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ABSTRACT: Supersymmetry allows a D*R* interaction in M-theory, but such an interaction
is inconsistent with string theory dualities and so is known to be absent. We provide a novel
proof of the absence of the D*R* M-theory interaction by calculating 4-point scattering
amplitudes of 11d supergravitons from ABJM theory. This calculation extends a previous
calculation performed to the order corresponding to the R* interaction. The new ingre-
dient in this extension is the interpretation of the fourth derivative of the mass deformed
S3 partition function of ABJM theory, which can be determined using supersymmetric
localization, as a constraint on the Mellin amplitude associated with the stress tensor mul-
tiplet 4-point function. As part of this computation, we relate the 4-point function of the
superconformal primary of the stress tensor multiplet of any 3d N/ = 8 SCFT to some of
the 4-point functions of its superconformal descendants. We also provide a concise formula
for a general integrated 4-point function on S¢ for any d.
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1 Introduction and summary

M-theory is a rather mysterious ultraviolet (UV) completion of eleven-dimensional super-
gravity [1]. It describes the dynamics of massless gravitons and their superpartners, and as
such its main observables are the scattering amplitudes of these massless particles. For gen-
eral momenta, supersymmetry requires that the 4-graviton S-matrix take a factorized form
Ay 8,t) = ASG tree(niy 5, 1) f(s, ). The first factor is the tree-level scattering amplitude
computed in 11d supergravity and depends on the polarizations 7; of the four gravitons as
well as the Mandelstam invariants. The second factor is an arbitrary symmetric function
f of the Mandelstam invariants s, ¢, and ©u = —s — ¢t. In the small momentum expansion
(or equivalently in the expansion in the 11d Planck length £,,), 11d supersymmetry allows
the following terms in f:

f(s,t) =1 +€ng4(s,t) +£§§f1_100p(s,t) +£]130fD4R4(s,t) +£}1;2fD6R4(s,t) 4. (1.1)

Terms multiplying £ are homogeneous of degree n in s and ¢, as required on dimensional
grounds. The functions of s and ¢ that constitute the coefficients of £} are given suggestive
names: fp2mpa are symmetric polynomials in s, ¢, u that represent the contributions of the
contact Feynman diagrams with D?™R?* as well as tree-level exchange diagrams that have
the same momentum scaling; fi.100p is the one-loop supergravity Feynman diagram, etc.
All the loop corrections to supergravity can be computed in principle from the 11d super-
gravity Lagrangian. On the other hand only the lowest few protected fp2mps corrections
to supergravity can be determined by relating them to type II perturbative string theory
computations and non-renormalization theorems.? These take the form [10-14]

Stu Stu 2
fra(s,t) = L fpipi(s,t) =0, fpsra(s,t) = u (1.2)

3-277 15-2157
with u = —s — t as above. The D*R* contribution is absent, but would otherwise be
consistent with 11d supersymmetry. The goal of this paper is to derive the vanishing of
fpips purely from 3d CFT using AdS/CFT.

"'Without loss of generality, for a four-point massless scattering process in 11 dimensions, one can take
the momenta to lie within 4 of the 11 dimensions. With this choice, the 11d SUSY Ward identities
reduce to the N/ = 8 SUSY Ward identities in 4d for the graviton and its superpartners. (The 11d
supergravity multiplet reduces to the 4d A/ = 8 supergravity multiplet.) In 4d, the N’ = 8 SUSY Ward
identities imply that the 4-point scattering amplitude must equal the supergravity tree-level amplitude
times some function f(s,t) [2]. Then, we claim that the 11d amplitude is AsG tree (s, S, t) f(s,t). Indeed,
this quantity obeys the 11d SUSY Ward identities because Asq tree (i, 8, t) does and because multiplying
a supersymmetric amplitude by a function of s, ¢ still solves the Ward identities, as follows from the fact
that the momentum commutes with the supercharges. The difference A(7:,5,t) — AsG,tree (i, S, 1) f (8, )
reduces to zero in 4d, and since the reduction was made without loss of generality by an appropriate choice
of the coordinate system, this difference must be identically zero for any choice of the 11d momenta. Thus,
A(niv S, t) = ASGM"ee(niv S, t)f(sv t)'

2If M-theory is compactified to 4d, one obtains 4d A/ = 8 SUGRA theory supplemented by higher
derivative corrections [3, 4]. Constraints on higher derivative counterterms in 4d N' =8 SUGRA have been
studied in [5-8] (see also [9]).



It was proposed in [15] following earlier work [16-18] that an alternative way of deter-
mining the 11d 4-graviton S-matrix is from the flat space limit of stress tensor multiplet
4-point correlation functions in the superconformal field theory (SCFT) on N coincident
M2-branes. This theory is part of a family of U(N), x U(N)_j gauge theories coupled
to bifundamental matter whose Lagrangian descriptions are due to Aharony, Bergman,
Jafferis, and Maldacena (ABJM) [19]. For general N and k, ABJM theory is dual to the
AdSy x S” /7 background of M-theory and is the effective theory on N coincident M2-
branes placed at a C*/Z;, singularity in the transverse space. We will only focus on the
cases k = 1 or 2 where supersymmetry is enhanced to N' = 8 [19-23] from the N = 6 man-
ifestly preserved at all k [19]. Instead of parameterizing these theories by N, we will find
it convenient to use the quantity c¢p ~ N3/2, the coefficient of the canonically-normalized
stress-tensor two point function, which has been calculated to all orders in 1/N through
supersymmetric localization [24] using the results of [25] and [26].

More concretely, one can consider the four-point function (SSSS) of the scalar bottom

component S of the N/ = 8 stress tensor multiplet. It was shown in [15] that the N = 8
N[S5S5

o of the tree level

superconformal Ward identity for the Mellin transform [17, 18]
(SSSS) correlator has a finite number of solutions at every order in the 1/cp expansion:

_5 19
3

ME555(s,t) = e BIME + ¢ [BiM& + B{M&] + ¢, ° [B§MS + BSME + BYME]

tree
_I
+cp® [BIMS + B{MS + B{Ms + B{M§] + ...,
(1.3)

where s,t are Mellin space variables that are related to the 11d Mandelstam variables in
the flat space limit, M g are functions of s,t that grow as the pth power at large s, ¢, and the
B’s are numerical coefficients unfixed by 3d supersymmetry. If one can determine these
B’s up to order 1/c., then by taking the flat space limit [16] one can reproduce the 4-

graviton scattering amplitude and read off the function f to order E?,(nfl)

. This procedure
was carried out in [15] to first non-trivial order: by computing two distinct CF'T quantities
as a function of N (namely cp as well as a 1/2-BPS OPE coefficient), ref. [15] was able to
fix both B} and thereby reproduce exactly the known value of fra(s,t). (See also [27] for
an analogous computation in 6d.) The goal of the present paper is to use ABJM theory
to find an additional constraint such that all three Bi6 can be fixed to zero, which implies
that fpape = 0.

Developing the momentum expansion up to D*R?* order presents new challenges com-
pared to the computation up to R* order performed in [15]. In [15], the computation of
the additional CFT quantity besides ¢y that was needed involved a trick based on the
fact that, as any N' > 4 3d SCFT, ABJM theory contains a one-dimensional topological
sector [28, 29]. Such a trick does not seem easily generalizable to the computation of other
quantities. Nevertheless, one may hope to to beyond R* order because in 11d all terms
up to DSR?* (thus including D*R?) preserve some amount of supersymmetry, and thus one
may hope to be able to use supersymmetric localization to compute just enough quantities
in the field theory in order to recover all these terms in 11d.



In ABJM theory, quite a few BPS quantities can be computed using supersymmetric
localization using [25, 30]. To go to order D*R*, it is enough to consider the free energy
on a round three-sphere in the presence of real mass deformations. When ABJM theory is
viewed as an N = 2 SCFT, it has SU(4) flavor symmetry, and, since the Cartan of SU(4)
is three-dimensional, it also admits a three-parameter family of real mass deformations.
(See for instance [31] where these deformations were studied at leading order 1/N.) The
S3 free energy F' in the presence of two such mass parameters m; and my was computed
to all orders in 1/N in [32] using the Fermi gas formalism developed in [33]. To make

connection with the four-point function of the stress tensor multiplet, we consider the
3 o'k and —F ‘

om? Im1=my=0 om20m3 lmy=ma=
of [26] for two-point functions, can be related to integrated four-point correlators in the

fourth derivatives o» Which, by analogy with the analysis
SCFT. Calculating these integrated correlators using the solution to the Ward identity at
order D*R* and comparing with the fourth derivatives of F' mentioned above, one can fix
all three BS = 0 so that fpapa(s,t) = 0.

It is worth pointing out that part of the difficulty in performing this computation is
that all previous studies [15, 24, 28, 34, 35] in 3d N' = 8 SCFTs focused on the four-
point function of the superconformal primary of the stress tensor multiplet, which is the
scalar operator S mentioned above of scaling dimension Ag = 1 transforming in the 35,
of the SO(8)r R-symmetry. However, the fourth mass derivatives of the F' are more
directly related to integrated four-point functions of a linear combination of S and another
operator P that belongs to the same superconformal multiplet as S. The operator P is a
pseudoscalar of scaling dimension Ap = 2 transforming in the 355 of SO(8)r. As part of
our computation, we will therefore derive expressions for the four-point functions (SSPP)
and (PPPP) in terms of the more easily computable (SSSS).

Another notable feature of our computation is a concise expression for integrals over
S? of 4-point functions of scalar operators in CFTs. In particular, we find that the integral
over 4d variables reduces to an integral over the two conformally-invariant cross ratios U
and V of the 4-point function multiplied by a D(U, V') function, which naturally shows up
in tree level calculations in AdSg11 [36]. (See egs. (3.22) and (3.30).) While in this work
we only apply this result to d = 3 and the specific operators we are interested, this formula
applies to any CFT with or without supersymmetry.

The rest of this paper is organized as follows. We start in section 2 with a brief
review of the relevant four-point functions in AN/ = 8 SCFTs and derive the relations
between them that were mentioned in the previous paragraph. In section 3, we discuss the
relation between the fourth mass derivatives of the S® free energy and integrated correlation
functions in the SCFT. In section 4 we apply these results to ABJM theory, and by taking
the flat space limit of the SCF'T correlators show that fpipga vanishes, as expected. Lastly,
we end with a brief discussion of our results in section 5. Various technical details are
relegated to the appendices as well as to an auxiliary Mathematica file included with this
arXiv submission, containing the Ward identities and the large cr expressions for the Mellin
amplitudes and position space correlators that we computed.

3 All other fourth derivatives vanish or are linearly dependent on the two mentioned in the main text.



Operator | A | Spin | so(8) charge
S 1 0 35,
X 3/2 | 1/2 56,
P 2 0 35,
j 2 | 1 28
Y 5/2 | 3/2 8,
T 3 2 1

Table 1. Operators in the N' = 8 stress energy tensor multiplet.

2 Stress tensor multiplet 4-point functions

Let us begin by discussing the structure of the stress energy tensor multiplet in N = 8
SCFTs and then derive the relation between the 4-point function of the 35. scalar S
and the 4-point functions involving the 35, pseudoscalar P that were mentioned in the
Introduction.

2.1 The N = 8 stress tensor multiplet

In addition to the scaling dimension 1 scalar operator .S and the dimension 2 pseudoscalar
operator P transforming in the 35, and 355 irreps of the SO(8)p R-symmetry, the N' =8
stress tensor multiplet also contains a fermionic operator X, of dimension 3/2 in the 56,,
the R-symmetry current j, in the 28, the supercurrent v, in the 8,, and the stress tensor
itself, T},, — see table 1.

In order to write down the supersymmetry variations relating all these operators, we
need an efficient way to keep track of the various SO(8) representations that appear. All
representations of SO(8) can be produced by symmetrizing and antisymmetrizing the 8,
8, and 8, representations. We use the indices I, J,... for 8.; A, B, ... for 8;; and a,b, ...
for 8,.% All three representations are real and so indices are raised and lowered using the
Kronecker delta symbol. Equivalently, the Kronecker delta symbol can be used to form a
singlet from 8; ® 8;, an operation we denote by - in index free notation (e.g. v-w = v AwA
if v and w transform in the 8;). In addition to the Kronecker delta symbol, SO(8) admits
another invariant tensor E,r4 (see appendix A for explicit expressions), which can be used
to produce the 8;, from 8; ® 8; whenever 4, j, and k are distinct. In index free notation,
we can represent this as a wedge product A : 8; ® 8; — 8, (e.g. (VA w), = aviwd if v
and w transform in the 8. and 8;, respectively).?

4These three representations are all equivalent due to SO(8) triality, and so while we can think of the
8, as the vector representation while 8. and 8, are the two (real, inequivalent) spinor representations, this
assignment is arbitrary.

®The Eura can be thought of as chiral SO(8) gamma matrices. The Clifford algebra implies

(X1 A Yi) . (Xz A\ Y2) + (X1 N YQ) . (X2 A Yl) = 2(X1 . Xz)(Y'l . Yz) .
By manipulating the Clifford algebra, one can derive other useful relations, for instance

(XAYI)AY24+ (X AY2)AYL =0.



Then, we can represent the operators of the stress tensor multiplet as Sy, Pag, Xﬁl ,
jl{‘] (or jfB or jl‘jb), Yhias T The scalars S and P are rank-two traceless symmetric
tensors of 8. and 8, respectively, j, is an anti-symmetric tensor of any eight-dimensional
representation, and x obeys xarE4’* = 0 in order to select the 56, representation from
the product 8,28, = 56, ®8,,. Including all the SO(8) r indices quickly becomes unwieldy,
so instead we will use polarization vectors: we will denote vectors in 8. by Y, those in 8;
by X, and those in 8, by Z. Then we can define the operators

S(Z,Y) =S (@YY, P(Z,X) = Pap(®)X4X5
Xa(@ X, V) = x2 (@) XaY1,  ju(@Y1,Y2) =47 (Z)Y1Yay, (2.1)

1/1;@(:?, Z) = ¢Za(f)Za .

To implement the tracelessness of S;; and Pap, we demand that YV -Y = Y/Y; = 0 in
the definition of S(Z,Y) and similarly for X in the definition of P(#, X).% Likewise, to
implement the condition E%,x*!(#) = 0, we require X AY = 0. We can automatically
satisfy this condition by choosing X = Y A Z for some Z € 8,; this is now a redundant
parametrization as there exists a (unique up to normalization) vector Zy for which Y A
Zy = 0. Lastly, since the R-symmetry current j# transforms in the adjoint representation
28 € (8, ® 8.), we can polarize it with two vectors Y7 and Y3, but all expression must be
antisymmetric in these two vectors. Alternatively we could polarize it with X; and Xs or
71 and Zs, depending on whichever is most convenient.

After this long introduction on notation, we can write down how Poincaré supersym-
metry generated by the supercharges Q®* relate the operators in the stress tensor multiplet:

§N(Z)S(Z,Y) = X*(Z, Z NY,Y),

. eh 1 o ) R
27, X,Y) = EP(:c, X, YAZ)+ 50,35]#(95, XY NZ)+iciP0"S(Z,X NZ,Y),

§(Z)P(%, X) = ivV207P0'xp(Z, X, X N Z),
ete. (2.2)

Here, §*(Z) represents the action of Q@**Z, on the various operators and o, are the 3d
gamma matrices, which can be taken to be just Pauli matrices. The supersymmetry vari-
ations of j#, ™" and TH that were omitted from (2.2) will not be needed in this work.

2.2 Ward identities

To derive the relations superconformal symmetry imposes between the four-point functions
of the stress tensor multiplet operators, it is enough to first determine the most general
form of these four-point functions that is consistent with conformal symmetry, and then
require that they be invariant under the Poincaré SUSY transformations in (2.2). (One does

SStrictly speaking we should view S and P as functions of two distinct auxiliary fields; for instance,
S(Z,Y1,Y2) = Sr;(®)Y{Ys, subject to the conditions that S(&,Y1,Ys) = S(&, Y2, Y1) and that ¥; - Yo = 0.
But we can always uniquely reproduce the full SO(8) structures by restricting to Y1 = Y2 and it is usually
convenient to do so.



not gain any additional information by also imposing invariance under the superconformal
generators S“* because invariance under S“¢ is guaranteed by invariance under Q“® and
under the special conformal generators K*.) For example, conformal symmetry implies
that the (SSSS) and (PPPP) correlators take the form

- S 1
(S(F1,Y1) -+ S(ia, Ya) = —— [Sl(U, VIYRYS + Sa(U, V)Y3Ya + Ss(U, V)Y Yoy
12734

+ S4(U, V) Y13Y14Y23Y24 + S5(U, V) Y12Y14Y23Y34 + Se (U, V)Y12Y13Y24Y34} ;
. . 1
(P(Z1, X1) - P(%4, Xy)) = ey [771(U, V) X5 X5,+Pa(U, V) X135 X35, +P3(U, V) X7, X35
12734
+ Pa(U, V) X13X14X23X04 + P5 (U, V) X12X14 X023 X34 + Ps (U, V)X12X13X24X34} ;

(2.3)
where the S; and the P; are functions of the conformal cross-ratios
2 .2 2 .2
_ L1234 _ L14T33
U= popR V= g (2.4)
13724 13%24

Note that not all the functions §; and P; are independent. Crossing symmetry implies the

relations
1V U
82(U7V)—U81 (U’U) 5 83(U7V)— VSI(‘/’U)7
1
SOV =US (o) S(OV) = SV,
1V U? (2:5)
_mep (L YV _ v
Po(U, V) =U*Py (U’ U> ; P3(U,V) V2771(V, U),
9 1V U?
Ps(U, V) =U*Py <U’ o) Pe(U,V) = WR;(V, U).
Likewise, (SSPP) takes the form
(8(21,Y1)S (%2, Y2) P(T3, Y3) P(Z4, Ya)) =
(2.6)

1

- [RIYAXE + Ra [(¥i 0 Y2) - (X3 0 X0’ + Ra(Yi 0 Ya) - (X5 0 Xo)YiaXaa .
12734

where the R; are also functions of U and V and we used the product o : 8; ® 8; — 28,

normalized such that (Y7 o Y3) - (Yz0Y)) = %(YBYM — Y14Y23).” For other correlation

functions (which are not needed in the rest of this paper), see appendix B.

For the application presented in this paper, we only need to express the four-point
functions (SSPP) and (PPPP) in terms of (SSSS). These relations can be determined

"Using the identities in Footnote 5, we can derive Y1 o Y2) - (X3 o X4) =
% [(Xg N Y1) . (X4 A YQ) . (X3 A Yg) . (X4 A Yl)]



Variation Correlators Used Correlators Obtained
6(SSSx) | (SSS5S) (SSxx)  (5557)

6(SSPx) | (SSxx) (SPxx) (SSPP) (SSPj)
(SPPx) | (SPxx) (SSPP) | (PPxx) (SPPj)

d(PPPx) | (PPxy) (PPPP) (PPPj)

Table 2. Taking supersymmetric variations to compute correlators. By setting the variation in the
first column to zero, we can use the correlators in the second column to compute the correlators in
the third column.

by substituting the general form of the four-point functions into the identities

5(SSSx
5(SSPx
d(SPPx
§(PPPy

)

i

(2.7)

)

) =0
) =0
) =0
) =0.

In particular, from the first equation in (2.7), we determine (SSxx) and (SSS7) in terms of
(SSSS), as well as relations on (SSSS). Then, from the second line of (2.7), we determine
(SPxx), (SSPP), and (SSPj). Then, from the third line of (2.7), we determine (PPxX)
and (SPPj). Lastly, from the fourth line of (2.7), we determine (PPPP) and (PPPj).
See also table 2

In practice, plugging (2.3), (2.6), and the analogous equations in appendix B into (2.7)
is an onerous but straightforward task that can be greatly simplified using Mathematica.
Our results are as follows. From the first equation in (2.7), we can show that the S; obey
the Ward identities

1 1 1
oSV V)= ES(U.Y) + (U - aU—av> SUV) + (U L (U-1ay + m—) SU.V),

O Si(UV) =~ Su(UV) = - (1= Ul + (L= V)0V SoU,V) = (0 +0) (U V)
(2.8)

along with other identities which can be derived using the crossing relations (2.5). It can
be checked that these equations are equivalent to the Ward identities obtained in [37].
The expressions for the functions R;(U, V), S;(U,V), and P;(U,V) that appear in (2.6)
and (2.3) in the (SSPP), (SSSS), and (PPPP) correlators, respectively, are related as

Ri(U, V) = DU, V,8y,0v)S1(U, V),

P (2.9)
PZ(U7 V) - Dz](U7 V7 aUa 8V)SZ(U7 V) )

where the differential operators DX (U, V, 9y, dy) and D{; (U,V,0y,0v) are rational func-
tions U and V' and have at most 2 and 4 derivatives, respectively, and are given explicitly
in egs. (B.7)—-(B.9) in appendix B. The other correlators mentioned in table 2 can also be
written as differential operators acting on the S;; their explicit expression can be found in
the attached Mathematica notebook.



2.3 A check: superconformal blocks

A stringent check on the formulas (2.9) as defined in (B.7)—(B.9) is that they should map
superconformal blocks to superconformal blocks. In particular, if we take the S; to corre-
spond to a superconformal block, then these equations determine the corresponding super-
conformal blocks in the (SSPP) and (PPPP) correlators. The fact that these equations
produce a finite linear combinations of conformal blocks is nontrivial.

As a simple example, the superconformal block corresponding to the s-channel ex-
change of the stress tensor multiplet in the (SSSS) correlator is [24]

S = (i (=910 +932) 000 g10+921 910 — 92,1) ; (2.10)

where ga ¢ are the conformal blocks written in the normalization used in [24]. From (B.7)
we find

Ri= (3952 0 —4g.1) . (211)

and (B.8)—(B.9) along with their crossed versions imply

P = (93,2 000 g21 —93,2) . (2.12)

Superconformal blocks for other multiplets can be worked out in a similar way:.

3 Integrated correlators on S3

Having described the four-point function of the scalar and pseudo-scalar operators in the
stress tensor multiplet of an A/ = 8 SCFT, let us now connect these quantities to the fourth
derivatives of the S partition function with respect to various mass parameters. Before
delving into the details of these mass deformations, let us note that the formulas (2.3)—(2.6)
also hold on a round S3, with the only modification that the quantity %;; should undergo
the replacement

SN Tij _
Z‘ZJ 2 %2 -
L+ g2Vt g

everywhere. Here, r is the radius of the three-sphere, and the three-sphere is taken to have

) 2Q(5)) 2 E; (3.1)

the metric

1

ds* = Q(2)%dz?, Q) :
1+ 2

(3.2)

The r.h.s. of (3.1) is just the chordal distance between two points on S3. In particular, the
replacement (3.1) leaves unchanged the conformally-invariant cross-ratios U and V' defined
in (2.4).



3.1 Three-parameter family of real mass deformations

We are interested in mass deformations on S® which preserve sufficient supersymmetry
to compute the partition function using supersymmetric localization. This requires at
minimum N = 2-preserving mass deformations. Viewed as an N’ = 2 SCFT, any N = 8
SCFT possesses an su(4) flavor symmetry generated by the subalgebra of s0(8)r which
commutes with the A’ = 2 R-symmetry u(1)g. In N' = 2 SCFTs, real mass parameters are
associated with conserved current multiplets, because they can be thought of as arising from
giving supersymmetry-preserving expectation values to the scalars in the background vector
multiplets that couple to the conserved current multiplets. In particular, the operators of
an N = 2 conserved current multiplet generating a symmetry algebra g with hermitian
generators T% are: a A = 1 scalar J = J*T* a A = 2 pseudo-scalar K = KT, and
the conserved current j, = jiT. If we normalize the flat space two-point functions at
separated points as

Ttr(TT?
Go@io) = ") 600 - 9,0, L
o T tr(TeT?
(@) = TSI, (33
., Ttr(TeT?
e @ity = T

for some constant 7, then the real mass deformation on S® is given by [26]

dBB3E\/g(Z) tr [m (iJ(f) + K(f))] +0(m?), (3.4)

where m = m®I'® is a Lie-algebra valued mass parameter. Here, ‘tr’ denotes a positive-
definite bilinear form on the Lie algebra, which can be thought of as the trace in a
conveniently-chosen representation of g. For us, we have the flavor symmetry algebra
g = su(4), and we consider a basis of this algebra such that tr(7°7?) = §*°. For conve-
nience, we will take ‘tr’ to be the trace in the fundamental (4) of su(4). Note that 7 is
related to the stress tensor two-point function coefficient ¢y in the N’ = 8 theory by

16

T

(3.5)

where our normalization is such that ¢y = 1 for a free real scalar. For simplicity, let the
radius of S? be set to r = 1 from now on.

Due to the su(4) symmetry, the S free energy can be expanded in terms of su(4)
Casimirs. For instance, the first few terms in the expansion at small mass are

F = Fy+ Fytr(m?) + Fytr(m?®) + [F4,1 <tr(m4) — i (tr(m2))2> + Fyo (tlr(m2))2 +---

(3.6)

We can of course obtain the same information without the need to consider a completely
general su(4) mass matrix m, and instead focus on a Cartan subalgebra. Let us order

~10 -



the T such that the first three (a = 1,2,3) correspond to a Cartan subalgebra given
explicitly by

11 1 1
Tl = dlag 97’90 o) o )
272" 27 2
1 11 1
T? = diag{ =, —=, =, —= 7
lag{27 2727 2}7 (3 )
1 1 11
T3 =diagd =, —=,—=, = ¢ .
dlag{z’ 2’ 2’2}

With tr(7°7T°) = 6%, the expression (3.6) becomes a sum of polynomials in mg, a = 1,2,3
that are invariant under the action of the Weyl group:

F=FIy+ FQ(T)’L% + m% + m%) + 3F3mimoms

(3.8)
+ [Fri(mim +mim3 + mim3) + Fyo(m? +mb +m3)?] + -

From (3.4), we see that n derivatives of F'(m,) computes integrated n-point functions of
J(Z) and K (&) on S3, possibly supplemented by integrated lower-point functions coming
from the O(m?) terms in (3.4). For n = 2, the second derivative of F' gives only the
integrated two-point function of i.J + K because in this case the O(m?) terms omitted
from (3.4) could only contribute an integrated one-point function, which vanishes in any
CFT. From (3.3), transformed to S3, the two-derivative of F is evaluated to® [26]

2 2 2
gﬂg = %T = %CT, (3.9)
for any @ = 1,2,3. We would like to perform a similar calculation in the n = 4 case,
first ignoring the O(m?) contributions in (3.4). (We will return to these contributions in
section 3.3.) Because our final goal is to determine the integrated four-point functions
of the N/ = 8 operators Sr; and P4p, we must first relate S;; and Py to the NV = 2
operators J* and K.

The operators J%, K%, jj all arise from the stress tensor multiplet of the N =8 SCFT,
in particular from certain components of the 35, scalars, 35, pseudo-scalars, and of the
50(8) R-symmetry current, respectively. Indeed, under the subalgebra su(4) ® u(l)gp C

50(8) g defined by the decompositions of the fundamental representations®”

SU—>60@11€B1_1,
8. > 41 @4 1, (3.10)

N

85%47%@1

9

N|=

SWe have 25 = [ &7 d*7/g0)/a) [(J(@) 7)) — (K*(@)K*()]. We can plug in (3.3) converted
N N i,A N —A 2—Aﬂ_7/2 §7A
to S® and use [ d*Fd*y\/g(x)\/9(y) 2(@) ?2(%) =2 F(37FA()2 ) [38].

|£—7
°In our convention, the supercharges of the A" = 8 theory transform in 8,. This fixes our embedding of

su(4)®u(l) C so0(8) if we wish to preserve only N = 2 supersymmetry. The 8. and 8, must then decompose
as indicated, or the decompositions may be flipped. We choose the convention in which the decompositions
are as in (3.10).

- 11 -



the components of the stress tensor multiplet decompose as:

Sty 35. — 10, ©10_1 © 15,

XAr : 56, — 109 ® 109 © 15; © 15_; & 6,

Pup : 35, —10_; ©10; © 15¢, (3.11)
by 28 - 150 d 61 H6_1D1g,

Pphe 8 = 6Dl B1_q,

TH . 1—1g,

with operators in the same su(4) representation belonging to the same N = 2 superconfor-
mal multiplet. Therefore, the N/ = 2 flavor current multiplet consists of those components
of S1y, X%, Pap, and j*, that transform in the 15 of su(4) in the decomposition (3.11).
We can be more concrete. Given a generator 7" of su(4) presented as a 4 x 4 hermitian
traceless matrix as, for instance, the generators in (3.7), we can ask which linear combi-
nation of the S;; and which linear combination of the Psp correspond to it. Let us first

focus on S;;. First, notice that the decomposition 8. — 41 @ 4_1 implies that if in the
2

1
2
fundamental representation of su(4),

T=iA+1iB) (3.12)
then the same generator acting in the 8, irrep of s0(8) can be taken to be equal to
T=i(A®1+B®¢), (3.13)

where ¢ = i09.!? Using the same ingredients, one can also construct a symmetric traceless
matrix T35, representing the generator 1" inside the 35.:

T35c:A®€—B®1, (3.16)

which satisfies [T, T§’5c] =1 f‘leT§5C7 so that T35, indeed corresponds to states in the 15
of su(4). For the Cartan elements in (3.7), we have

1
Tys, = 5diag{1, 1,1,1,-1,-1,-1,-1} ,

1

Tss. = §diag{1,1,—1,—1,1,1,—1,—1} , (3.17)
1

Tgs. = 5diag{L 1,-1,-1,-1,-1,1,1} .

10WWe can check this claim as follows. Since T is hermitian, then A is an anti-symmetric real matrix and B
is a symmetric real matrix, which implies that the generator 1" is also hermitian. Then, if [T, T?] = i f**°T*,
we can immediately infer that

[Aa,Ab] _ [Ba,Bb] _ fabcAc, [Aa7Bb] + [Ba,Ab] _ fachc’ (314)
which can be used to check that the T' obey the right commutation relations:

[, 7] = — ([A“,Ab] - [Ba,Bb]) 91— ([A“,Bb] + [B“,Ab]) ®e=if*"eTe (3.15)
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This implies that J¢ oc (T§5C)I JS1; are given by

J' = Nj[S11 + Soo + S33 + Sus — Ss5 — Se — S77 — Sss]
J? = Nj[S11 + Sog — S33 — Sag + Ss5 + Se6 — S77 — Sss] (3.18)
J? = Nj[S11 + Sog — S33 — Sas — Ss5 — Se6 + Sv7 + Sss]

where the normalization constant N is determined to be

T cr
p— = 3.19
N \/1287r2 \/211772 (8.19)

such that the normalization (3.3) is obeyed.

A similar procedure can be repeated to give K*, but we have to be careful that the su(4)
generators written as 8 x 8 matrices in the 8; irrep are consistent with the symbols F,;4
defined in the previous section. One can check that this is indeed the case for our choice
of E,14, and that the su(4) generators T in (3.12) are also represented by the T in (3.13)

11

in the 8, representation.”” Then, by analogy with (3.18), the three K corresponding

to (3.7) are

K' = V2N, [P11 + Pay + Psg + Py — P55 — Psg — Prr — Pss]
K? = /2N, [P11 + P22 — Psg — Pas + Pss + Psg — Prr — Pas] (3.20)
K?® =~/2N; [P11 + Pay — Psg — Pay — P55 — Peg + Pr7 + Pss]
where the normalization was chosen such that (3.3) is obeyed.
Having determined the relations between (J% K%) and (S;j, P4ap) in egs. (3.18)
and (3.20), as well as the way (J% K%) appear in the mass deformed theory (eq. (3.4)),

we can then relate the various mass derivatives of the S3 free energy to integrated 4-point
correlators of Sy and P4g. The non-zero derivatives are of the form

a4F conn conn conn
OmZom? = —Nj (3];17[%,1 [SE™™ (U, V)] + iy I3 5 [PE™ (U, V)] + ri I3 o [RE™(U, V)])
(3.21)
where a,b = 1,2, 3, for now on we set r = 1, and we define the integrated quantity
4 = - \1d—A - - \1d—A
. Q(xl)Q .1‘2) 470 I3 Q T4 B
I3 ,,,a,10] = / (H ddxi) [ (72)] T [ 2£B JUZa)] G(U,V), (3.22)
i=1 T12 " T3y

which computes a four point function (AABB) integrated over S for any dimension d. If
a = b, then the coefficients s’;b, p’(jb, rsb are

k

sho=To— (616164888), vk, = (-768 -840) , (3.23)
while if @ # b, then
pk
shy="2% = (6400888), b= (-25640) . (3.24)

1\What needs to be checked is that 777 = 4E“IAEQJBTAB, where T17 and T4E are components of the
matrices (3.13).
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3.2 Integrated four point function

Let us now evaluate more explicitly the quantity IXA’ A, defined in (3.22). While we are
mainly interested in the case d = 3 and Ay g = 1 or 2, we nevertheless keep d, A4, and
Ap completely general in this section. Eq. (3.22) contains 4d integrals as written, but
using conformal symmetry one can perform 4d — 2 of them,'? as follows. The first step
is to notice that the integral (3.22) is rotationally-invariant on S?, so one can rotate the
point ¥4 to any fixed point of our choosing ¥4y = ¥4, using

1

[ dizin@’s (1@t @ - 7)) = Volshf (19@)0@) @ - 7))

(3.25)
dt1
where Vol(S%) = I%T[FLEI 5 A convenient choice is |Z4.| = 0o, which gives
2
Vol(S) [ (7 gaz | [RE)QUE)NT A Q@) (ady o
I{, A,l0) = / 44 G (=2 223  (3.26)
A2B 4488 21;[1 z2a xiy’ T3

We can then translate 1 — &1 + #3 and Ty — To + &3, and write (3.26) as

Vol(5%) / (ﬁ i ) Q@ + ) + E)] 4 ()0 (2 m?) |

IXA,AB[Q] = ihs

A 272
i=1 iph T
(3.27)
Note that the s dependence is only in the prefactor now. We can then use the
remaining rotational symmetry to set #; and #s to 1. = (r1,0,...,0) and Fo, =
(rocos@,rysind, 0, ...,0), respectively:
Vol(S%) Vol(S9-1) Vol (542 . el de
I3, a,l9] = (5%) (4AB) ( )/dd:ugdndmderf 'rg ! sin? 20

(0@ + T3)Q (. + 75)] 124 [Q(73)] 40 g 13 +713 — 2rrycosf 13
= 7 )

(3.28)

| T4 — Tox

Then we can change variables from (71,72, Z3) to (29,7, Z) defined through r; = 2/2,
ro = 2r/20, T3 = 22/ 20, after which the integral takes the form

Vol (S%) Vol (5941 Vol(59-2) g0 G (147 —2rcosb,r?)
d d—1 d—2
IAAyAB[g] = 22AA+2AB—3d /dr d@'f’ s 9 (1 + T2 — 27 cos H)AA
_ d*zd
x_Jim [\f; ) [ G (7 G <z,f@G%aAB(z,f@GdBaAB(z’fa)] ,
.’E4 o0 0

7, = (1,0,...,0), 7y = (rcosf,rsind,0,...,0), 75 =(0,...,0),
(3.29)

2For d = 2,3 these correspond to the W generators of the conformal group SO(d,2), while
for d > 4, after we have used conformal transformation to set one point to the origin and the other to

infinity, there is a nontrivial stability group SO(d — 2) so that the number of integrals we can perform is
(@d+1)(d+2) _ (d=3)(d=2) _ 49 _ o
2 2 :
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where z = (20, 2) and Gz5(2, %) is the AdS bulk-to-boundary propagator defined in (C.1).
The quantity in square brackets in (3.29) can be written in terms of the D function described
in appendix C, so that we get

. ~ Vol(S%) Vol(591) Vol (§72)r 3 T(3d — Ay — Ap)
Iasa5l9] = 22844285 =3d+11(d — A 4)2D(d — Ap)2

Gg(u,v)

UAa U=1+r2—2rcosf '
V=r?
(3.30)

X/d?“ do Td_l Sind_2 0 Dd—AA,d—AA,d—AB,d—AB(U7 V)

Note that this formula is symmetric under interchanging A4 <+ Ap, because the D func-
tions obey the relation Dyapy(U, V) = UP"%Dypaa(U, V) [39]. Combined with (3.21), the
formula (3.30) allows for an explicit evaluation of the integrated four-point functions pro-
vided that we know the functions of U and V appearing in (2.3) and (2.6). We will
determine these functions in the 1/¢p expansion in the next section.

3.3 Order m? terms

We derived the formula (3.21) under the assumption that there are no O(m?) terms in (3.4).
However, if there are A = 1 scalar operators @ present, then an m?Q term is possible
in (3.4) (and generally present). Such a term would contribute additively to (3.21).

3.3.1 Order m? terms in the free theory

The first example where there are O(m?) terms accompanying the mass deformation (3.4)
is a free N/ = 8 theory. Such a theory has a presentation in terms in terms of eight real

scalars fields X7 and eight Majorana fermions 4. Equivalently, we can group the eight
_ Xoi14iXo;

real scalars into four complex combinations Z; = =5 and similarly for the fermions,
so that the free theory action is
Stree = /d3x 8uZi8“Zi + (fermions) . (3.31)

In this case we have

1

1_ 1 2 2 12 72

I =35 (1222 12 — 12 = |124P)
1

J?:i(|Zl|2—|2212+\23|2—124l2 : (3.32)
1

7= (1218 =12 — 1z +124)

and indeed from (Z;(Z)Z7(0)) = 4;?%5‘ we derive (J%(Z)J?(0)) = 16‘:;222, in agreement

with (3.3), (3.5), and e¢r = 16. The mass deformation (3.4) implies that the scalars Z; have
masses M; given by

m1p+mg+m3 my—mg—m3 —mp+mg—m3 —mp—mz+ms
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The real mass deformation on S? has both a linear and a quadratic term in M;, namely
4
Sinass = /d3a: \/§Z (zMZ | Zi|)? + M? |ZZ~|2> + (fermions) , (3.34)
i=1

and so we have!® [31]

Snass :/d3x \/ﬁ[ (im1 + mams) J'+ (im2 + mims) J? + (im3 + mims) J3

(3.35)
+ (m? +m3 + m%)@s} + (fermions) ,
where
_1 2 2 2 2 3.36
Os = 1 (121" + 122" + 1% + | 24| (3.36)
is an su(4) singlet. Thus
0*F _ (3:21) 12 [ ((Os0g) + (OgJ*J%)) ifa=>o,
m2omy 4 [ ((050g) + (0gJoJ% + L(JeTe) + (JOJbJ¢)) ifa#b,
(3.37)
where ¢ # a and ¢ # b. We can then use [3§]
Y 8o — S O (A [V 077
/d?’w d*j vg(w)vg(y)w = 4rt,
@0 e () .
9 Y o 5
9@V 9DV 9B o e = 1677,
[ e oAV e 5
as well as the correlators
e ey . . 1 QY@ (g
(J4(@)J7() = MOs@Os@) = oy )
S (3.39)
1 Q'@ ('3 .
JUZ)JY(§)TC(2)) = 2(04(2) T (F)J(Z)) = A _—~
(TG T(E) = A5 @I (D) = [ e Ao
that hold whenever a, b, c are all distinct, to find
0*F 972
— =(3.21) — — 3.40
om2om; (3:21) 4 (3.40)
regardless of whether @ = b or a # b. The O(m?) terms in (3.4) thus contribute — 22~ > to

the fourth mass derivatives (3.40).

13This expression can also be written as
Sinass = /de Vgtr [imJ +m?J + mQOs} + (fermions)

in a manifestly su(4)-invariant form.
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For completeness, let us note that in the free theory, we have R{°™ = 0 and

Spemn = (0 00 47% 4\/§ 4ﬁ> :

(3.41)
P = (000 S50~V -1) U +V - ) VOV -U-1)).
The integrals in (3.21) can be performed analytically with the result
7t 9n?
21) =——F+ —. 3.42
G21) = -2+ (3.42)
Combining this expression with (3.40), we find that
O*F m
— = 3.43
om2om? 4 (343)

This result is indeed correct and serves as a check of our formalism. Indeed, in a free theory,
the mass-deformed S3 free energy can be computed by directly evaluating the required
Gaussian integrals. As an alternative, one can use the supersymmetric localization result
of [25] that gives

- ie (; - MZ-) : (3.44)

with the function ¢(z) defined in (1.3) of [25]. It is straightforward to see that (3.44)
implies (3.43) for any a,b =1,2,3.

3.3.2 Order m? terms at strong coupling

In a strongly coupled CFT with a holographic dual, as will be the case we study in the next
2 similar to (3.35) to supplement (3.4). One
difference is that in a generic strongly coupled CFT there is no operator Og of dimension 1

section, one also expects a term of order m

so we can drop the contributions involving Og from (3.37). In addition, the correlators
(Je(2)Je(77)) and (J*(Z)Jb()J¢(Z)) are cp/16 times larger than in the free theory, so (3.40)
becomes

4 0 ifa=b
% —(3.21) — nae=n (3.45)
omzomj 361 cr ifa#b.

One notable feature of this result is that while both 3 Tmzom? and (3.21) have non-trivial

3
expansions in 1/cp, the last term of (3.45) is simply proportlonal to c¢r. For this reason,

it will not play any role in the next section.
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4 From ABJM to the 11d S-matrix

We will now apply the machinery of the previous section to fix the coefficients B
5 19

and BZ-6 of the c;g and ¢ ? terms in the large cr expansion of the Mellin amplitude
M*S55% (1.3) (Mellin amplitudes are reviewed in appendix D), which in the flat space
limit yield the R* and D*R?* terms, respectively, in the 11d S-matrix. Given a correlator
(O1(21)O2(%2)O3(Z3)O4(%4)) of operators in the stress tensor multiplet of ABJM theory
with the corresponding Mellin amplitude M 1020304 (5 #), then using [40] we can deduce
that the flat space four supergraviton scattering amplitude with momenta restricted to 4
dimensions is (up to an overall A;-independent numerical factor) [15]:

4
A(T}Z’,S,t):F<;ZAi—g> [/976171'\/!31_‘[‘1’7(721(73)]
i i=1

c+ioco - L2 L2
x lim (2L)7/ dae®az ™2 2 B [01020:04 [ 2o = 4
L—oo c 200 " 2«

Here n; are the polarizations of the supergravitons, and the factor in the square brackets

(4.1)

is a form factor involving the wavefunctions \If%(ﬁ) of the modes dual to the operators O;
in the internal unit S7. The integration contour in (4.1) must have ¢ > 0. From (4.1) as
well as the leading order AdS/CFT relation
64 2t L7
= —\OEN3/2 4. =2 2 4. 4.2

T 3 + 3k £ Tt (4.2)
it can be seen that at order 1/c/. it is only the terms that at large s and ¢ scale as s2b with
a+b = (9n — 7)/2 that contribute to (4.1). (The AdS radius L drops out for terms with this
growth; terms with slower growth come suppressed in L and drop out after taking L — c0.)
They contribute a homogeneous term of order (9n — 7)/2 in the Mandelstam invariants
multiplied by fg”_7. Because the leading supergravity term is proportional to c;l (and it

(and
it gives a quartic scattering amplitude), while the potential D*R* contribution that we
19

wlot

thus gives a linear scattering amplitude), the R* contribution to M will scale as cr

want to show is absent scales as c;? (and would give a sextic scattering amplitude).
s _19
We will now derive the c;l, cp?, and cp ° Mellin amplitudes for M PPPP and MSSPP
5 19

from M99 For 0;5, and c;?, we then convert these expressions to position space
and integrate them. Finally, we can compare these integrated 4-point functions to the
appropriate derivatives of F(mj,mg) in ABJM theory, which can been computed to all
order in ¢y, to recover the known values of Bf and show the new result Bi6 =0.

4.1 Mellin amplitudes for (SSSS), (PPPP), and (SSPP)

_5 _19
As reviewed in the Introduction, superconformal symmetry fixes the c}l, cp?, and ¢ ?

terms Mg*)gss, M(i*)qss, and M(%*)gss, respectively, in M55 to take the following form:

MESSS(s,0) = BIMY,  MESS(s,t) = BIME + BiM3,

(4.3)
MES55 (s, t) = BgM$ + B§Ms + BY Mg,
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where Mg are asymptotically degree p polynomials in s,t¢ that we can write in the ba-
sis (2.3) as

MZ(s,t) = VEY5SY + YRY5SY + YA YRSY

+ Y13Y14Y23Y24S) + V12Y14Y23Y34SE + Y12Y13Y4 V34 SE (44)
where SZP are related under crossing as
St = St=s =10, Ss0)=SHts). W
SP(s,t) =8)(4—s—t,1), SE(s,t) = S)(t,s).

For p = 1, [41] computed M é as an infinite sum of poles, whose explicit formula we
relegate to appendix E. In the large s, limit this amplitude is normalized as

1
1 — sl 2
M asymp = Ms 72— (tuY12Y34 + stYi3Yos + suYi4Ya3)” | (4.6)
where recall that u = —s — ¢ in the large s,t limit. The asymptotic form M éasymp of this

AdS, Mellin amplitude was derived in [15] from the tree amplitude in 4D ungauged N = 8
supergravity [3, 4, 42]. M} includes the contribution of the Mellin space conformal blocks

for the stress tensor multiplet, which must be proportional to the OPE coefficient )\%tress‘

1

On general grounds )\%tress X ¢p, 50 in our normalization we have [15, 41]

32
B =
1 7'['2CT 3

Bl =0 for p>1. (4.7)

For p > 1, M¥% are maximum degree p polynomials in s,¢,u. These terms were com-
puted explicitly in [15] for p < 10. For instance, for p = 4 we have

_3432t+4032 _905t2 932st  624s 1162 144t 64

St =512 2st3 — sty -
L=9 7 7 T4 7 T3 35 T 5 T
- 363 12452t 1152s%  68st?  352st  464s  80t2 320t
St= 9253 - _925%? - — —
4 5 e 7 7 7 T
1472
4.8
35 (4.8)

where the other 324 are given by crossing (4.5). For M¢, we relegate the explicit terms to
appendix E. In the large s,t limit these amplitudes are normalized as

M§ — stuMg qmp, M — stu(s® + 1% + u®)ME somp » (4.9)

8,t—00 8,t—00

where M é,asymp was given in (4.6). Note that stu and stu(s?+t2+u?) are the only crossing
symmetric polynomials in s, ¢, u of their respective degree.

We can also write the Mellin amplitudes for (PPPP) and (SSPP) in the large cp
expansion as (4.3), where the corresponding polynomial amplitudes Mg and M%, can be
written in the same basis as (2.3) and (2.6):

Mp(s,t) =X1 X3P} + X{3 X5, Py + X1, X5,y

+ X13X14Y23Y24 Py + X120 X14X03X34PY + X12X13Y24Y34 P
Mg (s,t) =YHXHRY + (Y1 0 Y2) - (X3 0 Xa)[* RE + (Y1 0 Y2) - (X5 0 X) Y12 X34 RS,
(4.10)
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where 7552 are related under crossing as
PY(s,t) =PP(8 —s—t,t),  PP(s,t)="Pl(,s),
PL(s,t) =PY(8 —s—t,t),  PE(s,t)=Ph(ts).
In section 2, we showed in position space that the components P; and R; of (PPPP)
and (SSPP) are related to S; according to the differential operators DX (U, V, 0y, dy) and

Df; (U,V,0u,0v) (2.9), which are rational functions of U,V and degree 2 and 4 in dy, dy,
respectively. From the definition (D.4) we can relate their Mellin amplitudes as

: PposPrpgPrpy ot

(4.11)

Ri(s ) = . 2 VEDI(U,V, 0, 0v)81(s, 1)
Pli-s]r[2-§]T[3 - 41T [+ - 3]’
N T[1—s]T[1— T [ —1]° — . (12
PZ‘(S,t) = i 3 ? 2 52t QVDZ‘I;(Uv‘/uaUvaV)Sj(Sat)ﬂ
F2-3]r2=-5]" 1[5 2]
where the hatted operators act on S;(s,t) as
am G, — r [% + 1] T—m G
aUSZ(S,t) = WU Sl(S,t),
OSi(s,t) = i?_m@(s t) (4.13)
V Ci\9 F [% _m] 2 ) ’ .
T, & = 5\ 2 t\? [s+t 2
TmVnSi(s,t) = Sis — 2m, t — 2n) (1 - §)m <1 - 2>n ( — - 1>mn

Using these formulae and the explicit expressions for S for p = 1,4,6 in (E.1), (4.8),
and (E.4), respectively, we can now derive P’ and RY. For instance, for p = 4 we find

64720s

Pt = 995%t? — 5945%t 4+ 90452 + 1985t — 2178st> + 78125t — + 99¢4
829632
— 1584t% 4 939612 — 24480t + ,
. " 79685 (414)
Pl = — 19853t — 1085 — 1985%t% 4 27725%t + 53652 + 1188st? — 113125t — —
— 18082 + 14464t + 26576 :
35
where the other 7514 are given by crossing (4.11), while for 7@;1 we find
S, 953t 1983 45572 104152 271st?  2215st
4 2 3
Ri 1 4—1— 1 57t + 58 + 18st 5 + -
16673s 4 5 3328t2 6360t 22569
- 9t4 — 108t -
0 T 7t
. 277792
R5 = 1445t — 3045> 4 1445212 — 16005t + 27365 — 7365t% + 53125t — >
(4.15)
257664
+ 896t% — 5376t + =
- 44765° 69365t
RY = = 365° + 765° — 1085”1 + 5285° — —  _72st3 4+ 480st2 — 27

21136s 105328t n 104304

—112¢3 + 10082 —
+ 35 35
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The expressions for 75f and 7~2f for p = 1,6 are more complicated and are relegated to
appendix E. The large s,t limit of the p = 1 supergravity term is

Mp asymp = Mp(s,t) — 15— (tuX12 X34 + stX13X24 + suX14X93)?

1
sit—oo  Sstu

M3 asymp = Mp(s,1) — 12(t —u)(Y1 0 Ya) - (X3 0 X4)V12X34 (4.16)

s,t—00

3(t—u)?
— 4(S)Y122X§4 —485[(Y10Ya) - (X30 Xy)]* .

For p = 4,6, the large s,t Mellin amplitudes can then be written in terms of the asymptotic
p =1 terms as

99 195
Mp(s,t) —> — stuMl} MpP(s,t) — ——stu(s* +t* + u2)M71;7aSymp ,

sit—o00 15 Pasymp » sit—o0 15 (4.17)
13 '
4 1 6 242, 2\7sl
Mz (s,t) e 3stUMp asymp 5 Mz (s,t) o3 stu(s® + 17 4+ u") MR asymp -

Just as we saw with the asymptotic M2 in (4.9), the asymptotic M% and My take the
form of a universal polarization factor, which can be read off from the supergravity term,
multiplied by the unique crossing symmetric polynomial in s, ¢ of the required degree. This
is consistent with the flat space interpretation as an M-theory S-matrix with a universal po-
larization term multiplied by polynomials in s, ¢ for each order, as shown in (1.1) and (1.2).
Note that both M% and M}, can be use in the flat space formula (4.1), as was originally
discussed for M¥ in [15]. The numerical factors in (4.17) relative to (4.9) are compensated
by the « integral in (4.1) that depends on the dimensions of the external operators.

4.2 From Mellin to position space

To compute the integrated correlators, we need the position space expressions S¥(U, V),
PP(U,V), and RY(U,V) of SP(s,t), PP(s,t), and RY(s,t) for p = 4,6. Since the latter
expressions are polynomials in s,¢t, we can rewrite them as finite sums of the function
Dy, iy v (U, V) described in appendix C using its Mellin transform Diféfmm(s, t) (D.6),

which is a polynomial in s,¢ after being multiplied by an appropriate power of U. For
instance, for p = 4 we find

1536 - 1728 _ 64 — 7488 _
St=U|-—"-D —D ——D —D
1 { 35 V2112 + 35 2123 7 2134 + 35 3.1.13
960 — _ _ _ _
—77 D3’172’4 + 16D371,375 — 128D47171’4 + 32D471,275 + 16D571’175 R
(4.18)
1536 - 6912 _ 512 _ 384 _ 1024 -
St=vU|==D ——D —D ——D ——D
4 { 35 11,22 35 1133 + 7 P11 721,23 + 72134

_ 128 — _
—32D2 145 + 7D3,1,2,4 —32UD3135| ,
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and

41472 — 13248
?DQ,Q,Q,Q TDQ 93,3+ 448D2 944 — 22464 D395 3

+20160D3234 — 3168D3 9,45 + 39168D422.4 — 19008 Dy 2 3 5
+1584D4 24,6 — 15840D5 225 + 3168Ds5.9.36 + 1584 D6 2.26]
44544 _ 157056
Pi=U?|———Doooo+
35
+2688D3 993 — 26240D3 9,3 4 + 22176 D345 — 3168D3 256

—896D4,2,2,.4 + 6336D4235 — 3168D42.46]

Pf:UQ[

(4.19)

Dyo33—30976D29 4.4 + 7200D2 5 5 5

and

1536 - 8832 1104 6912
- — —D — 16D ——D
35 22,11 35 2222 + 72233 2,2,4,4 3,2,1,2

7 1<yt
13200 15552
+ TD3223 —608D3234 +36D3245 + TD4213 —1616D492.4

+180U D4235—1152D5214+288D5225+144D6215] )

[ 24576
Ry =U?|-""—Dogoo+3072U%Dy 233 — 1024Dg 5 4.4 + 3072D3223

. 35 (4.20)
—10240D39,3.4 + 2304U? D3 545 — 1024D4 294 + 2304D4s 2 35]
[ 12288 _ 73728 11520
- — ——D 256D
35 2,2,1,1 + 35 22227~ 2,2,33 1 2,2,4.4
239616 - 103680
+ 35 3,2,1,2 —

_9216D472,173 + 9984[)472,274 — 1728D4,27375 + 2048D5,27174 — 1152D57272,5} ,

R} = U2[

R =U>

D393+ 6144D5934 —576D3 .45

where the other S} and P} are related by crossing (2.5) using (C.7). The analogous
expressions for p = 6 are given in appendix E. Note that the p = 1 Mellin amplitude is
an infinite sum of poles in s, ¢ and so would correspond to an infinite sum of D’s, which is

why we do not consider this term in the rest of the paper.

4.3 Integrals of (SSSS), (PPPP), and (SSPP)

5 19

We now compute the S* integrals of the ¢;.® and ¢, ? terms in ($5995), (PPPP), and
(SSPP) in position space, using the expressions derived in the previous section. Recall

01

that in section 3.2 we reduced the 12-dimensional integral over each 3- component Z; to
a 2-dimensional integral over 7 and 6, where U = 1 + 72 — 2rcosf and V = r2, and the
measure was proportional to U 1Dy 111(U,V), U 2Dg922(U,V), and U~ 2D1,172,2(U, V)
for (SSSS), (PPPP), and (SSPP). The powers of U in the former expressions exactly
cancel those in the latter, as given in section 4.2, so that our integral is over a sum of
pairs of D functions. We can then plug in the explicit expressions for the D functions
using the algorithm in appendix C, perform the integral numerically to high precision for
each component S, PP, and RY, and assemble these ingredients into the formula (3.21)
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for derivatives of the free energy. We find that our numerical results are consistent with
the analytic expressions

_LOF 1 g3t L Tpg3nt e 27r
Zomi 374560 0 279560 0616 ]
¢r Cr
| A A A (4.21)
1 oF 1 47 +L g T 613m
2. 0m3om3 ng 41120 Cj% 61120 T01848] "

4.4 Localization for F(mj, mg) in ABJM

So far the discussion has applied to any N’ = 8 SCFT with a large c; expansion. We will
now restrict to ABJMy , for k = 1,2 using the all orders in 1 /¢y results for F(mq,msg) for
this theory.

For ABJMy j, the mass deformed partition function has been computed from local-
ization [30], and takes the form

1 .
ZABJMN,k = W /dN)\ dN/L emk[zi /\?_Zj 'U‘JZ]

[Tic (4sinh® fr(h — A)) Tic; (4sinh? (s — 1)
I ; (4cosh [m(X; — p1j +m1/2 + ma/2)] cosh [m (i —Aj +m1/2 — ma/2)])
(4.22)

X

Using the Fermi gas technique [32, 33], this quantity was computed to all orders in 1/N:

ZABJMN,k ~ 6A07%Ai Cié(N—B):| s

o 2 B_ ™C 1] 1 RS S B3
S om2k(L+m2)(1+m2) T 3 6k [1+m2  14+mi] 24’
A A1 +imy )] + Alk(1 —imy )] + A[k(1 +im_)] + A[k(1 — im_)]
4 )
(4.23)
where m4 = mj £ mg, and the function A is given by
ARy = ZB) (1B B /Oo do—"log (1— e2) (4.24)
- w2k 16 2 Jo he —1 08 ’ '
with derivatives
" 1 " 1
A1) =~ + —=, A%(2) = —,
A////(l) _ 1 + 4777-2 _ 7-{-74 ./4”//(2) _ i + 7-(-72
B 5 327 16 80
Using (4.22), (3.9), and (3.21) we can expand both ¢ and (98;552)2 to all orders in 1/N in
a b
ABJMy  for k = 1,2, and then write g;gé”ﬂg for a,b = 1,2 as an all orders expansion in
a b
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1/cr. For k = 2 we find
1
1 9*FABIMy. 1] (7r2 ) 1 <7r2>3 1 <_s>
(2 o+ (-5 )5 —28 (=) =+0(ce? ),
& Omd 3 5 2 12) . T

7
3
T
1 9AFABMy: 2 1 /pANT | /2 20 (72\7 1 s
T2 om0 :8+<1> +(5_> 3 (12> (CTg)'
cr dmy mQ cr ' c?
(4.26)

For k = 1, recall that that ABJMy ; is a product between the free theory ABJM; ; and an

interacting theory ABJMi]{‘,fl Recall from section 3.3 that cfree = 16 and —8‘9457;;; = %4.

For ABJ Miﬁtl, we should then expand derivatives of FABIMY, — pABIMy, _ pfree i tormg

ABJM‘m
of ¢pr = C?BJMN "t — cfree for which we find
1
1 9AFABIME, 1] ™ 4r? 1 472\ 3 1 s
LOE 7 gty Ly (LT AT 28 —+0|cp?
T2 omd (187°) §+< 52775 >2T <3>Cé+ <CT>’
in 1
1 gAML 2 N <2w4>3 1 +< R (U 5> 1
c% 8m18m2 8 er 9 67%« 32 40 3 c%
1
20 [472\3 1 _8
-3 <§> =40 <CT3> . (4.27)
cp

Comparing (4.26) to (4.27), we find that the tree level terms of order c;" (namely ¢!,
5 7

c;g, and c;g in these expressions) come with k-dependence of the form kl_”c}”. This
can be argued as follows. When we compactify 11d M-theory on AdSy x S”/Zy,, each term
in the AdSy effective action is proportional to Vol(S7/Z;) o 1/k times an appropriate
power of £,/L determined by dimensional analysis. Since £,/L o (ker)™'/? (see (4.2)),
it follows that the terms in the free energy indeed scale as k~!(ker)™™. If we multiply
the free energy by 1/c% = k?/(ker)?, as in (4.26) and (4.27), then each tree level term
will be proportional to k times a power of ker, as observed from (4.26) and (4.27). No
similar pattern exists for the 1-loop term c}z, which comes from 1-loop in 11d that has a

complicated dependence on k.

4.5 Deriving Bj}, Bg,BE‘

We can now plug these localization values into the two constraints (3.21) and compare
to (4.21) to extract the coefﬁ(nent B4 and Bg , B4, for the order cT3 and C;% Mellin ampli-
tudes, respectively. For cT , we find that both constraints are satisfied by the same value
1120
3m3ks
This matches the value previously derived in [15] using the 1d sector of ABJM y j, which
was shown to recover the known coefficient of the R* term in 11d M-theory. This precise

match is a very nontrivial check on our formalism.

B} = (67)3

(4.28)
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_1
For ¢ ?, we note that such a coefficient does not appear in the localization re-

sults (4.26), so that from (4.21) we find

3t 627! oo 6137t
6560 6616 ° ~ 761120 61848 -

0=208 (4.29)
The matrix formed by these constraints has determinant 78/689920 # 0, so these con-
straints are linearly independent, which implies that

B¢ =BS=0. (4.30)

In the flat space limit, this implies that the D*R* interaction in 11d M-theory is absent,
as was previously argued using purely string theory reasoning.

5 Discussion

The main result of this work is the derivation of the absence of the protected D*R* term
in the 11d M-theory S-matrix, which had previously been derived using duality arguments
19

between M-theory and string theory, by showing that the corresponding 0;3 term is absent
in the large cp expansion of the dual 4-point function in the 3d CFT called ABJM. This is
the first check of AdS/CFT to this order. The dual 4-point function was fixed to this order
by supersymmetry as well as two constraints coming from the two linearly independent
quartic mass terms in the mass deformed S? free energy F(m,), which can be computed to
all orders in 1/cp using localization [30] and the Fermi gas formalism [32, 33]. A nontrivial
check on these constraints was the recovery of the R* term, which had previously been
computed in [15] and matched to M-theory using F(m,) and the 4-point function in the
1d topological sector. As part of the derivation, our main technical innovations are explicit
relations between 4-point functions of many of the operators in the stress tensor multiplet,
as well as a compact formula for the integral of any CFT 4-point function over S? in general
dimension d.

There is one more protected term in the M-theory S-matrix: DSR*. This term was

also computed using duality arguments and string theory, and corresponds to the C;%
coefficient in the dual CFT 4-point function. To fix this term on the CFT side we need a new
constraint on the 4-point function in addition to the two from F'(m,). This constraint could
come from considering the free energy on the squashed sphere F'(b), where n derivatives
of the squashing parameter b give integrated n-point functions of operators in the stress
tensor multiplet. For ABJM, F'(b) has been computed as an N-dimensional integral using
localization [43, 44]. Unlike F'(m,), however, no all orders in 1/N (and thus 1/cr) result
is known yet for F(b).!* It would be interesting to derive such a formula using the Fermi
gas formalism, which would then allow us to derive DSR* from ABJM using the methods
in this paper.

The idea in this paper of deriving constraints on 4-point functions from the mass
deformed sphere free energy has applications to theories in other dimensions and/or with

“Except for specific values of b [45].
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less supersymmetry. In d = 3, the all orders in 1/cr formula for the ABJM S3 free
energy deformed by two masses can also be applied to N’ = 6 ABJM with gauge group
U(N)k x U(N)_y for k > 2, which in the large N,k limit is dual to a Type IIA string
theory background. In d = 4, the S* free energy deformed by one mass was computed
by localization [46] for N' = 4 super-Yang-Mills (SYM), whose large N and large 't Hooft
coupling limit has a dual in Type IIB string theory. In d = 5, the S° free energy deformed
by one mass has also been computed [47-49] for various 5d SCFTs with holographic duals.
In all these cases, we can use the mass deformed free energy to fix a CFT 4-point function
to some order in the large N expansion, which could be used to derive the dual quantum
gravity S-matrix to the same order.

Ultimately, since the mass deformed free energy is a protected quantity, we can expect
that it can be used to derive only the protected terms in the corresponding S-matrix.
To explore the unprotected terms, we will need to derive unprotected CFT data in these
holographic theories. The only known method of this sort is the numerical conformal
bootstrap, which has been applied to the d = 3,4, 5 holographic theories mentioned above
in [24, 34, 49-51]. We hope that as the precision of the numerical bootstrap studies
increases, it will eventually become feasible to derive the full quantum gravity S-matrix
from CFT.
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A The F invariants

We use the following F,;4 symbols, written as 8 x 8 matrices for given a:

1000 —ioy 0 0 0 0 —o30 0

B = 0700 7 By = 0 —ioo 0 0 By o3 0 00 ’
0010 0 0 —ioo O 0 0 0-I
0001 0 0 0 oo 0 0 I0
0 —o1 O 0 0 0 —o30 0 0 —0o1 O

B, = op 0 0 0 B = 00 0 I 7 B = 0 0 0 109 7
0 O 0 —i09 o3 0 0 O cp 0 0 O
0 0 —io9g O 0 -1 0 O 0 i090 0 O
00 0 -1 0 0 0 —ioo

B = 00 —o3 O 7 B = 0 0 -0 O ’ (A1)
Oc3 0 O 0 o1 O 0
I 0 0 O —109 0 O 0
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where [ is the 2 x 2 identity matrix and 0 is interpreted as a 2 X 2 matrix with vanishing
entries. From these matrices, one can construct the s0(8) gamma matrices as

T, - (;T E0> | (A.2)

The Clifford algebra {I'y, Iy} = 2d, is equivalent to EaE;;F + EyET = 204,

B Ward identities

B.1 Structures for y and j*

We will first expand correlators containing x in the allowed SO(8)r and conformally in-

variant structures, which are derived in [52]. Using the notation #;; = @; — &;, xi; = |Z4j]
and ¢ = (! — x“ )O'NB , we normalize y so that the two point function is given by:
oz Z¢12
(x* (@1, X1, Y1)x" (2, X2,Y2)) = = (B.1)
12

We expand the four point function as:

(S(#1,Y1)S(Za, Ya) X (T3, X3, Y3) X (F4, X4, Y1))

¢ {Y12X34(A11Y12Y34 + A12Y13Yos + A13Y14Y23)

$12x34
+ (Y1 0Y2) - (X3 0 Xg)(A14Y12Y34 + A15Y13Y24 + A16Y14Y23)} (B.2)
(¢13¢24¢12)

{Y12X34(A21Y12Y34 + A20Y13Yoy + A23Y14Y23)
235129534

+ (Y1 0Y2) - (X3 0X4)(A24Y12Y34 + A25Y13Y04 + A26Y14Y23):| ,

(P(%1, X1) P (&2, X2)x* (%3, X3, Y3)X" (%1, X4, Y2))

1
¢ {X12Y34(011X12X34 + C12X13X24 + C13X14X04)
95129534

+ (X10X5) - (Y30 Yy)(CraX12X34 + Ci5X13X04 + CI6X14X24)] (B.3)
M [X12Y3,4(C21X12X34 + Co2 X13X24 + C23X14X04)
209573

+ (X1 0X2) - (Y30Y)(CoaX12X34 + Co5 X13X04 + 626X14X24)] )
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along with:

(S(Z1, Y1) P(Za, Y2) X (T3, X3, Y3) X (F4, X4, Y1))

= - ¢143¢lf [Y13X24(Y14X23311 + (Y1 0Yy) - (X2 0 X3)B12)
2r7T3
+ (Y10Y3) - (X2 0 X4)(Y1aX23Bi3 + (YioYy) - (X20 X3)Bl4)} (B.4)
2
T
- % [Y13X24(Y14X23521 + (Y10Yy) - (X0 X;5)B)
27753473y

+ (Y1 0 ¥) + (Xo 0 X4)(Via XagBas + (Y1 0 ¥i) - (Xo 0 X3)Ba1)]

For correlators involving the R-symmetry current j#, spacetime structures were com-
puted using the embedding space formalism. Since j# is a conserved current there is
actually only one allowed conformal structure; we however did not impose this condition.
We could then test whether our final answers satisfied 0¥j, = 0, serving as a non-trivial
check on the Ward identities.

Our normalization of j# is such that:

1 2
L12 L2

(B.5)

4[(Y1 - Vo) (Y] - YY) — (Y7 - Y5) (Y] - V- ol
<ju(f1,Yl,Yll)jV(fQ,YQ,}/Q/» _ [( 1 2)( 1 2) ( 1 2)( 1 2)] <g;w_2x12x12> )
We then expand the four point functions of scalars and currents as:

(S(71,Y1)S5(Z2, Y2) (T3, Y3) 5" (T4, Y4, Y5))
1

(w54 ”354) [(Y Ys) - (Y; 0 Ya)YisYasW
= 5 o5 | Y5 — 5 401r5)- 10 X2)¥i13X23VV11
va3y \T3y T3

+ (YyoYs) (Ya0Y3)Yi3YioWia + (YaoYs) - (YzoY))YiaYazsWis

1 95/54 xl114
+ 353 5 — 5 | |(YaoYs) - (Y10Y2)Y13Ya3 Wy
TioT34 \ T4  T14

+ (YaoYs) (YaoY3)Yi3YiaWae + (YaoYs) - (Ya0Y7)Y12Ya3Was

(P(Z1, X1)P(%2, X2)S (T3, Y3) " (T4, Y4, Y5))
= (X1 0X2) - [(Y30Yy)Ys5 — (Y30Y5)Y34] X192

1 $§4 $§4 1 :L"2L4 33’11

T o \a o )Nt a2 =2 )Y

LT3y \ T4 T3y L1934 \ T4  T1y
(S(71, Y1) (o, Yo) P(T3, X3)7" (74, Vs, ¥5))

_ 234(Taa X Tsa) + 23,(Faa X Tra) + 23,(T1a X Toa))

4 .6
L12T34
X (}/1 o }/2) . [(Xg o X4)X35 — (Xg o X5)X34}Y12X1 .
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B.2 Ward identities for scalar correlators

We will now give explicit expressions for the differential operators in (2.9). For the corre-
lator (SSPP), the three equations are

_1

4

FU(2V — U+ 2)(Ud% + (U +V — 1)dydy + vaa)}sl(U, V),

1420 -V
U

R3(U,V) = 4[U28U (24U —4V — 30V +2V2)dy

RA(UV) = 7 [4+ (U = 40) 8y + (44U = 202+ TUV — 4V2) by

Ro(U, V) = 16U [aU + Ov +2U0% + (2U + 2V — 2)dydy + 2U8‘2/} S1(U, V),

+2U(V — )(U + (U+V —1)dydy + Uaa)}sl(U, V). (B.7)

For (PPPP) we will give expressions for P; and P4. The other expressions can be derived
from this by applying the crossing relations (2.5).

P(U,V) = [1 + (U +4U? +4(V = 1)2 = 7UV)0y + (U — 1) Udy + U*(9U + 8V — 3)0%
+(28U% 49U — 15UV +4(V — 1))V +2U(6U? — 4U — 2(V — 1)* + 13UV)dydy
+4U(6U =V + 1)V203 +4U(U +4V — 1)03, +4U(TU? — 6U + 99UV + (V — 1)3)Voy o3
+4U(1 + U? = 2U — 4V + 3V2 + 11U V)03 0y + AUV30(, + 8UVA(U +V — 1)y
+AUPV(U? = 2U +4UV + (V — 1)2)0%0% +8UPV (U +V — 1)0.0y + 4U4va;ﬂ S1(U,V).

(B.8)

PAUV) = (U~ V = D&(U,V)
U

+ 573 [(4 + U 43U% —5U° +2U* + 2V — UV + 14UV — 1503V + 11UV? + 31U%V?

—2V3 —19UV3 + VHOy + U(—1+3U = 3U* + U? =V +8UV — TU?V + V2 + 17U V?
—11V3)dy 4+ 2UV (=1 4+ 3U — 3U% + U? 4+ 3V — 20UV + 17UV + 5V —7UV? —11V3)92
+2U(1 — 4U + 6U? —4U3 + U* — V — 8UV + 19UV — 10UV + 3V?2 — 40U V? + 67U*V?
+7V3 — 48U V3 — 10V 9y 0y + 2U(—1 + 3U — 3U? + U® — 4V + 14UV — 10U?V — 11V?
+47UV? = 38V 0% +4UV3 (1 + 12U2% — V2 — 13U + 11UV)dY + 4UV?(—1 + 13U — 23U7

+ 11U +V = 11UV + 16UV + V2 = 26UV? — V3003 — AUV (—1 43U — 3U* 4+ U?

— 9V + 35UV — 26U2V — 5V + 10UV + 15V397 0y — AUPV (1 + U? + 9V + 14V? - 2U

— 15UV +8U (=1 + U — V)V + 16U V(1 — 2U + U? — V)oydy + 8UV3(—1 + 3U
—3U2+ U +V —4UV +3U%V + V2 - 3UV? - V3)0Eo% + 16U V2(1 — 2U + U? — V)03 0v
FRUN-14U - V)VQa;ﬂsl(U, V)

1
- 12U - 2U? — 2V +2V2 + (2U — 4U? 42U + 4V +4UV +4U?V — 8V? — 10U V?

+4V3oy + (—2U2 +2U3 42UV — 2UV?)dy + (—4UV + 8U?V — 4U3V 4 8UV? + 8UV?
— AUV} + du0v)|S:(U,V)
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1
+ ﬁ[l —3U +3U% —U? -3V +3UV +2V2 —2UV? + (2V — 3UV — 3U*V + 7U3V
—3U*V —4V? —UV? - 8U?V2 + 13U3V? + 2V3 — 5UV?3 — 17UV + TUVH) oy + (—U + 4U?
—6U% +4U* — UP + 3UV + U?V — 11UV + 7U*V — 2UV? + U?V? - 11U3V? 4+ 5U2V?) oy
+ (2UV? — 6UV? 4 6UV? — 2U*V?2 — 2UV?3 —4U?V3 + 6U3V? — 2UV* — 6UV* + 2UV?)0%
+ (=2UV 48UV — 1203V + 8U*V — 2U°V +4UV? — 2U*V? — 8U*V? 4+ 6U*V? — 2UV?
UV 4 2U2V4)8Uav}33(U, V).

(B.9)

The expressions (B.7)-(B.9) assume that the operators S(Z,Y) and P(#, X) are nor-
malized such that their two-point functions are

. . YZ - . X2
(S(%1,Y1)S(%2, Ys)) = x—f (P(Z1, X1)P(Za, X2)) = ITH (B.10)
12 12

This means that in the small U limit, the functions Sy, P1, R1 approach 1 as U — 0.

B.3 Ward identities from (SSSY)

By considering the supersymmetric variation 0(SSSx), we can compute (SSyy) and
(SS5S5j) in terms of (SSSS). These expressions are first order differential operators and
are relatively simple, so we will give them explicitly here as an examples. Other correlators
can be found in the attached Mathematica file.

First we will give the (SSxx) expressions:

A = [2 - 2U8y — Udy]Si

Ajp = |:—2+UU_2V +24+U-2V)oy + (U — QV)av] Sa + Sg,
Az = [(2+U_2V) + V(_2+U+2v)aU+2V3v] S3+Ss,
U U
A1y =8U0yS1,
Ais = 8[1 —Udy — Udy|Sa,
A = 8[VIy — 1]8s, (B.ll)

Agy = [U?0y + U1+ V)oy]S1,

Az = [2 - 200y — Udy] Ss,

Aoz = —[2(U = 2)VOy + UV dy) Ss,
Aoy = [8U0y +8U(V — 1)dvS,
Ags = 8Udy S,

Ass = —8UV[dy + dv]Ss.
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For (SSSj) we find that
Wi = 2[—1 + U(@U + 8v)]82 + 2[1 + U(U - 1)8U + Vav}S;), ,

2(1 —
Wi = 2U [U6U+V8V]81+2 |:(UV)+(V—1)3U+UV8V:| Sy — 8¢,

201 -V
Wiz = 2VOoySy + 2 [()+(U+V—1)8U+V8V:| S3+ S5,

U

(B.12
Wa =2[1+ U0y + (U — 1)0v]|Say + 2V [Udy + Vo] Ss + Su, )

1
Wao =2UV [0y + (V — 1)0y]S1 + 2V |:u + U28U + UE)V] S,

2
Wi = <2000 + (U +V = DOVS 4V |5 = 00| 81 - 55,

C D functions
The quartic Witten contact diagram is given by

<0

4 T
D, \T2,T3,T. (xz = / dz G’ Z7$i)7 G’ z7$i) = <H> ) (Cl)
1,72,73,T4 ) AdSy };[1 Ba( Ba( Z(Q) + (Z - xi)Q

where z are the d + 1 bulk spacetime variables and G, is the bulk-to-boundary propa-
gator [53] for an operator of dimension r;. We can then define the conformally invariant

function:
1 4
321 Ti Ty 4 .
D (U, V) = Li3 Lo4 2[1iy T(ri) (z:)
71,72,73,r4\“) %2?21 R %Z?:l ri—Ta—T4 éI‘ —d> r1,72,73,m4\ 1) 5
7 X34 2 2

(C.2)

which is in fact independent of d.
The simplest Dy, yy 140, (U, V) is ® = Dy11.1(U, V), which is just a scalar one-loop box

IR

integral in d = 4 and can be written as

D(z,2) = . i . (log(zz) log 1 : ; + 2Li(z) — 2Li(z)) , (C.3)
where we define as usual
U=zz, V=01-2(01-2)), (C4)
and ® has a recursion relation [54]
po_ ® ls(E-DE-1), gz
z2—Z 2(z — 2) (z—1)(z—2) (C.5)
9.0 — P N log((z =1)(z—-1))  log(z2) ‘ '
-z Z(z — %) (z-1)(z— %)
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We can now define the general Dy, r, 4, (U, V) recursively using the relations [39]

DT1+1,T2+1,T3,T4 — 78UD7‘1,7‘2,7‘3,7‘4 9

B T3+ T4 — 11— T2 _
DT1,T’2,T3+1,T4+1 = < 9 - Udy D?"l,?"zﬂ"s,m )
DT1,7“2+1,7“3+1,7“4 - _aVDﬁ,TQ,Ts,M )

(C.6)

rL+Tr4—T2 T3 >
ri+1,re,rg,ra+1 — ( 9 —Voy DT1,7’2,7’3,7’4 )

-l

]l

r1,ro+1,r3,ra+1 = (TQ +Udy + VaV) D7’1,7’2,7’3,7’4 s

r1+7re+1r3—14
D7"1+1,T2,7”3+1,T4 = < 2 + VaV + U8U> DT‘1,7‘2,7‘3,7‘4 .

Under crossing, the D,, ,, r, r, transform as

DT1,T2,T3,T4 (V7 U) = DT3,T2,7"1,7"4 (U7 V) ’ Dh,rzmam(Uila U/V) = UﬁmDm,T’z,m,m (V, U) .
(C.7)

D Mellin amplitudes

Holographic correlators take a simpler form in Mellin space. To find the Mellin transform
of any 4-point function of the form (A As B1 Bs) of scalar operators with scaling dimensions
Ap, = Ay, =Ayand A, = Ap, = Ap, we first define the conformally invariant function
GAA2BiIB ([ V) as

GMA2BiB2 (1] V) = 200288 (A (7)) Ag(To) By (T3) Ba(Z4)) - (D.1)

We then separate out the disconnected parts of each correlator, which for the correlators
we consider take the form

U
QSSSS(U> V) = Y122Y324 + Y123Y224U + Y124Y223V ;

disc
U? D.2
Git PP (U V) = X1, X3, + X15X3,U% + X124X223W ; (D-2)

QSSPP(M V)= Y122X§4 .

disc

The Mellin transform M41428182(5 ) of the connected part GAld2Bi1B2 = gAiA:BiB2

g(ﬁ;f 2B1B2 ig then
A1A2B1 B > _L BAYAB 1o s 1 LA AB B
MAE2EL 2(s,t):/ dUdVV ™2 3 U2 lghidBiBe (7 vy (D.3)
— 00
which has the inverse transformation
100
GinaabBe () = / (ZS C.Z;QUSVE—A“‘?B MAABIB (g 1y, (D.4)
oo \ AT
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For a 4-point function in a large N expansion, it is convenient to consider the auxiliary
Mellin amplitude

MA1AQBlB2 (S, t)

T[As—3]T [Ap— 3T |2afa — ] |Bafha _u]

MAlAQBlBQ (S, t) —

(D.5)

where s +t +u = 2A 4 + 2Ap, and the Gamma functions automatically encode the pole
contribution of all double-trace operators [55]. The two integration contours in (D.4) then
include all poles of the Gamma functions on one side or the other of the contour.

As an example of the simplicity of holographic correlators in Mellin space, recall that
tree level correlators are written in term of Dm,rz,rs,m functions, which in position space are
given by a complicated recursive algorithm in terms of Dilogarithm functions as described
in appendix C. In Mellin space, however, these D, ;, 5., contribute to MA142B1B2 (g ¢)
as [36]:

_ Ay + Ap t
DA1A2B1Ba (o 4y (A _ f) (A _ f) —a =5 -
T1,72,73,T4 (5’ ) A 2/ —A4 B 2 T3+T4—T12—T2—2AB 2 2 r1+7‘4;'r2—1“3
AA‘{‘AB_E AA‘}'AB_E (DG)
2 2 - 2 2 ) ritrotra—ry ’ '
2

which for integer A, Ap,r; is a rational function of s,t,u. We can get polynomials
in s,t,u by shifting s — s — 2max{A4,Ap}, which in position space corresponds to
UmaX{AA,AB}D

T1,72,73,74 "

E Supergravity and D*R* terms

The degree 1 Mellin amplitudes for (SSSS), (PPPP), and (SSPP) in the bases (4.4)
and (4.10) have the following crossing-independent coefficients

(t—2)(s+t—2) (Va(s + T (1 - 5) —4I (132))

§l=- : ,
Vas(s +2)0 (1-3)
2t1"(1(s+t—3))
ﬁ(s(t+2)+t2—4t—8)+m 21"(%) (El)
2(s - 2) sti—4 - T(1-%)
§1 =

NG

and

A1 _8 (s> +s(8t—30)+8(t —4)*) T (5 — )
! V(s —2)%s(s+2)I (1 — 5)
53(42 — 15¢t) + 52(3(34 — 5t)t — 176) — 25(t(9t — 88) + 180) + 32(¢ — 4)?
* s(s2—4) ’
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(s+t—4) ((124s — 185)t3 + (s(48s — 997) + 2474)t> — 40t") T (3(s +t — 1))

Pl _ 2
Y amt—2)2(s+t—8)(s+t—T)(s+t—6)(s+t—5)(s+t—3) (L(s+1—2))
((1465 — 2845)t3 — 2(s(282s — 3187) + 8663)t> — 40t*) I (5 — L)
8vm(t—2)%(s+t—8)(s+t—6)2T (1—1%)
4(s—4) 4(s—4) 8(s—3) 8(s—3)
- - 30s — 84
T s+i—8 " 1—2 st+i-6 7"
(s+t—4)((s(3s(4s—109) + 2896) — 6552)t — 27(s—8)(s—6)(s—4))I (3 (s +t — 1))
A4ym(t —2)%(s+t—8)(s+t—T)(s+t—6)(s+t—5)(s+t—3) (3(s+t—2))
N (4(s(2(989 — 56s)s — 11351) 4 21102)t — 128(s — 8)(s — 6)%(s — 4)) I (5 — &)
8y/m(t —2)%t(s+t—8)(s+t—6)2T (1 — 1) ’
(E.2)
and
Al (12s2(24(t — 4)t + 73) + 16s(4¢(t(8¢ — 63) + 146) — 367)) ' (3 — 3)
! 32y/7s(s +2)(t — 1) (s +t —5)T (2 3)
(=35 +4s3(8t — 5) +256(t —5)(t —3)%(t — 1)) T (5 — )
32yms(s+2)(t—1)(s+t—5)(2—35)
 3s% +45%(3t = 5) +4s(t — 2)(3t —4) +32(t - 3)°
4s(s + 2) ’ (E.3)
Ry =—48(-2+5s),
Al _ (35 +5(26 — 32t) — 32(t = 5)(t — 1)) (s + 2t — )L (5 — §)
’ 4y/ms(t—1)(s+t—5)I (2-3)
1 /32
g | 2t — 6).
+ 1 < S + 8> (s + 6)
The degree 6 Mellin amplitudes coefficients are
6 108s%t  128s% f f 95253t 67253 7525%3
S =252 — 653t3 — 4053t - 8s2th —
L= T TR T T 11
2280522 1808s%*t  8192s? 5 684stt 26245t 31760st>
- + + 6st” — + -
11 7 7 11 11 7
N 23328st 4736 oS _ oup5 + 1216t 2688¢° N 2848t 1152t
77 7 11 11 11 11’
. 200s° 4085t  2576s* 800532 129653t
6 _ _pBp_ Y5 g 442 _ Qa343 _ (E.4)
Sy 45°t 11 857" + 11 + 11 85t + 1 1
90208s> 0.4 784s%t3 30565212 1244857t 219200s>  216st
— —4s - + + +
77 11 11 77 7 11
_2240st N 40672st>  10624st 2588165 256t N 2048t°  30720¢7
11 7 77 77 11 11 7
| 81926 118784
7 7
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and

- 142453
PY =3905*t% — 22365t + 32325* + 11705°t> — 128965312 + 453845° — 571718
3994272s%t N 375673652
11 11
8080992st> 89056256

— 23140st* + 184176st> — —7  t 1461440st — — + 390¢°

170576002 27830784t N 132527104
11 11 7
PY = — 780s°t — 19765° — 15605t + 15912s5* + 39872s* — 156053t + 266245312

357564853 669020852t
Ts 780824 1 214245%% — 184464522 + Ts

1443225652 1 t2 15458816st 1
N 322565 +44723t4—844803t3+600 6965t 154588165t 18638336

11 11 11 7
628352012 13862912t 170545152
— 6464t + 10342413 — + +

11 11 7 ’

+ 15605°t* — 244405%t% + 1424645%t> — + 1170st?

—9360t° + 94168t* — 508288¢3 +

— 13390453t —

(E.5)

and

~o 1355t 27sP 4 1117753t
RS = 328 - 725 + 39512 — 12351t + % 1915343 — 597532 + %

3975s3 N 22152t 1104523 4 43117s%t2  58716s%t 31690552
- — S

11 2 1 11 1

 Lonostt . 638805t 17416252 16047545t 730415
11 11 77 7

N 39266t* B 162312¢3 N 2669454¢2 3349188t N 1745202
11 11 7 7 77
RS =41657t — 8645° + 832s1t% — 838451t 4 138245 + 832533 — 1299253+

72620853t 973120s3 809280s%t2 278092852t

+ 78st®

+ 26t% — 468t°

+ 4165%t* — 92165%t3 +

11 11 11 11
310320052 A 5 1929600st>  5137152st 343352965
S Y 9112st* 4 30464st° — —

BT st 5 1 T n 77

1618944t2 3631104t 1943040

+ 2560t — 307208 + — + ,

11 11 7
2683254

RS = — 10457t + 2165° — 41652 + 20325 — — 624533 + 443253

_11336053t 86000s> 122064s%t2 9273652t

— 52082t + 422453 —

1 1 5205°¢" + 42245 1 1
20028052 28448st3 74001125t
T 908st® + 1280stt + T 2st? + ————— 7

+ - 08st® + 1280st™ + 11 36672st* + o
62537605 5 4 73184013 2214720t 23554912t
- - 736t° 4+ 11040t* — 0 + T - -
N 14369952
T
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In position space, these degree 6 expressions take the form

49152 — 24576 - 261120 - 10240 -
S? =U —TDZ,LLQ + T1)2,1,2,3 i 21,34 1 TD2,1,4,5

768 _ 884736 — 1730560 — 135680 -
——D D ——D D
2,1,5,6 77 3,1,1,3 77 3,1,2,4 + 11 3,1,3,5

11
_ _ 250880 - 224000 -
—2304D3 146 + 128D3 157 — 1 Dy, T D425

57600 - _ 136960 - 58368 — _
- TD4,1,3,6 + 384Dy 147 + 1 Ds115 — TDE),LZ,G +512D5137

—2304D61,1,6 + 384Dg 12,7 + 128D71.17]

49152 _ 866304 - 1515520 — 89600 —
SS=U|=—=D — D ———D ——D
4 7 1,1,2,2 7 1,1,3,3 1+ 7 1,1,4,4 11 1,1,5,5
9216 - 276480 — 1740800 — 204800 -
—D — D ———D — D
11 P66 77 2,1,2,3 + 77 2,1,3,4 11 2,1,4,5

46080 - _ 307200 - 158720 - 64512 -
+——D2156 —256D2 167+ - D31924 — 11 31,35 T TD3,1,4,6

11
_ 15360 - 36864 — _ 1536 -
—512D3 157 — TD4,1,2,5 + TD4,1,3,6 — 912Dy 1,47 + TDE),LZ,G

—256D5,137] ,
(E.7)

and

o | 4767744 25559040 ~ n 3793920 — 1136640 ~
T 22220 Mgt aoaa — oo

25190400 - + 63969280 - 42024960 -
11 3,2,2,3 11 3,2,3,4 11 3,2,4,5

_ _ 96424960 - 126547200 -
+ 830976 D32 56 — 53248 D32 6,7 + —p Dazea— —— 7 Daz2ss

+ 4455936 Dy 946 — 610688D4 257 + 24960D4 265 — 9242880D5 2.2 5
+ 6441216 D5 5 3.6 — 1289600D5 2 4.7 + 74880D5 2 5 5 + 3545088 Dg 2,26
— 125632006 2,37 + 99840D6 2,4 8 — 524160D7 29 7 + T4880D7 2.3 5

+24960D8,272’8] ,

442368 - 176302080 - 87664640 —
- D3390+ TDM’?”?’ — TD2,2,4,4

77690880 — _ _ 4147200 -
TD2,2,5,5 —2004480D2 26,6 + 163072D3 2 77 + TD3,2,2,3

70686720 — 129853440 - _ _
- TDSQ,?,A + TD372’4’5 — 5879808D3727576 + 988416D3727677

_ 5099520 - 54328320 - _
—49920D3 978 — TD4’2’2’4 + TD4,2,3,5 —5437440D4 2 4.6

+1444352D4 957 — 99840D 26,8 + 168960D5 225 — 1311744 D5 93 6
+911872D5 9,47 — 99840D5 2 58 — 16896 Dg 2.2 6 + 106496 Dg 2.5 7
—49920Dg2,4,8]

P =U

+8448Ds 966 —

Py =U?
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and

R6 172 49152 - _ 1142784 _ n 2810880 - B 241920 -
1= — D221 - ———Dagart ————Daags 11 2,2,4,4
44160 - _ 3686400 - 18616320 -
D — 192D R _—

+ 11 2,2,5,5 2,2,6,6 77 3,2,1,2 77 3,2,2,3
2987520 - 1085760 - _ _

——7 Ds2s4 TD3’2’4’5 —12288D3 956 + 416 D326 7
20229120 - 5802240 - 3078720 - _
ki L oo O D055 — 49536D

+ - 4,2,1,3 11 4,2,2,4 11 4,2,3,5 — 49536 D42 4.6

_ 3947520 - 3711360 - _
+2496D4257 — TD5,2,1,4 + TD5,2,2,5 — 8448005236

_ 1866240 - _ _ _
+5824D52 47 + TD672,175 — 74688Dg 226 + 7072Dg 237 — 29952D7 9 1 6
—|—4992D772,277 + 1664[)8,2,1,7] )

786432 — 1966080 - 3358720 - _
RS =U? |- D3209+ ———D2933— —————D2244+122880D225 5
77 11 11
_ 1966080 - 13926400 - 13455360 —

—12288D92 26,6 + T B223 T T Ms2sa + T B24s

_ _ 3358720 ~ 13455360 -
— 344064 D3 25 6 + 26624D3 9 67 — TD4,2,2,4 + TD4,2,3,5

— 516096 D4 9.46 + 53248 Dy 257 + 12288005 2.9 5 — 344064 D5 2.3 6
+53248D5 94,7 — 12288D¢ 22,6 + 26624 D6 23.7]

393216 - 9240576 - 24207360 - 2355200 -
RS =U? |~ 7 Dsoq1+ ?Dzzz,z - ?Dzz,&:a + TDMAA

522240 - _ 28311552 ~ 144752640 -
T D55+ 3072D226,6 + TDB,Q,LZ - D323

77 )Ly Ly
25026560 — 10275840 - _ _
TD3,2,3,4 - TD3,2,4,5 +141312D3 9 5.6 — 6656 D3 2 6.7

18063360 - 38400000 - 22625280 - _
— TD4’2’1’3 + TD4,2,2,4 - TD4’2’3’5 + 423936 D42 4.6

_ 17530880 - 19476480 — _
—26624D42 57 + TD5,2,1,4 - TD5,2,2,5 + 503808Ds5 2 3.6

— 39936 D5 2,47 — 460800 D¢2.1.5 + 291840 D¢ 226 — 33280 D¢ 2,3 7
+36864D7.9,1,6 — 13312D7927] -

(E.9)
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