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Abstract. We prove a weighted norm inequality for homogeneous singular integrals
when only an H!-size condition is assumed on the restriction of the kernel to the unit sphere.
We also give several applications of this inequality.

1. Introduction. Let R?, n > 2, be the n-dimensional Euclidean space and S" 1 the
unit sphere in R” equipped with normalized Lebesgue measure do = do (x’). Let £2(x)|x|™"
be a homogeneous function of degree —n with 2 € L! (S"“l) and

1.1 1 Q2(xNdo(x")y =0,
g
where x” = x/[x| for any x # 0.
Let b(¢) be a measurable function on (0, c0) and y a real number larger than one. We
say thatb € A, if ||blla, = supg-g R} fOR [b(1)|Ydt < co. We also define Ago = L(R.L).
Clearly, Ao € A, € Ay forany 1 < A < y. Suppose that I"(¢) is a strictly monotonic C !
function on the interval (0, 00). We define the singular integral operator T ,(f) by

(1.2) Trp(f)(x) = p.v. /Rn K f@x = Tyhyhdy,

where y' = y/|y| € §"7L, K(y) = b(|y|)2(y")|y|™" and f € & (R™), the space of Schwartz
functions.

For the sake of simplicity, we denote Tr, = Tp if I'(t) = ¢ and denote Ty = T if
) =tand b(t) = 1.

The investigation of the operators T began with Calderén-Zygmund’s pioneering study
of the operator 7 (see [CZ1], [CZ2]). The operator T, whose kernel has the additional rough-
ness in the radial direction due to the presence of b, was first studied by R. Fefferman ([Fe])
and subsequently by many other authors ([C], {Ch], [CR], [DR], [Fa], [FP1], [FP2], [H1],
[JL], {KS], [Na], {Wal]). The best result concerning the size of §2, so far, is the following
theorem.
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THEOREM A (see [FP1)). If 2 € H'(S"™Y), I'(t) satisfies the conditions either in the
following Theorem 1 or Theorem 2 (in particular I'(t) = t) and b € A3, then Trj, is bounded
on LP(R™) for 1 < p < oc.

The proof of Theorem A is exactly the same as that of [FP1], in which the function I is
slightly different. In [FP1], we proved the theorem for b € L°°(R) and pointed out that the
theorem still remains true if » € Aj by an easy treatment (see [FP2, Theorem 7.5]).

The space H'(5"~!) in Theorem A represents the Hardy space on the unit sphere, whose
definition will be reviewed in section 2. In order to make comparisons among the conditions
imposed on £2 in other known results, we point out that on $" !, forany ¢ > 1, L9(S"~") C
Llogt L(s"™Y ¢ H'(5"!) and all inclusions are proper.

On the other hand, the weighted L? boundedness of T}, has also been studied by a number
of authors ({ABKP], [Du], [H2], [KW], [MW], [Wa2]). However, all papers mentioned above
require a stronger condition than 2 € H!(S"~!) even in the simplest case b = 1.

In this paper, we are interested in studying the weighted L? boundedness of Tr, for
certain radial weights, which were introduced in [Du]. Our result, in which the Llog™ L
size on £2 in [Du] is weakened by the H! size, is an outgrowth of a recent result in [Du] by
Duoandikoetxea. We will also give several applications of our result, including the power
weights |x|%; L? boundedness of certain commutators; and the boundedness of T on the
Herz spaces and on the Morrey spaces. 1t is well-known that both commutators and Morrey
spaces play an important role in studying the solvability and the regularity of solutions to
partial differential equations with discontinuous coefficients (see [FR] and [Hu]).

In order to state our main theorems, we first give the definitions of certain weights.

DEFINITION 1.1. Suppose that w(¢) > O and w € Llloc(R+). For 1 < p < oo, we say

that w € A, (R, ) if there is a constant C > 0 such that for any interval I C R,

p—1
(1.3) (|1|—1 /w(r)dr) (|1|—1/w(r)—1/<1’—1>dr) <C<oo.
1 1

If there is a constant C > 0 such that
(1.4) o*(r) < Co(r) for ae. reR;,

where @* denotes the standard Hardy-Littlewood maximal function of @ on R, then we say
w e A] (R+)

DEFINITION 1.2. Ifw((k) = v1(|x|)v2(|x|)1”’, where either v; € Aj(Ry) is decreas-
ing or v,-2 € Af(Ry),i=1,2,thenwesay w € Ap(Ry).

DEFINITION 1.3. For 1 < p < o0, we denote
A,,(R+) ={wkx)=w(x|) :o@) > 0,w@) € LllOC(R+) and w’ (1) € Ap(RD}.

Let A;,(R") be the weight class defined by using all n-dimensional intervals with sides
parallel to coordinate axes. In what follows, for p € (1, 00), any measurable function f and
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any weight w, we define

1/p
1 = ( [ rrowd)
Thus the weighted L? spaces associate to the weight w is defined by
LPR", o(x)dx) ={f : I flLr@) < oo}.

By [DL], we know that AP(R+) - AP(R+). Also, if w(t) € AP(R+), then we know
from [Du] that the Hardy-Littlewood maximal function M f is bounded on L? (R", w(|x|)dx).
Thus, if w(z) € AP(RJr), then w(|x|) € A,(R"), where A,(R") is the Muckenhoupt weight
(see [GR] for the definition). Let A = A, N A} and A, = A, N AL

In [Du], Duoandikoetxea proved the following theorem.

THEOREM B (see [Du, Theorem 7]). [fw € A,(Ry) for 1 < p < oo, then T is
bounded on LP (w) provided 2 € Llog"t L(s* .

Now we are in a position to state our results.

THEOREM 1. Letb € A, fory = 2,1 < p < 0. Let I' be a nonnegative C! function
on (0, 0o) satisfying:

(@) I is strictly increasing and I'(2t) = AT (t) for all t and some X\ > 1,

(b) I satisfies a doubling condition, I'(2t) < cI'(¢) for all t and some c > 0,

() I''(t) = C\ )/t forallt and some C; > 0.
Suppose that w € Aé/y,(R+) with p > y', where y' is the dual exponent to y. Then

(1.5) ITrp(NDlerw) < CllfllLrw)
provided 2 € H(S"™ 1), where C is independent of f.
If I' is a strictly decreasing function, we also have a similar result.

THEOREM 2. Letb € A, fory > 2,1 < p < co. Let I" be a nonnegative C! function
on (0, 0o) satisfying:

(@) T is strictly decreasing and I'(t) > A" (2t) for all t and some A > 1,

(b)) I'(t) <cl'2t)forallt > 0and some c > 0,

() |I"'®| > C T )/t for all t and some Cy > 0.
Suppose that w € A~2/y,(R+) with p > y’, where ' is the dual exponent to y. Then Trpis
bounded on LP (w) provided 2 € H'(S"1).

REMARKS. (1) Inboth T and T}, the singularity appears along the diagonal {x =
y}. Recently many problems in analysis have led one to consider singular integrals with
singularity along more general sets, some of which are in the form of {x = ¥ (y)} (see [St]).
Here we focus our attention on singular integrals 7, which have singularity along sets of the
form {x = I"(ly)y'}.

(2) The precise conditions on the constants in Theorems 1-2 should be ¢ > A > 1 and
Cy € (0, log, c]. Model functions for the I" in Theorem 1 are I'(t) = t9 withd > 0, and
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their linear combinations with positive coefficients. Model functions for the /" in Theorem 2
are I'(¢t) = t? with o < 0, and their linear combinations with positive coefficients.

(3) By the relationship L log* L(S" 1) < HY($" 1) remarked above, one sees that,
even in the special case I'(¢) =t and b = 1 (T = T), Theorem 1 represents an improve-
ment of Theorem B in the case of w € A;,(R+).

(4) The method used in proving Theorem B depends heavily on the rotation method
of Calder6n and Zygmund. More precisely, one first considers the case that §2 is odd and
reduces the operator T to the one-dimensional Hilbert transform whose L? () boundedness
is well-known. For an even function 2 € Llog* L, one can compose §2 with suitable Riesz
transforms to reduce it to an odd function. Clearly this method is no longer applicable if an
extra rough function b appears in the kernel. To prove our theorem, we will use the atomic
decomposition of the Hardy space, as well as some estimates about the atoms obtained in a
previous paper ([FP1]).

We will review the definition of Hardy space and give some simple lemmas in section 2.
The proofs of the theorems can be found in the third section. The truncated maximal operator
will be studied in the fourth section. In Sections 5-8, we will give several applications of our
theorems.

Throughout this paper, the letter C will denote a positive constant that may vary at each
occurrence but is independent of the essential variables.

2. Lemmas related to the H' space. We start this section by reviewing the definition
of the H' space in the unit sphere. Recall that the Poisson kernel on §”~! is defined by

Py (X)) = (1 = r®)/Iry’ = x'|",

where 0 <r < landx’, y € §"~ L.
For any f € L'(§"~1), we define the radial maximal function P f(x’) by

Ptf(x'y = sup

O<r<l

. f(y/)Prx’(y/)dU(yl) .

The Hardy space H'(S"~!) is the linear space of all f € L1(§""'") with the finite norm
1A i gn-1y = I[P+f”LI(Sn—I) < 00. The space H'(5"~!) was well-studied in [Co] (see also
[CTW]). In particular, it was shown that H!(S"~!) has the atomic decomposition property,
which will be reviewed below.

A g-atom is an L? (1 < g < oo) function a(-) that satisfies the following conditions
2.1)—(2.3).
2.1 supp(a) C §"~1' N B(xg, p), where B(xg, p) is the ball with center xg € s"~1and

radius p € (0, 2],

e2) [, a0 o,

23) lallg < p" =D/~
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From [Co] or [CTW], we find that any 2 € H!(5"~') with the mean zero property
(1.1) has an atomic decomposition £2 = ) ¢;a;, where the a;’s are co-atoms and ) |¢;| <
Cls$2 “Hl(Sn—l).

If I" is the function in Theorem 1, welet y, = I” (2%). If I is the function in Theorem 2,
we let yx = 1/I"(2%). Then, by the conditions of I', it is easy to see infrez yir1/yx = A > 1
so that {y;} is a lacunary sequence of positive numbers. For any £2 € L!(§"~1), we define
the operator o rx by

2.4) o@,rik* f(x)= / b(yDR2ONHIYI™" f(x = C(yDy)Hdy
2k5|y|<2k+1
and OQk =0Q Ik if I'{t) =t.
The maximal operator o, - is defined by, for locally integrable functions f,

(2.5) oo rfx)= SUP/ Ay ™" Fx — Ty y)idy
kez J2k<|y|<2k+!

and o, = (TS*ZJ—- if (1) =1t.
For any p > 0, we define the linear transforms B, and L, on R” by
(2.5 Bk = (0’51 P2 08, Lok = (061, ... PEn-t1. p°En)
where & = (£1,...,&,) € R".
We have the following estimates for o,y if 2 = a is an co-atom.
LEMMA 2.1. Letb € Ay, y > 2. Suppose that a(-) is an oo-atom on S with

supp(a) € "' N B, p), where 1 = (1,0,0,...,0) € §""'. Then there exist positive
constants o and B such that if I' is as in Theorem 1, then

(2.6) 16a,ri(§)] < Cmin{|Bo£1%y, v, P 1B,E| 7P}
if I' is as in Theorem 2, then
(2.6) 16a,r k(8] < Cmin{|B,£ 1%y, %, vl 1B,£17F},

where C is a constant independent of k, & and p.

PROOF. The lemma is a modification of Theorem B in [DR]. The proofs for (2.6) and
(2.6') are essentially the same as that in Section 3 of [FP1]. For completeness, we state the
proof of (2.6").

First, we consider the case n > 2. For any fix £ # 0, we choose a rotation O such that
O(&) = |E|11. Let y' = (s, ¥5, ¥5, ... , ¥,). Then it is easy to see that

2k+|

Ga,ri(&) = /
2k

where O~! is the inverse of O. Now a(0O~!(y')) is again an oo-atom with support in
B, p) N S* 1 where & = &/|&|. For simplicity, we still denote it by a(y’). Now we
have

b(t)t™! f a(0~ 1 (y e 1T OB 4o (y)dr
Sn‘l

2k=+1

Oa,rk(§) = /
2k

b()r~! / Fa(s, £Ne TS godr |
R
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where
Fa(s,£) = (1 = s | 1(s) f ats, (1 = H'25)do (5.
Sn~2

X(—1,1) i8 the characteristic function of the interval (—1, 1) and do (y) is the Lebesgue measure
on the unit sphere S" 2. By Lemma 2.1 of [FP1], we know that the function F, satisfies

i) supp(Fa) C (6" —2r(€), &' +2r(8");

(i) (Fallo < C/r&");

(iii) fR Fy(s,ENds =0,
where C is a constant independent of the atom a and r (§) = |& |1 |B,&|. By (iii), we have

k+1

Sa,r k(€)= f2 a0 /R Fa(s, §) (e TO1E — eI TOEE g5y
By (ii), (iii), the definition of b € A,, and the conditions on I", we obtain
.7 16a.ri )] = CT Q@ DIEIFE) < Cy By
On the other hand, using Holder’s inequality, we have
16k (§)] < Clibll 4,272 £ i,

where
2k+l

2 172
Fi = {/2k dt]

and A(s) = r(§)Fu(r(§)s,&’) is an L™ function supported in the interval (&|By&| —
2, &1|By&| +2). By shifting variables, we may assume that A(s) is an L®° function supported
in the interval (—1, 1). To estimate _#;, we choose a function ¢ € C*°(R) satisfying

vy =1 forlt]<1, @) =0 forft|>2.
Let [y = (2%, 2k+1) and define Ty by

/ eI TOrEELS A () ds
R

(ka)(t) = X1 (t)/ e~isl'(t)r(§")|§|w(s)f(s)ds .
R

Then
LT f() = /RL(t, s)f(s)ds,
where

L(t,s) = / eV OL O ENE Y2 () gy, (1) x4, () -
R
We casily see that
IL(z, )| < Cxp ($)xr, (@)

On the other hand, using integration by parts, we have

IL(t, )| < C{T(s) = TOIFENEN " X1, x5 () -
So

IL(t,5)| < CUT () = T OIrENIEN"2 X1, 0 xa, (5) -
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Now by the mean value theorem and conditions (a’)-(c’) on I", we have

IL(t, s)| < C22{rENENs — (| Y200 () x ()

Therefore,

sup / |L(z, 5)ldt = sup f IL(t, $)lds < C2X(r @M yrghgn=12.
s>0JR >0 JR

This shows
_ 4
1T fll2 < C2Y2rENED Ay 1 112
which leads to
2.7) 16L(5)] < C(IBEN) ™4y, * .

By (2.7) and (2.7), we obtain (2.6") for n > 2. Using the same argument and Lemma 2.2 in
[FP1], we can prove the lemma for the case n = 2.

Similar to Lemma 2.1, we can obtain the following lemma.

LEMMA 2.2. Letb € A,, y > 2. Suppose that a is an oo-atom on St with

supp(a) < st n B(i, ), where 1= 0,0,...,1) € S"L. Then there exist positive
constants « and B such that if I' is as in Theorem 1 then
2.8) |6a.r k@) < Cmin{|L &y, ILo&1 Py P

if I" is as in Theorem 2 then
2.8) 60,1k ()] < € min{|Lp&|*y . |Lp&E Py}
where C is a constant independent of £, & and p > 0.

Next we treat the atom supported in $"~' N B(xg, p) with an arbitrary xo on $"~!. Let
SO(n) be the rotation group on R”. There exist O1, Oy € SO(n) such that Oyxg = 1 and
O2xg = 1. For a function f(x) we define f; (x) = f(O;x),i =1, 2.

LEMMA 2.3. Let a be an oo-atom supported in st B(xg, p). Then
2.9) (@a.rk * [)(X) = (0q.ri * f)O7'0), i=12,

where a) is an oc-atom supported in s7=1n B(1, p), ay is an oo-atom supported in sIn
B(1, p) and 0;1 is the inverse of O;, i = 1, 2.

PROOF. By changing variables, we have

(Ga,ri* Hx) = f

2k <|y| <2+

_ f b(lyDa: () (07 ' x — F(lyDy)dy,
2k5|y|<2k+1

1 b(lyDa; () f(x — O; T (lyDy")dy

which proves the lemma.

For the maximal function O';’ r» we have the following L? (w) boundedness result.
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LEMMA 2.4, Letb e A,y > 1, p > y/, and a an oco-atom. Let I" be the function
either in Theorem 1 or in Theorem 2 and w € Ap/yr(R+). Then

(2.10) log rflLre < ClfliLrw
where C is a constant independent of a and f.

PROOF. Using the spherical coordinate and Holder’s inequality, we have

/ bUyDaIYI™"f = C(yDy"idy
2k§|y|<2k+l

k1

= C\/z‘k t_l’b(t)| ‘/sn7] |a(y/), lf(-x o F(t)y/)|do_(y,)dt

2k+1

V' 17y
<c { / -~ ( f lay)| 1 £ (x — F(t)y/>|do<y’>) dt}
2k Sn—]

2k+1

l/y
C{/zk ’"I/SL, la(y/)lif(x—r(r)y’)iV’da(y/)dr} :

A

Let g = |fP’/ and s = I'(t). From (c) in Theorem 1 or (¢’) in Theorem 2, we have ldr <
cs~!ds. So, by a change of variable, it is easy to see that the last integral above is bounded by
1y

r(2k+l)
C f s / la(y")1g(x — sy"Ydo (y')ds
Sn—l

2k

Thus we have

17y’
2.11) ofpfx) < c{ / l|a(y’)|My/g<x>da<y’)} :
sn—
where
R
My g(x) = sup R™! / lg(x — sy")\ds
R>0 0

is the Hardy-Littlewood maximal function of g in the direction y’. Since p > y’, we have
y!

17y’
“ {/SH Ia(y/)IMy/g(Oda(y’)}

/n_l la(y) | My g()do (")

LP (@) LY (@)

=< / . |a(y/)| ”My’g”Lp/y’(w)do'(y,) .
sn-
By w € A,/,/(R+) and (8) in [Du}, we know

“My’g”Lp/y/(w) < C”g”LP/V/(w)

with C independent of y’. So the lemma is proved by noting

Ugll Lo @y = 11} by -
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3. Proof of theorems. Since the proofs of Theorem 1 and Theorem 2 are essentially
the same, we shall prove Theorem 2 only. In our proof we will apply the machinery developed
by Duoandikoetxea and Rubio de Francia in [DR].

First we consider the case p > y’. Note that Tr ,(f) is equal to

(3.1 / YTy DSR2 f(x — T'(lyhy)Hdy
Rn
where 2 = ) cjaj, > lcjl < C||£2|l g1 (sn-1y and each a; is an oo-atom. We have

1TrsflLrw < C Y 1l ITE (D Lrw) -
where
T}',b(f)(x) = /Rn b(yDIyI™"a; ) f(x = F(AyDy)dy .
Therefore, it suffices to show

(3.3) 1T/ (O lLry < ClIfllr) »

where C is independent of the atoms a;(-) and f.

For simplicity of the notation, we shall denote a;(-) by a(-) and T]J;g H )by Trp(f). In
the following we assume that supp(a) is contained in the ball B(xg, p) N S"~!. Let I; be the
interval (2, 2¢*1). Then Tr ;,(f)(x) is equal to

[ BisTat) 30 s = rsby Iy = 3 ourer S0,

k=—00 k=—00

Let {® ;12 be a smooth partition of the unity in (0, oo) adapted to the intervals (y;_1, yj+1),
that is,

oo
®;eC®0,00), 0<®; <1, Y @;*=1 foralr,

j=—00

supp(®;) € (¥j—1, Vj+1) -

Define the multiplier operators S; in R" by (S; f)(§) = f (£)@;(|B,£&|). Following the proof
of Lemma in [DR]}, we decompose the operator Tr ,(f) by

(3.5) Tro(f) =) (Z Sj+k(0a,rk * sj+kf>> =) Tf.
k J

J

We first estimate the L2 norm of fj. By Lemma 2.3, we have fori = 1, 2,
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T rR<cy /R (Oa.rk % (S Py
k L3

CY [ lourax (Sa (0] y)Pdy
kK JR"

cy fR Gk @IS i L) S
k "

By Lemma 2.1, it is easy to see that

(3.6) I f13<Cy fR |BoEIP* v 2 (Sj4x )T(E)PdE .
k 1

So we have

3.7) ITiflz<CY fR {IBoE| /v [(Sj4x )IE)PdE .
k 1

Similarly, we have
(3.8) ITifl3<Cy’ /R UBE/vid P 1(Sj 44 NIE)NdE .
k n

Now an easy computation shows that

(Sj+x ))IE) = @4 (1B,ED f(O; &)

Thus if j > 0, we use (3.8) and the choice of @ to obtain that
TR <C Y [ 170 RB,El e,
k Y Dj+k

where

Dj={£:y;j_1 <|Bp&| <vj+1}.
This shows that if j > 0,
(3.9) IT; fllz < CA#| £
Similarly, using (3.7) we have for j <0

(3.10) 1T fll2 < CA) £l

Next, we estimate the L (w) norm of f'j forw € A; / y/(R+). We shall prove the follow-
ing proposition.

PROPOSITION 3.1. Ifw € A;/y/(R+), p >y, then

(3.11) 175 fller@) < ClFILr@) s

where C is independent of the atom a.
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If (3.11) holds, then we can easily prove the theorems for p > y’. In fact, interpolating
between (3.9)—(3.10) and (3.11) with w = 1, we have for some 6§ > 0,

(3.12) IT; fllp, < CAYEN £,

where C is independent of the atoms a.
For any w € A; 1, (R), there is an & > 0 such that 't e A; /,»(R+). Thus by (3.11),
we have

(3.13) IT; fllLp@ivey < ClF Lo+ -

where C is independent of the atom a. Therefore, using Stein and Weiss’ interpolation theo-
rem with change of measures [SW], we may interpolate between (3.11) and (3.13) to obtain a
positive number v such that

(3.14) ITi fllere) < C27N £llLpw) »

which implies

(3.15) ITrs(H e < € Y NT5 flire < Clf v -
J

Thus to prove the theorem for p > y’, we only need to prove (3.11) in Proposition 3.1.
For k € Z, we define the operators Ej by

(3.16) Eef(x) = f

IbUyDa) Iy ™" fx — T(\yDy)dy,
2k <|y|<2k+!

and invoke the following lemma in [Du].

LEMMA 3.1. Let w € A,(R"). If the vector-valued inequality

0o 172 00 172
(3.17) ( > |Ekfk|2) <C ( > |fk|2)
k=—o00

LP(w) k=—co LP(w)

is true, then (3.11) holds.
PROOF. The proof can be found in the proof of Lemma 1 in [Du].

Now it remains to prove (3.17) for any w € A p/v' (R+) € Ap(R™). By Holder’s inequal-
ity, it is easy to see that

ok+1

Ehwr =¢ [ [ at-royiac)ide/tar,

k
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where gy = Ika’/ and C is independent of a. Letr = p/y’. Sincer > 1, forw € Ap/yr(R+),
there exists a nonnegative function u with unit norm in L (w'™"") such that

|
(3.18) <Z iEkka’>
k

LP(w)
ok+1

Z/ /2k flgk(x—F(t)y/)la(y’)Id(f(y’)t_]dtu(x)dx
k " H—

<C /R Y g (Mo, ru)(x)dx,
"k

<C

where

(Mg ru)(x) = Sup/ uCx + C(yDyDIa) 1yl ™"dy .
keZ Jok<|y|<2k+!

Thus by Holder’s inequality, we have

|
(3.19) (Z lEkka’)
k

LP (@)

Y
<C {Zlfkly’} { fR |(Ma,ru)(x)|r/w(|xl)l_r,dx}
k "

LP(w)

1/r

Recalling r = p/y/, it is easy to check that w € AP/},/(R+) if and only if =" e Ay (R+).
Thus, by the same proof as that of Lemma 2.4, we have

, ) 1/r
(320) {/ |Ma,ru(x)|r Cl)(l)d)lir dx} < C”u”Lr/(wlvr’) < C 5
R"

where C is independent of a. By (3.19) and (3.20), we obtain

17y’ 17y’
(3.21) IZ |Ex fil” } <cC !Z | fil” ]
k k
On the other hand, it is trivial to see

sup | Ex fu ()| < o, (SUP |fk|) (x).
keZ keZ

LP(w) LP(w)

Thus by Lemma 2.4, we have

(3.22) <
LP(w) LP(w)

Since ¥’ € (1, 2], (3.17) easily follows by (3.21), (3.22) and the Riesz-Thorin interpolation
theorem ([GR, page 481]). This proves the theorem if p > y'. In the endpoint case p = y’,

since T, is bounded on L' (w) for any w € A;(R.) and r > ', and on L* for any 1 <

sup | fxl
keZ

sup | Ex fil
keZ
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s < y’ (by Theorem A), we obtain that Tr 5 is bounded on LV/(a)) for any w € Ai(Ry) by
interpolating with change of measures (see [BL, page 119]). The theorem is proved.
By Theorems 1 and 2, we can easily obtain the following two corollaries.

COROLLARY 1. Letl <p<y,y >2 p#oc,ando’V"P € Ay, (Ry). Let T,
b, 2 be the same as either in Theorem 1 or in Theorem 2, where p’ is the dual exponent to p.
Then Trp is bounded in LP (w).

ProOOF. Corollary 1 follows easily by duality and Theorems 1-2.

COROLLARY 2. Let I', b, §2 be the same as in either Theorem 1 or in Theorem 2.
Forpo > v/, p1 € (,y)andt € [0,1], let r(t) = tpo/(;1(1 — 1) + tpo) and p; =
pop1/(pi(1 —t) +tpp). Suppose w € Ay (Ry). Then Trp is bounded on LP: (@),

PROOF. Interpolating with change of measures between Theorems 1 and 2 and Theo-
rem A, we obtain this corollary.

We remark that Theorem 1 and Theorem 2 remain ture for weights in A oy Ry if
b(x) = 1.

4. The maximal singular integrals. In this section, we will study the truncated max-
imal functions Tl’f, p Of Tr p. For any ¢ > 0, we define

T, f () =/ bUyDIYIT"R2G) fx = T (yDyHdy,

[yl>¢

and

Ty f(x) = SUI; ITFp f GOl

It is well-known that the boundedness of T;ﬁ’ » On LP(w) implies the almost everywhere exis-
tence of lim, Tﬁ’ p.f (x), the principal value defining T for f € L¥(w).

THEOREM 3. Suppose 2 € H'(S"™") satisfy (1.1), | < p < oo and b € A, with
Y = 2. Let I be the function satisfying the conditions either in Theorem 1 or in Theorem 2.
Ifwe A;/y/(R+) with p > y', then T}, is bounded on L7 (w).

PROOF. We only prove the case that I" satisfies the conditions in Theorem 1, since
the proof of the other case is similar, with minor modifications. Similar to the proof of Trp,
we may assume that 2(y’) = a(y’) is an oc-atom supported in B(xg, p) N "', Since
Trof =3, 0ark* f,forany e > 0 there is an integer k such that 27! < & < 2%, So we
have
o0

Tr,f SG;,r|f|+SUIZ7 oar,j* f
k

ke

=0, rlfl+sup|L()].
keZ

j:

By Lemma 2.4, we only need to prove the L? (w)-boundedness for I*(f) = supycz 1k (f)I-
Let § be the Dirac delta function. For the A in the conditions of Theorem 1, we take a

radial function ¢ € & (R") such that ¢(¢§) = 1 when |§| < 1/A and (&) = O when |&| > A.
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Let gx (&) = o(Jx|B,&|), where Iy = F(2k), and let <13k(“§) = @r(£). Now

o0 k—1
() =@ =)%Y oar;*f+PxTrpf)— P Y ourj*f
Jj=k Jj=—00
= L1 () + Le2() + L 3(f)
Clearly, by Theorem 1,
4.1 sup | Ik 2(f)] < CIM(TrpHliLrw) < ClHflLr@) -
keZ LP(w)
Next,

o0
Zaa’r*k_j * D x f

J=1

< Z (sup |0a,rk—j %* P * fl) =) G;(f).
j:l keZ j=1

sup [1,3(f)| = sup
keZ

keZ

By Lemma 2.4 we have

(4.2) 1G; DI =Clifllp, 1<p<oo,

and for any w € Ap/y/(R+), there is an £ > 0 such that

4.2) 1G (N poi+ey < Cllflppgi+ey, ¥ <p <oo.
On the other hand,

1,2
G;(f) =< (Z |, rk—j * Pi * f|2> .
%

Thus by Plancherel’s theorem and by inspecting the proof of Theorem 2, it is easy to see that

IGHAIE<C sup Y~ (TkIBoEN A2 fII3,
SeRNON 1 <1861

where we used the support condition of & Thus we have

4.3) IG;(Nllz < CA I flla.

Interpolating between (4.2) and (4.3), we obtain a 8 > 0 such that for any p € (1, c0)
(4.4) G (Pllp < CL7NI I

Interpolating between (4.2') and (4.4), we find a v > 0 such that

(4.5) IGj(Hlizr) < CA I fllLrw)

for any w € /ip/,,/(R+) and p > y’. Therefore,

<Y GNP < Clf e -

LP(w) =1

(4.6)

sup 1,31
keZ
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Using a similar argument, we can prove

4.7 sup [ 1 ()l

keZ

< CllfllLr(w) -
LP(w)

The theorem is proved.

5. The weights |x|*. A special case of radial weights is the power weights |x|*, o €
R. The following theorem was proved by Muckenhoupt and Wheeden (see [MW]) and by
Duoandikoetxea with a different proof (see Theorem 6 of [Du]).

THEOREM C. Letl < g <o00,1 < p < 00. Suppose that T is the operator defined in
Section 1 with 2 € LI(§" 1) satisfying (1.1) (T = Trp when I'(t) =t and b(t) = 1). Then
T is bounded on LP (|x|%) if

6. max(—n, —1 —(n — p/q’) <a <min(n(p — 1), p—14+ - Dp/q),
where q' is the dual exponent of q. Also the range in (5.1) is optimal.

In the limit case ¢ = 1, the range (5.1) becomes o € (—1, p — 1). It is well-known that
the theorem fails for some §2 € L! (S”_l) even in the non-weighted case « = 0. But Theorem
Cisstill trueifor € (=1, p— D and 2 € Llog* L (see page 880 in [Du]). As H! is a natural
substitution of L', we obtain the following theorem.

THEOREM 4. Let Tr , be the operator satisfying either the conditions in Theorem | or
the conditions in Theorem 2. Letb € A, withy > 2, and p € (1, 00) satisfying p > y'.
Then Trp is bounded in LP(|x|*) ifa € (—1, p/y' — 1).

PROOF. Forany a € (—1, p/y’ — 1), we choose a B € (—1, 0) such that o > B and
a — B < p/y’ — 1. Then we write

(5.2) Ix[* = vi(IxDva(x' =277,

where vi () = t# and v (1) = t@=B)/A=p/y") Clearly, both v; and v; are decreasing. On the
other hand, it is well known that t* € Aj(Ry) if —1 < p < 0. Thus we easily check that
vy € Aj(Ry) and vo € Aj(Ry), which implies |x|* € Ap/},/(RJr). Now Theorem 4 follows
from Theorem 1 and Theorem 2, because |x|* € Aé(R”) ifae(—1,p—1).

Using interpolation with change of measures between Theorem 4 and Theorem A, we
can further obtain the following

COROLLARY 3. Let I, 2, b are the same as either in Theorem 1 or in Theorem 2. For
po>vy,pre,ylandt €[0,1], let p, = pop1/(p1(1 = t) + tpo). Then

/ \Trp £ ()P |x|%dx < C f |/ OV x| dx
Rn Rn
provided that apo/(p1(1 — t) + tpy) is in the interval (—1, po/y’ — 1).

6. Boundedness in Morrey spaces. We are now going to study the boundedness of
Tr p on the Morrey spaces. The classical Morrey spaces were introduced in [Mo] by Morrey
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in order to study the local behavior of solutions to second order elliptic partial differential
equations. In [Mi], Mizuhara introduced the following generalized Morrey spaces.

Let ¢ be a positive increasing function on (0, oo) and satisfy that for any r > 0, ¢(2r) <
D¢ (r), where D > 1 is a constant independent of r.

DEFINITION 6.1. Let1 < p < co. We denote by L”? = LP-9(R") the space of
locally integrable functions f for which

(6.1 / |fC)IPdx < CPo(r)
By (x0)

for all xop € R" and r > 0, where B, (xg) is the ball with center xg and radius ». We denote
the smallest constant C satisfying (6.1) by || fl .r.¢.

THEOREM 5. Let1 < D < 2", 1 < p <oo,be A, withp > y andy > 2.
Suppose that Tr p are the singular integrals satisfying the conditions either in Theorem 1 or
in Theorem 2. Then the operators Tr p are bounded on LP ®

PROOF. Let xp be the characteristic function of the ball B,(xg). Clearly we have
xB(x) < (Myxp)(x) for almost all x € R", where M xp is the Hardy-Littlewood maximal
function of xg. By a simple computation one easily sees
(6.2) (Mxp)(x) = (r/(r +|x — xol)" .

Let w(x) = (r/(r + |x]))?" for any fixed number 6 € (0, 1). Since xp is a positive Borel
measure such that M xp(x) < oo for all x € R*. By the property for weights [GR, page
4361}, it is easy to check that w(t) € Aj(R+). Since w(¢) is decreasing, we have w(|x|) €
Al(RJr) - Ap/y/(R+), forall p € (1, 00). Define fy,(x) by fy,(x) = f(x + xp). We choose
af suchthat | < 1/ < log2"/log D. Then using Theorem 1 or Theorem 2, we have

/ ITrp f ()P dx
B, (x0)
= fR ATrp FOIP xp(x) dx

=< C/ ITr b froOP 0 (x)dx < C/ |f () Pw(x — xo)dx
R R"

o0

c If |f )P (x = xo)dx + )
By (x0)

j=

o0
c [ | ireorax+ Yy 2 [ irwis
By (xp) =1 B,j+1,(x0)

<CIfIY 4 {¢(2r) + Zz~jn9¢(21+1r)}

Jj=1

/ |f NP w(x — xo)dx
B, 11, (x0)\B,;, (x0)

1A

< CIfIS,60(r) Y DItI270 < |l fI7, ,0(r).
j=0
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The theorem is proved.

Under a stronger condition, a special case of Theorem 5 was recently obtained by Yong
Ding [Di], in which I'(t) = t, b € L®(0,00), and 2 € L9(S"}) with 1 < p < g or
q' < p<oc.

We remark that the Morrey space and the generalized Morrey space are recently used,
respectively, by Fazio and Ragusa in [FR] and Huang in [Hu] to measure the regularity of the
solution to an elliptic second order equation with discontinuous coefficients; see Theorems
3.3 and 3.4 in [FR] and Theorems 2.1, 2.2 and 2.5 in [Hu]. Moreover, by means of an inte-
gral representation formula of the second derivatives of the solution to the above mentioned
equation in [CFL], Fazio and Ragusa in [FR] obtained the regularity in Morrey spaces of the
solution to these equations just by first establishing the boundedness on Morrey spaces of
some singular integral operators; see Theorem 2.3 in [FR].

7. Boundedness in Herz spaces. To study the convolution algebra, A. Beurling [Br]
first introduced some primordial form of non-homogeneous Herz spaces which are also called
Beurling algebras. Later, C. Herz [He] introduced versions of the spaces defined below in a
slightly different setting. Since then, the theory of Herz spaces has been significantly devel-
oped and these spaces have turned out to be quite useful in harmonic analysis. For example,
they were used by Baernstein and Sawyer [BS] to characterize the multipliers on the standard
Hardy spaces.

For simplicity, we only discuss the boundedness of 7, in homogeneous Herz spaces
here. Let By = {x e R" : |x| < 2"} and Cy = By \ Bx—1 for k € Z. We also denote by x; the
characteristic function of the set Cy.

DEFINITION 7.1. Leta € Rand 0 < p,g < oo. The homogeneous Herz spaces
K39 (R") is defined by

KR = (f € L R"\{OD) © [1f lgeo gny < 00},

where
o

1/q
11l ke gy = < Z 2t ||ka|I(£q(Rn)) .

k=—o00
It is worth pointing out that the norms of these spaces in [He] are different, but equivalent.
T. M. Flett [Ft] gave a characterization of these spaces which is easily seen to be equivalent to
Definition 7.1.
Obviously, K9P (R") = LP(R") and K§'P”(R") = LP(|x|*) for any @ € R and 0 <
p < 00. Moreover, in [HLY], Hu, Lu and Yang established the following general theorem on
the relation of boundedness of sublinear operators between L? (|x|%) and K g’q (R™).

THEOREM D. Let T be a sublinear operator and T be bounded on LP(|x|?) for all
B € (B1, B2) and certain p € (1, 00), where B1, B2 € R. Then T is bounded on Kg’q (RY)
provided o € (B1/p, B2/ p) and g € (0, 00).

As a simple corollary of Theorem 4 and Theorem D, we have
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THEOREM 6. Let Trj, be the operator satisfying either the conditions in Theorem 1 or
those in Theorem 2. Letb € A, withy > 2, and p € (y’, o0). Then Tr is bounded on
Ky'(R") if0<gq <ooanda € (—1/p,1/y’ —1/p).

8. Commutators. Leth(r) € L\ (R)). We say h(r) € BMO(R,) if

loc

(8.1) Il = sup 1] / jh(r) —hyldr < oo,
ICR, I
where hy = 1|7} [, h(r)dr.
Leth;(r) e BMOR,), j = 1,2, ..., m. We define the higher order commutator about
7, by

T, f(x) = p-V-/R 2(x = »b(lx — yDlx — ™" ]_[{hj(IXI) —hi(lyD}f (n)dy .
1 J:l

The main result in this section is the following theorem.
THEOREM 7. If 2 € H'(S"") satisfies (1.1) and b = 1. Suppose that hj(x) isa

radial function such that h;(r) € BMORY), j=1,2,... ,m, and w € Ap(R+). Then we
have

m
(8.2) NT Fllew) < Cp [T 1011 FlLr )
j=1

provided oo > p > 1, where C, = p™ is a constant depending only on p.

PROOF. For any fixed p > 1, we write

m m

[Jhj) =hjn = p™ [ [ 1rs1d i) = hjD 511 P

j=1 j=1
Thus without loss of generality we may assume all [|A;]lx = p~!. We now use the induction
argument on m to prove the theorem. By Theorem 1, we know that the theorem holds if
m = 0. Now we assume that the conclusion of the theorem holds for m — 1 and prove the
conclusion for m.

For simplicity of the notation, we write # = A,,. Forany w € A p(Ry), thereisang > 0
such that w'*¢ € A p(R4). Thus by the proof of Theorem 3 in [DL, page 440], without loss
of generality we may assume e’P#X)(1+6)/¢ ¢ 4 (R.) forall || < 1. Recalling the definition
of A,(R,), we have a constant C > 0 such that for any interval ] € R,

p—1
<|I|’1/a)2+2"“(r)dr) (|1|"1/w_2(1+5)/(”“(r)dr) <c,
1 1
p—1
(|I|—l/e2fph(r)(1+8)/€dr) (Ill‘l /ezzphv)ms)/s(p—l)dr) <cC.
/ 1



WEIGHTED NORM INEQUALITY 159

Thus by Holder’s inequality we can find another constant C; > 0 such that for any interval
I CR;

p—1
<|,|—1 /wz(r)eztphmd,) (Ill‘l /w—Z/(p—l)e—erhm/(p—l)dr) <c.
1 I

This shows that, by the definition of A, (R+), w(x)e’?*™ € A,(R,) for all | < 1. Now by
the assumption of the induction we have

(8.3) 1T fll Lo @ernoreossy < ClLE Nl Lo (ephtrcosy

for all real 8. Recall the well-known formula
LI :
h(x) — h(y) = @n)"! / e€ hOI=h(N =10 gg
0

Let go(y) = F(y)e= ", then it is easy to see that the commutator T} f (x) is equal to

27 . Q0 — Vb _ m~1 ;
e B e | (I RO
n — j=1

Thus by Minkowski’s inequality, we have
1 a 1
17y fllr < Qm)™ /0 75" (90) 1| L (wephtorcoseyd®

2
< Q) fo 19611 Lo ueriiressesd < ClLF o) -

The theorem is proved.

In [DL], Ding and Lu studied certain commutators with an oscillatory factor e/ #*:¥) in
their kernels, where P(x, y) is a real polynomial on R" x R". More precisely, they studied
the operators

; 2(x—y)

T, f(x) = pv. f e PN =2h(1x — y)){A(x)) — A(IyD}"dy
R lx — ¥l

and proved the following theorem.

THEOREM E ([DL, Theorem 1]). Under the conditions b(t) € BV (R..), h(t) e BMO(R_),
w € AP(R+) and 2 € Llog™ L(S" YY) with (1.1). If Ty is bounded in L? (w) then Tbm’P is
also bounded in L (w) for any m € Z, and any real polynomial P(x, y).

By our Theorem 1 and the above Theorem E, we now have

THEOREM 8. Let h, §2 and w be the same as in Theorem E and b = 1. Then the higher
order commutator Tbm’p is bounded in LP (w), 1 < p < o0.

The special case m = 0 and w = 1 of Theorem 8§ was obtained in [JL2] under a stronger
condition » = 1.
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Define the maximal operator Tbm’* by

T,"" f(x) = sup /l | b(lx — yDlx — y|7"2(x — y) l_[(hj(IXD —h(yD) f(y)dy
x—y|=>e j=1

>0

Then, using the same proof as that of Theorem 8 and the result for m = 0 proved in Section
4, we have

THEOREM 9. Let b, §2, w, be the same as in Theorem 8. Then we have

1T, fllere < Cllfllzr)
provided oo > p > y’.
A FINAL REMARK. Itis possible to prove that the commutators in this section are also
bounded on the Morrey spaces and on the Herz spaces. We omit the details.
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