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A non-relativistic quantum theory of matter-photon interaction is formulated, within the
framework of the dipole approximation, by employing a canonical transformation to diago-
nalize the A? term plus the free photon Hamiltonian. The matter-photon interaction is there-
by expressed rigorously in a renormalized 4-p form. Using this form for the Dicke model
of two-level atoms interacting with a single-mode radiation field, we examine a possibility of
the occurrence of stationary coherent states which could arise for a photon and atomic
polarization as the ground state of the system, deducing a condition for such coherent states.
The condition, expressed as an inequality which imposes a stable nontrivial Bloch angle of
the uniform atomic polarization, is identical with that for the occurrence of a second order
phase transition, and indicates that the non-existence of a second order phase transition
pointed out by RzaZewski et al. is in fact a consequence of the present treatment of the A*-
term renormalization. However, a fulfillment of the condition is recovered, if exchange-
type atom-atom interaction is taken into account in the matter system. We also present a
method to construct an effective Hamiltonian of atom-atom interaction which is equivalent
to the above Dicke model in the thermodynamic limit.

§ 1. Introduction

With the advancement of quantum optics, nonlinear optics” and laser physics,?
much attention has been paid recently on the coherence and cooperative properties
of matter-photon systems.” In the non-relativistic regime the Hamiltonian of a

matter-photon system is generally written as™®

}I:;[;(I/Zm) {patedd)}+Vi{r))] +H,+11,,. (1-1)

Here r;; and p; are the coordinate and the momentum, respectively, of the /-th
electron bound to the nucleus of an atom at a site R, by the potential 17, ({r;}) *¥®
m and —e the mass and the charge of the electron, respectively, and A(ry) is
the Coulomb-gauge vector potential evaluated at the site r;. The symbols H
and H,, represent the free photon Hamiltonian and the Hamiltonian describing
atom-atom interactions, respectively. Historically, the Hamiltonian for the matter-

photon interaction has been treated in various approximate ways. Broadly speak-
* We use natural units to put A=c=1.
*¥) The symbol {r;} denotes a set of the coordinates of electrons bound to the 7 atom.
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1508 S. Takeno and M. Nagashima

ing, this may be classified into two types, A-p form and E-r form. The former
is obtained by neglecting the A® term in Eq. (1-1), while the latter is derived
by applying a canonical transformation to express the matter-photon interaction
entirely in terms of electric and magnetic fields, rather than of the vector potential,
and by neglecting a self-energy term appearing therein.”"®*  For matter sys-
tems, a two-level-atom model has been used extensively to take into account essential
features of nonlinearity in atomic excitations.” Also employed here conventionally
has been an approximation to neglect direct atom-atom interactions. It has been
recognized for some time in the field of quantum optics, laser physics and others
that such approximate Hamiltonians, of which the Dicke model Hamiltonian is

L?" provide simple but fruitful starting points for the study of the

2),38),6)

most typica
coherence and cooperative properties of matter-photon systems.

Recently, however, Rzazewski et al. have shown that the Dicke mode! Hamil-
tonian with the A? term included fails to yield a second order phase transition,”
a result incompatible with the conclusions reached by Hepp and Lieb”? and by

018 This work appears to have aroused renewed attention to the

many others.
role played by the A’ term which has hitherto been neglected in quantum optics
and nonlinear optics. On the other hand, the A? term has long been recognized
to play a dominant role in solid-state plasma.”™ Also, this term was taken into
account previously by Agranovich™ and by Hopfield” in their theories of linear
polaritons.

The purpose of the present paper is: (i) to formulate a quantum theory
of matter-photon interaction which contains an attempt to fully take into account
the A’ term in the non-relativistic regime and (ii) to examine the effects of this
term and of direct atom-atom interactions for the occurrence of stationary coherent
states in matter-photon systems. The formulation is done by employing a canonical
transformation to diagonalize the A’ term plus the free photon Hamiltonian and
by using the atomic operator formalism®” to take into account the multi-level nature
of the atomic spectra. The theory so developed enables us to express the effect
of the A® term rigorously in a renormalized 4-p form.

In a previous paper the present authors and Sugimoto studied the coherence
properties of the Dicke model Hamiltonian to show that under a strong coupling
condition the ground state is characterized by the simultaneous appearance of a
stationary coherent state of a photon and that due to atomic polarization.” To
illustrate the role played by the A® term, the same type of stationary coherent
states in the Dicke model Hamiltonian with direct atom-atom interaction as well
as the A’ term included are studied in this paper, without resorting to the use
of the rotating-wave approximation to treat the matter-photon interaction. In doing
this discussion is given on the condition for the occurrence of such coherent states,

and it is shown to be identical with that of a second order phase transition. It

* TIn the conventional E-r form the effect of the A® term is only partially taken into account.
For a detailed discussion see, for example, Refs. 4) and 5).
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A? Term, Renormalization of Matter-Photon Interaction 1509

is shown that the result obtained by RzaZewski et al.® is a natural outcome of
the renormalization of the matter-photon interaction. It is also shown that the
appearance of the stationary coherent states becomes possible, if there exist ex-
change-type atom-atom interactions in the matter system.

In the next section the atomic operator formalism and the dipole approximation
are employed to treat Eq. (1-1). In §3 a canonical transformation is applied
to diagonalize the A® term plus the free photon Hamiltonian. Section 4 is devoted
to study of a stationary photon coherent state and that due to atomic polarization
in the model matter-photon system. In §5 another canonical transformation is
introduced by eliminating the matter-photon interaction to recast it in the form

of effective atom-atom interactions resulting from virtual exchange of photons.

§ 2. Atomic operators and dipole approximation

We consider a matter-photon system governed by the Hamiltonian (1-1). We
assume for the sake of simplicity that the matter system is composed of idential
one-electron atoms, omitting the subscripts / and 7 attached to the electron operators
and the potential V;, respectively, and that the electron is spin-less. It is also
assumed here that the electronic states of the matter system composed of atoms
are well described by the Heitler-London scheme, in which the overlapping of
atomic wave functions on neighbouring atoms is negligible in the first order ap-
proximation. We rewrite Eq. (1-1) as

H=H,+ H,+ H,,+H,. (2-1)
Here
Ha:iZ {@d/2m) +V(ry)} Ezi H.(7), Hp:;j o(k)agal;  (2-2)

and

Hp=>(e/m) A(ry) - pi+22(e*/2m) A(r)'=H{ + HY (2-3)

are the Hamiltonian for the atomic system, the free photon field and the matter-
photon interaction, respectively. The quantities a,; and «i; are annihilation and
creation operators of a photon of energy w(k) specified by the wave vector k
and the polarization index j(7=—1,2). In terms of the photon operators the vector
potential A (r;) is expressed in the form™®

A(r) = :L,? [27/w (k) V] ey {exp(ik 1) a;

Fexp(—tk-r)ai;} =2 {Ay;(r) ay+ AL (r) al;}, (2-4)

kj

where

* The asterisk denotes the complex conjugate.
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1510 S. Takeno and M. Nagashima

Ay (r)y=12z/0w(k) V] ey exp(k-r;) with ey-ey;,=40,7). (2-5)

in which e; is the unit vector denoting the polarization direction, 17 the normali-
zation volume and 4 the Kronecker delta.
We assume that the eigenvalue problem for the free atom

H, (1) |a>=e.|a (2-6)
has been solved. Here the label «; is envisaged as running over all eigenfunctions

of H.({) for the ¢ atom.* Let us introduce an atomic operator by the equation®™
Oras=la:){F:| with 3] 0.=1, 27
o

where I is an identity operator. Physically, the operator ¢;,; destroys an atom
in the state [3;> at the site R; and re-create it in the state |@;>. The multiplication
rule obeyed by the ¢’s is given by

Oiag0irs = 0104 (5, 7). (2-8)

By virtue of the completeness of the states |a;», any operator X; affecting only

electrons in the 7 atom can be expressed in terms of ;. according to

Xi:§<“i1Xi|3i>Gmﬂzzg Neslias - (2-9)
The first of Eqs. (2-2) is then rewritten as
I, =2 €000 - (2-10)

Similarly, the atom-atom interaction Hamiltonian H,,, which is assumed to be expres-
sed in the form of multi-pole or exchange-type interaction, is taken to be of the
form

Heo= (1/2)20 2 Lapro (i) Oiaslirs - (2-11)

i afyd
Explicit expressions for the L’s are obtained once the form of the inter-atomic
interaction is specified.

In treating the matter-photon interaction we adopt the dipole approximation,
which amounts to evaluating the vector potential A4 (r;) at the position R; of the
nucleus of the 7 atom. Asis well known, the use of this approximation is justified
if the orbital radius of the electron in the atom is much smaller than the relevant
transition wavelengths. By the use of this approximation the Hamiltonian FLY
can be expressed entirely in terms of the photon operators. Thus it is convenient
to incorporate H,¥ into the free photon Hamiltonian H, to write®*

H,+ I
=(1/2) 30 {B(ki, ki) akjairs+ 20, K'i) aidsay + B (ki K7 @,
o
(2-12)

* We will often omit the index 7 attached to the label «@; to avoid the use of complicated
symbols whenever appropriate to do so.
* We omit any constant factor appearing in the Hamiltonian,
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A? Term, Renormalization of Matter-Photon Interaciion 1511

where
Blj k)= Wk E)ey-ecro(k+E) with Wk E)=0,/2[o(E)o(k)]"?,
(2-134)
Chj, K J)Y=W(k, K )ey e, 0(k—E)+olk) Ik, E)1(,j). (2-13b)
In the above equations
o(k)y=Q/N)2exp(—ik-R)) and o,= (4aNe"/Vm) = (dmne’/m)**
l (2-14)

are, respectively, the Fourier transform of the atomic number density normalized
to unity and the plasma frequency, in which N and 2=N/V are the total number
and the average number density, respectively, of the atoms in the matter system.
In terms of the «’s and the ¢’s the interaction Hamiltonian HSY is rewritten as
Ha%) = _Z.Nﬂ/ZZB kZ AasriOiagiexp (k- Ry ayy-texp(—ik- Ryai; = “Z J:- A,
i 7 B

:Z Z 0‘1'0',3 aB” (Aikjaij]’Ai*kja;j> \\'it}l flizf_‘,(Rg) E‘.l]d AiA‘jEA‘/l/;.f(Ri)-

o %
(2-15)
Here
Aagi; = Coaloai | 27/ 0 (B) 10" with Apary = — Alsk; (2-16)
and
Jop= —elaldry/dt|3:) = icasbas (2-17)

are, respectively, a constant characterizing atom-photon interaction in the A-p form
and the matrix element of the current operator J;= —e(dr;/dt) =dp;/dt due to
the electron bound to the 7 atom. In the above equations the quantities ¢.3 /lus
and d,z; are defined by

€ug™€n— €3, g :<a'i|/‘i]/9i> :<Q’i| 431’i[3i>, da,?kj =M.z €rj . (2-18)

It has been assumed that the dipole moment operator ;= —er; has no diagonal
matrix element for any of the &’s. Combining Eq. (2-17) with the commutation

relation obeyed by r; and p; gives the well-known sum-rule:
3 2miep ot/ ¢ = A (u, v), (u,v=ux,v,2) {2-19)
]

where /; is the u component of the 3 element of the dipole moment ..

§ 3. Diagonalization of the 4° term plus the free photon Hamiltonian

For the sake of simplicity, we limit our discussion hencelorth to the case

in which all the atoms in the matter system are arranged on periodic lattice sites.
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1512 S. Takeno and M. Nagashima

Here the quantity p(k) in Eqgs. (2-13) and (2-14) becomes p(k) =4(k, G), where
G is the reciprocal lattice vector. We can neglect the optical Umklapp process,
thus putting G =0, since the wavelength of relevant photons is much longer than
the lattice constant. In this specific case Eq. (2-12) reduces to

H,+ H3 = kZJ [{o (k) + [0,2/20 (k) I} ak;ay + [o,"/40 (k) ] (afa’e; +aza-i;) 1.
3-1

Let b,; and b#; be new Bose operators defined by the Bogoliubov transformation®

ar; = il — Te02r;  and  ai; = &bk — by (3-2)
with
ks =M =1, (3-3)
where the &s and %’s are real. Then, Eq. (3-1) can be diagonalized as follows:
H,+HY = ; L (k) bi; b5 (3-4)
with
[bwy, Ok 1 =4k, K') 45,57, [big, by ] = [0, biey ] =0, (3-5)
where
Q) = [+ 0,71 (3-6)

is the eigenfrequencies of quasi-photons corresponding to the new operators &y;
and bj;. Diagonalization of the right-hand side of Eq. (2-12) for a general case
of arbitrary spatial configurations of atoms in the matter system is done in the
Appendix.

By the use of the transformation (3-2) the interaction Hamiltonian, the vector
potential and other field variables can be expressed entirely in terms of the new
Bose operators b;; and bi;. Combining Egs. (2-4) and (3-2), we get

A(r) = Z‘_J, [27/2 (k) V]Ver{exp(Gk-r)b;+exp(—ik-r)bi;}, (3-7)

where we have used the relation

i~ 1= Lo (k) /2 (k) 1. (3-8)
Similarly, we get for the electric field E(r) and the magnetic field B(r):
E@) =12 [2z2(k) /V | e{exp(ik-r) by;—exp(—ik-r) b}, (3-9)
%j

B(r) =i kz 27/ (k) V]7(k X ey){exp Gk -r)by;—exp(—ik-1)bi;}. (3-10)

It is of interest to note that Eqgs. (3-7), (3-9) and (3-10) are identical with
Eq. (2-4) and the conventional expressions for E(r) and B(r) written in terms
of the &’s, provided ay;, af; and w(k) are replaced by &;, bf; and £2(k), respectively.
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A? Term, Renormalization of Matter-Photon Interaction 1513

Using the same procedure, we can reduce Egs. (2:-15) to
HY = —iN" 33 TupiTias{exp ik R) by +exp(—ik-R) b}, (3-11)
tag kJj

where
Ly = €apagis [ 270/ 2 (B) TV20 2 (3-12)

As in the case of the field variables, the interaction constant Lﬁ,ﬁ- is also identical
in form with the bare interaction constant d,s;, provided £ (k) is replaced by w(k).
It is therefore seen that the diagonalization of the A® term plus the free photon
Hamiltonian leads to the renormalization of the atom-photon interaction constants
in the A-p form. From the result thus obtained, we can express the total Hamil-
tonian F{ in terms of the new photon operators and the atomic operators in the

form
H= kZ Q)00+ 2] €lieat (1/2) 2] §§La[i,rﬁ (i7) Osas0iro
K i 17 afr

—iNT2 S L agiOranexp (k- R) by -+ exp (—ik-R) by}, (3-13)

iaf kjf
In this renormalized form, equations obeyed by the field variables are immediatlely
obtained by using Eq. (3:6). Tor the vector potential A(#) and the electric
field E(r) we get the equations

{4—(0%/08) —0w,} A@) = —AnJ (), (3-14)
{d—(8°/0¢") — 0, EGr) =47 (0°P (r) /0¢). (3-15)

Here
J@) = Zi’J.;A (r—R;) and P@) :Zif’,u/id (r—R,) (3-16)

are the current density and the electric polarization density, respectively, at the
site . In Eqgs. (3-16) the prime on the summation symbol denotes a sum over
the atomic sites in a unit volume. The physical meaning of the new photon
operators is understood by noting that neglect of the right-hand sides of Eqgs.
(3-14) and (3-15) gives the well-known expression for the dispersion of electro-

magnetic waves in a plasma:'”
' =QE) =F+w,. ) (3-17)

We close this section by giving the following remarks: The A° term was
taken into account previously by Agranovich’™ and by Hopfield® in their theories
of the dispersion of polaritons. These workers, however, limited from the outset
their discussion to linear excitations in matter systems, which amount here to
replacing the atomic operators ¢;,; by Bose-type exciton operators B; and B;” with
[By, B;"1=4(,75), [B:; Bi]=[B:", B;*]=0. The total Hamiltonian of the matter-

photon system studied by these workers can be written in the form

H=3[H{o k) + [0,/ 20k) 1} ai;a + [, /40 (k) ] (aiate; +aya ;)]
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1514 S. Takeno and M. Nagashima
+ Z [eB;*B;+Y K(ij) (B;"B;+ B;B;" + B,"B;” + B;B;) |
7 7
— N30 2 (R By — A Bi) {exp (ik - Ry) ay; +exp(—ik- Ry} ai;;. (3-18)
T %7

Here ¢ is the excitation energy of the atom and K (Zj) denotes the dipole-dipole
interaction energy between the 7 and j atoms. It is seen that replacing the photon
operators a;; and ai; and the interaction constants A.g; by by, &%; and Lusisr TES
pectively, gives Eq. (3-13) with the atomic operators 0.z replaced by the Bose-type
exciton operators B; and B;*. Introducing the Fourier transform B =N '?X
Stexp(ik-R;) B;and B," =N "*3 , exp(—ik-R,) B;" of the exciton operators and
employing a canonical transformation similar to Eq. (A-1), these workers succeeded
in diagonalizing the Hamiltonian (3-18) as a whole.?”

§ 4. Stationary coherent states in a matter-photon system

As an illustrative example to elucidate the role played by the A*? term, we
study stationary coherent states in a matter-photon system. For this purpose, we
consider a specific model of a matter-photon system composed of identical two-level
atoms interacting with a single-mode radiation field with a photon of energy £2(k)
=8 and momentum £* We also assume that the wave function of the ground
state and that of the excited state of the atom specified by the indices =0 and
1, respectively, are real. We rewrite the atomic operators in terms of the Pauli
operators as

Ginn=0:", Cio=0;", 0m=07"+1/2), 0w=01/2)—0;,
(Cine+0u0) /2=0F, (Ouo—0Ci0)/2i=0, (Oi1—0uw)/2=07, (4-1)
together with abbreviations
€o=€, MPn=pa=p, Ju=Ju=ip,
Toy=A=ed(2m/D)*n"?, e =e,, d=p-e,. (4-2)

We note in passing that by the use of Eq. (2-9) the atomic dipole moment operator
#; can be expressed as follows:

P = o050+ M1 Oio = 2007 . (4-3)

Then, on the assumption that atom-atom interactions are described by multi-pole

or exchange-type interactions, Eq. (3-13) can be rewritten as

H=9b"b+e¢>) 67 +22N"* 3 6 {exp(ik-R)b+exp(—ik-R) "}
+2 YUK, (i) 0707 + Ko (i) 6.6, + Ky (i) 6767}, (4-4)
tF

where K, (ij) (n=1,2,3) are constants of the atom-atom interaction.

* We omit the indices %k and j attached to quantities or operators pertaining to the photon.
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A2 Term, Renormalization of Matter-Photon Interaction 1515

25)

Let 3=1r,¢> and |0;, ¢;> be the coherent state of the photon mode™ and that

of the Pauli-spin operator ¢;= (07, 0%, ¢°) characterized by angles ; and ¢; in

the spherical polar coordinate.® ™

Here r and () are action and angle variables
which are related to the eigenvalue S of the photon operator & by 8=/ exp(7}).
The coherent states of the whole spin system are denoted by | {0}, {)}>. We

evaluate the expectation value {H>=<{r, ¢, {0}, {¢} | H|r, ¢, {0}, {0} > of Eq. (4-4)

1

with respect to the photon and spin or atomic coherent states |77, ¢, {0}, {)} >. By

LS

the use of the relations
(o lolr gy =rexp(id), < glo7[r ) =rexp(—id),
O, 07 10:, 0> = (1/2)sin 0; cos ¢y, {0 4] 0710, 3> = (1/2) sin 0; sin ¢y,
s, ¢:]0710:, 2> = (1/2) cos 0, (1-5)
we then obtain.

(HY=9r+ (¢/2)3] cos 0;+ (2AN ") 7 3 sin 0, sin ¢; cos (J+ k- R)
+ (1/2) 34K, (£j) sin 0; sin §; cos ¢; cos ¢
7

-+ K, (i7) sin 0; sin 0; sin ¢; sin ¢; + K5 (/) cos 0; cos U} . (1-6)

The expectation value {H > of the IHamiltonian is stationary with rtespect to the

variation of 7, ¢, 0;, ¢; for
oI/ 0r=0{Hy/0p=0; 0{F>/00,=0{H)/0¢;==0 for all 7. (4-7)
Let a solution of Eqs. (4-7) for which (/> is minimum be 7y, ¢y, G, ¢u. We

are concerned here only with those 0, and ¢, which are independent of the site
index ¢; such a solution is considered to yield the lowest of the minimum of {H>
to which we pay particular attention (hereafter we omit the index 7 for 04 and
the ¢;). Physically, this corresponds to a uniform atomic polarization. A simple

calculation gives

b+ k- Ry = wtk-R,=n

i } or i 7 for all 7, {4-8a)
¢o=37/2 po=7/2)
L=N"0/Dsin0,, O,=cos (—1/g), (4-8Db)

where
g= (422/c2) +2(K,/e) —2(K,/e)  with K,=>'K,(ij). (n=1,2,3)(1-9)
7
The solution (4-8) can exist only when the condition
k=0 (4-10a)
and

g >1 (4-10Db)
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1516 S. Takeno and M. Nagashima

is satisfied. Inserting the fourth of Egs. (4-2) into Eq. (4-9), we can rewrite
the condition (4-10b) as

lgl =I[2med®/e* {1+ (w/w,) } 1+ [2(K;— K,) /e]| > 1. (4-11)
On the other hand the sum rule (2-19) imposes the condition
2med’ /<1, (4-12)

since we are concerned here only with two states among many atomic eigenstates.
Thus, it is seen that the condition (4-10b) or (4-11) cannot be satisfied when
the direct atom-atom interaction is absent. This is identical with the result obtained
Rzazewski et al.® The presence of the term 2(K;—K,)/e here, however, does
not necessarily invalidates inequality (4-11), provided K,<(0 and K;>0. Since we

* and the dipole-dipole interaction

get K;>>0 in almost all cases of physical interest
energy here is expressible entirely in terms of the ¢%’s, it is seen {rom the result
obtained above that in order for inequality (4-11) to be satisfied, an exchange-type,
rather than dipole-dipole, interaction with K,<0 must exist.

To see the physical meaning of the solution (4-8), let us consider the expec-
tation values of the vector potential A(R;), the electric field E(R;) and the
current density operator J= (1/V)>; J(R) =— 2ep/ V)3 ;07 at the stationary
point 7=ry, ¢=4¢, 0;=0, and @,;=¢,. Let us put {ro, Po| AR |70, Pop= A (Ry),
7oy ol E(R) |74, oy = Eo (R;) and {0}, {@o} 1[0} , {@o}> =Js.  Then, applying Egs.
(3-7) and (3-9) to the case of the single photon mode and using Eqs. (4-2)
and (4-8), we get

A (R) = +4nne(e,- p)sin Ohe,/P=A,, E,(R;)=0 and J,= xnesinOp.
(4-13)

Here the plus (minus) sign corresponds to the first (second) of Egs. (4-8a).

It is seen that the vector potential 4,(R;) is spatially uniform and the electric’

field E,(R;) vanishes. This result corresponds to the solution ¢;+k-R;=0 or
¢o+Ek-R;=m for all 7 in Eqgs. (4-8a); such a solution can exist only for k=0.
Combining the first and the third of Egs. (4-13) gives

Qe - Ay=4ne,- J, . (4-14)

We can understand this result as follows: The stationary point determined by
Eqgs. (4:-7) corresponds to the appearance of a uniform coherent atomic polarization
or a coherent current induced by a static vector potential or a Bose-condensed
photon with =0, while a coherent vector potential is produced by the coherent
atomic polarization. It is seen from Eqs. (4-8) that the stationary coherent states

which can exist simultaneously for photon and atomic polarization are characterized

by
Lo, Pl b0, Do) =O (N, {{bu}, L@} |01 {00}, {00} > =0

and
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A% Term, Renormalization of Matter-Photon Interaction 1517

{L06}, Lo} 10571406}, {0} >7-0 . (4-15)

The phase transition as discussed by RzaZewski et al.¥ can be considered as the
onset of mnonvanishing of <{r, $|blr, ¢> and {46}, {¢p} 0| {0}, {¢}>. The result
(4-13) and (4-15) may probably preclude a possibility of a simultaneous ap-
pearance of a stationary photon coherent state and a stationary coherent state of
atomic polarization due to dipole-dipole interaction which could arise if the E-r
form of matter-photon interaction is to be used. Let P, be the expectation value
{0}, {¢} |P| {0}, {¢} > at the stationary point §; =0, and @;= ¢, of the dipole moment
operator P defined by P= (2p/V)> ;0. Then, in the case of the Dicke model
Hamiltonian in which the E:r form of the atom-photon interaction is used, it was
shown in the previous paper® that the electric field E,(R;) and P, become non-
vanishing and related to each other by the relation E,= —47P,* Stationary co-
herent states in such a case are characterized by <{{6}, {¢}|c74{0}, {¢} >0 as
well as {r, |b|r, > =0O(N).

We are also concerned here with the expectation value of energy at the
stationary state, {J{),, and that corresponding to the state in which all the atoms
are in their ground state while no photon is present, (H». The former and
the latter are obtained by inserting Egs. (4-8) and the relation =0 and cos ;==
for all 7, respectively, into Eq. (4:6) as

{(Hy,=— (Ne/2){g+ 1A/9)} + N(Ks/e) < — (Ne/2) + N(Ks/e) ={H,.
(4-16)

Here the inequality holds since inequality (4-106) reduces to ¢g>1 for K,<0
and K;>0.

Thus we have shown that when atom-atom interactions are taken into account,
matter-photon interaction can induce, under certain circumstances, a simultaneous
appearance of a coherently polarized atomic state and a Bose-condensed photon
as shown by Egs. (4-8), with energy eigenvalue lower than that of the state
in which all the atoms in the matter system are in their ground state while no
photon is present. The role played by the A? term is most easily seen by con-
sidering the case in which the direct atom-atom interaction is neglected. Here
the condition for the appearance of the stationary coherent state is given by

47 /ew>1 or (8wed’/w)n>1. (4-17)

This is identical with the results obtained by Hepp and Iieb® and by Wang and
Hioe!” for the occurrence of the second order phase transition in the conventional
Dicke model in which the A® term is omitted. Such a condition can always be
satisfied for a sufficiently large value of the atomic number density 2=N/V, a
result which is qualitatively different from the condition

* We have rewritten FE,(R;) as E, since in the conventional Dicke model the spatial dimen-
sion of the matter system is taken to be small compared with the wavelength of relevant photon.
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42 /ew>1 or 2med’/e* {1+ (w/w,)?% >1. (4-18)

This is the same as the condition obtained by Rzazewski et al.® for the occur-
rence of the second order phase transition in the Dicke model with the A? term
included.® Due to inequality (4-12), however, the relation (4-18), which is
obtained from (4-11) by neglecting K, and K, can never be satisfied.

§ 5. Canonical transformation and effective atom-atom interaction

It is shown that the condition (4-10) or (4-11) can also be derived from
the following effective spin Hamiltonian:

Hy=e¢3 07— (423 /2N)3 600,
i if
+2 2 K () 057057+ K, (47) 0,76, + K3 (i) 07057} G-
if

Namely, inequality (4-10) or (4-11) can be derived by demanding the condition
for the expectation value {H.g>=<{{0} {¢}|H.u| {0} {¢}> of H.x with respect to
the spin coherent states [{0} {¢}> to be stationary:

O/ 00; = 0 Hoss»/0¢p; =0 for all 7. (5-2)

As in the case of the previous section, we are concerned here only with those
solutions 0 and ¢, of Eqs. (5-2) which are independent of the site index 7. The
equation 0 H.z>/0¢;=0 then gives the condition sin ¢ cos ¢ =0. We are interested

here in the solution
cos¢=0 or ¢=71/2 or 3/2, (5-3)

which yields a non-vanishing contribution from the second term of Eq. (5-1).
Equation (5-3) is identical with the second of Eqs. (4-8a). The equation 0<{H.x)»
/00;,=0 then is identical with the second of Eqgs. (4-8b). Thus Eq. (5-1) is
equivalent to Eq. (4-4) for the coherent photon mode with k=0, as far as we
are concerned with a uniform stationary atomic coherent state.

To study the physical meaning of this effective Hamiltonian, we apply a canon-
ical transformation to Eq. (4-4) to eliminate the third term representing the matter-
photon interaction. This is done by introducing new Bose operators b and b*
and new spin operators 0;5, 0%, 0 by the equations™

b=exp(—iS)bexp(iS)=b+2/N"Q) Y exp(—ik-R) s/

br=exp(—iS)b* exp(iS)="0"+ 2(1/N'29) 2l exp(k-R)GY 5, (5-4)

0°5=exp(—1S)0," exp (£8) = cos ¢,0," —sin ;0
* From the results obtained by Hepp and Lieb and by Rzazewski et al., it is expected that
inequality (4-11) obtained in this paper is also the condition for the occurrence of the second order
phase transion in the Dicke model with the direct atom-atom interaction as well as the A® term
included. This point will be studied elsewhere.
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G =exp(—iS)a," exp(iS) =0¢*
07 =exp(—1iS) 0 exp (2S) =sin ¢,0," + cos 0 .
Here the operator S and the angle ¢; are defined by the equation
S=(21/iN*"2) ZL {exp(—7ik-R)0" —exp(ik-R,) 0} 0¥
= (21/iN"22) S {exp(—ik-R) b+ —exp(ik-R)b} /= 2 bt (5:6)

The canonical transformation here is to introduce a displacement of the photon
operators on the one hand and a rotation .of the spin operators around the y-axis
on the other. Insertion of Eqs. (5-4) and (5-5) into Eq. (4-4) gives an expres-
sion for the Hamiltonian written entirely in terms of the new Bose operators

b and b* and the new spin operators 0,°, 0,7, 0:

H=0b"b+ SV e cos 07— € sin 05 — A/ N2 exp[ik- (R;,—R,) 100"
7 H ij
+2 K () 6767 + K, (i) 326, + Ks (i) 6767+ K (i) G767, (5-7)
17

where
K, (ij) = K. (i) cos §; cos ¢+ Ky () sin 4 sin 4,
R, (i) = K, (i) sin 4 sin ¢;+ Ky (if) cos ¢; cos ¢, (5-8)
K'(2j) = 2{K,(ij) cos ¢; sin ¢p; — Ky (4j) sin ¢; cos ¢}

The Hamiltonian (5-7) has the following physical meaning: (i) The energy € cos ¢;
in the new basis states undergoes fluctuations due to the factor cos ¢; being a
function of the photon operators b and b*. (i) There arises a non-diagonal part
of the energy of the atom represented by the factor esin¢; ,°. (iii) The inter-atomic
interaction energies Kl(ij) and K, (7j) undergo fluctuations, which give rise to the
destruction of the phase coherence of the electronic wave functions. (iv) The
fourth term in Eq. (56-7) represents effective atom-atom interaction of infinite range
resulting from virtual exchange of the photon. The effect of the diagonalization
of the A® term here is seen by the fact that effective atom-atom interaction is
also renormalized due to the presence of the factor 7.
We introduce the reduced Hamiltonian F.q by the equation

H,q=<OH|[O>. (5-9)
Here O is the ground state of the new photon state defined by
b10>=0. (5-10)

The expectation values of the terms such as cos ¢y, sin ¢;, cos @, cos @;, sin ¢; sin ¢;,
. ~ - . . « 3
ete. with respect to |O) can be obtained by making repeated use of the identity®”

exp (b +c.b) =exp(cica/2) exp(c:b™ Y exp (¢b) (5-11)
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to get the normal ordered form, where ¢; and ¢, are constants, and Eq. (5-10).
A straightforward calculation leads to the following result:

{Olcos ¢:|0>=exp(—g4/2), <(Olsin¢;]0>=0,
{O|cos ¢; cos ¢;|O> = {exp(—¢0) /2} {explgs exp{ik- (Ri—R;)}]
+exp[—goexp{ik- (R;— R} 1},
{Olsin ¢, sin ¢;|O» = {exp(—¢s) /2} {exp[gs exp (ik- (Ri— R))}]
—exp[ —¢o exp{ik- (R;— R;)}1},
(Olsin ¢; cos ¢;]O>=<O|cos ¢; sin ¢;]0>=0, (5-12)
where
g0 =42/ N2 = [2med’/ {1+ (0/0,)"} 1 (¢/2) (1/N). (5-13)
The quantity ¢, vanishes in the thermodynamic limit, namely,
go—0 for N—oo , with n=N/V being kept constant (6-139)

due to the inequality (4-12) and to the factor ¢/# being at least of the order
of unity. Combining Eqgs. (5-7)~(5-10) and (5-12) and putting k=0, which
is the condition for the first of the solution (4-8a) to exist, we get

Hea=3 €07 = (41°/N2) ZJ 5.6
+2 ZJ (K (i) 670 7+ K, (i7) 0.6 + Ky (47) 6567, (5-14)
where
¢ =ecexp(—¢o/2), (5-15a)
K/ (i) = (1/2) {1+ exp(—g0) } Ki (&) + {1 —exp(—90) } K (&), (5-15b)
K (i) = (1/2) {1 —exp(—go) } K; (i) + {1 +exp(—go) } K; (7). (5-15¢)
We observe the relations
¢ =¢, K/ (i) =K, (ij) and Ky (ij) =K,(ij) for N—>00 and
n=N/V=const. (5-16)

Thus we arrive at the conclusion that in the thermodynamic limit the reduced
Hamiltonian H,q is equivalent to the effective Hamiltonian H.s given by (5-1),

namely,
Hg=H. for N—oco and n=N/V=const. (56-17)

It is seen that due to the renormalization of the effective atom-atom interaction,
which is of infinite range, combined effect of this and the direct atom-atom inter-
action of exchange type, which is of finite range, can induce the stationary coherent
state under the condition (4-10) or (4-11). It is also of interest to note that
the nonvanishing of the expectation value of the spin Hamiltonian which has a
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form similar to Eq. (5-1) bears some resemblance to situations in the phase transi-

tion of liquid helium discussed previously by Matsubara and Matsuda.*”
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Appendix
——Diagonalization of Eq. (2-21)——

Equation (2-12) can also be diagonalized exactly even when the spatial dis-

tribution of atoms in the matter system is taken to be arbitrary. Let &, and &,*

be new Bose operators defined by a Bogoliubov-Tyablikov-type transformation:*®

A= ; Crpels—1%550s7), ai; = ; (§85505" = 1-45505) (A-1)
with
; (Gursbbjrs = Nowisrss) = Ak, K'Y A(r, 7)), ; Erssergrs — EuryrsEiis) =0,
;j (SassSise — Monpstuger) =4(s, 57, Zs (ErssTriss— SassM-1ss) =0 . (A-2)

Equation (2:12) can then be diagonalized as follows:
H,+ HY =33 2,b,"b, with [b,00]=4(s,5"), [b;,6,1=[b,",6{]1=0.
(A-3)

Here the new photon eigenfrequencies £ =%, characterized by the index s is deter-
mined by the eigenvalue equation

SHAC U, W) Sy = B, K3V gk = e,
,;;‘,{B* (Kjs K'57) Exrrs — CF (b, BT ) N —ogrst = 20 s (A-4)
By the use of Eqs. (2:13) and (2-14) Eqs. (A-4) are rewritten as
ey 'k};W(k, EDe; lo(k—E)Swys— 0k +E)N-rysy ={2— 0 ()} Eiys
ey 'WZJ_}V(k, E)ev{0*k+E)Swps—0(k—K )iy ={2+0 (k) } -4y . (A-5)

As in the case of Egs. (3-7) and (3-11), the vector potential 4 () and the
interaction Hamiltonian FLY etc. can be expressed entirely in terms of the new
Bose operators &, and b," as follows:

A(r) =244, @) b+ A7 () b7}, (A-6)
Ha(1]>) - _Z_Ai'fi = 723 ngs g (Aisbs+Aﬁbs+>, (A7)

where

Zz0z 1snbny 9} uo 3senb Aq 8491.281/20G L/G/LG/a101e/did/wod dnoolwsepese//:sdiy Wwolj papeojumoq



1522

S. Takeno and M. Nagashima

Ay (r) = ; [27/w (k) V] ei; exp (ik 1) (Sujs— Tz - (A-8)

In this general case total Hamiltonian of the matter-photon system can be expressed

in the
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