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ABSTRACT: High harmonic generation (HHG) takes place in all phases of matter. In gaseous atomic and molecular 

media, it has been extensively studied and is very well-understood. In solids research is ongoing, but a consensus is 

forming for the dominant microscopic HHG mechanisms. In liquids on the other hand, no established theory yet exit 

and approaches developed for gases and solids are generally inapplicable, hindering our current understanding. We 

develop here a powerful and reliable ab-initio cluster-based approach for describing the nonlinear interactions between 

isotropic bulk liquids and intense laser pulses. The scheme is based on time-dependent density functional theory and 

utilizes several approximations that make it feasible yet accurate in realistic systems. We demonstrate our approach 

with HHG calculations in water, ammonia, and methane liquids, and compare the characteristic response of polar and 

non-polar liquids. We identify unique features in the HHG spectra of liquid methane that could be utilized for ultrafast 

spectroscopy of its chemical and physical properties: (i) a structural minima at 15-17eV, and (ii) a well-like shape in 

the perturbative region that is reminiscent of a shape resonance. Our results pave the way to accessible calculations of 

HHG in liquids and illustrate the unique nonlinear nature of liquid systems. 
 

 

1. INTRODUCTION 

High harmonic generation (HHG) is an extremely nonlinear optical process that occurs when intense laser 

fields are irradiated onto material media. Interactions between electrons in the medium and the incident laser 

result in an up-conversion of photons, emitting a spectrally-wide frequency comb that reaches up to XUV 

energies1. HHG has been experimentally demonstrated in all phases of matter, namely in gases, solids, and 

liquids. In the gas phase, where it was first discovered2,3, HHG has been extensively researched for several 

decades and is very well-understood. Here it is commonly described by a semi-classical4–6 (or quantum7,8) 

three-step model that intuitively describes the process by three sequential steps: (i) ionization of an electron 

due to laser-induced suppression of the binding coulomb potential, (ii) acceleration of the liberated electron 

in the continuum whereby it gains kinetic energy, and (iii) a recombination of the liberated electron with its 

parent ion (or ions in molecules) that results in the emission of high energy photons. This model is routinely 

used to explain experimental results and to develop new spectroscopy and interferometry approaches. 

Notably, the three-step model relies on the fact that the atoms or molecules in the gas are isolated in real-

space.  

In recent years it was shown that solids are also a prominent source of high harmonics with some possible 

advantages over their gas-driven counterparts9,10. The mechanism for HHG in solids differs from that in 

gases, and mainly relies on the interference from two types of emissions: (i) emission due to intraband motion 

of electrons within the non-parabolic band structure, and (ii) interband emission due to electron-hole 

recombination, which is analogous to the gas-phase three-step model except that electrons accelerate along 

the bands in k-space11–19. Notably, the theory that describes these mechanisms relies on long-range 

translational symmetries of the solid (i.e. a band-structure picture). It is important to point out that 

fundamental understanding of the HHG process in both gases and solids is the driving force behind 

technologies and applications based on high harmonics, e.g. attosecond pulses1,20,21, novel ultrafast 

spectroscopies22–29, and imaging techniques30–34. From a practical standpoint, developing new ultrafast (and 

potentially attosecond) spectroscopies based on HHG is highly appealing, since the spectra is usually 

extremely sensitive for any internal structure in the nonlinear media (e.g. its symmetry35–38, topology29,39–43, 

chirality44–48, etc.) due to the highly nonlinear nature. The prospects of transferring some of the ideas and 

methods implemented in gases and solids to the liquid phase is exciting, since most biochemical processes 

occur in liquid or hydrated phases. 

Contrary to gases and solids, liquid HHG measurements are quite scarce. HHG was observed in liquid 

microdroplets49 and surfaces50, and in the perturbative regime from bulk liquids51. More recently, XUV high 

harmonics were measured and characterized from bulk liquids52. Here there are many fundamental open 
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questions. For instance, the HHG cutoff scaling law is still under debate52, the dominant generation 

mechanisms have yet to be uncovered, it is not yet clear how the process depends on the physical and 

chemical properties of the liquid, and the list goes on. A single theoretical work attempted to answer some 

of these questions53, but it relied on a one-dimensional toy model of a defected solid rather than a realistic 

liquid. Indeed, the main challenges for a description of liquids is that one usually needs large molecular 

ensembles in order to correctly capture their short-range coordination and isotropic nature, while many 

hybridized molecular states are chemically and optically active. Other effects such as hydrogen bond 

dynamics are also notoriously difficult to simulate54–56. At the same time, mechanisms and analytic 

approaches developed for gaseous and solid media are inapplicable to liquids, because they lack long-range 

correlations, and are dense infinite systems. Nevertheless, a proper and feasible description of strong light-

matter interactions in liquids is necessary to answer all of the fundamental questions above, and the lack of 

such an approach is one of the main reasons that liquid HHG has been poorly understood thus far.  

Here, we develop an ab-initio approach for strong light-matter interactions in realistic liquids interacting 

with arbitrarily polarized laser pulses. The scheme is based on time-dependent density functional theory 

(TDDFT) for large molecular clusters, although it can also be implemented with other ab-initio techniques. 

In order to make calculations feasible, we utilize several approximations for the dynamics: (i) dynamical 

electron-electron correlations are frozen in time, (ii) contributions of surface-localized states to the nonlinear 

response are suppressed, (iii) contributions of deep-lying states to the nonlinear response are neglected, and 

(iv) the cluster response is minimally orientation averaged to mimic an isotropic system. These 

approximations are tested explicitly, and also by comparing to experimental results57. The model is then 

employed for HHG calculations in liquid water, ammonia, and methane. We compare the characteristic 

response of polar and non-polar liquids, and find that non-polar liquids lead to much sharper harmonic peaks 

with suppressed interference effects. We show that the HHG spectra from liquid methane contains interesting 

features that could be used for ultrafast spectroscopy, including a structural-minima at 15-17eV, and a well-

like shape in the perturbative region.  

The paper is organized as follows. In section 2 we introduce our approach and the logic behind it. In 

section 3 we analyze HHG in liquid water in various laser conditions. Section 4 addresses the main 

differences between HHG from polar and non-polar liquids. Finally, section 5 summarizes our results and 

presents an outlook. 

2. METHOD FORMULATION 

We begin with a formal description of our approach. The liquid is described with relatively large molecular 

clusters of 40-60 molecules. The geometries of the clusters can be readily obtained as minimal energy 

configurations58,59, or from molecular dynamics simulations60–62 (see illustration in Fig. 1(a) for minimal 

energy configuration of a water cluster). The ground state of each cluster is obtained using real-space grid-

based DFT calculations with octopus code63–66. The real-space formulation allows us to employ a minimal 

spherical box shape that has additional vacuum spacing, where the vacuum layer size is defined as the 

distance between the outermost atom in the cluster and the box wall. In this paper we consider PBE exchange-

correlation (XC)67 with an added van-der-waals correction68 (though the particular XC choice can vary 

according to the studied system), and core states are replaced by norm-conserving pseudopotentials69. We 

neglect here the spin degree of freedom for simplicity. Additional technical details are delegated to the 

Supplementary Information (SI). 

Upon obtaining the Kohn-Sham (KS) orbitals that comprise the ground state electron density, we analyze 

their structure to identify any surface-localized bands as opposed to de-localized states (see illustration in 

Fig. 1(b) and (c)). This step is crucial, since the large surface to volume ratio of clusters often leads to 

significant localization even for closed-shell molecules. However, our goal is to describe the response of bulk 

liquids. Accordingly, surface-localized states are cataloged such that their response in the time-dependent 

calculations can be removed. Here we remove the time-dependent response of last band of occupied orbitals 
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in polar liquids, which are largely surface-localized (but results are mostly insensitive to the 

inclusion/exclusion of a small number of orbitals due to the system size). We note that this choice is not 

unique, and in the future one may derive a more rigorous mathematical condition to determine surface 

locality. It is also noteworthy that surface-localization is the result of bonding between molecules, e.g. 

through hydrogen bonds, van-der-waals interactions, or other sources. Consequently, weakly-bonded liquids 

(e.g. liquid Helium) do not require this procedure.   

In the next step, we wish to describe the interaction of the liquid with an incident laser pulse. This is 

accomplished within TDDFT, where the KS orbitals are propagated with the following coupled equations of 

motion (we use atomic units throughout): 

 𝑖𝜕𝑡|𝜑𝑗
𝐾𝑆(𝑡)⟩ = ℎ̂(𝑡)|𝜑𝑗

𝐾𝑆(𝑡)⟩ (1) 

where |𝜑𝑗
𝐾𝑆(𝑡)⟩ is the j’th time-dependent KS state and ℎ̂(𝑡) is the one-body Hamiltonian: 

 
ℎ̂(𝑡) = −

1

2
𝛁2 + 𝑣𝐾𝑆(𝐫, 𝑡) − 𝐄(𝑡) ∙ 𝐫 (2) 

, and where 𝑣𝐾𝑆(𝐫, 𝑡) is the time-dependent KS potential that is given in the adiabatic approximation by: 

 
𝑣𝐾𝑆(𝐫, 𝑡) = − ∑

𝑍𝐼

|𝐑𝐼 − 𝐫|
𝐼

 +  ∫ 𝑑3𝑟′
𝜌(𝐫′, 𝑡)

|𝐫 − 𝐫′|
 +  𝑣𝑋𝐶[𝜌(𝐫, 𝑡)] (3) 

Here 𝑍𝐼 is the charge of the I’th nuclei in the cluster and 𝐑𝐼 is its coordinate, 𝑣𝑋𝐶 is the XC potential that is 

a functional of 𝜌(𝐫, 𝑡)=∑ |⟨𝑟|𝜑𝑗
𝐾𝑆(𝑡)⟩|

2
𝑗 , the time-dependent electron density. The motion of the nuclei is 

neglected, which is justified for interactions with ultrashort laser pulses (even in longer pulses effects are 

expected to be small70–72). Note that the bare coulomb interactions of electrons with the nuclei in eq. (3) is 

replaced by pseudopotentials in calculations in order to reduce computational costs. 𝐄(𝑡) in eq. (2) is the 

electric field vector of a laser pulse with an arbitrary polarization and carrier frequency. We use the dipole 

approximation and neglect the spatial dependence of the electric field, which is justified for laser wavelengths 

that are much larger than the cluster sizes. Accordingly, we also neglect interactions with the magnetic field 

components of the laser, and any other relativistic terms such as spin-orbit coupling (these can be added in a 

straightforward manner). We use the length gauge for describing the light-matter interaction term, but 

equivalent forms can also be utilized. Lastly, we note that the initial KS orbitals are taken as their ground 

state forms. 

Before solving these equations, we must address several points: (i) Remove any surface and finite-size 

effects from the response in order to capture only bulk contributions. (ii) Recall that unlike the bulk liquid, 

the cluster is not perfectly isotropic (this is true even for large clusters). We address point (i) by freezing the 

occupation of the localized surface states to their initial value, i.e. |𝜑𝑠
𝐾𝑆(𝑡)⟩ = |𝜑𝑠

𝐾𝑆(𝑡 = 0)⟩ for any ‘s’ that 

corresponds to surface-localized states. This guarantees that inner molecules in the cluster feel the correct 

mean-field potential that is still affected by surrounding electrons, as they would in the bulk (because the 

outer-shell molecules do not get ionized). Furthermore, the surface states themselves do not contribute to the 

response of the liquid because they are kept static. Practically, this means that the total electron density, 

𝜌(𝐫, 𝑡), is divided to a dynamical piece that is allowed to evolve, 𝜌𝑑𝑦𝑛(𝐫, 𝑡), and a frozen piece, 𝜌𝑓𝑟𝑧(𝐫, 𝑡) 

that corresponds to a static charge density. We also suppress any additional surface response by adding a 

complex absorbing potential (CAP) to the vacuum region (see illustration in Fig. 1(a), and details in the SI)73. 

This means that a non-Hermitian term, 𝑣𝐶𝐴𝑃(𝐫), is added to the total KS potential in eq. (2) during temporal 

evolution. Point (ii) is addressed by performing a minimal orientation averaging of the cluster’s response 

through trapezoidal weights (see SI for details), i.e. one must perform several calculations with the laser 

polarization axis rotated in three-dimensional space. These procedures are motivated by the assumption that 

the liquid response should correspond to that of the inner caged molecules in the cluster, since those feel the 

correct bonding with neighboring molecules and have the proper short-range symmetry and coordination. 
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The orientation averaging is meant to mimic the isotropic response of a much larger liquid volume that is 

inaccessible in calculations such that the laser ‘sees’ many inter-molecular configurations that are summed 

over. 

At this point we note that even after having performed the approximations above, solving the set of 

coupled TDDFT KS equations for the cluster is a challenging task. For instance, for a modest cluster size of 

50 molecules where each molecule contributes just four active states, there are 200 active orbitals that need 

to be propagated in tandem, self-consistently, and on large real-space grids. This needs to be performed 

consecutively for several laser orientations, and for a reasonably long simulation time (in order to obtain 

spectrally-resolved harmonics). To make calculations more accessible, we employ additional 

approximations. First, we freeze the KS potential to its ground state initial form, i.e. 𝑣𝐾𝑆(𝐫, 𝑡) =

𝑣𝐾𝑆(𝐫, 𝑡 = 0), which fully uncouples the equations of motion for the KS orbitals. This approximation is valid 

only for relatively moderate laser powers where 𝜌(𝐫, 𝑡) does not change drastically. It is the equivalent of the 

non-interacting electrons approximation that has seen great success in both gas and solid HHG1,18,19,21,74. We 

test this approximation and make sure that it is valid in the SI. Second, we freeze the response of any deeper-

lying states that contribute negligibly to the optical response. This is analogous to the single-active-electron 

approximation that is standardly used in gas phase HHG1, but where only the lowest energy band of states is 

frozen (it is also analogous to limited-band models in solid HHG19,21). Altogether, we are left with uncoupled 

equations of motion for the remaining orbitals (those that are not deep-lying, nor surface localized), which 

constitutes a significant reduction in the problem size.  

Upon propagating the KS orbitals (see SI for numerical details) we obtain 𝜌(𝐫, 𝑡), from which the induced 

microscopic polarization is given as: 

 
𝐏𝜶(𝑡) = ∫ 𝑑3𝑟 𝐫𝜌(𝐫, 𝑡) (4) 

where 𝛼 denotes the solid-angle orientation of the cluster with respect to the laser. Following orientation 

averaging, the induced polarization of the isotropic liquid is given as: 

 
𝐏(𝑡) = ∫ 𝑑𝛼 𝐏𝜶(𝑡) (5) 

The dipole acceleration 𝐚(𝑡), is found directly by the second temporal derivative of 𝐏(𝑡). The harmonic 

spectrum is given by the Fourier transform of 𝐚(𝑡): 𝐼(Ω) = |∫ 𝑑𝑡 𝐚(𝑡)𝑒−𝑖Ω𝑡|
2
. 

It is helpful to briefly summarize the numerical parameters of the approach to be converged. First, there 

are the standard parameters for the DFT calculations of the ground state, e.g. spacing and grid dimensions. 

Second, there are numerical parameters of the propagation scheme, including time-steps, the vacuum spacing, 

and parameters of the CAP. Lastly, there are the conceptual details of the model: the cluster size and the 

angular orientation grid density. Convergence data is presented in the SI. 

As a final note on the feasibility and accessibility of the approach, we highlight the order of magnitude 

of the required resources – we obtain a single converged HHG spectra for a linearly-polarized laser (at 800nm 

wavelength with 8 optical cycle long pulses (21.3 fs)) from clusters with ~50 molecules (~100 active KS 

states) in ~15,000 CPU hours. Parallelized over 256 CPUs, this is ~2 days per spectra. These figures are 

comparable in magnitude to those required from TDDFT calculations for solid HHG (depending on the 

system). 
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Figure 1. Conceptual illustration of the proposed cluster approach to study HHG in liquids. (a) An approximately spherical cluster 

with a geometry and density that corresponds to a liquid phase is embedded in a real-space grid with a spherical boundary. The cluster 

is encapsulated by an absorbing layer that passivates the nonlinear response associated with the surface to mimic a bulk liquid. This 

illustration depicts a  liquid water cluster with 54 H2O molecules obtained from ref. 59. (b) The exemplary 151st KS state that is 

delocalized and is part of several bands of delocalized states. (c) Same as (b), but for the 216th KS states that is highly surface-

localized, and is part of a fully localized topmost band of states. 

3. RESULTS AND DISCUSSION 

3.1. HHG in liquid water. Having outlined our approach, we now utilize it to perform HHG calculations 

in liquids. For simplicity, we explore monochromatic linearly-polarized laser pulses of the form: 

 𝐄(𝑡) = 𝑓(𝑡)𝐸0 cos(𝜔𝑡) �̂� (6) 

where 𝜔 is the fundamental frequency, E0 is the field amplitude, and f(t) is a trapezoidal envelope function 

with two-cycle long rise and drop sections, and a four-cycle long flat top section.  

We begin by analyzing HHG in liquid water. Cluster geometries were obtained from ref. 59 as minimal 

energy configuration of the AMOEBA force-field approach75 (see Fig. 1(a)). In water, we find that the highest 

energy hybridized band of orbitals is largely surface-localized (see illustration in Fig. 1(c)). The deepest band 

of orbitals contributes negligibly to the HHG response (see SI). Thus, there are two active bands comprised 

of N orbitals each (N being the number of molecules in the cluster). Fig. 2 presents exemplary HHG spectra 

obtained at various laser wavelengths and powers. It is immediately apparent that the spectra in Fig. 2 contain 

only odd harmonics (indicated by dashed gray lines in Fig. 2). We further note that all harmonics have only 

x-polarized components. These fundamental symmetry constraints38,76 indicate that the nonlinear optical 

response of the cluster is indeed isotropic, as required from a bulk liquid. It also suggests that the surface 

response is correctly suppressed, because it would result in non-isotropicity.  

Figures 2(a,b) also compare these results to HHG calculations from a single gas-phase isolated water 

molecule (calculated on a similar level of theory, see SI for details). The HHG cutoff from the single-

molecule case considerably deviates from the cutoff in the liquid, hinting towards the different mechanisms 

active in each system (dilute gases or liquids). Notably, there is some emission noise beyond the cutoff of 

the liquid that corresponds to energy ranges where harmonics are still emitted from the gas (e.g. see noisy 

emission beyond 35 eV in Fig. 2(b)). This noise can be interpreted as HHG contributions from electrons that 

are ionized from the cluster, but are adequately absorbed by the CAP. Overall, we conclude that the approach 

indeed manages to suppress surface contributions and to mimic the isotropicity of a bulk liquid. Importantly, 

these results hold for all examined laser parameters (wavelengths of 800-1500nm and intensities 3-8×1013 

W/cm2) and liquids, supporting the generality of the technique. 

At this point we highlight that the numerical technique developed here was recently used to explore the 

cutoff scaling of liquid HHG with respect to wavelength, and to derive an intuitive picture for the HHG 

mechanism in liquids57. Ref. 57 has demonstrated that the cluster approach successfully reconstructs the 

experimentally measured wavelength-independent cutoff (contrary to the standard behavior in gases and 
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solids1,21). This further establishes the validity of the model and its utilization for exploring fundamental 

phenomena in liquids. 

 

Figure 2. HHG spectra calculated with the cluster approach for liquid water (blue) at various laser conditions (a-d). Green spectra 

represent calculations for the single-molecule gas-phase case in similar settings (these have been artificially reduced in power to 

enhance visibility). Gray lines denote positions of odd harmonics. 

3.2. HHG from polar and non-polar liquids. We next explore HHG from two additional liquids: 

ammonia and methane. Liquid methane cluster geometries are obtained from ref. 58 as minimal energy 

configurations based on ab-initio obtained potentials77, while liquid ammonia geometries are taken from ref. 

61 utilizing a molecular dynamics approach. We repeat the calculations performed in the previous part for 

both of these liquids and scan various laser wavelengths and powers. Figures 3 and 4 present results in similar 

nature to those seen in water: only x-polarized odd harmonics are emitted indicating that the response is 

isotropic. We also note that a converged isotropic response for these molecules is obtained for less 

orientations compared to the case of H2O as a result of their higher symmetry (see SI for details). 

 

Figure 3. HHG spectra calculated with the cluster approach for liquid ammonia at various laser conditions (a-d). Gray lines denote 

positions of odd harmonics. 
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It is worthwhile to examine the characteristic differences between the nonlinear response of these various 

liquids. Most notably, both ammonia and water exhibit strong inter-molecular bonding that arises from van-

der-waals interactions and hydrogen bonding, unlike in methane where each molecule is nearly non-bonded 

to its neighbors. This fundamental difference also means that methane has practically no surface-state 

localization. Comparing the HHG spectra in Figs. 2 and 3 to those in Fig. 4, the spectra from methane 

comprises of much sharper distinct harmonic peaks as opposed to water and ammonia. In water for instance, 

some harmonics show sideband oscillations (e.g. the harmonic at 30eV in Fig. 2(a)), or tend to split into sub-

peaks (e.g. the harmonic at 10eV in Fig. 2(b)). The same effect occurs in ammonia (see for example the 

harmonics at 20eV and 25eV in Fig. 3(a)). This is likely a result of multi-orbital interference in water and 

ammonia liquids that can originate from inter-molecular recombination or scattering. These interference 

effects can also be understood to arise in the bonded liquids because they exhibit wide energy bands that 

allow intricate coupled inter-band and intraband dynamics in k-space. For methane however, this effect does 

not occur. Its absence suggests that liquid methane exhibits a more dominant single-molecule response. In 

fact, the ‘cleanness’ of the harmonic peaks in liquid methane is reminiscent of spectra usually obtained from 

gas phase calculations of isolated molecules. We attribute this to the non-bonding nature of the non-polar 

liquid that suppresses inter-molecular interferences (in k-space this can be thought of as arising from the 

highly energy-resolved bands that have a uniform character which suppresses interband-intraband 

interferences). This feature might be useful in future studies for probing hydrogen bonding dynamics during 

chemical processes. 

 

Figure 4. HHG spectra calculated with the cluster approach for liquid methane (purple) at various laser conditions (a-d). Orange 

spectra represent calculations for the single-molecule gas-phase case in similar settings (these have been artificially reduced in power 

to enhance visibility). Gray lines denote positions of odd harmonics. 

The exceptionally clean HHG spectra from methane can pose a unique advantage for exploring its 

structural and electronic properties on ultrafast timescales. This is because it may be more sensitive to small 

interference effects (whereas in polar liquids these are more difficult to disentangle). In particular, we note 

two interesting features that arise in the liquid HHG emission from methane that could be utilized for this 

purpose:  

(i) The harmonic emission at energy ranges up to 14 eV exhibits a very distinct well-like shape with 

a typical minima around 6eV. That is, the envelope of the harmonic spectra in this energy region 

has a unique behavior – the yield exponentially drops, reaches a minimum, and then exponentially 

increases. This is a different behavior than that usually observed in both gases and solids, where 
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the perturbative region shows a simple exponential decay. Figure 5(a,b) presents the integrated 

harmonic power from methane liquid in this energy range for various laser parameters - the well 

shape is observed for a wide regime of laser conditions with wavelengths ranging from 800-

1500nm, and laser powers of 3-8×1013W/cm2 (though the specific shape of the well slightly varies 

with the parameters). We note that a similar effect is observed from methane gas, but it is much 

weaker compared to the liquid case (see Fig. 4). This could indicate that the well originates from 

the chemical properties of the single CH4 molecule that is dressed by the surrounding 

environment. This phenomenon is not observed in the other tested liquids (see Figs 2-3). The 

particular shape of the well is reminiscent of that resulting from shape resonances in barrier-well 

systems, as was demonstrated in 1D models78. Thus, HHG in liquids could pave the way to novel 

spectroscopic probing of resonances in the electronic structure.  

(ii) The HHG spectra from methane shows a clear structural interference minima at 15-17 eV (see 

Fig. 4 and 5(c)). The emission at this energy range remains at a stable local minima even when 

changing the laser wavelength for a wide range of 900-1500nm, and for laser powers of up to 

5×1013W/cm2. Furthermore, the minima is not present in gas phase spectra. Thus, we conclude 

that it is associated solely with the chemical and physical properties of the liquid system. Notably, 

the minima is washed-out at stronger laser powers, possibly indicating that different mechanisms 

or pathways become dominant. We also note that it is slightly less pronounced when including 

dynamical correlations in the calculation, though still visible (see SI). This should be investigated 

in future work. We emphasize that this is the first prediction of a structural minima in the HHG 

spectra of a liquid system, which is equivalent to those seen in gases79–81 and solids82, and which 

can potentially be used to probe correlations or other dynamical effects.  

 

Figure 5. Wavelength and intensity dependent analysis of well-shape minima and structural interference in HHG from liquid 

methane. (a) Integrated harmonic yield per harmonic order in the perturbative region for various laser wavelength (calculated for 

I0=5×1013 W/cm2). (b) Same as (a) but for various laser powers (calculated at λ=1000nm). (c) Integrated harmonic yield for varying 

laser wavelengths in the region of a structural interference minima (15-17eV), calculated at I0=5×1013 W/cm2. Harmonic yield is 

presented for three harmonic orders around the minima in each case (the minima is shifted to harmonic #2), and the maximal power 

is normalized to 0. 

4. CONCLUSIONS AND OUTLOOK 

To summarize, we have put forward a cluster-based ab-initio approach for describing interactions between 

bulk liquids and arbitrarily-polarized intense laser pulses. This technique formally relies on TDDFT, but 

utilizes several approximations that allow affordable and accurate calculations for realistic three-dimensional 

systems. It has also been validated by agreement with experiments57. We implemented our technique to study 

HHG from liquid water, ammonia, and methane, and investigated the role of the liquid’s chemical properties 

on the spectra. We concluded that spectra from non-polar weakly-bonded liquids shows much sharper 

harmonic peaks than those from polar liquids that exhibit stronger interference effects. We have also shown 

that the HHG spectra from liquid methane exhibits some interesting characteristics that may be useful for 

ultrafast spectroscopy: (i) a local minima in the perturbative harmonic region that might originate from shape 

resonances78. (ii) An electronic-structure minima that appears at 15-17 eV, which is the equivalent to those 

observed in gases79–81 and solids82. Both of these features could be utilized to study the various chemical and 
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physical properties of liquids with ultrafast temporal resolution (e.g. dynamical correlations, dynamical 

polarizability, ion motion, etc.).  

Apart from the specific predictions presented here, we believe that our approach might pave the way for 

feasible and accessible calculations of HHG in liquids, as well as other nonlinear processes including 

photoionization83. This is a crucial step towards improved understanding of the active mechanisms for strong-

field physics in liquids, which is essential for obtaining novel light sources and ultrafast spectroscopic 

capabilities.  
 

▪ ASSOCIATED CONTENT 
 

Supporting information 

Supporting information is available for this article, including technical details of the methodology, 

convergence tests, and validation of several of the approximations used.  

▪ AUTHOR INFORMATION 

Corresponding Authors 

Ofer Neufeld – Max Planck Institute for the Structure and Dynamics of Matter and Center for Free-

Electron Laser Science, Hamburg 22761, Germany; ofer.neufeld@mpsd.mpd.de 

Anegl Rubio – Max Planck Institute for the Structure and Dynamics of Matter and Center for Free-Electron 

Laser Science, Hamburg 22761, Germany; angel.rubio@mpsd.mpg.de 

Notes  

The authors declare no competing financial interests. 

▪ ACKNOWLEDGMENTS 

We thank Hans Jackob Wörner, Mondal Agana, Zhong Yin, and Vit Svoboda, for helpful discussions. We 

thank Esam A. Orabi and Guillaume Lamoureux, and Zhong-Zhi Yang and Dong-Xia Zhao for providing us 

with geometries for liquid ammonia clusters. We acknowledge financial support from the European Research 

Council (ERC-2015-AdG-694097). The Flatiron Institute is a division of the Simons Foundation. This work 

was supported by the Cluster of Excellence Advanced Imaging of Matter (AIM), Grupos Consolidados 

(IT1249-19) and SFB925. O.N. gratefully acknowledges support from the Alexander von Humboldt 

Foundation and from a Schmidt Science Fellowship. 

▪ REFERENCES 
 

(1)  Schultz, T.; Vrakking, M. Attosecond and XUV Physics: Ultrafast Dynamics and Spectroscopy; Wiley: New York, 

2014. 

(2)  McPherson, A.; Gibson, G.; Jara, H.; Johann, U.; Luk, T. S.; McIntyre, I. A.; Boyer, K.; Rhodes, C. K. Studies of 

Multiphoton Production of Vacuum-Ultraviolet Radiation in the Rare Gases. J. Opt. Soc. Am. B 1987, 4 (4), 595–

601. https://doi.org/10.1364/JOSAB.4.000595. 

(3)  Ferray, M.; L’Huillier, A.; Li, X. F.; Lompre, L. A.; Mainfray, G.; Manus, C. Multiple-Harmonic Conversion of 1064 

Nm Radiation in Rare Gases. J. Phys. B At. Mol. Opt. Phys. 1988, 21 (3), L31–L35. https://doi.org/10.1088/0953-

4075/21/3/001. 

(4)  Krause, J.; Schafer, K.; Kulander, K. High-Order Harmonic Generation from Atoms and Ions in the High Intensity 

Regime. Phys. Rev. Lett. 1992, 68 (24), 3535–3538. https://doi.org/10.1103/PhysRevLett.68.3535. 

(5)  Corkum, P. B. Plasma Perspective on Strong Field Multiphoton Ionization. Phys. Rev. Lett. 1993, 71 (13), 1994–

1997. https://doi.org/10.1103/PhysRevLett.71.1994. 

(6)  Schafer, K.; Yang, B.; DiMauro, L.; Kulander, K. Above Threshold Ionization beyond the High Harmonic Cutoff. 

Phys. Rev. Lett. 1993, 70 (11), 1599–1602. https://doi.org/10.1103/PhysRevLett.70.1599. 

(7)  Lewenstein, M.; Balcou, P.; Ivanov, M. Y.; L’Huillier, A.; Corkum, P. B. Theory of High-Harmonic Generation by 

Low-Frequency Laser Fields. Phys. Rev. A 1994, 49 (3), 2117–2132. https://doi.org/10.1103/PhysRevA.49.2117. 

(8)  Amini, K.; Biegert, J.; Calegari, F.; Chacón, A.; Ciappina, M. F.; Dauphin, A.; Efimov, D. K.; Faria, C. F. de M.; 

Giergiel, K.; Gniewek, P.; Landsman, A.; Lesiuk, M.; Mandrysz, M.; Maxwell, A. S.; Moszynski, R.; Ortmann, L.; 

Perez-Hernandez, J. A.; Picon, A.; Pisanty, E.; Prauzner-Bechcicki, J. S.; Sacha, K.; Suárez, N.; Zair, A.; Zakrzewski, 

J.; Lewenstein, M. Symphony on Strong Field Approximation. Reports Prog. Phys. 2019, 82 (11), 116001. 

(9)  Ghimire, S.; Dichiara, A. D.; Sistrunk, E.; Agostini, P.; DiMauro, L. F.; Reis, D. A. Observation of High-Order 

Harmonic Generation in a Bulk Crystal. Nat. Phys. 2011, 7 (2), 138–141. 

(10)  Ghimire, S.; Reis, D. A. High-Harmonic Generation from Solids. Nat. Phys. 2019, 15 (1), 10–16. 

mailto:ofer.neufeld@mpsd.mpd.de
mailto:angel.rubio@mpsd.mpg.de


10 
 

https://doi.org/10.1038/s41567-018-0315-5. 

(11)  Vampa, G.; McDonald, C. R.; Orlando, G.; Klug, D. D.; Corkum, P. B.; Brabec, T. Theoretical Analysis of High-

Harmonic Generation in Solids. Phys. Rev. Lett. 2014, 113 (7). https://doi.org/10.1103/PhysRevLett.113.073901. 

(12)  Higuchi, T.; Stockman, M. I.; Hommelhoff, P. Strong-Field Perspective on High-Harmonic Radiation from Bulk 

Solids. Phys. Rev. Lett. 2014, 113 (21), 213901. https://doi.org/10.1103/PhysRevLett.113.213901. 

(13)  Schubert, O.; Hohenleutner, M.; Langer, F.; Urbanek, B.; Lange, C.; Huttner, U.; Golde, D.; Meier, T.; Kira, M.; 

Koch, S. W.; Huber, R. Sub-Cycle Control of Terahertz High-Harmonic Generation by Dynamical Bloch Oscillations. 

Nat. Photonics 2014, 8 (2), 119–123. https://doi.org/10.1038/nphoton.2013.349. 

(14)  McDonald, C. R.; Vampa, G.; Corkum, P. B.; Brabec, T. Interband Bloch Oscillation Mechanism for High-Harmonic 

Generation in Semiconductor Crystals. Phys. Rev. A 2015, 92 (3), 33845. 

https://doi.org/10.1103/PhysRevA.92.033845. 

(15)  Vampa, G.; McDonald, C. R.; Orlando, G.; Corkum, P. B.; Brabec, T. Semiclassical Analysis of High Harmonic 

Generation in Bulk Crystals. Phys. Rev. B 2015, 91 (6), 064302. https://doi.org/10.1103/PhysRevB.91.064302. 

(16)  McDonald, C. R.; Vampa, G.; Corkum, P. B.; Brabec, T. Interband Bloch Oscillation Mechanism for High-Harmonic 

Generation in Semiconductor Crystals. Phys. Rev. A 2015, 92 (3), 033845. 

https://doi.org/10.1103/PhysRevA.92.033845. 

(17)  Wu, M.; Browne, D. A.; Schafer, K. J.; Gaarde, M. B. Multilevel Perspective on High-Order Harmonic Generation 

in Solids. Phys. Rev. A 2016, 94 (6), 1–13. https://doi.org/10.1103/PhysRevA.94.063403. 

(18)  Tancogne-Dejean, N.; Mücke, O. D.; Kärtner, F. X.; Rubio, A. Ellipticity Dependence of High-Harmonic Generation 

in Solids Originating from Coupled Intraband and Interband Dynamics. Nat. Commun. 2017, 8 (1), 745. 

https://doi.org/10.1038/s41467-017-00764-5. 

(19)  Yu, C.; Jiang, S.; Lu, R. High Order Harmonic Generation in Solids: A Review on Recent Numerical Methods. Adv. 

Phys. X 2019, 4 (1), 1562982. https://doi.org/10.1080/23746149.2018.1562982. 

(20)  Krausz, F.; Ivanov, M. Attosecond Physics. Rev. Mod. Phys. 2009, 81 (1), 163–234. 

https://doi.org/10.1103/RevModPhys.81.163. 

(21)  Ghimire, S.; Ndabashimiye, G.; DiChiara, A. D.; Sistrunk, E.; Stockman, M. I.; Agostini, P.; DiMauro, L. F.; Reis, 

D. A. Strong-Field and Attosecond Physics in Solids. J. Phys. B At. Mol. Opt. Phys. 2014, 47 (20), 204030. 

https://doi.org/10.1088/0953-4075/47/20/204030. 

(22)  Shafir, D.; Soifer, H.; Bruner, B. D.; Dagan, M.; Mairesse, Y.; Patchkovskii, S.; Ivanov, M. Y.; Smirnova, O.; 

Dudovich, N. Resolving the Time When an Electron Exits a Tunnelling Barrier. Nature 2012, 485 (7398), 343–346. 

https://doi.org/10.1038/nature11025. 

(23)  Luu, T. T.; Garg, M.; Yu. Kruchinin, S.; Moulet, A.; Hassan, M. T.; Goulielmakis, E. Extreme Ultraviolet High-

Harmonic Spectroscopy of Solids. Nature 2015, 521 (7553), 498–502. https://doi.org/10.1038/nature14456. 

(24)  Pedatzur, O.; Orenstein, G.; Serbinenko, V.; Soifer, H.; Bruner, B. D.; Uzan, A. J.; Brambila, D. S.; Harvey, A. G.; 

Torlina, L.; Morales, F.; Smirnova, O.; Dudovich, N. Attosecond Tunnelling Interferometry. Nat. Phys. 2015, 11 (10), 

815–819. 

(25)  Baykusheva, D.; Ahsan, M. S.; Lin, N.; Wörner, H. J. Bicircular High-Harmonic Spectroscopy Reveals Dynamical 

Symmetries of Atoms and Molecules. Phys. Rev. Lett. 2016, 116 (12), 123001. 

https://doi.org/10.1103/PhysRevLett.116.123001. 

(26)  Luu, T. T.; W, H. J. Measurement of Berry Curvature of Solids Using High-Harmonic Spectroscopy. Nat. Commun. 

2017, No. 2018, 1–12. https://doi.org/10.1038/s41467-018-03397-4. 

(27)  Silva, R. E. F.; Blinov, I. V; Rubtsov, A. N.; Smirnova, O.; Ivanov, M. High-Harmonic Spectroscopy of Ultrafast 

Many-Body Dynamics in Strongly Correlated Systems. Nat. Photonics 2018, 12 (5), 266–270. 

https://doi.org/10.1038/s41566-018-0129-0. 

(28)  Azoury, D.; Kneller, O.; Rozen, S.; Bruner, B. D.; Clergerie, A.; Mairesse, Y.; Fabre, B.; Pons, B.; Dudovich, N.; 

Krüger, M. Electronic Wavefunctions Probed by All-Optical Attosecond Interferometry. Nat. Photonics 2019, 13 (1), 

54–59. https://doi.org/10.1038/s41566-018-0303-4. 

(29)  Silva, R. E. F.; Jiménez-Galán, Á.; Amorim, B.; Smirnova, O.; Ivanov, M. Topological Strong-Field Physics on Sub-

Laser-Cycle Timescale. Nat. Photonics 2019, 13 (12), 849–854. https://doi.org/10.1038/s41566-019-0516-1. 

(30)  Itatani, J.; Levesque, J.; Zeidler, D.; Niikura, H.; Pepin, H.; Kieffer, J. C.; Corkum, P. B.; Villeneuve, D. M. 

Tomographic Imaging of Molecular Orbitals. Nature 2004, 432 (7019), 867–871. 

(31)  Patchkovskii, S.; Zhao, Z.; Brabec, T.; Villeneuve, D. M. High Harmonic Generation and Molecular Orbital 

Tomography in Multielectron Systems: Beyond the Single Active Electron Approximation. Phys. Rev. Lett. 2006, 97 

(12), 123003. https://doi.org/10.1103/PhysRevLett.97.123003. 

(32)  Shafir, D.; Mairesse, Y.; Villeneuve, D. M.; Corkum, P. B.; Dudovich, N. Atomic Wavefunctions Probed through 

Strong-Field Light–Matter Interaction. Nat. Phys. 2009, 5 (6), 412–416. https://doi.org/10.1038/nphys1251. 

(33)  Vozzi, C.; Negro, M.; Calegari, F.; Sansone, G.; Nisoli, M.; De Silvestri, S.; Stagira, S. Generalized Molecular Orbital 

Tomography. Nat. Phys. 2011, 7, 822–826. 

(34)  Kfir, O.; Zayko, S.; Nolte, C.; Sivis, M.; Möller, M.; Hebler, B.; Arekapudi, S. S. P. K.; Steil, D.; Schäfer, S.; Albrecht, 

M.; Cohen, O.; Mathias, S.; Ropers, C. Nanoscale Magnetic Imaging Using Circularly Polarized High-Harmonic 

Radiation. Sci. Adv. 2017, 3 (12), eaao4641. https://doi.org/10.1126/sciadv.aao4641. 

(35)  Averbukh, V.; Alon, O. E.; Moiseyev, N. High-Order Harmonic Generation by Molecules of Discrete Rotational 

Symmetry Interacting with Circularly Polarized Laser Field. Phys. Rev. A 2001, 64 (3), 033411. 

https://doi.org/10.1103/PhysRevA.64.033411. 

(36)  Ceccherini, F.; Bauer, D.; Cornolti, F. Dynamical Symmetries and Harmonic Generation. J. Phys. B 2001, 34 (24), 

5017–5029. https://doi.org/10.1088/0953-4075/34/24/305. 

(37)  Baykusheva, D.; Ahsan, M. S.; Lin, N.; Wörner, H. J. Bicircular High-Harmonic Spectroscopy Reveals Dynamical 



11 
 

Symmetries of Atoms and Molecules. Phys. Rev. Lett. 2016, 116 (12), 123001. 

https://doi.org/10.1103/PhysRevLett.116.123001. 

(38)  Neufeld, O.; Podolsky, D.; Cohen, O. Floquet Group Theory and Its Application to Selection Rules in Harmonic 

Generation. Nat. Commun. 2019, 10 (1), 405. https://doi.org/10.1038/s41467-018-07935-y. 

(39)  Bauer, D.; Hansen, K. K. High-Harmonic Generation in Solids with and without Topological Edge States. Phys. Rev. 

Lett. 2018, 120, 177401. 

(40)  Bai, Y.; Fei, F.; Wang, S.; Li, N.; Li, X.; Song, F.; Li, R.; Xu, Z.; Liu, P. High-Harmonic Generation from Topological 

Surface States. Nat. Phys. 2021, 17 (3), 311–315. https://doi.org/10.1038/s41567-020-01052-8. 

(41)  Baykusheva, D.; Chacón, A.; Kim, D.; Kim, D. E.; Reis, D. A.; Ghimire, S. Strong-Field Physics in Three-

Dimensional Topological Insulators. Phys. Rev. A 2021, 103 (2), 23101. 

https://doi.org/10.1103/PhysRevA.103.023101. 

(42)  Schmid, C. P.; Weigl, L.; Grössing, P.; Junk, V.; Gorini, C.; Schlauderer, S.; Ito, S.; Meierhofer, M.; Hofmann, N.; 

Afanasiev, D.; Crewse, J.; Kokh, K. A.; Tereshchenko, O. E.; Güdde, J.; Evers, F.; Wilhelm, J.; Richter, K.; Höfer, 

U.; Huber, R. Tunable Non-Integer High-Harmonic Generation in a Topological Insulator. Nature 2021, 593 (7859), 

385–390. https://doi.org/10.1038/s41586-021-03466-7. 

(43)  Baykusheva, D.; Chacón, A.; Lu, J.; Bailey, T. P.; Sobota, J. A.; Soifer, H.; Kirchmann, P. S.; Rotundu, C.; Uher, C.; 

Heinz, T. F.; Reis, D. A.; Ghimire, S. All-Optical Probe of Three-Dimensional Topological Insulators Based on High-

Harmonic Generation by Circularly Polarized Laser Fields. Nano Lett. 2021, 21 (21), 8970–8978. 

https://doi.org/10.1021/acs.nanolett.1c02145. 

(44)  Cireasa, R.; Boguslavskiy, A. E.; Pons, B.; Wong, M. C. H.; Descamps, D.; Petit, S.; Ruf, H.; Thiré, N.; Ferré, A.; 

Suarez, J.; Higuet, J.; Schmidt, B. E.; Alharbi, A. F.; Légaré, F.; Blanchet, V.; Fabre, B.; Patchkovskii, S.; Smirnova, 

O.; Mairesse, Y.; Bhardwaj, V. R.; Thire, N.; Ferre, A.; Suarez, J.; Higuet, J.; Schmidt, B. E.; Alharbi, A. F.; Legare, 

F.; Blanchet, V.; Fabre, B.; Patchkovskii, S.; Smirnova, O.; Mairesse, Y.; Bhardwaj, V. R. Probing Molecular 

Chirality on a Sub-Femtosecond Timescale. Nat. Phys. 2015, 11 (8), 654–658. https://doi.org/10.1038/nphys3369. 

(45)  Baykusheva, D.; Wörner, H. J. Chiral Discrimination through Bielliptical High-Harmonic Spectroscopy. Phys. Rev. 

X 2018, 8 (3), 031060. https://doi.org/10.1103/PhysRevX.8.031060. 

(46)  Neufeld, O.; Ayuso, D.; Decleva, P.; Ivanov, M. Y.; Smirnova, O.; Cohen, O. Ultrasensitive Chiral Spectroscopy by 

Dynamical Symmetry Breaking in High Harmonic Generation. Phys. Rev. X 2019, 9 (3), 031002. 

https://doi.org/https://doi.org/10.1103/PhysRevX.9.031002. 

(47)  Ayuso, D.; Neufeld, O.; Ordonez, A. F.; Decleva, P.; Lerner, G.; Cohen, O.; Ivanov, M.; Smirnova, O. Synthetic 

Chiral Light for Efficient Control of Chiral Light–Matter Interaction. Nat. Photonics 2019, 13 (12), 866–871. 

https://doi.org/10.1038/s41566-019-0531-2. 

(48)  Neufeld, O.; Wengrowicz, O.; Peleg, O.; Rubio, A.; Cohen, O. Detecting Multiple Chiral Centers in Chiral Molecules 

with High Harmonic Generation. Opt. Express 2022, 30 (3), 3729–3740. https://doi.org/10.1364/OE.445743. 

(49)  Flettner, A.; Pfeifer, T.; Walter, D.; Winterfeldt, C.; Spielmann, C.; Gerber, G. High-Harmonic Generation and 

Plasma Radiation from Water Microdroplets. Appl. Phys. B 2003, 77 (8), 747–751. https://doi.org/10.1007/s00340-

003-1329-x. 

(50)  Heissler, P.; Lugovoy, E.; Hörlein, R.; Waldecker, L.; Wenz, J.; Heigoldt, M.; Khrennikov, K.; Karsch, S.; Krausz, 

F.; Abel, B.; Tsakiris, G. D. Using the Third State of Matter: High Harmonic Generation from Liquid Targets. New 

J. Phys. 2014, 16 (11), 113045. https://doi.org/10.1088/1367-2630/16/11/113045. 

(51)  DiChiara, A. D.; Sistrunk, E.; Miller, T. A.; Agostini, P.; DiMauro, L. F. An Investigation of Harmonic Generation 

in Liquid Media with a Mid-Infrared Laser. Opt. Express 2009, 17 (23), 20959–20965. 

https://doi.org/10.1364/OE.17.020959. 

(52)  Luu, T. T.; Yin, Z.; Jain, A.; Gaumnitz, T.; Pertot, Y.; Ma, J.; Wörner, H. J. Extreme–Ultraviolet High–Harmonic 

Generation in Liquids. Nat. Commun. 2018, 9 (1), 3723. https://doi.org/10.1038/s41467-018-06040-4. 

(53)  Zeng, A.-W.; Bian, X.-B. Impact of Statistical Fluctuations on High Harmonic Generation in Liquids. Phys. Rev. Lett. 

2020, 124 (20), 203901. https://doi.org/10.1103/PhysRevLett.124.203901. 

(54)  Laasonen, K.; Sprik, M.; Parrinello, M.; Car, R. ‘“Ab Initio”’ Liquid Water. J. Chem. Phys. 1993, 99 (11), 9080–

9089. https://doi.org/10.1063/1.465574. 

(55)  Chen, B.; Ivanov, I.; Klein, M. L.; Parrinello, M. Hydrogen Bonding in Water. Phys. Rev. Lett. 2003, 91 (21), 215503. 

https://doi.org/10.1103/PhysRevLett.91.215503. 

(56)  Boese, A. D.; Chandra, A.; Martin, J. M. L.; Marx, D. From Ab Initio Quantum Chemistry to Molecular Dynamics: 

The Delicate Case of Hydrogen Bonding in Ammonia. J. Chem. Phys. 2003, 119 (12), 5965–5980. 

https://doi.org/10.1063/1.1599338. 

(57)  Mondal, A.; Neufeld, O.; Yin, Z.; Nourbakhsh, Z.; Svoboda, V.; Rubio, A.; Tancogne-Dejean, N.; Wörner, H. J. 

Probing Low-Energy Electron-Scattering Dynamics in Liquids with High-Harmonic Spectroscopy. 

arXiv:2203.03617 2022. 

(58)  Takeuchi, H. The Structural Investigation on Small Methane Clusters Described by Two Different Potentials. Comput. 

Theor. Chem. 2012, 986, 48–56. https://doi.org/https://doi.org/10.1016/j.comptc.2012.02.010. 

(59)  Kazachenko, S.; Thakkar, A. J. Water Nanodroplets: Predictions of Five Model Potentials. J. Chem. Phys. 2013, 138 

(19), 194302. https://doi.org/10.1063/1.4804399. 

(60)  Zakharov, V. V; Brodskaya, E. N.; Laaksonen, A. Molecular Dynamics Simulation of Methanol Clusters. J. Chem. 

Phys. 1998, 109 (21), 9487–9493. https://doi.org/10.1063/1.477610. 

(61)  Orabi, E. A.; Lamoureux, G. Polarizable Interaction Model for Liquid, Supercritical, and Aqueous Ammonia. J. 

Chem. Theory Comput. 2013, 9 (4), 2035–2051. https://doi.org/10.1021/ct301123j. 

(62)  He, L.-L.; Zhang, S.-Y.; Sun, T.-T.; Zhao, C.-L.; Zhang, C.; Yang, Z.-Z.; Zhao, D.-X. Study on Properties of Liquid 

Ammonia via Molecular Dynamics Simulation Based on ABEEMσπ Polarisable Force Field. Mol. Simul. 2017, 43 



12 
 

(13–16), 1099–1106. https://doi.org/10.1080/08927022.2017.1324958. 

(63)  Marques, M. A. L.; Castro, A.; Bertsch, G. F.; Rubio, A. Octopus: A First-Principles Tool for Excited Electron–Ion 

Dynamics. Comput. Phys. Commun. 2003, 151 (1), 60–78. https://doi.org/https://doi.org/10.1016/S0010-

4655(02)00686-0. 

(64)  Castro, A.; Appel, H.; Oliveira, M.; Rozzi, C. A.; Andrade, X.; Lorenzen, F.; Marques, M. A. L.; Gross, E. K. U.; 

Rubio, A. Octopus: A Tool for the Application of Time-Dependent Density Functional Theory. Phys. status solidi 

2006, 243 (11), 2465–2488. https://doi.org/10.1002/pssb.200642067. 

(65)  Andrade, X.; Strubbe, D.; De Giovannini, U.; Larsen, A. H.; Oliveira, M. J. T.; Alberdi-Rodriguez, J.; Varas, A.; 

Theophilou, I.; Helbig, N.; Verstraete, M. J.; Stella, L.; Nogueira, F.; Aspuru-Guzik, A.; Castro, A.; Marques, M. A. 

L.; Rubio, A. Real-Space Grids and the Octopus Code as Tools for the Development of New Simulation Approaches 

for Electronic Systems. Phys. Chem. Chem. Phys. 2015, 17 (47), 31371–31396. 

https://doi.org/10.1039/C5CP00351B. 

(66)  Tancogne-Dejean, N.; Oliveira, M. J. T.; Andrade, X.; Appel, H.; Borca, C. H.; Le Breton, G.; Buchholz, F.; Castro, 

A.; Corni, S.; Correa, A. A.; De Giovannini, U.; Delgado, A.; Eich, F. G.; Flick, J.; Gil, G.; Gomez, A.; Helbig, N.; 

Hübener, H.; Jestädt, R.; Jornet-Somoza, J.; Larsen, A. H.; Lebedeva, I. V; Lüders, M.; Marques, M. A. L.; Ohlmann, 

S. T.; Pipolo, S.; Rampp, M.; Rozzi, C. A.; Strubbe, D. A.; Sato, S. A.; Schäfer, C.; Theophilou, I.; Welden, A.; 

Rubio, A. Octopus, a Computational Framework for Exploring Light-Driven Phenomena and Quantum Dynamics in 

Extended and Finite Systems. J. Chem. Phys. 2020, 152 (12), 124119. https://doi.org/10.1063/1.5142502. 

(67)  Perdew, J. P.; Burke, K.; Ernzerhof, M. Generalized Gradient Approximation Made Simple. Phys. Rev. Lett. 1996, 

77 (18), 3865. https://doi.org/10.1103/PhysRevLett.77.3865. 

(68)  Grimme, S.; Antony, J.; Ehrlich, S.; Krieg, H. A Consistent and Accurate Ab Initio Parametrization of Density 

Functional Dispersion Correction (DFT-D) for the 94 Elements H-Pu. J. Chem. Phys. 2010, 132 (15), 154104. 

https://doi.org/10.1063/1.3382344. 

(69)  Hartwigsen, C.; Goedecker, S.; Hutter, J. Relativistic Separable Dual-Space Gaussian Pseudopotentials from H to Rn. 

Phys. Rev. B 1998, 58 (7), 3641–3662. https://doi.org/10.1103/PhysRevB.58.3641. 

(70)  Bandrauk, D.; Chelkowski, S.; Kawai, S.; Lu, H. Effect of Nuclear Motion on Molecular High-Order Harmonics and 

on Generation of Attosecond Pulses in Intense Laser Pulses. Phys. Rev. Lett. 2008, 101 (October), 153901. 

https://doi.org/10.1103/PhysRevLett.101.153901. 

(71)  Ferré, A.; Boguslavskiy, A. E.; Dagan, M.; Blanchet, V.; Bruner, B. D.; Burgy, F.; Camper, A.; Descamps, D.; Fabre, 

B.; Fedorov, N.; Gaudin, J.; Geoffroy, G.; Mikosch, J.; Patchkovskii, S.; Petit, S.; Ruchon, T.; Soifer, H.; Staedter, 

D.; Wilkinson, I.; Stolow, A.; Dudovich, N.; Mairesse, Y. Multi-Channel Electronic and Vibrational Dynamics in 

Polyatomic Resonant High-Order Harmonic Generation. Nat. Commun. 2015, 6 (May 2014), 5952. 

https://doi.org/10.1038/ncomms6952. 

(72)  He, L.; Zhang, Q.; Lan, P.; Cao, W.; Zhu, X.; Zhai, C.; Wang, F.; Shi, W.; Li, M.; Bian, X.-B.; Lu, P.; Bandrauk, A. 

D. Monitoring Ultrafast Vibrational Dynamics of Isotopic Molecules with Frequency Modulation of High-Order 

Harmonics. Nat. Commun. 2018, 9 (1), 1108. https://doi.org/10.1038/s41467-018-03568-3. 

(73)  De Giovannini, U.; Larsen, A. H.; Rubio, A. Modeling Electron Dynamics Coupled to Continuum States in Finite 

Volumes with Absorbing Boundaries. Eur. Phys. J. B 2015, 88 (3), 56. https://doi.org/10.1140/epjb/e2015-50808-0. 

(74)  Neufeld, O.; Cohen, O. Probing Ultrafast Electron Correlations in High Harmonic Generation. Phys. Rev. Res. 2020, 

2 (3), 033037. https://doi.org/10.1103/PhysRevResearch.2.033037. 

(75)  Ponder, J. W.; Wu, C.; Ren, P.; Pande, V. S.; Chodera, J. D.; Schnieders, M. J.; Haque, I.; Mobley, D. L.; Lambrecht, 

D. S.; DiStasio, R. A.; Head-Gordon, M.; Clark, G. N. I.; Johnson, M. E.; Head-Gordon, T. Current Status of the 

AMOEBA Polarizable Force Field. J. Phys. Chem. B 2010, 114 (8), 2549–2564. https://doi.org/10.1021/jp910674d. 

(76)  Ben-Tal, N.; Moiseyev, N.; Beswick, A. The Effect of Hamiltonian Symmetry on Generation of Odd and Even 

Harmonics. J. Phys. B At. Mol. Opt. Phys. 1993, 26 (18), 3017. https://doi.org/10.1088/0953-4075/26/18/012. 

(77)  Rowley, R. L.; Pakkanen, T. Determination of a Methane Intermolecular Potential Model for Use in Molecular 

Simulations from Ab Initio Calculations. J. Chem. Phys. 1999, 110 (7), 3368–3377. https://doi.org/10.1063/1.478203. 

(78)  Tudorovskaya, M.; Lein, M. High-Order Harmonic Generation in the Presence of a Resonance. Phys. Rev. A 2011, 

84 (1), 013430. https://doi.org/10.1103/PhysRevA.84.013430. 

(79)  Wörner, H. J.; Niikura, H.; Bertrand, J. B.; Corkum, P. B.; Villeneuve, D. M. Observation of Electronic Structure 

Minima in High-Harmonic Generation. Phys. Rev. Lett. 2009, 102 (10), 103901. 

https://doi.org/10.1103/PhysRevLett.102.103901. 

(80)  Higuet, J.; Ruf, H.; Thiré, N.; Cireasa, R.; Constant, E.; Cormier, E.; Descamps, D.; Mével, E.; Petit, S.; Pons, B.; 

Mairesse, Y.; Fabre, B. High-Order Harmonic Spectroscopy of the Cooper Minimum in Argon: Experimental and 

Theoretical Study. Phys. Rev. A 2011, 83 (5), 053401. https://doi.org/10.1103/PhysRevA.83.053401. 

(81)  Wong, M. C. H.; Le, A.-T.; Alharbi, A. F.; Boguslavskiy, A. E.; Lucchese, R. R.; Brichta, J.-P.; Lin, C. D.; Bhardwaj, 

V. R. High Harmonic Spectroscopy of the Cooper Minimum in Molecules. Phys. Rev. Lett. 2013, 110 (3), 033006. 

https://doi.org/10.1103/PhysRevLett.110.033006. 

(82)  Zhao, Y.; Xu, X.; Jiang, S.; Zhao, X.; Chen, J.; Yang, Y. Cooper Minimum of High-Order Harmonic Spectra from 

an MgO Crystal in an Ultrashort Laser Pulse. Phys. Rev. A 2020, 101 (3), 33413. 

https://doi.org/10.1103/PhysRevA.101.033413. 

(83)  Jordan, I.; Huppert, M.; Rattenbacher, D.; Peper, M.; Jelovina, D.; Perry, C.; von Conta, A.; Schild, A.; Wörner, H. 

J. Attosecond Spectroscopy of Liquid Water. Science 2020, 369 (6506), 974 LP – 979. 

https://doi.org/10.1126/science.abb0979. 
 

 

 



1 
 

Supplementary information: Ab-initio cluster approach for high harmonic 
generation in liquids 
 
 

Ofer Neufeld1,*, Zahra Nourbakhsh1, Nicolas Tancogne-Dejean1, Angel Rubio1,2 
 

1Max Planck Institute for the Structure and Dynamics of Matter and Center for Free-Electron Laser Science, Hamburg, 22761, Germany. 
2Center for Computational Quantum Physics (CCQ), The Flatiron Institute, New York, NY, 10010, USA. 
 

This supplementary information (SI) file contains technical details on the numerical calculations and 

methodology used in the main text, as well as some additional results. Section S1 presents details of the 

numerics, including convergence testing. Section S2 presents some additional results of liquid HHG and tests 

for the validity of various approximations used in the main text. 

▪ S1: NUMERICAL DETAILS 
 

1. Ground state DFT calculations 

All DFT calculations were performed using the octopus code1–3. The Kohn-Sham (KS) equations were 

discretized on a Cartesian grid with a spherical shape of radius 31.6, 34, and 32.8 bohr for the converged 

clusters of water, ammonia, and methane, respectively, and 45 bohr for the single-molecule calculations. 

Calculations were performed using the PBE exchange correlation functional in all cases4. For the liquid 

clusters, a van-der-waals correction term was added5. For the single molecule cases, a self-interaction 

correction (SIC) was added in order to capture the long-range asymptotic potential6. The frozen core 

approximation was used for core states, which were treated with norm-conserving pseudopotentials7. The KS 

equations were solved to self-consistency with a tolerance <10-7 Hartree, and the grid spacing was converged 

to Δx=Δy=Δz=0.4 bohr, such that the total energy per electron was converged <10-3 Hartree. Cluster 

geometries were obtained as described in the main text. Single molecule geometries were taken at the 

experimental configuration.  

2. Time-dependent calculations 

For time-dependent calculations, the active KS orbitals were propagated with a time step Δt=0.11 a.u. and by 

adding a complex absorbing potential (CAP) with a width of 11.2 bohr in the vacuum region8. The initial 

state was taken to be the system’s ground-state. The grid size, absorbing potential, and time step were tested 

for convergence. The HHG spectra were obtained as explained in the main text where the dipole acceleration 

was filtered with a super-gaussian window. 

3. Orientation averaging 

Orientation averaging was performed using trapezoidal weights with an angular grid spanned by Euler angles 

in the z-y-z convention. For the liquids we considered three angular grids with Euler angle spacing of: (1) π/2 

for all angles, (2) of π/2 for α and γ and π/4 for β, and (3) π/4 for all angles. After utilizing the symmetries of 

linearly-polarized light in the dipole approximation, these grids lead to a total of 6, 14, and 58 independent 

orientations, respectively (which are equivalent to full grids with 75, 125, and 405 orientations, respectively). 

The HHG spectra in liquid water were converged with grid (2). The HHG spectra of ammonia and liquid 

methane (which have a higher molecular symmetry than water) were converged with grid (1). For gas-phase 

calculations we used grid (3).  

4. Cluster size convergence 

Convergence with respect to cluster size was obtained for a cluster of 54 molecules in the case of water (see 

Fig. S1(a) showing small disparities for harmonics near 15 and 30eV, but a generally similar spectral 

structure). For the case of ammonia convergence was obtained for a 56-molecule cluster (see Fig. S1(b) 

showing small deviations above 30 eV). In liquid methane convergence was obtained for a 40-molecule 

cluster (see Fig. S1(c) showing small deviations only above 30 eV). In all cases there are small deviations 

upon increasing cluster size by 10-15%, even though the molecular geometries in each case can be very 
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different (because they were obtained as minimal energy configurations of completely different clusters). 

This is a good indication for the reliability of the method, and also suggests that the surface contribution is 

indeed suppressed (because surface reconstruction variations are negligible). Notably, higher energy 

harmonics are slightly more difficult to converge. To compensate for this effect and reduce errors even further 

we use the larger cluster sizes in all calculations. 

 

Figure S1. Convergence with respect to cluster size. (a) Liquid water HHG spectra calculated at λ=900nm and a laser power of 

4×1013 W/cm2. (b) Liquid ammonia HHG spectra calculated at λ=800nm and a laser power of 5×1013 W/cm2. (c) Liquid methane 

HHG spectra calculated at λ=800nm and a laser power of 5×1013 W/cm2. Gray lines indicate the position of odd harmonics.  

5. Gas-phase calculations 

For time-dependent gas phase calculations we utilized exactly the same approach as in the cluster cases. The 

only differences are that: (1) we performed orientation averaging with a much denser angular grid (see 

discussion above), and (2) employed a SIC correction rather than a wan-der-waals correction (see discussion 

above). The same level of theory was used in order to have comparable results between the clusters and the 

single-molecule calculations, i.e. PBE XC was used throughout and the KS potential was frozen to its initial 

form. 

▪ S2: ADDITIONAL RESULTS 

1. Validity of the non-interacting electrons approximation 

Throughout the paper we utilized the non-interacting electrons approximation, i.e. the KS potential was 

frozen to its ground state form. This approximation is standardly used in both gas and solid phases, but has 

never before been tested for liquids. Here we formally test it for the case of liquid methane (which is simpler 

due to the lack of surface localization). Figure S2(a) presents HHG spectra from liquid methane obtained at 

similar conditions where the KS potential is either kept frozen in time, or allowed to evolve (a standard 

TDDFT calculation). Some differences indeed emerge between the spectra such as differences in the total 

harmonic power and small a cutoff value shift. Nonetheless, the envelope structure of the spectra and its 

characteristic shape is largely unchanged, including for instance the position of the observed interference 

minima at ~15-17 eV (see main text). We further argue that the source of the disparity between the two 

approaches is an unphysical renormalization of the KS potential due to spurious ionization from the cluster 

that is absorbed at the boundaries (as is seen in gas-phase systems9). We term this ionization as ‘unphysical’, 

since such an effect would not occur in the bulk liquid. To test this, we perform similar calculations at a 

higher laser power to compensate for the renormalization of the KS potential. Figure S2(b) shows that indeed 

the full TDDFT calculation at a slightly higher laser power is nearly equivalent to the non-interacting 

calculation at a lower laser power, indicating that the source of the disparity is a consequence of ionization. 

In the limit of an infinitely large cluster this effect would not take place; thus, the results overall validate the 

use of this approximation, at least as a starting point for exploring strong-field physics in liquids. 
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Figure S2. HHG spectra from liquid methane with and without the frozen KS potential approximation. (a) HHG spectra obtained at 

λ=1100nm and a laser power of 5×1013 W/cm2. (b) The same as in (a), but where the full TDDFT calculations are performed at a 

laser power of 8×1013 W/cm2 to compensate for the renormalization of the KS potential due to unphysical ionization. Gray lines 

indicate the position of odd harmonics.  

2. Validity of frozen deep-lying states approximation 

We demonstrate here the validity of the frozen deep-states approximation used throughout calculations. 

Figure S3(a) and (b) present HHG spectra from liquid water and ammonia, respectively, where the deepest-

lying band of states has been either kept frozen, or allowed to evolve in time (i.e. in the frozen case the lowest 

N states are frozen where N is the number of molecules in the cluster). Results clearly show that in both cases 

this approximation is accurate (some disparities arise near 15eV for ammonia, but at an even harmonic order 

that vanishes after full orientation averaging). Figure S3(c) presents a similar analysis for liquid methane, 

where it is shown that the response of perturbative (below band gap) harmonics can drastically change if the 

deepest orbital band of methane is not included in the dynamics. In fact, very large disparities arise for the 

perturbative harmonics (especially the 5th harmonic) even when only the first 10 states are frozen. Thus, this 

approximation is not used throughout the paper for methane, only for water and ammonia. The physical 

source of the disparity in methane remains to be investigated, but could result from polarization of inner 

states10. We emphasize that for higher order harmonics the approximation remains valid just as expected. 

 

Figure S3. HHG spectra from various liquids with and without the frozen deep-lying states approximation. (a) HHG spectra from 

water obtained at λ=1200nm and a laser power of 4×1013 W/cm2. (b) HHG spectra from ammonia obtained at λ=800nm and a laser 

power of 5×1013 W/cm2. (c) HHG spectra from methane obtained at λ=800nm and a laser power of 5×1013 W/cm2. Note that for 

methane and ammonia the spectra only include a single orientation without averaging, such that even harmonics are also observed. 

Gray lines indicate the position of odd harmonics. 
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