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A WEAK FORM OF SOME TYPES OF CONTINUOUS
MULTIFUNCTIONS
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ABSTRACT. The aim of this paper is to introduce and study upper
and lower almost ~-continuous multifunctions as a generalization of
some types of continuous multifunctions including almost continuity, al-
most a-continuity, almost precontinuity, almost quasi-continuity and ~y-
continuity. Furthermore, basic characterizations, preservation theorems
and several properties concerning upper and lower almost y-continuous
multifunctions are investigated. The relationships between almost ~y-
continuous multifunctions and the other types of continuity are also
discussed.
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1. Introduction

Many authors have researched and studied several stronger and weaker
forms of continuous functions and multifunctions. It is well known that con-
tinuity and multifunctions are basic topics in general topology and in set
valued analysis and in several branches of mathematics. Multifunctions and
of course continuous multifunctions stand among the most important and
most researched points in the whole of the Mathematical Science. Many
different forms of continuous multifunctions have been introduced over the
years. Some of them are semi-continuity [22], a-continuity [16], precontinu-
ity [26], quasi-continuity [25], y-continuity [2] and d-precontinuity [21].
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The purpose of this paper is to give a new weaker form of some types of
continuity including almost continuity [24], almost a-continuity [30], almost
precontinuity [31], almost quasi-continuity [19, 29] and ~-continuity. In this
paper, almost ~-continuity is introduced and studied. Moreover, basic prop-
erties and preservation theorems of almost y-continuous multifunctions are
investigated and relationships between almost ~y-continuous multifunctions
and the other types of continuity are investigated.

In Section 3, the notion of almost y-continuous multifunctions is intro-
duced and characterizations and some relationships of almost ~-continuous
multifunctions and basic properties of almost y-continuous multifunctions
are investigated and obtained. Furthermore, the relationships almost ~-
continuity and the other types of continuity are investigated. In Section 4,
various relationships are investigated. In Section 5, the relationships between
almost vy-continuity and graphs, product spaces are obtained. In Section 6,
the other several properties of almost y-continuity are investigated.

2. PRELIMINARIES

In this paper, spaces (X, 7) and (Y,v) (or simply X and Y) always
mean topological spaces on which no separation axioms are assumed unless
explicitly stated. Let A be a subset of a space X. For a subset A of (X, 7),
cl(A) and int(A) represent the closure of A with respect to 7 and the interior
of A with respect to 7, respectively.

A subset A of a space X is said to be regular open (respectively regular
closed) if A = int(cl(A)) (respectively A = cl(int(A))) [35].

The o-interior [36] of a subset A of X is the union of all regular open sets
of X contained in A is denoted by § — int(A). A subset A is called §-open
[36] if A =0 —int(A),i. e., aset is d-open if it is the union of regular open
sets. The complement of §-open set is called §-closed. Alternatively, a set
A of (X, 7) is called o-closed [36] if A = — cl(A), where § — cl(A) = {z €
X :Anint(cl(U)) #0,U € 7 and x € U}.

A subset A of a space X is said to be a-open [17] (resp. semi-open [18],
preopen [14], b-open [4] or y-open [11] or sp-open [10], d-preopen [33], (-
open [1] or semi-preopen [3]) if A C int(cl(int(A))) (resp. A C cl(int(A)),
A C int(cl(A)), A C c(int(A)) Uint(cl(A)), A C int(0 — cl(A)), A C
cl(int(cl(A)))). The family of all open (resp. a-open, semi-open, preopen,
~v-open, d-preopen, [3-open) sets of X containing a point = € X is denoted
by O(X,z) (resp. aO(X,x), SO(X,x), PO(X,x), yO(X,x), 6PO(X,x),
BO(X, 2)).

The complement of a semi-open (resp. «a-open, preopen, (-open) set is
said to be semi-closed [9] (resp. a-closed [15], preclosed [12], (-closed [1]).

The complement of a y-open set is said to be y-closed [11]. The intersec-
tion of all y-closed sets of X containing A is called the v-closure [11] of A
and is denoted by v — cl(A). The union of all v-open sets of X contained
A is called v-interior of A and is denoted by v — int(A). A subset U of X
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is called a y-neighborhood of a point z € X if there exists a v-open set V'
such that z € V C U.

Similarly, s — cl(A), o — cl(A) and p — cl(A) are defined in [9], [17] and
[12], respectively.

The family of all a-open (resp. v-open, 7-closed, regular open, regular
closed, [-open) sets of X is denoted by aO(X) (resp. vO(X), 7C(X),
RO(X), RC(X), BO(X)).

By a multifunction F' : X — Y, we mean a point-to-set correspondence
from X into Y, and always assume that F(x) # 0 for all x € X. For a
multifunction F' : X — Y, following [5, 7] we shall denote the upper and
lower inverse of a set B of Y by F™(B) and F~(B), respectively, that is,
Ft(By={x € X :F(z) CB}and F~(B) ={z € X : F(z)NB # 0}. In
particular, F~(y) = {x € X : y € F(z)} for each point y € Y. For each
AC X, F(A) = | F(z). Then F is said to be a surjection if F(X) =Y,

€A

or equivalently if for each y € Y there exists an « € X such that y € F(z).

Moreover, F' : X — Y is called upper semi continuous (resp. lower semi
continuous) if FT(V) (resp. F~(V)) is open in X for every open set V of
Y [22].

For a multifunction F' : X — Y, the graph multifunction Gp : X — X XY
is defined as follows: Gp(z) = {x} x F(x) for every z € X and the subset
{{z} x F(z) : 2 € X} C X xY is called the multigraph of F' and is denoted
by G(F) [34].

Definition 1. Let (X,7) and (Y,0) be topological spaces. A multifunction
F:X —Y is said to be:

1. Upper almost continuous [24] (resp. upper almost a-continuous [30],
upper almost quasi-continuous [19, 29], upper almost precontinuous [31],
upper almost [-continuous [20, 32]) at x € X if for each open set V of
Y containing F(x), there exists U € O(X,z) (resp. U € aO(X,x), U €
SO(X,z), U € PO(X,x), U € BO(X,x)) such that F(U) C int(cl(V)).

Upper ~y-continuous [2] (resp. upper §-precontinuous [21]) at x € X if
for each open set V of Y containing F(x), there exists U € yO(X,x) (resp.
U € dPO(X,x)) such that F(U) C V.

2. Lower almost continuous [24] (resp. lower almost a-continuous [30],
lower almost quasi-continuous [19, 29/, lower almost precontinuous [31],
lower almost 3-continuous [20, 32]) at x € X if for each open set V of Y
such that F(x) NV # 0, there exists U € O(X,x) (resp. U € aO(X,z), U €
SO(X,z), U € PO(X,x), U € BO(X,z)) such that F(u) Nint(cl(V)) # 0
for everyu € U.

Lower ~y-continuous [2] (resp. lower d-precontinuous [21]) at x € X if for
each open set V. of Y such that F(x) NV # 0, there exists U € vO(X, x)
(resp. U € §PO(X,x)) such that F(u) NV %0 for every u € U.

3. Upper (lower) almost continuous (resp. wupper (lower) almost o-
continuous, upper (lower) almost quasi-continuous, upper (lower) almost
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precontinuous, upper (lower) almost (3-continuous, upper (lower) ~-conti-

nuous, upper (lower) §-precontinuous) if it has this property at each point
of X.

3. ALMOST ¥-CONTINUOUS MULTIFUNCTIONS

In this section, the notion of almost y-continuous functions is intro-
duced and characterizations and some relationships of almost v-continuous
multifunctions and basic properties of almost ~-continuous multifunctions
are investigated and obtained. Furthermore, the relationships almost ~y-
continuity and the other types of continuity are investigated.

Definition 2. A multifunction F : X — Y is said to be:

1. Lower almost vy-continuous at a point x € X if for each open set
V of Y such that x € F~(V), there exists U € vO(X,x) such that U C
F=(int(cl(V))),

2. Upper almost vy-continuous at a point x € X if for each open set
V of Y such that x € F+(V), there exists U € yO(X,z) such that U C
Fr(int(cl(V))).

3. Lower (upper) almost vy-continuous if F' has this property at each point
of X.

The following theorem give some characterizations of upper almost ~-
continuous multifunction.

Theorem 3. Let F' : X — Y be a multifunction from a topological space
(X, 1) to a topological space (Y,v). Then the following statements are equiv-
alent:

(1). F is upper almost v-continuous multifunction,

(2). for each x € X and for each open set V such that F(x) C V, there
exists U € vO(X, ) such that if y € U, then F(y) C int(cl(V)),

(3). for each x € X and for each regular open set G of Y such that
F(z) C G, there exists U € yO(X, z) such that F(U) C G,

(4). for each x € X and for each closed set K such that x € FT(Y\K),
there exists a y-closed set H such that x € X\H and F~(cl(int(K))) C H,

(5). F*(int(cl(V))) € yO(X) for any open set V C Y,
(6). F~(cl(int(K))) € vC(X) for any closed set K C Y,
(7). FY(G) € yO(X) for any regular open set G of Y,
(8). F~(K) € vC(X) for any regular closed set K of Y,

(9). for each point x of X and each neighbourhood V' of F(x),
Ft(int(cl(V))) is a y-neighbourhood of x,

(10). for each point x of X and each neighbourhood V' of F(x), there
exists a y-neighbourhood U of x such that F(U) C int(cl(V)),

(11). cl(int(F~(cl(int(H))))) Nint(cl(F~ (cl(int(H))))) C
F~(cl(int(cl(H)))) for every subset H of Y,

(12). F*(int(cl(int(N)))) C
int(cl(F*(int(cl(N))))) Ucl(int(F* (int(cl(N))))) for every subset N of Y,
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. (13). v —cl(F~(cl(int(H)))) C F~(cl(int(cl(H)))) for every subset H of
f}g,ﬁ Ft(int(cl(int(N)))) C v —int(FT (int(cl(N)))) for every subset N

Proof. (1)<(2). Clear.

(2)=-(3). Let x € X and G be a regular open set of Y such that F'(z) C
G. By (2), there exists U € yO(X,x) such that if y € U, then F(y) C
int(cl(G)) = G. We obtain F(U) C G.

(3)=(2). Let = € X and V be an open set of Y such that F(z) C V.
Then, int(cl(V)) € RO(Y). By (3), there exists U € yO(X,x) such that
F(U) C int(cl(V)).

(2)=(4). Let € X and K be a closed set of Y such that x € F*(Y\K).
By (2), there exists U € yO(X,z) such that F(U) C int(cl(Y\K)). We
have int(cl(Y\K)) = Y\cl(int(K)) and

U c FH(Y\c(int(K))) = X\F~ (cl(int(K))).

We obtain F~(cl(int(K))) C X\U. Take H = X\U. Then, z € X\H and
H is a y-closed set.

(4)=(2). It can be obtained similarly as (2)=-(4).

(1)=(5). Let V be any open set of Y and = € F*(int(cl(V))). By (1),
there exists U, € yO(X,z) such that U, C F*(int(cl(V))). Therefore, we

obtain
Fr(int(cl(V))) = U U,.
z€FT (int(cl(V)))
Hence, F* (int(cl(V))) € yO(X).
(5)=(1). Let V be any open set of Y and x € F*(V). By (5),
F*(int(cl(V))) € yO(X).
Take U = F7*(int(cl(V))). Then, F(U) C int(cl(V)). Hence, F is upper
almost vy-continuous.

(5)=(6). Let K be any closed set of Y. Then, Y\ K is an open set of Y.
By (5), FT(int(cl(Y\K))) € yO(X). Since int(cl(Y\K)) = Y\cl(int(K)),
it follows that F'* (int(cl(Y\K))) = FT(Y\cl(int(K))) = X\F~ (cl(int(K))).
We obtain that F~(cl(int(K))) is y-closed in X.

(6)=(5). It can be obtained similarly as (5)=(6).

(5)=(7). Let G be any regular open set of Y. By (5), F'*(int(cl(@))) =
FT(G) € yO(X).

(7):>(5). Let V' be any open set of Y. Then, int(cl(V)) € RO(Y). By
(7), F¥(int(cl(V))) € 7O(X).

(6)=(8). It can be obtained similarly as (5)=(7).

(8)=-(6). It can be obtained similarly as (7)=(5).

(5)=(9). Let z € X and V be a neighbourhood of F(z). Then there
exists an open set G of Y such that F'(z) C G C V. therefore, we obtain
z € FH(G) C F*(V). Since F*(int(cl(G))) € vO(X), Ft(int(cl(V))) is a
~v-neighbourhood of x.
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(9)=(10). Let z € X and V be a neighbourhood of F(z). By (9),
F*(int(cl(V))) is a y-neighbourhood of x. Take U = F* (int(cl(V'))). Then
FU) Cint(cl(V)).

(10)=-(1). Let z € X and V be any open set of Y such that F(z) C V.
Then V is a neighbourhood of F'(x). By (10), there exists a y-neighbourhood
U of x such that F(U) C int(cl(V)). Therefore, there exists G € yO(X)
such that x € G C U and hence F(G) C F(U) C int(cl(V)). We obtain
that F'is upper almost y-continuous.

(6)=-(11). For any subset H of Y, cl(H) is closed in Y. By (6),

F~(cl(int(cl(H)))) € vC(X).
This means
int(cl(F~(cl(int(H))))) N el(int(F~ (cl(int(H)))))

C int(cl(F~(cl(int(cl(H)))))) N cl(int(F~ (cl(int(cl(H))))))
C F~(cl(int(cl(H)))).

(11)=(12). By replacing Y\ H instead of H in (11), we have

int(cl(F~(cl(int(Y\H))))) N cl(int(F~ (cl(int(Y\H)))))
= int(cl(F~(Y\int(cl(H))))) Ncl(int(F~ (Y \int(cl(H)))))
C F~(c(int(cl(Y\H)))).

and therefore,

F(int(cl(int(H)))) C int(cl(FT (int(cl(H))))) U c(int(FT (int(cl(H))))).
(12)=(5). Let V be any open set of Y. Then by using (12) we have
FT(int(cl(V))) C int(cl(FT(int(cl(V))))) U cl(int(F* (int(cl(V))))).

Hence, we obtain F'*(int(cl(V))) € yO(X).
(6)=(13). For any subset H of Y, cl(H) is closed in Y. By (6),

F~(cl(int(cl(H))))
is y-closed in X. Therefore, we obtain
v —cl(F~ (cl(int(H)))) C F~ (cl(int(cl(H)))).
(13)=(6). Let K be any closed set of Y. Then we have
v —cl(F~(c(int(K)))) C F~ (cl(int(cl(K)))) = F~ (cl(int(K))).

Thus, F~(cl(int(K))) is y-closed in X.
(5)=-(14). For any subset N of Y, int(N) is open in Y. By (5),

FT(int(cl(int(N))))
is v-open in X. Therefore, we obtain
Ft(int(cl(int(N)))) C v — int(F*(int(cl(N)))).

(14)=(5). Let V be any open set of Y. Then we have F* (int(cl(V))) C
v —int(F*(int(cl(V)))). Hence, F*(int(cl(V))) is y-open in X. O
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Remark 4. For a multifunction F : X — Y from a topological space (X, T)
to a topological space (Y,v), the following implications hold:

upper almost continuity

0
upper almost a-continuity = upper almost precontinuity
4 \
upper almost quasi-continuity = upper almost y-continuity

4

upper almost B-continuity

Note that none of these implications is reversible. We give examples for
the last three implications as follows. The other examples can be obtained
in [19, 24, 29, 30, 31].

Example 5. Let X =Y = {a,b,c,d}. Let 7 and o be respectively topolo-
gies on X and on'Y given by T = {0,X,{a},{b,c},{a,b,c}} and o =
{0,Y,{a},{b,d},{a,b,d}}. Define the multifunction F': X —Y by F(x) =
{z} for each x € X. Then F is upper almost (3-continuous but not upper
almost ~y-continuous, since {b,d} € RO(Y) and F*({b,d}) = {b,d} is not
~v-open in (X, T).

Example 6. Let X = {a,b,c} and Y = {1,2,3,4,5}. Let 7 and o be
respectively topologies on X and on'Y given by 7 = {0, X, {a}, {b},{a,b}}
and o = {0,Y,{1,2},{3,4},{3,4,5},{1,2,3,4}}. Define the multifunction
F:X =Y by F(a) = {1}, F(b) = {3,4,5} and F(c) = {2}. Then F is
upper almost y-continuous but not upper almost precontinuous.

Example 7. Let X ={1,2,3,4,5}. Let 7 be a topology on X given by T =
{0, X,{1,2},{3,4},{3,4,5},{1,2,3,4}}. Define the multifunction F : X —
X by F(1) = {1}, F(2) = {3}, F(3) = {2}, F(4) = {4} and F(5) = {5}.
Then F' is upper almost y-continuous but not upper almost quasi-continuous.

The following theorem give some characterizations of lower almost ~-
continuous multifunction.

Theorem 8. Let F' : X — Y be a multifunction from a topological space
(X, 7) to a topological space (Y,v). Then the following statements are equiv-
alent:

(1). F is lower almost vy-continuous multifunction,

(2). for each x € X and for each open set V' such that F(x) NV # (),
there exists a U € yO(X, x) such that if y € U, then F(y) Nint(cl(V)) # 0,

(8). for each x € X and for each regular open set G of Y such that F(z)N
G # 0, there exists a U € yO(X, x) such that if y € U, then F(y) NG # 0,

(4). for each x € X and for each closed set K such that x € F~(Y\K),
there exists a y-closed set H such that x € X\H and F*(cl(int(K))) C H,

(5). F~(int(cl(V))) € yO(X) for any open set V C Y,

(6). Fr(cl(int(K))) € yC(X) for any closed set K CY,

(7). F~(G) € yO(X) for any regular open set G of Y,
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(8). F*(K) € vC(X) for any regular closed set K of Y,

(9). cl(int(F*(cl(int(H))))) Nint(cl(FT(cl(int(H))))) C
F(cl(int(cl(H)))) for every subset H of Y,

(10). F~(int(cl(int(N)))) C int(cl(F~ (int(cl(N)))))U
cl(int(F~ (int(cl(N))))) for every subset N of Y,
. (11). v —cl(F*(cl(int(H)))) C F*(cl(int(cl(H)))) for every subset H of
J;g?) F~(int(cl(int(N)))) C v —int(F~ (int(cl(N)))) for every subset N

Proof. It can be obtained similarly as the previous theorem. ([

Theorem 9. The following properties are equivalent for a multifunction
F:X->Y:

(1) F is upper almost y-continuous,

(2) vy —c(F~(V)) C F~(cl(V)) for every V € O(Y),

(8) v —c(F~(V)) C F~(cl(V)) for every V € SO(Y),

(4) FT (V) C v —int(FT(int(cl(V)))) for every V € PO(Y).

Proof. 1t is analogous with them of Theorem 1 of [19], Theorem 5 of [31]
and Theorem 5 of [20]. O

Theorem 10. The following properties are equivalent for a multifunction
F:X->Y:

(1) F is lower almost ~y-continuous,

(2) v —c(FH(V)) C FT(cl(V)) for every V € BO(Y),

(3) v —c(FH(V)) C FT(cl(V)) for every V € SO(Y),

(4) F= (V) C vy —int(F~ (int(cl(V)))) for every V. € PO(Y).

Proof. 1t is analogous with them of Theorem 2 of [19], Theorem 6 of [31]
and Theorem 6 of [20]. O

We know that a net (z,) in a topological space (X, 7) is called eventually
in the set U C X if there exists an index ag € J such that z, € U for all
o > Q.

Definition 11. Let (X, 7) be a topological space and let (xzo) be a net in
X. It is said that the net (x,) y-converges to x if for each ~y-open set G
containing x in X, there exists an index ag € I such that x,, € G for each
a > ag.

Theorem 12. Let F : X — Y be a multifunction. If F is lower (upper)
almost y-continuous multifunction, then for each x € X and for each net
(zo) which y-converges to x in X and for each open set V.C 'Y such that
x € F~(V) (resp. x € FT(V)), the net (x,) is eventually in F~ (int(cl(V)))
(resp. Ft(int(cl(V)))).

Proof. Let (x,) be a net which ~-converges to = in X and let V' be any
open set in Y such that z € F~ (V). Since F is lower almost y-continuous
multifuction, it follows that there exists a y-open set U in X containing
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x such that U C F~(int(cl(V))). Since (z,) y-converges to z, it follows
that there exists an index g € J such that x, € U for all o > ag. So we
obtain that z, € U C F~(int(cl(V))) for all a > ap. Thus, the net (z4) is

eventually in F'~(int(cl(V))).
The proof of the upper almost «-continuity of F' is similar to the above.
O

Lemma 13. Let A and X be subsets of a space (X, 7). If A € yO(X) and
Xo € aO(X), then AN Xy € vO(Xo) [4, 11].

Lemma 14. Let A C Xg C X. If Xg € vO(X) and A € vO(Xy), A €
vO(X) [11].

Theorem 15. Let F' : X — Y be a multifunction and let U be a a-open
set in X. If F is a lower (upper) almost y-continuous, then the restriction
multifunction F |y: U — Y is a lower (resp. upper) almost ~y-continuous.

Proof. Suppose that V is an open set in Y. Let x € U and let x € (F |y
)~(V). Since F is lower almost vy-continuous multifunction, it follows that
there exists a y-open set G such that z € G C F~(int(cl(V))). By Lemma
13, we obtain that x € GNU € yO(U) and GNU C (F |y)~ (int(cl(V))).
Thus, we show that the restriction multifunction F' |y is a lower almost
~y-continuous.

The proof of the upper almost ~-continuity of F |y is similar to the
above. ]

Theorem 16. Let {Uy : A € A} be a a-open cover of a space X. Then a
multifunction F : X —Y is upper almost y-continuous (resp. lower almost
y-continuous) if and only if the restriction F' |¢,: Ux — Y is upper almost
v-continuous (resp. lower almost vy-continuous) for each A € A.

Proof. We prove only the case for F' upper almost «y-continuous, the proof
for F' lower almost ~-continuous being analogous.

(=) Let A € A and V be any open set of Y. Since F' is upper al-
most y-continuous, F*(int(cl(V))) is y-open in X. By Lemma 13, (F |y,
)T (int(cl(V))) = FT(int(cl(V))) N Uy is v-open in Uy and hence F |y, is
upper almost vy-continuous.

(<) Let V be any open set of Y. Since F' |y, is upper almost -continuous
for each A € A, (F |u,) T (int(cl(V))) = F*(int(cl(V))) N Uy is y-open in
Uy. By Lemma 14, (F |y, )" (int(cl(V))) is v-open in X for each A € A.

We obtain that FT(int(cl(V))) = )\UA(F |, )T (int(cl(V))) is y-open in X.
€
Hence F' is upper almost ~y-continuous. [l

4. v-CONTINUITY AND ALMOST ~-CONTINUITY

In this section, various relationships are investigated.

Definition 17. Let (X, ) be a topological space. The collection of all regular
open sets forms a base for a topology T*. It is called the semireqularization.
In case when T = 7*, the space (X, 1) is called semi-reqular [35].
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Theorem 18. Let F': X — Y be a multifunction from a topological space
(X,7) to a semi-regular topological space (Y,v). F is lower almost ~y-
continuous multifunction if and only if F' is lower ~y-continuous.

Proof. Let € X and let V be an open set such that x € F~ (V). Since
(Y, v) is a semi-regular space, there exist regular open sets U; for i € I such
that V = |JU;. We have F~ (V) = F~(JU;) = JF~ (U;). By Theorem
icl icl icl
8, F7(U;) € yO(X) for i € I. We obtain F~ (V) € yO(X). Hence, by
Theorem 3.2 in [2], F' is lower 7y-continuous.
Conversely, obvious. ([l

Corollary 19. Let F': X — Y be a multifunction from a topological space
(X, ) to a topological space (Y,v). Then F : (X,7) — (Y,v) is lower almost
vy-continuous multifunction if and only if F : (X, 1) — (Y,v*) is lower -
continuous.

Definition 20. A space X is said to be:
(1) submazimal [8] if each dense subset of X is open in X,

(2) extremely disconnected [8] if the closure of each open set of X is open
in X.

Theorem 21. If (X,7) a submaximal extremely disconnected space and
(Y,0) is a semi-regular space, then the following are equivalent for a multi-
function F : (X, 1) — (Y,0):

(1) F is lower almost ~y-continuous;

(2) F is lower semi-continuous.

Proof. (1)=(2): Let z € X and let V be an open set such that z € F~ (V).

Since (Y,0) is a semi-regular space, there exist regular open sets U; for

i € I such that V = 'UIUZ" We have F~ (V) = F_(.UIUZ-) = ‘UIF_(Ul-). By
e 1€ 1€

Theorem 8, F~(U;) € yO(X) for ¢ € I. We obtain F~ (V) € yO(X). Since
(X, 7) is a submaximal extremely disconnected space, then 7 = yO(X). We
have F~ (V) € 7. Hence, F is lower semi-continuous.

(2)=-(1): Obvious. O

Corollary 22. Let Y be a semi-regular space and X be a submazximal ex-
tremely disconnected space. The following statements are equivalent for a
multifunction F : (X, 1) — (Y,0):

(1) F is lower almost ~y-continuous;

(2) F is lower semi-continuous;

(3) F is lower a-continuous;

(4) F is lower precontinuous;

(5) F is lower quasi-continuous;

(6) F is lower ~y-continuous.

Suppose that (X, 7), (Y,v) and (Z,w) are topological spaces. It is known
that if 7 : X — Y and F5 : Y — Z are multifunctions, then the composite
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multifunction Fr o F} : X — Z is defined by (F» o Fy)(x) = Fy(Fi(z)) for
each z € X.

Theorem 23. Let F': X — Y and G : Y — Z be multifunctions. The
following statements hold:

(1) If F is upper (lower) y-continuous and G is upper (lower) semi-conti-
nuous, then Go F : X — Z is a upper (lower) almost ~y-continuous multi-
function.

(2) If F is upper (lower) precontinuous and G is upper (lower) semi-
continuous, then Go F : X — Z is a upper (lower) almost y-continuous
multifunction.

(3) If F is upper (lower) quasi-continuous and G is upper (lower) semi-
continuous, then Go F : X — Z is a upper (lower) almost ~y-continuous
multifunction.

(4) If F is upper (lower) a-continuous and G is upper (lower) semi-
continuous, then Go F : X — Z is a upper (lower) almost ~y-continuous
multifunction.

(5) If F is upper (lower) semi-continuous and G is upper (lower) semi-
continuous, then Go F : X — Z is a upper (lower) almost y-continuous
multifunction.

Proof. (1) Let V' C Z be any regular open set. From the definition of Go F,
we have (G o F)T(V) = FH(GT(V)) (resp. (Go F)~(V) = F~(G~(V))).
Since G is upper (lower) semi continuous multifunction, it follows that
G (V) (resp. G~(V)) is an open set. Since F is upper (lower) y-continuous
multifunction, it follows that F*(GT(V)) (resp. F~(G~(V))) is a y-open
set. It shows that G o F' is a upper (resp. lower) almost ~y-continuous mul-
tifunction.

The other proofs can be obtained similarly. ([l

Definition 24. A multifunction F: X — 'Y is said to be:
1. Lower weakly vy-continuous at a point x € X if for each open set V of Y
such that x € F~(V), there exists U € yO(X, z) such that U C F~(cl(V)),
2. Upper weakly y-continuous at a point x € X if for each open setV of Y
such that © € FY(V), there exists U € yO(X, x) such that U C F*(cl(V)).
3. Lower (upper) weakly y-continuous if F' has this property at each point
of X.

Definition 25. A subset A of a topological space X is said to be a-para-
compact [37] if every cover of A by open sets of X is refined by a cover of
A which consists of open sets of X and is locally finite in X.

Furthermore, a multifunction F : (X,7) — (Y,0) is called punctually
a-paracompact [28] if F(z) is a-paracompact for each point x € X.

Definition 26. A subset A of a topological space X is said to be a-reqular
[13] if for each a € A and each open set U of X containing a, there exists
an open set G of X such that a € G C cl(G) C U.
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Lemma 27. If A is an a-regular a-paracompact set of a topological space
X and U is an open neighbourhood of A, then there exists an open set G of
X such that AC G C cl(G) C U [13].

Theorem 28. For a multifunction F : X — Y such that F(x) is an a-
reqular a-paracompact set for each x € X, the following are equivalent:

(1) F is upper weakly ~y-continuous,

(2) F is upper almost y-continuous,

(3) F' is upper ~y-continuous.

Proof. 1t is analogous with them of Theorem 15 of [20]. O

Lemma 29. If A is an a-regular set of X, then for every open set G which
intersects A, there exists an open set D such that AND # @ and cl(D) C G

[27].

Theorem 30. For a multifunction F : X — Y such that F(zx) is an a-
reqular set of Y for each x € X, the following are equivalent:

(1) F is lower weakly ~y-continuous,

(2) F is lower almost y-continuous,

(3) F is lower vy-continuous.

Proof. 1t is analogous with them of Theorem 16 of [20]. O

Theorem 31. Let F': X — Y be a multifunction such that F(x) is closed
in'Y for each x € X and 'Y is normal. Then the following are equivalent:
(1) F is upper weakly ~y-continuous,
(2) F is upper almost y-continuous,
(8) F is upper ~y-continuous.

Proof. 1t is analogous with them of Theorem 18 of [20]. O

5. GRAPHS AND PRODUCT SPACES

In this section, the relationships between almost y-continuity and
graphs, product spaces are obtained.

Lemma 32. The intersection of an open set and a y-open set is a y-open

set [4].

Lemma 33. For a multifunction F : X —'Y, the following hold:
(1) GE(A x B) = An FH(B),
(2) Gp(Ax B)=ANF~(B)
for any subsets A C X and BCY [18].

Theorem 34. Let F': X — Y be a multifunction such that F(z) is compact
for each x € X. Then the graph multifunction of F is upper almost ~y-
continuous if and only if F is upper almost ~y-continuous.

Proof. (=). Suppose that Gp : X — X x Y is upper almost y-continuous.
Let x € X and V' be any open set of Y containing F'(x). Since X x V' is
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open in X x Y and Gp(x) C X x V| there exists U € yO(X, x) such that
Gp(U) C int(cl(X x V)) = X x int(cl(V)). By the previous lemma, we
have U C GL(X x int(cl(V))) = F*(int(cl(V))) and F(U) C int(cl(V)).
This shows that F' is upper almost ~-continuous.

(«): Suppose that F': X — Y is upper almost y-continuous. Let z € X
and W be any open set of X xY containing Gg(z). For each y € F(z), there
exist open sets U(y) C X and V(y) C Y such that (x,y) € U(y)xV(y) C W.
The family of {V(y) : y € F(x)} is an open cover of F(x). Since F(x) is
compact, it follows that there exists a finite number of points, says y1, yo,
Y3,.ery Y 0 F(z) such that F(z) C (JH{V(y) : i = 1,2,...,n}. Take U =
(U (yi):i=1,2,....,n}and V = (J{V(y) : i =1,2,...,n}. Then U and V
are open in X and Y, respectively, and {z} x F(z) CU x V C W. Since F
is upper almost y-continuous, there exists Uy € yO(X, z) such that F(Uy) C
int(cl(V)). By the previous lemma, we have UNUy C UNF T (int(cl(V))) =
GH(U x int(cl(V))) C GL(int(cl(U x V))) C Gr(int(cl(W))). Therefore,
we obtain U N Uy € yO(X,x) and Gp(U N Uy) C int(cl(W)). This shows

that GF is upper almost y-continuous. O

Theorem 35. A multifunction F : X — Y is lower almost y-continuous if
and only if Gp : X — X XY is lower almost vy-continuous.

Proof. (=) Suppose that F' is lower almost v-continuous. Let z € X and W
be any open set of X xY such that € G (W). Since WN({z} x F(z)) # 0,
there exists y € F'(x) such that (x,y) € W and hence (z,y) € UxV C W for
some open sets U and V of X and Y, respectively. Since F(z)NV # (), there
exists G € yO(X, x) such that G C F'~(int(cl(V))). By Lemma 33, UNG C
UNF~(int(cl(V))) = Gp(U xint(cl(V))) C Gr(int(cl(W))). Furthermore,
x € UNG € y0O(X) and hence G is lower almost 7-continuous.

(<) Suppose that G is lower almost y-continuous. Let z € X and V be
any open set of Y such that x € F~ (V). Then X x V is open in X x Y and
Gr(z)N(X xV) = ({a}x F(x))N(X xV) = {z} x(F(z)NV) # (. Since G is
lower almost y-continuous, there exists a y-open set U containing  such that
U C Gp(int(cl(X xV))). Since G (int(cl(X xV))) = Go(X xint(cl(V))),
by Lemma 33, we have U C F~(int(cl(V))). This shows that F is lower
almost ~y-continuous. ([l

Definition 36. Let F': X — Y be a multifunction. The multigraph G(F') is
said to be y-graph in X XY if for each (x,y) ¢ G(F'), there exist y-open set U
and open set V' containing x and y, respectively, such that (U xV)NG(F) =

0.

Theorem 37. Let F : (X,7) — (Y,0) be an upper almost ~-continuous
and punctually a-paracompact multifunction into a Hausdorff space (Y, o).
Then the multigraph G(F') of F' is a ~y-graph in X x Y.

Proof. Suppose that (zo,y0) ¢ G(F). Then yo ¢ F(xo). Since (Y,0) is a
Hausdorff space, then for each y € F(xg) there exist open sets V(y) and
W (y) containing y and yo respectively such that V(y) N W(y) = (. The
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family {V(y) : y € F(x0)} is an open cover of F'(xo) which is a-paracompact.
Thus, it has a locally finite open refinement ® = {Us : 8 € I'} which covers
F(z0). Let Wy be an open neighborhood of yg such that W} intersects only
finitely many members Ug,, Ug, ..., Ug, of ®. Choose y1, y2,..., yn in F(zo)

such that Ug, C V(y;) for each i =1,2,...,n and set W =Wy N (161W(yz))
Then W is an open neighborhood of gy with W N (ﬁLeJIU 3) = 0, which implies
that W N mt(cl(BLGJIUg)) = (). By the upper almost vy-continuity of F', there
exists a U € yO(X, zp) such that F(U) C mt(cl(ﬁLGJIUg)). It follows that
(UxW)NG(F) = 0. Therefore, the graph G(F) is a y-graph in X xY. O

Theorem 38. Suppose that (X, 7) and (Xq, 7o) are topological spaces where

acJ. Let F: X — ][] Xao be a multifunction from X to the product space
acJ

[[ Xa and let P, : [] Xo — Xo be the projection for each o € J. If F is

acJ acJ

upper (lower) almost v-continuous multifunction, then Py o F is upper (resp.

lower) almost v-continuous multifunction for each « € J.

Proof. Take any ag € J. Let Vg, be a open set in (Xu,, Ta,). Then (P, o
F)*(int(cl(Vay)) = FT(PL (int(cl(Vay))) = FT(int(cl(Vay)) x T Xa) (re-

aFag
spectively,

(PagoF)~ (int(cl(Vay)) = F~ (Pay (int(cl(Vay))) = F~ (int(cl(Vap))x [ ] Xa))-
aFap

Since F' is upper (resp. lower) almost y-continuous multifunction and since
int(cl(Va) X J] Xa is a regular open set, it follows that F'* (int(cl(Vy,)) X
aFag
[T Xa) (respectively, F~(int(cl(Va,)) X [ Xa)) is v-open in (X, 7). It
aFag aFag
shows that P,, o F' is upper (lower) almost y-continuous multifunction.
Hence, we obtain that P, o F' is upper (lower) almost 7-continuous mul-
tifunction for each o € J. d

Theorem 39. Suppose that for each o € J, (Xa,Ta), (Ya,va) are topo-
logical spaces. Let F, : X, — Yo be a multifunction for each o € J and
let F': [] Xa — []Ya be defined by F((xq)) = [ Fa(za) from the prod-
acJ acJ acJ
uct space || Xo to the product space || Yy. If F is upper (lower) almost
acJ acd
~-continuous multifunction, then each Fy is upper (resp. lower) almost +-

continuous multifunction for each o € J.

Proof. Let V, C Y, be a open set. Then int(cl(V,)) x [ Yz is a regu-
B
lar open set. Since F' is upper (lower) almost y-continuous multifunction,

it follows that F*(int(cl(Va)) x ] Ys) = F (int(cl(Va))) x 1 Xg (resp.
a#3 a#pB
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F~=(int(cl(Vy))x ] Ys) = F (int(cl(Vy)))x ][ Xj) is a y-open set. Conse-
a#B a3

quently, we obtain that F.f (int(cl(V,))) (resp. F, (int(cl(V,)))) is a y-open

set. Thus, we show that F,, is upper (resp. lower) almost ~y-continuous

multifunction. (]

Theorem 40. Suppose that (X, 1), (Y,v), (Z,w) are topological spaces and
X =Y, Fy: X — Z are multifunctions. Let F1 x Fy : X —Y X Z be
a multifunction which is defined by (Fy x Fy)(xz) = Fi(x) x Fy(x) for each
x € X. If Fy x Fy is upper (lower) almost ~y-continuous multifunction, then
Fy and Fy are upper (resp. lower) almost y-continuous multifunctions.

Proof. Let x € X and let K C Y, H C Z be open sets such that z € F}" (K)
and z € Fyf (H). Then we obtain that Fy(z) C K and Fy(x) C H and so
Fi(z) x Fap(z) = (Fy x Fy)(z) C K x H. We have z € (Fy x F2)T(K x H).
Since Fy x Fy is upper almost y-continuous multifunction, it follows that
there exists a y-open set U containing z such that U C (Fy x Fy) " (int(cl(K x
H))). We obtain that U C F[ (int(cl(K))) and U C Fy (int(cl(H))). Thus,
we obtain that F} and F5 are upper almost y-continuous multifunctions.
The proof of the lower almost ~y-continuity of F; and F5 is similar to the
above. O

6. SEVERAL PROPERTIES

In this section, the other several properties of almost y-continuity
are investigated.
Recall that a multifunction ' : X — Y is said to be punctually connected
if, for each x € X, F(z) is connected.

Definition 41. A space X is called y-connected [11] provided that X is not
the union of two disjoint nonempty ~v-open sets.

Theorem 42. Let F' be a multifunction from a y-connected topological space
X onto a topological space Y such that F' is punctually connected. If F' 1is
upper almost y-continuous multifunction, then Y is a connected space.

Proof. Let F': X — Y be a upper almost y-continuous multifunction from
a y-connected topological space X onto a topological space Y. Suppose
that Y is not connected and let Y = H U K be a partition of Y. Then
both H and K are open and closed subsets of Y. Since F is upper almost
y-continuous multifunction, F*(H) and F*(K) are y-open subsets of X.
In view of the fact that F*(H), F™(K) are disjoint and F is punctually
connected, X = F*(H)UF*(K) is a partition of X. This is contrary to the
~v-connectedness of X. Hence, it is obtained that Y is a connected space. [

Recall that a multifunction F': X — Y is said to be punctually closed if,
for each x € X, F(z) is closed.
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Theorem 43. Let F' be an upper almost v-continuous punctually closed
multifunction and G be an upper almost continuous punctually closed mul-
tifunction from a space X to a mormal space Y. Then the set K = {z :
F(z) NG(z) # 0} is y-closed in X.

Proof. Let z € X\K. Then F(x)NG(xz) = 0. Since F and G are punctually
closed multifunctions and Y is a normal space, it follows that there exists
disjoint open sets U and V containing F'(z) and G(z) respectively. Since
F and G are upper almost y-continuous and upper almost continuous, re-
spectively the sets FT (int(cl(U))) and G (int(cl(V'))) are y-open and open,
respectively such that contain x. Let H = F* (int(cl(U))) NG (int(cl(V))).
Then H is a vy-open set containing z and H N K = (). Hence, K is y-closed
in X. O

Definition 44. A space X is said to be v-Ty (y-Hausdorff) if for each pair
of distinct points x and y in X, there exist disjoint y-open sets U and V in
X such that x € U andy € V.

Theorem 45. Let F': X — Y be an upper almost v-continuous multifunc-
tion and punctually closed from a topological space X to a normal topological
space Y and let F(x) N F(y) = 0 for each distinct pair x,y € X. Then X is
a v-Hausdorff space.

Proof. Let x and y be any two distinct points in X. Then we have F'(x) N
F(y) = 0. Since Y is a normal space, it follows that there exists dis-
joints open sets U and V containing F'(z) and F(y) respectively. Thus
F*(int(cl(U))) and F*(int(cl(V))) are disjoint y-open sets containing x
and y respectively. Thus, it is obtained that X is v-Hausdorff. ([

For a multifunction F' : X — Y, by ¢lF : X — Y [5] we denote a
multifunction defined as follows: (cIF')(x) = cl(F(z)) for each point x € X.
Similarly, we can define y—clF : X =Y, s—clF: X - Y, p—clF: X - Y
and o —clF : X —-Y.

Lemma 46. If F': X — Y is a multifunction such that F(x) is a-paracompact
a-reqular for each x € X, then for each reqular open set V of Y, G (V) =
F(V), where G denotes v — clF, s — clF, p— clF, a — clF or clF.

Proof. Let V be any regular open set of Y and x € G* (V). Thus G(x) C V
and F(z) C G(z) C V. We have x € F*(V) and hence GT(V) C F* (V).
Conversely, let z € F7(V), then F(z) C V. By Lemma 27, there exists
an open set W of Y such that F(z) C W C (W) C V; hence G(z) C
cl(W) C V. Therefore, we have z € GT(V) and F*(V) C GT(V). O

Theorem 47. Let F : X — Y be a multifunction such that F(zx) is a
a-paracompact a-regular for each x € X. Then the following are equivalent:
(1) F is upper almost y-continuous;
(2) v — clF is upper almost y-continuous;
(3) s — clF is upper almost y-continuous;
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(4) p — clF is upper almost y-continuous;
(5) o — clF is upper almost y-continuous;
(6) clF is upper almost ~y-continuous.

Proof. Take G = v —clF, s — clF, p— clF, a — clF or clF. Suppose that
F' is upper almost ~y-continuous. Let z € X and V be any regular open
set of Y containing G(z). By Lemma 46, we have z € GT (V) = FT (V)
and hence there exists U € yO(X, ) such that F(U) C V. Since F(u) is
a-paracompact and a-regular for each u € U, by Lemma 27, there exists an
open set W such that F(u) C W C (W) C V; hence G(u) C (W) C V
for each w € U. Therefore, we obtain G(U) C V. This shows that G is
upper almost y-continuous.

Conversely, suppose that G is upper almost y-continuous. Let x € X and
V be any regular open set of Y containing F'(z). By Lemma 46, we have
z € FY(V)=G" (V) and hence G(x) C V. There exists U € yO(X, x) such
that G(U) C V. Therefore, we obtain U C GT(V) = FT(V) and hence
F(U) c V. This shows that F' is upper almost y-continuous. O

Lemma 48. If ' : X — Y is a multifunction, then for each regular open
set Vof Y, G- (V)= F(V), where G denotes v — clF, s — clF, p — clF,
a—clF orclF.

Proof. Let V be any regular open set of Y and x € G~ (V). Then G(z)NV #
() and hence F(x) NV # 0 since V is open. Thus, we obtain € F~ (V) and
hence G~ (V) Cc F— (V).
Conversely, let x € F~ (V). Then we have F(z) NV # () and F(x)NV C
G(x) NV and hence z € G~ (V). Thus, we have F— (V) Cc G~ (V).
Consequently, we obtain G= (V) = F~ (V). O

Theorem 49. Let F': X — Y be a multifunction. Then the following are
equivalent:

(1) F is lower almost ~y-continuous;

(2) v — clF is lower almost y-continuous;

(3) s — clF is lower almost y-continuous;

(4) p — clF is lower almost y-continuous;

(5) o — clF is lower almost ~y-continuous;

(6) clF is lower almost y-continuous.

Proof. By using Lemma 48, this is shown similarly to that of Theorem 47.
O

Definition 50. The ~-frontier of a subset A of a space X, denoted by v —
Fr(A), is defined by v — Fr(A) =~v—cl(A) Ny —cl(X\A) =y —cl(A)\y —
int(A) [2].

Theorem 51. The set all points of X at which a multifunction F: X —Y
is not upper almost y-continuous (lower almost ~y-continuous) is identical

with the union of the y-frontier of the upper (lower) inverse images of reqular
open sets containing (meeting) F(x).
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Proof. Let x € X at which F is not upper almost y-continuous. Then there
exists a regular open set V of Y containing F'(z) such that UN(X\F*(V)) #
0 for every U € yO(X,x). Therefore, we have z € v — cl(X\F*T(V)) =
X\y —int(FT(V)) and x€ F*(V). Thus, we obtain € v — Fr(F*(V)).
Conversely, suppose that V' is a regular open set of Y containing F'(x)
such that z € v — Fr(F*(V)). If F is upper almost y-continuous at z, then
there exists U € yO(X, x) such that U C F*(V); hence x € v —int(F+(V)).
This is a contradiction and hence F' is not upper almost y-continuous at x.
The case for lower almost y-continuous is similarly shown. O

In the following (D, >) is a directed set, (F)) is a net of multifunction
F\: X =Y for every A € D and F' is a multifunction from X into Y.

Definition 52. Let (F)\)aep be a net of multifunctions from X to Y. A
multifunction F* : X — Y s defined as follows: for each x € X, F*(z) =
{y € Y : for each open neighborhood V of y and each u € D, there exists
A € D such that A > p and V N F\(x) # 0} is called the upper topological
limit of the net (F\)xep [6].

Definition 53. A net (F)\)xep is said to be equally upper almost y-continuous
at zg € X if for every open set V) containing F)(xo), there exists a y-open
set U containing xo such that FX\(U) C int(cl(Vy)) for all A € D.

Theorem 54. Let (F)\)xep be a net of multifunctions from a space X into
a compact space Y. If the following are satisfied:

(1) U{Fu(z) : p > A} is closed in Y for each X € D and each x € X,

(2) (F\)xep is equally upper almost ~y-continuous on X,

then F* is upper almost v-continuous on X.

Proof. We have F*(z) = ({(U{Fu.(x) : p > A}) : A € D}. Since the
net (U{Fu(z) : p > A})aep is a family of closed sets having the finite
intersection property and Y is compact, F*(z) # () for each x € X. Now,
let zp € X and let V be a proper open subset of Y such that F*(z¢) C V.
Since F*(zo) N (Y\V) = 0, F*(z0) # 0 and Y\V # 0, " {(U{Fu(z0) : p >
A} A e Dyn(Y\V) = 0 and hence ({(U{F.(zo) N (Y\V) : > A}) :
A€ D} =1. Since Y is compact and the family {((U{F,(zo) N (Y\V) : pn >
A}) @ A € D} is a family of closed sets with the empty intersection, there
exists A € D such that F,(xz¢) N (Y\V) = 0 for each p € D with g > A.
Since the net (F)\)aep is equally upper almost y-continuous on X, there
exists a y-open set U containing xg such that F,(U) C int(cl(V)) for each
p> A e, Fy(z) N (Y\int(cl(V))) = 0 for each z € U. Then we have
U{Fu(x) n (Y \int(cl(V))) : p > A} = 0 and hence {(U{F.(z) : p > A}) :
A € D}y n (Y\int(cl(V))) = 0. This implies that F*(U) C int(cl(V)). If
V =Y, then it is clear that for each vy-open set U containing xy we have
F*(U) C int(cl(V)). Hence F* is upper almost y-continuous at zg. Since
x¢ is arbitrary, the proof completes. O
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