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ABOUT STABILITY OF EQUILIBRIUM SHAPES

MARC DAMBRINE! AND MICHEL PIERRE!

Abstract. We discuss the stability of “critical” or “equilibrium” shapes of a shape-dependent energy
functional. We analyze a problem arising when looking at the positivity of the second derivative in
order to prove that a critical shape is an optimal shape. Indeed, often when positivity -or coercivity-
holds, it does for a weaker norm than the norm for which the functional is twice differentiable and
local optimality cannot be a priori deduced. We solve this problem for a particular but significant
example. We prove “weak-coercivity” of the second derivative uniformly in a “strong” neighborhood
of the equilibrium shape.

Résumé. Nous nous intéressons 3 la stabilité des formes critiques ou d’“équilibre” d’une énergie
dépendant de la forme. Dans le but de montrer qu'une forme critique est une forme optimale, nous
étudions la positivité de la dérivée seconde. En effet, quand elle a lieu, la coercivité n’est vraie que
dans une norme plus faible que celle pour laquelle I’énergie est différentiable: I'optimalité locale ne
peut donc pas en étre déduite a priori. Nous résolvons cette difficulté dans un cas particulier mais
néanmoins significatif. Nous établissons de la “coercivité faible” de la dérivée seconde uniformément
dans un voisinage “fort” de la forme d’équilibre.
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1. INTRODUCTION

We consider here the question of stability of equilibrium shapes which can be stated as follows. Let 2 — E(Q)
be a real valued functional defined on a family O of subsets Q of R™. Let Qy be an equilibrium shape for E(.),
that is a shape at which the first derivative of E(.) on O vanishes (we also say “critical shape”, see below for a
precise definition). By stability, we mean that E(€) is a strict local extremum, say a minimum, that is

E(Q) < E(Q) (1.1)

for all Q close enough to €y and in O. If E(.) represents the total energy in some shape equilibrium problem,
this definition coincides with the classical notion of stability.

One of the difficulties is to understand properly the meaning of “being close to £y” and therefore to choose
the right topology on O. One of the classical techniques is then to compute the second derivative of E(.) at
Qo and to prove that it is strictly positive. However, in many applications, one is led to a situation where
the second derivative of E(.) at g is coercive (i.e. strictly positive) for a certain norm which turns out to be
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weaker than the norm for which differentiability and Taylor formula hold. Consequently, the existence of a local
minimum does not follow, even for the stronger topology. In order to show what could happen, let us consider
an elementary example of such a situation (not taken from shape optimization). Let L?(0,1) and H}(0,1) be
equipped with their usual norm and recall that || - [|z2 < |[ - |[zz. Consider the functional defined as

B(u) = l[ullZ20,1) = llullfza 0,1
One can check that E is twice differentiable in H} and that
E'(0) =0, Vh € Hy(0,1), E"(0).(h, h) = 2[|h][72(0 1)-
Therefore, E”(0) is coercive for the weaker norm L?. This yields some “weak stability”: indeed, there is a local
minimum in each direction u—0 € Hj since, for ¢t € R, E(tug) = t*(||uo||2 — t*||uol|3;1 ). However, there is no
0
local minimum for E, even for the strong topology, since there is no r > 0 such that

HUHHg(o,U <r = E(u) > E(0)=0ie. HUH%2(0,1) > ||U||§{3(o,1)a
as one can always construct a sequence in H}(0, 1) such that
||Un||H3(o,1) =71/2, |lunlz2(0,1) — 0 when n — +o0.

Our goal is to precisely analyze this difficulty in a particular, but significant situation coming from shape
optimization. Here, the second derivative of F(.) will exist in a C**norm around €, but coercivity will only
hold with respect to the H'/2(9)-norm. This situation is typical in shapes problems. Here we choose E(.)
to be the energy associated with the classical Dirichlet problem and the measure of the admissible domains is
supposed to be given. This model problem arises in many examples: let us for instance mention the case where
E(.) is the total energy in a problem of equilibrium shapes for liquid metals confined in a electro-magnetic
field (see e.g. [1,12,13,15]) We will restrict ourself to a simple two-dimensional model for which stability was
already investigated in [3,7-9,14,19]. The critical shapes we consider are assumed to be regular. Stability of a
critical shape Qp will mean that E(€) is a strict minimum for E(£2) among the admissible domains €2 in some
C?*-neighborhood of Qy with the same measure as ).

We prove here for this problem that stability does occur when H'/2-positivity of the second derivative holds
on the tangent subspace of constraints. The main idea is to compute the second derivative not only at the
equilibrium shape Qg but around € in the C*®-sense and to prove a uniform H'/2(9Qq)-coercivity in a C><-
neighborhood of Q. This yields at least the existence of a local minimum in the C?*-topology. This technique,
while developed here only in a specific case, may actually be used in many other situations like for the “exterior
shaping problem” where the Dirichlet problem is set in the exterior of the shapes, or also when the functional
depends on the perimeter and for more general functional depending on the state and on the gradient of the
state (see [4]). We think that the estimate of the variation of the second derivative is by itself interesting and
might lead to other applications. Note that the above question of choice of topologies was, in particular, raised
in [7].

2. THE PROBLEM AND THE RESULTS

Let k be a given real-valued function with compact support in R? and belonging to the C%(R?) Holder
space (a € (0,1)) and let S > meas(support(k)) be a given constant where meas(.) stands for the Lebesgue
measure. We first define the family O of admissible shapes to be the family of open bounded subsets €2 of R?
with C>“-boundary such that

meas(Q2) = S, (2.1)
support(k) C Q.
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We consider the shaping function E from O into R defined by
E@) =~ [ [Vual,
Q

where |.| denotes here the Euclidian norm and the function uq is the solution of the Dirichlet problem

{ —A’LLQ =k in Q,

uo =0 on 0. (2.3)

Note that E(Q) is, up to a positive constant, the “energy” associated with the Dirichlet problem (2.3) which is

1 1
5/ |V’LLQ|2*/]€’UJQ:7§/ |VUQ|2:7/]€’UJQ,
Q Q Q Q

the above equalities following easily from multiplying (2.3) by uq. Note also that (see e.g. Sect. 4), with the
above regularity assumptions

VQ € O,uq € C**(Q).

We now consider g a critical point of F under the constraint (2.1) that is to say an open set {0y in O where
the derivative of E(2) + A meas(Q)) with respect to €2 vanishes for some A € R. As we will verify later (see
Sect. 5), this means - and we will assume it throughout the paper:

|Vug,|> = A on 9. (2.4)

The constant A is the Lagrange multiplier corresponding to the constraint meas(2) = S. We will recall below
(see beginning of Sect. 3) the definition of the spaces C*% and of their norms.

We want to find sufficient conditions for the stability of )¢ using second derivatives of the augmented
functional J(Q) = E(Q) + A meas(£2). Let us first recall some facts about these derivatives.

Let us denote

V(i) = {0 € C** (R, R2);||© — Idgz|2.0 < 1} (2.5)

Note that, for 7 small enough, any © € V() is a diffeomorphism. For all © € V(n), we set J(0) := J(6()).
Then the second (classical) derivative of J exists and one can show (see e.g. [2,6,16-18,20,21] or also Sect. 5
here) that, since g is a critical shape, the second derivative at © = Id(= Identity) has a specific structure,
namely

V¢ € CP (R, R?), J"(1d)(&,€) = B(& - njan,. & - noa,) (2.6)

where B is a continuous bilinear form on C1*(9p,R), m is the unit exterior normal vector field to 9y and
‘190, denotes the restriction of a function to 9. As we will see in Section 5, in the situation we consider here,
the explicit expression of B is given as follows: set m = & - njsq,, then

B(m,m)=2A Co(m)m +Cm?, (2.7)
Qo

where C denotes the curvature of 92y and Cy denotes the so-called “capacity” or “Steklov-Poincaré” operator
on 9Qy. We refer e.g. to [5] or to Section 5 for a precise definition and properties of this operator but we can
already mention that:

Colm)m = [ V)P

BQQ Q()
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where M is the harmonic extension of m to €y. Consequently, the first part of the integral is always strictly
positive (except if M = 0 which happens only if m is constant on each boundary of the connected components
of Qo)

A necessary condition for stability is that the second derivative of J be positive on the subspace which is
tangent to the constraint, namely the subspace of functions m as above such that f 20, M = 0. Obviously, it is
the case if, for instance, Qg is convex; then B is even coercive in the space H'/2(9€) if A > 0. More general
situations are described in [4,11]. See also more comments on this at the end of this paper.

The question we address here is the converse. For this, one has to assume, as usual, that the second derivative
is strictly positive in some sense. The natural space of coercivity here is H/ 2(09Qp). The question is then the
following: assume that there exists ¢ > 0 such that

vYm € C** (00, R) with m =0, B(m,m)>c ||m||§{1/2(890). (2.8)
Qo

Then, is E(p) a strict local minimum with the constraint (2.1), local at least in the C%*-topology?
We prove here that the answer to this question is positive:

Theorem 2.1 (Ezistence of a local strict minimum). Assume Qg is of class C** and (2.8) holds for some
¢ > 0. Then there exists n > 0 such that for all © in V(n) with meas(©(Qp)) = meas(Qo) and different from
the identity

E(0(Q0)) > E(Q).

The main point in the proof of this result will be contained in Theorem 2.5. In order to state it, we need to
introduce a few notations and to recall some more or less known facts on small regular perturbations of g
and of 0€. Since we are in dimension two, € is a union of ¢ disjoint regular Jordan curves. For simplicity,
we will write the proof when ¢ =1 (i.e. g is simply connected). The changes needed in the general case are
obvious (see the remark at the end of Sect. 2.2 or also [4]).

Let v denote a function in C*<([0, L], R?), with k& > 2, whose image is 9, that is

([0, L]) = 9€0,7(0) = v(L),
~ is one-to-one from [0, L) into 99,
Vs € [0, L, [[V(s)]] = 1.

Here the parameter s is the length parameter and L is the total length of 9Qy. We denote by n the unit exterior
normal derivative to 9. The orientation is chosen so that so that n(y(s)) = R_,/2(7'(s)) where R_. /5 is the
rotation of angle —7/2 in R? or also n(y(s)) = (74(s), —v;(s)) where v = (y1,72). We will often write simply

n(s) =n(y(s)).

For 7 > 0, we denote by 7. the tubular neighborhood of 02y with radius 7, that is

T, = {x € R? distance(z, 0Q) < 7}.

Lemma 2.2 (Normal representation of small perturbations of 9€). Assume 9Qq is of class C*>*. Then, there
exists 71 > 0 such that the mapping

(s,7) €[0,L) X (—71,71) — v(s) + T n(s) € T,
is one-to-one. Moreover, there exists 11 > 0 such that for all © € V(m), there exists a unique dg €
Cho([0, L], (—71,71)) with do(0) = de(L) and such that s — ~y(s) + de(s) n(s) is one-to-one from [0, L)
into ©(0Q0). If 0 is of class C>*, then dg is of class C>* and we have

llde|

2,0 < C|© —1d[[2,a- (2.9)
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Here our goal is to minimize the functional E(.) on open subsets with a prescribed measure. Therefore we want
to go from Qg to O(y) for any © € V(n;) with meas(O(£y)) = meas(€y), by a regular path ¢ € [0,1] — Q(¥)
where meas(€(t)) = meas(€y). This can be done through normal deformations obtained from the flow of a
divergence-free vector field as stated in the next proposition.

We first need to extend the vector-field n to the tubular neighborhood 7., of 9. We do it as follows: if
x € T, there exists (s,7) unique in [0, L) X (—71,71) such that x = 7(s) + 7n(s); then we define n(x) as
n(7y(s)). Thus for all (s,7) € [0,L) x (—71,71),

n(vy(s) + 7n(s)) = n(s). (2.10)
Proposition 2.3 (Area-preserving normal deformations of o). We assume 0 is of class C**. There exist
N2 > 0,72 > 0 such that, for all © € V(n2) with meas(©(Qp)) = meas(o), there exists a divergence-free vector
field Xo € C**(R?,R?) and me € C>%(7,,,R) such that Xo = me n on T,, and the flow ®o of Xeo maps
00y onto ©(00) at time t = 1. Moreover, we have for all t € [0,1],

|Po(t) — Idge|

20 < OO — Idgs|

2,0- (2.11)

Recall that the flow ®g of the vector field X g is the solution of

KPo(t,z) = Xo(Po(t, 7))
Do (0,2) = x.

Since divX g = 0, we have det Pg(t,z) = 1, so that, in particular, meas(Pg(t,y)) = meas(p). We will use

this area-preserving path t — ®g(t, Q) going from Qg to Po(1,2) = O(Qp) and control the variation of E(-)

along this path by studying the second derivative with respect to ¢ of

eo(t) := E(Po(t,Q)).

Lemma 2.4. Assume Qo has a C**-boundary. Then, for all © € V(n2), t — eo(t) is twice differentiable on
[0, 1].

A proof of this lemma can be found in [7] (see also [6,16,20,21]). The main arguments are also given here
while computing e (t) (see Sect. 5).
We can now state our key-result.

Theorem 2.5. Assume 08 is of class C**. Then there exist ng > 0 and a function w :]0,m9] — R with
lifrolw(r) = 0, such that for all n € (0,m9] and all © € V(n) with meas(©(y)) = meas(Qy), we have for all
T

t€l0,1],
|€6(t) — e5(0)] < w(n) [ImellF/2(a0,)- (2.12)

It is easy to guess how Theorem 1 can be deduced from this theorem by application of Taylor formula (see the
end of this paper). The main point is that around the equilibrium shape g, if the positivity condition (2.8)
holds, then the second derivative will actually be H'/2(9Qq)-coercive uniformly in a C*>*-neighborhood of .

The above property depends on the nature of the various terms which come out in the expression of the
second derivative. Obviously, it can be shown to be valid for many other similar functionals like those already
mentioned above (see [4,11]).

With respect to the regularity assumptions, the hypothesis that the critical point should be of class C* is
not a restriction since Henrot and the second author have shown in [13] that if a regular Jordan curve with a
C? boundary is a critical point for this functional, then it is in fact analytic.
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3. PROOFS OF GEOMETRICAL RESULTS

Let us recall the classical definitions of Holder spaces and norms. Let D be an open subset of R, p > 1 and
let ¢ > 1. Then the C?(D,RY)-norm is defined as

[ull2 = [lull Lo (p.ray + sup [|BiullLoe(p ey + sup (107 jull oo (D ma)-
1<i<n 1<i,j<n

For a € (0,1), the Holder space C>%(D,R?) is the subspace of C2-functions such that

167 u(x) — 0 ju(y)|

max sup < 400
1<06,j<n (4 )€ D2, [l =yl ’
TFY

and the C%“-norm is defined as

9% .u(z) — 8% .u
lulloe = llul + max  sup 107 ju(e) — 07 ju(y)ll
7

<63<n (z4)eD2, D|x —y||«
TFY

It gives to C*(D,RY) a Banach space structure. A similar definition may be given for C*(D,R%),k > 0 by
replacing the second derivatives by the kth derivatives.

3.1. Proof of Lemma 2.2.

This is rather classical but we give here an elementary proof whose ingredients will be partly used later in
this paper.

Assume first that 09 is of class C2. Let us consider the mapping T from R x R into R? defined by
T(s,7) = ~(s) + 7 n(s) which is of class C* and L-periodic in s. The derivative of T" at (sg,0) is given by

T'(s0,0) = [7(s0) m(s0)]

so that det T”(sp,0) = —1. By the inverse mapping theorem, T is a local C*-diffeomorphism.

Let us show that, if 7y is small enough, T is also a global bijection from [0, L) X (—71,71) into 7,.

Let 7(s0),n(so) > 0 be such that T is a diffeomorphism from (so — n(s0), so + 1(s0)) X (—7(s0),7(s0)) onto
a neighborhood w(sp) of y(so). Up to still reducing 7(sp), one can also assume that

w(s0) N9 = T ((so — n(so0), s0 + n(s0)) x {0}). (3.1)

Let r(sp) be such that B(y(so),7(s0)) C w(sp). One can find a finite covering of 9 by the union of the
{090 N B(v(s:), 57(54)),8: € [0,L),i = 1...p}. Next we set:

'3
r1:=min{r(s;),i = l..p}, 7 :=min{r1/5,7(s;),i = 1...p}.
Then the announced global bijection property holds. Indeed, assume
~v(s) + 7n(s) =v(8) + 7n(8), with 7,7 € (—71,71),s,5 € [0, L). (3.2)
Then

2 N 1
[v(s) =@ < T7+7 <271 < 3
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Therefore, v(s) and v(8) belong to the same ball B(y(s;),r(s;)). Then, by (3.1), there exist
0,6 € (—n(si) + si, 8 +1(si)),0 = smod (L),6 = § mod (L),

such that

Then, (3.2) can be rewritten

v(0) + 7n(0) =(6) + 7 n(6), with 7,7 € (=71, 71),0,6 € (—n(si) + i, 8; + n(s:))-
By the local bijection property of T, ¢ = 6,7 = 7. Since now = is a bijection from [0, L) onto 9y, s,8 € [0, L)
and y(s) = v(8) imply finally that s = 3.

For the regularity, we know that (5(x),7(x)) = T~ '(x) is of class C* on 7,,. We then easily check that
V7(x) = n(3(z)) (see 3.4 below). Therefore, 7 is of class C! and 7 is of class C? (note that 7 is the distance
function to 9y and it is classical that it has the regularity of 9, see e.g. [10]). If «y is of class C*<, then T
and T~ are of class C¥~1®. So is 7/ so that 7 is of class C*©.

Let us now consider © € V(n1),n1 > 0; recall that © is then of class C*% and that v is assumed to be of class

C*< with k = 2 or 3. The mapping Y (s) = ©(7(s)) is of class C*“ and, if ; is small enough so that Y (s) € T,
for all s, with the previous notations and ¢ (s) := §(Y(s)), one can write

Y(s) =7(¥(s)) + 7(Y(s))n(s(s)). (3.3)

For the regularity, v is of class C¥~1* and 7(Y) of class C>®. Let us check that v is invertible by proving that
its derivative does not vanish. It is given by

W'(s) = §(Y(5))Y'(s).
We can deduce the expression of §' by inverting
T'(s,7) = [y'(s) + 70/ (s) n(s)] (3-4)
and we easily obtain
Vi(z) = —v'(5(z))/det T'(z). (3.5)

Since T is a diffeomorphism, det 77 does not vanish so that ¢’ vanishes if and only if 0 = ~/(s) - Y'(s). It is not
the case if 7; is small enough since

V' (s) - Y'(s) =1 = [Y(s) - (Y'(s) =Y (DI < [Y'(s) =7 ()| < C1|© = 1d[cr

where we used Y’ = DO+’ for the last inequality. Therefore 1 is invertible and is a bijection from [0, L) into
[4(0),1(0) + L). Plugging 1 ~1(s) in place of s into (3.3) leads to

Y (7 (s)) = 7(s) + de(s)n(s) (3.6)

where we set dg(s) = 7(Y (1v"1(s))). We check that dg is of class C*~1,
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We finish the proof of Lemma 2.2 by obtaining the estimate on dg when k = 3. We will use the following
technical lemma whose proof is left to the reader:

Lemma 3.1. Let p,g > 1, A : RP — RP of class C*>%, 3 : R? — RP of class C*>® and B : R? — RP of class
C><. Then, there exists C1 = C1(||B||lc2.«) and Cy = Co(||Bl|¢s.«, ||Allc2.«) such that

[AoBlleza < Cr|Allc2e, (3.7)
[BoA— Blcza <Cof|A—1d|cz.a. (3.8)

Remark. Note that Cy involves the third derivative of B.

We first apply twice the above lemma to bound the C*%norm of ¢ = §(6O(y)) by a constant depending on
the data and on 7; (we use here that § is of class C>® and therefore that 7 is of class C*%). We deduce that
the C%*-norm of ¢~! is also bounded by a similar constant.

Next we apply the above lemma with A = dg(¢)) and 3 =v~! to get

ldellcz.o < l[de(4)lc2.e-
Then we use
do(¥(s)) =ToBoxy(s) =ToBox(s) —Toy(s) =[ToO —T]o~,
and we apply again the first part of the above lemma with A =700 — 7 and 8 = « to obtain
[do 0 ¥llcza < C[|7 00O = 7F[lc2.0.

Finally we use the second part of the above lemma to conclude (recall that by previous remarks, here 7 is of
class C3%).

3.2. Proof of Proposition 2.3

We will construct the function me from R? into R so that X = men be divergence-free. Here, n denotes
the extension of the unit normal to 7, as defined in (2.10). We will use the local coordinates (s, 7) introduced
in Lemma 1 to first define m in a neighborhood of 9. Let us compute div(n) by differentiating

z =7(5(x)) + 7(z)n(z)
with respect to x:

Id = Dv(5(z))D3(x) + n(z)D7(x) + 7(z) Dn(x).

We use the expressions of the derivatives of §,7 obtained above (V3 is given in (3.5) and V7(x) = n(z)) and
we take the trace of the latter equality to get

2= —(detT"(x))"" + 1 + 7(2)div(n)(z).
By using also (see 3.4),
det T'(s,7) = det(y/,n)(s) + tdet(n’,n)(s) = —1 + rdet(n’,n)(s),
we deduce the expression of div(n):

div(n)(s,7) = 7711 4 (detT’) ') = de:é(]l?/l/;:;()s(;)

- (3.9)
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From now on, we introduce the notation a(s) := det(n,n’)(s). Note that a(s) is exactly the curvature at y(s)
of the curve 09 seen from inside. It is of class C>® since 09 is assumed to be of class C*®. An important
remark on (3.9) is that
V(s,7) € Tr,, 1+ 7a(s) >0,
since det 7" # 0 on 7,. We fix 7 € (0,71) (depending only on 02y and 71) such that
V(s,7) € Tp,, 1+ 7a(s) > cp, > 0. (3.10)

For vector fields of the form X = m(s,7)n, we have

. . a(s)m(s, )

X = = _ 11
div (Vm,n) + mdivn = d;m(s,7) + 1+ ra(s) (3.11)

so that X = mn will be divergence-free if it satisfies:
(14 7a(s))drm(s,7) +a(s)m(s,7) = 0. (3.12)

This leads to
f(s)
_ 1

mis.7) = o (313)

where f is to be determined as follows: let © € V(n2) with 7o = min{n;, 72} (where 11, 72 are defined in Lemma 1
and 3.10); then f should be such that the following boundary conditions be satisfied

©(0,000) = 090, D(1,0Q) = O(9) (3.14)
where ®(t,.) is the flow of X, that is the solution of

{ 3@(@@ = X((I)(t,l')), t>07
®(0,2) = =

Since X = mn, the trajectories of ®(¢,x) starting at © = v(s) € 9 are parallel to n, at least for small ¢, so
that

D(t,v(s)) =v(s) + 7(s,t)n(s). (3.15)
The above system reduces to the scalar ordinary differential equation in 7(.,.)
07 (s,t) =m(s, 7(t,8)), (3.16)
and the boundary conditions (3.14) become
7(5,0) =0,7(s,1) = do(s), (3.17)

where dg is defined in Lemma 1. According to (3.13), the equation (3.16) is equivalent to the existence of a
function C(s) such that

%a(s)f(s, 12 4 7(s,1) = F(s)t + C(s). (3.18)
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Now f, C have to satisfy (3.17): the condition 7(s,0) = 0 leads to C(s) = 0 and the other one to

() = ~[5als)do(s)? + do(s)]. (3.19)

It remains to prove that, with this choice of f, the equation (3.18) does have a solution 7(s,t) for ¢t € [0,1]. It
is indeed the case since it is a quadratic equation in 7(s,t) with discriminant

A(t) = 1+ [a(s)?de(s)? + 2a(s)de(s)]t.

This quantity is linear in ¢, nonnegative at ¢ = 0 as well as at ¢t = 1 since:

2

A1) = [a(s)de(s) + 1]

Recall that, by (3.10) and 72 < 11, 14+ a(s)de(s) > ¢.,. We deduce the existence on [0, 1] of a solution to (3.18)
given by

7(s,t) = [ = 1+ /1 +t(a(s)?de(s)? + 2a(s)de(s))] /a(s),if a(s) #0 (3.20)
T(s,t) = tde(s),if a(s)=0. '

At this step, for all © € V(n2), we have constructed a divergence-free vector-field X = mn in the neighbor-
hood 7;, of Qg where m, given by the formulas (3.13, 3.19) is of class C>®. We will now use it to define the
divergence-free vector-field X g on the whole space R? (see also the remark at the end of this paragraph).

We denote by ¢ a C§°(R?, R)-function, identically equal to 1 on 7, and with compact support in 7,. Recall
that ®([0,1] x Q) C T;,. Since div(X) = 0 on 7,,, there exists £ € C>* locally so that X = (,, —&,). But,
as proved e.g. in [13], this is valid globally on 7, since

0—/890(X@,n)—/(mom—/OLm(s,O) ds, (3.21)

as we check below. Then we set

Xo = ((£0)y, —(£0)a)-

Obviously X e coincides with X = mn on 7., and, by construction of m, satisfies all the conclusions of
Proposition 2.3.
To obtain the final estimate on ®g, recall first that, at least on 7 (1)

xo_ 40

I
= T3 7)) = mg0de —de.

By using Lemma 3.1 and the estimate of Lemma 2.2, we deduce
| Xollcza <C|do|lcze < CO —Id|c2.a.
Again by Lemma 3.1

[Xe(Pe(®)lcze < C([|Pe(t)]c2)| Xollcza-

We then deduce the announced estimate on @ from the latter estimates and the fact that ®g is the flow of X g.
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It remains to check (3.21). This is coming from the assumption that meas(0(£2)) = meas({2). Indeed, this
implies

L
0= /0 {(3(s) + de(s)n(s)) A (v(s) + de(s)n(s))" = v(s) Ay(s)'} ds

which gives (we drop the s-dependence)
L
0:/ de(n ANy +~yAn)+dgyAn+dinAn
0

or after integrating the term in d’ by parts and using the notation a(s) introduced before:

L
0 :/ 2de + dga(s).
0

But, according to (3.13, 3.19), this is exactly (3.21).
Remark. About the extension of X outside 7;,: the fact that divX = 0 on 7;, implies that, for any extension

of X to R?, t — meas(®(t,€)) is linear in ¢ since the second derivative vanishes. As ®(1) is a diffeomorphism
and ®(1,0€) = ©(0%), then ®(1,Q) = O(p). Since meas(O(Qp)) = meas(€), then ¢t — meas(P(t, D)) is
constant. Therefore, any extension of X would be convenient for our purpose. This remark is actually to be
used in the general case when 0€ is a finite number of Jordan’s curves and 7, a neighborhood of 9. Then,
if Qg is for instance not connected, we would not be able to extend X as a free-divergence vector field on R2.
3.3. Some more estimates

With the notations of the previous section, we have:
Proposition 3.2. Under the assumption of Proposition 2.3, there exists a constant C' depending only on the
data such that for all © € V(n2) and all t € [0,1]

[me(®e(t)) —mellL20,) < CllmellL200,)[10© = 1d]2,a- (3.22)

[me(®e(t)) —mel /200, < Cllmellm/2o0,)1© —1d]2,a- (3.23)

Proof. Recall (see 3.13, 3.20) that, in terms of local coordinates and with the previous notations

me(®e(t,(5))) ~ me(1(s)) = m(s, 7(5,1) — m(5,0) = F(5)[(1 + (5, hals)) ™ ~ 1], (3.24)
7(s) = m(5,0) = me(+(5)) = ~[3a(s)de(s)” +do(s)]. (3.25)

As a consequence

[me(®e(t,.)) —me ()2 o0 < llme()llz2o0,) sup ] (14 7(s,t)a(s) ™" = 1)].

s€[0,L

We know from (3.10) that 1 + 7(s,t)a(s) is bounded from below by ¢, on {(s,t) € [0, L] x [0,1]}. Therefore,
since (1+7a)™! — 1= —7a/(1 + 7a)

sup [(1+7(s,t)a(s)) ™" = 1)| < e, la]l o sup |7(s, t)|.
s€l0,L] (s,t)€[0,L]x[0,1]
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Using (3.20), we bound 7 from above by
7(s, )| < la(s)lde(s)® + 2lde(s)| < Cllde|l < C||© —1d]2,a,

the latter inequality coming from (2.9). This proves the first estimate of Proposition 3.2. For the second one,
we use the following lemma:

Lemma 3.3. Let v € HY/2(0Q),w € C*(8Q0). Then, vw belongs to H'/?(0Q) and
[vwll g/200,) < Cllvllaz@o0) llwller @ao) (3.26)

for some constant C' depending only on .

We postpone the proof of this lemma and continue the proof of the proposition. From this lemma and the
expression (3.24), we obtain:

Ime(®e(t,.) = me(lmzoa,) < lme ()20l +7(,t)a(.)™" = 1llexo,zy)-
By differentiation with respect to s, we see that
10:(1 + (. )a(-) iz o,y < €,110s(@()7( 1)) oo
Using the expression of 7 in (3.20), we obtain the existence of C' such that
[0s(a()7(-,8)lleo < Clldoller < C|O© —1d][2,a-

This finishes the proof of the proposition.

Proof of Lemma 3.3. Let V be an harmonic extension of v to )y and W a C'-extension of w to Qg so that, for
some constant C' depending only on g,

IVIlE (00 < Cllvll a0 W ller o) < Cllwlleraao)-
We then have
[vwllg1/2000) < C NIV Wl (9)-
‘We now use

IV WllLzo) < VL2 Wl Lo (920)

IVV W20 < IVVlL2@o) Wz o)s IV VW] L20) < [V IIL2(00) VW | Lo (00)
and the estimate (3.26) follows.

We finish this section by stating some more geometric estimates.

Proposition 3.4. There is a constant C > 0 such that for all © € V(n2) and all t € [0, 1]:
L. [D®o(t) — dgs 1~ + [ D*@o(t) [~ < C O — Idgs 2.0
2. | D®e(t) ! — Idgal|z~ + [ D[ DD (t) ][~ < C |6 — g 2.0
3. if ny denotes the unit normal field to €,

[n¢(Po(t) — nllcr o0, < C O — Idg2|l2,a (3.27)



ABOUT STABILITY OF EQUILIBRIUM SHAPES 823
4. if J(t) = det D@ (t) |!D®g(t)"1n| then
[J(t) = 1L 600) < C|© — Idg2||2,a- (3.28)

Proof of Proposition 3.4. Note first that, thanks to the estimate (2.11), it is sufficient to bound each of the four
expressions in the Proposition by C | ®eo(t) — Idgz||2,q-

The first estimate comes from the definition of the C*%*norm applied to ®g(t) — Idg:.

For the second one, use that for all 2 € R?

Do (1) (z) =Idp> + Y _[Idgs — DPe(t)(x)]". (3.29)
n=1
It follows that (up to still reducing 72)

Do (t)(x) — Idga||
— [D®e(t)(x) — Tdge |

|DBe(t) " (@) — Idzs | < - < O] D% (t)(x) — Idge .

For the estimate on the second derivative, we differentiate (3.29) and bound norms from above similarly.
For the third estimate, let us denote

2(s) 1= 0s[®e (t,7(5))] = DPo(t,(5))Y ().

Since n(s) and n;(Pe(t,7(s))) are respectively deduced from /(s) and z(s)/|z(s)| by a rotation of angle —7/2,
we have

V4
[n:(®e(t)) — nllerony) = |—= — 7' llcr 00,

2|
We will estimate the right-hand side. We have

2()] = 1] = ll2()] = |7/ ()]| < 2(s) = 7/(8)] < [|DBo(t, 1(s)) — 1d]| < o (t) — Ids|

2,
If ny is chosen small enough — and we assume it here — this implies

12(s)] = 1] < C© = dge|l2,0 < 1/2,[2(s)] > 1/2,]|2(s)| 7" = 1| < C'[|© ~ Idge 2,0

2 )] < L)) = 1] + () = 7(3)] < C 16 — g o

whence the L>-estimate of z|z|~! —+’. For the L>-estimate of its derivative, note first that
#/(5) = D*®e (t,7())('(5),7'()) + Do (£, 7(5))7"(s)
so that
[2'(s) = "(s)] < ID*®e (1) + [ DPo(t) —1d]["(s)| < C e —1d]2a-
Now, we use

0s(2(s)]2(s)| 1) = 2/(8)|2(s)| 7" = 2(s)|2(5)| > (2(5), 2/ (5)).-
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We treat this expression as before, using in particular the estimate of ||z(s)|~! — 1|, the only new term being
(2(s), 2'(s)) which we estimate as follows:

(2, 2) = (2, 2') = (07" < Nz =, ) + (7, 2 =27

and, as shown before, we obtain a bound from above by C' ||© — Idgz||2,q-
Finally, the variation of J(¢) in (3.28) is then easily estimated.

4. PROPERTIES OF ug,

Here again we fix © € V(n2). We consider the solution ug, of the following Dirichlet problem on the moving
domain Q; = ®g(t, Q)

(4.1)

—Aug, =k in Q,
ug, =0 on 0.

We will often write u(t) for ug,. We will now make estimates on the “transported” solution %(t) defined on the
fixed domain Qg by
a(t) = uq, o Po(t) (=u(t) o Po(t)).
Then @(t) is solution of a new problem on the fixed domain, namely
—L(©,t)u(t) = ko Pe(t) on Qo,a(t) =0 on 9N, (4.2)
where L(0©,t) is the differential operator explicitly given by:

L(@, t) = Q4;j (t)DiJ‘ + bi(t)Di (43)
[010,000] + 0,00, W] ] Dij + [0F 1 W} + 05, W}] D]

where U; = ®g(t)~!. We then have the following main estimate.

Proposition 4.1. There ezists a function w : [0,1] — R with w(07) = lim, jgw(r) = 0 (“modulus of continu-
ity”) such that:

sup [|a(t) — uaqlle2(qy) < w(1© — Idg2l2,a).- (4.5)
t€(0,1]

Remark. The modulus of continuity w depends on the regularity of the right-hand side & in (4.1). If we assume
k of class C2, then one can choose w(n) = C'n and even have the C>* norm instead of the C?> norm. More
comments and indications of the proof of this remark may be found after the proof of the proposition.

Proof of Proposition 4.1. The main idea is here to use Schauder’s estimates in Holder spaces for the solution of
the Dirichlet problem governed by an uniformly elliptic operator with Holder continuous coefficients. Indeed,
we have:

Lemma 4.2. Assume 1y is small enough. Then, there is a constant U depending only on the data and on the
C>“-norm of © such that for all t € [0, 1]

la(?)]

2,0,00 < U. (4.6)



ABOUT STABILITY OF EQUILIBRIUM SHAPES 825

Proof of Lemma 4.2. Let us first remark that the operators L(©,t) are uniformly elliptic. Indeed, the part of
second order of L(0,t) can be written matricially as

ol ol (00 0w
A(@’t)<alq/§ 0,02 ) \opu! 902

This proves that A(©,t) is a symmetric nonnegative matrix. Since det DU, = 1 # 0, it is positive definite.
The smallest eigenvalue being a continuous function of ¢, it is uniformly bounded from below on the compact
interval [0, 1]. Actually the bound depends only on the C%*mnorm of © if 7 is small enough since

) = D\I/t tD\Ijt.

|D¥,'DW, —1d|| DV, DV, — DU, + || DY, — Id||

<
< H\:[IthdHQ,a SC”@*IdHZa < C772~

Now, since ¥; = ®g(t)~! is of class C??, the coefficients of L(©,t) are C%® with a norm depending only on the
C*“norm of ®g(t)~!, that is also on the C*>*-norm of ©. From classical Schauder’s estimates applied to the
equation (4.2) (see for example [10]), there is constant C' depending only on the data and on the C>% -norm of
O such that

[a(®)ll2,0.00 < Cllk 0 P (t)lo,a.00-

Since k € C%* and ®g(t) € C*<, then k o g(t) € C®* and the Lemma 4.2 is proved.
We can now finish the proof of Proposition 4.1. We define w as

v €l0,ml, wn) = sup [Ja(t) = ue|lcz(ay)-
0cV(n),te(0,1]

Lemma 4.2 guarantees that this quantity is well defined, and we just need to prove that w(0%) = 0. This follows
from the compact embedding of C%%(€2) into C3(Qp). Indeed, if w(0") # 0, there are a > 0 and sequences
t, €10,1],0, € V(1n2), 2 = Po,, (tn, ), Un = uq, o Pe, (t,) such that

19, — Idg2|l2,a < 1/n, (4.7)

[T — uaylle2(qy) = a > 0. 4.8)

The sequence 4, is bounded in C%%(Qp) and by compactness, there is a subsequence converging in C%()) to
some Uy, € C2(£) and a subsequence of t,, converging to some t;;, € [0,1]. We then remark that

L(On, tn)iin — At = [L(@n, tn) — A} i + A [un _ uhm} .

Passing to the limit as n — oo shows that u;;, is solution of the equation

Au = k in Qy,
v = 0 on 0.

This is in contradiction with (4.8) as the Dirichlet problem has a unique solution in C?(Q) namely ug,. This
proves that w(0) = 0.

Remark. As a consequence of Proposition 4.1, @(t) is continuous into C2(Q) at to = 0. Since t; = 0 is
not particular for problem (4.1), the same is true for t — wu(t) o ®g(t) o Pe(ty)~! at t = to € [0,1] and, by
composition:

t €[0,1] — a(t) € C*(Qp) is continuous. (4.9)
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Remark. Another approach to estimate a norm of the difference @(t) — ug, would be the following. For
simplicity, we set ug := ugq, and k(t) := k o ®g(t). We have from (4.2) and from (4.1) with t =0

—A(a(t) — up) = k(t) — k + [L(O,t) — A](a(t)). (4.10)
Since 4(t) — ug = 0 on 98, we can apply the Schauder’s estimates again to (4.10)

() — woll2.a.00 < C [I(t) — k|

0,000 + [[[L(O; 1) = AJ(a(t))ll0,0,020-

Thanks to the C*“ estimate of Lemma 4.2, the C% norm of the second term of the right-hand side is easily
estimated by || ®eg(t) —Id||2,o. But, even if k(t) — k is indeed in C%?, its C%*-norm cannot be estimated in terms
of |6 (t) — 1d]2.a.

What one can at least say is that:

k() = klloo < Ikllo,0 [|Po(t) = 1d][%.

By interpolation, for € € (0,a), we get an estimate of ||k(t) — k[|o.c with a modulus of continuity in ®~¢. This
yields (4.1) and even a C?“-estimate with an explicit modulus of continuity. One can also check that, if k is of
class C2, then, the C%®norm (and even the Lipschitz-norm) of k(t) — k can be estimated by C'||®e(t) — Id|
Then one obtains a C?®-estimate of @(t) — uq, .

2,

5. PROOF OF THE THEOREMS

Again, we fix © a diffeomorphism in V(1) such that meas(©(€)) = meas(). As in the previous sections,
we consider the function mg, the vector field Xo = meon, Peo, the domains Q; = Pg(t, ), the solutions
u(t) = ugq,, U(t) = u(t) o Po(t). As announced in the introduction, we study the second derivatives of
t € [0,t] - E(%) + Ameas(€)). Since, ¥t € [0,1], meas();) = meas(dy), it coincides with the second
derivative of t — E(£2;). We denote

d
eo(t) = E(Q) = —EHU(TZ -)H?{g(m)-

To compute the second derivative, we use the following classical lemma [6,16,21].
Lemma 5.1. Let H : [0,1] x R? — R be such that H,0,H,VH € C([0,1]; L*(R?)). Then

% . H(t,z)dx —/Qt [0.H (t,2) + div{H (t, ) X o () }]da. (5.1)

Remark. As usual in shape differentiation, this lemma may be extended to functions defined only on ;. If for
instance (this will be enough for us here),

H(t) o ®g(t) € C'([0,1];C°(90)) N CY(]0, 1];C*(Q0)), (5.2)

then we may define 9, H (t) € C°(Q;) in such a way that (5.1) remains valid. This may be done through a given
linear continuous extension operator P from C*(Qg) into C*(R2),k = 0,1,2. We set

H(t) = P(H(t) o ®o(t)) o D5 (¢), (5.3)

and, by definition 0, H (t) := 9, H(t) on Q; (note that H(t) and H(t) also coincide on ;). Applying Lemma 5.1
as stated above to H yields the formula (5.1) for H.
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Here, (t) = u(t) o ®o(t) is continuous into C2(Qp) (see (4.9)) so that its extension 4 is well-defined. As we
will see below, its derivative dyu(= dyu) is well-defined and

dru o Po(t) € C°(0,1;CH(Q)). (5.4)

We will use this in the next computations and we will often write u for .
By differentiating formally (4.1) with respect to t, we see that dyu(t) should be solution of

*A(atu(t)) =0 in Qt,
Syu(t, Pe(t)) + (Vu(t, Po(t)), Xo(Po(t))) =0 on 90 (5.5)
or also dwu(t) + (Vu(t), Xe) =0 on 09;.

Since Vu(t) € CH*(98), classical regularity results from Schauder theory (see e.g. [10]) ensure the existence of
a Ch-solution to this equation with a C**-norm uniformly bounded for ¢ € [0,1]. Moreover, its composition
with ®g(t) is continuous with values into C!()) since it is the case of t — Vu(t) o ®g(t). We easily deduce
that this solution is not hing but d;u and the formal computation is justified as well as (5.4).

Derivation of the magnetic energy

We apply Lemma 5.1 to H = |Vu|? = |Vil]2.

d .
&Hu(t, -)”i’é(ﬂt) = 2/Qt<Vu(t, ), Vou(t, .))dx + /Q, div[|Vu(t,.)|* X e]dz.
The first term of this sum vanishes since by Green’s formula, we have:

/Q(Vu(t,.),V@u(t,.»dx: —/Q u(t,.)Axatu(t,.)dx—i—/ w(t, ) (Vou(t, ), my)do.

t 0

This is equal to zero since u(t) = 0 on 9 and Adru = 0 on §2; (recall that we denote by n; the unit normal
derivative to £);). So we obtain:

d .
(e, )y, = /Q div[|Vu(t, )|? X o) dz. (5.6)

As a first consequence, using Green’s formula, we have

%t:O[A meas(%) + E(Q)] = /890 A — |Vug, |?/(X o, n)do.

Since Qg is a critical shape, we see on this formula (valid for any vector field in place of X g) that A = |Vug,|?
on 0y as announced in (2.4).
Next, applying Lemma 5.1 (at least formally, see below) to the expression (5.6) leads to the second derivative

d? _ .
@Hu(t,.)ﬁ{émt):/ﬂ d1v[8t|Vu(t,.)|2X@]dx+/Q div{div[|Vu(t,.)? Xe]| X 6 }dz. (5.7)
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As such, these expressions may not be defined, but we integrate by parts and we set
eb(t) = ~2B(t) - A(t), (5.8)

B(t) = /m (Vou(t), Vu(t)) (X o, n)do,
At) = /6 (VIVul). X6 (Ko mi)do

where we used that div X g = 0 to simplify the expression of A(t). To justify this computation, we may apply
Lemma 5.1 to Hy,(t) = div[|VU,(t)|* X e] where U, are regularized approximations by convolution in RY of .
Because of the regularity of u at the boundary, the convergence under the integrals holds uniformly,

The study of A(t)

We first change variable in the integral on the moving boundary to get an integral on the fixed boundary.
The Jacobian we need is estimated in (3.28) of Proposition 3.4. We use also that

Vu(t) o e (t) =" [Dde(t)] ' Vilt)

and the similar formula with |Vu(t)|? in place of u(t). 3

We will simply write @, for ®g(t), X for Xg, m for mg, X(t) for Xg o Po(t), m(t) for me o Pg(t) and
1:(t) for ny o Po(t). Note that by (2.10), (3.15), no Pg(t) = n on 7 (12). We obtain

A(t) /8 (Va2 X) (X )

/8Q ('Do; V[ DO Va(t)?, X (1))(X (1), (1)) J (¢) do,
= /BQ m(t)2 (' DOV DO, IVa(t)|?, n) (n, 1 (1)) (t) do.

The goal is now to estimate A(t) — A(0). We set

{ ao(t) :=1m(t), a1(t) := (DO 'V[*D®; ' Va(t)|?, n)
as(t) := (n,n.(t)), as(t) = J(t).

We denote by C any constant depending only on the C?®-norm of © and we set 7 := ||© — Idgz||2,o. We have
the following estimates for ¢ in {2, 3} and for all ¢ in [0, 1]

llai(@)l|L=(a0,) < C, llai(t) — ai(0)|L=(o0,) < Cn- (5.9)
This is coming from (3.27) in Proposition 3.4. For i = 1, we will prove below the following for all ¢ in [0, 1]
lax(®)ll Lo o020) < € lla1(t) — a1(0)[ = (a00) < Cw(n), (5.10)
where w is the modulus of continuity appearing in Proposition 4.1. Next, we also have for all ¢ in [0, 1]
llao(t)lL2(a020) < CllmllL2(00,), llao(t) = ao(0)l|L2000) < C'n llmllL2(o0s)- (5.11)

This is the content of the first part of Proposition 3.2. Now, we write

At) — A(0) = /8 [ao(t)? — a0(0)?] [T ailt)+ / ao@?[ T a®)— T o) (5.12)

i=1,2,3 990 i=1,2,3 i=1,2,3
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The second integral is bounded by C' ||m|\%2(890) [ TLiz103@i(t) = [1iz1 2.3 @i(0)][oc. We easily check that

I T @®- [I a@le<C 3 lai®) - a0l < C @n) +n).

i=1,2,3 i=1,2,3 i=1,2,3

the last inequality coming from (5.9, 5.10). Next we will assume for simplicity that w(n) > Cn.
The first integral in (5.12) is bounded above by

I TT @®lecllao(t) = ao(0)llL2a00)llao(t) + ao(0) ]| L2a00) < CnlmlZ2(a0,):
i=1,2,3

where we used (5.11) for the last inequality. Finally, for all ¢ in [0, 1], we get

[A(t) = A(0)] < Cwn)llmllZz o) (5.13)

It remains to prove (5.10). The L>-bound on a;(t) is obvious from the C2-estimates of Lemma 4.2 on @(t). For
the L>-estimate on the difference, inserting V|*D®; ' Vi(t)|?, we obtain a first bound by

CII'DO7! ~ 1d]loe + C V]! DO Vi(t)[2 — V/Tu(0) .
Using the C2-estimates of Proposition 4.1 for the second term, we prove that this is bounded by Cw(n).

The study of B(t)
Recall that

B(t) = /(m (Vau(t), Vut))(X o, n)do.

As u(t) is constant along 92, its gradient is normal and therefore
Vu(t) = (Vu(t), ny)ny.
If we denote 9y, u := (Vu(t),n;), we deduce that
(VOouu(t), Vu(t)) = On,u (VOoru(t), ny). (5.14)
Since also X o = mmn, the boundary condition for d;u(t) may be rewritten (see (5.5))
Opu(t) + m Op,u(ng,n) =0 on 0. (5.15)

Let us now introduce the Steklov-Poincaré operator C; on € defined from H'/ 2(0Q;) into H -1/ 2(09Q;) as
follows: if z € H'/?(98);), we consider the harmonic extension Z of z to Q; and we define C;(z2) := (VZ,n;).
For the properties of this operator, one can refer for example to [5]. A simple computation shows that,

/ 2 Cilz) = / vzP,
0 Q

this, at least for regular enough functions z (in general, the first integral is to be replaced by (z, Cy(2)) gi/2 « gr—1/2)-
Then, if we set z(t) := —m Op,u(n¢, n), we have by (5.5, 5.14, 5.15)

(Vou(t), ni) = Ci(2(1)), (VOru(t), Vu(t)) = On,uCi(2(1))-
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This gives a new expression for B(t):

B(t) = - /8 _0Ce0) = - [ vz,

Q¢

where Z(t) is the harmonic extension of z(t) to ;. We also denote Z(t) := Z(t) o ®;, 2(t) := z(t) o ®;. We then
have to estimate

B(t) — B(0) = /

vZ() - / DBV Z(1)P,
Qo QO

(recall that the Jacobian det D®; is here equal to 1). We denote again by C' any constant depending only on
the C%%-norm of © and we set again 7 := ||© — Idg2||2,a-

Lemma 5.2. We have the following main estimates: for all t € [0,1]

12O m1/2000) < Cllmllg/2000), [12(8) = 2(0) | 1/2(800) < Cw)lmll /200,
12O a1 o) < Cllmllmirzoay, 12E) = Z20)[a1@) < Cwmlimllmoo,)-

Assuming this lemma, we obtain

B(t) = B(O)| < [I'DD; 'V Z(t) + VZ(0) 2| D' VZ(t) = VZ(0)]| 2
< Cllmllgrzo0,) [I' DOV Z(E) = D8IV Z(0)||12 + || D2V Z(0) = VZ(0)]] 2]
< Clmllarzo00) [1IVZ(t) = VZ(0)l|z2 + CnlVZ(0)] 2]

<C ||mHH1/2(BQO)[w(n)”mHHl/Q(aQo) + 77Hm||H1/2(8QO)]'
This together with (5.8, 5.13) finishes the proof of Theorem 2.5. It only remains to prove Lemma 5.2.
Proof of Lemma 5.2. Recall that
2(t) == —m Op,u{ng, n), Z(t) := z(t) o Oy.
From Lemma 3.3, we have
12O 172 (000) < 1Ml 11272(000) [ (On, 1w 0 1) (70t ) [ler (062) -

From Propositions 3.4 and 4.1, we easily deduce the first estimate on Z in Lemma 5.2. For the difference, we
write

Z(t) — 2(0) = Z(t) + m(Vug, n) = m [(Vug, n) — (O, u 0 ®;)(Ny, n)].

Again, by Lemma 3.3, we have to estimate the C'-norm of (Vug,n) — (9,,u o ®;)(f;, n) which is bounded by
the sum

[{Vuo, m)(1 = (g, m))l|cr + [[ (7, m)[(Vg, m) — O, w0 @i]fcr.
The first term is estimated as expected by C'n thanks to (3.27). The second one depends on the C!-norm of

(Vug,n) — Op,uo & = (Vug,n) — ({DO; *Vi(t),7(t)). We use Propositions 4.1 and 3.4 to estimate it by w(n)
and the part concerning Z in the Lemma is complete.
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Since Z(0) is harmonic on Qg with value z(0) at the boundary, we have
1Z(0)[| 21 (00) < ClI2O0) m1/20800) < Cllmllmr2500)-
The estimate on the H'-norm of Z(t) — Z(0) starts with the equation
L(©,t)(Z(t)) =0 on Q,
which we rewrite
~A(Z() - 2(0)) = [L(©,1) - AJ(Z(#) on Q.
This implies that
1Z(t) = Z(O) ] a100) < ClIE®) = 2(0) ]l 172000 + IL(O: 1) = AZ())llr1-1(20)- (5.16)
The first term has just been estimated by C w(n)||m| z1/2(50,)- As we check below, for all w € H'(€), we have
IL(O,1) = Al(w)llzr-1(00) < Cnllwllm () (5.17)
We now decompose
[L(©,1) = AJ(Z(1) = [L(©,) = A][Z(t) — Z(0)] + [L(©,1) — A(Z(0)),
to obtain
IIL(©,8) = AUZ() | r-1(20) < CHlZ(t) = Z(0)llz1 (20) + Cnllmll m1/2(00,)- (5.18)
Together with (5.16), this implies
1Z(8) = Z(0) |11 (00) (1 = C'm) < Cw(m)|m 20,

from which we deduce the last estimate of Lemma 5.2.
It remains to prove (5.17). We do it by duality as follows. Let ¢ € C§°, then

/Q [L(O,t) — Alw 1 = o [Z(ai,j(t) = a;,5(0))D; jw + Z ))Diw] ¥,

where a; ;, b; are the coefficients of L(O,t) (see 4.3). Now

[ @) = as)Dgwi] = | [ Dy, = ais0) 0+ (50 = ac,(0)DylDiul,

Cllai;(t) = ai;O)le ¢/l 1wz
Cnllll gy llwll

Cbi(t) = bi(0)]|Loe 9]l L2 1wl a1,
CollYllelwlae-

IN A

IN

JRCCRUDIEE

The estimate (5.17) follows.

IN
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Proof of Theorem 2.1. Let © € V(n) where 7 is small enough so that Theorem 2.5 applies. We write Taylor

formula at order 2 for t — eg(t) + A meas(€2;) which is of class C? . As meas(Q;) is constant and Qg is assumed
to be a critical point for the constrained functional, ef(0) = 0 and the Taylor’s formula writes

eo(l) = ea(0) +/0 (1 —t)ed (t)dt.
We have

ed(0) = —2B(0) — A(0) = /m 22(0) Co(2(0)) — m?(V|Vug|*, n).

Here 2(0) = —m (Vug,n) and |(Vug,n)|?> = [Vug|? = A. On the other hand (see below),
(V|Vuol?,n) = —2AC (5.19)

where C is the curvature of 9 seen from inside. Therefore

e6(0) =2A mCo(m) + Cm?, (5.20)
090

which is the expression we announced in (2.7). Now, m is of class C*® and satisfies (see (3.21)) Joq, ™ = 0. By
assumption (2.8),

e5(0) = cllmlZ /s pn, (5.21)

Recall that this occurs when € is convex for example. But by Theorem 2.5, we have for all ¢ € [0, 1],

e (t) 2 €5(0) = Cwn) mlF 2 (a0,):
Therefore, there exists 79 > 0 such that, for all © € V(ny) and V¢ € [0, 1],

eo(t) = C ”mm{l/?(ago))
and
eo(1) = 6(0) = C mlZ 200

which is strictly positive if m # 0 whence the theorem.

Let us finally check (5.19) by the following elementary local computation (inspired from [7]) where we assume
that Qg is locally above the graph of the function f : (—e, +¢) — R with f(0) = f’(0) = 0. For simplicity, we
write u instead of ug that is: ug = u(z,y). The function u is such that:

Vz € (_€a+€)a u(x,f(x)) = Oa <V’U/0,’n> = —uy(I,f(I))

By differentiation, we have

0 = ug(, f(2)) + uy(z, f(2)) [ (2),
0 = tuaa (2, £(2)) + 2uay(@, (@) (@) + wyy (2, f(@)F (2)? + uy (2, f (@) " (@),
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which gives at  =0: 0= u5(0,0), 0 = uz(0,0) + u,(0,0)f"”(0). We also have
<V|VUO|2>n> = _8y{(ux)2 + (Uy)Q} = =2 (Ugliay + Uylyy ).

Recall now that the right-hand side k in (2.4) is compactly supported in €y. By regularity, we have wgz+uyy =0
on the boundary. Therefore, at x = 0, we obtain

(VIVuo|?,m) = 2uy(0,0)uqz(0,0) = —2 (uy(0,0)) f”(0),
and (u,(0,0))? = |[Vug|?> = A. The formula (5.19) follows since f”(0) = C.

Remark. If we do not assume k to be compactly supported in g, then we have to use uy, = —uy, — k instead
so that

(V|Vuo|*,n) = —2uy[~tzs — k] = =2 (u,(0,0))? f(0) + 2ku, = —2AC — 2k (Vug,n).

We know that |(Vug, n)| is constant on 9 and equal to A'/2. Assume 9 is connected. Then, by regularity,
(Vug,n) itself is constant and equal to eA'/? with ¢ = 4+1 or —1. The sign is determined by the relation

/ k= —Aug = / —(Vug,n) = —e AY?length(89),
Qo Qo Q0

which shows that e = — sign( fQo k). Finally, the second derivative becomes

ep(0) =2A » mCo(m) + m? [C — /!c/rl/?sign(/Q k)]. (5.22)

6. ABOUT THE COERCIVITY OF ¢4(0)

If k is compactly supported in €, then expression (5.20) is valid. Note that then the stability depends only
on the geometry of 9. If moreover 9€)y is convex, then the coercivity (5.21) holds. Obviously, this extends
to curves C2-close to convex curves.

If k is identically equal to a positive constant, then any disk of radius R = /S/w is a critical shape. We
have kS = A2 27 R and by (5.22)

e6(0) =2A mCo(m) — 1 m? =2 A([Cy — lId](m), M) H—1/2 % F1/2-
89 R R
We easily check that this vanishes for m = sin # and m = cos 6 so that e (0) does not satisfy (2.8) or (5.21).
This obviously corresponds to the fact that the disk remains a critical shape when moved by translation. One
can check that e (0) is however positive on the set of m’s orthogonal to the linear space spanned by {1, cos, sin}
and this is also a consequence of Theorem 2.5 (see e.g. [11,14]).

One may also compute what happens for radial functions k. Then the disk centered at the origin and of
radius R = \/S/7 is a critical shape and (we assume for instance [, k > 0)

1 27RE(R)
en(0) =2A mCo(m) + m?[= — ———"].
s =24 [ mCom)-+ il - T

We easily check that
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Therefore, for n positif and small

2m? n k(R)mR?
e”(O)ZQA{n||m|\212+/ LIl
e HY 00, R 2 Jo, &

so that eg(0) is coercive if k(R)(%

More detailed studies of such quadratic forms may be found in [11] where more general functional involving
the perimeter of the shapes (i.e. surface tension) are considered. Moreover, the case of the less stable “exterior”
problem (or “exterior shaping problem”) is also treated where the Dirichlet problem is set in the exterior of the
shapes. The positivity is then more difficult to study. An extension of the results of this paper to the case with
surface tension can be found in [4] as well as N-dimensional situations.
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