
Geophys. J .  R. astr. SOC. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1986) 85,179-208 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
About the influence of pre-stress upon adiabatic 
perturbations of the Earth 

Bernard Vaktte Laboratoire de Sismologie, associeau CNRSno. 195, Institutde 

Physique du Globe de Paris, Universitk Pierre et Marie Curie, 4 place Jussieu, 75230 Paris 

Cedex 05, Franceand ORSTOM, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA24 rue Bayard, 75008 Paris, France 

Accepted 1985 September 16. Received 1985 September 16; in original form 1984 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJune 28 

Summary. In this paper we examine the influence of the state of stress in the 
equilibrium configuration of the Earth (i.e. the pre-stress) upon its adiabatic 
perturbations. The equations governing these perturbations to the first order 
(Woodhouse zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Dahlen; Dahlen) are re-derived using a Lagrangian approach. 
Different expressions of the sesquilinear form associated to the elastic- 
gravitational operator are given. One of these provides a way to extend to 
hydrostatically pre-stressed solids the criterion of local stability given by 
Friedman & Schutz for uniformly rotating fluids. Then the propagation in 
the Earth of seismic wavefronts is considered. It is shown that the nature of 
these different wavefronts is entirely determined by the quadratic coefficients 
of the development of the specific internal energy variation, corresponding to 
isentropic evolution, with respect to the Lagrangian finite deformation 
tensor. Expressions for the velocities of the various waves are given as 
functions of incidence angle and pre-stress for orthotropic elastic material. In 
the particular case where the elastic parameters depend only on one 
coordinate of a curvilinear system and the axis of orthotropy of the material 
coincides with the corresponding natural base vector, the elastodynamic 
equations are reduced to a simple system for a displacement stress vector, 
using surface operators. In particular for spherical geometry, equations are 
obtained which generalize to orthotropic pre-stress those given by Alterman 
et zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAal. and Takeuchi & Saito. 

Key words: anisotropy, gravito-elastodynamics, normal modes, perturbation, 
pr e -s t re s s zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 Introduction 

Since at least Love (1911) it has been common to establish the first-order equations 
governing the adiabatic perturbations of the Earth by considering the Eulerian perturbations 
of the equilibrium configuration (see, e.g. Pekeris & Jarosh 1958; Dahlen 1972). Sections 2 
and 3 review how these equations may be derived using a Lagrangian approach. Equation 
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(36) of the sesquilinear form associated with the elastic-gravitational operator may be used 
as a starting point for the mathematical definition and study of this operator. Equations (38) 
and (39) are perhaps less well known. In the hydrostatic case they allow the energy to be 
expressed as a quadratic form of the Eulerian perturbations of the various physical 
quantities, and thus local stability to be considered in a similar way to that used for perfect 
fluids (Friedman zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Schutz 1978b). 

It seems of some importance to introduce the tensor cijk' which arises naturally in the 
development of the specific internal energy variation. Section 4 shows indeed that this 
tensor determines the nature of the different seismic wavefronts. 

Following Alterman, Jarosh & Pekeris (1959) and Takeuchi & Saito (1972), we show in 
Sections 5, 6 and 7 how the elastic-gravitational equations can be separated in the case of 
lateral invariance of the mechanical properties of the material. The hypothesis of orthotropy 
made by Takeuchi & Saito (1972) in spherical geometry is extended here to the pre-stress 
for more general stratifications. It is the broadest hypothesis which may be adopted in a 
global approach. Indeed the assumption of lateral invariance implies that the different elastic 
tensors are invariant under parallel displacements over the constitutive surfaces of the 
stratification. Thus, considering closed surfaces in a global approach, we are led to assume 
that these different tensors are at each point invariant under rotation around the direction 
normal to the stratification. 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPreliminaries 

Let us consider a deformable body which is in equilibrium in a Euclidean space E in which 
we introduce a convenient curvilinear coordinate system ( x i )  with metric tensor gij. A 
deformation of this body from this reference configuration is defined at each instant by a 

map f t  : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
v a € V , a + f , ( a ) = x ( a ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ ) = a +  u ( a , r ) ~ v , ,  

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu(a, t )  is the Lagrangian displacement of the material point a, defined in the volume 
V ,  from its initial position to the corresponding one at t in the deformed volume V,. 

Let us denote F the linear tangent application of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAft at a, Du the Euclidian derivative 
mapping of u at (a, t ) ,  E the Lagrangian finite deformation tensor and e the Eulerian one. F 
is an isomorphism of E ,  which is naturally defined from the tangent space T,(E) at point a 
on to the tangent space at the deformed point x(a, r ) ,  T,(E); E and e may be considered as 
bilinear symmetrical forms on E ( e  is naturally defined on T,(E) and e on T,(E)). In the 
local frame (ei)i=1,3 at point a ,  these different tensors are expressed by: 

Du(eq)= DquPep, FPq = g p q  t D q u P ,  

E p q  = Dpuq + DquP + D,uk D q U k ,  eii = (F- l )p i (F- l )q j  f p q .  (1) 

At each time the different expressions of virtual work result in an evaluation of 
(differential) linear forms on the field space of u. The virtual strain work is usually expressed 
as follows (see, e.g. Bamberger 1981 ; Malvern 1969; Truesdell 1972): 

6 W s  = Tii6eiidVr = uPq6EpqdV, (2) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL* 1 
where : 

6eii=Di6ui+ Dj6ui, 6epq = F\Fiq6ei,. 

This defines the Cauchy stress tensor T and the (second) Piola-Kirchhoff stress tensor u, 
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Pre-stress influence on Earth's perturbations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA181 

linked to each other by: 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx denotes the tensorial product and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 = det(fl- 1 the volumetric dilatation which 
may be expressed up to the second order in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADu as: 

8 = D i u i +  { (D~u' ) '  - D ~ U ' D ~ U ' } ) / ~ .  (4) 

The Cauchy stress tensor is indeed directly related to the state of stress at each given 
point of the Euclidean space. The actual density force acting at the point considered on the 
element of surface of unit normal n is precisely R n ) .  The state of stress in the equilibrium 
configuration is represented by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATo (= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAuo). This initial state of stress is called the pre-stress 
when considering the stress evolution during the perturbation of the equilibrium. In order to 
describe the perturbation of the different physical quantities, two approaches are usually 
adopted. 

The first one corresponds to a Lagrangian description which consists of evaluating the 
perturbation from a given point in the reference configuration by following the considered 
material particle. One way to evaluate this Lagrangian perturbation is to follow the evolution 
in the frame strained by the field u (i.e. in considering co-moving coordinates, see Taub 1969 
and Friedman & Schutz 1978a). In the case of the Cauchy stress tensor, one obtains in the 
local frame at reference point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa :  

6; Tpq = {F-' x F-' ( T ) } p q  - T,P9. 

Taking into account (3) and (4), this yields to the first order in Du: 

61Tpq = (u - uo)Pq - div(u)uPq. ( 5 )  

A more common way simply considers the evolution by following the particle in the 
embedding Euclidean space: 

61T= Txt - To. 

In the local frame at initial point a, this yields, taking into account (3): 

~ , T P Q  = {FX q u ) > P q / ( i  + e) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~ : q .  

6iTPq = (0 - I J O ) ~ '  - opq div(u) + UPkDk uq + UqkDkUP. 

Thus one deduces from (1) and (4) that to  the first order in Du: 

( 6 )  

The second point of view is the Eulerian one which consists of considering the evolution of 
the physical quantities in the local frame at a given point of the space. In the hypothesis of 
small displacement, that is to  the first order in u ,  the Eulerian perturbation may be related 
to the Lagrangian ones as follows: 

6 ,Tp9  = 61TP9 - ukDkTPq ,  

6 T p q  = S'TPq 1 -L ,TPq ,  (7b) 

(7a) 

and (Taub 1969; Friedman & Schutz 1978a): 

where L ,  is the Lie derivative with respect to u (see, e.g. Choquet-Bruhat e t  al. 1982; 
Doubrovine et el. 1982): 

L u T p q  = ukDkTPq - TPkDkUq - TqkD k ,  U p  - L u g p 4  =gPkDkUq + g q k D k U p .  

The mechanical equation of motion (or virtual works principle, i.e. the stationarity of the 
total energy with respect to field u ,  at each instant) is usually written in Lagrangian form as 
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follows (see, e.g. Bamberger 1981; Malvern 1969; Marsden zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Hughes 1978; Truesdell 1972): zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
D, {( 1 x F ) ( o ) }  p i  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApq j {x (a ,  t)} = 0 in V, 

on aV as well as on each interface, uqPnp = (I + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX) C P ~  (8b) 

where {( 1 x F)}(u)P' = oPqF6 is the (first or Piola-Lagrange) Piola-Kirchhoff tensor, p 
the density in the reference configuration, \II the body force density, CP the surface density 
of force acting on the actual deformed boundary and x the surface dilatation of this 
boundary with respect to the initial configuration with outward unit normal I?. 

Equation (8a) has the disadvantage of being hybrid; this is due to the fact that the (first) 
Piola-Kirchhoff tensor works naturally on the product of the spaces tangent at a and at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
x: T,(E) x T'(E). In the coordinate point of view this means that the indexj in (8) refers to 
T,(E) and the index zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp to T,(E). In order to obtain a purely Lagrangian formulation (i.e. on 
T,(E) exclusively) one may multiply (8a) by (F-')'j. Indeed summing up zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj indices leads to: 

D, u p 1  +  UP^ (F-' D, F ) ' ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp ~ - l  ( + ) I  = 0, 

D, upz + UP~D,D,U' + p { ~  - DU(+))' = 0. 

which to the first order in Du, D 2 u  and with the help of (1) yields: 

Taking into account the equilibrium of the initial configuration, that is: 

D, u:'+ p+L = o in v(uO(n) = Q~ on av), 

one finally deduces: 

(9) 

D, {(u - u0 + U ~ ~ Q D ,  u + (U - u0 )PQD,D, U I  

which constitutes the Lagrangian formulation of the equation governing to the first order 
the perturbation inside the body. 

Taking into account (3) and the expression of the outward unit vector n ,  normal to the 
deformed boundary as a function of its analogue n in the reference configuration: 

where the asterisk denotes the adjoint operator with respect to the Euclidean structure, it is 
clear that equation (8b) is equivalent to the Eulerian formulation: 

T(n,) = CP. (1 1) 

Anyway, denoting by a dot the Euclidean scalar product in E ,  one obtains to the first order 
in Du: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
x = div(u) - Du(n) * n 

n ,  = n - DU*(~)  + {ou(n) * njn 

and from (3), (4) and (8b) or (1 1): 

q n , )  = (1 - div(u) + Du(n) - n}  o(n) + Du{u(n))= Q. (12c) 
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Pre-stress influence on Earth's perturbations 183 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 The different forms of the equations governing to  the first-order adiabatic perturbations 
of the Earth 

Let us suppose that the Earth is in equilibrium under uniform rotation with instantaneous 
rotation vector zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi2 about its centre of mass G. As usual, we take this rotating space, centred at 
G, as the Lagrangian reference space. The fact that this reference configuration does not 
correspond to  a physical state, because of the existence of tidal forces, needs to be pointed 
out. However, such an abstract configuration has the advantage of representing a mean 
thermodynamical state of the Earth which should not differ much from the real one. 

3.1 C O N S T I T U T I V E  E Q U A T I O N S  A N D  I N T E R N A L  E N E R G Y  

Adopting a purely elastic behaviour for the solid parts of the Earth zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVs and a perfectly fluid 
rheology for the external core V,  leads, to the first order in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADu for any adiabatic 
perturbations of the equilibrium, to the following expressions in the local frame attached to 
the reference point a (see Appendix 1): 

where y { = p / p o ( a p / a p ) R }  is the adiabatic index of the fluid and c i jk l /p  are the quadratic 
coefficients in the development of the specific internal energy variation, corresponding to 
an isentropic evolution, with respect to the finite deformation tensor. Thus the tensor ciikl 

has the following symmetries: 

(14) C i j k f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= Ckl i j  = j i k l  = C i j f k  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C 

It may be of interest to note that whereas an Eulerian description seem well suited to the 
fluid case, it is the second Piola-Kirchhoff tensor which naturally appears from the thermo- 
dynamical principles in the case of a solid (see Bamberger 1981; Malvern 1969). But, as a 
matter of fact, the constitutive equation of a perfect fluid may be regarded as a particular 
form of that of a solid. Indeed, from (13a), (S), (6) and (7) it is deduced to the first order in 
Du : 

k U 1  - (7;' div(u) (1 5a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
G 1  Ti1 = dijklDkul (15b) 

6, Tij = dijk1Dku1 - kDk (15c) 

(16) 

6; Tij = Cijk lD 

with: 

di jk l  = C i j k l  - . t g k 1  + (7;kgj l  + a&kgil, 

It is then clear, by comparison with (13b), that in the case of a perfect fluid: 

u;i = - p o g i i ,  

The tensor dijkl  contains the symmetries (14) in the case of an hydrostatic pre-stress. This 
tensor has been adopted by Takeuchi & Saito (1972) in order to represent elasticity. The 
tensor di jk l ,  however, no longer has these symmetries in the case of anisotropic pre-stress. 
Dahlen (1972) and Woodhouse & Dahlen (1978) have adopted as reference tensor the 
orthogonal projection of dijkl  (with respect to the usual scalar product: t * t '  = t i ikl  t ! .  [ J k l  ) 
on to the space of tensors characterized by the symmetries (1 4). 

i j  k l  ik  j l  j k  i l  Po(Y- 1)g g + Po(g g + g  g ). Ci ik l  = 
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As the evolution is supposed adiabatic, the variation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA61 of the internal energy is nothing 

else but the opposite of the work of the interior forces. That is, the strain work minus the 
mutual work WM due to slipping at interfaces or to non-local actions as gravitational effects 
(the variation of gravitational potential energy may be also considered separately); thus (see 
Appendix 1): zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

,. 
& I =  J 6,i d m -  W ,  

V 

where 6,i is the Lagrangian perturbation of the specific internal energy w h m  is expressed up 
to the second order in Du as: 

If we consider a free evolution in the neighbourhood of the reference state of the Earth, 
considered as a closed system, the forces reduce to inertia and gravitation: 

6 ~ ~ = ~ ( x ) - ~ O ( a ) = g ’ ( ~ ) - g ~ ( a ) - 2 ~ ~  a,u-a;,u (18) 

g’(x) -&(a) = g(x) - g o ( @ )  - 

where g’ is the gravity field: 

x (52 x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu) ,  

x - x  
a - a  ) dm’, dm=pdV,  

and G the universal gravitational constant. 

to the first order in u :  
In the hypothesis that the domain Vr remains contractible (i.e. without hole), we deduce 

where u ‘ represents u(a ’). 
This yields the usual expression: 

g -go = grad zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(j, +u.g,) - Du*(go) =Dgo(u)+  6,g=Dgo(u) + grad j,, (19b) 

where: 

Here C, consists of all the surfaces of discontinuity of p and [p] denotes the jump of p 
through C, in the direction of n. $ is the potential of mass redistribution which verifies (in 
the sense of distribution over E): 

A+ = 476div(pu). (20) 

Thus the traces of (grad (Y - 4rGpu)  - n on both sides of each interface are identical, as well 
as that of $. 

The variation of gravitational potential energy is: 
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Pre-stress influence on Earth's perturbations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA185 

and a second-order development yields: 

dmdm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIU) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu I*  { ( a ' - a ) * ( U ' - U ) } ~  
- 3  

6 P = -  / v u - g , , d m t c  4 I v x v  { zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl a f - a 1 3  la f 5  -a1 

g +  go 
drn . 

3.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL A G R A N G I A N  A N D  E U L E R I A N  F O R M U L A T I O N S  O F  E L A S T O D Y N A M I C  

EQUATIONS O F  T H E  E A R T H  

Making use of (13a), equation (10) may be rewritten to the first order in Du, D 2 u :  

a:ru + 2 a  x a,u + A ( U )  = o in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV ,  

where the operator A is defined by: 

. 1 .. 

P 
A ( ~ ) I  = - - ~ ~ ~ ' 1 -  {g-go - a x  ( a x  u)}' 

with: 

, i j=(Ci jkI  ik j I  D 
+ C o g  k I 

DiaAj+ p{go -52 x ( a x  a) ) '=O,  

and where g - go is given by (1 9), to the first order in u .  

constitute the Lagrangian formulation of the elastodynamic equations inside the Earth. 

stress tensor, we may deduce from (23): 

These equations correspond to those given by Woodhouse & Dahlen (1 978) and 

Taking into account expressions (15c, 16) of the Eulerian perturbation of the Cauchy 

This shows that equation (22) may be obtained to the first order in u, Du, D 2 u  at each inner 
point of the reference configuration V ,  as the Eulerian perturbation of the equilibrium 
equation. This approach, which has been adopted by Takeuchi & Saito (1972) in the hydro- 
static case and by Dahlen (1972) in the general case, leads to: 

where the expression of dijkl  is given in (16), and constitutes the Eulerian form of the 
elastodynamic equations inside the Earth. It may be of some interest to note that this 
Eulerian interpretation of the elastodynamic equations in the reference configuration fails at 
boundaries, unless they are assumed undeformabie. 
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3.3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB O U N D A R Y  C O N D I T I O N S  

The usual hypothesis that the domain V, remains contractible implies that at each inner 
interface, assumed to be closed and regular, the different parts V,+, V,  remain in contact. 
This yields, to  the first order, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- n continuous across the reference interface: 

[ u ]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn =  u+ n - u-  * n = 0 ,  (26) 

where n is the unit normal in the reference configuration, oriented in the direction of the 
jump (i.e. from V- toward V+). 

Taking into account (13a) it is deduced from boundary conditions (9), (12c) that to  the 
first order in u,  Du, (Dahlen 1972): 

“ 7 J I  = [6f{%))I = D(oo(n))[uI, 

and thus: 

[(a - oo) (n)  + Du{uo(n)} -jdiv(u) -Du(n) - n}uo(n)] = D{uo(n) ) [u ] .  (27) 

Apart from eventual source areas, the solid interfaces are usually considered as welded. 
Therefore, the boundary conditions on these interfaces are: 

[ u ]  = 0,  [(a - uo) (n) + Du{ao(n)} - {div(u) - Du(n) n}oo(n)] = 0. 

T*(n) = (0 - ao)(n) +Du {oo(n)) , 

(28)  

(29) 

Let us consider r * (n) ,  (see 23b): 

and r’* (n )  defined by: 

rf *(n) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(u - uo) ( n )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt oU{uo (a)} + Du *{ uo (n ) }  - div(u)uo (n). 

From (1 2) and (1 3a) and to the first order in Du, it is clear that: 

7 * ( n )  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 1  + x)T(n t )  - ao(n). (31) 

Considering expressions (1 5b) and (1 6) one deduces that r *(n) coincides with (61 T )  (n)  if 
the pre-stress is hydrostatic. In the general case, however: 

7‘*(n) = (6 ,T)  (n )  - ~ o { D u * ( n ) }  + DU * { ~ o ( n ) } ,  

with: 

rl i i  = + ut’gikDkul - div(u) ,#. (32b) 

In terms of these vectors, (28) may be rewritten: 

[ u ]  = O ,  [7*(n)] = O  or [ ~ ‘ * ( n ) ]  ={a,(n) * [Du(n)]}n - {n  - [&(n)]} uo(n). (33) 

(Note that the latter term is null if n is an eigendirection of uo .) 

(9) and (1 2c) that: 
At the external boundary a V ,  neglecting atmospheric pressure, it is easily deduced from 

uo(n) = r*(n) = r ’*(n) = 0 ,  (34) 

where n represents the unit outward normal to 3V 
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Pre-stress influence on Earth’s perturbations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
At an inner interface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC where a fluid is involved: 

187 

oo(n) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= -pan. 

From (26), (27), (29), (30) it is deduced in Appendix 2 that the boundary conditions may 
take the following forms (equivalent to  the one given by Woodhouse & Dahlen 1978): zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[ u ]  - n = 0 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ 7 * ( n ) ]  = - n divx(po [ u ] )  - p o  W [ u ]  

= - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM divx(po [ u ] )  + p o  [Du* ( n )  - {Du(n) - n}n ] ,  (35a) 

(35b) [ u ]  a n  = 0, [ ~ ’ “ ( n ) ]  = - ( [ u ]  * gradx po)n.  

Here divc and gradc are the usual surface operators, with: 

div u = div,{u - (u * n)n)+ Du(n) - n + (cI + c1)u - n ,  

gradpo = gradc p o  + (gradp, - n)n, 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc1 and c2 are the principal curvatures of C at the considered point, i.e. the eigenvalues 
of the Weingarten operator W which is the self-adjoint operator defined on the space tangent 
at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC, Ta(Z), by: 

if UET,(C) IV(u)=D,(n)ET,(C). 

Note that when pre-stress is hydrostatic on both sides of the interface and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp is discontinuous 
across it, the equilibrium of the reference configuration yields easily that the right side of 
(35b) vanishes. 

3.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS E S Q U I L I N E A R  F O R M  A S S O C I A T E D  T O  O P E R A T O R  A A N D  L O C A L  S T A B I L I T Y  

From these boundary conditions it may be deduced that A is a symmetric unbounded 
operator in Lg(V, dm).  Indeed, from Appendix 3: 

(A(u)(u) = s, (P t O i k  g j*  )DiuiDk5l + p { ( Q  - u) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(a - G) - a 2 u  * v} d V  

< u ’ - u ) - ( U ’ - U )  { ( a ’ - a > .  ( u ’ - u ) } { ( a ’ - a ) - ( Z ‘ -  Z)}. dmdm, I - 3  - 
+: i,,, { la’ - a i 3  la’ - a 1 5  

p o  [I [ u ]  * gradx( - n)  + [ U] * gradx(u - n) + L  
- [ W { u - ( u . n ) n } . { Z - ( U . n ) n } ] l J d C ,  

where (I) denotes the inner product of L$(V, dm): 

( I ) =  {v- -dm, 

C consists of all interfaces where a fluid is involved and - denotes complex conjugation. 
The integration over V x  V involved in the second term of (36) is due to the non-local 
character of mass redistribution effects. In order to avoid this term, the potential of mass 
redistribution $ is usually introduced via (19b) (Pekeris & Jarosh 1958). However $ must 
then be constrained by equation (20). Adopting a variational approach, one may (Backus 
& Gilbert 1967; Johnson & Smylie 1977; Woodhouse & Dahlen 1978) use the method of 
Lagrange multipliers in order to derive an unconstrained stationary problem related to 
the operator A .  
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188 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAValette 

The integration over zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC corresponds to  the mutual work caused by slipping at interfaces 
C. More precisely, considering a real evolution u,  expressions (17) and (21) yield: 

dmdm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( ( Q ' - Q ) ' ( U ' - U ) ) 2  
61 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAjv( uAiDiui - pgo * u ) d V +  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 3  

l a t  - Q ~ 5  

with the unit normal n to C oriented in accordance with the jump. 
From relation (31) and Appendix 3, we deduce: 

t 

i f d r  jx [ ( I +  x r>  T(nr) - 3,u1 d C  = dt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj, [{oo(n> + T * ( n ) ) .  &ul a 

= j x p o  [ - [ u ] . n +  [ u ] . g r a d z ( u . n ) -  [ W { U - ( U  . n ) n } . { u - ( u . n ) n } ] / 2 n d c ,  

and finally, taking into account the equilibrium of the reference state (23b): 

1 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA61 = -{ { A(u)  I u )  + i (I a x ( a  + u )  ( 2  - I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL? x a I Z ]  dm} (37)  

But other expressions of (A ( u )  [ u)  may be obtained for which the surface integral term is 
very simple or cancels. Indeed, as derived in Appendix 4: 

(A(u)  I u )  = j'" u(Ci ik l -  uNgi igk l  f u,, ik g i l  f oNgilgik)DiuiDkGl + s {- pDgdu * v - 

grad +(u) - grad ((6) 
dV 

4nG 
+ {Dv(u) - u div(G)} * grad uN} ]  dV - 

t pg i )  (DG(u) - u div(6)) 1 d v 

+ J s { [ P I  ki - u ) ( ~ -  n ) } d ~ ,  (38b) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
y , c  - 

where C is comprised as in (36 )  of all interfaces where a fluid is involved and 2' of all 
welded interfaces. S { } denotes the symmetric part: 

S(Q(u, u ) )  ={Q(u,  u )  + a(u, U)} 12, 
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Pre-stress influence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon Earth's perturbations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA189 

and here uN is any regular scalar function the value of which is -po in VF and 0 on aV.  

Under the common assumption that the interfaces belong to a regular family of surfaces we 
may choose zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAUN zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= uo(n) - n ,  where n is here the unit normal to the surface of the family at 
the considered point. 

In the hydrostatic case with the choice UN = - p o ,  (38a) yields: 

(394  
grad $(') grad '('I d V  - 

S zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA{(u - n )  F] - gradx p o }  d 2. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA--L 4nG 

Also, with the use of (1 5c) it is easy to see that (38b) reduces to: 

The latter expression provides a way to extend the criterion of local stability (Friedman & 
Schutz 1978b) to hydrostatically pre-stressed solids. Indeed relation (1 5b) shows that it is 
possible to select the Cauchy stress tensor T and the specific entropy h as state variables 
in order to describe to the first order the elastic evolution around an hydrostatic configura- 
tion. Then, supposing the evolution is isentropic (6,h = 0) leads to: 

F l p  = - p div(u) = - ptr{d-' (61 T)} ,  

so that, for an arbitrary evolution: 

?ilp = - ptr(d-' 617') + (Z) T 6 1 h .  

Applying this relation to Eulerian perturbations, we deduce: 

6,p = - div (pu) = - ptr(d-' 6 ,  T )  + (2)  6,h, 
T 

and finally, with (1 5c) in the case of an isentropic evolution: 

This shows that: 

and therefore that the second term of the right side of (39b) is proportional to the product 
of Eulerian perturbations of specific entropy. 

If we consider now an evolution with viscosity, say Newtonian, instead of (22) the real 
displacement verifies: 

a:ru + 2 n  x a,u + ~ ( u )  = - B(a,u) (40) 
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where R is a positive self-adjoint operator. (R(a,u) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 atu) represents the power of viscous 
irreversibility, i.e. the rate of entropy increase. 

Let us now introduce, after Friedman & Schutz (1978b), the canonical energy Ec,R 
(canonical with respect to the symplectic structure related to equation (22)): 

E ~ , ~ =  { (~ (u)w+(a ,u  i a , ~ 2 .  

Then, formally, it is straightforward from (40) that: 

atEc, =- (R(a,u) I a,u) g zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0. 

So that, in order to ensure stability, it must necessarily be assumed that A is positive in the 
space of displacements orthogonal to uniform translations. That is the space of kinematically 
admissible displacements satisfying the constraint that the reference space is centred at G: 
Judm = 0. (The fact that in the presence of other celestial bodies, the trajectory of G is not 
uniform contributes simply to tidal forces in the reference space, see Wahr (1981).) Indeed, 
let us suppose that A is not positive in this space. Then it would be possible to find a 
kinematically admissible displacement uo such that: (A(uo) 1 u o )  < 0. Adopting this displace- 
ment with (aru), = 0 as initial conditions of the evolution problem (40), it would follow by 
integration of (41): 

-(A(u)lu)z -(A(u,)lu,)> 0.  

But (40) yields also: 

- (A (u )  l u )  = (a:,u l u )  + 2Q.  

Thus it would be impossible that u converges and that a,u and attu vanish for the topology 
of H' ( VsuVF). Indeed, since the form (B  . I .) is continuous for this topology in the case of 
Newtonian viscosity, - ( A ( u )  I u )  would tend to Lero. This clearly contradicts asymptotic 
stability. 

Consider now local conditions and thus displacements with support in the vicinity of a 
given point. In the case of a fluid, the independence of 6,p and 6,h leads us to assume 
(see expression (39b) for ( A  (u )  1 u) )  that: 

u x a,u dm + (R(a,u) I u).  J: 

gb ' grad zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp 2 p 2 ( d - 1 ) i i k k g h z .  (42) 

This is the generalized Schwarzschild criterion for uniformly rotating fluids (Friedman & 
Schutz 1978b). In the case of a solid, 6,T and 6,h may no longer be fixed independently 
in the neighbourhood of a point. However, for a negative value of gb * (grad p - pz 
(d-')'ikkgg6) instability arises if the tensor dijk' is sufficiently close to the direction of 
g'jgk'. For instance, in the isotropic case, given a value of the bulk modulus ( K  = h + 2p/3) 
and a negative value of: 

- 1  i k grad P - P 2 ( d  

there is a critical value of the rigidity zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(p )  under which local instability appeal-s. 

) i  k gb .gb= {gradpZgb/K)-gb, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPre-stress and seismic wavefronts 

The influence of pre-stress upon plane wave propagation in homogeneous media has been 
already investigated in geophysical literature (see, e.g. Nikitin & Chesnokov 1981). Here we 
will examine a related problem: how the pre-stress affects seismic wavefront propagation, 
and thus travel-time analysis. Following Hadamard (1903) (see also Bamberger 1981 ; 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/g
ji/a

rtic
le

/8
5
/1

/1
7
9
/6

7
1
1
0
5
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Pre-stress influence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon Earth's perturbations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA191 

Truesdell 1972; Vlaar 1968) let us consider an acceleration wavefront, that is a travelling 
surface S, across which the relative acceleration admits a jump: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= [dr ru ] .  Then it may be 
deduced (Hadamard lemma) that the second-order spatial derivative of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu also admits 2 

discontinuity across the front: [DiDiu] = n i n [ / U 2 ,  where n is the unit normal vector to the 
surface S, representing the wavefront with normal velocity U in the reference configuration. 

In order to obtain the eigenvalue problem which governs the polarization and the velocity 
of these fronts at a given point of the reference configuration, the jump operator has to be 
applied to equations (23) or ( 2 5 ) .  Taking into account the regularity of u, Du and g - go, 
this yields at a point where the different elastic parameters are regular: 

M>si = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApU2s', with Mil = C k i l j  nknl + giJ&lnknl  = dkillfikn,, (43) 

Thus it is clear that the polarization of the different acceleration waves corresponds to the 
different eigendirections of the symmetrical tensor c ""nk?zl. Therefore it is in fact ciikl 
which determines the nature of the seismic fronts in the Earth. If cijkl is isotropic only P- 

and S-wavefronts exist and the influence of pre-stress anisotropy manifests itself only in the 
eigenvalues of (43), i.e. is confined to the dependence of the velocity of the wavefronts on 
their incidence. The importance of this anisotropy is thus related to the ratio between the 
usual Lame parameters and the pre-stress deviator. Considering the maximum order of 
magnitude generally adopted for the latter in the lithosphere, a major effect is not to be 
expected (probably less than 1 per cent in velocity anisotropy). 

In the case where ciikl is anisotropic, the velocities corresponding to the three kinds of 
fronts are affected by both cijk' and a$. More precisely, let us assume that the anisotropy of 
Ci jk l  is sufficiently weak to permit a (mathematical) perturbation approach (see Backus 
1970), to the eigenvalue problem (43). Denoting A' and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp' the Lame coefficients of the 
orthogonal projection of ciJk' on to the isotropic tensors space: 

Ci jk l  = k l g i j g k l  + p r ( g i k g j l  + g j k g i l )  + 6 ijkl 

it follows, in the case of quasi-compressional wavefronts: 

Thus only a weak inference upon the deviatoric part of the state of stress may be expected 
from the knowledge of quasi-compressional wavefront velocity as a function of incidence. 

The problem of determining 'inherent' anisotropy of the material, i.e. that which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis 
related to the inner structure of mateiiai, independently of the state of stress, has been 
investigated by Nikitin & Chesnokov (1981). They have proposed an evaluation of the 
change of the quadratic adiabatic elastic parameters ciik' related to the deviatoric part of the 
pre-stress. 

5 The orthotropic material case 

Let us now consider in more detail the case where at each solid point the material is ortho- 
tropic (or transversely isotropic), that is its mechanical properties are invariant under 
rotation around a given axis. This results in supposing that cijkl and a:' are both orthotropic 
with respect to the same axis (the hypothesis for aij is not essential in this section). 
Moreover let us suppose that it is possible to choose, at least locally, a curvilinear coordinate 
system such that at each point the vector of the natural basis e l ,  associated to the first 
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192 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB. Valette 

coordinate, corresponds to this axis of orthotropy and is orthogonal to the other two vectors 
of the basis which will be referred to by a Greek index: (e,)a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 2, 3. 

Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAqij  be the linearized deformation tensor: qij  = (Diuj + Diui)/2. For any rotation of 
axis zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe l ,  rl has five linearly independant invariants of second order. It is usual to choose: 

($2 +q33)', ( 1 7 ' 1 ) ~ ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV1i(T22 +Q33), 77 '~77~1  +77'3q3i ,  q 2 3 V 3 z  - ??22Q33 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

P =  

Considering an adiabatic evolution and taking into account (13a) we deduce from (45) to 
the first order in Du: 

~ ' n l n ~  + ~ ' ( n ' n ~  + n 3 n 3 )  (F '+  L ' j n ' n ,  

( F ' +  L')nZnl 

(F' + ~ ' ) n ~ n ,  (A  ' - nz L'n 'n ,  + N'n2nz + A ' n 3 n  

( F ' +  L ' ) n 1 n 3  

L'n 'n ,  + A ' n 2 n z  + N ' n 3 n ,  (A'  - N' )n2n3 

Substituting these expressions into (23b) leads to: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.rap = ( ( A  ' - 2N')D,ur + F'D1 u ' }  gap + N'gPrD,u" + (N' + uT)gaYD,uo, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.ral = ( L ' +  uT)gLYpDpu1 + L ' g l 1 D 1 u Q ,  ~ ~ " = L ' g " ~ D ~ u l  + ( L ' +  oN)g l *D1u" ,  

(47) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 1 1  = g 1 1  {F'D,uY + (C'+ ON)DIU1), 

where UN = ~ 0 ' 1 ,  uT= (7022 = 0033. 

Thus it may be deduced that the eigenvalue problem (43) takes the form: 

M;si = p U 2 s i ,  with M $  = P; t (&n,n,)g; and (48) 

The eigenvalues of P are: 

N'(n2n2 + n 3 n 3 ) +  L ' n ' n l ,  { A ' ( n 2 n 2  + n 3 n 3 ) +  C'nlnl + L ' *A} /2 ,  

with: 

A' = ( A ' ( n 2 n 2  + n3n3)+  C'n ln l  - L ' } '  

t 4n' n 1 (nZ n2 + n3 n 3 )  ( (F' + L ' ) 2  - ( A  ' - L '> (C ' - L ') 1. 
The expression of the different acceleration wave velocities follows: 

pU;, = N sin2 0 + L COS' 9 ,  

(49) 
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Pre-stress influence on Earth’s perturbations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 is here the angle between the unit normal to the front n and e l ,  and: 

A’ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= { A  sin’ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 + Ccos’ 0 - L + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(aN - uT) sin’0) ’ + sin’ (20) [(F+ L)’ 

- { ( A  - L + (ON - O r ) }  (C - L )  1 3  

193 

A = A ’  i (TT = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApu;,,, c= c’ i UN = puipN, 
F =  F’ - uN, L = L ’  + UN = p U i s N ,  N =  N ’  + UT = pUis,  T .  (50a) 

These latter coefficients permit the definition of an orthotropic tensor biikl containing the 
symmetries (14) by a relation analogous to (45 ) .  Thus: 

Note that in the hydrostatic case this tensor is equal to diikl  and then corresponds to  
Takeuchi & Saito’s (1972) choice. 

(F’+L’) ’=(A’-L. ’ ) (C‘-L’) ,  

and where: 

P U ; ~ ,  = N sin’ 0 + L cos’ 0 ,  P U ; ~ ,  = CL - (uN - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAuT)} sin’ 6 + L cos‘ 0 ,  

pU& = A  sin’ 0 + CCOS’ 0,  

also illustrates the weak resolving power of the knowledge of velocity anisotropy upon the 
deviatoric part of the stress. (The approximative approach (44 )  yields the same result for qP 

fronts when: A ’ + C’ = 4L ’ + 2F’.) 

The consideration of the case where: 

6 Equations of the ‘displacement stress vector’ 

Let us now suppose that the tensors zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu$ and cijk’ are invariant under any parallel displace- 
ment over surfaces defined, at least locally, by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx1 = c t .  This means that the medium is 
generally stratified and that A ,  C, F, L,  N,  and uT are functions only of the first 
coordinate. We will make the same assumption for p. 

In order to reduce the equation of elastodynamic and avoid derivatives of the different 
elastic parameters, it is natural from (23) to introduce the vector (29): 

t = ~ * ( e l ~ = ( u - u o ~ ( e l ~ + ~ u ~ a o ( e l ~ ~ ,  ( t j = c l j k ‘ ~ k u l  t u ~ D ~ ~ ) .  (51) 

Unfortunately this vector does not allow boundary conditions at the solid-fluid interfaces 
(see 35a) as simply as that of the vector ( S , T )  (el) (see 15b, 16, 25) used by Alterman et al. 
(1 959) and by Takeuchi & Saito (1 972) in hydrostatic situations. In order to generalize the 
choice adopted by these authors while keeping simple boundary conditions and avoiding 
derivatives of the deviator (ON - uT) of the pre-stress, we also have to introduce the vector 
(see 30,32,35b): 
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194 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVaktte 

Taking into account (50) and (52), this yields: 

DIU '  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=(T(' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- FD,u")/C, D ,uP  = -g"'D,uI + T: ' /L.  (54) 

Let V denote the Levi-Civita covariant derivation (see Choquet-Bruhat, Dewitt-Morette 
& Dilliard-Bleick 1982; Doubrovine, Novikov & Fomenko 1982) over surfaces defined 
locally by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx1 = c f  and F;k the Christoffel symbols related to the Euclidean derivation D for 
the system of curvilinear coordinates zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(x'). Since it is assumed that the first coordinate is 
orthogonal to the other two, the symbols related to V are equal to those corresponding to 
D. So that, for instance: 

D,u@= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv,P+ r t , u l ,  D , T P ~ =  v,++ r!,T1y+ rZl 70'. 

and it may be deduced (Appendix 5) from (23) and (47): 

where(18): &l*=3;tu+2f2x a , ~ - D g ' ~ ( u ) - g r a d $ .  
Let us now suppose that the surfaces zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx1 = cf 'are parallel (or may be considered parallel, 

for at least a limited range of XI). This results in I?;, = 0, or equivalently = 0. The first 
lines of coordinate are straight lines, g,, is a function only of the first coordinate and 
possibly by means of a change of coordinate we may suppose that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg,, = 1. Let us then 
introduce the scalar field uN,  tN,  S N  and the tangent vector fields U T ,  tT ,  ST such that: 

Let W ,  AT, diVT, gradT denote respectively the Weingaten operator, the Beltrami operator, 
the divergence and the gradient over surfaces x1 = c t :  

{W(UT>}' = r f a U f i ,  (ATuT)' =gay V,Vyup, +$=g"'V,V,@, 

u = U N e l  f u T ,  b =  t N e l  f t T ,  s = SNe l  + ST. 

diVT(UT)= v ,U" ,  (gradT@)@ =gpolv,@. 

The equilibrium of the reference configuration (9) yields: 

where tr denotes the trace operator. 
gi = - 1 8,' 1 e 1 3 D 1 ON + tr( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw) (ON - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA07') - p I gi 1 = 0, 
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Pre-stress influence on Earth's perturbations 

Furthermore, introducing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADl$ - 4nCpuN, and taking into account: 

A $  = AT$ + t r ( C W 1  $ + D I I $ ,  

we deduce from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(20): 

D,X=4nCp dlVTUT - AT$ - tr(Cq)X 

D1 $ = X + 4nGpuN 

$ and x continuous at  each interface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( p  = 0 outside zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV). 

div(gi)=-Dl lgdl -tr(W>Igd.)= - 4 n C p +  215212, 

it follows that: 

Therefore, with the help of: 

& l q N = ( a : t ~ +  2 ~ 2 ~  atu jN - t r (W>Ig i (uN - 2 l ~ l ' ~ N - x  

61 \kT = (L&u + 252 x a,u)T + lgd 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW ( U T )  - grad T $. 

Then, taking into account (56), (60), the hypothesis: 

W 2  -tr(W)W+ det(W)=O, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo1 = 0 and the relations: 

Vol(gPrryy) = v,(gPrrya) = (gradT(tr(W))', 

(volr& = aolf f ,  + rESr;, -r:,r& = a&,), 
equations (.53), (5.5) may be rewritten: 

D ~ u N =  (-F'{tr(M')uN+ divTuT} + tN) / (C '+  UN), 

D ~ U T =  (L' {-grad T U N  + ~ ( U T ) }  + tT)/(L' + UN) 
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196 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB. Valette 

Furthermore, from (52), (54), (57) and (61) we may deduce: 

D ~ S N = D ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf N +  { ( O N  -u~ ) t r (W j -p lgd  I}{divTuT+ tr(w)uN) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+ o N { A T u N  - U T  - gradTtr(W) - divTsT/L) + ONtr(W2)UN 

- ~ ~ t r ( W ) ( s N / C - F ( d i v  T u T +  tr(W)uN}/C), 

D1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAST = D1 t T  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA{ p  18; I - (ON - uT)tr(W)} (gradTuN WUT)  

- ON (F  grad T {tr zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(MI) U N  t div T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu T )  /C t grad T SN/C t W ( S T ) / L ) .  

Substituting (62) into these latter relations and taking into account (50), (52), (54) and (58) 
we finally deduce: 

D ~ u N =  ( -F{ t r (W)uNtd iv  T ~ T )  tsN) /C,  D , u T = - g r a d T u N t  WuTtsT/L ,  

D l s ~ =  (2Ntr(W2)-(F2/C+ 2NPA)tr(W)' + (ON zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-oT){AT+ tr(W2)} 

+ p{a:t -2tr(W)/g,'I - 21a I ' ) )U~  t 2p(aX a t U ) N  t ( 2Nd ivTW 

- (F*/C+ W-A)t r (W) divT -plgd I divT - (2N+ ON - O T )  gradT{tr(W)} - ) u ~  

- tr(W) (1 - F/C)sN - divTsT - px, 

D l s ~ = ( F 2 / C +  2N -A)grad~{tr(W)uN)+ (plgd I - 2 N W ) g r a d ~ u ~  

- 2NuN gradT tr(W) + {(F' /C + N - A j gradTdivT - N{A,  + det( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW)} 

t pa : t }UT  t 2p(a  x a+) - (F/C) gradrsN - {tr(W) + W}S,  - p gradT+, 

D ~ $ ' = X + ~ ~ G ~ U N ,  D1X'4nCp divTuT-AT+ - tr(lV)X. (63a) 

In the fluid areas (1 S), (50), (52): 

A = C = F = p o  y, L = N = 0, ON = uT = -po , s = p o y  div(u)el = - (61p)el . 

Thus equations (63a) reduce to: 

ST = 0, D1 U N  = - tr(W)uN - divTuT + s ~ / ( P o y ) ,  

D l ~ N = ~ ( ( a : t - 2 I g d . I t r ( W ) - 2 2 1 a 2 1 ' } ~ ~ - 2 ( ~ X a a , u ) ~ -  IgAIdivTUT-X), 

& U T +  2(aX atU)T=gradT{SN/p t $ -  1s; I u N } .  

This result may be also directly derived from the usual equation: 

grad { p o y  div(u)/p t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI$ t u * gd} - div(u) {gd + p o y  grad(l/p)} = 

corresponding to ( 2 5 )  for a perfect fluid. 

conditions are: 

S N ,  ST, +,x continuous at each interface ( p  = 0 outside Vif necessary), 

uN continuous at each inner interface, 

+ 2 a  x a ~ ,  

From (52), (26), (33), (34), (35b) and (58), it is straightforward that the boundary. 

u~ continuous at each solid-solid interface. (63b) 

As far as the variational approach is concerned under these hypotheses of orthotropy and 
lateral invariance over parallel stratification, expression (38a) for (A (u )  I u )  becomes (see 
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Pre-stress influence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon Earth’s perturbations 

Appendix 6): 

(A(u) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu )  = IV b ‘jk’DiujDk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcl+ pS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA{u . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg; div( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3) - v .  grad(u . gd) } zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA197 

+ (uN - uT)(tr(lYZ)uN;N -grad T U N  grad T v N  -S{uNUT. gradTtr(W)})dV 

(644  
-i grad +@I grad $6) dV 

477 G 
and thus: 

MU) I u )  = IV u I ~ N I Z  (NO tr(W)2 - t r ( v z >  - 2 p  I 1 2  - 2 p  I io 1 tr(W) 

+ (ON - u ~ ) t r ( W ’ ) ) - ( u ~  - U T ) I ~ ~ ~ ~ T U N ~ ’  - N I ~ ~ V T U T ) ~  

- NUT . {AT + gradT diVT + det(W))uT 
+ (A  - N - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF2/qI tr(W)UN + diVTUT1’ + ISNlz/c 

+ IsTj2/L -R{(pIg)o]+2Ntr(W))u,div T G T + ( ~ N W - ~ ~ ~ ~ I ) ; T *  gradTuN 

+ (uN - UT + 4Iy)uNcT . gradT tr(W) - pxGN - PUT - grad T J / } ]  d ~ .  (64b) 

Neglecting rotation, it is well known that in the case of plane and spherical stratification the 
solution of (63) may be decoupled as SH- and PSV-waves. More precisely, let us define the 
subspaces ESH and EPsv  (mutually orthogonal in Lg(V, dm)) by: 

ESH = { zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu : u1 = 0, div(u) = 0}, Epsv  = {u  : Curl ( u ) ~  = 0). 

It follows then from (63) that ESH and Epsv  reduce A in the case of parallel stratification 
only when the two curvatures of x1 surfaces are equal at each point, i.e. only in the case of 
plane and spherical stratification (see Jobert 1976). The case of cylindrical stratification is 
also interesting to consider. There PSV- and SH-waves propagating in a direction 
perpendicular to the cylindrical axis are decoupled whatever the stratification (assumed here 
to be parallel). (For such SH-waves it is clear indeed that: U T  - gradT{tr(W))=O and 
divT(WuT) = 0.) However the subspaces EsH and E p s v  do not reduce A in this case, and so 
the corresponding waves are generally coupled. 

7 Pre-stress and spherically symmetrical earth models 

Adopting a spherically symmetrical earth configuration in order to draw an average global 
model of the Earth, we have to assume that the material properties are invariant under any 
rotation about the centre of mass. This implies that the material will be considered as ortho- 
tropic with the radial direction as the axis of symmetry at each point. 

In the case of spherical geometry the Weingarten operator is simply W =  I/r, where r 
denotes the radial distance of the considered point. Therefore, neglecting rotation, it follows 
from (63a) that: 

DrUN = {- F ( h ~ / r  + diVTUT) + sN}/c, D ~ U T  = - gradTUN + UT/r+ sT/L, 

D r s ~  = {4(A - N - FZ/C)/rZ + (ON - UT) (AT + 2/r2)  + p(a:, - 4 Igo i/r)}uN 

+ {2(A - N - Fz/C)/r - P lgo 1)diVTUT - 2(1 - F/c)SN/r - diVTST - PX, 

D,.sT= {2(FZ/C+ N - A ) / r +  plgol)gradTUN + {(F’/C+ N-A)gradTdiVT 

- N(AT + l / r z )  + pa:t}UT - (F/C) gradTSN - 3 S ~ / r  - p gradT$, 
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198 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB. Valette 

We may thus deduce the equations governing the radial dependence of the free modes of 
the model (i.e. the eigenfunctions of the operator A ) .  Indeed these free oscillations may be 
expressed as (see Alterman et zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAal. 1959): 

(r) Curl (YT re,) (toroidal oscillation of the subspace EsH), 

(r) Y y  e, +yim (r) grad,(Yy r )  (spheroidal oscillation of the subspaceEpsv). 

(66) 

{i 

Here the Yy  (Im zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ I )  denote the usual orthonormal spherical harmonic functions: 

the associated Legendre functions, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 colatitudinal and longitudinal angles. 
For a toroidal oscillation with eigenfrequency w/2n, taking into account: 

A,(YJ")= -l(Zt l )YT / r2 ,  A,{Curl(YTre,)}={l - l ( l+  1)}Curl(Yrre,)/r2, 

it is straightforward from (64) that: 

- { ( I  - 1) ( I  t 2)N/r2 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp a 2 }  y7 - 3ys/r, 
dY 7 dYs 
- = y7/r + y S / L ,  __ - 
dr dr 

with ys  = 0 (63b) at each boundary of the solid part. 
For spheroidal oscillation with eigenfrequency w/2n, adopting: 

ri/=ySm(r) YJ", X = Y ; " ( ~ )  YJ", 

and taking into account: 

A,( Y T )  = - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZ(1 t 1) Y r / r 2 ,  

it follows easily from (64) that: 

AT {gradT (Y;" I . ) } =  {I - 1(1+ 1)) grad, (YT r)/r2 

2(1 - -F /C)yz / r -  I(l+ 1){2(A -N-F2/C) / r -p IgOOy3/ r  

+ l(1 f 1)Y4/r - pY6 3 

dY 4 - 
{ 2('4 - N - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFZ lc)h - P Ig, I ) Y 1 /r - (F/c)  Y 2 /r 

dr 

- ( { / ( I  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl)(F2/C - A )  + 2N}/r2 + pw2)y3  - 3y,/r - py,/r, 
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Pre-stress influence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon Earths perturbations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
From (63b) it may be deduced that the boundary conditions take the form: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

y2 =y4 = y 6  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ ( 2  + l ) y , / b  = 0,  at the free surface r = b ,  

y1 ,  yz , y3, y4 ,  y 5 ,  y6 continuous at each welded interface, 

y4 = 0 and y1, y2, ys, y6 continuous at each solid-fluid interface, 

199 

y l ,  y2, ys, y6 continuous at each fluid-fluid interface. 

At the pole r = 0, the regularity of the solution has to be imposed (see Crossley 197.5; Denis 
1970 and also Dunford & Schwartz 1963). 

Recall that the coefficients A ,  C, F, L, N are those of the tensor biikz (see 50) which is 
equal to diikz in the hydrostatic Case. Thus, in this case, equations (64) correspond to those 
obtained by Takeuchi & Saito (1972). In the case of an- orthotropic pre-stress, the 
coefficients A ,  C, L,  N are still related to wavefront velocity (49, 50) and taking into 
account orthotropy of the pre-stress practically amounts to the introduction of the term 
( I  - 1 )  ( I  + 2 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(UT - uN)/r  in the coefficient of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy 1  in the second equation of (65b). 

Let u represent a displacement field and s the associated ‘stress vector’ (52). Expanding u 
and s on the spherical harmonic vector basis as in (66) and taking into account the ortho- 
gonality properties of this basis, (64b) easily yields: 

r b  

+ Ivz12/C+Z(1+ l ) I ~ g l 2 { 1 ( I +  1) (A-F2/C)-2N}+I(Z+ 1)Iv412/L 

+ 2(l2 - 1 ) ( 1 +  ~ ) N I J J , I ~  + I ( Z +  1) Iry812/L 

+ R  { W + l ) ( ~ I g o  l r - 2 6 4  - N - F 2 / C ) ) y l y 3  - p y 1 y 6 r 2  - I Q +  l ) p ~ ~ ~ ~ r } J J d r ,  
- - 

(68) 
where R { } denotes the real part. 

This provides the means to estimate to the first order the effect of the deviatoric part of 
pre-stress upon the spheroidal eigenfrequencies. Indeed, with the help of the so-called 
‘Rayleigh Principle’ (see, e.g. Woodhouse & Dahlen 1978), it is easily derived from (68) that 
the relative perturbation of a spheroidal eigenfrequency with angular order 1 due to the 
deviatoric part of pre-stress may be expressed as: 

where y ,  and y 3  are the components (66) of the corresponding eigenfunction for the 
reference hydrostatic model. 

Let K(r)  denote the kernel of expression (69), that is the kernel related to the logarithmic 
derivative of w with respect to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(uT - uN):  

Figs 1 and 2 show the kernel K(r)  as a function of depth, corresponding respectively to the 
fundamental spheroidal mode and the first overtone for I = 20,50  and 100. They have been 
obtained with the use of Wiggins’s (1976) computational algorithm and earth model 1066B 
(Gilbert & Dziewonski 197.5). 
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a 

"1 

D E P T H  ( k r n * 1 0 0 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1. Kernel K ( r )  as a function of depth, corresponding to the fundamental spheroidal mode foI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 20, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA50 and 100, obtained with the use of Wiggins's (1976) computational algorithm and earth model 
1066B (Gilbert & Dziewonski 1975). 

00 

D E P T H  ( k m * l O O )  

Figure 2. Same as I'ig. 1 except for thc first ovcrtonc 
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Considering these graphs and the poorness of our knowledge of the state of the stress 
inside the Earth, it is believed that there is no reason to ignore, a priori, the deviatoric part 
of pre-stress in global or regional earth models. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Appendix 

(1) Let i, h and $be respectively the specific internal energy, entropy and free energy and ‘T 
the temperature field of the considered material. Using normal state variables, the following 
expressions stand: 

The first two principles of thermodynamics, the virtual power principle and expression (2) 
yield for any reversible virtual evolutions around the reference state (for more details about 
the subject of this appendix see, e.g. Bamberger 1981; Malvern 1969; Truesdell 1972 or 
Marsden & Hugues 1978): 

1 1 

P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPr 
6T$  = 6i - T6h = 6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAws = - opq6~,,  = - Tij6ei j .  

Then one can see that the knowledge of the stress-strain relation results in the knowledge of 
specific free energy. 

In the case of solid elasticity, the normal variables are the temperature ‘T and the 
Lagrangian finite deformation tensor e ;  thus: 

(A1 . I )  

Developing $ t o  the secmd order around the equilibrium state leads to: 

where ho = - (a$/aT’)o is the specific entropy in the reference state, uLi the pre-stress 
tensor, and where from the symmetry of eij the tensors X i j k l  and aii may be chosen with the 
following symmetries: 

.. .. 
= hijkl = Xjikl = hklij 

Then ( A l . l )  may be rewritten: 

Furthermore, assuming that the evolution is adiabatic, and thus isentropic (h = ho):  

(A l .2 )  
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where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA61 i is the Lagrangian variation of specific internal energy. Thus: 

,ii zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 + Ciikl 

where the tensor ciik* = hiikl - (a i jak ' ) /A,  which contains the same symmetries as X given 
by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Al .2) ,  corresponds to the quadratic coefficients in the development of p6, i ,  with respect 
to E, related to isentropic evolution: 

Ekl,  

p 6 i i = p ( ( @  - @ o ) +  ho(T - T o ) } = U i i € i j +  ' C i i k ' E i i E k ~ .  
2 

Restricting now the development of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu to the first order in Du and that of 6,i  to the second 
order leads to: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
,ii = @;j + cijklDk uI, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(A l .3)  

where the presence of uo in the quadratic terms comes from the quadratic ones in E .  

the density p .  Then taking into account mass conservation: 
In the case of a perfect fluid, the normal state variables reduce to the temperature T and 

a@ 
a p t  

p , 6  I# = - pgijSeii with p = p ;  - , 

and thus: 

If we consider an isentropic evolution, and then suppose that p is locally a function of the 
density, we obtain t o  the first order: 

P - P o =  ($) aP @ t - P ) = - P ( $ ) h e / ( i + e ) ,  

h 

where 0 is the volumetric dilatation: 0 = p / p t  - 1. 
Taking into account expression (4) of 0 yields to the first order: 

P - P O  = - POY div(u), 

where 

Po h 

(A1.4) 

is the adiabatic index of the fluid. 

evolution may be expressed as: 
The Lagrangian variation of the specific internal energy corresponding to an isentropic 

pate d t .  

Thus taking into account expressions (4) and (Al.4), we obtain to the second order: 

1 

2 
-div(u)+ - { ( ~ - l ) d i v ( ~ ) * + D i ~ j D j ~ ~ }  (A1.5) 
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Let us now recall that the internal energy is not additive. Indeed, if we consider the 

evolution of two systems zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS1, S 2 ,  the variation of internal energy of the whole system 
S1,S2 is: 

61 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 611 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 1 2  - WM , 

where W M  is the mutual work caused by the action of S1 upon zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASz and vice versa. 
In the case of the Earth, we deduce: 

and here WM is the work due to non-local gravitational effects and possible slipping at inner 
interface. 

(2) Let W denote the Weingarten operator, that is the self-adjoint operator defined at each 
point of the surface C, assumed to be sufficiently regular, on the space tangent Ta(Z), by: 

E 7-a(C), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM u )  = D,(n) E Ta (El, 

divz and grad= the usual divergence and gradient surface operators: 

div zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu = div,{u - (u - n)n} + Du(n) - n + (cl + c2)u * n 

grad p o  = gradzpo + (grad p o  

where c1 and c2 are the principal curvatures of 2 at the considered point, i.e. the eigenvalues 
of w. 

n)n  

Taking into account (26), it is deduced from (27): 

[7*(n>l = - ( P O  div, [ul + gradcpo - [ u l ) n  - p o  W [ u ]  

From (26) and the definition of W ,  one may also deduce: 

[Du(n) - n] n = [Du*(n)] + W[u]  , 

so that: 

[ ~ * ( n ) ]  = - n divx(po [ u ] )  + p o  [Du*(n) -{Du(n) - n}n] . 

From (30) it is then straightforward that: 

[ ~ ' * ( n ) ]  = [T * (n ) ]  - P O  [Du*(n) - div(u)n] , 

= (- divc(po [ u ] )  + p o  divc [ u ] > n  

= - ( [ u ]  - gradcpo)n. 

(3) From the definition (23) of the operator A ,  it is first reduced: 
I- 
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With the help of Stoke's formula and taking into account expressions (19a) and (23b) it 
follows: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

r 

(A3.1) 

where Z comprises (33, 34) all solid-fluid (or fluid-fluid) interfaces, with unit normal n 
oriented following the jump through C. 

The surface integral in (A3.1) is now to be evaluated. With the convention that the minus 
sign refers always to a fluid side, we deduce with the use of (35a) and (23b): zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[T*(n)  - V] = [ ~ * ( n ) l  * LI, + T - ( n )  - [ G I ,  

[ T * ( n )  - V] = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- ( U s  n) divx(po[u]) + p o  (n - {Du+(V+) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-Du-(v+)} 

- ( U s  n){Du+(n) * n - ~ u - ( n )  n)+ n - { D U - ( U + ) - D U - ( V - ) } )  

= - divx{po [u](V - n ) }  + p a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI[ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[u]  - gradx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(i - n )  + n - [Du{ G - (u - n ) n j ] ] .  

Taking into account the following relation: 

[u] * gradx(u * n ) =  [u  ~ (u  * n )  n ]  - gradr (u * n )  

= n .  [Du{u - (u  - n)n}]  + [W{u - (u * n ) n }  - u ]  

and the fact that the inner interfaces are closed surfaces, by Stoke's formula it is finally 
deduced: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
/ x [ ~ * ( n ) * ~ l  d C : =  p ~ ( " u ] - g r a d , ( ~ * n ) +  [ i ] * g r a d z ( u - n ) -  d 

[ ~ { u  - ( u  - n ) n ) . { U - ( u -  n ) n ) ] ]  d ~ ,  

which substituted in (A3.1) leads to (36). 

(4) Let ON be any regular scalar function the value of which is -po in V, and 0 on a V. Let 
X denote all the interfaces where a fluid is involved and S { } the symmetric part: - 
s{a(u, u) )  =(a(u,u) + ~ ( u ,  u)}/2. 

Then: 
n 

[S {div (0, ( D i ( u )  - u div (i)} ) }  ] d V  

= Jv [ u , { D ~ u ~ D ~ ~ ~  - (Diui) (Dj;'>} + S {(Db(u) - u div(;)) - grad u,}] dV 

= g p o S  ( [ D i * ( n )  * u - (u n )  div (;)I} d C  

po["G].gradc(u.n)+ [ u ]  .gradx(6. n ) -  [ W ( u - ( u . n ) n } . ( G - ( u .  n ) n } ]  

+ S { ( u .  n )  [;I . gradxpo} dC. (A4.1) 
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Furthermore, let us recall that: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIV {Dg,'(u) + grad zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ ( u ) }  * J dm 

dmdm ' 
(u '  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu )  - (U' - E) ((a' - a )  - (u' - u>){(a' - a >  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(5' - GI> ="s { - 3  

2 v x v  la' - a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl 3  I ~ ~ - ~ I ~  

+ C i n x  ( f i xuu> j .vdm 
' V  

grad $ ( u )  * grad $(S) 
= - /+(u). vdm - 4rrG d V, (A4.2) 

where 2 ,  consists of all the interfaces where p has a discontinuity and where the boundary 
conditions (20) have been taken into account. 

With the help of these relations (A4.1, A4.2), expression (36) for ( A  ( u )  I u )  yields (38a). 
Then, in order to obtain (38b) we just have to observe that: 

div{p(u . g i )U}=  p(u . g i )  div(v) + (u . g ; ) ; .  grad p + pDg;(u) .  v +  pgi . Du(G). 

(5) First of all recall that since the first coordinate is orthogonal to the other two: 

gParrX1 = g m y r , P 1  

gParAj = - g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 1  rli. P 

r; = -gk' (argi t  + a . g  I 1' . - algi,) ,  and (A5.2) conies from: Digla  = aig la  = 0 .> 

(A5.1 may be easily obtained from the expression of the Christoffel symbols: 

1 

2 

It is convenient to rewrite equations (22, 23): 

Taking into account (53), (47) may be rewritten: 

(A5.1) 

(A5.2) 

(A5.3a) 

(A5.3b) 
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Thus: 

207 

+ N ' ~ P ~ v , ( v , u ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ r y y u l ) +  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( N ' +  uT)gav, (v ,uP+ rf&, (A5.4) 

(Note that since the first coordinate is orthogonal to the other two rp, is a tensor of second 
order over the surfaces zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx1 = c'.) 

v,v,u" = v,v,ua - R 6 , U 6  > (A5.5) 

where Rby = Rolba, is the Ricci tensor obtained by contraction of the Riemann tensor. 
From the expression of the Riemann tensor: 

Furthermore (see Choquet-Bruhat et al. 1982; Doubrovine zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAef al. 1982): 

~ i j k l ,  alr;k - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAijkqi+ ri p l  r p  i k  -rLkr;, 
and the flatness of Euclidian space one deduces: 

R,, = r;,r;, - rp, r;,. (A5.6) 

Substituting (A5.4) into (A5.3a) and taking into account (A5.1, 5.2, 5.5 and 5.6) leads to 
(55a). 

Expressions (47) lead to: 

This equality is not tensorial. But taking into account: 

D,P = a , P  + r:p21 + r : ,Ta l  t r:l 711 + rkpTQP,  

and : 

a,(oPul)+ r ; ,DPu l  - rY,PDyul = v , v p u 1  +v,(r; ,Uy+ r b l U 1 )  

+ r : , (vpul  + r b i U i ) ,  

permits us to obtain (55b), via (A5.3b). 

(6) Taking into account equilibrium of the reference configuration (57), it is not difficult to 
deduce: 

S { - pDgi(u) . ;+ {DC(u) - u div( ;)} . grad uN} 

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS {- pDgd(u) . - pgb * D$u) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApg; - u div (;)I 
- ( u ~  - u , ) t r ( W ) S { D i ? u ' - u ' D j v i }  

= pS(g; . u div(3) - ;. grad ( u .  g;) }  - (0, - uT) tr(W)S {Dj i lui  - u'D3'). (A6.1) 

Using this relation and (50b), expression (38a) yields: 

(A(u)Iu) = J bijk'DiUjDk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5, + pS{u. gd div(5) - 5. grad(u . g;)} 
V 

+ (aN - uT) (D, upDp  v" - gapD,u' Dp il - D,u"Dp cp 
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Furthermore from (A5.1, 5.2, 5.5, 5.6) and (61) it may be deduced that: 

D,upDpv" - g " p D , u l D p ~ l  -D,uf fDp?+ tr(W)S{u'DpuP -Dpul?}  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV , ( ~ @ V ~ ~ P  - u ~ v , ~ ) +  rf,rypulU1 -gapv,u l  v,U, 
+ s  { v , ( 2 r y P ~ P i 1  - rfpUaul) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-12 ?vp(ry,)}. 

Thus, making use of Stoke's formula and taking into account the lateral invariance of 
(aN - uT)  it follows that: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(UN - U T )  [ [D ,U 'D~U~ - gapDaUIDpV1 - D,uaDpUp s, 
+ tr(W)S(u1DpuP - Dpu' up} 1 dV 

= (0, ~ u,) [tr(WZ)uN& - gradTuN . gradTvN - S { u N & .  gradT tr(W))] dV. 

Taking into account this latter relation, (A6.2) yields (64a). 
Let us now consider the tensor: rJt i j= biiklD,ul. From (50) and by analogy with (46) it is 
clear that: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
711f fP = { (A  - 2 N )  vYr + Fvll} g@+ 2 NvQP, T""~ = 2 LTf', 

= FgYyg" + c p ,  (A6.3) 

where the tensor qii is defined by vji = (Djui + Diui)/2 and (see 52) si = 7Yi. It follows that: 

b i ikrD.u.Dkcl  = T 1 l a f l -  + 27111cu61, + ~ " 1 1 7 7 ~ ~  Z J  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATap 

= ( A  - 2 N - F 2 / C ) l d i v T u ~ +  tr(W)uNI2 + ISNI~/C 

+ I s#/L -t 2N7?"PTl,p. (A6.4) 

Furthermore: 

2 = vY((gaW + g P v )  ( ~ , O l u p  - r&il )} + v,(2ga~ry,u1 "p) 
- uPg'[yvyv,Up - uf ivYv, i~ + (gayup  + gba)vy(r;pU1) 
- 2Upv,(gayrfYu l )  + 2r f , r : p~1U l .  

With the help of (A5.1, 5.2, 5.5, 5.6), (61) and Stoke's formula we deduce that: 

- 
2N77"P$,pdV=- IVN [UT. A$T+ U T  .gradTdivTiT + d e t ( W ) u T * u T  

- 2 tr(W')u,u, + 4 R  {uNUT .gradT{tr(W)}+ W ( i T ) .  grad,u,)J d V ,  

b 
(A6.5) 

where R { } denotes the real part. 
Taking into account that: 

(see Appendix 4), and with the help of  (A6.4, 6.5) and (59), (64b) may now be derived 
from (64a). 
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