A VARIATIONAL FORMULATION FOR
FRAME-BASED INVERSE PROBLEMS*

Caroline Chaux! Patrick L. Combettes? Jean-Christophe Pesquet}
and Valérie R. Wajs?

"nstitut Gaspard Monge and UMR CNRS 8049
Université de Marne la Vallée
77454 Marne la Vallée Cedex 2, France

2Laboratoire Jacques-Louis Lions — UMR CNRS 7598
Faculté de Mathématiques
Université Pierre et Marie Curie — Paris 6
75005 Paris, France

May 5, 2007

Abstract

A convex variational framework is proposed for solving inverse problems in Hilbert spaces
with a priori information on the representation of the target solution in a frame. The objective
function to be minimized consists of a separable term penalizing each frame coefficient individ-
ually and of a smooth term modeling the data formation model as well as other constraints.
Sparsity-constrained and Bayesian formulations are examined as special cases. A splitting algo-
rithm is presented to solve this problem and its convergence is established in infinite-dimensional
spaces under mild conditions on the penalization functions, which need not be differentiable.
Numerical simulations demonstrate applications to frame-based image restoration.

1 Introduction

In inverse problems, certain physical properties of the target solution T are most suitably expressed
in terms of the coefficients (£;)rexcn of its representation T = Y okeK &€ with respect to a
family of vectors (ex)rex in a Hilbert space (H, || - ||). Traditionally, such linear representations
have been mostly centered on orthonormal bases as, for instance, in Fourier, wavelet, or bandlet
decompositions [8, 25, 26]. Recently, attention has shifted towards more general, overcomplete
representations known as frames; see [6, 7, 16, 20, 33] for specific examples. Recall that a family

*Contact author: P. L. Combettes, plc@math. jussieu.fr, phone: +33 1 4427 6319, fax: +33 1 4427 7200.



of vectors (ex)rex in H constitutes a frame if there exist two constants p and v in |0, 400 such
that
(Vo e H) ulal? < 3l | enl? < vl (1.1)
keK

The associated frame operator is the injective bounded linear operator
F:H—PK): z— ((z]e))rek, (1.2)

the adjoint of which is the surjective bounded linear operator

F*: P(K) = H: (Sk)rer — Y Ckck (1.3)
kek

When p = v in (1.1), (eg)rek is said to be a tight frame. A simple example of a tight frame is
the union of m orthonormal bases, in which case y = v = m. For instance, in H = L?(R?), a real
dual-tree wavelet decomposition is the union of two orthonormal wavelet bases [7, 30]. Curvelets
[6] constitute another example of a tight frame of L2(R?). Historically, Gabor frames [16, 33] have
played an important role in many inverse problems. Another common example of a frame is a
Riesz basis, which corresponds to the case when (ey)rek is linearly independent or, equivalently,
when F' is bijective. In such instances, there exists a unique Riesz basis (€)rex such that (ep)rex
and (éj,)rex are biorthogonal. Furthermore, for every z € H and (& )rex € £2(K),

o=F(Erex & (VheK) & =(z|&). (1.4)

When F~! = F* (ep)rex is an orthonormal basis and (éx)rex = (ex)rex. Examples of Riesz
bases of L?(R?) include biorthogonal bases of compactly supported dyadic wavelets having certain
symmetry properties [9]. Further constructions as well as a detailed account of frame theory in
Hilbert spaces can be found in [23].

The goal of the present paper is to propose a flexible convex variational framework for solving
inverse problems in which a priori information (e.g., sparsity, distribution, statistical properties) is
available about the representation of the target solution in a frame. Our analysis and our numer-
ical algorithm will rely heavily on proximity operators. Section 2 is devoted to these operators.
Our main variational formulation is presented and analyzed in Section 3. It consists (see Prob-
lem 3.1) of minimizing the sum of a separable, possibly nondifferentiable function penalizing each
coefficient of the frame decomposition individually, and of a smooth function which combines other
information on the problem and the data formation model. Connections with sparsity-constrained
and Bayesian formulations are also established. In connection with the latter, we derive in Sec-
tion 4 closed-form expressions for the proximity operators associated with a variety of univariate
log-concave distributions. A proximal algorithm for solving Problem 3.1 is presented in Section 5
and its convergence is established in infinite-dimensional spaces under mild assumptions on the
penalization functions. An attractive feature of this algorithm is that it is fully split in that,
at each iteration, all the functions appearing in the problem are activated individually. Finally,
applications to image recovery are demonstrated in Section 6.



2 Basic tool: proximity operator

2.1 Notation

Throughout, X is a separable real Hilbert space with scalar product (- | -), norm || - ||, and distance
d. T'g(X) is the class of lower semicontinuous convex functions from X’ to |—oo, +0c] which are not
identically equal to +c0. The indicator function of a subset S of & is

£ _
LS X 0 it x e 5; (2.1)
+oo, if x¢ S,

its support function is og: X — [—00,+00]: u — sup,cg (x| u), and its distance function is
ds: X — [0,+00] : x — inf ||S — x||. If S is nonempty, closed, and convex then, for every x € X,
there exists a unique point Psx in S, called the projection of x onto S, such that ||x — Psx|| = dg(x)
(further background on convex analysis will be found in [36]).

2.2 Background

Let ¢ € I'g(&X). The subdifferential of ¢ at x € X is the set

Op(x) = {ue X | (Vy € X) {y —x|u)+p(x) <p(y)}. (2.2)

If ¢ is Gateaux differentiable at x with gradient V(x), then dp(x) = {Vp(x)}. The conjugate of
¢ is the function ¢* € I'g(X) defined by

(VueX) ¢*(u) = sup (x| u) = p(x). (2.3)

The continuous convex function
1
Tp: X — R: inf —IIx — y||? 2.4
p: X — XHyngso(y)Jrzny yll (2.4)
is the Moreau envelope of index v € |0, 4+o00[ of ¢.

Definition 2.1 [28] Let ¢ € I'o(X). Then, for every x € X, the function y — o(y) + [|x — y||?/2
achieves its infimum at a unique point denoted by prox,x. The operator prox,: X — X thus
defined is the prozimity operator of . Moreover,

(Wx e X)(Vpe X) p=prox,x < x—p€p(p) (2.5)
& (Wed&) (y—plx—p) +¢lp) <ely). (2.6)

Example 2.2 Let v € ]0,400], let S be a nonempty convex subset of X', and set ¢ = tg. Then it
follows at once from (2.1), (2.4), and Definition 2.1 that ¢ = d/(2v) and prox,, = Ps.

Here are basic properties of the proximity operator.



Lemma 2.3 [15, Section 2| Let ¢ € I'g(X'). Then the following hold.

(i) ("x € &) x € Argminp < 0 € dp(x) & prox, x = x.
(i) (¥ € X)(¥y € &) || prox,x — prox, yl| < x — yl.
(iii) (Vx € X)(Vy €]0,+00[) x = prox,, X + 7y Prox,: ., (x/7).

In Lemma 2.3, (i) states that the minimizers of ¢ are characterized as the zeros of the subdif-
ferential of ¢ (Fermat’s rule) or, equivalently, as the fixed points of prox,; (ii) states that prox, is
nonexpansive, which turns out to be an essential property in the convergence of iterative methods
[13]; finally, (iii) is Moreau’s decomposition principle [27], which provides a powerful nonlinear

decomposition rule parametrized by ¢ and extends in particular the standard orthogonal decom-
position rule [15, Remark 2.11].

Lemma 2.4 Let p € To(X), let v € |0, +00|, and set p = Y. Then the following hold.

(i) 1 is Fréchet-differentiable on X.

(i) V¢ =(Id - pI‘OX%a)/’)/ = pI‘OXLP*/W('/’)/).

(iii) V4 is (1/v)-Lipschitz continuous.
Proof. (i) and (ii): A routine extension of [28, Proposition 7.d], where v = 1. (iii): Since ¢*/v €
[o(X) and (ii) asserts that Vb = prox,.,,(-/7), this is a direct consequence of Lemma 2.3(ii). O

Next, we record some proximal calculus rules that will allow us to derive new proximity operators
from existing ones.

Lemma 2.5 [15, Lemma 2.6] Let ¢ € I'o(X) and let x € X. Then the following hold.

(i) Let p = o+ all - [?/2+ (- | u) + B, where u € X, o € [0, 400, and 3 € R. Then prox, x =
Prox,(a41) ((x — u)/(a +1)).

(ii) Let ¢ = ¢(- —z), where z € X'. Then prox, x = z + Prox,,(x — z).

(iil) Let ¢ = ¢(-/p), where p € R\ {0}. Then prox, x = pprox,,(x/p)-

(iv) Let ¢:y+ p(—y). Then prox,x = — prox,(—x).

We conclude this section with some properties of proximity operators on the real line.

Lemma 2.6 Let ¢ € T'g(R). Then the following hold.

(i) [14, Proposition 2.4] prox,: R — R is increasing.



(ii) [14, Corollary 2.5] Suppose that ¢ admits 0 as a minimizer. Then

0 <prox,§ <&, if §>0;
(V¢ € R) prox, § = 0, if £€=0; (2.7)
€< prox, €0, if £<0.

This is true in particular when ¢ is even.

(iii) [14, Proposition 3.6] Suppose that ¢ = 1 + oq, where b € T'o(R) is differentiable at 0 with
Y'(0) = 0, and where Q C R is a nonempty closed interval. Then Prox, = prox,, osoftq ,

where
§—w, of £<w .
‘ ‘ w = inf Q,
softg = prox, : R — R: {+— ¢ 0, if €€ with  § — (2.8)
_ _ w =supf?,
5 - W, Zf f > W,
is the soft thresholder on Q. In particular, if Q = [—w,w] for some w € |0, +0o0], we obtain
soft(_y o) = prox,: R — R: § — sign(§) max{[{] — w,0}. (2.9)

The soft-thresholding operation described in Lemma 2.6(iii) is illustrated in Fig. 1.

2.3 Forward-backward splitting

In this section, we consider the following abstract variational framework, that will cover our main
problem (Problem 3.1).

Problem 2.7 Let f; and f; be functions in I'o(X) such that fo is differentiable on X with a
(-Lipschitz continuous gradient for some [ € |0, +o0o[. The objective is to

minimize f1(x) + fo(x). (2.10)

A key consequence of Fermat’s rule (Lemma 2.3(i)) and (2.5) is the following characterization of
the solutions to Problem 2.7 which, in itself, attests the central role played by proximity operators.

Proposition 2.8 [15, Proposition 3.1(iii)] Let x € X and let y € |0, +00[. Then x is a solution to
Problem 2.7 if and only if x = prox. g, (x — vV fo (x))

Let v € ]0, +o0[ and set T' = Prox. s o(Id —yV f2). Proposition 2.8 asserts that a point x € X
solves Problem 2.7 if and only if x = Tx. This fixed point characterization suggests solving
Problem 2.7 via the successive approximation method x,4+1 = T, for suitable values of the
“step size” parameter . The next result describes an algorithm in this vein, which is based
on the forward-backward splitting method for monotone operators [13]. It allows for inexact
evaluations of the operators prox, and V f; via the incorporation of the error sequences (aj,)nen
and (b, )nen, respectively, as well as for iteration-dependent relaxation parameters (\,)pen and
step sizes (Y )nen-



Theorem 2.9 [15, Theorem 3.4(i)] Suppose that Argmin(f1 + fo) # @. Let (n)nen be a sequence
in |0, +o00[ such that 0 < infpen vy < SUP,enTn < 2/8, let (An)nen be a sequence in |0,1] such that
infpen An > 0, and let (an)nen and (by)nen be sequences in X such that Y llan|| < +oo and
Y nen Ibn|l < 4o00. Fizxg € X and, for every n € N, set

Xp41 = Xp + /\TL(prOX%fl (Xn — M (V fa(xn) + bn)) +an — Xn)' (2.11)

Then (X )nen converges weakly to a solution to Problem 2.7.

2.4 Decomposition formula

The following decomposition property, which extends [15, Example 2.19], will be instrumental in
our analysis.

Proposition 2.10 Set T: X' — |—00,400] : x = > ;1 i ((x | 0;)), where:

(i) @ £ICN;
(ii)
)
)

0;)icl @s an orthonormal basis of X';

o TR

(iii) (¢;)ier are functions in To(R);

(iv) Either 1 is finite, or there exists a subset J of T such that:

(a) I\ J is finite;

(b) (Vield) ¢ > 0;

(c) there exists a sequence (;)iey in R such that Y, 5 |G|* < 400, 3 ;cp | prox,, ¢i|* < +oo,
and ;5 ¥i(G) < 4oo.

Then YT € Io(X) and (Vx € X') proxyx =) ;g (proxwi (x| 0:))0;.

Proof. We treat only the case when I is infinite as the case when I is finite will follow trivially
the arguments presented below. Fix, for every i € I\ J, ¢; € R such that ¢;({;) < +oo and set
z =) c1Go;. Then (iv) implies that », (? < +00 and, in view of (ii), that z € X. Moreover,

T(z) = D iep ¥ilGi) + D seny ¥i(G) < 4o0.

Let us show that T € I'g(X). As just seen, Y(z) < +oo and, therefore, T # +oo. Next,
we observe that, by virtue of (iii), the functions (¢;({- | 0;)))icr are lower semicontinuous and
convex. As a result, > ;. ;%i((- | 0;)) is lower semicontinuous and convex, as a finite sum of such
functions. Thus, to show that T € I'g(X), it remains to show that Ty = >, ;9:((- | 0;)) is lower
semicontinuous and convex. It follows from (iv)(b) that

Ty = sup Zl/)i«' | 0i))- (2.12)



However, as above, each finite sum . 1;({- | 0;)) is lower semicontinuous and convex. Therefore,
Ty is likewise as the supremum of a family of lower semicontinuous convex functions.

Now fix x € X and set

(Viel) &= (x]o;) and m; = proxy,&:. (2.13)
It follows from (iv)(a) and (iv)(c) that
Z | prox,, Gl = Z | prox,, GI* + Z | prox,, Gl* < +oo. (2.14)
i€l ieJ 1€INJ

Hence, we derive from Lemma 2.3(ii) and (ii) that

1
3 Z |mi|? < Z | — prox,, GI* + Z | prox, Gl?

i€l i€l i€l
= Z | prox,, & — prox,, CZ\2 + Z | prox,, CZ\2
i€l i€l
<Y 16 =GP+ Y I proxy, G
i€l i€l
=[x —z|> + > [ proxy, G/
i€l
< +oo. (2.15)

Let us set p =),y m0;. Then it follows from (2.15) and (ii) that p € &. On the other hand, we
derive from (2.13) and (2.6) that

(VieD)(vnpeR) (n—m)(& —m) + vi(m) < i(n). (2.16)
Hence, by Parseval and (ii),
(VyeX) (y—plx=p)+T(p)=D (y—plo)x—plo)+ Y ti(m)
i€l i€l

=Yy | o) = mi) (& — mi) + i)

i€l

<> Willy [ o))
il
—Y(y). (2.17)

Invoking (2.6) once again, we conclude that p = proxyx. O

3 Problem formulation

3.1 Assumptions and problem statement

Throughout, H is a separable real Hilbert space with scalar product (- | -}, norm ||-||, and distance d.
The index set K is either {1,..., K} (K € N) or N, according as H is finite or infinite dimensional.



Moreover, (e)rek is a frame in H with constants p and v (see (1.1)) and frame operator F' (see
(1.2)). Finally, the sequence of frame coefficients of a generic point z € H will be denoted by x,

ie., x = (&)rek, Where x = >, i &reg.

Let T € H be the target solution of the underlying inverse problem. Our basic premise is that
a priori information is available about the coefficients (£, )xex of the decomposition

T = ngek (31)

keK

of T in (ex)rek. To recover T, it is therefore natural to formulate a variational problem in the
space £2(K) of frame coefficients, where a priori information on (£, )rex can be easily incorporated.
More precisely, a solution will assume the form Z =, &pen, where (ék;)k;eK is a solution to the
following problem.

Problem 3.1 Let (¢x)rex be functions in I'g(R) such that either K = {1,..., K} with K € N, or
K = N and there exists a subset L. of K such that

(i) K\ L is finite;
(i) (Vk € L) ¢ = 0;
(iii) there exists a sequence ((x)rer in R such that >, |Ce|? < 400, > keL | Prox, Cel? < +oo,

and ) ;o or(Cr) < +o00.

In addition, let ¥ € I'g(H) be differentiable on H with a 7-Lipschitz continuous gradient for some
7 € ]0,400[. The objective is to

minimize Z ok (&k) + ¥ ( Z fkek> (3.2)

2
(k) rer€l?(K) P ek

Remark 3.2

(i) The functions (¢g)rex in Problem 3.1 need not be differentiable. As will be seen in Sec-
tion 3.3.1, this feature is essential in sparsity-constrained problems.

(ii) Suppose that K = N. Then Conditions (ii) and (iii) in Problem 3.1 hold when, for every
k € L, ¢ admits a minimizer (; such that ¢ ((x) = 0 and >, IG|? < +oo Indeed,

Lemma 2.3(i) yields Y, o |proxy, Gl? = > pep [Gel* < +o0 and Y, ¢ (Cr) = 0. In par-
ticular, Conditions (ii) and (iii) in Problem 3.1 hold when (Vk € L) ¢ > ¢%(0) = 0, which

amounts to setting (3 = 0.

3.2 Existence and characterization of solutions

We first address the issue of the existence of solutions to Problem 3.1. Recall that a function
¢: 'H — ]—00,+00] is said to be coercive if lim ;1 ¢(z) = +00.



Proposition 3.3 Suppose that one of the following holds.

(i) The function (&k)kex — D gex Pr(&k) + W (F™ (& )rex) is coercive.
(ii) infgek inf ¢p(R) > —o0, U is coercive, and (er)rek is a Riesz basis.
(iii) inf W(H) > —oo and one of the following properties is satisfied.

(a) The function (&)rek — D pex @k(&k) is coercive.
(b) There exists w € ]0,+o0[ and p € [1,2] such that (Vk € K) ¢ > w| - |P.

(¢) K is finite and the functions (¢x)kex are coercive.

Then Problem 3.1 admits a solution.

Proof. We denote by x = (&;)rek a generic element in ¢%(K) and by ||x|| = /3 zcx [€k[? its norm.
Set
frixe Y ¢i(&) and  fo=To F*. (3.3)

keK

First, suppose that (i) holds. Then it follows from the assumptions on (¢ )rek in Problem 3.1
and Proposition 2.10 that f; € I'¢(#?(K)). On the other hand, since V¥ is a finite function in
To(H) and F*: (2(K) — H is linear and bounded, f» is a finite function in T'o(¢%(K)). Altogether,
fi+ fo €To(f3(K)) and the claim follows from [36, Theorem 2.5.1(ii)].

Next, suppose that (ii) holds. In view of (i), since f1 is bounded below, it is enough to show
that fs is coercive. Since (ex)rex is a Riesz basis, we have [26]

(vx € (K)) [1F"x]| > v/ullx]. (3-4)
In turn, the coercivity of ¥ implies that lim o ||V (F*X)|| = +o0.

Now, suppose that (iii) holds. In case (iii)(a), since ¥ is bounded below, f; is likewise. In turn,
the coercivity of fi implies that of f; + f2, hence the result by (i). Now suppose that (iii)(b) is
satisfied and let x € ¢?(K). Then

F0) =D &) 2w Y &l = wllx|P. (3.5)

keK keK

Therefore fi is coercive and the claim follows from (iii)(a). Finally, suppose that (iii)(c) is satisfied.
In view of (iii)(a), it is enough to show that f; is coercive. To this end, fix p € ]0, +o0[ and recall
that K = {1,..., K'}. Let us set A\ = mingek inf ¢ (R). Since the functions (¢y)rex are coercive
and in I'y(R), it follows from [36, Theorem 2.5.1(ii)] that A € R. Coercivity also implies that we
can find § € ]0, +oo] such that

(ER) [6|=/VE = mingp(€) > p+ (1 K)A (3.6)



Now take x € £2(K) such that ||x|| > & and fix £ € K such that |¢,| = maxgek |£x|. Then || > 6/VK
and therefore (3.6) yields

A =D& =p+(1—K)A+ Y dul) =p+ (1 -KN+(K—-1A=p, (3.7)

keK keK~{¢}

which shows that f; is coercive. 0
Next, we turn our attention to the characterization of the solutions to Problem 3.1.

Proposition 3.4 Let (&)rex € F2(K), let (np)kex = (F o VW o F*)(&)rex, and let v € 10, +o0].
Then (& )rex solves Problem 3.1 if and only if (Vk € K) & = prox, 4, (& — 7k)-

Proof. Set X = (?(K) and let (ox)rex denote the canonical orthonormal basis of £2(K). Then (3.2)
can be written as

minimize > dr((x | og)) + T(F*x). (3.8)
kek
Now set
fi=> ¢k((-|ok) and fo=WoF" (3.9)
keK

Then, in the light of the assumptions on (¢x)rex in Problem 3.1, Proposition 2.10 yields f; €
[o(X). On the other hand, since ¥ is a finite function in T'o(H) and F*: X — H is linear
and bounded, we have fy € I'o(X). In addition, since V¥ is Lipschitz continuous, so is Vfy =
FoVWoF*. Altogether, (3.8) conforms to the format of Problem 2.7. Now set x = (§;)rex. Then
it follows from Proposition 2.8, (3.9), and Proposition 2.10 that

(§k)rek solves Problem 3.1 < x = prox, (x - ’nyg(x))
& X =Dprox,p (x = y(FoV¥oF*)(x))
< (&k)kex = Proxy s (§k — V1) kek
& (Erex = (Prox,s, (S& — VM) peg » (3.10)

which provides the desired characterization. O

3.3 Specific frameworks

In Problem 3.1, the functions (¢ )rex penalize the frame coefficients (&;)rex, while the function
VU penalizes © = F* (& )kek = e Ekek» thereby modeling direct constraints on Z. This flexible
framework makes it possible to model a wide range of inverse problems. Two important instances
are presented below.

3.3.1 Inverse problems with sparsity constraints

A common objective in selecting the frame (ej)rex is to obtain a sparse representation of the
target solution T in the sense that most of the coefficients (£;,)kex in (3.1) are zero. By choosing

10



¢r = wi| - | with wg > 0 in Problem 3.1, one aims at setting to zero the kth coefficient if it falls
into the interval [—wy, wg], hence promoting sparsity (see [17, 22, 34] for special cases). Note that
in this case, it follows from Proposition 3.4 and (2.9) that a solution (&)rex to Problem 3.1 is
characterized by the soft thresholding identities (see also Fig. 1)

(Vk € K) & = proxy, |.|(&k — k) = soft|_u, w,) (§k — 1K) (3.11)

where (ng)rex = (F o VW o F*)(&)ker- More generally, to aim at zeroing a coefficient falling into
a closed interval Q C R, one can use the function ¢ = 1 + 0gq,, where v, satisfies 0 = 1, (0) <
Y € T'o(R) and is differentiable at 0 [14, Proposition 3.2]. This construct actually characterizes all
thresholders on €, that have properties suitable to their use in iterative methods [14, Theorem 3.3].
A decomposition rule for computing the resulting thresholders is supplied in Lemma 2.6(iii).

Let us now discuss possible choices for the smooth function W. Suppose that the problem under
consideration is to recover T € H from ¢ observations

z=Tzr+v, 1<1i<g, (3.12)

where T; is a bounded linear operator from H to a real Hilbert space G;, z; € G;, and v; € G; is the
realization of a noise process. A standard data fidelity criterion in such instances is the function
z— 31 || Tiw — 2%, where (a;)1<i<, are strictly positive reals, see e.g., [12, 21]. In addition,
assume that a priori information is available that constrains T to lie in some closed convex subsets
(Si)i<i<m of H (see [10, 31] and the references therein for examples). These constraints can be
aggregated via the cost function = — > ", ﬁid%i (x), where (¥;)1<i<m are strictly positive reals
[5, 11]. These two objectives can be combined by using the function

1< 1
U: oz — iz:aiHTi:z:—zi\|2+5219id?gi(x) (3.13)
i=1 =1
in Problem 3.1. This function is indeed differentiable and its gradient
q m
VU: z— Z o, T (Tix — z) + Z Yi(x — Ps,x) (3.14)
i=1 i=1

has Lipschitz constant [14, Section 5.1]

q
S
1=1

In instances when ||Y.7_, a;T;T;|| cannot be evaluated directly, it can be majorized by
S% ;| T;]|?. Tt should be noted that, more generally, Lemma 2.4(iii) implies that ¥ remains
Lipschitz continuous if the term » ", ﬁidéi (x) in (3.13) is replaced by a sum of Moreau envelopes
(see [13, Section 6.3] and [15, Section 4.1] for related frameworks).

+) 0. (3.15)
=1

3.3.2 Bayesian statistical framework

A standard linear inverse problem is to recover T € H from an observation

z2=T7T+v, (3.16)

11



in a real Hilbert space G, where T': H — G is a bounded linear operator and where v € G is the
realization of an additive noise perturbation. If X = (£, )rek denotes the coefficients of Z in (e, )rek,
(3.16) can be written as

z=TF*X+v. (3.17)

For the sake of simplicity, the following assumptions regarding (3.17) are made in this section (with
the usual convention In0 = —o0).

Assumption 3.5

(i) H=RN,G=RM and K= {1,...,K}, where K > N.

(ii) The vectors X, z, and v are, respectively, realizations of real-valued random vectors X, Z,
and V defined on the same probability space.

(iii) The random vectors X and V are mutually independent and have probability density functions
fx and fy, respectively.

(iv) The components of X are independent with upper-semicontinuous log-concave densities.

(v) The function In fy is concave and differentiable with a Lipschitz continuous gradient.

Under Assumption 3.5, a common Bayesian approach for estimating X from z consists in ap-
plying a maximum a posteriori (MAP) rule [3, 4, 32], which amounts to maximizing the posterior
probability density f¥| 4, Thus, X is a MAP estimate of X if

(X €RY)  fripa (%) > frypm. (). (3.18)
Using Bayes’ formula, this amounts to solving

mixréié%ize —In fg(x) =In f,x_,(2). (3.19)

In view of (3.17), this is also equivalent to solving

minimize — In f(x) — In fy(z — TF*x). (3.20)
xeR

Under Assumption 3.5, this convex optimization problem is a special case of Problem 3.1. Indeed,
Assumption 3.5(iv) allows us to write, without loss of generality, the prior density as

K
(V(r)rex € R™)  fl(€)rex) o | [ exp(—er(&)), (3.21)
k=1

where (¢r)kek are the so-called potential functions of the marginal probability density functions
of X. It also follows from Assumption 3.5(iv) that the functions (¢g)rex are in I'o(R). Now set
VexeH) V(r)=—1Infy(z—Tx). (3.22)

Then Assumption 3.5(v) asserts that W € I'g(H) is differentiable with a Lipschitz continuous
gradient. Altogether, (3.20) reduces to Problem 3.1.
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Remark 3.6 In the simple case when V is a zero-mean Gaussian vector with an invertible co-
variance matrix A, the function ¥ reduces (up to an additive constant) to the residual energy
function © — (A™'(z — Tz) | 2 — Tx)/2. When X is further assumed to be Gaussian, the solution
to Problem 3.1 is a linear function of z. Recall that the MAP estimate coincides with the minimum
mean-square error estimate under such Gaussian models for both V and X [35, Section 2.4].

Remark 3.7 An alternative Bayesian strategy would be to determine a MAP estimate of T. This
would lead to

minimize —In fx(x) —In fy(z — Tx), (3.23)

z€H

where fy can be deduced from (3.21) through the change of variable X = F*X. In the case of an
orthonormal basis decomposition, it is easy to check that (3.23) is equivalent to problem (3.20).
By contrast, when F' corresponds to an overcomplete frame, the expression of f+ becomes involved
and (3.23) is usually much less tractable than Problem 3.1. As will be seen in Section 5, the latter
can be solved via a simple splitting algorithm.

Remark 3.8 Let us decompose the observation vector as z = [le, . ,ZJ]T and the matrix rep-
resenting T as [Tf—,...,Tq—r]—r where, for every i € {1,...,q}, z; € RMi and T; € RM>*N with
>°7 | M; = M. Furthermore, assume that V is a zero-mean Gaussian vector with diagonal covari-

ance matrix

o'y, 0 ... 0
a=] " N (3.24)
: R 0
0 ... 0 a;'ly,

where (o)1<i<q are strictly positive reals and Iy, 1 <i < ¢, is the identity matrix of size M; x M;.
Then ¥ reduces to the first term in (3.13) where G; = RM: and the MAP estimation problem under
Assumption 3.5 becomes a special case of the problem addressed in Section 3.3.1 with m = 0.

4 Proximity operators associated with log-concave densities

As discussed in Section 3.3.2, the functions (¢ )rek in (3.2) act as the potential functions of log-
concave univariate probability densities modeling the frame coefficients individually in Bayesian
formulations. On the other hand, the proximity operators of such functions will, via Proposi-
tion 2.10, play a central role in Section 5. Hereafter, we derive closed-form expressions for these
proximity operators in the case of some classical log-concave univariate probability densities [19,
Chapters VII&IX].

Let us start with a few observations.

Remark 4.1 Let ¢ € T'o(R).

(i) It follows from Definition 2.1 that (V€ € R) ¢(prox, &) < +oc.
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(ii) If ¢ is even, then it follows from Lemma 2.5(iv) that prox, is odd. Therefore, in such
instances, it will be enough to determine prox, ¢ for £ > 0 and to extend the result to £ <0
by antisymmetry.

(i) Let £ € R. If ¢ is differentiable at prox, ¢, then (2.5) yields

(VreR) m=prox,& < 7w+ (m)=¢. (4.1)

We now examine some concrete examples.
Example 4.2 (Laplace distribution) Let w € ]0, +oco[ and set
6: R = |—00, +0] : € > wle]. (12)
Then, for every § € R, prox, & = soft[_, . § = sign(§) max{|¢{| — w,0}.
Proof. Apply Lemma 2.6(iii) with ¢ =0 and Q = [~w,w]. O
Example 4.3 (Gaussian distribution) Let 7 € |0, +00[ and set
¢: R — |—o00, +00] : £ — T|¢]% (4.3)
Then, for every § € R, prox, { = /(27 + 1).
Proof. Apply Lemma 2.5(1) with X =R, p =0, a =27, and u=0. O
Example 4.4 (generalized Gaussian distribution) Let p € ]1,+o0[, k € |0, 400[, and set
61 R = |—00, +00] : € > RIEJP. (1.4)
Then, for every § € R, prox, & = sign({)e where g is the unique solution in [0, +-00[ to

0 +pro’ Tt = I¢]. (4.5)

In particular, the following hold:

(i) prox, & =¢&+ % ((x O3 —(x + 5)1/3), where x = /€2 + 256k3/729, if p = 4/3;

(i) proxy & =&+ 9k%sign(€) (1 — /1 + 16[¢[/(9x2) ) /8, if p = 3/2;

(i) proxy ¢ = sign(€)(v/1 + 12x[¢] — 1) /(6k), if p = 3;

1/3 N3
(iv) prox,§ = <X8—;£> - <X8/<a§> , where y = /&2 4+ 1/(27k), if p = 4.
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Proof. Let § € R and set m = prox,§. As seen in Remark 4.1(ii), because ¢ is even, it is enough
to assume that £ > 0. Since ¢ is differentiable, it follows from (2.7) and (4.1) that 7 is the unique
solution in [0, 4+00] to

7+ prrPTl = €, (4.6)
which provides (4.5). For p = 3, 7 is the solution in [0, 4+o00[ to the equation m + 3kx7? — & = 0,
ie., m = (vI+ 12k€ —1)/(6x) and we obtain (iii) by antisymmetry. In turn, since (2|- [*/2/3)" =
| - 13/3, Lemma 2.3(iii) with v = 3x/2 yields 7 = PIOX. (9.13/2/3) & = & — Y Prox(zy)-11.3(§/7) =
& + 9x?sign(€) (1 — /1 +16[¢]/(9x2) ) /8, which proves (ii). Now, let p = 4. Then (4.6) asserts
that 7 is the unique solution in [0, +oco[ to the third degree equation 4k73 + 7 — & = 0, namely
T = (Va2 +3 - a)1/3 - (Va4 8%+ a)l/g, where o = —£/(8k) and 8 = 1/(12k). Since this
expression is an odd function of &, we obtain (iv). Finally, we deduce (i) from (iv) by observing
that, since (3| - |4/3/4)* = | -|*/4, Lemma 2.3(iii) with v = 4x/3 yields 7 = ProX,3i.ja/s /4§ =
§ — ¥ Prox(4y)-1).+(§/7), hence the result after simple algebra. O

Example 4.5 (Huber distribution) Let w € ]0, +o0o[, 7 € ]0, +00[, and set

e, it €] < w/VET
¢: R —]—00,+00]: £ — (4.7
wV2T|€| — w?/2, otherwise.

Then, for every £ € R,

¢ | |
o T T if J€] < w(2r +1)/VET ",

€ —wy2rsign(€), if [£] > w(2r +1)/V2T.

Proof. Let § € R and set m = prox,§. Since ¢ is even, we assume that £ > 0 (see Remark 4.1(ii)).
In addition, since ¢ is differentiable, it follows from (2.7) and (4.1) that 7 is the unique solution
in [0,¢] to m + ¢/(7) = & First, suppose that m = w/v/27. Then ¢/(7) = wv/27 and, therefore,
¢ =7+ ¢(7) = w(2r + 1)/v/27. Now, suppose that & < w(27 4+ 1)/v/27. Then it follows from
Lemma 2.6(i) that 7 < prox,(w(27 + 1)/v/27) = w/v/27. In turn, (4.7) yields ¢/(7) = 277 and the
identity ¢ = 7 + ¢/(7) yields m = £/(27 + 1). Finally, if £ > w(27 + 1)/v/27, then Lemma 2.6(i)
yields m > prox,(w(27 + 1)/v27) = w/V/27 and, in turn, ¢'(7) = wv/27, which allows us to
conclude that 7 = ¢ — wv/27. O

Example 4.6 (maximum entropy distribution) This density is obtained by maximizing the
entropy subject to the knowledge of the first, second, and p-th order absolute moments, where
2#pe|l,4oo[ [24]. Let w € ]0,+o00[, 7 € [0,400[, k € ]0,+00], and set

$: R — |—o00, +00] : £ — wl|é| + 7|€|* + K[€P. (4.9)
Then, for every £ € R,
. 1
pros.; € = sign(€) Proxy o (ar 1) =g max{lé] - w.0}) (4.10)

where the expression of prox,,.;» /(241 is supplied by Example 4.4.
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Proof. The function ¢ is a quadratic perturbation of the function ¢ = w|- |+ k| - [P. Applying
Lemma 2.6(iii) with ¢ = |- [P and Q = [~w, w], we get (V€ € R) prox, & = prox,.;»(soft|_, . §) =
sign(§) prox,.p(max{|{| — w,0}). Hence, the result follows from Lemma 2.5(i) where X = R,
a=2r,andu=0.0

Example 4.7 (smoothed Laplace distribution) Let w € ]0, +o0o[ and set
¢: R — ]—00,400] : & = w|é| — In(1 + wlé]). (4.11)

This potential function is sometimes used as a differentiable approximation to (4.2), e.g., [29]. We
have, for every £ € R,

wlé] —w? —1+ \/|w\§| —w? — 1" + dwl]

2w

prox, § = sign(§) (4.12)

Proof. According to Remark 4.1(ii), since ¢ is even, we can focus on the case when £ > 0. As ¢
achieves its infimum at 0, Lemma 2.6(ii) yields m = prox,§ > 0. We deduce from (4.1) that 7 is
the unique solution in [0, +oo[ to the equation

wr? + (W2 +1 —wém — £ =0, (4.13)
which leads to (4.12). O

Example 4.8 (exponential distribution) Let w € ]0, 400 and set

wg, if £>0;

] (4.14)
+o0, if £ <0.

¢:R—>]—oo,+oo]:§»—>{

Then, for every £ € R,
—w if {2 w;

prox, § = {0 e <. (4.15)

Proof. Set ¢ = 1] 4oo[- Then Example 2.2 yields prox, = P o[- In turn, since ¢ is a linear
perturbation of ¢, the claim results from Lemma 2.5(i), where X =R, a =0, and u = w. O

Example 4.9 (gamma distribution) Let w € ]0,+o00[, k € |0, +0o0], and set

_’%ln(é) +w§> if f > 0;

] (4.16)
~+o00, if £€<0.

¢:R—>]—oo,+oo]:§r—>{

Then, for every £ € R,

§—w+\/\§—w\2+4ﬁ' (4.17)

proxy§ =
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Proof. Set

—kIn(§), if £€>0;
: R —00, 00| : 4.18
¢ R — =00, +oc] w{m fice (1.18)
We easily get from Remark 4.1(i)&(iii) that
VE+4
(V€ €R) prox,& = M (4.19)

2

In turn, since ¢ is a linear perturbation of ¢, the claim results from Lemma 2.5(i), where X = R,
a=0,and u=w. O

Example 4.10 (chi distribution) Let s € ]0, +o0[ and let

—kIn(&) +£2/2, if £€>0;

] (4.20)
~+00, if £€<0.

¢:R—>]—oo,+oo]:§r—>{

Then, for every & € R,

§+VE+8k V§2+8” (4.21)

proxy§ = 1

Proof. Since ¢ is a quadratic perturbation of the function ¢ defined in (4.18), the claim results

from Lemma 2.5(i), where ¥ =R, « =1, and u=0. O

Example 4.11 (uniform distribution) Let w € |0, +oo[ and set ¢ = ¢, |- Then it follows at
once from Example 2.2 that, for every £ € R,

—w, if £ < —w;
proxg & = Py € = 496§ if [§] <w; (4.22)
w, it £€>w.

Example 4.12 (triangular distribution) Let w € |—00,0[, let @ € ]0, +00[, and set

—In(§ —w) +In(—w), if {€]w,0];
¢: R —]—00,+00]: { = —In(@— &) +In(w), if £€]0,0[; (4.23)

400, otherwise.

Then, for every & € R,

— o2 +4
ot VESIT ey,

= w— — w244 4.24
prox, § E+w \/\25 W) + i E>1/m (4.24)
0 otherwise.
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Proof. Let £ € R and set m = prox, {. Let us first note that 9¢(0) = [1/w,1/w]. Therefore, (2.5)
yields
=0 & {eljw,1/a]. (4.25)

Now consider the case when & > 1/@. Since ¢ admits 0 as a minimizer, it follows from Lemma 2.6(ii)
and (4.25) that 7 € ]0,¢]. Hence, we derive from (4.1) that 7 is the only solution in ]0,&] to

T+ 1/(W—m) =¢& ie, m=({+w— | —w|*>+4)/2. Likewise, if { < 1/w, it follows from
Lemma 2.6(ii), (4.25), and (4.1) that 7 is the only solution in [£,0] to # — 1/(m — w) = &, which

yields 7 = (€ +w+ /[§ —w|? +4)/2. O

The next example is an extension of Example 4.10.

Example 4.13 (Weibull distribution) Let w € ]0, +o0], £ € |0, +00[, and p € |1, 4+o00[, and set

—kl P if 0;
¢: R —]—00,+00] : £ — FIn(E) +we?, 1 §>0; (4.26)
~+00, if £€<0.
Then, for every £ € R, m = prox, ¢ is the unique strictly positive solution to
pwrP + 7% — tr = k. (4.27)

Proof. Since ¢ is differentiable on |0, +oc], it follows from Remark 4.1(i)&(iii) that 7 is the unique
solution in |0, 4o00[ to m 4 ¢/(7) = £ or, equivalently, to (4.27). O

A similar proof can be used in the following two examples.

Example 4.14 (generalized inverse Gaussian distribution) Let w € |0, +o0o[, k € [0, +o0],
and p € |0, +o00[, and set

+OO7 if 6 S 0.
Then, for every £ € R, m = prox, ¢ is the unique strictly positive solution to
7+ (w — &7 — kT = p. (4.29)

Example 4.15 (Pearson type I) Let £ and & be in |0,4+00], let w and @ be reals such that
w < w, and set

kIn(¢ —w) —Fln(@ —€), if o[;
¢: R — |—o00, +00] 1 € { £ln(§ —w) —Fln(@ —¢), if &€ Jw]; (4.30)
~+00, otherwise.
Then, for every { € R, 7 = prox, § is the unique solution in Jw, [ to
™ (W+T+ O+ (W — E—F + (W +0)E) T = W — Wk — WK. (4.31)

Remark 4.16
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(i) The chi-square distribution with n > 2 degrees of freedom is a special case of the gamma
distribution (Example 4.9) with (w, k) = (1/2,n/2 —1).

(ii) The normalized Rayleigh distribution is a special case of the chi distribution (Example 4.10)
with k = 1.

(iii) The beta distribution and the Wigner distribution are special cases of the Pearson type I
distribution (Example 4.15) with (w,@) = (0,1), and —w = @ and kK = & = 1/2, respectively.

(iv) The proximity operator associated with translated and/or scaled versions of the above den-
sities can be obtained via Lemma 2.5(ii)&(iii).

(v) For log-concave densities for which the proximity operator of the potential function is difficult
to express in closed form (e.g., Kumaraswamy or logarithmic distributions), one can turn to
simple procedures to solve (2.5) or (4.1) numerically.

5 Algorithm

We propose the following algorithm to solve Problem 3.1.

Algorithm 5.1 Fix x € ¢2(K) and construct a sequence (xp)nen = ((€n.k)kek )nen by setting, for
every n € N

(Vk €K) &uyrp=6np + )\n(PYOX%m (&nk — (ke + Bnk)) + o — Sn,k>7 (5.1)

where A\, €10,1], vy, € ]0, +oo[, {anitrex CR, (M r)rex = F(VY(F*xy,)), and (Byk)kek = Fbn,
where b,, € H.

The chief advantage of this algorithm is to be fully split in the sense that the functions (¢)kex
and ¥ appearing in (3.2) are used separately. First, the current iterate x,, is transformed into a point
in F*x,, in ‘H, and the gradient of ¥ is evaluated at this point to within some tolerance b,,. Next, we
obtain the sequence (7, 1)kex = F (VY (F*x,)) to within some tolerance (8, k)rex = Fb,. Then
one chooses v, > 0, and, for every k € K, applies the operator prox,, 4 t0 &k —Vn(Mnk+Bnk). An
eITor «vy i, is tolerated in this computation. Finally, the kth component &, ; of x,41 is obtained
by applying a relaxation of parameter ), to this inexact proximal step. Let us note that the
computation of the proximal steps can be performed in parallel.

To study the asymptotic behavior of the sequences generated by Algorithm 5.1, we require the
following set of assumptions.

Assumption 5.2 In addition to the standing assumptions of Problem 3.1, the following hold.

(i) Problem 3.1 admits a solution.

(i) infren An > 0.
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(iii) infhenyn > 0 and sup,envn < 2/0, where [ is a Lipschitz constant of F'o VW o F™*.

(V) Dnen V2 kex |nkl* < +oo and 37, o [|ba]l < +o0.

Remark 5.3 As regards Assumption 5.2(i), sufficient conditions can be found in Proposition 3.3.
Let us now turn to the parameter 4 in Assumption 5.2(iii), which determines the range of the step
sizes (Yn)nen- It follows from the assumptions of Problem 3.1 and (1.1) that, for every x and y in

*(K),

[F(VU(F*x) = F(VU(F )| < [FI[ [[VE(F"x) = VU (Fy)|
< 7|[F|[[|1F"x = Fy|
<7[|F[?[Ix = y|
<7tv|x—vyl. (5.2)

Thus, the value § = 7v can be used in general. In some cases, however, a sharper bound can be
obtained, which results in a wider range for the step sizes (v, )nen. For example, in the problem
considered in Section 3.3.1, if the norm of R = Z?Zl o F'TT; F* can be evaluated, it follows from
(3.13) and the nonexpansivity of the operators (Id —Ps,)1<i<m that one can take

B=|R|+v) 9 (5.3)
=1

Theorem 5.4 Let (x,)nen be an arbitrary sequence generated by Algorithm 5.1 under Assump-
tion 5.2. Then (X,)nen converges weakly to a solution to Problem 3.1.

Proof. Set X = (*(K), fi = Y pex @x({- | ok)), and fo = W o F*, where (oy)rex denotes the
canonical orthonormal basis of £2(K). Then Vfy = F o VWU o F* is 3-Lipschitz continuous (see
Assumption 5.2(iii)) and, as seen in the proof of Proposition 3.4, (3.2) conforms to the format of
Problem 2.7. Furthermore, it follows from Proposition 2.10 that we can rewrite (5.1) as

Xni1 = Xn + An < Z (prox,, 4, (xn — WMF (VU (F* %) + by) | ox) + an i) op — xn>
keK

= Xp + )\n(prox%f1 (xn = Y0 (V fa(xn) + bp)) + an — xn>, (5.4)

where a,, = (a1 )kex and b, = Fb,. Since Assumption 5.2(iv) and (1.1) imply that }_ ylan| <
o0 and Y [Ibnll < V¥, en l|bn]l < 400, the claim therefore follows from Theorem 2.9. O

Let (x)nen be a sequence generated by Algorithm 5.1 under Assumption 5.2 and set (Vn € N)
Zn = F*x,. On the one hand, Theorem 5.4 asserts that (x,)nen converges weakly to a solution
x to Problem 3.1. On the other hand, since F* is linear and bounded, it is weakly continuous
and, therefore, (z,,)nen converges weakly to F*x. However, it is not possible to express (5.1) as an
iteration in terms of the sequence (z,)n,en in H in general. The following corollary addresses the
case when F' is surjective, which does lead to an algorithm in H.
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Corollary 5.5 Suppose that (ex)rex is a Riesz basis with companion biorthogonal basis (€x)kexk -
Fixz xg € H and, for every n € N, set

Tpi1 = Tn + A\ < Z (prox, 4 ((zn | €k) = (V¥ (zn) + by | ex)) + anp) €x — mn>, (5.5)
keK

where Ay, € ]0,1], v, € 10,400, {anktrexk C R, and b, € H. Suppose that Assumption 5.2
is in force. Then (xp)nen converges weakly to a point x € H and ({x | é;))kex s a solution to
Problem 3.1.

Proof. Set (Vn € N)(Vk € K) gn,k = <$n | ék‘>a Mnk = <v‘ll(xn) | €k>, and ﬂn,k = <bn ‘ ek>' Then,
for every n € N, it follows from (1.4) that z,, = F*(&,%)kex and, in turn, that
(Mnk)kex = F(VU(F*%y,)), where xp = (&nk)kek- (5.6)

Furthermore, for every n € N, it follows from (5.5) and the biorthogonality of (e)rex and (€x)rex
that

(VkeK) &tk = (Tnt1 | €r)

— (2 | &) + An(prox%m (@ | Ex) — (VO (2p) + by | €x)) + ok

= fn,k + )\n ( pI‘OX,Ynd)k (é.n,k - 7n(77n,k + ﬁn,k)) + an,k - 5n,k> . (57)

Since Theorem 5.4 states that (x,)nen converges weakly to a solution x to Problem 3.1, (z,)nen =
(F*Xp)nen converges weakly to z = F*x. Consequently, (1.4) asserts that we can write x =
(@ | €k))kex. O

Remark 5.6 Suppose that K = N and that (e;)rex is an orthonormal basis of H. Then (5.5)
reduces to

Tpyl = Tp + An ( Z (pI‘OX,ynd)k (<xn - 'Yn(v\lj(djn) + bn) | ek‘>) + an,k) €L — $n> . (58)
kek

In this particular setting, some results related to Corollary 5.5 are the following.

(i) Suppose that U: x — ||[Tx — z|?/2, where T is a nonzero bounded linear operator from H
to a real Hilbert space G and z € G. Suppose that, in addition, (Vk € K) ¢ > ¢r(0) = 0.
Then the convergence of (5.8) is discussed in [15, Corollary 5.16].

(ii) Suppose that (£2)rek are closed intervals of R such that 0 € int (), .k 2% and that

(Vk €K) ¢p =Yy + 0q,, (5.9)

where ¢, € I'g(R) is differentiable at 0 and )y, > 94(0) = 0. Then (5.8) is the thresholding
algorithm proposed and analyzed in [14], namely

Tpil = Tn + My < Z (prox%w (soft,yngk (n — W (V¥(x,) + by) | ek>) + Oén,k;) er — a:n> ,
keK

(5.10)
where soft,, o, is defined in (2.8).
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(iii) Suppose that the assumptions of both (i) and (ii) hold and that, in addition, we set A\, =1,
1T <1, % =1, anir =0, b, =0, and (Vk € K) ¢, = 0 and Q; = [—wy,wy]. Then (5.10)
becomes

T = Y (S0fb iy ) (@n + T*(z = T2) | ex))ex. (5.11)
keK
Algorithm 5.1 can be regarded as a descendant of this original method, which is investigated
in [17] and [18].

6 Numerical results

The proposed framework is applicable to a wide array of variational formulations for inverse prob-
lems over frames. We provide a couple of examples to illustrate its applicability in wavelet-based
image restoration in the Euclidean space H = R3'2X512 The choice of the potential functions
(dk )kek in Problem 3.1 is guided by the observation that regular images typically possess sparse
wavelet representations and that the resulting wavelet coefficients often have even probability den-
sity functions [26]. Among the candidate potential functions investigated in Section 4, those of
Example 4.6 appear to be the most appropriate for modeling wavelet coefficients on two counts.
First, they provide flexible models of even potentials. Second, as shown in Lemma 2.6(iii), their
proximity operators are thresholders and they therefore promote sparsity. More precisely, we em-
ploy potential functions of the form ¢, = wg| - | + 7%| - |? + k| - |P¥, where pp € {4/3,3/2,3,4}
and {wy, Ty, Kk} C |0, +o0o[. Note that prox,, can be obtained explicitly via (4.10) and Exam-
ples 4.4(i)-(iv). In addition, it follows from Proposition 3.3(iii)(b) that, with such potential func-
tions, Problem 3.1 does admit a solution. The values of the parameters wy, 7, kg, and pi are
chosen for each wavelet subband via a maximum likelihood approach. The first example uses a
biorthogonal wavelet basis and the second one uses an M-band dual-tree wavelet frame. Let us
emphasize that such decompositions cannot be dealt with using the methods developed in [14],
which are limited to orthonormal basis representations. Algorithm 5.1 is implemented with A\, = 1
and large step sizes (i.e., v, close to 2/(3) since such values have been observed to provide a good
speed of convergence in our experiments.

6.1 Example 1

We provide a multiview restoration example in a biorthogonal wavelet basis. The original image T
is the standard test image displayed in Fig. 2 (top left). Two observations (see Fig. 2 top right and
bottom left) conforming to the model (3.12) are available. In our experiment, G; = Go = H and v,
and vo are realizations of two independent zero-mean Gaussian white noise processes. Moreover,
the operator 77 models a motion blur in the diagonal direction and satisfies ||T1]| = 1, whereas
Ty = Id /2. The blurred image-to-noise ratio is higher for the first observation (22.79 dB versus
15.18 dB) and so is the relative error (18.53 dB versus 5.891 dB) (the decibel value of the relative
error between an image z and 7 is 20log, (||Z||/||z — Z||)). The function ¥ in Problem 3.1 is given
by (3.13), where a1 = 4.00x 1072 and ay = 6.94 x 1073 are the inverses of the variances of the noise
corrupting each observation. In addition, we set m = 1, 91 = 1072, and S; = [0,255]°12%%12 to
enforce the known range of the pixel values. A discrete biorthogonal spline 9-7 decomposition [2] is
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used over 3 resolution levels. Algorithm 5.1 is used to solve Problem 3.1. By numerically evaluating
|R| in (5.3), we obtain 5 = 0.230 and the step sizes are chosen to be 7, = 1.99/3 = 8.66. The
resulting restored image, shown in Fig. 2 (bottom right), yields a relative error of 23.84 dB.

6.2 Example 2

The original SPOTS5 satellite image T is shown in Fig. 3 (top) and the degraded image z in G = 'H
is shown in Fig. 3 (center). The degradation model is given by (3.16), where T is a 7 x 7 uniform
blur with ||7']| = 1, and where v is a realization of a zero-mean Gaussian white noise process. The
blurred image-to-noise ratio is 28.08 dB and the relative error is 12.49 dB.

In this example, we perform a restoration in a discrete two-dimensional version of an M-band
dual-tree wavelet frame [7]. This decomposition has a redundancy factor of 2 (i.e., with the
notation of Section 3.3.2, K/N = 2). In our experiments, decompositions over 2 resolution levels
are performed with M = 4 using the filter bank proposed in [1]. The function ¥ in Problem 3.1 is
given by (3.22), where fy is the probability density function of the Gaussian noise. A solution is
obtained via Algorithm 5.1. For the representation under consideration, we derive from (5.3) that
8 = 2 and we set vy, = 0.995. The restored image, shown in Fig. 3 (bottom), yields a relative error
of 15.68 dB, i.e., a significant improvement of over 3 dB in terms of signal-to-noise ratio. A more
precise inspection of the magnified areas displayed in Fig. 4 shows that the proposed method makes
it possible to recover sharp edges while removing noise in uniform areas. This behavior in terms
of edge recovery may be attributed to the choice of the M-band dual-tree wavelet decomposition,
which is known to provide a good representation of directional features such as edges [7].
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Figure 2: Example 1 — Original image (top left), first observation (top right), second observation
(bottom left), and image restored with 200 iterations of Algorithm 5.1 (bottom right).
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Figure 3: Example 2 — Original image (top); degraded image (center); image restored in a dual-tree
wavelet frame with 100 iterations of Algorithm 5.1 (bottom).
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Figure 4: Example 2 — Zoom on a 100 x 100 portion of the SPOT5 satellite image. Original image
(top); degraded image (center); image restored in a dual-tree wavelet frame with 100 iterations of
Algorithm 5.1 (bottom).



