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A. J. Weir [1] has found the maximal normal abelian subgroups of the
Syiow ^-subgroups of the general linear group over a finite field of char-
acteristic p, and a theorem of J. L. Alperin [2] shows that the Sylow
/>-subgroups of the general linear group over finite fields of characteristic
different from p have a unique largest normal abelian subgroup and that
no other abelian subgroup has order as great. We shall prove the following:

THEOREM. Let F be a finite field of order q = ph (p an odd prime).
The maximal order of an abelian p-subgroup of GL(n, F) is qm where
m = [fyi2] = the integer part of -jw2, and this maximum is attained.

This result shows that in the case where the characteristic is p, there
are abelian />-subgroups which are normal in the Sylow ^-groups and have
order greater than any other abelian ^-subgroups; however our proof shows
that (in the case where n is odd) there may be several such subgroups.

PROOF. We firstly observe that a matrix in GL (n, F) is a ^-element
if and only if it has n eigenvalues equal to 1, since 1 is the only pth power
root of unity in F.

So, let A be an abelian subgroup of GL (n, F); we say A is of type (n, r)
if the common (right) eigenspace of the matrices in A (for the unique
eigenvalue 1) is of dimension n—r. Since there is at least one non-zero vector
which is fixed by all the matrices in A, n—r > 0. This implies that A is
conjugate in GL(n, F) to a group Ao so that the matrices in Ao have the
form

' a) n—r

V
0 ^ r < n

Let the maximal order of an abelian ^-subgroup of type (n, r) be q°i"-r\
Let At be the group of rxr matrices {yT : y occurs in (1) for some ele-

ment of Ao} where yT is the transpose of y. A is an abelian ^-subgroup of
GL(n, F). Suppose A1 is of type (r, s).
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The subgroup N of Ao consisting of all elements with matrices of the
form

.
(l\b)

is normal in A. Then since, in the notation of (1), x -> y is a homomorphism
of Ao, with kernel 2V, we have that

Since Ao is abelian, a:w = wa; (U eN, x e Ao) and we conclude that ^y = b.
Thus yTbT = 6T and each row of 6 is a right eigenvector of each yT. Since
Ax is of type (r, s) the space spanned by the iih rows of the b's in (2) is of
dimension at most r—s. Since the b's have n—r rows there are at most
(r—s)(n—r) linearly independent b's. Since N is isomorphic to the additive
group {b : b occurs in (2) for some element 5f N}

\N\ ^ ?«-«H«^>.

Hence

Thus
0(w, r) g max {0(r, s) + («—r)(r—s)}.

We now prove by induction that

0(n, r) 5S r(n—r) ior r ^ ^n

^ i« 2 for r>\n.

It is necessary to consider four cases, depending on where the maximum
of {0(r, s) + (r—s)(n—r)} occurs.

Case (i): s > \r, r > ^n:

0(n, r) ^ max {0{r, s) + (n—r)(r—s)}

Case (ii): s ^ \r,r ^ •£»:

0(«, f) <; max {0(r, s) + (n—r)(r—s)}
0g«<r

^ max {s(r—s)-\-(n—r)(r—s)}
» --<

^ 0-)-r(M—r) since s 2: 0
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Case (iii): s fS* \r, r ^ \n:

0(n, r) ^ max {0(r, s) + (n—r)(r—s)}
0S»<r

^ max {s(r—s) + (»—r)(r—s)}

^ i{2r—n)2+r(n—r)

Case (iv): s > ^r, r rgj \n.

0(n, r) ^ max {0(r, s) + (n—r) (r—s)}

max

Finally, the group of all matrices in GL(n, F) of the form

(3) (Hi) r withr=p1
w \0| l/n-r L2j
is a normal elementary abelian ̂ >-group of order <̂ "*/4] and thus the maximum
is attained. This completed the proof of the theorem.

On examining the case of equality, 0(«, r) = [£«2] in (iii) we see that
the group of matrices of the form (3) above is the only abelian ^>-group
which attains this maximum.

I should like to extend sincere thanks to Dr. John Dixon for his help
in the preparation of this paper, and to the referee for his comments.
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