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Abstract: Were considered transcendental equations with trigonometric and hyperbolic
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1. Introduction

Transcendental equations often arise when solving spectral problems for differ-
ential equations, for example, [1]. In the paper [2] were studied equation

cos p sinh p + sin g cosh p = 0 (1)
(or tanpu = —tanhp) and others. For positive roots of equation (1) were
obtained formula u; = —7/4 + 7wk 4 €, where g > 0, klim e = 0.
— 00

In this paper we consider a more general equations than equation (1), and
we obtain more accurate two-sided estimates for their roots.

Received: February 5, 2018
Revised: August 10, 2018
Published: August 13, 2018

(© 2018 Academic Publications, Ltd.

url: www.acadpubl.eu

§Correspondence author



60 A.A. Gimaltdinova, E.P. Anosova, O.V. Potanina

2. Transcendental equations
Consider equation
tan(az) = — tanh(bz), a, b > 0. (2)

Theorem 1. The equation (2) has a countable set of roots which consists
of zero, real numbers

Zlgl)v(Q) -+ (_1 + Ek‘ + Ek) , ieﬂ/Q(lfb/a)ef%rk <ep < leﬂ/26727rk’
a 4a 2a

and purely imaginary numbers

1
Z](€3)7(4) - 44 (_41[) + %k-l—é%) ’ 4_be7r/2(1—a/b)e—27rk: < 5.2: < 2£b67r/2€—27rk:’

where k = 1,2, ....

Proof. Obviously z =0 is a root of (2). Let z =x + iy, z #0.
Case 1. Let y = 0 then

tan(ax) = — tanh(bx). (3)

We see from the graphics of functions fi(x) = tan(axz) and fo(z) = — tanh(bx)
that equation (3) has a single root zj, in each interval
(—m/(2a) + 7k/a,7k/a) and

s

k= 4a

+ Ek-i—ék,
a

where e > 0, epy1 < e, 61 <7/(4a), k=1,2, ...
Then for the values x; we have

1+ tan(azy) = 1 — tanh(bxy),

tan% + tan (— % + 7k + agy) = 1 — tanh(s + bey),
where s = —m/4 4 wk. Then

tanh s + tanh(bey,)
1 + tanh s - tanh(bey)’

T T
tanz—tan(z—aek) =1-

sin(aey,) (1 — tanh s)(1 — tanh(bey))

cosm/4 cos(m/4 —asg) 1+ tanhs-tanh(bey)
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The left side of the equation is bounded from below and from above. On the
one hand we have

2v2

sin(aey) “Sagy  4dagy
= , if 0 <ep < 4a).
cos /4 cos(m/4 — agy,) @ 1 _— ek < m/(4a)
Then
e < ™ (1 —tanhs)(1 — tanh(bey)) m 2e725 .1
> 4a 1+ tanhs- tanh(bey,) da 1

T 95 _ T r/2—2rk 4
<3¢ 2a° ' )

On the other hand we have

sin(aeyg) < Ok 9
= 2a¢ey.
cos /4 cos(m/4 — aey) (@)2 F

Then
- 1 (1 —tanhs)(1 — tanh(bey)) 1 e 25e2b%k -
6 —_ —_
F 7 2 1 + tanh s - tanh(bey,) 2a 2
L jo—omk—br/(20) _ L x/2(1—bja) —2rk
_ = _ . )
> e e e (5)

In obtaining estimates (4) and (5) were used obvious inequality e~2* <
1 —tanhx < 2e72%, 2 > 0.
So

™
da
where 1/(4a)e™207b/0) =27k < o < 1/(2a)e™/ 227k,

Case 2. If © = 0 then tan(aiy) = — tanh(biy) or tanh(ay) = —tan(by). In
this case we obtain

™
T = +—k+€k,
a

r.T
4b b

where 1/(8b)e™/2e™2™% < i < 71/(2b)e™/2e7k | =1,2, ...
Case 3. It can be shown that equation (2) has no other complex roots
x = x + 1y except those found in Case 2. It is proved similarly [2]. O

Y = k—l—E;c,

Next, consider equation
cos(az) cosh(bz) =1, a, b> 0. (6)

In his book [3], Rayleigh found 6 positive roots of the simpler equation
cosmcoshm = 1 and obtained an approximate formula for large values m; ~
wk + /2.
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Theorem 2. The equation (6) has a countable set of roots which consists
of zero, real numbers =z, and purely imaginary numbers =iz, where

T, k-1
zr=—+—-k+ (-1 €
pm o Tk (1) e,
where 1
_efbﬂ/2a 672b7rn/a < g9y < 7T efbﬂ/lla 672b7rn/a’
a a
1 us
_6—3b7r/4a e—bﬂ(?n—l)/a < Eon_1 < €—b7r/2a €—b7r(2n—1)/a’
a a\/§
n=12, ...

Proof. Obviously z = 0 is a root of (6). Let z = = + iy, z # 0.
Case 1. Let y = 0 then

cos(ax) cosh(bxr) = 1. (7)

We see from the graphics of functions fi(z) = cos(az) and fa(z) = 1/ cosh(bx)
that equation (7) has next roots:
™

Tk = 2a

+ %k + (= 1)Fey,

where e, > 0, g1 < e, 61 <7/(4a), k=1, 2, ....
Then we substitute the values xj, into (7):

m 1
cos (= 4+ 7k + (=1 Lae ): ,
(2 (=1 g cosh(3Z + B2k 4 (—1)k-1pgy,)
) = ! _bm bk
sk = cosh(s + (—=1)F=1bey)’ T e
i) If k = 2n (even number) then
1

SIH(CLEQH) = m .

On the one hand we have

2a\/2

. T
sin(agg,) > ——e9,, because g < ia for all k.
s a

Then
T 1 T 1

“on S 2a+/2 cosh(s — beay,) = 2a+/2 cosh(s — brr/4a

)<
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s s _ _
_ e b7r/4ae 2b7rn/a'

< =
a\/iesfbﬂ/lla a\/i

On the other hand we have sin(aeg,) < aggy,. Then

1 1 1

- > _ le—bﬂ/Qae—Qbﬂn/a
acosh(s — beay,) = acoshs a

Eop >

And we obtain the estimate

le—bﬂ/2a€—2bﬂn/a<€2n< 7T €—b7r/4a€—2b7rn/a'

a a\/§
ii) If £ = 2n — 1 (odd number) then

1
cosh(s + begp—1)’

sin(ae%,l ) =

On the one hand we have

Sin(CLEanl) > Eom—1-

2a\/2
T

Then

7T 1 T 1 T B 3
€op—1 < < — e—bm/2a ,—~br(2n—1)/a

2ay/2 cosh(s + bean—1)  2a4/2 coshs  av/2

On the other hand we have sin(aeg,—1) < ago,—1. Then

1 1 1 _ le—3b7r/4ae—b7r(2n—l)/a'

- >
a cosh(s + begp—1) = acosh(s +br/da) a

Eon >

And we obtain the inequality

le—3b7r/4a6—b7r(2n—l)/a<€2n71 < 7T e—bﬂ/?ae—bﬂ(Qn—l)/a'

a av2

Case 2. If x = 0 then cos(iay) cosh(iby) = 1 or cos(ay) cosh(by) = 1 and we
have case 1.

Case 3. Now we prove that equation (6) doesn’t have other complex roots.
Let z =z +iy, © # 0, y # 0. From (6) we have

{ cos(ax) cos(by) cosh(ay) cosh(bz) + sin(ax) sin(by) sinh(ay) sinh(bz) = 1,
sin(ax) cos(by) sinh(ay) cosh(bx) — cos(ax) sin(by) cosh(ay) sinh(bz) = 0 «©
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or
cos(ax — by) cosh(ay + bx) + cos(ax + by) cosh(ay — bx) = 2,
sin(ax + by) sinh(ay — bx) + sin(ax — by) sinh(ay + bz) = 0.

If we indicate ax — by = n, ay + bx = m, ax + by = p, ay — bx =t then

cosn coshm + cosp cosht = 2,
sinp sinh ¢ 4 sinn sinhm = 0.

From last system we receive (cosht — cosp)? = (cosn — coshm)?. Further
cosht — cosp = cosn — coshm or cosht — cosp = coshm — cosn. In the
first case we have cosht + coshm = cosp + cosn and cosht + coshm > 2,
cosp + cosn < 2 ie cosht = coshm = cosp =cosn =1 then x =y =0.

In the second case we have cosht — coshm = cosp —cosn ie
sinh(t +m)/2 - sinh(t —m)/2 = sin(n + p)/2 - sin(n — p) /2.

Then

sinh(ay) sinh(bz) = sin(ax) sin(by). 9)

We can verify that the values © = 7n/a are not solutions of the system (8) for
any y. Therefore, we can obtain the equivalent equation from (9):

asinh(bz)  asin(by)

bsin(ax)  bsinh(ay) (10)

It can be proved that for function f(x) = issllrlll}(ls;x)) with  # 7n/a we have
|f(x)] > 1, but for function g(y) = basislilr}ll((lfy)) with y # 0 we have |g(y)| < 1. So
equation (10) doesn’t have roots. O

3. Corollary

As we see from these equations this method of estimating of roots can be applied
to equations with trigonometric and hyperbolic functions.
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