w]) > sup(w;) by (6), and so &_; < inf(w;). We also have & > sup(wr) >
sup(w)) since Cow, Nwy, = 0 and &r ¢ Cowj. It follows that there is no k" with
Ep—1 € Wy

We thus have

I > (fiop)erarlpllt .,

PET:|11ZC"]J|
< ja(2)] (f, ¢p)op(2)| | da.
/‘mE PeT:%QM(z)

where, a(x) = ag(z) if there exists an m(z) as in the previous paragraph with
2m(*) > C"|J|, and a(z) = 0 otherwise. From the energy bound and the bound for
|pp|, the right side above is

q

< /E o@ Y e+l — eI de

PET:|I|=2m()
15



Noting that Y- perjj—gm (L+]z —c(D)]/|I[)~" < C, we see that the display above
is

< Ceq/ la(x)|? dx
JNE
and by our choice of a(x), the display above is
a/r

SC’eq/ ar(z)|” dx
. > (@)

ki _1(v)€wy
Using (30) and the fact that 3" |ax(z)|” < 1, the display above is
< Cetd”|J|.

Summing over J gives (29).
It remains to consider the case when 7' is [-overlapping. For each J, we have

q/r’

/

GU | (for)orarlallyy, < /E S @l | x

PETHI|>C"|J] ko1 (2) €ws

r\ q/T

Z Z (f,op)op(7) dzx

k:fp_1(z)ewy |PET:I|>C"|J|,Ep—1(x)Ewr Ep(T)Ewp

By breaking up T into a bounded number of subtrees, we may assume without
loss of generality that for each P € T, & € w; + jlw;| for some integer j with
|7] < Cy. We will show that, for any &_1 < &, there exist integers l; < Il with
21 > |J| such that

(32) > (f,0p)0p = (277 (b, — 1,)) * > _(f, dp)dp

PeT:I|>C"|J|,Ep—1€wr,ELEWR PeT

where 1, = 27%4)(27%), and ¢ is any Schwartz function with 1@(5) =1 for [£] <
C1+C3 and (&) = 0 for || > 2C,. From (6) we have, for each [ such that 2! = |I
for some multitile P,

(™)« > (foop)op = > (f.ér)p.

PeT PET:|I|>2!

Thus, to prove (32) it will suffice to show that there exist integers /; and Iy such
that

(33) {Pe€T:|I|>C"J|, &1 €w,é €wpy={PecT: 2" <|I| <22}

Again using (6), we see that for P, P’ € T with |I| < |I’| we have infw; < infwy,
and if we are in the setting of p-multitiles where p is a 1-index, we have the stronger
inequality supwj, < infwy,. Thus, (33) will follow after finding /; and Iy with

(34) (PeT: & 1cwy={PcT: 2" <|I| <22}

The equation above follows when [j| > 1 from the fact that w,Nw] =0 if P, P' € T
and || < |I'[; it follows when j = 0 from the fact that the intervals {w; : P € T}
are nested. Finally, when j = 41 it follows from the property that if P, P, P" € T,
1], < |I'| < |I"] and w; Nw]" # @ then w]’ C w] C w.

16



Using (32), we have

r\ 1/r
> > (f.ép)0p(z)
k:fk_l(z)ew_; PET:\I\ZC”|J\,fk_l(ac)Ewl,fk(ac)Ewh
< (™€) > (f Dp)dp () vy 2+ 108,011
PeT
For log,(|J]) < k1 < ko, we have
(62MET.(1/%1 - w/@)) * Z<f’ ¢P>¢P
PeT
= (€™ Pestogy () * (€77 (i, — Uny)) % Y _(f, dp)ép
PeT
and so, for x € J
(> 4hy) % > (f, ) bp(@)llvy @ ++10820))
per
2 v 2milT-
< C'sup sup — [(e7™T 4y Z(ﬁ op)Or(Y) vy @+ +108,(.77)) DY-
z€J R>|J| |R| z—R

pPeT

Denoting the right side of the inequality above by M, we see that the right side
of (31) is

< Mid"|J| < d” /J M|l 5 (72> " (f,dp)p) vy ] () da

PeT

where M is the Hardy-Littlewood maximal operator. Summing over J gives

| Z(fa ¢P>¢PGP1EH%Q(161T)

pPeT

< Cetd” | Ir| + d” | M * (€77 3£, 62)00) v (@)% g1

PEeT
Since ¢ < 2, it follows from Holder’s inequality that the right side above is
< Cetd” |Ir| + Cd” | Ir|® 2| M|+ (€727 > (f, 0p)bp) v ) (@) 152 161,
PET

Applying the variation estimate (44) from Appendix A with p = 2 and the L?
estimate for M one sees that the display above is

< Ce'd” | Ip| + Cd” [ Ip|*=2|| > " (f, ép) bl
PeT

To finish the proof, it only remains to see that || > por(f, dp)op||7. < Ce?|Ir].
The left side of this inequality is

< Z Z | (f,op) || {f, &p) || (PP, Op) |

PET P/eT
< 22 | (f, op) |7 Z | (9P, dpr) |
peT PeT

17



Since T is an l-overlapping tree, we have (¢p, ¢p/) unless |I| = |I’|, in which case,
we have | (¢p, dp) | < C(1+dist(I, ") /|I])~™. Tt follows that the right side above
is

<O {f op) P < CIn.

pPeT

6. MAIN ARGUMENT

To prove Theorem 1.2, it will suffice by interpolation and monotonicity of the
V7" norms to prove the restricted weak type estimate

M Z (f, op) dpap| > A} < (j@

AP
PeP

where P is a finite collection of multitiles as in Section 4, F' C R, |f| < 1p, A > 0,
2<r<oo,and ' <p<(1/2—1/r)""
This is equivalent to proving that, for every £ C R,

1/p
{xGEr|Z<f,¢p>¢paP|>C(%) }

PeP

(35) < |E|/2.

After possibly rescaling, we assume that 1 < |E| < 2. It will suffice, by Chebyshev’s
inequality to show

(36) 11g Z (f.¢p) dpap|L@e < CIF|'P
PecP
for some exceptional set G with |G| < 1/4.

The density of P (which will henceforth be defined with respect to the set E
above) is clearly bounded above by a universal constant. Let 7" be any l-overlapping
tree. Writing f = f' + f” where f' = 13.f and f” = f — f', it follows from
arguments in the proof of (8) that

> or) P < CISIE: < Clixl.
PeT
Furthermore, since | f”| < 1g\31,, we have the estimate
(" o) | < CHIY2(L 4 dist(1, R\ 317)/[1)~N 0 < CUMA(|1|/| 1)V
Summing the inequality above, we obtain
ST bp) P < ClEr|

pPeT

and so the energy of P with respect to f is bounded above by a universal constant.
We first consider the case when |F'| > 1. Repeatedly applying Propositions 4.1
and 4.2 we write P as the disjoint union

P= U U T
j>0TET,

where each T; is a collection of trees T' each of which have energy bounded by
C2732|F|'/2, density bounded by C277/", and satisfy

> I <27

TET]'
18



For each j we apply Proposition 4.1 again, this time using (9) and (11) to write

Ur-U Ut

TET; k>0T€ET,

where each tree T € T} has energy bounded by C2-U+%)/2|F|1/2| density bounded
by C279/" and satisfies

(37) Z [Ir] < C2.
TETJ")C
and for every [ > 0
(38) 1> Lo llsmo < C2227HH |
TETJ")C

From (37), (38), and a standard technique involving the sharp maximal function,
it follows that for 1 < ¢ < o0

|7 tarlly < C2PPH R
TE'I‘]',]C
Let € > 0 be small and C’ > 0 be large, depending on p, q,r. For each j, k, [ define
Gina =1 Z Loy, > C/‘F|fl/q/2(1+6)(j+k+2l)}.
TGijk
By Chebyshev’s inequality, we have
|Gj L l| S 0/276(]’4’]64*2[)7

so setting G = |J; ;.50 Gjrg we have |G| < 1/4.
Applying Minkowski’s inequality gives

||1E Z <fa ¢P> ¢PCLP||L1(R\G)

PeP

<> e Do 1> (f0p) drarln@e, .

§,k>0 TET, PeT

+3 e Y Lappaig Y 0p) drarlp@e, .

1>1 TET, x PeT
From Hélder’s inequality, Fubini’s theorem, and the definition of G, it follows
that the right side above is < C(S; + S3) where
1/r

S| = Z ‘F|71/(q/r)2(1+6)(1+k)/T Z HlEZ (f,op) ¢Pap|]z'r,(R)

3,k>0 TET, PeT

and
1/r’

Sy = Z | F|"Y/ @) g G2t /r Z g Z (f, op) ¢PCLP||2;/(R\2I_IIT)
J:k>0 TET, PeT
1>1
19



Applying Proposition 5.1 with the energy and density bounds for trees T" € T s,
we see that

1/r'
S, <C Z ‘F|71/(q/r)2(1+6)(J'+k+21)/r271(N710)27(j+k)/2|F‘1/227j/r/ Z \I7|
jzkzo TET;
>1

<O} 20/ 29 IN 1) 1 /2-1/('r)

J,k>0
>1

Choosing € small enough and ¢ large enough so that (1 + €)(2/r) — 1 < 0 and
1/2—1/(¢'r) < 1/p we have Sy < C|F|*/?. We similarly obtain S; < C|F|'/?, thus
giving (36).

We will finish by proving (36) for |F| < 1. Here, we let G = {M|[1p] > C"|F|}
where M is the Hardy-Littlewood maximal operator and C” is chosen large enough
so that the weak-type 1-1 estimate for M guarantees |G| < 1/4. From the propo-
sition below, which is a special case of an estimate from [8] (we will provide a proof
for convenience), and the fact that p > 7/, it will remain to show that

(39) e Z (f,0p) dpap|p@e) < C|F|"/P

Pep’
where PP ={P ecP:I¢ G}.
Proposition 6.1. Let P be a finite set of multitiles, and let A > 0, FF C R, and
|f| < 1p. Then

F
(40) > <fa¢P>¢PaP”L1(R\Q)§C%

PeP:ICQ)

where Q = {M[1p] > A}

Finally, it follows from the proposition below, the proof of which may be found
on page 12 of [24] or as a special case of a lemma from [8], that the energy of P’

is bounded above by C|F].

Proposition 6.2. Let T' be an l-overlapping tree. Then
1
T > fepP<CN
Tl periigap
where Qp = {Mp[lp] > A} and Mp is the mazimal dyadic average operator.

Repeatedly applying Propositions 4.1 and 4.2 we write P’ as the disjoint union
P= T
j>0TET;

where each T; is a collection of trees T each of which have energy bounded by
C279/2|F|'/2, density bounded by C279/" and satisfy

> I <27

TGTj
We then have

g Z (f,op) ppapllp < Z Z 11k Z (f,op) dpap| L

PcP’ j=>0 TeTy PeT
20



Applying Proposition 5.1, we see that the right side above is
<O min@ I F Y2 P29 1) < € 20/ min(2792 F[V2, | F)).

j>0 TET, 3>0

Summing over j, we see that the right side above is < C|F|'/"". This finishes the
proof, since p > r’.

Proof of Proposition 6.1. Fix [ and let I; C ) be a dyadic interval satisfying
(41) 21 ¢ Q and 271, ¢ Q.

We consider

1/2
( S 1(f.60) |2> .

P:I=I

Applying Minkowski’s inequality, the display above is

/2 o 1/2
< ( Z |<14sz7 ¢P> |2> + ( Z |<12j+1ll\2jllfa ¢P> ‘2>

P:I=I j=2 \P:I=I

Using orthogonality, the display above is

< (LD tan forllze + (27NN Lasa o f byl 2

Jj=2

where Py is any multitile with I = I;. Applying the bounds (5) and |f| < 1z , we
see that the display above is

< C|FNALY? 4+ 27N Fn 2|2,
=2
Since 2711, ¢ Q, we have |FN271 )| < 02ma(9)| [| X for each j. Thus, the display
above is

< C2NL)Y2.
Similarly,
sup | (f,¢p) | < C2N 1]/

P:I=1

and so, by interpolation,

1/r
(42) ( > 1(f.0p) |T> < @N)YLM?

P:I=I,

whenever 2 < r < oco. For each &,I; there is at most one P € P with £ € w; and
I = I;. Thus, using the fact that, for each x, Zle lag ()" < 1, we see that

I Z (f. 6p) dpar|pi@ay < CNY L2 pl| 11 @0y

PeP:I=],
where P, is any multitile with I, = I;. Using the fact that 2'1; C €, it follows that
the right side above is

< CQ_l(N_2)A1/T/|Il|.
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For [ > 0 let Z; be the set of all dyadic intervals satisfying (41). If I C Z; then
for each j > 0 there are at most 2 intervals I' € Z; with I’ C I and |I'| = 279|I].
By considering the collection of maximal dyadic intervals in Z;, one sees that

<
Thus,
PeP:1cT;
Summing over [ and applying the weak-type 1-1 estimate for M then gives (40). O

A. VARIATIONAL ESTIMATES FOR AVERAGES

The purpose of this appendix is to give the bound (44), which may be considered
as a lacunary-“smooth cutoff” version of the main result Theorem 1.2 (a non-
smooth version follows from the smooth version by the square function argument
in Section 2). Although this estimate seems to be well-known, we provide a proof
for the convenience of the reader. We will follow a method from [10], see also the
references therein.

For any integer k, we consider the dyadic averaging operator

Ey(f](z) = ﬁ / S

where I;,(x) is the dyadic interval of length 2% containing .
It is a special case of Lépingle’s inequality [16] (of which alternative proofs, using
Doob’s jump inequality, may be found for example in [1],[6]) that

(43) IExL 1) 20y < Coll fllze

whenever 1 < p < oo and r > 2, where

N-1 1r
lgllv-=  sup (Z |9(kjs1) — g(kj)|r> :
7j=1

N,k1<ko<..<kpn

Let ¢ be a Schwartz function on R with [ = 1, and for each k let ¢, =
27%)(27%.). Our aim is to see that the bound

(44) [0 5 f (@) |2y < Cppll fllze
follows from (43) whenever 1 < p < oo and r > 2. Letting

k=—o00

o 1/2
S[f1(z) = (Z | * f(2) —Ek[f](x)\2> ,

it will suffice to show that

(45) ISz < Cpll fllze

holds whenever 1 < p < oo.
We let

Dy[f] = Ex—1[f] — Bx[f] = Z (f, ) hr,
|T|=2%
where, for every dyadic interval I, hy = (L) c(r)) — 1[0(1),Sup(1)))/|1\1/2 is the L?

normalized Haar function associated to I.
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The case p = 2 of (45), which is the case used in the proof of Theorems 1.2 and
1.3, will follow from

Lemma A.1l. Suppose ¢ is a Schwartz function with [ = 1. Then for every
fel?

(46) e Dy [f] = Ea [y 1]l 2 < C27F M4 Dy ]| 2
where C' may depend on 1.
Indeed

ISU e = [l * f(x) = Be[f1(@)lli2r2)

= [lvoe  ( D D[ () — Bi( Z D; D @)z 22y

j==o0 j==o0

where the second equation follows from the fact that the Haar functions are a
complete orthonormal system in L?. After applying (46), the right side above is

< O 32 2Dy 1] 2l
J

< CHQ_U_WSDJ[JC](?U)Hzg(l;(Lg))

< ClID;Lf 1) 22 )

= || f]| 2.

Proof of lemma A.1. First, suppose k > j. Then, for every z € R
v Dylfl(e) = 3 (foh) [[(e =) = daler = e)haly) dy
|1|=2 I

Applying the triangle inequality and mean value theorem, the absolute value of
the right side above is

< 30 1) 2 [ 2o =l
|1|=2

Since ¥ is a Schwartz function, we have 2%y (v — y)| < C27F(1 + 27F|z — y|)~2
Thus, the display above is

< S AR et e =yl dy
|1|=2
= C2Y R (1 27F| - [) 72 % Dy [ f]).
Since k > j, we have E,[D;[f]] = 0, and we thus obtain (46) from Young’s inequal-
ity.
For the case k < j, we write 1), = ](€0)+¢l(€1) where wlio) = Yl gG+r-2/2 g +k-2)/2]-
Since 1 is a Schwartz function, |y (z)] < C27%(1 + 27%|z|)~2 and so

/ |w,i”| < CoiH,
Since [ =1 and E4[D;[f]] = D;[f], we have

b Dy [f](z) — / Uely) 3 (o) (el — y) = haa)) dy.
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Since hy(x —y) = hy(z) unless x —y and y are in different dyadic intervals of length
2/, we have

[ (b hala = )~ ha(a) dy

|T=27

supported on Uyy,ez(m2/ —20+k=2)/2 ;27 4 20+k=2)/2) Using an L' estimate of @Z),(go)
and, again using its support property, we see that

L(m2s —2+k-2/2 mai 4 2G+k-2)/2) (T) /@/)/(go) (v) Z (f,hr) (hi(z —y) — hi(2)) dy

|1|=27

< CU (S hpmas ez |+ 1 Bimnys ) 12777

I /w,i%) Y () (hi(e = y) = ha(@)) dyll oy < C270 4D, /]| 2.

|1]=2i

From the L! estimate of wlil), we have
I [ ) 3 4F i) (o = ) () o
|[I]=27
< [l * Dyfllz2 + 10275 H/2D; £ 2
< C27 M2 Dy [£]]] 2
and thus (46). O

To demonstrate (45) for 1 < p < 2 (the exponents p # 2 are used in Section 2),
it suffices by interpolation to prove the weak-type (1, 1) inequality

(47) o807 > o}l < Tl

To obtain this estimate, we perform a dyadic Calderén-Zygmund decomposition of
f at height «, that is we write f = g + b where ||g||z~ < o, [|g]/z: < C||f|| L1, and

b:Zb,
IeT

where 7 is a collection of disjoint dyadic intervals with | Urez I| < C||f||z1/c, and
where each b;(x) = 1;(z)(f(x) — ‘—}‘ [ 1)
The bound for ¢ follows from the L? estimate for S

{2 : Slgl > o/2}| < C[S[glll72/0* < Cligllz2/a® < Cligllis /e < Clfl]12 /e
Thus, (47) will follow from the bound
(48) ISl @ \urezen < Cllbll Lt
The left side above is

<D vk xbr — Eifbr] | r -

I1€T k=—c0
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Any dyadic interval intersecting both I and R\ 2] must contain /. Thus, since
each b; is supported on [ and has mean zero, the display above

(49) = Z Z |95 * br|| L1 21y -

1€T k=—c0
For z € R\ 21,
Yr x br() = (Leyiynyz oz ¥n) * br(z)
Since v is a Schwartz function,

1R (712, 01/2%k] 2 < C27/ 1]

and so

(50) [0k * bl 1 eyary < C(2%/11])||br |2

Since each b; has mean zero and is supported on I, it follows as in the case k > j
of the proof of lemma A.1 that, whenever 2% > |I|, we have

[Wp + by ()| < O(H1/2%)275 (1 + 275 - )72 |by] ()
and so

(51) lvow * brll e < C(1T1/2%)lbr 2.
Combining (50) and (51), it follows that (49) is

<O bl

1€l

Thus, since the b; have disjoint supports, we obtain (48).
After minor modifications, the same argument gives a bound from L!(¢?) to
weak L' for the dual operator, and so (45) also holds for 2 < p < .

B. A VARIATIONAL MENSHOV-PALEY-ZYGMUND THEOREM
For &, x € R let

xT

CLf)(E.x) = / o2 f() dt.

Menshov, Paley, and Zygmund extended the Hausdorff-Young inequality by prov-
ing a version of the bound

(52) IC1 1y iy < Coll sy

for 1 < p < 2. The bound at p = 2 is a special case of the much more difficult
Theorem 1.1 proved by Carleson and Hunt. Interpolating the variational version,
Theorem 1.2, at p = 2 with a trivial estimate at p = 1, one sees that (52) may be
strengthened to the bound

(53) IC1 ) < Corll e

for 1 < p < 2 and r > p. It follows from the same arguments given in Section
2 that this range of r is the best possible. Our interest in this variational bound
primarily stems from the fact, which will be proven in Appendix C, that it may
be transferred, when r < 2, to give a corresponding estimate for certain nonlinear
Fourier summation operators. The purpose of the present appendix is to give an

easier alternate proof of (53) when p < 2.
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A now-famous lemma of Christ and Kiselev [3] asserts that if an integral operator

Tf) = [ Kl (w) dy
R
is bounded from LP(R) to L?(X) for some measure space X and some ¢ > p, thus

1T f Nl acx) < All fll o),
then automatically the maximal function
T.f(x) = sup | K(z,y)f(y) dy|
NeR Jy<N

is also bounded from LP(R) to L?(X), with a slightly larger constant. Another
way to phrase this is as follows. If we define the partial integrals

Tef(z, N) = / K@) ) dy

then we have

(54) 1T< fllzawss) < CpoAllfllLem)-

As was observed by Christ and Kiselev, this may be applied in conjunction with
the Hausdorff-Young inequality to obtain (52) for p < 2.

The LY norm can also be interpreted as the Vy° norm, and we will now see that
V' can be replaced by V" for r > p, thus giving (53) from the Hausdorff-Young
inequality:.

Lemma B.1. Under the same assumptions, we have

1T<fllzavyy < CoarAll fllr)
for any r > p.
Proof. This follows by an adaption of the argument by Christ and Kiselev, or by

the following argument. Without loss of generality we may take r < ¢, in particular
r < co. We use a bootstrap argument. Let us make the a priori assumption that

(55) IT<fllzacvy) < BAIf e

for some constant 0 < B < o0; this can be accomplished for instance by truncating
the kernel K appropriately. We will show that this a priori bound automatically
implies the bound

(56) IT<fllaqgy < @Y 7PBA+ CpgrA)| flloiwy

for some C,,, > 0. This implies that the best bound B in the above inequality
will necessarily obey the inequality

B <2V VPB4 C,

since r > p, this implies B < C}, . for some finite C], ., and the claim follows.

It remains to deduce (56) from (55). Fix f; we may normalize | fllzr@y = 1. We
find a partition point Ny in the real line which halves the LP norm of f:

No +o00 1
e ay= [ i a =,
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Write f(y) = f)1(oong(y) and fr(y) = F) 1o to0) (), thus |[f-||e@) =
| f+]le@) = 271/P. We observe that

| T<f_(x,N) when N < N,
T<f(z,N) = { Tf (z) +T<fi(x,N) when N > N

Furthermore, T< f_(z,-) and T< f{(x,-) are bounded in L* norm by O(T.f(z)).
Thus we have

1T f(a, v < (T f= (2, )5y + 1T fa (2, ) 1) + O(Tef (2))-

(The O(T.f(z)) error comes because the partition used to define || T<f(x,-)|lvy
may have one interval which straddles Ny). We take L? norms of both sides to
obtain

IT<fllavg < NNT<f=(@ )y + 1T<f= (@) ) Y Moy + OUTS ll2g)-

The error term is at most C,,A by the ordinary Christ-Kiselev lemma. For the
main term, we take advantage of the fact that r < ¢ to interchange the (" and L4
norms, thus obtaining

IT<fllzavy < (IT<f-Iavy + 1T fillzar ) + O(CrgA).
By inductive hypothesis we thus have
IT<flravy < ((27VPBA) + (27YPBA))Y" + 0(C, 0 A),

and the claim follows.

C. VARIATION NORMS ON LIE GROUPS

In this appendix, we will show that certain r-variation norms for curves on Lie
groups can be controlled by the corresponding variation norms of their “traces”
on the Lie algebra as long as r < 2. This follows from work of Terry Lyons
[17], we present a self contained proof in this appendix. Combining this fact
with the variational Menshov-Paley-Zygmund theorem of Appendix B, we rederive
the Christ-Kiselev theorem on the pointwise convergence of the nonlinear Fourier
summation operator for LP(R) functions, 1 < p < 2.

Let G be a connected finite-dimensional Lie group with Lie algebra g. We give
g any norm || - ||4, and push forward this norm using left multiplication by the Lie
group to define a norm ||z, = ||g~'x[|g on each tangent space T,G of the group.
Observe that this norm structure is preserved under left group multiplication.

We can now define the length || of a continuously differentiable path v : [a, b] —
G by the usual formula

b
] = / I Ol .

Observe that this notion of length is invariant under left group multiplication, and
also under reparameterization of the path ~.
From this notion of length, we can define a metric d(g, ¢’) on G as
d(g,q) = inf
(9.9 v:v(a)=g,7(b)=g’ u
where ~ ranges over all differentiable paths from g to ¢’. It is easy to see that this

does indeed give a metric on G.
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Given any continuous path 7 : [a,b] — G and 1 < r < oo, we define the
r-variation ||y||y- of 7 to be the quantity

n—

Iolve = sw (3 d(y () v (E))

1
a=tg<t1<...<tn=b =0

where the infimum ranges over all partitions of [a, ] by finitely many times a =
to,t1,...,t, = b. We can extend this to the » = oo case in the usual manner as
v = sup sup d(7(tj11),7(t5)),

a=tp<t1<..<tn=b0<j<n—1

and indeed it is clear that the V> norm of 7 is simply the diameter of the range
of 4. The V! norm of v is finite precisely when ~ is rectifiable, and when ~ is
differentiable it corresponds exactly with the length |y| of « defined earlier. It is
easy to see the monotonicity property

vr < yr whenever 1 <r < p < oo
[odl ol p

and the triangle inequalities

Ul + ells) " < v+ v2llve < lnllve + [ellve

where 71 + 75 is the concatenation of v; and 7,. A key fact about the V" norms is
that they can be subdivided:

Lemma C.1. Let v : [a,b] — G be a continuously differentiable curve with finite
V" norm. Then there exists a decomposition v = 1 + Yo of the curve into two

sub-curves such that

1/r

Ivllves [v2llve < 2777w

Proof. Let t, = sup{t € [a,b] : |[V|wgllve < 27Y"||7|lv+}. Letting v1 = | we
have ||v1][y+ = 27Y7||9lv+. The bound for 75 = 7]z 4 follows from the left triangle
inequality above. O

Given a continuously differentiable curve v : [a,b] — G, we can define its left
trace 7, : [a,b] — & by the formula

Note that the trace is also a continuously differentiable curve, but taking values
now in the Lie algebra g instead of G. Clearly ~; is determined uniquely from ~.
The converse is also true after specifying the initial point 7(a) of 7, since v can
then be recovered by solving the ordinary differential equation

(57) V() = (%)
This equation is fundamental in the theory of eigenfunctions of a one-dimensional
Schrodinger or Dirac operator, or equivalently in the study of the nonlinear Fourier
transform; see, for example, [23],[19] for a full discussion. Basically for a fixed
potential f(¢) and a frequency k, the nonlinear Fourier transform traces out a
curve y(t) (depending on k) taking values in a Lie group (e.g. SU(1,1)), and the
corresponding left trace is essentially the ordinary linear Fourier transform.

It is easy to see that these curves have the same length (i.e. they have the same
V1 norm):

(58) 7| = |l
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We now show that something similar is true for the V" norms provided that r < 2.

Lemma C.2. Let 1 < r < 2, let G be a connected finite-dimensional Lie group,
and let || - || be a norm on the Lie algebra of G. Then there exist a constant
C > 0 depending only on these above quantities, such that for all smooth curves
v : [a,b] — G, we have

(59) Y[y < Illve + C min(flyl[e, vl
and
(60) Ivellve < Iyllve + Cmin((ly |15 [Iv115-).

An analogous result holds for the right trace, f; 7' (s)y(s)~! ds, once the left-
invariant norm on 7,G is replaced by a right-invariant norm.

Proof. We may take r > 1 since the claim is already known for r = 1 thanks to
(58).

It shall suffice to prove the existence of a small § > 0 such that we have the
estimate

(61) Iyllve = lIullv- + OClullv-)
whenever |||[y+ < 0, and similarly
(62) Ivellve = [Illv- + O IT-)

whenever ||v|ly- < 6. (We allow the O() constants here to depend on r, the Lie
group GG, and the norm structure, but not on ¢). Let us now see why these estimates
will prove the lemma. Let us begin by showing that (61) implies (59). Certainly
this will be the case if 7; has V" norm less than §. If instead 7; has V" norm larger
than §, we can use Lemma C.1 repeatedly to partition it into O(6"||y||7+) curves,
all of whose V" norms are less than §. These curves are the left-traces of various
components of v, and thus by (61) these components have a V" norm bounded by
some quantity depending on §. Concatenating these components together (using
the triangle inequality) we obtain the result. A similar argument allows one to
deduce (60) from (62).

Next, we observe that to prove the two estimates (61), (62) it suffices to just
prove one of the two, for instance (61), as this will also imply (62) for |||y~
sufficiently small by the usual continuity argument (look at the set of times ¢ for
which the restriction of v to [a, b] obeys a suitable version of (62), and use (61) to
show that this set is both open and closed if ||7y||yv+ is small enough).

It remains to prove (61) for § sufficiently small. We shall in fact prove the more
precise statement

(63) Hog(v(a) ™ 7(0)) = n(®)llg < K[l

for some absolute constant K > 0 (and for § sufficiently small), where log is the
inverse of the exponential map exp : g — G. Note that it follows from a continuity
argument as in the previous paragraph that if § is sufficiently small then v(b)~*v(a)
is sufficiently close to the identity that the logarithm is well-defined. Let us now
see why (63) implies (61). Applying the inequality to any segment [t;,¢;41] in [a, b]
we see that

[ log(v(t;) " v(tj+1)) — (niltjs1) — nEN) s < Kl 6015
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and hence (since J is small)

d((tj1), 7)) = [m(t1) = @)l + OUlnli, a1 5-)-

Estimating O(||l,a,,11[+) crudely by [ullv-Oliay,41llv+) and taking the I
sum in the j index, we see that for any partition a =ty < ... < t, = b we have

Zd (tj+1), Y= ZII% (ti1) = 0"+ Ollnllt-)-

Taking suprema over all partitions we obtain the result.

It remains to prove (63) for some suitably large K. This we shall do by an
induction on scale (or “Bellman function”) argument. Let us fix the smooth curve
v. We shall prove the estimate for all subcurves of v, i.e. for all intervals [t1, ] in
[a, b], we shall prove that

(64) Hog(v(t1) " v(t2)) — (m(tz) — () lg < Kl el

Let us first prove this in the case when the interval [ti,t5] is sufficiently short,
say of length at most e for some very small € (depending on ). In that case, we
perform a Taylor expansion to obtain

(65) N(t) = nltr) + ) —t) + %%"(h)(f — 1)+ 0, ((t —t1)%)
and

(66) () =7 (t) + 7/ (L)t = ta) + O, ((t = t1)?)

when ¢ € [t1,ts], and where the 7 subscript in O, means that the constants here
are allowed to depend on ~ (more specifically, on the C*® norm of 7), and the O()
is with respect to the ||||; norm. Also we remark that as 7 is assumed smooth,
v,(t1) is bounded away from zero. It is then an easy matter to conclude that

1
(67) Vil er e [V > §||%/(t1)||g|t2 — |

if € is sufficiently small depending on y. On the other hand, from (57) and (66) we
have

V(1) =) (i(t) + 7 (8D = 1) + O4((t = t1)?))
from which one may conclude that

1
Y(1) = y(t) exp(yi(t) (t=t)+57 () (E=1)*+O ([l (11)° lalt =11 [*) + 05 (¢ =11)*))
for all ¢ € [t1,ts], if 7y is sufficiently small. We rewrite this as
log(v(t1) (1))

1
= 7(0)(E = 1) + 53 (1) (= 0)* + O (0)*[lglt = 1a*) + O ((t = 11)*),
and then specialize to the case t = to. By (65), we have

log(y(t1) "'y (t2)) — (nult2) — n(tr)) = O(I7(t1)?[lglta — ta]?) + O5 (L2 — t1)?),

and hence by (67) we have (64) if to — ¢; is small enough (depending on «) and K
is large enough (independent of 7).

This proves (64) when the interval [t1, f5] is small enough. By (67), it also proves
(64) when ||y, 4] || v is sufficiently small. To conclude the proof of (64) in general,
we now assert the following inductive claim: if (64) holds whenever |||, t.1|lvr < €

and some given 0 < € < 4, then it also holds whenever ||y, mllvr < 27€,
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providing that K is sufficiently large (independent of €) and ¢ is sufficiently small
(depending on K, but independent of €). Iterating this we will obtain the claim
(64) for all intervals [t1, 5] in [a, b].

It remains to prove the inductive claim. Let [t1, %3] be any subinterval of [a, 0]
such that the quantity A = ||9y.sllv+ is less than 2/"e. Applying Lemma C.1,
we may subdivide [tq,ts] = [t1,t.] U [Ls, t2] such that

lies,eallves 1l el <277A < e <7
By the inductive hypothesis, we thus have

Hog(v(t1) 7' y(1)) = (u(te) = m(tn) g < K277 A2
and
og(y(t) v (t2)) — (milt) — u(t))llg < K272/ A%,
In particular, we have
Hog(y(t) " v (t)llg < (k) = wlta) g + K272/ A%
< i llvr + O(K A%)
=O0(A(1+ KA))
= O(A(1 + K9¢))
= 0(A)
if 0 is sufficiently small depending on K. Similarly we have
Hog((t) v (t2)[lg = O(A)
and hence by the Baker-Campbell-Hausdorff formula (if ¢ is sufficiently small)
[og((t1) ™ (t2) — log(y(t1) ™ y(te) — log(v(t) ™ (t2)llg = O(A?).
By the triangle inequality, we thus have

Hog(v(1) ™"y (t2)) — (mlta) — w(t1))llg < 2K272/7 A% + O(A?).

We now use the hypothesis r < 2, which forces 2 x 27%/" < 1. If K is large enough

(depending on r, but independently of §, A, or €) we thus have (64). This closes
the inductive argument. U

Letting w,v be any elements of the Lie algebra g, one can define a nonlinear
Fourier summation operator associated to GG, w, v by means of the left trace

NC[fI(k,0) =1
(%Nc[f](k‘, z) = NC[f](k, z) (Re(e™™** f())w + Im(e™*™** f (x))v)
or (giving a different operator) by the right trace
NC[f](k,0) =1
a%/\/C[f] (k,z) = (Re(e™™* f(2))w + Im(e™*™* f () )v) NC[f](k, z).

Above, k,z € R, NC[f] takes values in G, I is the identity element of G, and
Re, Im are the real and imaginary parts of a complex number. An example of
interest is given by G = SU(1, 1),

(01
=110 )
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and

(%)

Combining Lemma C.2 with the variational Menshov-Paley-Zygmund theorem of
the previous section, we obtain a variational version of the Christ-Kiselev theorem
[4]. Namely, we see that for 1 <p < 2andr >p

Mwvern< NIl vy < Cpircupll flleomy

and /
1/r
ez NCUAN e

Note that the usual logarithms are hidden in the d metric we have placed on the
Lie group G.

Extending these estimates to the case p = 2 is an interesting and challenging
problem, even when r = oo, which would corresponds to a nonlinear Carleson
theorem. Lemma C.2 cannot be extended to any exponent r > 2. Sandy Davie
and the fifth author of this paper have an unpublished example of a curve in the
Lie group SU(1, 1) with trace in the subspace of su(1, 1) of matrices vanishing on
the diagonal so that the 2-variation of the curve is not controlled by the 2-variation
of the trace.

Terry Lyons’ machinery [18] via iterated integrals faces an obstruction in a po-
tential application to a nonlinear Carleson theorem becasue of the unboundedness
results for the iterated integrals shown in [20].

< Corgumalf ey

D. AN APPLICATION TO ERGODIC THEORY

Wiener-Wintner type theorems is an area in ergodic theory that is most closely
related to the study of Carleson’s operator. In [14], Lacey and Terwilleger prove
the following singular integral variant of the Wiener-Wintner theorem:

Theorem D.1. For 1 < p, all measure preserving flows {T; : t € R} on a proba-
bility space (X, ) and functions f € LP(u), there is a set Xy C X of probability
one, so that for all x € Xy we have that the limit

, dt
lim eV f(Tha)—

5—0 s<|t|<1/s t
exists for all 6 € R.

One idea to approach such convergence results is to study quantitative estimates
in the parameter s that imply convergence, as pioneered by Bourgain’s paper [1] in
similar context. We first need to pass to a mollified variant of the above theorem:

Theorem D.2. Let ¢ be a function on R in the Wiener space, i.e. the Fourier
transform gg is in L*(R). For 1 < p, all measure preserving flows {T; : t € R}
on a probability space (X, ) and functions f € LP(u), there is a set Xy C X of
probability one, so that for all x € X; we have that the limits

i [ FTse0 T
i [ e F(Tr)o(s0)

exist for all 0 € R.
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This theorem clearly follows from an a priori estimate

< Clfllp

Lp(x)

[ e son

sup
0 Vr(s)
for » > max(2,p’). Here we have written V" (s) for the variation norm taken in the
parameter s of the expression inside, and likewise for LP(x). The variation norm
is the strongest norm widely used in this context, while Lacey and Terwilliger use
a weaker oscillation norm in the proof of their Theorem.
By a standard transfer method, involving replacing f by translates T}, f and an
averaging procedure in y, the a priori estimate can be deduced from an analogous
estimate on the real line

Z. dt
(09 Jsup | [ ¢+ 000 F vl < IS -

The main purpose of this appendix is to show how this estimate (68) can be
decuded from the main theorem of this paper by an averaging argument. We write
the V" (s) norm explicitly and expand ¢ into a Fourier integral to obtain for the
left hand side of (68) the expression

- 1/r
) lzr@)

Now pulling the integral in ) out of the various norms and considering only positive
n (with the case of negative n being similar) and defining &, = £ + ns; we obtain

the upper bound
/ /ei(ﬁkikl)tf(x + t)%

K
| sup
/n>0 o<€1<<Ek ;

Now applying the variational Carleson estimate and doing the trivial integral in 7
bounds this term by a constant times || f||,.

We conclude this appendix with two remarks.

1) To prove the Lacey Terwilleger theorem D.1 from the mollified version, one
may approximate the characteristic functions used as cutoff functions by Wiener
space functions so that the difference is small in L! norm. Then at least for f in L>
one can show convergence of the limits by an approximation argument, even though
one will not recover the full strength of the quantitative estimate in the Wiener
space setting. The result for f in L*° can then be used as a dense subclass result in
other P spaces, which can be handled by easier maximal function estimates and
further approximation arguments.

2) The classical version of the Wiener-Wintner theorem does not invoke singular
integrals but more classical averages of the type

A A dt ~
[ [t pente S dy

t

& s50<s51<-<SK

K
s sup (z
k=1

- 1/r
) | ze@)|(n)| dn .

e f(Tya) dt .

2s [t|<s

We note that the same technique as above may be applied to these easier averages.
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