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Ì.À. Èñòîìèíà, Å.Â. Øèëüíèêîâ Îá àïïðîêñèìàöèè
ïîòîêîâûõ âåëè÷èí íà ïðîñòðàíñòâåííûõ ñåòêàõ íåðåãóëÿðíîé
ñòðóêòóðû

Âûïèñàíû ïðîñòðàíñòâåííûå àïïðîêñèìàöèè ïðîèçâîäíûõ äëÿ ïîñòðîå-
íèÿ ïîòîêîâûõ âåëè÷èí â ìåòîäå êîíå÷íîãî îáúåìà. Ïðèâåäåíû ôîðìóëû äëÿ
êîíå÷íûõ îáúåìîâ ñ ãðàíÿìè, ïðåäñòàâëÿþùèìè ñîáîé òðåóãîëüíèêè, ÷åòû-
ðåõóãîëüíèêè, à òàêæå ïÿòè� è øåñòèóãîëüíèêè. Àïïðîêñèìàöèè ïîñòðîåíû
äëÿ èñïîëüçîâàíèÿ â îòêðûòîì ïðîãðàììíîì êîìïëåêñå OpenFOAM.

Êëþ÷åâûå ñëîâà: ìåòîä êîíå÷íîãî îáúåìà, íåñòðóêòóðèðîâàííûå ñåò-
êè, ïðîñòðàíñòâåííûå àïïðîêñèìàöèè, îòêðûòûé ïðîãðàììíûé êîìïëåêñ
OpenFOAM

M.A. Istomina, E.V. Shilnikov About approximation of stream sizes
on spatial grids of irregular structure

Spatial approximations of derivatives for the construction of �ux quantities
in the �nite volume method are presented. Formulas for �nite volumes with
faces representing triangles, quadrangles, as well as �ve - and hexagons are given.
Approximations are constructed for use in open-source platform OpenFOAM.

Key words: �nite volume method, unstructured grids, spatial approximations,
open program complex OpenFOAM
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1 Ââåäåíèå

Èñïîëüçîâàíèå ïðîñòðàíñòâåííûõ ñåòîê íåðåãóëÿðíîé ñòðóêòóðû äëÿ ïðî-
âåäåíèÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ çàäà÷ ãàçî� è ãèäðîäèíàìèêè ñîïðÿæåíî
ñ âûáîðîì ñïîñîáà àïïðîêñèìàöèè ïîòîêîâûõ âåëè÷èí íà ãðàíèöàõ ñîîòâåò-
ñòâóþùèõ êîíòðîëüíûõ îáúåìîâ. Ñïîñîá àïïðîêñèìàöèè ïîòîêîâûõ âåëè÷èí
â çíà÷èòåëüíîé ìåðå îïðåäåëÿåò òî÷íîñòü, óñòîé÷èâîñòü è âû÷èñëèòåëüíóþ
ýôôåêòèâíîñòü ðàçíîñòíîãî àëãîðèòìà.

Ïðè çàäàíèè èñêîìûõ ãàçîäèíàìè÷åñêèõ âåëè÷èí â óçëàõ ðàñ÷åòíîé ñåò-
êè êîíòðîëüíûé îáúåì âûáèðàåòñÿ êàê îáëàñòü, îêðóæàþùóþ óçåë ñåòêè,
íàïðèìåð, ñ èñïîëüçîâàíèåì ÿ÷ååê Äèðèõëå.

Ïðè çàäàíèè ãàçîäèíàìè÷åñêèõ âåëè÷èí â öåíòðàõ ÿ÷ååê ðàçíîñòíîé ñåòêè
â êà÷åñòâå êîíòðîëüíîãî îáúåìà óäîáíî èñïîëüçîâàòü ÿ÷åéêè ðàñ÷åòíîé ñåò-
êè. Òàêîé âûáîð êîíòðîëüíîãî îáúåìà èñïîëüçóåòñÿ â öåëîì ðÿäå íàó÷íûõ
è êîììåð÷åñêèõ ïðîãðàìì, íàïðèìåð, â îòêðûòîì ïðîãðàììíîì êîìïëåêñå
OpenFOAM [1], [2], [3], ðàáîòàõ [4], [5]. Îäíàêî èñïîëüçóåìûå â [1], [2] ñïîñîáû
âû÷èñëåíèÿ ïîòîêîâ îáëàäàþò ðÿäîì íåäîñòàòêîâ, êîòîðûå îãðàíè÷èâàþò èõ
îáùíîñòü è íàëàãàþò æåñòêèå îãðàíè÷åíèÿ íà óñòîé÷èâîñòü ðåçóëüòèðóþùå-
ãî àëãîðèòìà.

Â äàííîé ðàáîòå ïðèâåäåíû ôîðìóëû äëÿ àïïðîêñèìàöèè ïîòîêîâ ÷åðåç
ãðàíè ïðîñòðàíñòâåííûõ ÿ÷ååê äëÿ âàðèàíòà êîíòðîëüíîãî îáúåìà, ñîâïà-
äàþùåãî ñ ÿ÷åéêîé íåñòðóêòóðèðîâàííîé ïðîñòðàíñòâåííîé ñåòêè âûïóêëîé
ôîðìû ñ ïëîñêèìè ãðàíÿìè.

Ðàññìàòðèâàþòñÿ ãðàíè â âèäå òðåóãîëüíèêîâ, ÷åòûðåõóãîëüíèêîâ, ïÿ-
òèóãîëüíèêîâ è øåñòèóãîëüíèêîâ. Òàêîé âûáîð ôîðì ãðàíåé ïîçâîëÿåò îá-
ñ÷èòûâàòü äî 99 ïðîöåíòîâ ðåàëüíî èñïîëüçóåìûõ ïðîñòðàíñòâåííûõ ÿ÷ååê.
Ïðèâåäåííûå ôîðìóëû ïðåäñòàâëåíû â âèäå, óäîáíîì äëÿ ïðîãðàììèðîâàíèÿ
â ïàêåòå OpenFOAM. OpenFOAM âîñïðèíèìàåò âñå ÿ÷åéêè êàê ìíîãîãðàííè-
êè, êàê çàìêíóòûé íàáîð ïëîñêèõ ãðàíåé ñ ïðîèçâîëüíûì ÷èñëîì âåðøèí. Â
äâóìåðíîì ñëó÷àå ãðàíè, ÷åðåç êîòîðûå âû÷èñëÿþòñÿ ïîòîêè, ïðåâðàùàþò-
ñÿ â îòðåçêè, ïîýòîìó êàêèìè áû ñëîæíûìè íå áûëè êîíòðîëüíûå îáú¼ìû,
âûðàæåíèÿ äëÿ ïîòîêîâ âñå ðàâíî îñòàþòñÿ ïðîñòûìè. Â òðåõìåðíûõ ñåò-
êàõ ãðàíè, ÷åðåç êîòîðûå âû÷èñëÿþòñÿ ïîòîêè ìîãóò áûòü òðåõ-, ÷åòûðåõ-,
ïÿòèð¼áåðíûìè è ò.ä., ïîýòîìó àïïðîêñèìèðóþùèå âûðàæåíèÿ äîëæíû áûòü
âûïèñàíû äëÿ êàæäîãî êîíêðåòíîãî ñëó÷àÿ. Ìåòîä îñíîâàí íà àïïðîêñèìàöè-
ÿõ, èñïîëüçîâàííûõ äëÿ ðåãóëÿðíûõ øåñòèãðàííûõ ïðîñòðàíñòâåííûõ ñåòîê
â [1], [2].
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2 Àïïðîêñèìàöèÿ ïîòîêîâûõ âåëè÷èí äëÿ

äâóìåðíîãî êîíå÷íîãî îáúåìà â âèäå

÷åòûðåõóãîëüíèêà

ÊÃÄ ñèñòåìà óðàâíåíèé ([6], [7], [8], [9], [10]) äëÿ 2D�òå÷åíèÿ èäåàëüíî-
ãî ïîëèòðîïíîãî âÿçêîãî òåïëîïðîâîäíîãî ãàçà, çàïèñàííàÿ â îáùåïðèíÿòûõ
îáîçíà÷åíèÿõ â êîíñåðâàòèâíîé ôîðìå, èìååò ñëåäóþùèé âèä

∂U

∂t
− (divW)T = 0, W =





−jm
Π− jm ⊗ u− pI

Πu− q− jm(E + p)/ρ



 , (1)

ãäå U = (ρ, ρu, E)T � âåêòîð êîíñåðâàòèâíûõ ïåðåìåííûõ, W � ìàò-
ðèöà, ñòîëáöû êîòîðîé ÿâëÿþòñÿ ïîòîêàìè êîíñåðâàòèâíûõ ïåðåìåííûõ,

E = ρ
(

uε +
u
2

2

)

� ïîëíàÿ ýíåðãèÿ, q = −κ∇T , I � åäèíè÷íàÿ ìàòðèöà,

p = ρuε(γ − 1), T =
p

ρR
, uε � óäåëüíàÿ âíóòðåííÿÿ ýíåðãèÿ, µ = τpSc,

κ =
µγR

(γ − 1)Pr
, τ =

µ

pSc
, γ � ïîêàçàòåëü àäèàáàòû, Pr è Sc � ÷èñëà Ïðàíäò-

ëÿ è Øìèäòà.
Ïðèìåíèì ñëåäóþùèé ìåòîä àïïðîêñèìàöèè ïîòîêîâûõ âåëè÷èí.
Ïóñòü â 2D ðàñ÷åòíîé îáëàñòè çàäàíà ðàçíîñòíàÿ ñåòêà, ñîñòîÿùàÿ èç

ïðîèçâîëüíûõ âûïóêëûõ ÷åòûðåõóãîëüíèêîâ.
Ïðèìåíèì ìåòîä êîíå÷íûõ îáúåìîâ. Ïðîèíòåãðèðîâàâî ñèñòåìó (1) ïî

ïëîùàäè ÿ÷åéêè ñåòêè S è èñïîëüçóÿ ôîðìóëó Ãðèíà, ïîëó÷èì

∂

∂t

∫

S

UdS −

∮

L

(WT ,n)dl = 0, (2)

ãäå n � âíåøíÿÿ íîðìàëü ê êîíòóðó. Âñå ãðàíè ñ÷èòàåì ïëîñêèìè. Òîãäà íà
êàæäîì ðåáðå L íîðìàëü n îïðåäåëåíà îäíîçíà÷íî. Ïî òåîðåìå î ñðåäíåì
ïîëó÷àåì

∂U

∂t
−

1

S

∑

∮

(WT ,n)dl = 0. (3)

Çäåñü U =
1

S

∫

S

UdS, ñóììèðîâàíèå âåäåòñÿ ïî âñåì ðåáðàì ÿ÷åéêè.

Ïóñòü âñå âåëè÷èíû â ðàçíîñòíîé ñõåìå, êîòîðóþ ìû ñòðîèì, îòíåñåíû
ê öåíòðàì ÿ÷ååê. Åñëè âñå ÿ÷åéêè âûïóêëû, òî òàêèì öåíòðîì ìîæíî ñ÷è-
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Ðèñ. 1. Äâóìåðíàÿ ñåòêà. Äâóìåðíûé ÷åòûðåõóãîëüíûé êîíå÷íîé îáúåì 1234

òàòü òî÷êó ñ êîîðäèíàòàìè, ðàâíûìè ñðåäíèì àðèôìåòè÷åñêèì êîîðäèíàò 4
âåðøèí ÿ÷åéêè.

Óñðåäíåííûå âûøå ïî ïëîùàäè ÿ÷åéêè çíà÷åíèÿ ïåðåìåííûõU áóäåì ñ÷è-
òàòü èñêîìûìè çíà÷åíèÿìè â öåíòðàõ ÿ÷ååê. Äàëåå ÷åðòó íàä ïåðåìåííûìè
áóäåì îïóñêàòü.

Àïïðîêñèìòðóÿ ïðîèçâîäíóþ ïî âðåìåíè ñ ïåðâûì ïîðÿäêîì ïî ÿâíîé
ñõåìå íà øàãå ∆t, ïîëó÷àåì ñîîòíîøåíèÿ äëÿ ãàçîäèíàìè÷åñêèõ âåëè÷èí íà
ñëåäóþùåì âðåìåííîì ñëîå

Û = U+
∆t

S

4
∑

l=1

(WT ,nl)dl. (4)

Äëÿ âû÷èñëåíèÿ ïîòîêîâ êîíñåðâàòèâíûõ ïåðåìåííûõ ÷åðåç ðåáðà ÿ÷åéêè
áóäåì ñ÷èòàòü çíà÷åíèÿ ýòèõ ïåðåìåííûõ è èõ ïðîèçâîäíûõ ïîñòîÿííûìè
íà êàæäîì ðåáðå è îòíåñåííûìè ê èõ öåíòðàì. Çíà÷åíèÿ ñàìèõ ïåðåìåííûõ
ñ÷èòàåì ðàâíûìè ïîëóñóììå ñîîòâåòñòâóþùèõ çíà÷åíèé â ñîñåäíèõ ÿ÷åéêàõ,
ïðèëåæàùèõ ê äàííîìó ðåáðó.

Âíåøíÿÿ íîðìàëü ê ðåáðó 13 èìååò êîîðäèíàòû

n(x1, y1, x3, y3) =
(y1 − y3, x3 − x1)

√

(x3 − x1)2 + (y1 − y3)2
.

Ïëîùàäü 1234 âûðàæàåòñÿ ÷åðåç âåêòîðíîå ïðîèçâåäåíèå äèàãîíàëåé 13
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è 24

S1234 =
1

2
|13× 24| =

1

2
[(x3 − x1)(y4 − y2)− (x4 − x2)(y3 − y1)] .

Ïðèâåäåì ñïîñîá âû÷èñëåíèÿ ÷àñòíûõ ïðîèçâîäíûõ ïî x, y, z, êîòîðûå
âõîäÿò â êîíòóðíûå èíòåãðàëû îò ôóíêöèè WT . Äëÿ ýòîãî ðàññìîòðèì
âåêòîð�ôóíêöèþ A = (f(x, y), 0), çàäàííóþ â ÿ÷åéêå.

∫

S

(

∂f

∂x
+

∂f

∂y

)

dS =

∫

∂L

(A · n) dl =
4

∑

m=1

nmx

∫

∂Lm

fdl. (5)

Áóäåì ñ÷èòàòü ôóíêöèþ f(x, y) çàäàííîé â òò. 1234 è ëèíåéíîé íà êàæäîì
åå ðåáðå. Òîãäà ïîñëåäíèé èíòåãðàë ëåãêî âû÷èñëÿåòñÿ. Äëÿ êàæäîãî ðåáðàm
îí ðàâåí ïðîèçâåäåíèþ äëèíû ðåáðà lm íà ñðåäíåå àðèôìåòè÷åñêîå çíà÷åíèé
ôóíêöèè â åå âåðøèíàõ.

Ïðèìåíèì ê (5) òåîðåìó î ñðåäíåì

∫

S

(

∂f

∂x
+

∂f

∂y

)

dS =
∂f

∂x
· S, (6)

ãäå ∂f
∂x

� íåêîòîðîå ñðåäíåå çíà÷åíèå ïðîèçâîäíîé ôóíêöèè f(x, y) âíóòðè
1234.

Îòíåñÿ ýòî çíà÷åíèå ê öåíòðó ïàðàëëåëîãðàììà 1234, ïîëó÷èì âûðàæåíèå
äëÿ ïðîèçâîäíîé ïî x íà ðåáðå ÿ÷åéêè ðàñ÷åòíîé ñåòêè, íåîáõîäèìîå äëÿ
âû÷èñëåíèÿ ïîòîêîâ

∂f

∂x
=

1

S

4
∑

m=1

nmx · lm · fm =
1

S

4
∑

n=1

αx
n · fn, (7)

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âåðøèíàì ïàðàëëåëîãðàììà 1234.

S
∂f

∂x
=

∫

1234

f · nx · dl =
4

∑

i=1

fi + fi+1

2
(yi − yi+1), (8)

∂f

∂x
=

(f4 − f2)(y3 − y1) + (f1 − f3)(y4 − y2)

2S
, (9)

S
∂f

∂y
=

∫

1234

f · ny · dl =
4

∑

i=1

fi + fi+1

2
(xi+1 − xi), (10)
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Ðèñ. 2. Äâóìåðíûé øàáëîí ÷åðåç äèàãîíàëè

∂f

∂y
=

(f4 − f2)(x1 − x3) + (f1 − f3)(x2 − x4)

2S
. (11)

Ìîæíî âûðàçèòü ïðîèçâîäíûå ∂f
∂x

è ∂f
∂y

÷åðåç ïðîèçâîäíûå ïî äèàãîíàëÿì
l1 è l2, ÷òîáû èçáåæàòü îïðåäåëåíèÿ íóìåðàöèè ðàñ÷åòíûõ òî÷åê äëÿ êàæäîé
òî÷êè ãðàíè.

∂f

∂l1
=

∂f

∂x

∂x

∂l1
+

∂f

∂y

∂y

∂l1
, (12)

∂f

∂l2
=

∂f

∂x

∂x

∂l2
+

∂f

∂y

∂y

∂l2
.

Äëÿ ëþáûõ óãëîâ α1, α2 (óãëû ìåæäó îñüþ x è íàïðàâëåíèÿìè äèàãîíàëåé
l1, l2 ñîîòâåòñòâåííî) ïåðåïèøåì (12)

∂f

∂l1
=

∂f

∂x
cosα1 +

∂f

∂y
sinα1, (13)

∂f

∂l2
=

∂f

∂x
cosα2 +

∂f

∂y
sinα2,

îòêóäà

∂f

∂x
=

∂f
∂l1

sinα2 −
∂f
∂l2

sinα1

cosα1 sinα2 − sinα1 cosα2

, (14)
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Ðèñ. 3. Òðåõìåðíûé êîíå÷íûé îáúåì ñ ÷åòûðåõóãîëüíîé ãðàíüþ 1234

∂f

∂y
=

∂f
∂l2

cosα1 −
∂f
∂l1

cosα2

cosα1 sinα2 − sinα1 cosα2

,

3 Àïïðîêñèìàöèÿ ïîòîêîâûõ âåëè÷èí

äëÿ òðåõìåðíîãî êîíå÷íîãî îáúåìà

ñ ÷åòûðåõóãîëüíîé ãðàíüþ

Äëÿ 3D ðàñ÷åòíîé îáëàñòè çàäàåòñÿ ðàçíîñòíàÿ ñåòêà, ñîñòîÿùàÿ èç ïðî-
èçâîëüíûõ âûïóêëûõ øåñòèãðàííèêîâ. Íà ïðÿìîóãîëüíîé ñåòêå (âñå øåñòè-
ãðàííèêè ÿâëÿþòñÿ ïðÿìîóãîëüíûìè ïàðàëëåëåïèïåäàìè) íîâàÿ ñõåìà äîëæ-
íà ïåðåõîäèòü â ñòàíäàðòíóþ àïïðîêñèìàöèþ, èñïîëüçóåìóþ â ñòàíäàðòíîì
ÊÃÄ àëãîðèòìå.

Ïðèìåíèì ìåòîä êîíå÷íûõ îáúåìîâ. Ïðîèíòåãðèðîâàâ ñèñòåìó (1) ïî îáú-
åìó ÿ÷åéêè ñåòêè V è èñïîëüçóÿ ôîðìóëó Ãàóññà�Îñòðîãðàäñêîãî, ïîëó÷àåì

∂

∂t

∫

V

UdV −

∫

S

(WT ,n)dS = 0, (15)

ãäå S � ãðàíè÷íàÿ ïîâåðõíîñòü ÿ÷åéêè V , à n � åäèíè÷íûé âåêòîð âíåø-
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íåé íîðìàëè ê ýòîé ïîâåðõíîñòè. Íà êàæäîé ïëîñêîé ãðàíè Sl îäíîçíà÷íî
îïðåäåëåíà íîðìàëü nl.

Ïî òåîðåìå î ñðåäíåì ïîëó÷àåì

∂U

∂t
−

1

V

∑

l

∫

Sl

(WT ,nl). (16)

Çäåñü U = V −1
∫

V

UdV , ñóììèðîâàíèå âåäåòñÿ ïî âñåì ãðàíÿì ÿ÷åéêè.

Âñå âåëè÷èíû â ðàçíîñòíîé ñõåìå îòíîñèì ê öåíòðàì ÿ÷ååê. Óñðåäíåííûé
ïî îáúåìó ÿ÷åéêè çíà÷åíèÿ ïåðåìåííûõ U áóäóò èñêîìûìè çíà÷åíèÿìè â
öåíòðàõ ÿ÷ååê.

Èñïîëüçóÿ ÿâíóþ ñõåìó ñ ïåðâûì ïîðÿäêîì àïïðîêñèìàöèè ïî âðåìåíè
ñîîòíîøåíèÿ äëÿ ãàçîäèíàìè÷åñêèõ ïåðåìåííûõ íà ñëåäóþùåì âðåìåííîì
ñëîå çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì

Û = U+
∆t

V

6
∑

l=1

∫

Sl

(WT ,nl)dS. (17)

Äëÿ âû÷èñëåíèÿ ïîòîêîâ êîíñåðâàòèâíûõ ïåðåìåííûõ ÷åðåç ãðàíè ÿ÷åé-
êè áóäåì ñ÷èòàòü çíà÷åíèÿ ýòèõ ïåðåìåííûõ è èõ ïðîèçâîäíûõ ïîñòîÿííûìè
íà êàæäîé ãðàíè è îòíåñåííûìè ê èõ öåíòðàì. Çíà÷åíèÿ ñàìèõ ïåðåìåí-
íûõ íàõîäèì ëèíåéíîé èíòåðïîëÿöèåé ñîîòâåòñòâóþùèõ çíà÷åíèé â ñîñåäíèõ
ÿ÷åéêàõ, ïðèëåæàùèõ ê ýòîé ãðàíè. Äëÿ âû÷èñëåíèÿ ïðîèçâîäíûõ ïîñòðîèì
êîíòðîëüíûé îáúåì, ñâÿçàííûé ñ ãðàíüþ. Â êà÷åñòâå êîíòðîëüíîãî îáúåìà
âîçüìåì îêòàýäð ñ âåðøèíàìè â òî÷êàõ 123456 (Ðèñ. 3).

Ïëîùàäü ãðàíè è åäèíè÷íàÿ íîðìàëü ê íåé ðàâíû S1234 =
1

2
|N|, n =

N

2S1234

, ãäå |N| � ìîäóëü íîðìàëè ê ïîâåðõíîñòè.

∫

S

(WT ,n)dS =
1

2
((WT ,N)). (18)

Îáúåì îêòàýäðà ðàâåí ñìåøàííîìó ïðîèçâåäåíèþ äèàãîíàëåé

V8 =
1

6
((13× 24) · 56). (19)

Ïëîùàäè áîêîâûõ ãðàíåé ðàâíû ïîëîâèíàì ìîäóëåé âåêòîðíûõ ïðîèçâåäåíèé
äâóõ ñòîðîí. Åäèíè÷íûå íîðìàëè � ýòî îòíîøåíèå âåêòîðíûõ ïðîèçâåäåíèé
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äâóõ ñòîðîí, äåëåííûõ íà óäâîåííóþ ïëîùàäü.
Ðàññìîòðèì âåêòîð�ôóíêöèþ A = (f(x, y, z), 0, 0), çàäàííóþ â îêòàýäðå.

Ïðèìåíèì ê íåé ôîðìóëó Ãàóññà�Îñòðîãðàäñêîãî, ïîëó÷èì

∫

V8

divAdV =

∫

∂V8

(A,n)dS =
8

∑

m=1

nmx

∫

Sm

fdS. (20)

Ïðèìåíèâ ê îáúåìíîìó èíòåãðàëó òåîðåìó î ñðåäíåì, èìååì

∫

V8

divAdV =
∂f

∂x
=

1

V8

8
∑

m=1

nmxSmfm. (21)

Â ñîîòâåòñòâèè ñ ([10]), ñëîæèâ âûðàæåíèÿ, ñîîòâåòñòâóþùèå âñåì âîñüìè
ãðàíÿì îêòàýäðà è ïðîâåäÿ àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ, ïîëó÷àåì çíà÷å-
íèå ïðîèçâîäíîé ôóíêöèè f(x, y, z) ïî ïåðåìåííîé x â öåíòðå ãðàíè 1234

∂f

∂x
=

1

V8

6
∑

n=1

αx
nfn, (22)

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âåðøèíàì îêòàýäðà, à êîýôôèöèåíòû αx
n âû-

÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

αx
1 =

1

6
[(y5 − y6)(z2 − z4) + (z6 − z5)(y2 − y4)] , (23)

αx
2 =

1

6
[(y5 − y6)(z3 − z1) + (z6 − z5)(y3 − y1)] ,

αx
6 =

1

6
[(y1 − y3)(z2 − z4) + (z3 − z1)(y2 − y4)] ,

αx
3 = −αx

1 , α
x
4 = −αx

2 , α
x
5 = −αx

6 .

Êîýôôèöèåíòû αy
n âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì

αy
1 =

1

6
[(z5 − z6)(x2 − x4) + (x6 − x5)(z2 − z4)] , (24)

αy
2 =

1

6
[(z5 − z6)(x3 − x1) + (x6 − x5)(z3 − z1)] ,

αy
6 =

1

6
[(z1 − z3)(x2 − x4) + (x3 − x1)(z2 − z4)] ,

αy
3 = −αy

1, α
y
4 = −αy

2, α
y
5 = −αy

6.
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Äàëåå âûïèñàíû êîýôôèöèåíòû αz
n

αz
1 =

1

6
[(x5 − x6)(y2 − y4) + (y6 − y5)(x2 − x4)] , (25)

αz
2 =

1

6
[(x5 − x6)(y3 − y1) + (y6 − y5)(x3 − x1)] ,

αz
6 =

1

6
[(x1 − x3)(y2 − y4) + (y3 − y1)(x2 − x4)] ,

αz
3 = −αz

1, α
z
4 = −αz

2, α
z
5 = −αz

6.

4 Àïïðîêñèìàöèÿ ïîòîêîâûõ âåëè÷èí

äëÿ êîíòðîëüíîãî îáúåìà ñ ãðàíÿìè

â âèäå òðåóãîëüíèêîâ, ïÿòèóãîëüíèêîâ

è øåñòèóãîëüíèêîâ

Ðàññìîòðèì ïîñëåäîâàòåëüíî âû÷èñëåíèå ïîòîêîâ ÷åðåç ãðàíè ÿ÷ååê â âè-
äå òðåóãîëüíèêîâ, ïÿòèóãîëüíèêîâ è øåñòèóãîëüíèêîâ.

Ïîñòðîèì êîíòðîëüíûé îáúåì äëÿ ãðàíè â âèäå òðåóãîëüíèêà 123 (Ðèñ. 4).
Çíà÷åíèå ïðîèçâîäíîé ôóíêöèè f(x, y, z) ïî ïåðåìåííîé x â öåíòðå ãðàíè 123
âû÷èñëÿåòñÿ êàê ñóììà àëãåáðàè÷åñêèõ âûðàæåíèé ñîîòâåòñòâóþùèõ øåñòè
ãðàíåé àíàëîãè÷íî (21)

∂f

∂x
=

1

V6

6
∑

m=1

nmxSmfm. (26)

Ïëîùàäü ãðàíè è îáúåì ñîîòâåòñòâóþùåãî êîíòðîëüíîãî îáúåìà âû÷èñëÿþò-
ñÿ ÷åðåç âåêòîðíîå è ñìåøàííîå ïðîèçâåäåíèÿ ñîîòâåòñòâåííî

S123 =
1

2
|12× 13| , V6 =

1

6
((12× 13) · 45) . (27)

Äàëåå ïðèâîäÿòñÿ ïëîùàäè è åäèíè÷íûå íîðìàëè ñîîòâåòñòâóþùèõ ãðàíåé

S124 =
1

2
|14× 12| ,n124 =

14× 12

2S124

, (28)

S234 =
1

2
|24× 23| ,n234 =

24× 23

2S234

,

S314 =
1

2
|34× 31| ,n314 =

34× 31

2S314

,
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Ðèñ. 4. Êîíòðîëüíûé îáúåì ñ ãðàíÿìè â âèäå òðåóãîëüíèêà

S152 =
1

2
|12× 15| ,n152 =

12× 15

2S152

,

S253 =
1

2
|23× 25| ,n253 =

23× 25

2S253

,

S351 =
1

2
|31× 35| ,n351 =

31× 35

2S351

.

Äàëåå ïðåäñòàâëåíû âûðàæåíèÿ äëÿ âñåõ øåñòè ãðàíåé êîíòðîëüíîãî îáúåìà

124 : n124xS124f124 =
f1 + f2 + f4

3

(y4 − y1)(z2 − z1)− (z4 − z1)(y2 − y1)

2
, (29)

234 : n234xS234f234 =
f2 + f3 + f4

3

(y4 − y2)(z3 − z2)− (z4 − z2)(y3 − y2)

2
,

314 : n314xS314f314 =
f1 + f3 + f4

3

(y4 − y3)(z1 − z3)− (z4 − z3)(y1 − y3)

2
,

152 : n152xS152f152 =
f1 + f2 + f5

3

(y2 − y1)(z5 − z1)− (z2 − z1)(y5 − y1)

2
,

253 : n253xS253f253 =
f2 + f3 + f5

3

(y3 − y2)(z5 − z2)− (z3 − z2)(y5 − y2)

2
,
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351 : n351xS351f351 =
f1 + f3 + f5

3

(y1 − y3)(z5 − z3)− (z1 − z3)(y5 − y3)

2
,

Çíà÷åíèå ôóíêöèè f(x, y, z) ïî ïåðåìåííîé x â öåíòðå ãðàíè 123 ñ ñóììèðî-
âàíèåì ïî 5 âåðøèíàì ñîîòâåòñòâóþùåãî êîíòðîëüíîãî îáúåìà âû÷èñëÿåòñÿ
êàê

∂f

∂x
=

1

V6

5
∑

n=1

αx
nfn, (30)

ãäå êîýôôèöèåíòû αx
n âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

αx
1 =

1

6
[(z5 − z4)(y2 − y3) + (y4 − y5)(z2 − z3)] , (31)

αx
2 =

1

6
[(y4 − y5)(z3 − z1) + (z5 − z4)(y3 − y1)] ,

αx
3 =

1

6
[(y4 − y5)(z1 − z2) + (z5 − z4)(y1 − y2)] ,

αx
4 =

1

6
[z1(y2 − y3) + z2(y3 − y1) + z3(y1 − y2)] ,

αx
5 =

1

6
[z1(y3 − y2) + z2(y1 − y3) + z3(y2 − y1)] ,

αx
5 = −αx

4 .

Àíàëîãè÷íî âû÷èñëÿþòñÿ çíà÷åíèÿ ôóíêöèè f(x, y, z) ïî ïåðåìåííûì y è z.
Êîýôôèöèåíòû αy

n âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

αy
1 =

1

6
[(x5 − x4)(z2 − z3) + (z4 − z5)(x2 − x3)] , (32)

αy
2 =

1

6
[(z4 − z5)(x3 − x1) + (x5 − x4)(z3 − z1)] ,

αy
3 =

1

6
[(z4 − z5)(x1 − x2) + (x5 − x4)(z1 − z2)] ,

αy
4 =

1

6
[x1(z2 − z3) + x2(z3 − z1) + x3(z1 − z2)] ,

αy
5 = −αy

4.

Êîýôôèöèåíòû αz
n âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

αz
1 =

1

6
[(y5 − y4)(x2 − x3) + (x4 − x5)(y2 − y3)] , (33)
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Ðèñ. 5. Êîíòðîëüíûé îáúåì ñ ãðàíÿìè â âèäå ïÿòèóãîëüíèêà

αz
2 =

1

6
[(x4 − x5)(y3 − y1) + (y5 − y4)(x3 − x1)] ,

αz
3 =

1

6
[(x4 − x5)(y1 − y2) + (y5 − y4)(x1 − x2)] ,

αz
4 =

1

6
[y1(x2 − x3) + y2(x3 − x1) + y3(x1 − x2)] ,

αz
5 = −αz

4.

Ïîñòðîèì êîíòðîëüíûé îáúåì äëÿ ãðàíè â âèäå ïÿòèóãîëüíèêà 12345
(Ðèñ. 5). Çíà÷åíèå ïðîèçâîäíîé ôóíêöèè f(x, y, z) ïî ïåðåìåííîé x â öåíòðå
ãðàíè 12345 âû÷èñëÿåòñÿ êàê ñóììà àëãåáðàè÷åñêèõ âûðàæåíèé ñîîòâåòñòâó-
þùèõ äåñÿòè ãðàíåé àíàëîãè÷íî (21)

∂f

∂x
=

1

V7

10
∑

m=1

nmxSmfm. (34)

Ïëîùàäü ãðàíè è îáúåì ñîîòâåòñòâóþùåãî êîíòðîëüíîãî îáúåìà âû÷èñëÿþò-
ñÿ ÷åðåç âåêòîðíîå è ñìåøàííîå ïðîèçâåäåíèÿ ñîîòâåòñòâåííî

S12345 =
1

2
|12× 13+ 13× 14+ 14× 15| , (35)
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V7 =
1

6
((12× 13+ 13× 14+ 14× 15) · 67) .

Äàëåå ïðèâîäÿòñÿ ïëîùàäè è åäèíè÷íûå íîðìàëè ñîîòâåòñòâóþùèõ ãðàíåé

S126 =
1

2
|16× 12| ,n126 =

16× 12

2S126

, (36)

S236 =
1

2
|26× 23| ,n236 =

26× 23

2S236

,

S346 =
1

2
|36× 34| ,n346 =

36× 34

2S346

,

S456 =
1

2
|46× 45| ,n456 =

46× 45

2S456

,

S516 =
1

2
|56× 51| ,n516 =

56× 51

2S516

,

S127 =
1

2
|12× 17| ,n127 =

12× 17

2S127

,

S237 =
1

2
|23× 27| ,n237 =

23× 27

2S237

,

S347 =
1

2
|34× 37| ,n347 =

34× 37

2S347

,

S457 =
1

2
|45× 47| ,n457 =

45× 47

2S457

,

S157 =
1

2
|51× 57| ,n157 =

51× 57

2S157

.

Äàëåå ïðåäñòàâëåíû âûðàæåíèÿ äëÿ âñåõ äåñÿòè ãðàíåé êîíòðîëüíîãî îáúåìà

126 : n126xS126f126 =
f1 + f2 + f6

3

(y6 − y1)(z2 − z1)− (z6 − z1)(y2 − y1)

2
, (37)

236 : n236xS236f236 =
f2 + f3 + f6

3

(y6 − y2)(z3 − z2)− (z6 − z2)(y3 − y2)

2
,

346 : n346xS346f346 =
f3 + f4 + f6

3

(y6 − y3)(z4 − z3)− (y4 − y3)(z6 − z3)

2
,

456 : n456xS456f456 =
f4 + f5 + f6

3

(y6 − y4)(z5 − z4)− (y5 − y4)(z6 − z4)

2
,

516 : n516xS516f516 =
f5 + f1 + f6

3

(y6 − y5)(z1 − z5)− (z6 − z5)(y1 − y5)

2
,

127 : n127xS127f127 =
f1 + f2 + f7

3

(y2 − y1)(z7 − z1)− (z2 − z1)(y7 − y1)

2
,
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237 : n237xS237f237 =
f2 + f3 + f7

3

(y3 − y2)(z7 − z2)− (z3 − z2)(y7 − y2)

2
,

347 : n347xS347f347 =
f3 + f4 + f7

3

(y4 − y3)(z7 − z3)− (z4 − z3)(y7 − y3)

2
,

457 : n457xS457f457 =
f4 + f5 + f7

3

(y5 − y4)(z7 − z4)− (z5 − z4)(y7 − y4)

2
,

157 : n157xS157f157 =
f1 + f5 + f7

3

(y1 − y5)(z7 − z5)− (z1 − z5)(y7 − y5)

2
.

Çíà÷åíèå ôóíêöèè f(x, y, z) ïî ïåðåìåííîé x â öåíòðå ãðàíè 12345 ñ ñóììèðî-
âàíèåì ïî 7 âåðøèíàì ñîîòâåòñòâóþùåãî êîíòðîëüíîãî îáúåìà âû÷èñëÿåòñÿ
êàê

∂f

∂x
=

1

V7

7
∑

n=1

αx
nfn, (38)

ãäå êîýôôèöèåíòû αx
n âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

αx
1 =

1

6
[(z7 − z6)(y2 − y5) + (y6 − y7)(z2 − z5)] ,(39)

αx
2 =

1

6
[(y6 − y7)(z3 − z1) + (z7 − z6)(y3 − y1)] ,

αx
3 =

1

6
[(y6 − y7)(z4 − z2) + (z7 − z6)(y4 − y2)] ,

αx
4 =

1

6
[(y6 − y7)(z5 − z3) + (z7 − z6)(y5 − y3)] ,

αx
5 =

1

6
[(z7 − z6)(y1 − y4) + (y6 − y7)(z1 − z4)] ,

αx
6 =

1

6
[z1(y2 − y5) + z2(y3 − y1) + z3(y4 − y2) + z4(y5 − y3) + z5(y1 − y4)] ,

αx
7 = −αx

6 .

Àíàëîãè÷íî âû÷èñëÿþòñÿ çíà÷åíèÿ ôóíêöèè f(x, y, z) ïî ïåðåìåííûì y è z.
Êîýôôèöèåíòû αy

n âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

αy
1 =

1

6
[(x7 − x6)(z2 − z5) + (z6 − z7)(x2 − x5)] ,(40)

αy
2 =

1

6
[(z6 − z7)(x3 − x1) + (x7 − x6)(z3 − z1)] ,

αy
3 =

1

6
[(z6 − z7)(x4 − x2) + (x7 − x6)(z4 − z2)] ,
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αy
4 =

1

6
[(z6 − z7)(x5 − x3) + (x7 − x6)(z5 − z3)] ,

αy
5 =

1

6
[(x7 − x6)(z1 − z4) + (z6 − z7)(x1 − x4)] ,

αy
6 =

1

6
[x1(z2 − z5) + x2(z3 − z1) + x3(z4 − z2) + x4(z5 − z3) + x5(z1 − z4)] ,

αy
7 = −αy

6.

Êîýôôèöèåíòû αz
n âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

αz
1 =

1

6
[(y7 − y6)(x2 − x5) + (x6 − x7)(y2 − y5)] ,(41)

αz
2 =

1

6
[(x6 − x7)(y3 − y1) + (y7 − y6)(x3 − x1)] ,

αz
3 =

1

6
[(x6 − x7)(y4 − y2) + (y7 − y6)(x4 − x2)] ,

αz
4 =

1

6
[(x6 − x7)(y5 − y3) + (y7 − y6)(x5 − x3)] ,

αz
5 =

1

6
[(y7 − y6)(x1 − x4) + (x6 − x7)(y1 − y4)] ,

αz
6 =

1

6
[y1(x2 − x5) + y2(x3 − x1) + y3(x4 − x2) + y4(x5 − x3) + y5(x1 − x4)] ,

αz
7 = −αz

6.

Ïîñòðîèì êîíòðîëüíûé îáúåì äëÿ ãðàíè â âèäå øåñòèóãîëüíèêà 123456
(Ðèñ. 6). Çíà÷åíèå ïðîèçâîäíîé ôóíêöèè f(x, y, z) ïî ïåðåìåííîé x â öåíòðå
ãðàíè 123456 âû÷èñëÿåòñÿ êàê ñóììà àëãåáðàè÷åñêèõ âûðàæåíèé ñîîòâåò-
ñòâóþùèõ äâåíàäöàòè ãðàíåé àíàëîãè÷íî (21)

∂f

∂x
=

1

V8

12
∑

m=1

nmxSmfm. (42)

Ïëîùàäü ãðàíè è îáúåì ñîîòâåòñòâóþùåãî êîíòðîëüíîãî îáúåìà âû÷èñëÿþò-
ñÿ ÷åðåç âåêòîðíîå è ñìåøàííîå ïðîèçâåäåíèÿ ñîîòâåòñòâåííî

S12345678 =
1

2
|12× 13+ 13× 14+ 14× 15+ 15× 16| , (43)

V8 =
1

6
((12× 13+ 13× 14+ 14× 15+ 15× 16) · 78) .
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Ðèñ. 6. Êîíòðîëüíûé îáúåì ñ ãðàíÿìè â âèäå øåñòèóãîëüíèêà

Äàëåå ïðèâîäÿòñÿ ïëîùàäè è åäèíè÷íûå íîðìàëè ñîîòâåòñòâóþùèõ ãðàíåé

S176 =
1

2
|67× 61| ,n176 =

67× 61

2S176

, (44)

S172 =
1

2
|17× 12| ,n172 =

17× 12

2S172

,

S273 =
1

2
|27× 23| ,n273 =

27× 23

2S273

,

S374 =
1

2
|37× 34| ,n374 =

37× 34

2S374

,

S475 =
1

2
|47× 45| ,n475 =

47× 45

2S475

,

S576 =
1

2
|57× 56| ,n576 =

57× 56

2S576

,

S186 =
1

2
|61× 68| ,n186 =

61× 68

2S186

,

S182 =
1

2
|12× 18| ,n182 =

12× 18

2S182

,
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S283 =
1

2
|23× 28| ,n283 =

23× 28

2S283

,

S384 =
1

2
|34× 38| ,n384 =

34× 38

2S384

,

S485 =
1

2
|45× 48| ,n485 =

45× 48

2S485

,

S586 =
1

2
|56× 58| ,n586 =

56× 58

2S586

.

Äàëåå ïðåäñòàâëåíû âûðàæåíèÿ äëÿ âñåõ äâåíàäöàòè ãðàíåé êîíòðîëüíîãî
îáúåìà

176 : n176xS176f176 =
f1 + f7 + f6

3

(y7 − y6)(z1 − z6)− (z7 − z6)(y1 − y6)

2
, (45)

172 : n172xS172f172 =
f1 + f7 + f2

3

(y7 − y1)(z2 − z1)− (z7 − z1)(y2 − y1)

2
,

273 : n273xS273f273 =
f2 + f7 + f3

3

(y7 − y2)(z3 − z2)− (z7 − z2)(y3 − y2)

2
,

374 : n374xS374f374 =
f3 + f7 + f4

3

(y7 − y3)(z4 − z3)− (z7 − z3)(y4 − y3)

2
,

475 : n475xS475f475 =
f4 + f7 + f5

3

(y7 − y4)(z5 − z4)− (z7 − z4)(y5 − y4)

2
,

576 : n576xS576f576 =
f5 + f7 + f6

3

(y7 − y5)(z6 − z5)− (z7 − z5)(y6 − y5)

2
,

186 : n186xS186f186 =
f1 + f8 + f6

3

(y1 − y6)(z8 − z6)− (z1 − z6)(y8 − y6)

2
,

182 : n182xS182f182 =
f1 + f8 + f2

3

(y2 − y1)(z8 − z1)− (z2 − z1)(y8 − y1)

2
,

283 : n283xS283f283 =
f2 + f8 + f3

3

(y3 − y2)(z8 − z2)− (y8 − y2)(z3 − z2)

2
,

384 : n384xS384f384 =
f3 + f8 + f4

3

(y4 − y3)(z8 − z3)− (y8 − y3)(z4 − z3)

2
,

485 : n485xS485f485 =
f4 + f8 + f5

3

(y5 − y4)(z8 − z4)− (z5 − z4)(y8 − y4)

2
,

586 : n586xS586f586 =
f5 + f8 + f6

3

(y6 − y5)(z8 − z5)− (z6 − z5)(y8 − y5)

2
.

Çíà÷åíèå ôóíêöèè f(x, y, z) ïî ïåðåìåííîé x â öåíòðå ãðàíè 123456 ñ ñóì-
ìèðîâàíèåì ïî 8 âåðøèíàì ñîîòâåòñòâóþùåãî êîíòðîëüíîãî îáúåìà âû÷èñ-
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ëÿåòñÿ êàê

∂f

∂x
=

1

V8

8
∑

n=1

αx
nfn, (46)

ãäå êîýôôèöèåíòû αx
n âû÷èñëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

αx
1 =

1

6
[(y7 − y8)(z2 − z6) + (z8 − z7)(y2 − y6)] , (47)

αx
2 =

1

6
[(y7 − y8)(z3 − z1) + (z8 − z7)(y3 − y1)] ,

αx
3 =

1

6
[(y7 − y8)(z4 − z2) + (z8 − z7)(y4 − y2)] ,

αx
4 =

1

6
[(y7 − y8)(z5 − z3) + (z8 − z7)(y5 − y3)] ,

αx
5 =

1

6
[(y7 − y8)(z6 − z4) + (z8 − z7)(y6 − y4)] ,

αx
6 =

1

6
[(y7 − y8)(z1 − z5) + (z8 − z7)(y1 − y5)] ,

αx
7 =

1

6
[z1(y2 − y6) + z2(y3 − y1) + z3(y4 − y2) + z4(y5 − y3)+

+z5(y6 − y4) + z6(y1 − y5)] ,

αx
8 = −αx

7 .

Äëÿ âû÷èñëåíèÿ αy
n â ôîðìóëàõ (47) íåîáõîäèìî z çàìåíèòü íà x, à y çàìåíèòü

íà z. Äëÿ âû÷èñëåíèÿ αz
n â ôîðìóëàõ (47) íåîáõîäèìî y çàìåíèòü íà x, à z

çàìåíèòü íà y.

5 Ïðèìåð ðàñ÷åòà è çàêëþ÷åíèå

Â êà÷åñòâå ïðèìåðà ïðåäñòàâëåí ðåçóëüòàò ðàñ÷åòà íåâÿçêîãî îáòåêàíèÿ
ïëîñêîãî óñòóïà â êàíàëå äëÿ ÷èñëà Ìàõà ðàâíîãî 3 íà ìîìåíò áåçðàçìåðíîãî
âðåìåíè 4.

Íà Ðèñ. 7 ïðåäñòàâëåí ðàñ÷åò ïðè àïïðîêñèìàöèè ïðîèçâîäíûõ, ïîëó÷åí-
íûé ïðè èñïîëüçîâàíèè ôîðìóë äëÿ äâóìåðíûõ òå÷åíèé (31) � (33). Èñïîëüçî-
âàíû äâóìåðíûå ïðîñòðàíñòâåííûå ñåòêè tri, ñîñòîÿùèå èç òðåóãîëüíûõ êîí-
òðîëüíûõ îáúåìîâ (triangular). Â ïåðâûõ ðàñ÷åòàõ äëÿ àïïðîêñèìàöèè ïðî-
ñòðàíñòâåííûõ ïðîèçâîäíûõ â âûðàæåíèÿõ äëÿ ïîòîêîâ ïðèìåíÿëñÿ ìåòîä
íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ), êîòîðûé âñòðîåí â ñòðóêòóðó OpenFOAM.

Äëÿ àíàëèçà ýôôåêòèâíîñòè íîâûõ àïïðîêñèìàöèé ïðîâîäèëèñü ðàñ÷å-
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Ðèñ. 7. Ïðèìåð ðàñ÷åòà ñ èñïîëüçîâàíèåì ïîñòðîåííîé àïïðîêñèìàöèè

òû íà ñåòêàõ quad (quadrilateral)(äâóìåðíàÿ ñåòêà, ñîñòîÿùàÿ èç ÷åòûðåõ-
óãîëüíûõ êîíòðîëüíûõ îáúåìîâ, âåðøèíû êîòîðûõ íå âûðàâíåíû âäîëü îñåé
êîîðäèíàò), hex (hexagonal)(äâóìåðíàÿ ñåòêà, ñîñòîÿùàÿ èç ïðÿìîóãîëüíûõ
êîíòðîëüíûõ îáúåìîâ), poly (polygonal) (äâóìåðíàÿ ñåòêà, ñîñòîÿùàÿ èç øå-
ñòèóãîëüíûõ êîíòðîëüíûõ îáú¼ìîâ).

Ðàñ÷åòû, âûïîëíåííûå äëÿ îáîèõ àëãîðèòìîâ íà ñåòêàõ quad, hex è poly
ïîêàçûâàþò, ÷òî äëÿ äâóìåðíîãî òå÷åíèÿ îòëè÷èÿ â äâóõ àëãîðèòìàõ ìàëû,
âðåìåíà ðàñ÷åòîâ îòëè÷àþòñÿ ìàëî.

Ïî òî÷íîñòè ðàñ÷åòà îáà âàðèàíòà àïïðîêñèìàöèè (ÌÍÊ è íîâàÿ àïïðîê-
ñèìàöèÿ) òàêæå äàþò î÷åíü áëèçêèå ðåçóëüòàòû, ïîýòîìó ïðèâåäåí òîëüêî
îäèí ðèñóíîê.

Ïðàêòèêà ðàñ÷åòîâ ïîêàçûâàåò, ÷òî äëÿ ñóùåñòâåííî íåðàâíîìåðíûõ ñå-
òîê è ñåòîê ñ "èñêàæåííûìè" ÿ÷åéêàìè èñïîëüçîâàíèå íîâîé àïïðîêñèìàöèè
ïîçâîëÿåò ïîâûñèòü óñòîé÷èâîñòü ÷èñëåííîãî àëãîðèòìà. Îæèäàåòñÿ, ÷òî íî-
âàÿ àïïðîêñèìàöèÿ ïîçâîëèò óâåëè÷èòü ýôôåêòèâíîñòü ðàñïàðàëëåëèâàíèÿ
àëãîðèòìà.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü Ò.Ã. Åëèçàðîâîé çà ïðèâëå÷åíèå âíèìà-
íèÿ ê äàííîé òåìàòèêå è Ì.Â. Êðàïîøèíó çà ïðîâåäåíèå âåðèôèêàöèîííûõ
ðàñ÷åòîâ.
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