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In general there exists no projection of a space of continuous functions onto a
subspace with the property that the distance between the projections of any two
points does not exceed the distance between the two points. Nevertheless, we shall
see that there is a projection of C(S™~1) onto a suitable Euclidean n-dim subspace
with the property that the volume of the projection of a k-dim box does not exceed
the volume of the box if k > 1. The specific definitions are given later, but we can say
here that volume, as defined in an #n-dim Minkowski space, is equivalent to saying
that the smallest box containing the unit sphere has volume 2".

We then prove a weak Kirzbraun type theorem which enables us to deduce that
Kolmogorov’s Principle, as applied to Lebesgue area, holds for surfaces in C. From
this we conclude that a generalization of Lebesgue area is an extension. Previously
it was known that the generalization agreed with Lebesgue area only on those
surfaces for which a lower area agreed with Lebesgue area.

The crucial result is, essentially, the following: Let

flx) = a0/2+z (a, cos nx+b, sin nx)
and
gx) = a0/2+2 (o, cos nx+ B, sin nx).

|ayB1—byey| £ max f)e(»)—f(»ex)]

We will frequently use the methods of [S1, §5]. In fact, the idea of this paper, as
in that, is to study a function by means of a suitably constructed convex function.
For the notation in Lemma 5, see [F].

Then

1. Let ¥ be a normed vector space. If b=(b,..., b") € V™ let B be the vector
subspace of V spanned by b. Let V be normed by | | and ¥ by | | where
o)== 5|2

If Kiis a nx n matrix let K* € L(V'", V™) be defined by K*b=c where c¢'=3, Kb’
We shall write Kb for K*b. Let K, T, U and A be n x n matrices of determinant one
where, in addition, T is triangular with positive entries on the diagonal, U is
orthogonal and A is diagonal with positive entries on the diagonal. Let S be an
arbitrary nxn matrix. We recall that Trace S=(d/de) det [[+eS]|,-o. Thus
Trace T=n and Trace A=n.
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Let A\ b=b*A--- AD" If {=(L,, ..., {s), where each {; is a continuous linear
functional over V, then A {={;A--- AL, and [A b, A {]=det [{(b)].

If Pis a norm on V" then we say that { supports P at b if {(b)=P(b) and {ZP. If
{ supports P at b and if {;(b7)=8]P(b)/n for all 1<, j< n, then { supports P properly
at b.

LeMMA 1. If { supports P properly at b then P(Sb)= {(Sb)=(Trace S)P(b)/n.

The proof is immediate.

Let Q and M be norms on V'™ defined by Q(b)= | b||4/n and M(b)=maxy Q(Ub).
Let O and M be norms on A" V defined by O(A b)=n"" supy inf, Q"(TKb) and
M(/\ b)=n""infy M"(Kb). The norm, on A"V, is defined by

IA bl =sup{[A b, Al | &l == |&] = 1}.

LeMMA 2. In the above definitions each supremum is a maximum, each infimum is a
minimum and M( A b)=n""min; M™(Tb).

Proof. Because of the Hahn-Banach Theorem, we can suppose that ¥'=B. In
addition, we can suppose that A b#0. Hence we can choose { so that £,(b")=8].
Then M(Kb)= Q(Kb)=||Kb|v/nz|%; Kib’|\/n for each i so that || M(Kb)
2|4, 125 Kib|a/nz |2, Ki87|a/n=|K}|4/n for all i and p. Thus in the definition
of M, K may be restricted to lie in a compact set. A similar argument holds for O
and | |. Finally, for each K there exists U and T such that UK=T.

Let B(A b)=n"" ming P*(Kb).

LemMma 3. If n"P(\ b)=P"(b) and if {(b’)=258]P(b)/n, then { supports P properly
at b.

Proof. For each S let S, =7+S/m. Then det S,,=1+(Trace S)/m+o(m~1) as
m — oo. Since mS,,=mlI+ S, mP(S,,b)< mP(b)+ P(Sh) so that

P(Sb) = m[P(S,b)—P(b)] 2 m[|det S,|*"*—1]P(b)
since PY(Syb)Zn"P(/\ S,b)=|det S,|P"(b). Hence

P(Sb) = m[(Trace S)/(mn)+o(m=*)]P(b)
= (Trace S)[P(b)]/n+mo(m™?1).

Thus {(Sb)=(Trace S)P(b)/n< P(Sb).

LEMMA 4. If n*P(/\ b)=P"(b) then there exists { such that { supports P properly
at b and B(\ b)=[A b, A\ {].

Proof. The first part of the lemma is a consequence of the last lemma and the
Hahn-Banach Theorem. Finally, n"P( N\ b)=P"(b)=n"[\ b, ALl
If  supports P properly for some b, then we say that { supports P properly.

LEMMA 5. M(A b)=max {[A b, AL]| { supports N properly}.
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Proof. Let n support M properly. Because of Lemma 4 we need only show that
[A &, An]l<M(A b) so that we may assume that [A b, An]>0. We can also
assume that M(A b)=n""M"(b). Let ni=n(b"), va=x[n1 A" Anp_1], a1
=%[n A ANu_oAU),...,03=%[U3AV3A - - Av,). Thus v;-5,=0 for i>j and
v;-m;#0 for all i. By replacing v; with + v;|v;] ~* we can suppose that {¢;} is an ortho-
normal set, v;-7;=0 for i>j and v;-7;>0. Now let u/=c. Then U=[u{] is an
orthogonal matrix and ¢/=(Uby =3 ujb*=> t¥b* so that n(c’)=r; n;. Now we
have [A b, Anl=IA & Anl=ITi, (@) S{n1 S ne)r=n="M"(c)=n""M"(b)
=M(A b).

LEMMA 6. O=M.

Proof. We can suppose that A b#0 and that V=B. Since n"M(A b)
=n"M(/\ Kb)=min; M™(TKb)=min, Q"(TKb) for all K, M(\ b)2 Q(/\ b). On
the other hand, there exist U, and T, such that n"M( A UoTob)=n"M( A D)
=M™"Tob)= Q" (UoTob)=M"(UyTob). let d=UyTob. Suppose that Q’(d) and
M'(d) both exist. Since Q and M are convex, M= Q and M(d)= Q(d), it follows
that Q'(d)=M'(d). Let {=M'(d). By Lemma 4, {(d?)=8M(d)/n=35{Q(d)/n so
that, by Lemma 1, Q(Td)= Q(d)=M(d) for all T. Hence é(/\ b)= Q(/\ d)
2 M(A d)=M(A b). If Q'(d) or M'(d) does not exist, let Q,, be a sequence of
smooth uniformly convex norms approaching Q from below. As before there exist
U, and T, such that Q,(d,)=M,(d,) where d,=U,T,b. If there is a unique U,
satisfying the required condition, then M,, is also differentiable in a neighborhood
of d, by the implicit function theorem. Otherwise, we can modify Q,, slightly to
obtain the desired condition. Thus O=lim {0, =lim M, = M.

We have proved

LEMMA 7. Let be V™. Then there exists de V" with \ d= \ b and ""M(/ d)
=M"(d)=Q"(d).

Lemma 8. If m*M(A d)=M™(d)= Q"(d) then N(d', &) =n(d', &) for all 1 <i, j<n
where 2n(d*, d’)=|d'|?+ |d’|* and

N(d', d’) = Max y(d'cos 0—d’sin 6, d*sin 0+ d’ cos ).
6

Proof. Let U be the nx n matrix whose upper left corner is
[cos 60 —sin 0]

sin 6 cos 6

and whose lower right corner is the (n—2) x (n—2) identity matrix. If Ud=e then,
by the hypothesis, Q(d)= Q(e). Thus

Z |di|? = |e']? = |d* cos §—d?sin 0|2+ |d* sin 6+d? cos 6]+ z |d|?

i>2

so that y(d*, d%)= N(d*, d?). A similar argument holds for all i<}.
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Let ¢, ..., c"e€ B. If c=Sbh and if |det S| =<1 then we say that the volume of the
box spanned by ¢ does not exceed the volume of the box spanned by b, even though
we have not defined volume in B. We observed in [S3] that the definition of | A 5|
is equivalent to setting equal to 2" the volume of the smallest box in B which con-
tains the unit sphere. If the sides of such a box Paren;= + 1,where || =1,i=1,...,n,
then there exist ¢! with |¢!| =1 and 7,(c’)=1. Suppose 7,(c))#0 for some j#i. Then
let d' be determined by the conditions 7,(d")=0 for j#1i, |d'|=1 and 7;(d) > 0. Now
set &=mn; for j#i and let ¢ have norm one and support the unit sphere at d‘.
It is clear from the geometry that the box whose sides are é,= + 1 has volume not
exceeding that of P. Hence we can suppose that »;(c’)=8]. Furthermore, by the
Cauchy inequality, if d € V'™ then 7(d) =3 n(d) <>, |d'| £ O(d) so that n supports Q
properly at c.

THEOREM 1. M(A b)=|A b|=Q(A b) for all \ be \" V.

Proof. We can suppose that A b##0. By the preceding remarks, we can assume
that 5 supports Q properly at b and that |\ b|=[/ b, An]. By Lemma 1, Q(TKb)
> Q(b) for all TK so that Q(A b)zn="Q"b)=[A b, A n]l=|A b|. On the other
hand, if { supports Q properly at d, with A d#0, and if f(A)= Q(Ad), then fhas a
minimum at [ so that |d’|= Q(d)/n for each i: if |d*|=k?|d?| with k# +1, then
|d*[k|2+ |kd?|2< |d |2+ |d?|?. Now let e € V. Then

Q(d)[Lu(e)+(n=Dlell/n = U|d*[e, le|d?, ..., |e|d™)
< O(|de, leld?, ..., |eld™) = Q(le|d) = |e| Q(d).
Hence £,(e) < |e] so that, by replacing e with —e, we see that |{;| < 1. It follows that
[¢1]=1 and, similarly, |{;|=1 for all i. Hence Q(/\ d)y=n""Q"d)=[A\ d, \ {]
£|A d| and an application of Lemma 6 completes the proof.

LEMMA 9. Let X be a compact Hausdorjj’ space and V=C(X). If
f=UY...fmeyr
then |\ f|=R where R=max {det [f{(x)]| x1, ..., x, € X}.

Proof. Let y,,..., y, € X and u; be the measure on X which has unit mass at y;.

Let £,(f)=f(y;). Then det [f'(y,)]=det [{,(f)]=[A & A fI1=| A\ fI. On the other

hand if ¢, ..., {, are linear functionals of norm one over C(X) there exist measures
A, with [ |d\] =1 such that {,(f)= f dA, for all fe C(X). Hence

AL AST = det [L(f)] = L- . 'L det [f7(x)] dAi(x,)- - -ddn(xn) = R.

An interesting consequence is the following: if fe V'™ there exists K and
X1, - - ., X, € X such that, if we set g'=(Kf)’,

lg'| = ¢ and gi(x) = 8c
where c"=| A f|.
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2. Let A*=[—m, 7], A¥**=A4*x [0, =] and S™ be the unit m-sphere canonically
embedded in R™*?! for some m=1. Let 7: A™ — R™*! be defined by
7'(a) = cosa'sina'*!- . -sin g™, 1=i<m,
7™(a) = cos a™ and
™*+1(q) = sin q* sin a2- - -sin a™.

Let p,(a)=sin a®sin® a®- - -sin™~'a™ so that [ ,m u.(a) da=K,=area S™.
If f, g € C(S™) let

(9 = [ o dh = Ka* [ (o 7a)(g e i

where A, is Haar measure on S™ If xeS™ let o%(x)=K;¥? and
d(xX)=K; V¥ (m+1)2x! for i=1,2,..., m+1. Then (o', 0/)=8}. Let E,,; be the
vector subspace of C(S™) spanned by o, ..., 0™+ and let P, Q: C(S™) — E,, ., be
defined by

Pf= Z (f; o)t
and
0f = (f, V)t +(; 0?)e".

If f=3rH fie' then |f|=K;Y3(m+ 1)Y2[> f2]*? so that E,,, is a Euclidean
subspace of C(S™).

Let n(f, &)=I[|/|+1£|?]/2 and
N(f, g) = maax n(fcos 8 —gsin 0, fsin 0+ g cos 0).

If f, g € Eny1 then N(f, g)=n(/, &)
LemMMA 10. Let y, =TT {[} sin’ &’ da’}. Then y,=Kpn1/(4).
Proof. K,,1=",{[} ynsin a* da'} da®=4ny,,.

Lemma 11. N(Qf, 0g)< N(f, g).

Proof. If there exist F and G with N(Qf, QG)= N(Qf, Qg) and N(F, G)S N(f, g),
then it is sufficient to prove the lemma with f and g replaced by F and G, re-
spectively.

If he C(S™) let

4

K,y J:r e J: h(r(a)) {:1—12 sin’ af} da?- - -da™.

Then (A, o*)=(h, o*) and (h, c™*1)=(h, o™*1) so that Qh= Qh. In addition, /1 o 7 is
independent of a@2,...,a™ Let T:E, ., — E, be defined by T(ho r,)(a)=ho
(@t 72, ..., w/2). Then T(c* o 7)(@)=cos a’, T(c™*' o 7)(a)=sina' and T re-
stricted to the plane determined by o' o+ and o™**o 7 is an isometry. Hence

h or(a) =
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N(TQf, TQ3)=N(Qf, 08). That N(Tf, T§)< N(f, §) is evident. Thus we can sup-
pose that m=1. Furthermore, if we use the Weierstrass approximation theorem,
there is no loss in generality in supposing that

N
dg .
fom() = >+ ;::1 (a, cos nf+b, sin nb),
and

N
gom(d) = “—2" + > (en cos n6+, sin no).
n=1
Let us now write f for fo 7, and g for g o 7,. Thus fand g are defined on [—, 7],
but we shall not distinguish between these functions and their periodic of period 2=
extensions over all of R Let ¢, and s, be defined by ¢, (6)=cos kf and s,(6)

=sinmb, k=0,1,2,..., and m=1,2,3,.... As we have already noted, we can
suppose that
) f =002+ (@nca+bysy) and g = o2+ (anCa+Busn)

where the sums are finite sums. The change from C(S?) to the space of continuous,
periodic functions on [—m, 7] is, of course, an isometry, and the lemma can be
reformulated as follows: Let

(he), (hs)
OODE

Then |a,f; — b,y | =] Qf A Qg| < N(f, g). Hence we can suppose that a3+ «3>0.
Let F(O)=[f(0)—f(=+6)]/2 and G(6)=[g(6)—g(7+6)]/2. Since N is convex,
N(F, G)S N(f, g) while QF= Qf and QG = Qg. Hence we can suppose, in (1), that
a,=b,=c,=p,=0 if k is not odd.
Let p be chosen so that

(h9) = [ f@s0)d0 and on =

(a1by+ayBy) cos 2p+(ai—bi+a2—B2) sin2p = 0.
Let F(6)=f(8—p) and G(0)=g(6—p). Then N(F, G)=N(f, g) while

QF = (a, cos p—b, sin p)c; +(a, sin p+ b, cos p)s,
and

QG = («; cos p—PB; sin p)c; +(e; sin p+ B, cos p)s;.

Let I1, be the plane determined by ¢, and s,. The induced metric on Il is Euclidean
so that n=N on Il,. Hence N(QF, QG)=n(QF, QG)=n(Qf, 0g)=N(Qf, 0g).
Hence, in (1), we can suppose that a,b; +«,3;, =0.

Now let cos w=a,/r and sin w= —a,[r where r=(a?+«2)2>0. Then «, cos w
+a;sinw=b, cos w—PB;sinw=0. Let F=fcosw—gsinw and G=fsinw+
gcosw. Then N(F,G)=N(f,g) and N(QF, QG)=N(Qf, Qg) so that we can
suppose that b; =a; =0.
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Let J(0)=4(w—0), F=(f—f)/2 and G=(g+§)/2. It is easy to see that QF= Qf
and QG = Qg. Since
|Fcos u—G sinu| < [|fcosu—gsin u|+|fcos u+g sin u|]/2,
|Fcosu—G sinu|? £ [|fcosu—g sinu|2+|fcos u+g sin u|?]/2

and similarly,
|Fsinu+G cosu|? < [|fsinu+g cos u|?+|fsin u—g cos u|?]/2
for all u so that N(F, G)< N(/, g). Hence we can suppose that

@) f=2awc, and g=> s,

where the summation is over a finite collection of odd natural numbers. Further-
more, we can suppose that @, =0 and 8, =0.

Now let ¢*(8) =4(0+72), F=(f+g*)/2 and G=(g—f*)/2. First we observe that
2F*=f*—g= —2G and, similarly, G¥=F, so that

N(F,G) 2 |F A G| 2 max [FO)GX®)~ FHOG®)] = |F*+ G
> ziﬂ f [F2(6) + G*(6)] db.

Next we see that |Fcosu—G sin u|<[|fcosu—g sinu|+|g* cos u+f* sin u|]/2
so that |Fcosu—G sinu|2<[|fcosu—gsinu|?+|fsinu+g cos u|?]2< N(f, g).
Similarly, |Fsinu+G sinu|?<N(f, g) so that N(F, G)SN(f, g). An easy com-
putation yields

©) F =73 At D Ay

kel keJ
and

G = ZAkSk— ZAksk

kel keJ

where I and J are finite sets of odd natural numbers which are congruent to one and
three, respectively, mod 4, and

A = (@ +BY)2 ifkel,

= (a,—B2 ifkel.
Hence

OF £ 0G| = 415 5 A2 = o [ [F¥6)+GX)) dé < N(F, G).

THEOREM 2. If f, g € C(S™) then |Pf A Pg| < N({, g).

Proof. If U is an orthogonal (n+1) % (n+1) matrix and if ¢ € C(S™) let U*¢
=¢U 1. There exists U such that P(U*f)= Q(U*f) and P(U*g)= Q(U*g). Thus
N(/, &)=N(U*f, U*g)2 |QU*f A QU*g|=|PU*fAPU*g|=|PfAPg|.
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THEOREM 3. If f, g € C(S™) then |PfAPg|Z|fAg|.

Proof. There exist F and G such that FA G=fAg and N(F, G)=|F A G|. Hence
|PfAPg|=|PFAPG|SN(F, G)=|FAG|=|fAg|.

LEMMA 12. Let a,=(a}, ..., a!) € R* and A=|det [a]]|. Then

o 2n n/2
AZn {n—l Z|ai A a,]} .

i<jf

Proof. There exists a rotation U such that [Ua] is triangular. Hence we can
suppose that a!=0 for j>i. We can also suppose that b;=a}>0 for all i. In this
case

n 2 n/2
e {n—(n_l) S bib,}

i<f

by a well-known arithmetic-geometric inequality. Since |a; A a;| 2 b;b;, the lemma
follows.

THEOREM 4. Let f*,...,f"€ C(S*~1). Then |\ Pf|S|A fl-

Proof. We can suppose that n"M(A f)= M"(f)= Q"(f) by Lemma 7. Hence, by
Lemma 8, Theorem 2 and Lemma 12,

e L)

n—1 %

A

IA Ff|

IIA

{2 S N o)

i<j

{23 Mo

wor (i 3 Al

o {n z e = a0 = BN = AT

IIA

3. We will recall the definitions of Lebesgue area [S2, S3] for surfaces in normed
vector spaces and metric spaces. Then we will show that isometric surfaces in a
suitable space C of continuous functions have equal areas from which it will
follow that the area defined here for surfaces is a generalization of Lebesgue area
defined on surfaces in Euclidean space. It was known that the two areas agreed on
surfaces in Euclidean space for which the lower area coincided with the Lebesgue
area. To prove that Kolmogorov’s Principle holds in C we will require a theorem of
the Kirzbraun type.

Let Q be an n-cell, ¥ be a normed vector space and C(Q, V) be the space of
continuous functions on Q into V. If z € C(Q, V) and if there exists a subdivision
of Q into a finite number of n-simplexes on each of which z is linear, then z is
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quasilinear. The set of such functions is dense in C(Q, V). If z is quasilinear then
we define the elementary area of z, (z), by 6(z)=2, |z(A)| where the summation is
taken over the simplexes on which z is linear and, if z is linear on A, then |z(A)|
=|A dz| vol A. If x € C(Q, V) let Lyx=lim inf,_,, &(z). It is clear that L,x < Lyx if
W is a vector subspace of ¥ and that there exists a separable subspace S of V such
that Lgx=Lyx. Since S can be mapped linearly and isometrically into m, the space
of bounded sequences, and since isometric surfaces in m have the same area, it
follows that Lyx= L, x if x € C(Q, m) and if X and x are isometric. Similarly, if x
is continuous on Q into a metric space . we can define L4 X =L, x for X isometric
to x. We write Lx for L,,x. If Cis a suitable space of continuous functions, then each
separable metric space can be mapped isometrically into C. After we show that
isometric surfaces in C have the same area then, by the above considerations, we will
have Lcx=L,y whenever x and y are isometric. Thus, when we show that Ly X
=Ly»-1,x whenever X and x are isometric, we shall be able to conclude that L
extends Lg, .

LEMMA 13. Let (A, «) and (B, B) be metric spaces and suppose that A is totally
bounded. If x is continuous on A into C(B) then {x(a) | a € A} is equicontinuous.

Proof. Choose ¢>0. There exists »>0 such that |x(a)—x(a’)|] <e whenever
ofa, a’) <m. Since 4 is totally bounded there exist ay, . . ., a, € 4 such that

AcC Lnj{aeA | ela, a;) < 7}
i=1

Foreachi=1, ..., nthere exists 8, >0 such that |[x(a;)](b) — [x(a;)](b")| < e whenever
B(b, b)<8;. Let §=min J,. If ae 4 then there exists je{l,...,n} such that
ofa, a;) <n. Hence |x(a)—x(a;)| <e. Now if b, b’ € B and B(b, b') < §, we have

|[x(2)1(8) — [x(@)1(®)] = [[x(@)](b) - [x(a)](B)| + | [x(a))(b) - [x(a))(®")|
+|[x(@)1®") = [x(@)1(b)] < 3e.
Next we prove a Kirzbraun-type theorem.
THEOREM 5. Let K and L be subsets of C(B) and suppose that L is equicontinuous.

Ift: K— L and if |tu—tv| £ k|u—v| for some k >0 then there exists T: C(B) — C(B)
such that T|K=t and |Tx—Ty|<k|x—y|.

Proof. If be B, ue K and ve C(B) let ,(u, v)=1tu(b)+k|u—v| and let Tv(b)
=infyex ¥, v). If ve K then y(u, v)— iy (v, v)=tu(b) + k|u—v| — tv(b) 2 k|u—v|
—|tu—1| 20 so T extends ¢. Suppose that |w(b) —w(b")| <& for all w e L whenever
B(b, b') < 8. Then, if v € C(B),

To(b)=Tu(b) = inf ¢hy(u, v)— inf (4, v) < SUD [y(, V) —(u, V)]
Ue ue ue

sukg [tu(b) —tu(b)] < e.
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Similarly, Tv(b') —Tv(b) L e, so that Tv € C(B). Finally, if v, w € C(B), then
|Tv—Tw| = sup |Te(b)—Tw(b)| = sup linf by, v) —inf P, (u, w)l
b b b u

A

sup sup [hout, v) — ho(ut, w)| = sup sup |k|u—v| —k|u—wl|

lIA

klu—w|.

We saw in [S4] that Kirzbraun’s Theorem could be used to prove Kolmogorov’s
Principle. The present version of Kirzbraun’s Theorem is all that was actualiy used
in the proof so that we have Kolmogorov’s Principle: Let x and y be continuous
from an n-cell into C(B). Suppose that |x(q)—x(q')| £ k|y(q)—y(q’)| for allg,q’€ Q.
Then Lo X Sk™Le)y-

LEMMA 14. Let Pf=37"_,(f, o')o' for all f € C(S"~Y). Then |P| < +/n.
Proof. If fe C(S"~!) then
211 = 3 (o = S { [ ot}
s SIAE = sl

THEOREM 6. If x is continuous on Q into Euclidean n-space E™, then Lgnx=Lx.

Proof. We can identify E™ with E,<C(S*"'). Let z, be a sequence of quasi-
linear functions converging to x in C(Q, C(S"~1)) such that &(z,) — Lx=L¢s-1)x.
Then |Pz,— x| =|Pz,— Px|£|P| |z, — x| £ |z — x|4/n so that Px,, — x. By Theorem
4 6(Pz)=£6(z,). Thus - Ly x<liminf £(Pz)£lim inf £(z,)=Lx. Since the in-
equality in the other direction is trivial, the theorem is proved.
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