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Available online 10 October 2013 paper proposes Abstract Probabilistic Automata (APAs), that is a novel abstraction model

for PAs. In APAs uncertainty of the non-deterministic choices is modeled by may/must

Is(;e;}ég(f)irc?t.ion modalities on transitions while uncertainty of the stochastic behavior is expressed by
Abstraction (underspecified) stochastic constraints. We have developed a complete abstraction theory
Compositional reasoning for PAs, and also propose the first specification theory for them. Our theory supports both
Interface automata satisfaction and refinement operators, together with classical stepwise design operators. In
Probabilistic Automata addition, we study the link between specification theories and abstraction in avoiding the

state-space explosion problem.
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1. Introduction

One of the main research areas in computer science consists in studying new specification formalisms for reasoning on
system’s behaviors. Among existing such formalisms one finds the one of Transition Systems (TS). In TS, the behavior of the
system is represented by states modeling the current values of the variables, and a relation between states, called transitions,
representing the evolution of the system, i.e., update of variables. Transitions are often labeled with actions representing the
possibly non-deterministic decisions taken at a given moment of time to govern this evolution. TSs are acknowledged to be
a simple but elegant formalism powerful enough to capture the control-flow of programming languages; the formalism is
used in most of existing formal validation techniques proposed in the literature [3].

As systems become more and more complex, it is necessary to add new features to TSs. Such features can be used
either to capture new phenomena such as continuous evolution, or to reason on new properties of the system such as
energy consumption. Particularly, as soon as systems include randomized algorithms, probabilistic protocols, or interact
with physical environment, probabilistic models are required to reason about them. This is exacerbated by requirements
for fault tolerance, when systems need to be analyzed quantitatively for the amount of failure they can tolerate, or for
the delays that may appear. As Henzinger and Sifakis [4] point out, introducing probabilities into design theories allows
assessing dependability of IT systems in the same manner as commonly practiced in other engineering disciplines.
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Fig. 1. Examples of PA, APA and abstraction.

Probabilistic Automata (PAs) constitute a mathematical framework for the specification and analysis of non-deterministic
probabilistic systems. PAs are TSs whose evolution depends not only on non-deterministic actions but also on a probability
distribution that, together with the action, drives the choice of the successor state. PAs have been developed by Segala
and Lynch [5] to model and analyze asynchronous, concurrent systems with discrete probabilistic choices in a formal and
precise way. PAs are akin to Markov decision processes (MDPs). A detailed comparison with models such as MDPs, as well
as generative and reactive probabilistic transition systems is given in [6]. PAs are recognized as an adequate formalism for
randomized distributed algorithms and fault tolerant systems. They are used as semantics model for formalisms such as
probabilistic process algebra [7] and a probabilistic variant of Harel’s statecharts [8]. An input-output version of PAs is the
basis of PIOA and variants thereof [9,10]. PAs have been enriched with notions such as weak and strong (bi)simulations [5],
decision algorithms for these notions [11] and a statistical testing theory [12]. This paper brings two new contributions to
the field of probabilistic automata: the theories of abstraction and of specification.

As a first main contribution, we propose several abstraction techniques for PAs. Abstraction is pivotal to combating
the state space explosion problem in the modeling and verification of realistic systems such as randomized distributed
algorithms. It aims at model reduction by collapsing sets of concrete states to abstract states, e.g., by partitioning the
concrete state space. This paper presents a three-valued abstraction of PAs. The main design principle of our model, named
Abstract Probabilistic Automata (APAs), is to abstract sets of distributions by constraint functions. This generalizes earlier work
on interval-based abstraction of probabilistic systems [13-15]. To abstract from action transitions, we introduce may (?) and
must (T) modalities in the spirit of modal transition systems [16]. If all states in a partition p have a must transition on
action a to some state in partition p’, the abstraction yields a must transition between p and p’. If some of the p-states
have no such transition while others do, it gives rise to a may transition between p and p’. Our model can be viewed as a
combination of both Modal Automata [17] and Constraint Markov Chains (CMC) [18,19] that are abstractions for transition
systems and Markov Chains, respectively. APAs can further be abstracted by merging their states or by simplifying their
corresponding constraints. We shall see that those abstractions introduce new behaviors in the corresponding PAs, but that
their precision can be controlled. Concretely, the PA of Fig. 1a gives the choice between two non-deterministic actions a
and b, both of them inducing a probability distribution on the set of successor states. In addition, all states are equipped
with sets of atomic propositions. Assuming that both states 1 and 2 belong to the same partition B and that states 0 and
3 are mapped to partitions A and C, respectively, we obtain the APA given in Fig. 1b. Notice that, in order to merge states
1 and 2 into a single state B, one has to consider sets of sets of atomic propositions. There one can see that there is a
must transition from A to B as any state in A goes to a state in B with action a. However, the transition from B to A is a
may transition as there are states in B (here state 2) for which action a does not lead to a state in A. The case of action b
illustrates the use of constraints to match the original distributions starting from states in B.

As a second major contribution, we also propose a new specification theory for PAs. Our study is motivated by the obser-
vation that several industrial sectors involving complex embedded systems have recently experienced deep changes in their
organization, aerospace and automotive being the most prominent examples. In the past, they were organized around verti-
cally integrated companies, supporting in-house design activities from specification to implementation. Nowadays, systems
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are tremendously big and complex, and it is almost impossible for one single team to have the complete control of the
entire chain of design from the specification to the implementation. In fact, complex systems now result from the assem-
bling of several components. These many components are in general designed by teams, working independently but with
a common agreement on what the interface of each component should be. Such an interface specifies the behaviors ex-
pected from the component as well as the environment in which it can be used. The main advantage is that it does not
impose any constraint on the way the component is implemented, hence allowing for independent implementation. Ac-
cording to state of practice, interfaces are typically described using Word/Excel text documents or modeling languages such
as UML/XML. We instead recommend to follow a more mathematical approach relying most possibly on mathematically
sound formalisms, thus best reducing ambiguities. Our new theory is equipped with all essential ingredients of a composi-
tional design methodology: a satisfaction relation (to decide whether a PA is an implementation of an APA), a consistency
check (to decide whether the specification admits an implementation), a refinement (to compare specifications in terms
of inclusion of sets of implementations), logical composition (to compute the intersection of sets of implementations), and
structural composition (to combine specifications). Our framework also supports incremental design [20]. To the best of our
knowledge, the theory of APAs is the first specification theory for PAs where both logical and structural compositions can
be computed within the same framework.

Our notions of refinement and satisfaction are, as usual, characterized in terms of inclusion of sets of implementations.
Our notion of satisfaction is a compatible extension of the classical notion of probabilistic bisimulation [5,21]. More precisely,
one can show that two PAs that are probabilistic bisimilar satisfy exactly the same APAs. One of our other important
theorems shows that for the class of deterministic APAs, refinement coincides with inclusion of sets of implementations.
This latter result is obtained by a reduction from APAs to CMCs, for which a similar result holds. Hence, APAs can also be
viewed as a specification theory for Markov Chains (MCs). The model is as expressive as CMCs, and hence more expressive
than other theories for stochastic systems such as Interval Markov Chains [13,22,14].

Our last contribution is to propose several abstraction-based methodologies that allow to simplify the behavior of APAs
with respect to the refinement relation—as we pointed above, abstraction is crucial to avoid state-space explosion. We show
that our abstraction preserves refinement, and that refinement is a pre-congruence with respect to parallel composition.
These results provide the key ingredients to allow compositional abstraction of PAs. Consider again the APA N of Fig. 1b.
This APA can be further abstracted by merging partitions B and C, which leads to the APA N’ given in Fig. 1c. Since there
must be an a transition from A to B in N, there is a must a transition from A to (B, C) in N’. Inversely, since only one
state out of two in (B, C) requires a b transition to B or C, the abstracted state (B, C) will allow but not require this b
transition. The consequence of this abstraction is not only the reduction of the state space, but also a simplification of the
constraint associated to action b in state (B, C). Another way of abstracting the APA of Fig. 1b is to simplify the constraints
by approximating them with intervals, as illustrated in Fig. 1d.

Organization of the paper. In Section 2, we introduce the concepts of PAs and APAs as well as several of their properties.
Section 3 is concerned with several notions of refinements and abstractions as well as the relation between satisfaction
and probabilistic bisimulation. Section 4 introduces the notion of consistency and structural composition (aka conjunction),
while Section 5 proposes a compositional reasoning theory based on APAs. Section 6 studies the strong link between APAs
and CMCs and proposes results for the class of deterministic APAs. Since all the previous results are obtained for APAs with
equal sets of actions and atomic propositions, Section 7 presents a methodology for extending sets of actions and atomic
propositions, showing that all our results carry over to APAs with dissimilar alphabets. Finally, Section 8 concludes the
paper. For clarity of the presentation, some repetitive proofs have been lifted to Appendices A-I.

2. Specifications and implementations

In this section, we present the basic notions used in our formalism. We first introduce the definitions of Labeled Tran-
sition Systems (LTS) and Markov Chains (MC), which are classical notions of implementations, and then present Probabilistic
Automata (PA), that unify LTSs and MCs. We then introduce Modal Transition Systems and Constraint Markov Chains, two clas-
sical notions of specification theories for LTS and MC respectively. Finally, we present a new notion of Abstract Probabilistic
Automata (APA), a finite representation for a possibly infinite set of PAs. APAs will act as a specification theory for PAs. Let
Act be a universe of actions.

Implementations. Labeled transition systems are usually used to represent non-stochastic systems. We first introduce their
definition.

Definition 1 (Labeled transition system). A Labeled Transition System is a tuple (S, A,L, AP, V,sp), where S is a finite set of
states with initial state sp € S, A C Act is a finite set of actions, L: S x A x S — B, is a two-valued transition function, AP
is a finite set of atomic propositions, and V: S — 24P is a state-labeling function.

The set B, = {L, T} denotes a lattice with the ordering L < T and meet (M) and join (1) operators. The transition
function L identifies the transitions of the automaton: L associates (1) the value T to a triple (s,a,s”) whenever there is



B. Delahaye et al. / Information and Computation 232 (2013) 66-116 69

0.5 0.5

() {9 ) 0

(a) Example of a LTS T (b) Example of a MC M

Fig. 2. Examples of LTS and MC.

Fig. 3. A PA with a single transition to a distribution [0, 0.3, 0.2, 0.5].

a transition from state s to state s’ labeled with action a, and (2) L otherwise. An example of a LTS T is given in Fig. 2a,
where transitions with value L are left out of the picture.
When moving to the stochastic setting, the simplest notion of implementation is the one of Markov Chain.

Definition 2 (Markov Chain). A Markov Chain is a tuple (S,w,AP,V,sp), where S is a finite set of states with initial state
so €S, m: S — Dist(S) is a probability transition function: ) o ¢ (s)(s’) =1 for all s€ S, AP is a finite set of atomic
propositions, and V: § — 24P is a state-labeling function.

We use Dist(S) to denote a set of probability distributions on the finite set S. An example of a MC M is given in Fig. 2b,
where transitions with probability 0 are left out of the picture.

A PA [5] resembles a LTS, but its transitions target probability distributions over states instead of single states. Hence,
PAs can be seen as a combination of MCs and LTSs.

Definition 3 (Probabilistic Automata). A probabilistic automaton (PA) is a tuple (S, A, L, AP, V,sg), where S is a finite set of
states with initial state sp € S, A C Act is a finite set of actions, L: S x A x Dist(S) — B, is a two-valued transition function,
AP is a finite set of atomic propositions, and V: S — 24F is a state-labeling function.

We write s — o meaning L(s,a, u) = T. In the rest of the paper, we assume that PAs are finitely branching, i.e., for any

state s, the number of pairs (a, i) such that s 5  is finite. The labeling function V indicates the propositions (or properties)
that are valid in a state. Hence a Markov Chain, as defined previously, is a PA with a single action and a single outgoing
transition from each state, i.e. for each s € S there exists exactly one triple (s, a, i) such that L(s,a, ) = T. Without loss of
generality, we assume in the rest of the paper that ActN AP = for all PAs.

Example. Fig. 3 presents a PA with L(s1,a, u) =T, where ©(sy) =0.3, u(s3) =0.2, and p(s4) =0.5. We adopt a notational
convention that represents L(s1,a, ) =T by a set of arrows with tails located close to each other on the boundary of sq,
and heads targeting the states in the support of u.

Specifications. We now introduce Abstract Probabilistic Automata, that is a specification formalism for PAs. APAs are the
combinations of Modal Transition Systems and Constraint Markov Chains—specification formalisms for labeled transition
systems and Markov Chains, respectively. We first briefly introduce Modal Transition Systems and Constraint Markov Chains,
and then move to APAs.

A Modal Transition System (MTS) [23,16] is an automaton whose transitions are typed with may and must modalities.
Informally, a must transition is available in every model of the specification, while a may transition may be absent in some
design.

Definition 4 (Modal Transition System). A Modal Transition System is a tuple (S, A,L, AP,V,sg), where S is a finite set of
states with initial state so € S, A C Act is a finite set of actions, L: S x A x S — B3 ={L,?, T} is a three-valued transition
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Fig. 4. Examples of MTS and CMC.

function, AP is a finite set of atomic propositions, and V: S — 24% is a state-labeling function. Transitions (s, a, s’) with
L(s,a,s’) =7 are called may transitions, and transitions (s, a, s’) with L(s,a,s’) = T are called must transitions.

Here, B3 = {L,?, T} denotes a lattice with the ordering | < ? < T and meet (M) and join (L) operators. An example
of a MTS N is given in Fig. 4a. There, and throughout the paper, may transitions are represented by dashed arrows and
must transitions by plain ones. One can easily see that LTS T given in Fig. 2a is an implementation of N. Indeed, the must
transition from state O to state 1 with action a in N is present in T, while the transition from state O to state 3 with action
c in T corresponds to a may transition in N and all state labels are matching.

A Constraint Markov Chain (CMC) [18,19] is a MC equipped with a constraint on the next-state probabilities from any state.
Roughly speaking, an implementation of a CMC is a MC, whose next-state probability distributions satisfy the constraint
associated with each state. A constraint function ¢ : Dist(S) — {0, 1} represents a set of distributions on S. Let Sat(p)
denote the set of distributions p that satisfy constraint function ¢ (i.e. such that ¢(u) =1), and C(S) the set of constraint
functions defined on state space S.

Definition 5 (Constraint Markov Chain). A Constraint Markov Chain is a tuple C = (S, ¥, AP, V,sg) where S is a finite set
of states with initial state sp € S, ¥ : S — C(S) is a state-constraint function, AP is a set of atomic propositions, and

v:s— 22" is a state labeling function.

For each state s € S, the state-constraint function v is such that, for all distributions w on S, ¥ (s) is a constraint
function as defined above. Intuitively, ¥ (s)(;r) = 1 iff distribution 7 is allowed in state s. The function V labels each state
with a subset of the powerset of AP, which models a disjunctive choice of possible combinations of atomic propositions,
thus allowing a higher level of abstraction w.r.t. implementations.

An example of a CMC C is given in Fig. 4b. Remark that the MC M given in Fig. 2b is an implementation of C. Indeed, the
distribution p outgoing from state 0 in M agrees with the constraint ¢ specified in C and the sets of atomic propositions
in M are included in the labels specified in C.

A CMC whose constraints are of the form [ < p <r, where I, r are constant vectors and p is a probability distribution
over the state space is called an Interval Markov Chain (IMC) [13].

We now present the central definition of the paper:

Definition 6 (Abstract Probabilistic Automata). An Abstract Probabilistic Automaton (APA) is a tuple (S, A, L, AP, V,sp) where S,
A, AP are finite sets of states, actions, and atomic propositions respectively, so € S is the initial state, L: S x A x C(S) — B3
is a three-valued state-constraint function, and V : S — 22" maps a state onto a set of admissible valuations.

A CMC is thus an APA, where for each s € S, there exists exactly one triple (s, a, ¢) such that L(s,a, ¢) = T. The labeling
L(s,a, @) identifies the “type” of the constraint function ¢ € C(S): T, ? and L indicate a must, a may and the absence
(forbidden) of a constraint function, respectively. Without loss of generality, we assume in the rest of the paper that ActN
AP = for all APAs.

In practice, as will be seen in later definitions, a lack of value for given argument is equivalent to the L value, so we will
sometimes avoid defining L -value rules in constructions to avoid clutter, and occasionally will say that something applies if
L takes the value of L, meaning that it is either taking this value or it is undefined.

We occasionally write Must(s) for the set of actions a such that there exists ¢, so that L(s,a, ¢) = T, and write May(s)
for the set of actions b such that there exists ¢, so that L(s, b, ¢) # L. Remark that in our formalism, Must(s) € May(s). This
implies that we do not allow inconsistencies at the level of modalities, i.e. required but not allowed transitions.

We could have limited ourselves to constraints denoting unions of intervals. However, as for CMCs, polynomial constraints
are needed to support both conjunction and parallel composition [19]. Later, we shall see that almost all APAs whose states
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are labeled with a set of subsets of atomic propositions can be turned into an equivalent (in the sense of implementations
set) APA whose states are labeled with a set that contains only a single subset of atomic propositions.

Finally, observe that a PA is an APA in which every transition (s, a, ¢) is a must transition with |Sat(¢)| =1, and each
state-label consists of a single set of propositions.

Example. Consider the APA N given in Fig. 5. State s} has two outgoing transitions: a may a-transition (s}, a, ¢y) and a
must a-transition (s}, a, ¢;). The ¢y and ¢, constraints are shown under the automaton in the figure.

The constraints allow that each of the automaton’s two transitions can cover multiple transitions in a concrete imple-
mentation PA. As an example, the a-transition (s1, a, (0, 0.3,0.2,0.5)) of the PA given in Fig. 3 matches the must a-transition
(s}.a, @z): if we write z4 = 0.2 4 0.5 the sum of all probabilities going to states whose valuations are in the set specified
in s}, and zs = 0.3 the sum of all probabilities going to states whose valuations are in the set specified in s;, then we
can verify that z, + z; =1, hence satisfying ¢,. In order to avoid clutter, the transitions that do not admit any positive
probabilities are not represented in the figures.

In the rest of the paper we distinguish the class of deterministic APAs. The distinction will be of particular importance
when comparing APAs in Section 3.1. We first present the definition of determinism for CMCs and MTS, as introduced
in [18,19]. We say that a CMC C = (S, ¥, AP, V,sg) is deterministic if and only if for all states s,s’,s” € S, if there exists
7’ € Dist(S) such that (¥ (s)(w") A (T’ (s") #0)) and 7" € Dist(S) such that (¥ (s)(r”) A (w”(s”) # 0)), then we have that
ViHhnNvs”) =a.

We say that a MTS N = (S, A, L, AP, V,sp) is deterministic if and only if there is at most one outgoing transition for
each action in all states, i.e. Vs € S, Va€ A, |{s' | L(s,a,s’) # L}| < 1.

In APAs, the non-determinism can arise due to sets of valuations in states, like for CMCs, or due to actions that label
transitions, like for MTS. Informally, an APA is (1) action-deterministic if there is at most one outgoing transition for each
action in all states; and (2) valuation-deterministic if two states with overlapping atomic propositions can never be reached
with the same transition. Remark that the definition for valuation-determinism is similar to the notion of determinism for
CMCs presented above.

Definition 7 (Determinism). An APA N = (S, A, L, AP,V,sg) is

e action-deterministic if Vs € S, Vae A, [{¢ € C(S) | L(s,a,¢) # L} < 1.
e valuation-deterministic if Vs € S, Va € A, Yo € C(S) with L(s,a, ¢) # L:

vu', 1" €Sat(p), s',s" €S, (W'(s)>0Ap"(s")>0 = V(s)NV(s")=0).
An APA N is deterministic if and only if it is action-deterministic and valuation-deterministic.

Satisfaction. We relate APA specifications to PAs implementing them by extending the definitions of satisfaction for proba-
bilistic systems introduced in [13]. In this section, we only consider PAs/APAs with equal sets of actions and equal sets of
atomic propositions. The case of dissimilar alphabets is treated in Section 7.

The following notion of simulation characterizes equivalent distributions according to a given relation on sets of states.
This definition is similar to the one given in [13]. In Section 3.2, we show how this notion of simulation and the subsequent
notion of satisfaction are related to the classical notion of probabilistic bisimulation for probabilistic automata [5].

Definition 8 (Simulation). Let S and S’ be non-empty finite sets of states. Given u € Dist(S), i’ € Dist(S’), a function § : S —
(8" — [0,1]), and a binary relation R C S x S’, u is simulated by p’ with respect to R and §, denoted u @(}52 W/, if and only
if
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Fig. 6. A simulation between distributions 41 and p, with respect to relation R = {(1, A), (2, B), (3, B), (3, (), (4,C)} and a correspondence function §.

1. for all s €S, if u(s) > 0, then §(s) € Dist(S’),
2. forall s’ e S, > g u(s)8(s)(s) = p/(s'), and
3. for all s,s" €8S, if §(s)(s’) > 0, then (s,s’) € R.

In the rest of the paper, we write  €g n’ whenever there exists a function § such that u @‘; W'. Such § is called a
correspondence function.

Example. Simulation is illustrated in Fig. 6, where distribution w1 is simulated by distribution @, with respect to the
relation R = {(1, A), (2, B), (3, B), (3, C), (4, C)}. In the picture, the correspondence function § is represented by the labeled
dashed arrows.

We now define a satisfaction relation between PAs and APAs. Remark that this definition is a mix between the notion of
satisfaction for MTS [23,16] and the notion of satisfaction for CMCs [18,19].

Definition 9 (Satisfaction relation). Let P = (S, A,L, AP,V ,so) be a PAand N= (S, A,L’, AP, V', s;) be an APA. RC S x §’
is a satisfaction relation if and only if, for any (s,s’) € R, the following conditions hold:

1. Yae A, Vo' € C(S), if L'(s',a,¢’) =T, then 3 € Dist(S): L(s,a, u) =T and Iu’ € Sat(¢’) such that u € u/,
2. Yae A, Y € Dist(S), if L(s,a, u) =T, then 3¢’ € C(S): L'(s',a,¢’) # L and Iu’ € Sat(¢’) such that u €g p’, and
3. V(s) e V/(s).

P satisfies N, denoted P = N, if and only if there exists a satisfaction relation relating sp and s;. If P =N, P is called an
implementation of N.

Thus, a PA P is an implementation of an APA N if and only if any must transition of N is matched by a must transition
of P that is simulated by one of the probability distributions specified by the constraint, and reversely, P does not contain
must transitions that do not have a corresponding (may or must) transition in N. The set of implementations of N is
denoted by [N]]={P | P = N}.

Example. The relation R = {(s1,5]), (s2,55), (53,5,), (54,5,)} is a satisfaction relation between the PA P (Fig. 3) and the
APA N (Fig. 5). Indeed, all pairs (s,s’) € R have matching valuations, and the outgoing must transition from s is matched
by the outgoing transition from s; (see previous example).

Single valuation normal form. As for CMCs [18,19], a large class of APAs whose states are labeled with a set of subsets of
atomic propositions can be turned into an equivalent APA (in terms of sets of implementations) whose states are labeled
with sets that contain a single subset of atomic propositions. The latter are called APAs in single valuation normal form. Single
valuation normal form makes the manipulation of satisfaction/refinement relations easier. However, as we shall see, building
the single valuation normal form of a given APA may lead to an exponential blowup in the number of states.

Definition 10 (Single valuation normal form). An APA N = (S, A, L, AP, V,sp) is in single valuation normal form (SVNF) iff all
its admissible valuations sets are singletons, i.e. Vs € S, |V (s)| = 1.

It turns out that any APA with a single valuation in the initial state can be turned into an APA in single valuation normal
form that admits the same set of implementations. This transformation is called normalization.

We introduce it with an example, first. Consider the APA N in Fig. 5. Since the valuation of state s}, is not a singleton,
N is not in SVNEF. In the normalization process we translate each state of the original APA into a collection of states—one per
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Fig. 7. Normalization A/ (N) of the APA N presented in Fig. 5.

each valuation. This mapping is captured by a normalization function; the following function A is the normalization function
for our example. Note that the only interesting case is for state s:

si{si), sy s} sy {s5). she {si.si). s5e {sg)
Subsequently, each probability distribution constraint targeting a split state, needs to be rewritten, so that the sum of
the split probabilities, substituted for the original value, still satisfies the constraint. Applying the normalization to N results

in the APA V(N) given in Fig. 7. State s, of N is split into states s and s7 in A/(N). The combined probability of reaching
these states in A/(N), namely w4 + ws, is substituted for z4 in ,—the original probability of reaching s}, in N.

Definition 11 (Normalization). Let N = (S, A, L, AP, V,sg) be an APA. Let S’ be a set of states and let V' : S — 25" be a
function such that:

18" =Uses NS,
2. for all s1, s, € S such that s1 # sp, N'(s1) NN (s2) =0,
3. forallseS, IN(G)| = V().

If |V (sg)| =1, then the normalization of N, denoted A/(N), is the APA N'(N) = (S’, A,L’, AP, V', N(sg)) such that:

1 forall s €S/, |V'(s)| =1,

2. forall se€ S, V(s) = Uyens) V'(s),

3. for all s€ S, for 57,55 € N(s), s] #5) < V/(s)) # V'(s}), and

4. for all s € S and a € A, if there exists ¢ € C(S) such that L(s,a, ¢) # L, then for all s € N'(s), L'(s',a, ¢') = L(s, a, ¢) for
¢’ € C(S') such that Sat(¢’) = {u’ € Dist(S') | u:s D ueNs) W (u) €Sat(p)}.

Remark 1. In the above definition, a set S’ and a function A/ always exist. However, when |V (sp)| # 1, any normalization of
N would need to have several initial states, which we do not consider here.

Clearly, A'(N) is an APA in single valuation normal form.
The following theorem asserts that normalization preserves implementations.

Theorem 12. For any APAN = (S, A, L, AP, V, sg) with |V (sg)| =1, [N] = [N (N)].

Proof. Let N =(S,A,L,AP,V,sg) be an APA §uch that |V (so)] =1, and let N (N) = (S',A,L’, AP, V', N'(sp)) be the nor-
malization of N, given the function A/ : S — 25". We prove the two directions separately.

e [N]ICN(N)I: Let P=(Sp, A, Lp, AP, Vp,Sg) be any PA such that P € [N] with satisfaction relation R C Sp x S. We
show that P € [NV(N)]. Let R’ € Sp x S’ be the relation such that pR's’ iff (Vp(p) € V'(s")) and (pRN1(s")), where
N~1(s) is the unique state s such that s’ € A/(s). We prove that R’ is a satisfaction relation relating sg and N (sp).

Let p e Sp and s’ € S’ be such that pR’s’, and let s = A/ ~1(s’). We show that R’ satisfies the axioms of a satisfaction
relation.

1. Let a€ A and ¢’ € C(S’) be such that L'(s’, a, ¢’) = T. By the definition of A/(N), there must exist a constraint ¢ € C(S)
such that L(s,a, ) =T and for all u’ € Sat(¢’), the distribution w : t — Zue./\/'(t) W (u) is in Sat(g).
Since P = N, there exists wp € Dist(Sp) such that Lp(p,a, up) =T and Iu € Sat(p) such that pup €r ©. We will now
show that I’ € Sat(¢’) such that up €’ .
Let §: Sp — (S — [0, 1]) be the correspondence function witnessing pp € u. Let §': Sp — (5" — [0, 1]) be such that
S @) =8@W 1)) if Vp(q) € V'(t), and 0 otherwise.
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Let u’ be the distribution on S’ such that u/(t) = qusp wp (@8 (q)(t). The following hold:

(a) Let g € Sp be such that up(q) > 0. By R, we have that §(q) is a distribution on S. Let r € S be such that §(q)(r) > 0.
By construction of AV'(N), there exists a single t € S’ such that t € A'(r) and V(q) € V (t). As a consequence, for all
res, Zte/\/(r) 8 (q@)(t) = 8(q)(r). Thus, we have Y, o 8'(@)(t) =D ,.58(q)(r). Finally §'(g) is also a distribution on
S’

(b) By construction, we have that for all t € ',

wey="Y" mr@s @).
qesSp

(c) Let g Sp and t € S’ be such that §'(q)(t) > 0. By construction of &', we have that (1) §(q)(NV~'(t)) > 0 and
(2) V(q) € V(t). By (1), we have that gRN ~1(t). As a consequence, by the definition of R’ and (2), we have qR't.
Thus wp €x/ '. We now prove that u € Sat(¢’). Let u°(r) = ZteN(r) W (t). By the definition of u’, we have

W= o= Y > ur@s @

teN(r) teN(r) qeSp
=Y wr@ Y, S@o
qeSp teN(r)
=D ur@3@@) = p(.
qesp

Thus ©® = 1 € Sat(p) and by the definition of ¢/, we have u' € Sat(¢’).
Finally, there exists pp € Dist(Sp) such that Lp(p,a, up) =T and there exists ' € Sat(¢’) such that up eér/ p'.

2. Let ae A and wup € Dist(Sp) be such that Lp(p,a, up) = T. By a similar argument, there exists ¢’ € C(S’) such that
L'(s,a,¢’) # L and there exists i’ € Sat(¢’) such that up g’ u'.

3. By construction of R’, we know that Vp(p) € V'(s).

We conclude that sf R’ (so), since Vp(sf) € V(so) = V' (N (s0)) and sRRN~1(N(s)) which is equivalent to saying that
P
so Rso.

o [N]D[N(N)]: Let P =(Sp,A,Lp, AP, Vp, sg) be any PA such that P € [N (N)] with satisfaction relation R’ € Sp x S’
with ngso. We show that P € [N]. Let R € Sp x S be the relation such that pRs iff there exists s’ € A'(s) such that
pR’s’. By a similar reasoning as in the previous case, R is a satisfaction relation and ngso, thus P=N. O

In the rest of the paper, we sometimes require that APAs are in single valuation normal form in order to make the
manipulation of satisfaction/refinement relations easier. By the above theorem, there is no loss of generality in making this
assumption when the initial state is already in single valuation normal form. When it is not, it is equivalent to consider a
set of APAs with initial states in single valuation normal form, one for each valuation of the original initial state.

3. Refinement, bisimulation and abstraction

Being able to compare specifications is central to stepwise design. Systematic comparison enables simplification of
specifications (abstraction) and adding details to specifications (elaboration). Usually, specifications are compared using a
refinement relation. In this section, we first introduce several notions of refinement for APAs and study their ordering. Then
we show that our formalism is backward-compatible with the classical notion of bisimulation for PA [5,21]. Finally, we
propose two notions of abstraction for APAs.

3.1. Refinement

A refinement compares APAs with respect to their sets of implementations. More precisely, if APA N refines APA N’, then
the set of implementations of N should be included in the one of N’. The ultimate refinement relation that can be defined
between APAs is thus Thorough Refinement that exactly corresponds to inclusion of sets of implementations.

Definition 13 (Thorough refinement). Let N= (S, A, L, AP, V,so) and N’ = (S§', A, L’, AP, V', s,) be APAs. N thoroughly refines
N’, denoted N <t N/, iff [N] € [N'].

For most specification theories, it is known that deciding thorough refinement is computationally intensive (see for
example [24]). For many models such as Modal automata or CMCs, one can partially avoid the problem by working with a
syntactical notion of refinement. This definition, which is typically strictly stronger than thorough refinement, is easier to
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check. The difference between syntactic and semantic refinements resembles the difference between simulations and trace
inclusion for transition systems.

We consider three syntactic refinements. These relations extend two well known refinement relations for CMCs and
IMCs by combining them with the refinement defined on modal automata. By tweaking the alternation of quantifiers in the
associated formulas, one can define several syntactical notions of refinements with different expressivity. For the sake of
completeness, we define all three notions and compare their granularity. We start with the strong refinement.

Definition 14 (Strong refinement). Let N = (S, A, L, AP, V,sg) and N' = (S’, A, L', AP, V', s;) be APAs. R C S x S’ is a strong
refinement relation if and only if, for all (s,s’) € R, the following conditions hold:

1. Va e A, Vo' € C(S'), if L'(s',a,¢’) =T, then 3¢ € C(S): L(s,a,¢) =T and there exists a correspondence function
§:S— (8 — [0, 1]) such that Vi € Sat(¢p), Iu’ € Sat(¢’) with @‘; w,

2. Vae A, Vo e C(S), if L(s,a,¢p) # L, then ¢’ € C(S'): L'(s',a,¢’) # L and there exists a correspondence function
§:S— (8 — [0, 1]) such that Vi € Sat(¢p), I’ € Sat(¢’) with @‘; w', and

3. V(s) C V'(s).

We say that N strongly refines N’, denoted N <s N’, if and only if there exists a strong refinement relation relating sg
and s;,.
0

Observe that strong refinement imposes a “fixed-in-advance” correspondence function § in the simulation relation be-
tween distributions. In this way, it strongly resembles the notion of satisfaction presented in Definition 9. This assumption
is lifted with the definition of weak refinement:

Definition 15 (Weak refinement). Let N = (S, A,L,AP,V,sp) and N' = (§',A,L’, AP, V’,s;) be APAs. R € S x S’ is a weak
refinement relation if and only if, for all (s, s") € R, the following conditions hold:

1. Yae A, Vo' € C(S),if L'(s',a,¢’) =T, then 3¢ € C(S): L(s,a, ) =T and VYu € Sat(p), I’ € Sat(¢’) such that u €g 1,

2. Vae A,V € C(S), if L(s,a, @) # L, then ¢’ € C(S'): L'(s',a,¢’) # L and Yu € Sat(p), I’ € Sat(¢’) such that y €g w’,
and

3. V(s) C V/(s).

We say that N weakly refines N’, denoted N < N’, if and only if there exists a weak refinement relation relating so and s;.

Weak weak refinement weakens the assumption even more by allowing to choose, for each solution of the left constraint,
both a different correspondence function and a different constraint (transition) to which it will be linked:

Definition 16 (Weak weak refinement). Let N = (S, A,L, AP, V,so) and N’ = (S, A, L', AP, V’,s;) be APAs. RC S x §' is a
weak weak refinement relation if and only if, for all (s,s’) € R, the following conditions hold:

1. Yae A, Vo' € C(S),if L'(s',a,¢’) =T, then ¢ € C(S): L(s,a,¢) =T and Yu € Sat(p), I’ € Sat(¢p’) such that yu €g 1,

2. Vae A, Vo € C(S), if L(s,a, ) # L, then Vi € Sat(p), I¢’ € C(S'): L'(s',a,¢’) # L and I’ € Sat(¢’) such that pu €g @',
and

3. V(s) C V/(s).

We say that N weakly weakly refines N’, denoted N <w N/, if and only if there exists a weak weak refinement relation
relating so and s,

It is easy to see that the above definitions are combinations of the definitions of strong and weak refinement of CMCs
with the modal refinement of Modal Automata. Hence algorithms for checking weak weak, weak, and strong refinements for
APAs can be obtained by combining existing fixed-point algorithms for CMCs [19] and Modal Automata [17]. For the class
of polynomial-constraint APAs, the upper bound for deciding weak/strong refinement is thus exponential in the number of
states and doubly-exponential in the size of the constraints [19]. Notice that all three refinement relations are preorders on
the set of APAs.

Weak weak, weak, and strong refinements all imply inclusion of sets of implementations. However, the converse is not
true. The following theorem classifies the refinement relations.

Theorem 17. Thorough refinement is strictly finer than weak weak refinement, weak weak refinement is strictly finer than weak
refinement, and weak refinement is strictly finer than strong refinement. That is,

(K1) 2 (Ew) 2 () 2 (Ks)-



76 B. Delahaye et al. / Information and Computation 232 (2013) 66-116

v bt
V]
/// \\\\ //l ‘\\
e 1 \ SO . 1 1 ~
// ’ \ \\ . r | N
/ \ e \ N
a,x2,? ,/ “a,x3, a x4 7 S~ oa,zxs, a,y2, 7// a,ys, \a, 24,7 ~a,zs,?

olaiialoloilole
{{m}} {{n}} {{o}} {{r}} {{m}} {{n}} {{o}} {{r}}

Py =yY2+ys=1
e = (x2+x3=1)V (24 +25 = 1) QYr =24+ 25 =1.

(a) Ny (b) N2
Fig. 8. APAs N1 and N; such that N7 <w N3, but not Ny < N».

Proof. We first prove the inclusions, and then show that all of them are strict.

e (X7) 2 (2w) 2 (X) 2 (Xs): By a swap of quantifiers in the definitions, it is obvious that strong refinement implies
weak refinement, and that weak refinement implies weak weak refinement. We prove that weak weak refinement implies
thorough refinement. Let N = (S, A, L, AP, V,sg) and N' = (S, A, L', AP, V’,s;) be APAs such that N <y N’ with a weak
weak refinement relation R’ € S x S'.

If [N] = @, we have [[N] C [N']. Otherwise, let P = (Sp, A, Lp, AP, Vp, s(’)’) be a PA such that P = N. Then there exists
a satisfaction relation R” C Sp x S such that ng“so.

Let R C Sp x S’ be the relation such that uRw iff there exists v € S such that uR”v and vR'w. The proof that R is a
satisfaction relation is standard and follows the same lines as the proof of Theorem 12. We give the key arguments of this
proof and report the details to Appendix A.

Let u e Sp and w € S’ be such that uRw, and let v € S be such that uR”v and vR'w

e Let ae A" and ¢’ € C(S’) be such that L'(w,a,¢’) = T. By R/, there exists ¢ € C(S) such that L(v,a,¢) =T and
VY € Sat(p), Iu’ € Sat(p’) such that u € 1'. Moreover, by R”, there exist pp € Dist(Sp) such that Lp(u,a, up) =T
and us € Sat(p) such that up €pr Us.

Let s € Dist(S) and ' € Dist(S’) be such that up g ,us and pus Ep ,u Let 8" :Sp— (S—[0,1) and 8 : S — (§' —
[0, 1]) be the correspondence functions witnessing j1p € r s and ps S R, ' respectively. The correspondence function
for R is 6 : Sp — (§' — [0, 1]) such that §(s)(t) = >_,.5 8" (s)(1 &' (r)(t). It follows that pp C<S w.

e Let ae A and wp € Dist(Sp) be such that Lp(u,a, ) # L. By R”, there exists ¢ € C(S) such that L(v,a,¢) # L and
Jus € Sat(p) such that up Egr s. Moreover, by R’, we have that for all © € Sat(p), there exist ¢’ € C(S’) such that
L'(w,a,¢’)# L and ' € Sat(¢’) such that u € p/.

Let us € Dist(S) be such that pup €gr us. Let ¢’ € Dist(S’) be such that L'(w,a,¢’) >? and let i’ € Sat(¢’) be
such that /Ls Gp W. Let §: Sp — (§—[0,1]) and & : S — (S’ — [0, 1]) be the correspondence functions witness-
ing up CR,, Ms and us e’ W' respectively. The correspondence function for R is § : Sp — (S’ — [0, 1]) such that

8(S)() =15 8”7(5) (M8 (r)(b). It follows that wp CR w.
Thus R is a satisfaction relation. Moreover, since sg R"sq and soR/sg, we have that s; Rso, and we conclude that P €
[[N'], therefore N <1 N’.
e <w#=: We show that for APAs N1 and N, given in Fig. 8, we have N1 w N3, but N; £ N».

e N1 <w N2: We show that R = {(s1,5). (52,55), (53, 55), (54, S), (55, 55)} is a weak weak refinement relation. By con-
struction, the pairs (s2, s5), (s3,55), (S4,5,) and (ss, s5) satisfy the axioms of a weak weak refinement relation. We now
show that the pair of initial state (s, s)) also satisfies the axioms of a weak weak refinement relation. For distributions
1 € Sat(pyx) such that p(sz) > 0 or w(s3) > 0 we choose the constraint ¢y, and for other distributions we choose ¢,. It
is then clear that

Vi € Sat(py), 3¢’ € {oy, ¢;}, Iu e Sat(¢'): peg i
e N1 #% Na: There exists no constraint ¢’ € C(S’) such that L'(s},a,¢') # L and Y € Sat(px), I’ € Sat(¢"): n €r .

e <#=<s: We now show that for the APAs N3 and N4, given in Fig. 9, we have N3 < Ny, but N3 £s N4.
e N3 < N4: We show that R = {(s1,5)), (s2,55), (53, 53) (53,5,), (s4,55)} is a weak refinement relation. Again, the pairs

(s2,55), (s3, 53) (s3,5) and (sa, 55) all satisfy the axioms of a weak refinement relation by construction. We now show
that the pair of initial states (sq, 5’1) also satisfies the axioms of a weak refinement relation.
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Fig.9. APAs N3 and N4 such that N3 <X Ng4, but not N3 <s Ng4.

There is a constraint function ¢x € C(S) such that L(s1,a,¢x) =? and a constraint function ¢, € C(S’) such that
L(sl,a @y) =?. We now show that Vju € Sat(px), Iu’ € Sat(py): 1 g 1. Let p € Sat(yx) and let §: S — (§' — [0, 1])
be given as

(s1.87) > 1, (s2.85) > 1, (s3,85) >y, (s3.55) > 1=y, (s4,55) 1,

where y = %, if (s2) <0.7,and y = % otherwise.
1. By the definition of §, for each s € S, §(s) is a distribution on S’.

2. Assume that p(s3) <0.7. For sj, s, € S, we have
0.7 — p(s2)
§ U(S)E(S)(55) = p(s3) ———————= = 0.7 — u(s2),
(53) = u n(s3)

<] 0.7 —pu(s2)
n(s3)

seS

D (8)8(5)(sy) = u(s3)

seS

) = u(s3) — 0.7 + pu(s2).

Using this observation, ' : " — [0, 1], given by s} — p(s1), s = [1(s2), S5 = 0.7 — p(s2), Sy > f1(s3) — 0.7 + fu(s2),
and s — u(sq), is a distribution on §’, i’ € Sat(gy), and 1 @‘; . The proof is similar if 1(sy) > 0.7.
3. Pairs (s, s’) for which §(s)(s’) > 0 are related by R by construction.
For valuations in s; and s}, respectively, it holds that {{I}} € {{I}}.
e N3 #s N4: Suppose that there exists a satisfaction relation R’, and let 8’ be the correspondence function witnessing
relation of s; and s|. The valuations require that &' must be of the same type as § above with y >0 (here y is
constant). Consider the following two distributions over S, w1 and uy given by

ni: $1—=>0, s3—0.6, s3—~0.1, s4+—0.3,
Mn2: s1+—=0, s+—0.8, s3—0.1, s4+—0.1.

The 2 following properties must hold: (1) 3u} € Dist(S), Vs' € S': Yo s (h1(5)8(s)(s") = ) (s') and (2) Iu), € Dist(S"),
Vs €50 Y s M2(5)8(5)(s") = u(s"). However, (1) requires that y =1, and (2) requires that y =0, which shows that
such a strong refinement relation cannot exist.

o <7#=<w: Finally, we show that for the APAs N5 and Ng, given in Fig. 10, we have N5 <1 Ng, but N5 £y Ng.

e N5 <1 Ng: It is easy to see that any PA satisfying N5 will also satisfy Ng.

e N5 Zw Neg: Consider the pair (s, s}). Sat(gx) = {1, (2}, where w1(s3) =1 and ua(sq) = 1. Let u!, be the distribution
over Ng assigning probability 1 to sj. A correspondence function § such that i @‘;z u, cannot exist, since such a §
will satisfy that §(s4)(s;) =1 and this pair cannot be related because {{o}} Z {{n}}. The same applies for (s, s5). This
implies that N5 £w Ng. O

We have just seen that, in general, thorough refinement is strictly finer than any syntactical refinement. In Section 6.2,
we will show that the thorough, weak weak, weak, and strong refinement coincide on the class of deterministic APAs. In the
rest of this paper, each time that we show that a refinement relation holds, we prove it for the strongest possible version
of refinement.
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3.2. Bisimulation

In this section, we first introduce the classical notion of bisimulation for PAs [21]. Then, we show that the specification
theory we propose in this paper is backward-compatible, in the sense that bisimilar PAs satisfy the same specifications. The
section is structured as follows. First, we recap the definition of bisimulation for PAs. Then, in Theorem 20, we propose
a characterization of bisimulation based on the notion of satisfaction. Finally, Theorem 22 presents the main result of the
section, i.e. bisimilar APAs satisfy the same specifications. Detailed proofs of the theorems are given in Appendix B.

The following definition presents the classical notion of bisimulation proposed in [21].

Definition 18 (Bisimulation). Let P = (S, A,L,AP,V,sp) and P’ = (S',A,L’, AP, V’,s;) be PAs with no unreachable states.
We say that R € S x S’ is a bisimulation relation iff whenever (s, s") € R, the following hold:

o V(s)=V'(s'), and

e Va € A, 3w € Dist(S) such that L(s,a, u) = T if and only if there exists u’ € Dist(S’) such that L'(s’,a, #') =T and, for
each equivalence class T € (SUS")/R*, u(T) = '(T), where R* denotes the reflexive, symmetric, transitive closure of
Ron (SUS.

P and P’ are bisimilar, written P ~~ P’, if and only if there exists a bisimulation relation R such that soRsj,.

Characterization. We now propose a methodology that uses the satisfaction relation and a lifting algorithm from PAs to
APAs in order to decide whether two given PAs are bisimilar. This methodology and the subsequent Theorem 20 will be of
particular interest for proving backward compatibility.

It turns out that bisimulation between two given PAs holds whenever, when lifted to APAs, they admit the same imple-
mentations. In the following, we first formally define the lifting from PAs to APAs. We then propose a formal syntactical
characterization of bisimilar PAs.

Definition 19 (Lifting). Let P = (S, A, L, AP, V,sg) be a PA. We define the lifting of P, denoted P= (S, A, i, AP, \7,50) as
the APA where

e forall se S, ae A, and ¢ € C(S), f(s,a,go) =T if and only if there exists w € Dist(S) such that L(s,a, u) =T and

Sat(¢) = {u}, and
e forallse S, V(s)={V(s)}.

Informally, the lifting P of P extends state valuations to sets containing only the original valuations, and contains only
single-solution constraints based on the original distributions of P.
We propose the following theorem:

Theorem 20. Let P and P’ be PAs. We have that P ~ P’ < P |= P'.

Proof. We give a sketch of the proof, while a detailed version is given in Appendix B.1. Let P = (S, A, L, AP,V,so) and
P'=(S',A, L', AP, V’,s;) be PAs, and let P = (S',A, L', AP, V', sg) be the lifting of P’.
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e P~P =Pk P’: Assume that P ~ P’ with relation Rp. It happens that R}, is a satisfaction relation such that P &= P

e P~P &P =P Assume that P = P’ with satisfaction relation R. We prove that P >~ P’.

Let R* denote the reflexive, transitive, symmetric closure of the relation R over SUS’, and let Ry € S x S’ be the
relation such that sRps" iff sR*s’. It follows that R}, is a bisimulation relation and that spRps;. We thus conclude that
P~P. O

Backward compatibility. We now move to the main result of the section: bisimilar PAs satisfy the same APAs. We first relate
lifting and refinement.

Lemma 21. Let P be a PA and let N be an APA. The following holds:
PEN & P<N.

Proof. ¢ P =N =P < N: Let P=(S, A, L, AP, V,so) be a PA and let N= (5, A, L, AP, V', sy) be an APA such that P =N
with relation Rs. Let P =(S,A, L, AP, V,so) be the lifting of P. It happens that Rs is also a weak refinement relation
between P and N. The proof is standard and reported in Appendix B.2. _

Since R is a weak refinement relation and, by construction, 507256, we conclude that P < N.

e P=EN&P<N: Let P=(S,A, L AP,V,so) be a PA, let P =(S,A,L, AP, V,so) be the lifting of P and let N =
(S',A,L’,AP,V’,sy) be an APA such that P < N with relation R,. Again, R, is also a satisfaction relation between P
and N. The proof is standard and given in Appendix B.2.

Since R is a satisfaction relation and, by construction, soRs;,, we conclude that P =N. O

Observe that, by the two previous results, we obtain that the lifting of two bisimilar PAs have equal sets of implementa-
tions:

P~P <« [PI=I[P1.

We now present the main result of the section, that is that bisimilar PAs satisfy the same specifications.
Theorem 22. Let P and P’ be PAs such that P >~ P’. For all APA N, it holds that P =N < P’ = N.

Proof. Let P and P’ be PAs such that P > P’, and let N be an APA such that P |= N. Consider the liftings P and P’ of P
and P’. By Lemma 21, we have P < N. Moreover, by Theorem 20, we have P’ = P. Since weak refinement implies imple-
mentation set inclusion, we thus have that P’ = N. By symmetry, we thus have that for all APAN, P=EN <& P'=N. O

3.3. Abstraction

We now propose two different notions of abstraction. The first notion, called state-based abstraction amounts to grouping
sets of states into single abstract states. The aim of state-based abstraction is to reduce the complexity of APAs by reducing
their state space. The second notion, called constraint-based abstraction, amounts to abstracting complex constraints into
the smallest interval constraints that encompass all their solutions. The aim of constraint-based abstraction is to reduce the
complexity of the constraints. Indeed, as shown in [22], manipulating interval constraints allows for less complex algorithms
in general. Observe that both notions of abstraction can be combined.

State-based abstraction. The aim of this abstraction is to partition the state space, i.e., group (disjoint) sets of states into
a single abstract state. Let N and M be APAs with state space S and S’, respectively. An abstraction function o : S — S’
is a surjection. The inverse of abstraction function o is the concretization function y : S’ — 25. The state a(s) denotes the
abstract counterpart of state s while y(s’) represents the set of all (concrete) states that are represented by the abstract
state s’. Abstraction is lifted to distributions as follows. The abstraction of w € Dist(S), denoted « (i) € Dist(S’), is uniquely
defined by a(u)(s’) = u(y(s")) for all s € S’. Abstraction is lifted to sets of states, or sets of distributions in a pointwise
manner. It follows that ¢’ = a(¢) if and only if Sat(¢’) = a(Sat(¢)). The cartesian product of two abstraction functions is
given as follows: (1 x a2)(s1, S2) = (1(51), @2(s2)). These ingredients provide the basis to define the state abstraction of
an APA.

Definition 23 (State-based abstraction). Given APA N = (S, A, L, AP, V,sg), the abstraction function « : S — S’ induces the
APA a(N)= (S, A,L', AP, V’, a(sp)), where for allae A, s’ € S’ and ¢’ € C(S):
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Fig. 11. APA N and its state abstraction «(N).

if Vs e y(s'): 3p € C(S): L(s,a,)=T, and

Sat(@") = (Us p)ey sy C(5):L(s,a.0)=T SAEP))
U'(s a,¢)= ) if3dsey(s): 3p e C(S): L(s,a, ) >?, and

N _ (b)
Sat(@") = (U prey () xC(5yLis,a,9)% 1 SLEP))
1 otherwise (c)

and

vish= J ve.

Vsey (s')

Item (a) asserts that if there are must transitions (s, a, ¢) from all states s € y(s’), then the must transition (s, a, ¢’)
represents their total behavior. Item (b) asserts that a may a-transition emanating from s’ represents the total behavior of
all may and must transitions (s, a, ¢) for all s € y(s'). Item (c) asserts that if no state in y(s’) has an a-transition, then s’
also does not have an a-transition.

The result of abstracting APA N is the APA «(N) that is able to mimic all behaviors of N, but possibly exhibits more
behavior.

Example. Consider the APA N = (S, A, L, AP, V,sg) depicted in Fig. 11a. Let the abstraction function « : S — S’ be given
by a(s1) =5), a(s2) = a(s3) = shs, a(s4) =, a(s5) =S5z, and a(s) = Sg. The APA (N) obtained following Definition 23
is depicted in Fig. 11b. State s} has a single outgoing must a-transition, corresponding to the outgoing must g-transition
of s1, where target states are collapsed and the constraint is simplified accordingly. State s}, has two outgoing transitions:
(1) a must a-transition because both s, and s3 have must a-outgoing transitions (item (a) of Definition 23), with a constraint
that represents the union of the constraints of the original must transitions; and (2) a may a-transition because s; has a
may a-transition (item (b) of Definition 23), with a constraint that represents the union of the constraints of all outgoing
a-transitions of sy and s3.

Observe that the abstract version of an APA is always weaker in term of refinement than the original APA.
Lemma 24. For all APA N and abstraction function «, N <s «(N).

Proof. Let N = (S, A,L,AP,V,sg) be an APA and let @ : S — S’ be an abstraction function. Consider the state abstraction
a(N)= (S, A, L', AP, V', a(sg)). Let R €S x S’ be the relation such that sRs’ iff s’ = a(s). The proof that R is a strong
refinement relation is standard. The key point of this proof is to use the following correspondence functions: § : S —
(8’ — [0, 1]) such that §(u)(v) =1 if a(u) = v, and 0 otherwise. For the sake of completeness, the full proof is reported
in Appendix C. O

Observe that by the ordering of refinement relations given in Theorem 17, it also holds that N < o(N), N <w «(N) and
N <71 a(N).

Constraint-based abstraction. Given a constraint ¢ € C(S), we say that ¢ is an interval constraint if there exist closed inter-
vals {I¢ | s € S} such that Vu, u € Sat(p) < Nees((s) € 1%).1f, for all s€ S, a € A, and @ € C(S) such that L(s,a,p) # L, it
holds that ¢ is an interval constraint, then we call N an Interval Probabilistic Automaton (IPA).

The following notion of abstraction abstracts an APA with the smallest IPA encompassing all its implementations.
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Definition 25 (Constraint-based abstraction). Let N = (S, A, L, AP, V,sp) be an APA. The constraint-abstracted APA x (N) =
(S,A,L', AP, V,sp) is defined such that for all states s € S and a € A, if there exists ¢ € C(S) such that L(s,a, ¢) # L, then
L'(s,a,¢’) =L(s,a, p) for ¢’ € C(S) defined as

Sat(¢') = {M € Dist(S) ‘ /\ w(s') e 1“’}

s'eS

where {I;/f |'s" € S} are the smallest closed intervals such that Y € Sat(¢): Ages 1(s') € I;p,.
As expected, constraint-based abstraction is an abstraction with respect to strong refinement.
Lemma 26. For any APA N, it holds that N s x (N).

Proof. Let N = (S, A, L, AP,V,sg) be an APA and let x (N) = (S,A,L, AP, V,sg) be the constraint-abstraction of N. Let
R =S x S be the identity relation. The proof that R is a strong refinement relation is standard. The key point of this proof
is to use identity correspondence functions. For the sake of completeness, the full proof is given in Appendix D. O

We now show that if N is a valuation-deterministic APA in SVNF, then x (N) is the smallest IPA in SVNF abstracting
N with respect to weak refinement. However, when N and x (N) are not in SVNF, it is possible to abstract N in different
ways by grouping states with different valuations, leading to abstractions that cannot be compared with y (N) using the
refinement relations.

Theorem 27. For any valuation-deterministic APA N in SVNF and IPA N’ in SVNE, N < N’ implies x (N) <

Proof. Let N = (S,A,L, AP, V,sp) be a valuation-deterministic APA, and let N’ = (S’, A, L', AP, V', s;) be an IPA, both in
SVNF, such that N < N’ with a weak refinement relation R. Let x (N) = (S, A,L”, AP, V,sg) be the constraint abstraction
of N. Let R’ :=R. Although R and R’ are equal, we chose to use two different notations to stress the fact that the former
is a weak refinement relation between N and N’ while the latter is a relation between x (N) and N’. We prove that R’ is
a weak refinement relation such that x(N) < N’. Let s€ S and s’ € S’ be such that sR's’. We show that R’ satisfies the
axioms of a weak refinement relation.

1. Let a € A and ¢’ € C(S’) be such that L'(s',a,¢’) = T. By R, there exists ¢ € C(S) such that L(s,a,¢)=T and Vu €
Sat(p) 3u’ € Sat(¢’): w €r W'. By construction of x (N), there exist @1 € C(S) (the constraint-abstraction of ¢) such
that L”(s,a,¢;) = T and Sat(¢;) = {” € Dist(S) | Agres (") € 1%} with {I;‘f, | s € S} the smallest closed intervals
such that Y € Sat(@): Ages n(s”) € ISH.

Define R/(s1) = {s} € §"| s1R/s}} for all 51 € S. Observe that for all s1 # s2, ¢ € C(S), and a € A such that L(s,a, @) # L,
if there exist w1, 2 € Sat(p) with 1(s1) > 0 and ua(sz) > 0, then, since N is valuation-deterministic and N’ is in
SVNF, R/(s1) NR/(s2) = ¥ (observation A).

Let {Iﬁ’ =[ls,,us,]11s1 € S} be the intervals associated with ¢, and let {I;’f = [lg,1 , u;,l] | s € S} be the intervals associ-

s

ated with ¢’. Let a € A and ¢ € C(S) be such that L(s,a, ¢) # L. Let s; € S. By minimality of the interval constraints in
X (N), there exists u € Sat(¢) such that p(s1) =Is,. Since sRs’, there exists § : S — Dist(S) such that

Vsiest Y u(s)8(s2)(sh) =1 (s),

sy€S

for some w' € Sat(¢’), where L'(s',a, ¢’) # L.
For 8, we deduce that Vs ¢ R'(s1), §(51)(s]) =0 and Vs % 51, Vs € R'(s2), §(s2)(s}) = 0. By the first deduction, Vs} €
R/ (s1), 1(s1)8(s1)(s)) > l/, and by the second ZS ER,(Sl)u(sz)(}(sz)(s ) =1Is,. As a consequence, [;, > ZS eR,(sl)ls,,
and similarly, we obtain usl ZsleR’(sl) v

1
Let ) € Sat(p;). We now prove that there exists u; € Sat(¢’) such that j1; €g/ pu}. For all s; € S, define the correspon-
dence function &' : S — Dist(S’) as follows: if p;(s1) =0, then &'(s1)(s]) =0 for all s € S’ and otherwise,

, (), I, )(Ml(Sz) ZS/ER/32>I N )
3/(52)(5/1) = ;1,,(52) (l Z LR = ) ) if s7 € R'(s2), (1)

S

0 otherwise.

Let w) € Dist(S") be such that pj(s}) = Zszes 1(52)8(s2)(s7). We prove that @57/2, Wy

(a) By construction, if w;(sy) > 0, then Zs’]es’ §(s1)(s) =1.

(b) Let s* € S’. By observation A, there exists at most one s* € S such that x;(s*) > 0 and s*' € R'(s*). There are two
cases:



82 B. Delahaye et al. / Information and Computation 232 (2013) 66-116

o If no such s* exists, then I{,, = >, ¢ 11(52)8"(s2)(s*") =0 and we have
o <y (sY) <ul.
e Otherwise, we have

3 ()8 (52)(s) = pua (%) (5%) (s

$2€S
(g, =1 (™) = g errs) l;/z)

== l;*/ +
Since ZséeR,(sz)I;,z <lg < i(s*), we have that

wi(s™) = D ()8 (s2)(s) > L.

$2€S

Similarly,

ui(s™) =Y mi(s2)8 (52)(s*') < ifur-

sp€eS

We conclude that Vs} € §', j(s}) € Ig,]. Thus ) € Sat(¢").

(c) Assume that &§'(s1)(s}) > 0. Then s} € R/(s1), and s;R's].
We conclude that there exists ) € Sat(¢’) such that p; er/ .

2. Let a € A and ¢; € C(S) be such that L”(s,a, ¢;) # L. By construction, there exists ¢ € C(S) such that L(s,a, ¢) # L. By
refinement, there exists ¢’ € C(S’) such that L'(s’,a, ¢’) # L and Vi € Sat(p) I’ € Sat(¢’): u € (. Using the same
reasoning as above, we can prove that VY, € Sat(g;), there exists ) € Sat(¢’) such that pu; € p;.

3. Clearly, V(s) € V'(s’), as valuations in N and x (N) are equal.

This proves that R’ is a weak refinement relation. As soR’s;, we conclude that x (N) < N'. O

Observe that the above theorem does not hold for strong refinement: If N’ is an IPA in SVNF such that N <s N’, then we
have x (N) < N’ but not necessarily x (N) <s N’.

Example. We show that Theorem 27 does not hold when the APA N is not valuation-deterministic. Consider APA N and IPA
N’ given in Fig. 12a and Fig. 12c respectively. It is easy to see that N is not valuation-deterministic, and that N < N’. Let
X (N) be the constraint-based abstraction of N, as given in Fig. 12b. Consider PA P given in Fig. 12d. It is easy to see that
P = x(N), but P |~ N’. Thus, by Theorem 17, x(N) £ N’.

Notice that Theorem 27 holds regardless whether N is action-deterministic. It turns out that if N is not action-
deterministic, then the theorem holds for weak refinement, but not for weak weak refinement. Fig. 13 illustrates a counter
example. This is not surprising as, because of the swap of quantifiers in its definition, weak weak refinement can take more
advantage of action non-determinism than weak refinement.

Although state-based abstraction and constraint-based abstraction are both abstractions, they cannot be compared in
general in terms of refinement. This statement is illustrated in the following example.

Example. Consider APA N given in Fig. 14a. Fig. 14b illustrates the state-based abstraction of N where state s, and s3 are
grouped, and Fig. 14c illustrates the constraint-abstraction of N. It is easy to see that at(N) # x (N). Indeed, state s, cannot
refine either state s7 or 5’3/, because their valuations do not coincide. Also x (N) # a(N), because their constraints do not
match.

4. Consistency, pruning and conjunction

We now turn our attention to deciding whether there exist implementations satisfying one or several specifications.
When considering only one specification, this problem is called consistency. In the following subsection, we first formally
define consistency and then propose an algorithm to decide if a given APA is consistent. We then move to the problem
of deciding whether several APAs admit a common implementation. We propose an operation, called conjunction, that
combines requirements of several APAs into a single APA whose implementations are exactly those implementations that
satisfy all original APAs.
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Fig. 12. Example that constraint abstraction does not preserve < for non-valuation-deterministic APAs.
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Fig. 13. Example that Theorem 27 does not hold for weak weak refinement with a non-action-deterministic APA.
4.1. Consistency and pruning
Definition 28 (Consistency). An APA N is consistent if and only if it admits at least one implementation, i.e. [N] # @.

We say that a state s is consistent if V(s) # ¥ and L(s,a,¢) =T = Sat(¢) # @. An APA is locally consistent if all its
states are consistent. It is easy to see that a locally consistent APA is consistent. However, inconsistency of a state does
not imply inconsistency of the specification. In order to decide whether a specification is consistent, we proceed as usual
and propagate inconsistent states with the help of a pruning operator 8 that filters out distributions leading to inconsistent
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Fig. 15. APAs N, B(N) and B2(N) = B*(N).

states. This operator is applied until a fixed point is reached, i.e., until the specification does not contain inconsistent states
(it is locally consistent). We now formally define the pruning operator.

Definition 29 (Pruning). Let N = (S, A,L, AP, V,so) be an APA with A ¢ S and let T C S be the set of inconsistent states
in N.Let v:S — {A}US\T be defined by v(s) = if s € T, and v(s) =s otherwise. Let 8 be a pruning function defined by:
If v(sg) = A, then B(N) is the empty APA. Otherwise, B(N) = (S’, A, L', AP, V', sg) with =S\ T, and for all s€ S’, a € A,
pe AP and ¢ € C(S"),

y ifp>t =g,
(s.0,9) = |_|¢e¢5~a L(s,a,@) otherwise,

V'(s)=V(s),
where @5? is the set of constraints on S, reachable from state s with label a, that match ¢ when restricted to S’. More
formally,

'={pecC® | L(s,a, @) # L and u € Sat(yp) iff Az € Sat(p) s.t.

VseS', fi(s)=pu(s), andVt € T, fi(t) =0}.
All states in T are mapped onto A and are removed from APA N. APA B(N) obtained by pruning may still contain

inconsistent states. Therefore, we repeat pruning until a fixpoint is reached such that g"(N) = g™t1(N), where n represents

the number of iterations. The existence of this fixpoint is guaranteed as N is finite. Some of the operations (conjunction and
composition) may introduce inconsistent states, and are succeeded by a pruning phase to remove such states.

Example. Consider APA N given in Fig. 15a. State s3 of N is inconsistent because of an empty valuation. The first round of
pruning thus removes state s3 and yields APA S(N) given in Fig. 15b. Since state s3 has been removed, transitions that used
to lead to s3 now have the constraint false, which admits no solution. The outgoing must transition of state s4 thus becomes
inconsistent. As a consequence, the next round of pruning removes state s4 and yields APA 82(N) given in Fig. 15c. Since
there are no more inconsistencies, it follows that g*(N) = g2(N).

Pruning preserves the set of implementations, as formalized in the following theorem.

Theorem 30. For any APA N, it holds that [N] = [B(N)]].
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Proof. Let N =(S,A, L, AP, V,sg) be an APA. Let T be the set of inconsistent states of N and let 8(N) be the corresponding
APA using the pruning operator of Definition 29. The result is trivial if S(N) is empty. Otherwise, suppose that S(N) =
(S8',A,L',AP, V', sp), and let P =(Q, A, Lp,AP,Vp,qp) be a PA. We prove that P =N < P = B(N).

e P=N= P [ B(N): Suppose that P =N, and let R € Q x S be the corresponding satisfaction relation. Define the
relation R =R N (Q x S’). The proof that R’ is a satisfaction relation is standard. The key argument relies on the fact that
all the states s € S such that there exists g € Q with gRs are consistent, i.e. s ¢ T. Thus, considering the restriction of the
relation R to S\ T preserves implementations. For the sake of completeness, the detailed proof is given in Appendix E.

e P=N & P = B(N): Suppose that P = 8(N), and let R’ € Q x S’ be the corresponding satisfaction relation. By construc-
tion, the extension R of R’ to Q x S is a satisfaction relation such that goRsg. Thus P =N. O

Observe that the above theorem only holds for thorough refinement. Indeed, any syntactic notion of refinement between
N and B(N) fails because some (potentially reachable) states of N are removed, and thus find no counterpart in 8(N).

4.2. Conjunction

Conjunction, also called logical composition, allows combining two specifications into a single specification that has the
conjunctive behavior of the two operands. More precisely, a conjuncted specification admits the intersection of sets of
implementations of its constituents. The conjunction operation is a mix between the corresponding operations for modal
automata [25] and CMCs [19]. The main lines of the general conjunction operator that we define hereafter are as follows:
(1) a must transition on one side that has no counterpart on the other side yields an inconsistent transition, (2) a may
transition on one side that has no counterpart on the other side yields no transition, (3) the combination of two transitions
(may or must) yields a may transition to a combination of the constraints, and in addition, (4), (5) a must transition on
one side yields a must transition in the conjunction to a constraint combining the constraint associated to the original must
transition with a disjunction of all admissible constraints on the other side. Notice that, although items (1), (2), (3) are very
close to the definitions of conjunction for modal automata and CMCs, items (4), (5) are more involved. Indeed, the general
definition we present here needs to handle action non-determinism, which is not taken care of in CMCs or modal automata.
In fact a simpler notion of conjunction can be defined for deterministic APAs [1,2].

Notice that conjunction may introduce inconsistent transitions through (1) and should thus be followed by applying the
pruning operator S*.

Definition 31. Let N = (S, A, L, AP,V,so) and N' = (S', A, L', AP, V', s) be APAs sharing action and proposition sets. Their
conjunction N A N’ is the APA (S x S’, A, L, AP, V, (S0, 55)) where V((s,s))=V(s)NV'(s") and

a € (Must(s") \ May(s)) U (Must(s) \ May(s"))

7 , (1)
L((s,s"),a,false)=T
a € (May(s) \ May(s")) U (May(s) \ May(s)) @)
L(Gs,5),a,¢) =L ’
aeMay(s) "May(s’) L(s,a,¢)#L L'(s,a,¢)#L 3)
L((s,5),a,¢)=? ’
where ¢ € C(S x S’) such that fi € Sat(p) if and only if
distribution p:t — Y .o fL((t, t)) is in Sat(¢) and
distribution u’ :t' — Y ¢ fi((t,t')) is in Sat(¢’).
aecMust(s) L(s,a,¢)=T )
L(s.s).a.¢N)=T
where @' e C(S x §’) such that ji € Sat(¢ ") if and only if both
the distribution p:t — Y ¢ f((t,t)) is in Sat(ep), and
there exists ¢’ € C(S) with L'(s',a, ¢’) # L and the distribution u' :t' — > ¢ ft((t, t)) is in Sat(¢’).
aeMust(s) L'(s,a,¢)=T (5)

L((s.8),a,¢' )=T

1 Recall that Vs, Must(s) € May(s).
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where @' T € C(S x §’) is such that ji’ € Sat(¢’ ") if and only if both

there exists ¢ € C(S) such that L(s,a, ¢) # L and the distribution p:t — > ..o fL((£, ")) is in Sat(¢p), and
the distribution ' :t' — 3", ¢ ' ((¢, ) is in Sat(¢’).

Note that conjunction A is symmetric.
We conclude the section by showing that conjunction is the greatest lower bound with respect to weak weak refinement.

Theorem 32. Let N1, N3, and N3 be consistent APAs sharing action and atomic proposition sets. It holds that

e B*(N1 AN2) sw Nip.
e If N3 <xw Nq and N3 sw Na, then N3 <w B*(N1 A N2).

Proof. Let Ny = (S1,A, L1, AP, V1,s}) and Nz = (S2, A, Lo, AP, V3, s3) and N3 = (S3, A, L3, AP, V3,s]) be three APAs. Let
N1 ANz=(S1 xSy, A, L, AP, V, (s},,sé)) be the conjunction of N1 and N, defined as in Definition 31. We prove the claims
separately.

e B*(N1 A N3) <w Ny: Obviously, if Ny A Ny is inconsistent, then 8*(N; A N3) is empty and refines N; with the empty
refinement relation. Suppose now that 8*(N1 AN3) = (S™, A, L, AP, V", (sg), s%)), with $* € S1 x S, not empty. Define the
relation R € S™ x Sy such that for all (s,s’) € S and t € Sy, (s, )Rt iff s =t. We prove that R is a weak weak refinement
relation. Let (s,s’) € S be such that (s, s")Rs. We show that R satisfies the axioms of a weak weak refinement relation.

1. Let a€ A and ¢ € C(S1) be such that Li(s,a, ¢) = T. Since (s,s’) € S”, we have that a € May(s'). Let ¢ € C(S1 x S3) be
such that j € Sat(@) iff
e the distribution p: t — Zt’esz ((t,t")) is in Sat(¢), and
o there exist a distribution ¢’ € C(S3) such that Ly(s’,a,¢’) # L and the distribution u' : t’ — Ztesl f((t,t)) is in

Sat(¢").

By the definition of Ni A N», we have that L((s,s'),a, @) = T. Consider now ¢ € C(S") the constraint such that

u” € Sat(p”) iff there exists [t € Sat(¢) such that Vr € S*, u(r) = i(r) and Vr € (S1 x S2) \ S, fi(r) = 0. According to

Definition 29, L"((s,8). a,¢") = || 57 651a L((s,s"),a,v). Since ¢ € @754 it holds that LA ((s, s'), a, ) = T.

Thus there exists ¢ € C(S") such that L"((s,s’),a, ") = T. Moreover, define the correspondence function § : S —

(51 — [0, 1]) such that §((r, ") (") =1 iff " =r. Let u” € Sat(¢”"), it be the corresponding distribution in Sat(¢), and

/o the distribution such that w:r e S1 — Er’esz f((r,1")). By definition, w is in Sat(¢) and by construction, we have

u’ @% . For the sake of completeness, a detailed proof of this fact is given in Appendix F.

2. Llet a e A and ¢ € C(S") be such that L((s,s’),a, ¢”) # L. By the definition of L”, there exists @ € ¢/ b?, Thus,
L((s,5"),a,$) # L in Ny A Ny, and a distribution " satisfies ¢” iff there exists a distribution i € Sat(¢) such that
uN(r) = fi(r) for all r € S” and fi(r) =0 for all r € S; x Sy \ S”. Since S” contains only consistent states, there exists
u” € Sat(p™). Let [t € Sat(¢) be a corresponding distribution in ¢. There are 3 cases.

o If a ¢ Must(s) and a ¢ Must(s’), then by Definition 31, there exist ¢ € C(S1) and ¢’ € C(S3) such that L(s,a,¢) # L
and Ly(s',a,¢") # L. Moreover, ¢ € Sat(¢) iff the distributions ¢ : 1 € S1+ } .5, 0((r,7)) and 0" : 1" € S
Zresl O((r,1")) are respectively in Sat(¢) and in Sat(¢’). Since fi € Sat(¢), let i and ' be the corresponding distri-
butions in Sat(¢) and Sat(¢’). Define the correspondence function § : S* — (S; — [0, 1]) such that §((r,r"))(r") =1
iff r” =r. As above, we have u" €5, .

e Otherwise, if a € Must(s) and there exists ¢ € C(S1) such that ¢ is such that ¢ € Sat(9) iff
- the distribution ¢ : r — Zr’esz o((r,r")) is in Sat(¢), and
- there exist a distribution ¢’ € C(S3) such that Ly(s’,a, ¢’) # L and the distribution o’ : 1’ — Zresl o((r,1")) is in

Sat(¢").
Since fi € Sat((), let ¢’ € C(S3) be the corresponding constraint on Sy such that Ly(s’,a, ¢’) # L. Let u and i’ be
the corresponding distributions in Sat(¢) and Sat(¢’). Define the correspondence function § : S — (S1 — [0, 1]) such
that §((r,r"))(r") =1 iff " =r. As above, we have u” @‘;2 /L. The same holds in the symmetric case.

Finally, in any case, there exists ¢ € C(S1) such that Li(s,a, ¢) # L and there exists u € Sat(¢) such that u”* e u.

3. By definition, V/((s,s")) = V((s, ")) = V1(s) N Va(s") C V1 (s).

Finally, R is a weak weak refinement relation, and we have 8*(N1 A N2) <w Nji.

e if N3 w Nj and N3 <w Na, then N3 <w B*(N1 AN3): Let Rq € S3 x S1 and R, C S3 x Sy be the weak weak refinement
relations such that N3 <w N7 and N3 <w N3. Obviously, if Ny A N3 is fully inconsistent, then 8*(N1 A N3) is empty. In
this case, there are no consistent APAs refining both N; and Nj. As a consequence, N3 is inconsistent, which violates
the hypothesis. Suppose now that B*(N1 A Np) = (S, A, L, AP, V", (s(l),s(z))), with S* € Sy x Sy, is not empty. Define
the relation R" C S3 x S” such that s"R"(s,s") € S" iff s"Rs € S; and s"R’s’ € S;. We prove that R" is a weak weak
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refinement relation. Let s € Sq,s’ € S and s” € S3 be such that s"R"(s,s’). We show that R" satisfies the axioms of a
weak weak refinement relation.

1. Let ae A and ¢" € C(S") be such that L"((s,s),a, ¢”) = T. By definition, we have L((s,s'),a,$) = T with @ €
C(S1 x S2) such that u” € Sat(p”) iff there exists fi € Sat(¢) such that u”(r) = ju(r) for all r € S* and ji(r) =0
for all r € Sq x Sy \ S”. There are 2 cases.

e Suppose that a € Must(s) and there exists ¢ € C(S1) such that Li(s,a, ) =T, and 0 € Sat(p) iff

- the distribution o : t — Zt’eSz o((t,t)) is in Sat(¢p), and

- there exist a distribution ¢’ € C(S3) such that Ly(s’,a, ¢’) # L and the distribution @’ : t’ — D tes, O((L, t")) is in
Sat(¢").

Since Lq(s,a,¢) =T and s”R;s, there exists ¢” € C(S3) such that L3(s”,a,¢”) =T and Y € Sat(¢"), I € Sat(y),

such that u” €gr, 1 (1).

Since L3(s”,a,¢”) =T and s"R;s’, we have that Viu” € Sat(¢"), there exist ¢’ € C(Sy) such that L(s',a, ¢') # L and

w' € Sat(p’) such that u” €r, o’ (2).

Let u” e Sat(¢”). By (1) and (2), there exist u € Sat(gp), ¢’ € C(S3) such that Ly(s',a,¢’) # L and p’ € Sat(¢’) such

that u” €, n and u” €r, '. Since (s,s’) and s” are consistent, remark that for all (r,1’) in Sy x S2\ S”, we cannot

have s”R1r and we cannot have s"Ryr’" (3).

We now build u” € Sat(¢”) such that u” eérn u’.

Let § and &8’ be the correspondence functions such that p” @%1 w and p”’ @%2 1. Define the correspondence func-

tion §” : S3 — (S — [0, 1]) such that for all " € S5 and (r,1’) € S*, 8" (") ((r, ")) =8G") ()8’ (") (r"). We build u"

and prove that @%A uh.

- For all 7" € S3, if u”(r"") > 0, both §(r”) and &' (r”) are distributions. By (3), we know that for all (r, ") € S x S2\ S*,
8"y =8 (")) =0. As a consequence, §”(r") is a distribution on S”.

- Define pu"(r, 1) = Zr,,es3 W' @8 (") ((r,1')). It follows that u” € Sat(¢"). For the sake of completeness, a detailed
proof of this fact is given in Appendix F.

- If 8" (") ((r,r")) > 0, then by definition §(r”)(r) > 0 and & (r")(r") > 0. As a consequence, r"Rqr and r"R,r’, thus
RN, 1.

Finally, u” ér~ n” and pu” € Sat(¢”). The same holds for the symmetric case.

2. Let a€ A and ¢” € C(S3) be such that L3(s”,a, ¢”) # L. Let " € Sat(¢").

Since s"R1s and s"R;s’, there must exist ¢ € C(S1), i € Sat(p), ¢’ € C(Sy) and ' € Sat(¢’) such that Li(s,a, @) # L,

Ly a,¢)# 1L, W Er, u and p” Eg, 1. As a consequence, L((s,s"),a,@) # L, with ¢ € C(S1 x Sp) such that

0 € Sat(¢) iff the distributions o :1r € S1 Zr/esz o((r,r)) and o' : 1" € Sy > Zresl O((r,1")) are respectively in Sat(¢)

and in Sat(¢’). Moreover, since s” and (s,s’) are consistent, there exist ¢ € C(S") such that L"((s,s'),a, ™) # L

and o” € Sat(p”) iff there exists @ € Sat(¢) such that o”(r,r') = o(r,r’) for all (r,r') € S* and o(r,r') =0 for all

(r,r') €Sy x Sy \ S

Let § and & be the correspondence functions such that p” @%] w and p” @‘3’22 W' Since s” and (s, s’) are consistent,

we know that (1) for all (r,1") € S1 x S2\ S, we have wu(r) = /(') =0 and (2) for all " € S3 and (r,r’) € S; x S3\ $*,

we cannot have r”Rqr and we cannot have r”"R,r’.

Define the correspondence function §” : S3 — (S — [0, 1]) such that for all v’ € S3 and (r,1") € S*, 8" (") ((r,1r")) =

())&’ (r"y(r"). We now build " such that pu” @%A u” and prove that u” € Sat(p™).

e For all " € S5, if w”(r"”) > 0, both §(r”") and &'(r"”) are distributions. By (2), we know that for all (r,7’) € S1 x Sz \ S,
8" (r)=8(")(")=0. As a consequence, §”(r") is a distribution on S”.

e Define u(r,1') = Zr,,653 W' @"s" (") ((r,1')). As above, we can prove that u” € Sat(p").

o If 8”(r")((r,1")) > 0, then by definition §(")(r) > 0 and &' (r")(r") > 0. As a consequence, r"R1r and r"R,r’, thus
"R, 17).

Finally, there exist ¢ € C(S") such that L"((s,s),a, ™) # L and u” € Sat(p”) such that u” ern u’.

3. Since s"R1s and s"Rys’, we have V3(s”) C V1(s) N Va(s') =V ((s,5)).

Thus, R” is a weak weak refinement relation between N3 and B*(Nj A N2). Moreover, we know that sjR1s), s3R2s3,
and (s}, s3) is consistent. As a consequence s3R" (s}, s3) and N3 <w B*(N1 AN2). O

From the above theorem, we can easily deduce that the set of implementations of the conjunction of two given APAs is
exactly the intersection of their sets of implementations.

Corollary 33. For APAs N1 and N», it holds that [8*(N1 A N2)I = [N11 N [[N21l.

Proof. Let Ny and N, be APAs. We prove the result by double inclusion.
By Theorem 32, we have that f*(N1 A N2) <w Njp. By Theorem 17, we thus have [8*(N1 A N2)] € [N1]l. By symmetry,
we also obtain that [8*(N1 A N2)] € [N2], and thus [B8*(N1 A N2)]I € [[N1] N [IN2].
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Fig. 16. APAs N1, N, and their conjunction 8*(Nj A N3) such that B*(Nq A N2) & Nj.

Recall that every PA P can be seen as an APA in SVNF with no may transitions and with only single point constraints.
Moreover, recall that all notions of refinement boil down to satisfaction when the left operand is a PA, i.e. for all PA P and
for all APA N, we have P=EN & P <y N< P <N & P <5 N. Let P be a PA such that P € [N1]] N [[N2]. By definition, we
have P =N and P = N, and as a consequence P <y Ni and P <y N3. By Theorem 32, we thus have P <w B8*(N1 A N3)
and as a consequence P = B8*(Ny A N3). Therefore, we have [N1]] N [[N2] € [8*(N1 A N2)1I, which concludes the proof. O

The above result is surprising. Indeed, in many theories for non-deterministic systems such as modal automata, there is
no syntactical notion of conjunction that allows to compute sets of implementation [26]. Observe also that Theorem 32 holds
for weak weak refinement but neither for weak nor strong refinements. Consider APAs Ny and N3, and their conjunction
B*(N1 A N3) given in Fig. 16. It is easy to see that f*(Ni A N3) cannot refine N, with a weak refinement relation. Indeed,
the constraint ¢ present in state (1,1) cannot be redistributed to a given constraint in N without knowing in advance
which of its solutions is considered. This again illustrates the power of interleaving constraints and modalities through weak
refinement.

5. Compositional reasoning

We now propose a composition operation mixing the properties of the composition operation on modal transition sys-
tems and the composition operation on CMCs. We then show how composition and abstraction can collaborate to avoid
state-space explosion in a component-wise manner.

In our theory, the composition operation is parametrized with a set of synchronization actions like in CSP. This set allows
to specify on which actions the two specifications should collaborate and on which actions they can behave individually. The
intuition is as follows: synchronizing transitions have the lowest modality of the original transitions, and lead to a constraint
whose solutions are product distributions of solutions of the original constraints; and non-synchronizing transitions keep
their modality and impose that the other component stays in its current state.

Definition 34 (Parallel composition of APAs). Let N = (S, A,L, AP, V,so) and N’ = (§', A", L', AP’, V', s,) be APAs and assume
AP N AP’ = (. The parallel composition of N and N’ with respect to synchronization set A € AN A/, written as N lz N, is
givenas N[z N'=(Sx S, AUA/, L,APUAP,V, (S0, Sp)) where

o [ is defined as follows:

- For all (s,5') €S x S, a €A, if there exist ¢ € C(S) and ¢’ € C(S’), such that L(s,a,¢) # L and L'(s',a,¢’) # L,
define L((s,s"),a, @) = L(s,a, ) NL'(s',a, ¢') with ¢ the new constraint in C(S x S’) such that /i € Sat(¢) if and only
if there exist u € Sat(p) and u' € Sat(¢’) such that fi(u, v) = u)u'(v) forallue S and veS'.

If either for all ¢ € C(S), we have L(s,a, @) = L, or Vo' € C(S’), we have L'(s’,a,¢’) = L then for all $ € C(S x §'),
L((s,s"),a, ) = L.

- Forall (s,5) € S xS, ac A\ A, and for all ¢ € C(S), define L((s,s'),a, §) = L(s,a, ) with ¢ the new constraint in
C(S x S’) such that ji € Sat(¢) if and only if for all u € S and v # 5, fi(u, v) =0 and the distribution p : t — fi(t,s")
is in Sat(p).

- Forall (s,s) e Sx §',ae A"\ A, and for all ¢’ € C(S"), define L((s, s"), a, @) =L'(s,a,¢") with ¢’ the new constraint
in C(S x §’) such that u’ € Sat(¢’) if and only if for all u s and v € §’, u'(u, v) =0 and the distribution u': t'
W (s,t") is in Sat(¢’).

e V is defined as follows: for all (s,s") €S x S, V((s,s")) ={B=BUB’ |Be V(s) and B’ € V/'(s))}.

Contrary to the conjunction operation, composition is defined for dissimilar alphabets. Since PAs are a restriction of APAs,
their composition is defined in the same way. Remark that this boils down to the standard notion of parallel composition
for PAs [5]. By inspecting Definition 34, one can see that the composition of two APAs whose constraints are systems of
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linear inequalities (or polynomial constraints) may lead to an APA whose constraints are polynomial. One can also see that
the conjunction of two APAs with polynomial constraints is an APA with polynomial constraints. The class of polynomial
constraints APAs is thus closed under all compositional design operations.

The following theorem characterizes the relation between parallel composition and refinement.

Theorem 35. Given a synchronization set A, all notions of refinement are a precongruence with respect to the parallel composition
operator ||z defined above, i.e. if Ny x N} and Ny x N, then N1 ||z Na x N| ||z N}, for x € {<1, Sw, <, <s}-

Proof. We provide the proof for x = <. The other proofs are similar.

Let N1 = (S1, A1, L1, AP1,V1,50), Na = (S2, Az, Ly, AP2, V2, s3), Ny = (S, A1, L}, APy, V), s)) and N} = (Sh, Az, L),
APy, Vé,s%/) be APAs such that APy N AP, = . Let A C A1 N A,. Assume that N < N} and Ny < N/, with weak re-
finement relations Ry and R;, respectively. Let Ny [z N2 = (S x S2, A1 U A, L, AP{ U AP, V, (s}, s3)) and N} |z N, =
(S} x Sy, A1 U Az, L', AP UAP,, V', (s}, s2)).

Let R C (51 x S2) x (§] x S%) be the relation such that (s, s2)R (s}, s5) iff s7R1s)] and s;Rs,. We now show that R is
a weak refinement relation such that Nq ||z N2 < N} [z N.

Assume that (s, sz)R(s/l,s/z). We show that R satisfies the axioms of a weak refinement relation.

1. Let a e A;U Ay and ¢ € C(S) x S)) be such that L'((s},s5),a, ¢’) = T. There are three cases:

e If a € A, then there exist @] € C(S)) and ¢} € C(S}) such that L (s}, a,¢)) =L}(s5,a,¢5) =T and u' € Sat(¢’) iff
there exist 1 € Sat(¢]) and u), € Sat(¢)) such that u’ = uju}. Since s1R1s) and s3R3sh, there exist g1 € C(S1) and
@2 € C(S2) with Li(s1,a,¢1) = La(s2,a,¢2) =T and Vg € Sat(pr), Iu) € Sat(p)): 1 €Er, ny and Yy € Sat(pz),
A, €Sat(py): (a2 €R, M-

Define ¢ € C(S1 x S2) such that Sat(¢) = Sat(¢1)Sat(gz). By the definition of Nq ||z N2, we have L((s1,s2),a,¢) =T.
Let € Sat(p). Then there exist w1 € Sat(¢q) and py € Sat(pz) such that p = puq . Since s1Rqs] and s;R;s), there
exist uj € Sat(p}), p)y € Sat(¢y) and correspondence functions 8; : S1 — (S; — [0,1]) and & : S — (S5 — [0,1]),
such that w4 @671%1 ) and o @%2 .

Define the correspondence function & : (S1 x S2) — ((S§] x S5) — [0,1]) as S(u, v)',v) = §;(w)(W’) - S2(v)(V').
Consider the distribution ' such that u' = u}uj. By construction, u’ € Sat(¢’) and @% W' For the sake of com-
pleteness, a detailed proof of this fact is given in Appendix G.

e If a € A1\ A, then there exists @1 € C(S)) such that L (s}, a,¢]) =T. Since s;Rs), there exists ¢; € C(S1) with
Li(s1,a,¢1) =T and Vg € Sat(gp1), 3u € Sat(g)) such that py €r, uj.

Define ¢ € C(S1 x S3) such that u € Sat(yp) iff for all u € Sy and v # s, w(u, v) =0 and the distribution w1 : t+—
wu(t,s2) is in Sat(p1). By the definition of Ni |z N2, we have L((s1,S2),a,¢) = T. Let u € Sat(¢). Then there ex-
ists a puq € Sat(pr) such that 141 can be written as t — pu(t,sz) and furthermore there exists ) € Sat(¢]) and a
correspondence function 81 : S; — (S} — [0, 1]) such that 1, @?‘21 [/

Define the correspondence function 6 : (S1 x S3) — ((S§ x S5) — [0,1]) as §(u, v)(u',v") =Ssw)(") if v=s; and
v/ =5/, and 0 otherwise. Consider the distribution u’ over S} x S} such that for all u’ € S} and v’ #5s,, uw'(u’,v') =0
and for all u’ € §7, w'(u',s}) = u)(’). By construction, u’ € Sat(¢’) and u @% W', For the sake of completeness,
a detailed proof of this fact is given in Appendix G.

e If ae A\ A, the proof is similar.
2. Letae A1 UA; and ¢ € C(S1 x S2) be such that L((s1, S2),a, @) # L. There are three cases:

e If a € A, then there exist ¢; € C(S1) and ¢, € C(S3) such that Li(s1,a,¢1) # L, La(s2,a,¢2) # L, and u € Sat(e) iff
there exist (1 € Sat(¢1) and p; € Sat(py) such that (o = 1. Since s1R1s] and sy R>s), there exist ] € C(S}) and
@4 € C(S5) with L (s}, a, @) # L, Ly (s}, a, ¢3) # L, and Vg € Sat(pq), Iu) € Sat(p)): i1 €r, py and Vo € Sat(p2),
A, € Sat(@h): (o ER, M.

Define ¢’ € C(S| x S) such that Sat(¢’) = Sat(¢])Sat(¢5). By the definition of N ||z N/, we have L'((s],s}),a, ¢) #
L. Let u € Sat(¢p). By the definition of ¢, there exist 1 € Sat(¢1) and p, € Sat(¢y) such that ;o = 1 2. Furthermore,
since s1R1s] and s;R;s), there exist w1 € Sat(¢)), ), € Sat(¢}) and two correspondence functions 81 : S1 — (S] —
[0.1]) and 67 : S — (S} — [0, 1]) such that 1 € 1} and pp €} .

Define the correspondence function & : (S1 x S2) — ((§] x S5) — [0, 1]) such that, for all u, v’, v,Vv’, §(u, v)(W',v') =
81(u)(u’) - 82(v)(v'). By the same calculations as above, we know that the distribution u’ over S} x S/, constructed as
W' = Wi is in Sat(¢") and gives that pu €5, .

e If a € A1\ A, then there exists ¢; € C(S1) such that Ly(s1,a,¢q) # L. Since s1R1s], there exists @] € C(S}) with

Ly (s}, a,97) # L and Yuq € Sat(p1), Iuy € Sat(p)): (1 ER, 1.
Define ¢’ € C(S} x S5) such that u' € Sat(¢’) iff for all u’ € S| and v’ # s, u(u’, v') = 0 and the distribution ./ :
t — u(t,sy) is in Sat(g]). By the definition of N} |z N, we have L'((s},s}),a,¢') # L. Let i € Sat(p). Let w1 be
the distribution on Sy such that for all t € Sy, p1(t) = u(t, s2). By definition, w1 € Sat(p1). Let u} € Sat(p;) and a
correspondence function 87 : 1 — (S} — [0, 1]) be such that pq @‘;13] M-
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Define the correspondence function & : (S1 x S2) — ((§7 x S3) — [0, 1]) such that for all u,u’, v, v/, 8(u, v)(w',v') =
S1(w)(W’) if v =53 and v/ =5, and 0 otherwise. By the same calculations as above, we know that the distribution
e Sat(go/l such that for all u’ € S} and v/ #5),, /(u’, v') =0 and for all v’ € S}, uj = ' (U, s5), gives that u @% w.
e If a € Ay \ A, the proof is similar.
3. For atomic propositions we have that, V((s1,52)) = V1(s1) U Va(s2) and V’((s{,s5)) ={B=B1 UB; | By € V(s}) and
By € V(s})}. Since s1R1s| and s3Rs,, we know by definition that Vq(s1) € V{(s}) and Va(s2) € Vi(s}). Considering
B1 =V(s1) and By = V3(s2), we thus have that V((s1,s2)) € V'((5], 5)).

By observing that (s, s%)R(s})/, 55/), since 5(1)7215(1)/ and 5372255/, we conclude that R is a weak refinement relation. O

The facts that abstraction preserves strong refinement (cf. Lemma 24), and that strong refinement is a precongruence
with respect to parallel composition, enable us to apply abstraction in a component-wise manner. That is to say, rather than
first generating (the typically large PA) M | 3 N, and then applying abstraction, it allows for first applying abstraction, yielding
a1(M) and a3 (N), respectively, and then constructing a1(M) ||z «2(N). Possibly a further abstraction of o1 (M) ||z @2(N) can
be employed. The next theorem shows that component-wise abstraction is as powerful as applying the combination of the
“local” abstractions to the entire model.

Theorem 36. Let M and N be APAs, A a synchronization set, and a1, cy be abstraction functions. The following holds:

a1(M) [z a2(N) = (a1 x a)(M |z N) up to isomorphism.

Proof. Let M = (S, A,L,AP,V,sp) and N =(S",A”,L", AP”, V", s;) be APAs and let A C AN A” be a synchronization set
such that the parallel composition of M and N is given as M ||z N = (S x S”, AU A”, L,APUAP",V,(so, 59))-

Let o : S — S’ and a2 :S” — S”. Let a1(M) = (S', A, L', AP, V', a1(s0)), a2(N) = (S", A", ", AP", V" a5(sy)) and
(a1 x )Mz N) = (S' x S”,AUA", L', AP UAP", V', (a1(s0), @2(sp))) be the induced APA. Let ar1(M) ||z 22(N) = (S’ x
S" AUA",L",APUAP", V", (a1(s0), &t2(sy))).-

Notice that the signatures of o1 (M) ||z @2(N) and (a1 x a2)(M ||z N) only differ on constraint functions and valuation
functions. We establish the result by proving the following: for all (s',s”) e S’ x S”, ae AUA”, and ¢ € C(S' x §"), we
have ‘7/((5/’ SW)) — ‘7//((3/’ SW)) and i/((S/, SW), a, @) — i//((s/’ SW), a, (Z))

Let (s',s")e S x S"”.

e The valuation of (s',s") in a1 (M) ||z 22(N) is
‘7//((5/, S///)) — {B U B/ | B c V/(S/) A B/ c V///(S///)}

= U {BUB'|BeV(s)AB eV"(s")}
(5,51 xy2)(s,5")

= U V((s:s)

(s, e(y1xy2)(s',s")

— ‘7/((5/7 S///))'
e For constraint functions we have the following:
- Letae A and ¢’ € C(S" x §") be such that L'((s',s"),a,@’) = T: then for all (s,5”) € (y1 x y2)(s',s”"), we have that
there exists gy N € C(S x S”) yielding L((s,s”),a, oM n) =T and

Sat(@') = (g x a2)< U Sat(om | N)). (6)
((5.8").0M || NIEWT XY 8")xC(SxS"):
L((s,s"),a,0m | N)=T

For each of these ¢u v, we have, by the definition of parallel composition, that there exist ¢y € C(S) and ¢y €
C(S") such that L(s,a,¢m) =T and L"(s",a,¢n) =T and um |~ € Sat(gmn) iff there exist unm € Sat(gm) and
UN € Sat(pn) st um N, v) = @)y (v) for all (u, v) € S x S”. Define g, ) € C(S'), such that Sat(@q,w)) is
the abstraction of the union of satisfaction sets of such ¢y. Similarly, define ¢q,n) € C(S”), such that Sat(@u,n)) is
the abstraction of the union of satisfaction sets of such gy. That is,

Sat(poy (my) = o < U Sat(QDM)),
(5.0M)EV1 () XC(S)L(s.a.om)=T
Sat(Pay(Ny) = (xz( U Sat(goN)). (7)

(8" on)€Y2 (") X C(S):L(s".a,on)=T
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We will now have that L'(s', a, 9o, (my)) = T and L”'(s"”, a, @, (n)) = T. The definition of parallel composition implies
that L”((s',s"),a,@") = T and e, M) || ax(N) € SAt(@”) iff there exist wo, ) € SA(@aymy) aNd Ly (N) € SAL(Pay(N))
St oy (M) [ aa(N) (U, V) = Loy (M) (W) ey vy (V) for all (u, v) € S x S”. It is clear that Sat(¢’) = Sat(¢”).

The proof is similar if L'((s',s"),a, §) =?.

- Letag¢ A (or wlog ac A\ A)and ¢ € C(S' x C”) be such that L'((s’,s"”),a, @) = T: then for all (s,5") € (y1 x
y2)(s',s""), we have that there exists ¢pn € C(S x S”) yielding L((s, s, a, oum (n) =T and ¢ is defined as in
Eq. (6). For each of these ¢y n, we have, by the definition of parallel composition, that there exists ¢y € C(S)
such that L(s,a,¢m) =T and pum |~ € Sat(om n) iff for all u e S and v #5”, upn(,v) =0 and pup n(u,s”) =
@m(u). Define @y, ) € C(S'), such that Sat(goa] () 1s the abstraction of the union of satisfaction sets of such gy
i.e. as in Egs. (7). We will now have that L'(s', a, ¢4, m)) = T. The definition of parallel composition implies that
L"((s',s"),a,¢") =T and Moy (M) || ax(N) € Sat(q)“) iff there exists oM € Sat(@a,m) s.t. for all u € S’ and v #s5",
Moy (M) | ap(Ny (U, V) =0 and fha; (M) || ap(v) (U, 8™ = oy vy (). 1t is clear that Sat(¢’) = Sat(¢”).

The proof is similar if L'((s’,s"),a, @) =?. O

The above theorem helps avoiding state-space explosion when combining systems by allowing for abstraction as soon as
possible.

This result cannot be transferred to the notion of constraint-abstraction. Indeed, as shown for Interval Markov
Chains [22], the parallel composition of two IPAs is not an IPA. However, we can prove the following proposition, relat-
ing composition, constraint-abstraction and refinement.

Proposition 37. Let N = (S, A,L, AP, V,sg) and N' = (S', A’, L', AP, V', s;) be APAs with AP N AP’ = ¢. For ACANA,
X(N) Iz X(N') <s x(N Iz N").
Proof. Let N|zN' = (S x S’ AU A, L, AP U AP, V|, (s0,5,)), x(N) = (S, A, LE, AP, V¥, s0), x(N') = (S', A", L, AP',
VZ. s x(N) Iz x(N)= (S x S, AUA, L!(,AP UAP, V)”(,(so,sg)), and x(N|[zN)=(Sx S, AUA, Lﬁ(,AP UAP, vlf,
(50,5p))- As x(N)|lz x(N) and x (N |z N') have similar state space, structure, valuations, and initial states, we consider
the identity relation R = Idsys and show that it is a strong refinement relation. Let s; € S and sj € S’ be such that
(51, 87))R(s1,5}). We show that R satisfies the axioms of a strong refinement relation. All the correspondence functions we
consider are the identity functions.

1l Lletac AUA, <p|’|( € C(S x §) be such that Lﬁ(((sbs’]),a,wﬁ() = T. Then by construction of x (N |z N'), there exists

@) € C(S x §’) such that Ly((s1,s}),a,¢) =T

e If a € A, then there exist ¢ € C(S) and ¢’ € C(S') such that L(s1,a,¢) =T and L'(s},a,¢") =T and pu € Sat(g))
iff there exist u € Sat(¢) and ' e Sat(¢’) such that p(u,v) = /,L(u)pL (v) for all u e S and v € S’. By construction
of x(N) and yx (N’), there extst q)N € C(S) and goN, € C(S’) such that Lx NGs1.a, (pN) =T and LX (s}, a, <pN,) = T. This
means that there exists (p cC(SxS) such that L” ((s1,5)).a, <p )_ T, where ,u € Sat((p ) iff there exist //,N
Sat(goN) and ,uN, € Sat(goN,) such that ,u (u V) = /LN(U)MN,(V) for all u € S and v € S’. We now show that V,uX
Sat(go ) EI,uH € Sat(go” ): ;LX ER 'U“H by showing that ,u,H € Sat(<p|)|() (and 1ndeed :U“x ER MX) Assume that ,u!( ¢
Sat(goH ). By definition, there exist ,uN eSat(goN) and ,uN, € Sat(goN,) such that ,u (u V) = MN(u),uﬁ,(v) forallues
and v e S’ Let (IN)yes, (IN),es/, and Ipu =
respectively
If u ¢Sat((p”) there must exist u' € S and v/ € S’ such that pLN(u )pLN,(v’) ¢ I(u vy that is, Mﬁ(u’)uﬁ,(v’) <

m!
m

€ > 0, there must exist u € Sat(¢) and p’ € Sat(¢’) such that ptﬁ(u’) — u(’) < € and /Lﬁ,(v/) — 1/ (v) < €. For
sk 00=My,
-2

=[m ‘(lu . M”u nlaves be the intervals associated with (p,)\;, (pf\j,, and <p)”(.

wovny OF ;/,N(u )MN,(V ) > M(u vys assume the latter. By convexity and minimality of I{;’, and Iy,/, for all constants

, we have that u@)u' (v') > Mm! However, the distribution p| defined as pu(u,v) =

w,v)”
pu@)p'(v) for all ue S and v e §', will satisfy ¢, which contradicts the definition of I(Iu, vy
,u!( € Sat((pl)l().

e If a ¢ A, then assume that a € A. Then there exists ¢ € C(S) such that L(s;,a,¢) =T and W € Sat(ey) iff for all
ueS u#sy,and veS, u(u,v) =0 and there exists u € Sat(y) such that pu(v) = py(s1,v) for all ves'. By

construction of x (N), there exists <pN € C(S) such that Lx NGs1.a, <pN) = T. This means that there exists go eC(SxS)
such that L|| ((s1, 8" - a, go )_ T, where ,u eSat(go ) iff for all u e S, u #sq, and v e S, (u v) =0 and there

As a consequence,

exists ,uN € Sat(<pN) such that //,N(v) = X (51, v) for all v € S'. As above, it holds that V/,L € Sat(go ), EI/tH € Sat(goH ):
uy er
2. letac AUA, gl €C(S x ') be such that L ((s1,5}),a, ) # L.
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{0,73.10, 5,71}

{{0,7HB,7}}
Or=(z2=1)V (z3=1)

Fig. 17. A (valuation) non-deterministic APA whose set of implementations cannot be obtained with a deterministic APA.

o If a € A, then there exist ¢ € C(S) and ¢f, € C(S') such that L} (s1,a,¢f) # L and LY, (s},a,¢%) # L and
,u!( € Sat(go)”() iff there exist uf e Sat(pf) and u%, € Sat(pf,) such that /JL!( (u,v) = pf(wpl (v) for all u € S and
v € S’. By construction of x(N) and x (N’), there exist ¢ € C(S) and ¢’ € C(S’) such that L(sq,a, ¢) = Lﬁ(sha, (pﬁ)
and L'(s},a,¢") = LX,(s/l,a,q)I)\g,). This gives rise to the existence of ¢ € C(S x S’) such that L;((s1,s}),a,¢)) # L
and ) € Sat(ep)) iff there exist u € Sat(p) and p' € Sat(¢’) such that w(u,v) = p)u'(v) for all u € S and
v e S By construction of x(N|zN'), there exists ¢ € C(S x §) such that Lff((s1,5}),a, @) # L. As above,

vl e Sat(p}) I e Sat(pf): 1l er T
e If a ¢ A, then assume that a € A. Again, we can show the existence of goﬁ( € C(S x §’) such that Lﬁ(((sl, s}, a, (pﬁ() #1

and Vil € Sat(p}) Iuf € Sat(pf): 1l er -
We conclude that x (N) Iz x(N) s x(N|zN). O
6. Deterministic APAs

In this section, we focus on the class of deterministic APAs. Like in any specification theory, deterministic specifications
form a class with interesting properties. First, notice that action-deterministic APAs allow for more convenient definitions
for refinement and conjunction, as explained in [2,1]. In the following, we first propose an algorithm that can be applied to
any APA N and provides a deterministic APA o(N) that abstracts N. Then, we study the strong link between CMCs and APAs
and prove that, like for CMCs [18,19], all the notions of refinement coincide for deterministic specifications.

6.1. Determinisation

As explained in [2], the use of non-determinism changes expressiveness of APAs with respect to the known conjunction
operator. In fact, non-deterministic APAs are generally more expressive than deterministic ones. Fig. 17 presents a non-
deterministic APA, whose set of implementations cannot be specified by a single deterministic APA. States 2 and 3 have
overlapping labels (so state 1 has non-deterministic behavior). We cannot put these states on two separate a-transitions as
this introduces action non-determinism. We cannot merge them either, as their subsequent evolutions are different (and for
the same reason we cannot factor {0, y} to a separate state).

Nevertheless, the use of deterministic abstractions of non-deterministic behaviors is an interesting alternative to relying
on more complex refinements and more complex operators. Below, we present a determinisation algorithm that can be
applied to any APA N, producing a deterministic APA o(N), such that N x5 o(N).

Our algorithm is based on subset construction and resembles the determinisation procedure for modal transition systems
described in [27].

Let N=(S,A,L,AP,V,sp) be a (consistent) APA in SVNFE. Given a set of states Q C S, an action a € A and a valuation
6 C AP we define Reach(Q,a,8) to be the maximal set of states with valuation 6 that can be reached with a non-zero
probability using a distribution p satisfying a constraint ¢ such that L(g,a,¢) # L for some q € Q. Formally, Reach :
25 x A x 24P — 25 is defined by:

Reach(Q,a,0) = U{s IS } V(s)={f}and 3q € Q, J¢p € C(S), Iu € Sat(p), L(q,a,¢) # L and u(s) > 0}.
We lift this definition to all possible labellings as follows:
Reach(Q,a) = {Reach(Q.a,0) | 0 € 247}

We also extend the definition to sets of actions as follows: let B C A,

Reach(Q, B) = U Reach(Q, a).

acB
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a, 2,6, a,x35,1

) ()
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$Yr =x2,6 + 235 +Ta=1

Fig. 18. Determinisation o(N'(N)) of the APA N/ (N) given in Fig. 7.

Now let n > 1 and define the n-step reachability as

Reach™(Q, B) = Reach™ '(Q, B) U U Reach(Q’, B)
Q’€Reach™1(Q,B)

where Reach!(Q, B) = Reach(Q, B).
We denote the fixpoint of Reach as follows:

Reach*(Q, B) = U Reach™(Q, B).

n=1

Now, by construction, the following properties hold:

e Forall Q €S and ac A, for all Q’, Q” € Reach(Q,a),if Q" £ Q" then Q' N Q" =@, and
e Forall Q €S, BC A and Q' € Reach*(Q, B), there exists 6 € 24P such that Vg’ € Q’, we have V(q') = {6}.

We will now use the notion of reachability in our determinisation construction. Remark that the determinisation algo-
rithm highly relies on the single valuation normal form of the APA. In order to use it on any APA (with single valuation in
the initial state), it is thus necessary to use the normalization algorithm first, as defined in Definition 11.

Definition 38 (Determinisation). Let N = (S, A, L, AP, V,sp) be a consistent APA in SVNF. A deterministic APA for N is the
APA o(N) = (S',A, L', AP, V', {so}) such that

e S’ ={so} UReach*({so}, A).
e V' is such that V'(Q) = {0} if and only if Vg € Q, V(q) = {#}. There always exists exactly one such by construction.
e [’ is defined as follows: Let Q € S’ and a € A.
- 1If, for all g € Q, we have that V¢ € C(S), L(q,a, ¢) = L, then define L'(Q,a, ¢") = L for all ¢’ € C(S").
- Otherwise, define ¢’ € C(S’) such that u' € Sat(¢’) if and only if (1) YQ’ ¢ Reach(Q,a), we have u/(Q’) =0,
and (2) there exist g € Q, ¢ € C(S) and u € Sat(p) such that L(q,a,¢) # L and YQ' € Reach(Q,a), ©'(Q") =
Zq,EQ, 1(q’). Then define

T ifvge Q, 3 €C(S): L(q,a,9) =T,
? otherwise.

v(@ae) -]

Example. Consider the non-deterministic APA N'(N) given in Fig. 7. Using Definition 38, we obtain the APA o(N'(N)) given
in Fig. 18.

By construction, o(N) is action- and valuation-deterministic. As expected, determinisation is an abstraction, but more
than that it is also the smallest deterministic abstraction of N. This is formalized in the following theorem.

Theorem 39. Let N be an APA in SVNE The following statements hold:

1. N <5 o(N), and
2. for all deterministic APA N’ in SVNE, if N < N’, then o(N) < N'.

Proof. Let N = (S, A, L, AP, V,so) be a (consistent) APA in SVNF. Let o(N) = (S’, A, L', AP, V', {so}) be the determinisation
of N defined as in Definition 38. We prove the two statements separately.
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1. We prove that N s o(N) by providing the following strong refinement relation. Let R C S x S’ be the relation such
that sSRQ < s e Q for all Q € S’. The proof that R is a strong refinement relation is standard. For the sake of completeness,
a detailed proof is given in Appendix H.

2. Let N =(T,A,LT,AP, VT, ty) be a deterministic APA in SVNF. Assume that N < N’ with weak refinement relation
R C S x T (notice that since N’ is deterministic, weak refinement coincides with weak weak refinement). Let R' €S’ x T
be the relation such that QR’t if and only if qRt for all ¢ € Q. We prove that R’ is a weak refinement relation. Let
(Q,H)eR.

1. Let a e A and ¢’ € C(T) be such that L (t,a, ¢) = T. By the definition of R/, for all s € Q, we have (s, t) € R. Thus,
by the definition of R, for all s € Q, there exists ¢° € C(S) such that L(s,a,¢*) = T and for all us € Sat(p®), there
exists ! € Sat(ph) such that us €x ul. As a consequence, by the definition of o(N), there exists ¢’ € C(S’) such that
L(Q.,a,¢h=T
Let u' € Sat(¢’). By construction of ¢’, there exist s € Q, ¢* € C(S) and u € Sat(¢®) such that L(s,a, ¢*) # L and for
all Q' € Reach(Q,a), u'(Q") = ZS,GQ, u(s). Since (Q,t) € R/, we have (s,t) € R and therefore there exists ¢’¢ € C(T)
such that LT(t,a, ¢'") # L. By determinism of N’, we have ¢'' = ¢'. Moreover, there must exist a correspondence
function §° and u! € Sat(¢") such that u @57; u'. Let §:S"— (T — [0, 1]) be such that §(Q")(t) =Y gcq- BEXE)O e

N
©1'(Q") >0 and 0 otherwise. We now show that § is a correspondence function and that p’ @‘57{, ut.
e Let Q' € S’ be such that ©#'(Q’) > 0. As a consequence, for all s" € Q such that u(s’) > 0, §5(s’) € Dist(T). As a

consequence, ZS/EQ/ % is also a distribution on T and §(Q’) € Dist(T).

e Let t' € T, then we have

Y w@p@))= Y we)y ’““jjisgf(“

Q'es’ Q’ES/IIJ/(Q’)>0 s'eQ’

= 2 2 uE)FEE)o

Q’eS' | (Q")>0s'€Q’

=Y u(s)(s)®

s'eS
= pi().

e Let (Q’,t') € S’ x T be such that §(Q’)(t") > 0. Since Q' € Reach(Q , a) by construction, we have that for all s’ € Q’,
there exist s" € Q, ¢" € C(S) and " € Sat(¢") such that L(s,a,¢") # L and u'(s’) > 0. Since (s,t) € R and by
determinism of N’, we can show that (s',t") € R. Therefore we have that (s’,t") € R for all s’ € Q" and consequently
Q' theR.

As a consequence, i/ @32, ut.

2. Letae A and ¢’ € C(S’) be such that L'(Q,a, ¢) # L. By construction, there must thus exist s € Q and ¢* € C(S) such
that L(s, a, ¢°) # L. Therefore, since (s, t) € R, there must exist ' € C(T) such that LT (t,a, %) # L. Then, by the same
reasoning as above, we can show that for all ' € Sat(¢’), there exists u’ € Sat(¢") such that u’ ers ut.

3. Recall that there exists 6 € 24P such that V(s) =0 for all s € Q. Since (s,t) € R for all s Q, we have 8 € VT (¢t) and
therefore V/(Q) C VT (t).

Finally, R’ is a weak refinement relation. Moreover, ({so}, tg) € R’ by construction, and thus o(N) x N'. O

6.2. Completeness and relation with CMCs

In this section, we show that thorough and strong refinements coincide for deterministic APAs. For doing so, we will
compare the expressive power of APAs and CMCs, showing that APAs can act as a specification theory for MCs. Remark that
single valuation normal form of CMCs is defined similarly as for APAs. The satisfaction relation between MCs and CMCs as
well as the notions of weak and strong refinements are also defined similarly as for APAs.

On the relation between CMCs and APAs. We now show that APAs can act as a specification theory for MCs. For doing so, we
propose a satisfaction relation between MCs and APAs. Our definition is in two steps. First we show how to use PAs as a
specification theory for MCs. Then, we use the existing satisfaction relation between PAs and APAs to conclude.

Since MCs do not directly allow choices between actions, we use bipartite MCs in the following. Their state space is
partitioned into action-states (Qp in the definition below) and distribution-states (Qy in the definition below), and an
execution of a bipartite MC is a succession of alternations between action-states and distribution-states.
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Definition 40 (MC-PA satisfaction). Let P = (S, A, L, AP, V,sg) be a PA%. Let M = (Q,m, Ay, Vu, qo) be a bipartite Markov
Chain such that (1) Q = Qny U Qp, with QN Qp =%, for all q,q' € Qn, 7 (q)(q)) =0 and for all q,q' € Qp, 7 (q)(g) =0
(2)go€Qp,and (3) Ay =AUAP.Let RC Qp x S. R is a satisfaction relation if and only if whenever qRs, we have

1L V(g = V().

2. For a € A and u € Dist(S) such that L(s,a, u) = T, there exists ¢’ € Qn such that Vy(q") =V (s)U{a}, m(q)(q¢") > 0, and
Q) ER 1.

3. For all ¢’ € Qu such that 7 (q)(q") > 0, there exist a € A and p € Dist(S) such that Vy(q) =V (s)U{a}, L(s,a,u)=T
and 7 (q') Er M.

We say that M satisfies P if and only if there exists a satisfaction relation R such that goRso.

The satisfaction relation between MCs and APAs follows directly. We say that a MC M satisfies an APA N, which we write
M Ewmc N, if and only if there exists a PA P such that M satisfies P and P satisfies N. The set of MC-implementation of APA
N is denoted [NTwmc.

Expressivity completeness. In the previous paragraph, we have proposed a satisfaction relation for MCs with respect to
APAs. We now propose a transformation that associates to every deterministic APA in SVNF a deterministic CMC in SVNF
representing the same set of MC-implementations. The purpose of this transformation is to show that deterministic APAs
do not allow for describing a larger class of Markov Chains than deterministic CMCs.

Definition 41 (Transformation ~). Let N=(S,A,L,AP,V,so) be a deterministic APA. Let € be a fresh variable. The CMC
corresponding to N is N= (Q v, AV, do), with

0 = (S0, €),

e Q =Sx(AU{e)),
e o

e A=APUA,
[ ]

Y((s, €)) =V(s) for all s,
V((s,a))={BU{a} | Be€ V(s)} for all s and a € A, and
¥ is such that:
- For all (s,e) € Q, ¥((s,€))(mw) =1 if and only if
7((s,€))=0
Vs'#£s, be AU{e}, m((s',b)=0
Ya € Must(s), m(s,a) >0,
Va ¢ May(s), m(s,a)=0

- For all ae A and (s,a) € 0, ¥((s,a))(or) = 1 if and only if (1) for all s' € S and b € A, we have 7 ((s’,b)) =0 and
(2) the distribution 77’ :s" — 7 ((s', €)) is such that there exists ¢ € C(S) such that L(s,a, ¢) # L and 7’ € Sat(p).

Informally, this transformation builds a CMC with a bipartite state space. The non-determinism inherent to APAs in the
choice of actions is simulated by new states of the form (s, a) for each action a that can be taken from state s. The proba-
bility of reaching state (s,a) emulates the modality of taking the corresponding a-transition, and the constraint associated
to state (s, a) matches the constraint associated to the corresponding a-transition.

Example. Consider the APA N given in Fig. 19a. Applying the transformation given in Definition 41 to N yields the CMC N
given in Fig. 19b.

By construction, the CMC N is deterministic and in single valuation normal form. As expected, this transformation yields
a CMC that admits the same set of MC-implementations as the original APA. This is formalized in the following theorem.

Theorem 42. For all deterministic APA N in SVNE, the CMC N is such that [Nlmc = [N

Proof. We prove the two directions separately.

o M E=mc N= M Ecmc N:Let M = (Q,m,Am, Vum, qo) be a Markov Chain. We first prove that if M Emc N, then M [=cmc N.
Suppose that there exists a PA P = (Sp, A, Lp, AP, Vp,so) such that M satisfies P and P = N. Let N= (Q v, A V do) be

2 Recall that we assume ActN AP = for all PAs/APAs
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Fig. 19. APA N and CMC N.

the transformation of N following Definition 41. By the satisfaction relation between M and P, we obtain that Ayy = AUAP
and Q = QN U Qp. Let RMCC Qp x Sp be the satisfaction relation witnessing that M satisfies P. Let RPAC Sp x S be the
satisfaction relation witnessing P = N. Consider the relation R € Q x Q such that

o qR(s, €) iff there exists p € S, such that gRMp and pR™s, and
o for all a € A, qRR(s, a) iff there exists ¢’ € Q such that

- m(q)(q) >0,

- Vm(@) =Vn(g) U{a}, and

- q'R(s, €).

The proof that R is a satisfaction relation for CMCs is standard. For the sake of completeness, the full proof is given
in Appendix . R
Moreover, we have that qoR(so, €), which gives that M =cuc N.

e MEvc N <=M Ecvmc N: Let M = (Q,m,Am, VM, qo) be a Markov Chain. We prove that if M =cmc N, then M Ewmc N,
i.e. there exists a PA P such that M satisfies P and P = N. Let N= (@, v, Z, v, do) be the transformation of N following
Definition 41.

Let R be the satisfaction relation for CMCs witnessing that M =cmc N. First observe that, by R, the Markov chain M
satisfies the following properties: Let Qp ={ge€ Q |3s€ S, qR(s,¢)} and Qn={q€ Q |3s€ S, ac A, qR(s,a)}, then we
have

e Qp N Qy =¥ because of their valuations and R,

® Vq.q' € Qp, m(q)(q") =0 and Yq,q" € Qn, T (q)(q") =0,
e o€ Qp, and

e Ay =AUAP.

Define the PA P = (Sp, A, Lp, AP, Vp,sb) such that Sp = Qp, with s§ =go, Vp is such that for all g € Qp, Vp(q) = Vm(q),
and Lp is such that for all s € Sp, a € A and for all distribution o over Sp, L(s,a, o) = T iff there exists ¢’ € Qn such that

e m(q)(q") >0,
e V(g =V(gU{a}, and
e 0=m(q).

By construction, M satisfies P using the identity relation on Qp. We now prove that P = N. Let RPA € Sp x S be the relation
such that pR™s iff pR(s, €). The proof that R is a satisfaction relation for APA is standard and given in Appendix I. By
construction, we have that sg RFPAsg, thus P = N. As a consequence, we have that there exists a PA P such that M satisfies
Pand PE=N.Thus M =mcN. O

We have just shown that for all APA N, there exists a CMC N such that [NTmc = [NTcmc. The reverse of the theorem
also holds up to a syntactical transformation that preserves sets of implementations. Since CMCs are not equipped with
actions, this transformation adds a single action to all valuations of the original CMC in order to provide actions for the
transitions of the equivalent APA. Additionally, it duplicates the state-space in order to obtain a bipartite CMC with bipartite
MCs as implementations.
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Consider a MC M = (Q,m, A, V,qo) and a fresh variable for actions 6 ¢ A. Let M= (QnUQp, 7T, AU{B}, v, 45 Dy be the
MC such that

QD—{qD lgeQ},

Qv=1{q"1q€Q}, .

V is such that V(q) V(q) ifqe Qp and V(q) =V (q) U {0} if g € Qu, and
77 is such that

- for all g¢° € Qp, 7 (qP)(@") =1, and

- for all gN € Qn, T (@V)(q) =7 (q)(q) if ¢ € Qp and 0 otherwise.

This transfgrmation naturally extends to CMCs. Obviously, it follows that for all MC M and CMC C, we have M =cwmc
C < M =cmc C. The transformation from CMC M to an APA is then obvious, and preserves the set of implementations.
This result together with Theorems 27 and 29 of [28] leads to the following important result.

Theorem 43. For deterministic APAs with single valuations in the initial state, strong refinement coincides with thorough, weak weak
and weak refinement.

Proof. Let N=(S,A,L,AP,V,sg) and N’ = (§', A, L, AP, V', sy) be two pruned deterministic APA in single valuation nor-
mal form. From Theorem 17, we know that strong refinement implies thorough refinement. We now prove that the reverse
also holds.

Suppose that [N]l € [N]. We prove that N s ) N’

Let N = (Q Vv, AV, Go) and N’ = (Q’, v/, A, V’ qo) be the CMCs equivalent to N and N’ (up to MC satisfaction) ob-
tained by the transformation proposed in Deﬁmtlon 41. By the deﬁmtlon of [-Dmc, we have that [NJmc € [N'Tlmc. As a
consequence, by Theorem 42, we have that [[N]]CMC C [[N/]]CMC Since N and N’ are deterministic CMCs in single valuation
normal form, we have, by Theorem 18 of [18], that N <MC N’ with a strong refinement relation between CMCs.

Let R be the strong refinement relation between CMCs such that N <™C N’. Define the relation R € S x S such that
sRs’ iff (s, e)R(s ,€). We prove that R is indeed a strong refinement relation on APAs. Let s€ S and t € S’ be such that
sRt. We show that R satisfies the axioms of a strong refinement relation for APAs.

1. Let ae A and ¢’ € C(S') be such that L'(t,a, ¢’) = T. By construction, we have (s, e)ﬁ(t, €), thus there exists a corre-
spondence function 3 such that for all distribution 7 satisfying ¥ ((s, €)) we have that 7’ = 78 satisfies ¥ ((t, €)). By
construction, of ¥’, we thus have that 7/((s,a)) > 0. As a consequence, there exists (s',b) € Q such that 7 ((s', b)) > 0
and 3((s', b)(t, a)) > 0. By the definition of 3 and ¥, we have that s’ =s and b =a. Thus 7 ((s, a)) > 0. Since this holds
for all € Sat(y), we have a € Must(s). Thus there exists ¢ € C(S) such that L(s,a, @) # T.

Moreover, _we have that (s, a)R(t a). Let & be the associated correspondence function. Let @ € Sat(¢) and let

,u € Dlst(Q) be such that for all s’ € S and b € A, 1 "((s',€)) = u(s’) and w'((s’,b)) = 0. By definition, we have that

W satisfies ¥ ((s,a)). Thus, we have that o’ = u’(S’ satisfies ¥’((t,a)). As a consequence, the distribution o € Dist(S’)

such that o(t') = o/'((t', €)) for all t/ is such that there exists ¢” such that L'(t,a, ¢”) # L and o € Sat(¢"). By action-

determinism of N’, we have that ¢” = ¢'.

Let § be the correspondence function such that §(s')(t") = 8/((3 €))((t', €)). We prove that u CR 0.

(a) Let s € S be such that u(s) >0.As a consequence, (U (s, e)) > 0. As a consequence, by the definition of 5, we
have that 5’((3 €)) is a distribution over Q’ Moreover, since o' = '8/ satisfies ¥’ '((t, @)), we have that for all t'eT
and b € A, 0'((t/,b)) = 0. As a consequence, we have that for all ' € T and b € A4, 8 (s, €)((t',b)) =0. Thus §(s') is
a correct distribution over Q. R N

(b) By definition, we have o’ = w'§’. Since w((s’,b)) =0 for all b € A, and since & ((s’,€))((t',b)) =0 for all s’ €S,
t'e€ S and b € A, we have that ¢ = ud. As a consequence, we have that for all t’ € S/,

D u(s)s(s) (1) =e(t).
s'eS
(c)let s €S and t' € T be such that §(s')(t') > 0. By the definition of 8, we have &§'((s', €))((t', €)) > 0. Thus
(s',e)R(t', €), and consequently s'Rt’.
Therefore, we have that u CR 0.

2. letae A and ¢ € qQ) be such that L(s,a, ¢) # L. By construction, we have (s, e)R(t 6) thus there exists a corre-
spondence function 3 such that for all distribution 7 satisfying y((s, €)) we have that 7' =78 satisfies ¥'((t, €)). By
construction of ¥, and because N is pruned, there must exist 77 € Dlst(Q) satlsfymg ¥ ((s, €)), with 7 ((s,a)) > 0. As a
consequence, 3 defines a distribution on Q/, thus there exists (¢/, b) € Q' such that 3((s, @))((t', b)) > 0. By the recursion
axiom, we have b =a. Let 77/ = 73, then we have 7 "((t',a)) > 0. Since 7’ satisfies '((t, €)), we have that necessarily
t' =t. As a consequence, by the definition of v/, there must exist ¢’ € C(S’) such that L'(t,a, ¢’) # L. As above, we can
prove that there exists § such that for all u € Sat(p), there exists o € Sat(¢’) such that pu @BR 0.

3. Since (s, e)ﬁ(t, €), we have that V(s) C V'(s).
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Finally, R is a strong refinement relation. Moreover, we have by construction that soRtg, thus N <s N’.
By the ordering of the refinement relations presented in Theorem 17, it follows that R is also a weak and a weak weak
refinement relation. O

7. Extensions of alphabets (dissimilar alphabets)

So far, the specification theory of APAs has required that all specifications share same alphabets of actions and atomic
propositions. We are now going to lift this restriction by introducing the alphabet extension mechanism. As for the extension
of modal transition systems [16], there exist two ways of extending alphabets [29]: it is necessary to choose the modality
of transitions for new actions introduced depending on the operation being applied to the result.

The weak extension is used when conjoining specifications with different alphabets. This extension adds may loop tran-
sitions for all new actions and extends the sets of atomic propositions in a classical way:

Definition 44 (Weak extension). Let N = (S, A,L, AP, V,sg) be an APA, and let A’ and AP’ be sets of actions and atomic
propositions such that A € A’ and AP C AP’. Let the weak extension of N to (A’, AP’) be the APA N{}(A’, AP') =
(S§,A,L', AP, V', so) such that for all states s € S:

o L'(s,a,p)=L(s,a,¢p) ifacA,
e L'(s,a,¢0)=7?ifae A’\ A and ¢ only admits a single point distribution p such that u(s) = 1.
e V/(s)={BC AP'|BNAP € V(s)}.

A different extension, the strong one, is used in parallel composition. This extension adds must self-loops for all new
actions and extends the sets of atomic propositions in a classical way.

Definition 45 (Strong extension). Let N = (S, A, L, AP, V,sg) be an APA, and let A’ and AP’ be sets of actions and atomic
propositions such that A € A’ and AP C AP’. Define the extension for composition of N to A’, AP/, written N 144" to be
the APA N t4°AP'= (S A’ L', AP’, V', 50) such that

e forallseS,ac A and ¢ € C(S), L'(s,a,¢) =L(s,a,p),
e for all se S and a € A’ \ A, define L(s,a, ¢) = T, with ¢ such that u € Sat(¢) if and only if u(s) =1, and
e forallseS, V/(s)={BC AP’ |BNAP e V(s)}.

These different notions of extension give rise to different notions of satisfaction and refinement between structures with
dissimilar sets of actions. Satisfaction (or refinement) between structures with different sets of actions is defined as the
satisfaction (respectively refinement) between the structures after extension to a union of their alphabets.

By construction, all the results presented in the paper for conjunction and composition of PAs/APAs sharing alphabets of
actions and atomic propositions safely extend to the setting of PAs/APAs with dissimilar alphabets, provided that the right
extension is applied first.

8. Conclusion

This paper presents Abstract Probabilistic Automata, a new abstraction theory for Probabilistic Automata. The main con-
tributions of the paper are:

e A new abstraction theory for Probabilistic Automata through APAs.

e A new specification theory for PAs using APAs as a specification language. Our theory is equipped with a parallel
composition and conjunction operators, and satisfaction and refinement relations.

e A complete characterization of semantic and syntactic notions of refinement, and the characterization of a class of APAs
on which they coincide.

e A compositional abstraction technique for APAs which can be used to combat the state-space explosion problem.

e A proof that the proposed formalism is backward-compatible with classical notions of probabilistic bisimulation/parallel
composition of Probabilistic Automata.

There are various directions for future research. The first of them is to implement and evaluate our results. This would
require to design efficient algorithms for the compositional design operators. Also, it would be of interest to embed our
abstraction procedure in a CEGAR model checking algorithm. Another interesting direction would be to design an algo-
rithm to decide thorough refinement and characterize the complexity of this operation. Finally, one could also consider a
continuous-timed extension of our model inspired by [30].
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Appendix A. Details of the proof of Theorem 17

e (X71) 2 (Xw) 2 (X) 2 (Xs): By a swap of quantifiers in the definitions, it is obvious that strong refinement implies
weak refinement, and that weak refinement implies weak weak refinement. We prove that weak weak refinement implies
thorough refinement. Let N = (S, A, L, AP, V,sp) and N’ = (S', A, L', AP, V', s;) be APAs such that N w N’ with a weak
weak refinement relation R' € S x S'.

If [N] =@, we have [N] C [N']. Otherwise, let P = (Sp, A, Lp, AP, Vp,Sg) be a PA such that P = N. Then there exists
a satisfaction relation R” € Sp x S such that sg R sg.

Let R C Sp x S’ be the relation such that uRw iff there exists v € S such that uR”v and vR'w. We prove that R is a
satisfaction relation.

Let u € Sp and w € S’ be such that uRw, and let v € S be such that uR”v and vR'w. We show that R satisfies the
axioms of a satisfaction relation.

1. Let ae A’ and ¢’ € C(S’) be such that L'(w,a,¢’) = T. By R/, there exists ¢ € C(S) such that L(v,a,¢) =T and
Vi € Sat(p), I’ € Sat(¢’) such that u €g w'. Moreover, by R”, there exists up € Dist(Sp) such that Lp(u,a, up) =T
and 3us € Sat(p): p Egr Us.

Take s € Dist(S) such that up €g» s and choose w’ € Dist(S’) such that s Ep . Let 8" : Sp — (S — [0,1]) and
8 :S— (8’ — [0, 1]) be the correspondence functions witnessing i p CR,, Ms and us e’ W, respectively. Let §: Sp —
(8" — [0,1]) be such that 8(s)(t) =) _.cs 8" (s)(r)8'(r)(t). We prove that up CR W

(a) Let s € Sp be such that pp(s) > 0. We have

D8O =YY 8" ()8 ()

teS’ teS’ reS
= (Z 8”(s>(r>) (Z a’(r)(t)) =
res teS’

Thus §(s) defines a distribution on S’.
(b) Let t € S’. We have

D mp©8E©©® =Y pp(s) Y 8" ()N M)(®

seSp seSp res
=) 80 Y 1p()8"(5)(r)
reS seSp
=) 8Os =p'©.
reS

(c) Let s € Sp and t € S’ be such that §(s)(t) > 0. By the definition of §, there exists r € S such that §”(s)(r) > 0 and
8'(r)(t) > 0. By the definition of 8’ and §”, we thus have sR”r and rR’t. By the definition of R, we thus have sRt.
Thus there exists pp € Dist(Sp) such that Lp(u,a, wp) =T and there exists u’ € Sat(¢’) such that up eér u'.

2. Llet a€ A and pup € Dist(Sp) be such that Lp(u,a, u) # L. By R”, there exists ¢ € C(S) such that L(v,a, ¢) # L and

Jus € Sat(p) such that up €gr ws. Moreover, by R’, we have that for all u € Sat(gp), there exists ¢’ € C(S’) such that
L'(w,a,¢")# L and I’ € Sat(¢’) such that u €p p'.
Choose s € Dist(S) such that wp €gr s and choose ¢’ € Dist(S’) such that L'(w,a,¢’) >? and there exists u' €
Sat (¢’ ) with (s €g/ /L Let 8" : Sp — (S—[0,1]) and 8’ : S — (S’ — [0, 1]) be the correspondence functions witnessing
up CR,, s and [s CR, W' respectively. Let § : Sp — (8’ — [0, 1]) be such that §(s)(t) = >_,.5 8" (s)(r)8' (r)(t). Using the
same reasoning as above, we deduce that @p CR w.

3. Since uR”v, we have that Vp(u) € V(v). Moreover, since vR'w, we have that V (v) € V'(w). As a consequence, Vp(u) €
V/(w).

Since sg R”sp and soR's;, we have that s Rso, and we conclude that R is a satisfaction relation. Therefore P € [N,
and N <t N'.
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Appendix B. Details for Section 3.2

We first give an equivalent and constructive version of the definition for probabilistic bisimulation. In order to produce
constructive results, we will use this definition throughout the section instead of Definition 18.

Definition 46 (Probabilistic bisimulation). Let P = (S, A,L, AP, V,so) and P’ =(S', A, L', AP, V’,sy) be PAs with no unreach-
able states. We say that R € S x S’ is a probabilistic bisimulation relation if and only if the following conditions hold:

e There exist n € N and partitions (S1,...,Sy) and (S7,...,S;) of S and S, respectively, such that
- forallie({1,...,n}, and for all s; € S; and s € S}, it holds that (s1,s2) € R, and
- forallie{1,...,n} and for all je{1,...,n} such that i+ j and for all s; € S; and s; € S/j it holds that (s1,s2) ¢ R.
e Whenever (s,s') e R,
- V(s)=V/(s), and
- for all a € A, there exists p € Dist(S) such that L(s,a, ) = T if and only if there exists ' € Dist(S’) such that
L'(s',a, ') =T such that Vie {1,...,n}, 25165,- u(sy) = Zszesg W (s2).

P and P’ are probabilistically bisimilar, written P ~ P’, if and only if there exists a probabilistic bisimulation relation
such that soRsj,.

As expected, the lifting P of P yields a specification that P satisfies. This is formalized in the following lemma.
Lemma 47. Given a PA P, it holds that P = P.

Proof. Let P = (S,A,L, AP,V so) be a PA and let P = (S, A, L, AP, V,so) be its lifting. Let R €S x S be the identity
relation on S. We prove that R is a satisfaction relation such that P |= P. Let s € S. We show that R satisfies the axioms of
a satisfaction relation.

e Letae A and ¢ € C(S) be such that f(s, a, ) = T. By construction of P, there exists W € Dist(S) such that Sat(p) = {u}
and L(s,a, u) = T. By construction, we thus have u e .

e Llet ae€ A and u € Dist(S) be such that L(s,a, u) = T. By construction of P, there exists @ € C(S) such that f(s, a, )=
T, with Sat(¢) = {u}. Again, by construction, we have u er w.

e By construction V (s) € {V(s)} = V(s),

Since soRsg, we conclude that P = P. O

B.1. Detailed proof for Theorem 20

The proof of the theorem is preceded by the following lemma.

Lemma48. Let P = (S, A, L, AP, V,sp) and P’ = (S', A, L', AP, V', s;,) be PAs with no unreachable states such that P }= P’ with a
satisfaction relation R. There exist n > 0 and partitions S1,...,Spof Sand S}, ..., S; of S’ such that, foralli € {1,...,n},s € S; and
s’ € S, either

1

e SRs or
o thereexistke N, sq,...,sc € Sjands), ..., s, € S} such that

SRS} s1Rs; A
s1Rs)y s3Rsy, A

skRs'.

Let P =(S,A,L,AP,V,s9) and P’ = (S',A,L’, AP, V' s;) be PAs with no unreachable states such that P |= P’ by a
satisfaction relation R. We prove that there exist n > 0 and partitions Sq,..., S, of S and S/l, ..., Sy, of S’ such that, for all
ief{l,...,n},seS; and s’ € S}, either
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e SRs or
o there exist ke N, s1,...,s,€S; and s}, ...,s;, € S} such that

SRs| s1Rs] A
S1Rsy 3RSy, A

skRs'.

Proof of Lemma 48. Let P = (S, A,L, AP, V,sp) and P’ =(S', A, L', AP, V', s;) be PAs with no unreachable states such that

PE P’ by satisfaction relation R.
We first propose the following procedure in order to build the partitions of S and S’, and then prove the lemma by

induction on this procedure.
Let S be partitioned into singleton sets T1 = {s1},..., T|sj = {55/} and let Uy, ..., Us; be the partition of S’ such that
V1 <i<|S|: Up={s' € S'|s;Rs'}. Since there are no unreachable states in P and P’, it is obvious that U=U;U---UUs).

The procedure is as follows:

e Let i be the smallest integer such that there exists j > i such that U; N U # @, if it exists.
Foralll<iandi<I<j let Uy=U;and T/ =Tj;
Let U{:U,’UU]' and T{:T,‘UTJ';
Forall [> j, let U =Upq and T/ =Tiiq;
Repeat.
o If there is no such i, then stop.

Let (S1,...,Sp) and (S}, ..., Sy) denote the partitions of S and S’ upon termination.
Remark that, at all iterations of the above procedure, it trivially holds that
vi, U= U{s’ €S |sRs'}.
seT;

We now prove the lemma using induction on the number of steps performed using the above procedure.

o Let Ugo), el U,ﬁo) and Tl(o), e, T,EO) be the partitions in the initial state. By construction, for all i € {1,...,k}, if s € UI.(O)
and s’ € Ti(o), then sRs’.

o Let ng), cey U,(k) and T;"), ey T,(k) be the sets obtained after step k of the procedure and assume that the conclusion
of the lemma holds after this step. Let i and j be the indexes used in step k+ 1 of the procedure. Let ngH), R U,(,’fﬂ)
and T](kH), ce T,(rlfﬂ) be the partitions obtained after step k + 1 of the procedure. Let q € {1,...,m} and let s € Té‘“

and s’ € U’é“. If g #i then the conclusions obviously hold.
If ¢ =1, then there are 3 cases
1 Ifse Tl(‘ and s’ € U;‘ orse T;.‘ and s’ € U’]f, then the conclusions hold by induction.

2.f seTF and s € U’]?, then by construction of i and j, we have that U¥n U’]? # . Thus, there must exist s* €
ukn Ug‘. and s% € ij such that s3Rs*'. By the induction hypothesis, there exist r,t € N, si,..., sl e TK, 5{, sle TL?,
il i’ ok j’ i’ ok
sy....s eUfand sy,...,5; er, such that
sRst” siRsi’ A
1 1781
st =Rs* A
SiRs* sIRs* A
s{Rs'.
Since UM = UkU U’]‘. and TF =Tk U T;?, the above construction gives that the lemma holds after step k + 1 of the
procedure.

k / k . . .
3. Ifse Tj and s’ € Uj, a symmetric reasoning applies.

We conclude that the lemma holds for the partition obtained upon termination of the procedure. O

We now give the detailed proof of Theorem 20. Let P and P’ be PAs. We prove that P~ P’ & P = P
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Proof of Theorem 20. We prove the two directions separately.

e P>~P =Pk P’: Let P = (S,A,L,AP,V,s0) and P’ =(S', A, L', AP, V', sp) be PAs such that P ~ P’ with relation Rj.
Let P’ = (S',A, L/, AP, V', sp) be the lifting of P’. Let Sq,...,S, and S),...,S; be the partitions of S and S’ respectively,
according to Rp. Let R €S x S’ be the relation such that sRs’ iff sRps’. We prove that R is a satisfaction relation such
that P = P'.

Let s€ S and s’ € S’ be such that sRs’. We show that R satisfies the axioms of a satisfaction relation.

1. Let a € A and ¢’ € C(S’) be such that I?(sﬁa,go/) = T. By construction of P/, there exists W' € Dist(S") such that
L'(s,a, u/) =T and Sat(¢") = {u'}. Hence, by Ry, there exists u € Dist(S) such that L(s,a, #) =T and for all 1 <i<n,
1(Si) = 1 (Si). We now prove that u € i’

Let §: S — (S’ — [0, 1]) be a function defined as follows: Let s; € S and 1 <i < n be such that s; € S;. Then for all 5] €

S, let 8(s1)(s) =0if s ¢ 51/' or /1(s1) = 0. Otherwise, let §(s1)(s}) = ® E?) (by Rp, we know that u (S )= u(S;) > 0).

(a) Let sy € S and 1 <i < n be such that s; € S; and w(s1) > 0. By construction, we have the following:

Yo 8s(sh) = D s1)(sh)

ses' s e

Z W (5

G

(b) Let sj € S’ and 1 <i < n be such that s} € Si. If u/(S)) =0, then u(S;) =0 by Rp and by construction,
Zsles 1(s1)8(s1)(s}) = 0= p/(s}). Otherwise, we have the following:

D uGs8Gs(sh) = Y misnssi(sy)

s1€S s1€S;

=> nu (n )

s1€S;

= M,(Sl,) > s

S

Iy M(Sl) Yy
=M (Sl)M,(S;) =M (51)'
(c) Let sy € S and s € S’ be such that §(s1)(s}) > 0. Then by construction there exists 1 <i < n such that s; € S; and
s; € Si. Hence s1Rps}, and thus s1Rs).
Consequently, we have u eér u'.
2. Let a € A and p € Dist(S) be such that L(s,a, ) = T. Then, by Ry, there exists 1’ € Dist(S") such that L'(s',a, u’) =T
By construction of P’, there exists ¢’ € C(S) such that L’(s’,a,¢’) =T and Sat(¢’) = {u'}.
We now show that p &g u'. Define the correspondence function §: S — (S’ — [0, 1]) as follows: let s; € S and let

1 <i < n be such that s; € S;. Define §(s1)(s}) = Ll),, if s € S/, and 0 otherwise.
1 ZS’ES; (s 1 i
(a) Let s; € S and assume that s; € S; for some i € {1,...,n}.
D 6(sh) =) ss(sh)
sjes’ sj€S;
W (sy)

es! Zs’eS,f (s

(b) Let s} € S’ and assume that s} € S} for some i € {1,...,n}.

Y uGsnsGs(sh) = Y misnssi(sy)

s1€S s1€S;

_ W (sh)
= séi M(ﬁ)izyes; W)
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wis) ,)Zﬂ(l)

Zs’es’ W (s S1€S;
=M (51)7
since by probabilistic bisimulation Zﬁesi W) =Y geg 1 (S).
(c) Assume that §(s1)(s}) > 0. Then s1 € S; and s € S} for some i € {1,...,n}, and hence s;Rps]. Then s;Rs].

3. By Ry, we have V(s) = V'(s'), and therefore V (s) € {V/(s")} = V'(s").

Finally, R is a satisfaction relation such that soRsj, thus P = P

e P~P &Pk P’ Let P= (S,A,L,AP,V,sp) and P’ = (S, A, L', AP, V’,sy) be PAs and let P = (S',A, L', AP, \7/,56) be
the lifting of P’. Suppose that P &= P’. We prove that P >~ P’,

Let (S1,...,Sy) and (S),...,S;,) be the partitions of S and S’ given by Lemma 48. Let R, € S x S’ be the relation such
that sRps’ if and only if 3i € {1,...,n}: s € S; A" € S]. We prove that R, is a probabilistic bisimulation relation. Consider
the partitions above. It holds by construction that

e forallie{l,...,n}, and for all s; € S; and s, € Sg, it holds that (s1,s2) € R, and
e forallie{1,...,n} and for all j €{1,...,n} such thati# j and for all s; € S; and s, € S;. it holds that (s1,s2) ¢ R.

Let s€ S and s’ € S’ be such that sRps’. Remark that, by Lemma 48, either sRs’ or there exist k € N, s1,...,s¢ € S; and
/ / !’
s}, ...,5, €Sj such that
SRS} s1Rs] A
S1Rs, s3Rsh A

skRS'.

e By Lemma 48 and R, we have V(s) =V (s').

e Let ae A and u € Dist(S) be such that L(s,a, u) =
- If (s,s’) € R, then by R there exists ¢’ € C(S) such that L/(s a,¢’)=T and I’ € Sat(p): u €r 1'; let § be
the witnessing correspondence function. By construction of P/, we have that Sat(p) ={u'} and L'(s',a, ) =T
By construction of the partitions it holds, for all j e {1,...,n} and all s; € S}, that 8(s1)(s})) =0 if 5| ¢ S;.. As a

consequence, if s; € Sj and w(s1) > 0, then it holds by R that Zs’les’. S(s1)(s)) =1.Let je{l,...,n}.
J

> W)= T 3 uenseols)

/ !/ / ’
s]eSj Slesj s1€S

=Y Y ulsss(sh)

P o )
s]eSjslésj

=" s Y 8Gs0(sh)

S1€S; s’les}
= > pis1).
S1€Sj
We conclude that s and s” are indeed probabilistically bisimilar.
- If (s,5') ¢ R, then there exist ke N, s1,...,s, € S; and s}, ..., s, € S} such that
SRS} siRs] A
s1Rs, saRsy, A

sk RS’
As above, for states v € S; and v’ € 5; such that vRv’ we have that, for all w, € Dist(S) such that L(v,a, uy) =T
there exists p}, € Dist(S’) such that L'(v/,a, u;,) =T and all for all je{1,...,n}, Zslesj Hy(s1) = Zs;esﬂ Wy (sh).
i)

Moreover, for all ), € Dist(S’) such that L'(s’,a, u},) = T, we have that f/(v’,a, @,) =T with Sat(¢g;) = {u'}. Thus,
by R, there exists p, € Dist(S) such that L(v,a, y) =T and p, € w),. As above, we obtain that for all j e {1,...,n},

251651- Rv(s1) = Zs’lesg. Ky (5/1)
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By transitivity, we conclude that there exists i’ € Dist(S’) such that L'(s’,a, u’) =T and all for all j € ({1,...,n},
Zs1e5j n(s1) = ZS;GS; /“L/(S/l)‘
e Letae A and ' € Dist(S’) be such that L'(s’, a, ') = T. Then, by construction of P’, we have that 17(5/, a,¢’) =T with
Sat(¢') = {1'}.
- If (s,s') € R, then by R there exists w € Dist(S) such that L(s,a, #) =T and u @r u'. As above, we can conclude
that for all j € {1,...,n}, we have Zs]esj (s = Zs’les; wsh).
- If (s,5) ¢ R, there exist ke N, s1,...,s5,. € S; and s},...,s; € S such that

SRs| s1Rs} A
s1Rs) s3Rsy, A

SRS

As above, by transitivity, we prove that there exists u € Dist(S) such that L(s,a, u) =T and for all je({1,...,n}, we
have Zslesj (s = Zs’les} ,LL’(S/l).

We conclude that R is a probabilistic bisimulation relation, thus P~ P’. O

B.2. Detailed proof for Lemma 21

Let P be a PA and let N be an APA. We prove the following: P =N < P <N.

Proof of Lemma 21. We prove the two directions separately.

e PEN=DP<N:Let P=(S,A,L, AP, V,so) be a PA and let N=(S', A, L, AP, V’,sy) be an APA such that P = N with
relation Rs. Let P = (S,A,L AP, V,sg) be the lifting of P. Let R C S x S’ be the relation such that sRs’ iff sRss’. We prove
that R is a refinement relation such that P < N.

Let se€ S and s’ € S’ be such that sRs’. We show that R satisfies the axioms of a weak refinement relation.

1. Let a € A and ¢’ € C(S’) be such that L'(s',q, @ "y = T. By Rs, there exist u € Dist(S) and W € Sat(¢’) such that
L(s,a,u) =T and u €r, 1. By construction of P, there exists ¢ € C(S) such that L(s a, @) = T and Sat(p) = {u}. Let
85 be the correspondence function witnessing CRS . Since R =Ry, it also holds that p CR . Thus there exists
@ € C(S) such that L(s,a, =T) and for all 1 € Sat(p), there exists i’ € Sat(¢’) such that p er p'.

2. Leta € A and ¢ € C(S) be such that L(s,a, ¢) # L. By construction of P, there exists p € Dist(S) such that L(s,a, n) =
and Sat(¢) = {u}. By Ry, there exist ¢’ € C(S') such that L'(s’, a, ¢’) # L and u’ € Sat(¢’) such that 4 €r, p'. As above,
it also holds that u @ u'. Thus there exists ¢’ € C(S’) such that L'(s’,a,¢’) >? and for all u € Sat(p), there exists
W' € Sat(g’) such that u €ér .

3. Since V(s) = {V(s)} and V(s) € V/(s') by R, it holds that V (s) € V'(s').

Thus R is a weak refinement relation. Moreover, by construction, soRs;. Thus we conclude that P < N.

° Pl:N<:P < N: Let P=(S,A,L,AP,V,sp) be a PA, let P_(SA L,AP,V,sg) be the lifting of P and let N =
(§',A,L',AP,V’, sO) be an APA such that P < N with relation R,. Let R €S x S’ be the relation such that sRs’ iff sR,s’.
We prove that R is a satisfaction relation such that P = N.

Let s€ S and s’ € S’ be such that sRs’. We show that R satisfies the axioms of a satisfaction relation.

1. Let a€ A and ¢’ € C(S’) be such that L'(s’,a,¢’) = T. By R, there exists ¢ € C(S) such that Z(s,a,gﬁ) =T and for
all u € Sat(p), there exists u’ € Sat(¢’) such that p €g, u'. By construction of P, there exists W € Dist(S) such that
L(s,a, ) =T and Sat(p) = {u}. Consider the distribution ' € Sat(¢’) such that u €r, (' given by R;. Since R; =R,
it also holds that  €r w'. Thus there exists w € Dist(S) such that L(s,a, u) = T and there exists u’ € Sat(¢’) such
that n erg w'. _ _

2. Let a € A and p € Dist(S) be such that L(s,a, ) = T. By construction of P, there exists ¢ € C(S) such that L(s,a, ¢) =
and Sat(¢) = {u}. Thus, by R, there exist ¢’ € C(S’) such that L'(s',a,¢’) # L and u’ € Sat(¢’) such that p €r, p'.
Since R, =R, it also holds that & € u'. Thus there exist ¢’ € C(S) such that L'(s’,a, ¢’) >? and i’ € Sat(¢’) such
that u er 1.

3. Since V(s) = {V(s)} and V(s) C V/(s"), it holds that V (s) € V/(5)).

Thus R is a satisfaction relation. Moreover, by construction, soRs;,. As a consequence, we conclude that P =N. O
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Appendix C. Detailed proof for Lemma 24
We prove that, for any APA N and abstraction function ¢, it holds that N xs a(N).

Proof of Lemma 24. Let N = (S, A,L, AP, V,sg) be an APA and let o : S — S’ be an abstraction function. Consider the state
abstraction «(N) = (S', A, L', AP, V', x(sp)). Let R C S x S’ be the relation such that sRs’ iff s’ = a(s). We prove that R is
a strong refinement relation.

Let s€ S and s’ € S’ be such that sRs’. By construction, we thus have s € y(s’). We show that R satisfies the axioms of
a strong refinement relation.

1 Let ae A and ¢" € C(S') be such that L'(s",a,¢’) = T. This implies, by the definition of abstraction, that there exists
@ € C(S), such that L(s,a,¢) =T and

Sat(¢') =« ( U Sat(<p*)>.

(s,0*)ey (s)xC(S):L(s,a,p*)=T

Define § : S — (S8’ — [0, 1]) such that §(u)(v) =1 if a(u) = v, and 0 otherwise. We now show that for all distribution
W € Sat(gp), there exists i’ € Sat(¢’) such that @% w.

Let i € Sat(e) and let u' € Dist(S) be such that wu'(s”) = a(u)(s”) for all s” € S’. Clearly, u' € Sat(¢’).
(a) Let u € S be such that p(u) > 0. By construction, §(u) is a distribution on §’.

(b) Let veSs'.

dopwswwy = Y p@
ues u st a(u)=v
= Y Hw=a())=@'w).
uey(v)

(c) Let u€ S and v € S’ be such that §(u)(v) > 0. By construction, we thus have «(u) = v, and finally uRv.
2. Let ae A and ¢ € C(S) be such that L(s,a, ¢) # L. By construction of «(N), then there are two cases. Either (1) there
exists ¢’ € C(S’) such that L'(s',a, ¢’) =? and

Sat(¢) =« ( U Sat(<p*))

(s,0*)ey (s")xC(S):L(s,a,p*)#L

or (2) there is no constraint ¢” such that L'(s’,a, ¢”) =?, which means that L(s,a, ¢) = T and there exists ¢’ € C(S’)
such that L'(s",a,¢") =T and

Sat(¢') =« ( U Sat(<p*)>.

(s,0*)ey (s)xC(S):L(s,a,p*)=T

Let §:S — (S’ — [0, 1]) be the correspondence function defined as above.

Let u € Sat(p) and consider w' € Dist(S") such that u/(s”) = a(u)(s”) for all s” € S’. Clearly, in both cases, we have
W € Sat(¢’). Define §: S — (S8 — [0, 1]) as §(u)(v) =1, if @(u) = v, and 0 otherwise. We now show that u @‘;2 w.

(a) Let u € S be such that p(u) > 0. Clearly, §(u) is a distribution on S’.

(b) Let veSs'.

dopwswwy = Y p@
ues u st a(u)=v
= > pw=p'm),
uey (v)

by the definition of an abstraction of a distribution.
(c) Assume that §(u)(v) > 0. Then a(u) =v, and uRv.
3. By Definition 23, it is easy to see that V(s) C V'(s).

By construction, we have soRa(Sp), so we conclude that R is a strong refinement relation and N s «¢(N). O
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Appendix D. Detailed proof for Lemma 26

We prove that, for any APA N, it holds that N xs x (N).

Proof of Lemma 26. Let N = (S, A,L, AP, V,sp) be an APA and let x (N) = (S, A, L, AP, V,sg) be the constraint-abstraction
of N. Let R =S x S be the identity relation. We prove that R is a strong refinement relation.

Let s,s" € S be such that sRs’. Notice that this implies that s =s’. We show that R satisfies the axioms of a strong
refinement relation.

1. Let a€ A and ¢; € C(S) be such that L'(s’,a, ¢;) = T. This implies, by Definition 25, that there exists ¢ € C(S), such
that L(s,a,¢) =T and Sat(g;) = {u’ € Dist(S) | Ages ' (s) € I;/f} with {If/ | s € S} the smallest closed intervals such
that Y € Sat(@): Nges 1(S) € sz.

Let § be the identity correspondence function.
Let u € Sat(p). By the definition of ¢y, it is trivial that w € Sat(¢;) and p @‘SR .

2. Let ae A and ¢ € C(S) be such that L(s,a, ¢) >?. This implies, by Definition 25, that there exists ¢; € C(S), such that
L(s',a,¢1) = L(s,a, ¢) and Sat(p;) = {u’ € Dist(S) | Ages ' (s') € I;‘f} with {I;’f | s’ € S} the smallest closed intervals such
that Vi € Sat(@): Nges (s € 19.

Let § be the identity correspondence function.
Let u € Sat(p). Again, it is trivial that p € Sat(¢;) and p @;z .

3. By Definition 25, since s =s’, we have V (s) C V (s).

By construction, as the initial states are equal, we have soRsp, so we conclude that R is a strong refinement relation
and N <s x(N). O

Appendix E. Detailed proof for Theorem 30

We prove that for or any APA N, it holds that [N] = [B8(N)]], and [N] = [8*(N)].

Proof of Theorem 30. Let N = (S, A, L, AP, V,sp) be an APA. Let T be the set of inconsistent states of N and let 8(N) be the
corresponding APA using the pruning operator of Definition 29. The result is trivial if S(N) is empty. Otherwise, suppose
that B(N) = (S', A, L', AP, V’,sg), and let P =(Q,A,Lp, AP, Vp,qo) be a PA. We prove that P =N < P = B(N). If this
holds, then, by applying B until a fixpoint is reached, it holds that [N] = [8*(N)].

e P=N= P [ B(N): Suppose that P = N, and let R € Q x S be the corresponding satisfaction relation. Define the
relation R’ € Q x S’ such that for all s € S/, qR's iff gRs. We prove that R’ is a satisfaction relation. Let g€ Q and s € S’
be such that gR’s. We show that R’ satisfies the axioms of a satisfaction relation.

1. Let ae€ A and ¢ € C(S’) be such that L'(s,a,¢) = T. By the definition of L', we have that ¢*? # ¢ and
U,;E@s.a L(s,a,¢) = T. As a consequence, there exists ¢ € C(S) such that L(s,a,¢) =T and u € Sat(p) iff there ex-
ists & € Sat(g) such that t(s’) = u(s’) for all s € S’ and ft(t) =0 for all t € T.

By R, there exists ¢ € Dist(Q) such that Lp(q,a,0) = T and there exists [t € Sat() such that o Er . Let s € S and
suppose that jz(s’) > 0. Let § be the correspondence function such that o @% L. By definition, there must exist g’ € Q
such that o(¢q’) > 0 and §(¢')(s’) > 0. By the definition of R, this means that s’ is not inconsistent. As a consequence,
for all t € T, we have ft(t) =0 (1). Moreover, §(q')(s’) > 0 also implies that s’ is consistent. Thus, for all ¢’ € Q and
t € T, we have that §(q')(t) =0 (2).

Let w € Dist(S’) be such that for all s € S/, u(s’) = u(s’). By (1), u is indeed a distribution. Moreover, we have by
construction that wu € Sat(¢). Let 8’ : Q — (S’ — [0, 1]) be such that for all ¢’ € Q and s’ € S, §'(q")(s") = (@) (5).
By (2), we have that §’ is a correspondence function, and:

(a) For all ¢ € Q, if o(¢') > 0, then, by R, §(q’) is a distribution on S. Thus, by (2), §’ is a distribution on S’.

(b) For all s’ € §’,

> e(@)3(@)s) =3 e(@)s(@)(s)
qeQ qeQ
=) = 1(s).
(c) Whenever §'(s")(q’) > 0, we have by definition §(q’)(s") > 0. Thus, by R, ¢'Rs’, and finally ¢'R’s’.
Finally, we have that o @% .
2. Let a € A and o € Dist(Q) be such that Lp(q,a,0) = T. By R, there exist ¢ € C(S) and [t € Sat(p) such that L(s,a, @) #

1 and o € . Let ¢ € C(S’) be the constraint such that u* € Sat(¢) iff there exists u*’ € Sat(@) such that, for all
s'eS, u*(s")=u*(s’) and for all t € T, u*(t) =0.
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Let § be the associated correspondence function. Let s’ € S and suppose that f(s’) > 0. By definition, there must exist
q' € Q such that o(q") > 0 and §(¢')(s’) > 0. By the definition of R, this means that s’ is not inconsistent. As a conse-
quence, for all t € T, we have (t) =0 (1). Moreover, §(q")(s’) > 0 also implies that s’ is consistent. Thus, for all ¢’ € Q
and t € T, we have that §(q")(t) =0 (2).

Let ¢ € C(S’) be such that u € Sat(p) iff there exists u' € Sat(@) such that, for all s € S/, u(s’) = 1/(s’) and for all
teT, W' (t) =0. By construction, we have ¢ € @*%. Thus, L'(s,a, ¢) # L.

Moreover, let p € Dist(S") be the distribution such that for all s' € S’, u(s’) = (s’). By (1), u is indeed a distribution.
By construction, we have that u € Sat(¢). Let 8’ : Q — (S" — [0, 1]) be such that for all ¢ € Q and s’ € S, §(q")(s)) =
8(q)(s"). By (2), we have that §’ is a correspondence function, and:

(a) For all ¢ € Q, if o(¢') > 0, then, by R, §(q’) is a distribution on S. Thus, by (2), §’ is a distribution on S’.

(b) Forall s’ € S,

> 0@ (@)(s) = ed)s(@)(s)
qeQ qeQ
= () = u(s).
(c) Whenever §'(s")(q) > 0, we have by definition §(q')(s") > 0. Thus, by R, ¢'Rs’, and finally ¢'R’s’.

Finally, we have that o @iSR, M.
3. By R, we have that V(q) e V(s') = V'(s').

Finally, R’ is a satisfaction relation. Moreover, we have by definition that goR'so, thus P = B(N).

e P=N & P = B(N): Suppose that P = B(N), and let R’ € Q x S’ be the corresponding satisfaction relation. Define
R € Q x S such that for all g€ Q and s € S, qRs iff s€ S’ and qR’s’. By construction, R is a satisfaction relation and
qoRso. Thus P =N. O

Appendix F. Detailed proof for Theorem 32
Let N1, N3, and N3 be consistent APAs sharing action and atomic proposition sets. We prove that

e B*(N1 AN2)<w Ni and B*(N1 A N2) sw Na.
e If N3 <w Np and N3 <w N3, then N3 <y B*(N1 A N3).

Proof of Theorem 32. Let N; = (S1,A,L{,AP,V1,s9) and Ny = (53, A, Ly, AP, Vz,sg) and N3 = (S3,A, L3, AP, V3,sa) be
three APAs. Let Ny A Ny = (5§51 x S, A, Z,AP, v, (so,sé)) be the conjunction of Ny and N; defined as in Definition 31. We
prove the claims separately.

e B*(N1 AN3z) <w Ni: Obviously, if Ny A N3 is fully inconsistent, then 8*(Ny A N3) is empty and refines N1 with the empty
refinement relation. Suppose now that 8*(Ny A N3) = (S, A, L™, AP, V", (sg, s%)). with $ € S1 x Sy, not empty. Define the
relation R € S” x S such that for all (s,s’) € S* and t € Sy, (s, s )Rt iff s =t. We prove that R is a weak weak refinement
relation. Let (s,s’) € S be such that (s, s")Rs. We show that R satisfies the axioms of a weak weak refinement relation.

1. Let a€ A and ¢ € C(S1) be such that Li(s,a, ¢) = T. Since (s,s’) € S”, we have that a € May(s'). Let ¢ € C(S1 x S3) be
such that [t € Sat(@p) iff
e the distribution p:r — Zr’esz f((r, 1)) is in Sat(¢), and
o there exist a distribution ¢’ € C(S3) such that Ly(s’,a, ¢’) # L and the distribution u' : 1" — Zresl [((r,r")) is in

Sat(¢").

By the definition of Ni A N, we have that L((s,s),a, @) = T. Consider now ¢” € C(S") the constraint such that
u” € Sat(e”) iff there exists fi € Sat(¢) such that Vr € S*, u”(r) = fi(r) and Vr € S1 x Sz \ S, fu(r) = 0. According to
the definition of pruning, we know that L"((s,s),a, ¢") = |—|we</7(5»5’>~a L((s,s),a, ). Since @ € gﬁ(”’)'a, it holds that
LN ((s,s)),a, ™) =T.
Thus there exists ¢ € C(S") such that L"((s,s’),a, ) = T. Moreover, define the correspondence function § : S —
(51 — [0, 1]) such that §((r,r"))(r") =1 iff " =r. Let u”" € Sat(¢”"), it be the corresponding distribution in Sat($), and
 the distribution such that y:r € S1+— Zr’esz a((r,1")). By definition, w is in Sat(¢). We now prove that u” @‘SR .
e For all (r,r') € S, §((r,1")) is a distribution on S; by definition.

e LetreS;.
Yo=Y w(er)
(r,r”)esn r'eSy|(r,r')esSh

S D (%)

r'eSy|(r,r')esSh
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_ ~ /
= > a((rr)
r'eSy
= ().

e Finally, if §((r,1"))(r”) > 0, then r =" and (r,r")Rr by definition.
Thus u" €% .

.Let ae A and ¢” € C(§") be such that L"((s,s'),a, @) # L. By the definition of L”, there exists @ € ¢/"?. Thus,

L((s,s),a, @) # L in N1 A N3, and a distribution p” satisfies ¢” iff there exists a distribution fi € Sat(¢) such that
u™(r) = f(r) for all r € S” and ji(r) =0 for all r € S; x Sy \ S”. Since S” contains only consistent states, there exists
u’ € Sat(p™). Let i € Sat(¢) be a corresponding distribution in ¢. There are 3 cases.

o If a ¢ Must(s) and a ¢ Must(s'), then by the definition of L, there must exist ¢ € C(S1) and ¢’ € C(S) such that
Lyi(s,a,¢) # L and Ly(s',a,¢’) # L. Moreover, ¢ € Sat(¢) iff the distributions ¢ :r € S1 Zr’esz o((r,r)) and o’ :
reSy;— Zre& 0((r,1")) are respectively in Sat(¢) and in Sat(¢’).

Since fi € Sat(p), let ;v and u’ be the corresponding distributions in Sat(¢) and Sat(¢’). Define the correspondence
function & : S — (S1 — [0, 1]) such that §((r,r"))(r") =1 iff r’ =r. As above, we can prove that u" @‘SR u.

e Otherwise, suppose that a € Must(s) and there exists ¢ € C(S1) such that ¢ is such that ¢ € Sat(¢p) iff
- the distribution o : r — Zr’esz o((r,1")) is in Sat(¢p), and
- there exist a distribution ¢’ € C(Sy) such that Ly(s’,a, ¢') # L and the distribution ¢’ : 1’ — Zresl o((r,r")) is in

Sat(¢").
Since fi € Sat((), let ¢’ € C(S3) be the corresponding constraint on Sy such that Ly(s’,a, ¢’) # L. Let u and i’ be
the corresponding distributions in Sat(¢p) and Sat(¢’). Define the correspondence function § : S* — (S1 — [0, 1]) such
that §((r,r))(r") =1 iff r” =r. As above, we can prove that u” @‘;Q .

e Finally, suppose that a € Must(s’) and there exists ¢’ € C(Sy) such that ¢ is such that ¢ € Sat(p) iff

- there exist a distribution ¢ € C(S1) such that Li(s,a,¢) # L and the distribution o : r — Zr’esz o((r,r)) is in
Sat(p), and
- the distribution o’ : 1’ — dres, O((r, 1)) is in Sat(¢’).
Since ji € Sat((), let ¢ € C(S1) be the corresponding constraint on Sy such that Lq(s,a, ¢) # L. Let i and @’ be the
corresponding distributions in Sat(¢) and Sat(¢’). Define the correspondence function §: S — (S — [0, 1]) such
that 8((r,r"))(r"”") =1 iff r’ =r. As above, we can prove that u” @‘;Q .
Finally, in any case, there exists ¢ € C(S1) such that Li(s,a, ¢) # L and there exists u € Sat(¢) such that u* e K.
By definition, V/((s,s")) = V((s,5")) = V1(s) N Va(s") C V1 (s).

Finally, R is a weak weak refinement relation, and we have 8*(N1 A N2) <w Nj.

e B*(N1 A N2) <w N3: This result is obtained using a similar proof as above.

e if N3 <w Nj and N3 <w N2, then N3 <w B*(N1 AN3): Let Rq € S3 x S1 and R, C S3 x Sy be the weak weak refinement
relations such that N3 < N1 and N3 < Nj. Obviously, if Ny A N3 is fully inconsistent, then 8*(N1 A N3) is empty. In this case,
there are no consistent APAs refining both N; and N». As a consequence, N3 is inconsistent, which violates the hypothesis.
Suppose now that B*(N1 A Ny) = (S, A, LN, AP, V", (so,s(z))), with S € S x S5, is not empty. Define the relation R" C
S3 x S” such that s"R"(s,s") € S” iff s"Rs € S1 and s"R's’ € S;. We prove that R”" is a weak weak refinement relation.

Let s € S1,s' € S, and s” € S3 be such that s”R"(s, s’). We show that R”" satisfies the axioms of a weak weak refinement

relation.

1

Let a € A and ¢” € C(S") be such that L((s, ), a, ") = T. By definition, we have L((s,s'),a, §) = T with @ € C(51 x
Sy) such that u” € Sat(p”) iff there exists j € Sat(¢) such that u”(r) = j(r) for all r € S* and fi(r) =0 for all
re Sy x Sy \ S”. There are 2 cases.
e Suppose that a € Must(s) and there exists ¢ € C(S1) such that Li(s,a,¢) =T, and ¢ € Sat(¢p) iff
- the distribution o : r — Zr’esz o((r, 1) is in Sat(¢p), and
- there exist a distribution ¢’ € C(Sy) such that Ly(s’,a, ¢’) # L and the distribution ¢’ : 1’ — Zres] o((r,r")) is in
Sat(¢").
Since L1(s,a,¢) =T and s"R;s, there exists ¢” € C(S3) such that L3(s”,a, ¢”) =T and Vu" € Sat(¢”), I € Sat(yp),
such that " €gr, 1 (1).
Since L3(s”,a, ¢”) =T and s”"R;s’, we have that Vi € Sat(¢"), there exist ¢’ € C(Sy) such that L(s',a, ¢') # L and
' € Sat(¢’) such that pu” €r, 0’ (2).
Let n” € Sat(¢”). By (1) and (2), there exist w € Sat(¢), ¢’ € C(S2) such that Ly(s’,ap’) # L and ' € Sat(¢’) such
that u” €gr, n and u” €, p'. Since (s, s’) and s” are consistent, remark that for all (r,r’) in $; x Sz \ $”*, we cannot
have s”R1r and we cannot have s"Ryr’" (3).
We now build pu” € Sat(¢”) such that u” eér~ u™.
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Let § and &’ be the correspondence functions such that p” @% w and p” @5' /1,’ Define the correspondence func-
tion 8" : S3 — (" —> [0 1]) such that for all r’ € S3 and (r,1’) € S, 8”(r”)((r M) =80") )8 (")("). We build u”
and prove that u” & C A U
- For all " € S3, if po”(r”) > O both §(r”) and §'(r") are distributions. By (3), we know that for all (r, 1) € S1 x S\ S”,
8"y =8 (")) =0. As a consequence, §”(r") is a distribution on S”.
- Define u”(r,1') = Zr”653 w8 (") ((r,1")). We prove that u” € Sat(p”™):
* Let ' € Sy, then we have

Y o= Y Y )

reS1|(r,r')esh reS1|(r,r'yeS N r"eS;

= 22 WMoy )()

reSq|(r,r')eS~r"eSs

=Y W) Y 800

r"eS3 reS1|(r,r)es

= 3 W)

r"eS3
= /(") by definition.

* Let r € S1, then we have

Y= X Y W)

r'eS,|(r,r')esh r'eSy|(r,r')eS N r"eS3

= > 2 W) )

r'eSy|(r,r')eSNr"eS3

=X W0 Y @)

r"€S3 r'eSy|(r,r)esh

= 3 W)

r"eS3

= u(r) by definition.

Thus we have that
- the distribution o : r — Zr’esz u((r, ")) is in Sat(g), and
- the distribution o' : 1’ — Zresl uN((r, ")) is in Sat(¢’).
As a consequence, u” € Sat(¢”) by the definition of ¢”.
- If 8" (r")((r,1")) > 0, then by definition §(r")(r) > 0 and &' (r"")(r') > 0. As a consequence, r"R1r and r"R,r’, thus
"R, 7).
Finally, u” @gr u” and u” € Sat(o™).
e Suppose that a € Must(s") and there exists ¢’ € C(S3) such that Ly(s',a,¢’) =T, and ¢ € Sat(p) iff
- there exist a distribution ¢ € C(S1) such that Li(s,a,¢) # L and the distribution o : r — Zr’esz o((r,r)) is in
Sat(¢), and
- the distribution o’ : 1’ — Zr651 o((r,1")) is in Sat(¢’).
This case is strictly symmetric to the one presented above, so there also exists ¢” € C(S3) such that L3(s”,a,¢”")=T
and for all " € Sat(¢p"), there exists u”" € Sat(p”) such that u” Err u”.
. Let ae A and ¢” € C(S3) be such that L3(s”,a, ¢”) # L. Let u” € Sat(p”).
Since s"R1s and s"R;s’, there must exist ¢ € C(S1), i € Sat(p), ¢’ € C(Sy) and ' € Sat(¢’) such that Li(s,a, @) # L,
Ly a,¢) # 1, W’ €r, u and p” @g, u'. As a consequence, L((s,s"),a,¢) # L, with ¢ € C(S1 x Sp) such that
0 € Sat(¢) iff the distributions o :1r € S1 Zr/esz o((r,)) and ¢’ : 1" € Sy > Zresl o((r,1")) are respectively in Sat(¢)
and in Sat(¢’). Moreover, since s” and (s,s’) are consistent, there exists ¢ € C(S") such that L"((s,s),a, ¢™) # L
and o” € Sat(p”) iff there exists @ € Sat(¢) such that o”(r,r') = o(r,r’) for all (r,r") € S* and o(r,r’) =0 for all
(r,r") € S1 x So\ SN
Let § and &' be the correspondence functions such that u” @%1 w and p”’ @‘;’32 w'. Since s” and (s, s’) are consistent,
we know that (1) for all (r,") € S1 x S2\ S, we have u(r) = /(') =0 and (2) for all " € S3 and (r,1") € S1 x S3\ S*,
we cannot have r"Rqr and we cannot have r"R;r’.
Define the correspondence function §” : S3 — (S — [0, 1]) such that for all r’ € S3 and (r,1) € S», 8" (") ((r,1")) =
S ()8’ (r")(r"). We now build " such that p” @%A u” and prove that u” e Sat(p”™).
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e For all r’ € S3, if u” (") > 0, both §(r") and §'(r") are distributions. By (2), we know that for all (r,r") € S1 x S2\ S”,
8" (r) =8 (")) =0. As a consequence, §”(r") is a distribution on S”.

e Define u(r,r') = Zr,,653 W' @"8" (") ((r,1")). As above, we can prove that u” € Sat(p").

o If 8”(r")((r,1")) > 0, then by definition §(")(r) > 0 and &' (r")(r") > 0. As a consequence, r"R1r and r"R,r’, thus
"R, 17).

Finally, there exist ¢ € C(S") such that L"((s,s),a, ) # L and u” € Sat(¢”) such that u” ergn pu”.

3. Since s”R1s and s"Rys’, we have V3(s”) C V1(s) N Va(s') =V ((s,s)).
Finally, R" is a weak weak refinement relation between N3 and 8*(N; A N3). Moreover, we know that 5(3)73150, ngzsg,
and (so, so) is consistent. As a consequence sO’RA(so,sO) and N3 < B*(N71 ANz). O

Appendix G. Detailed proof for Theorem 35

Given a synchronization set A, we prove that all notions of refinement are a precongruence with respect to the parallel
composition operator ||z defined above, i.e. if Ny x N7 and N3 x N}, then Ny ||z N2 x N [Iz N5, for x € {1, <w, <, <s}.

Proof of Theorem 35. We provide the proof for x =<. The other proofs are similar.

Let N1 = (S1, A1, L1, AP1,V1,s)), Na = (S2, Az, Ly, AP2, V2, 53), Nj = (S}, A1, L}, AP1, V], s)) and N}, = (S}, A, L),
APy, Vé,s%/) be APAs such that AP; N AP, = (. Let A € Ay N Ay. Assume that N; < N} and N, < N, with weak re-
finement relations R and R, respectively Let Ny|lzN2 =(S1 x S2,A1 UAy, L, AP1 U APZ, v, (50,50)) and N} |z N} =
(S} x Sy, Ay U Az, L', APy UAP,, V, (s}, s2)).

Let R C (S1 x S2) x (§] x S) be the relation such that (s1, s2)R(s], s5) iff syR1s] and s;R>s),. We now show that R is
a weak refinement relation such that Ny |z N2 < Nj llz N5

Assume that (sq, 52)72(5/1, s’z). We show that R satisfies the axioms of a weak refinement relation.

1. Let a € A; U Ay and ¢’ € C(S) x S)) be such that L'((s},s5),a, ¢’) = T. There are three cases:

e If a € A, then there exist @] € C(S)) and ¢} € C(S,) such that L (s}, a,¢)) =L5(s5,a,95) =T and pu' € Sat(¢’) iff
there exists //L./l € Sat(p}) and p)y € Sat(g)) such that p' = p) . Since 517,215’1 and/sszs/z, there/ exist ¢1 € C(S1) and
@2 € C(S2) with Li(s1,a,¢1) = La(s2,a,¢2) =T and Vg € Sat(py), Iu; € Sat(p;): n1 €r, () and Y, € Sat(psz),
I, € Sat(@h): (o ER, M.

Define ¢ € C(S1 x S2) such that Sat(¢) = Sat(p1)Sat(pz). By the definition of Ny ||z N2, we have L((s1,$2),a,9) =T
Let u € Sat(¢). Then there exist w1 € Sat(¢1) and W € Sat(py) such that p = peq ;. Since 51R1s/1 and sszs/z, there
exist () € Sat(¢q), uh € Sat(¢}) and correspondence functions 81 : S1 — (8 — [0,1]) and &, : S — (S, — [0, 1)),
such that uq @87121 wy and pp @%2 .

Define the correspondence function §: (Sy x S2) — ((S§ x S5) — [0,1]) as &(u, v)(u', v') = 81 (u)(u')82(v)(v'). Con-
sider the distribution p’ such that ' = /). By construction, u’ € Sat(¢’). We now prove that @‘;z w:
(a) Assume that for (u,v) € S1 x S, u(u, v) > 0. Then we have

Z S, v)(u',v') Z 281(11) N82(v)(V')

W', v')eS) xS, u'eS) ves,
_ < 3 5 (u)(u’))( )3 azm(v/))
u'eS) v'es)
=1.

Thus §(u, v) is a distribution on S} x S.
(b) Let (u',v') € S} x 5.

Yo rus@ W V)= Y i pa (s (u,u')s (v, v)

(u,v)eS1 xSy ueSi vesS;
( D pa@)dy (u)(u )( Y 128 (v ))
ues, veSy

=1 (W) (v) = W' (W', v').
(c) Assume that §(u, v)(u’, v') > 0. Then 8¢ (u)(u’) > 0 and 8, (v)(v') > 0, and since N1 < N} and N» < N}, uRqu’ and
vR,v'. Thus, by the definition of R, we have (u, VRW, V).
e If a e A1\ A, then there exists @] € C(S}) such that L(s},a,¢]) = T. Since s;Rs], there exists ¢; € C(S1) with
Li(s1,a,¢1) =T and Yuq € Sat(pr), 3u] € Sat(p)) such that g er, 1j.
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Define ¢ € C(S1 x S3) such that u € Sat(p) iff for all u € S and v # sy, w(u, v) =0 and the distribution @ : t +—
u(t,s2) is in Sat(eq). By the definition of Ni |z N2, we have L((s1,s2),a,¢) =T. Let € Sat(¢). Then there exists a
(1 € Sat(pr) such that puq can be written as t +— fi(t, s2) and furthermore there exist 1} € Sat(¢]) and a correspon-
dence function 81 : S1 — (S/l — [0, 1]) such that w4 @(;111 pUl.

Define the correspondence function 6§ : (S1 x S3) — ((S§ x S5) — [0,1]) as §(u, v)(u',v") =) (") if v=s; and
v/ =5/, and 0 otherwise. Consider the distribution w’ over S} x S} such that for all u’ € S} and v’/ #5}, u'(u’,v') =0
and for all u’ € §7, w' (', s%,) = ) (u’). By construction, u’ € Sat(¢’). We now prove that @% w':

(a) Assume that for (u,v) € S; x S2, u(u, v) > 0. Then we have

Z S, v)(u',v') Z Z S1(u)(u

W',v)eS| xS, u'eS} v'es),

= Z st (u') =
u'eS)
Thus §(u, v) is a distribution on S} x S.
(b) Let (u’,v') € S} x i, with v/ #5s),.

Z n(u, v)s(u, v) v, v Z Zp,(u v)0

(u,v)eS1 xSy ueSi ves,

=0

=u' (u',v).

Let u’ € S/, then we have

Z w(u, v)§(u, v)(u',sh) = Z Zu(u v)8(u, v)(u', )

(u,v)eS1xS, ueSy v=s2

=Y s (u, )
ueSq
=u(u',v).
(c) Assume that §(u, v)(u’, v') > 0. By the definition of §, we have 8;(u)(u") > 0 and v =s3, v’ =$/,. By the definition
of 81, we thus have uRqu'. Since s,R;s/, by assumption, we finally have (u, v)R’, v').
e If ac Ay \ A, the proof is similar.
2. Letae A1 UA; and ¢ € C(S1 x S3) be such that L((s1, S2),a, ¢) # L. There are three cases:

e If a € A, then there exist @1 € C(S1) and ¢, € C(S3) such that Ly(s1,a, ¢1) # L, La(s2,a,¢2) # L, and ,u € Sat(p) iff
there exist (1 € Sat(e1) and Wy € Sat(¢y) such that w = pquy. Since 51R1s1 and sszsz, there exist @] € C(S}) and
@4 € C(S4) with L} (s}, a, <p1) # L, L%(sh, a,¢5) # L, and Vg € Sat(gr), Ju) € Sat(p)): n1 €Er, 1) and Y € Sat(ps),
;e Sat(goz) U2 ER, MY
Define ¢’ € C(S} x S}) such that Sat(¢’) = Sat(¢])Sat(¢5). By the definition of N7 ||z N, we have L'((s},s}),a, ¢’) #
L. Let u € Sat(¢p). By the definition of ¢, there exist w1 € Sat(¢1) and wu, € Sat(¢;) such that ;o = pq . Furthermore,
since s1R1s] and s;R;s,, there exist pf € Sat(¢)), 1}, € Sat(¢}) and two correspondence functions 81 : S1 — (S] —
[0,1]) and &; : Sp — (S, — [0, 1]) such that 14 @%1 w} and po @%2 .

Define the correspondence function & : (S1 x S2) — ((§] x S5) — [0, 1]) such that, for all u, v’, v, v/, (u, v)(',v') =
81(u)(w)82(v)(v'). By the same calculations as above, we know that the distribution u’ over S} x S/, constructed as
W' = pjus is in Sat(¢’) and gives that u @% w.

e If a € A1\ A, then there exists ¢; € C(S1) such that Ly(s1,a,¢q) # L. Since s1Rqs], there exists @] e C(S}) with
Li(s}.a, @) # L and Vg € Sat(pr), Iu] € Sat(p)): n1 Er, 1.

Define ¢’ € C(S| x S%) such that u' € Sat(¢") iff for all u’ € S| and v’ # s, w(w’,v’) =0 and the distribution ] :
t — u(t,sy) is in Sat(gq). By the definition of N} |z N, we have L'((s},s}),a,¢") # L. Let i € Sat(p). Let w1 be
the distribution on Sy such that for all t € Sy, p1(t) = u(t, s2). By definition, w1 € Sat(p1). Let u} € Sat(p;) and a
correspondence function 87 : S — (S} — [0, 1]) be such that p; @%1 T

Define the correspondence function § : (S1 x S2) — ((§7 x S}) — [0, 1]) such that for all u,u’, v, v/, §(u, v)(',v') =
S1(w)() if v=s3 and v’ =5, and O otherwise. By the same calculations as above, we know that the distribution
w' € Sat(¢") such that for all u” € §7 and v/ #5), p/(u’, v/) =0 and for all v’ € S, u) = ' (', s5), gives that 1 @% w.

e If a e Ay \ A, the proof is similar.

3. For atomic propositions we have that, V((s1,52)) = V1(s1) U Va(s2) and V'((s},s})) = {B =B UB; | By € V{(s}) and

By € V/(s5)}. Since S1R1s| and s;R»s),, we know by definition that Vq(s1) € V/{(s}) and Va(s2) € V4(s}). Considering

= V1(s1) and By = V(s2), we thus have that V((s1,s2)) € V'((5],5)).
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By observing that (s}),s%)R(sé/,s%/) since 50R150 and sostO, we conclude that R is a weak refinement rela-
tion. O

Appendix H. Detailed proof for Theorem 39
Let N be an APA in single valuation normal form. We prove that N <5 o(N).

Proof of Theorem 39. Let N = (S, A,L,AP,V,sp) be a (consistent) APA in single valuation normal form. Let o(N) =
(S',A, L', AP, V', {so}) be the determinisation of N defined as in Definition 38. We prove that N <5 o(N).

Let R €S x S’ be the relation such that sSRQ < s € Q. We prove that R is a strong refinement relation. Let s, Q be
such that sSRQ. We show that R satisfies the axioms of a strong refinement relation.

1. Let ae A and ¢’ € C(§) be such that L'(Q,a,¢’) = T. By construction of ¢’, we have that Vg € Q, 3¢g; € C(S) such
that L(q,a,¢q) =T
Since s € Q, there exists ¢s such that L(s,a,¢s) =T.

Define the correspondence function § : S — (S’ — [0, 1]) such that §(s')(Q’) =1 if Q' € Reach(Q,a) and s’ € Q.

Otherwise, §(s")(Q’) =0.

We now prove that for all p € Sat(¢s), there exists u' € Sat(¢’) such that @% W Let w € Sat(gs).

e Let s’ € S be such that u(s’) > 0. As a consequence, by the definition of Reach, there exists a single Q' € S’ such that
s’ € Q’. Thus §(s')(Q")=1 and for all Q” # Q’, we have §(s')(Q") = 0. Thus § defines a distribution on S’.

e Define u':S" — [0, 1] such that p'(Q") =Y ¢cs u(s)8(s)(Q"). By the definition of §, we have that (1) for all Q' ¢
Reach(Q,a), #'(Q’) =0; (2) there exist g € Q, ¢ € C(S) and u € Sat(¢) (namely s, ¢s and ) such that L(g, a, ¢) # L
and for all Q" e Reach(Q,a), 1 (Q") =} ycq  #(q). Thus u' € Sat(¢’) by construction.

e Let s’, Q' be such that §(s")(Q") > 0. By construction of §, we have s’ € Q’, thus sRQ".

As a consequence, there exists ' € Sat(¢’) such that p @% w.

2. let ae A and ¢ € C(S) be such that L(s,a,¢) # L. By construction of o(N), there exists ¢’ € C(S’) such that
L'(Q,a,¢’) # L. ¢ is defined as follows: u' € Sat(¢’) iff (1) VQ' ¢ Reach(Q,a), we have u'(Q’) =0, and (2) there
exist g € Q, ¢q € C(S) and puq € Sat(gq) such that L(q,a, ¢q) # L and YQ’ € Reach(Q,a), ' (Q") = > geq Hq(@).
Define the correspondence function § : S — S’ — [0, 1] such that §(s")(Q") =1 if Q' € Reach(Q,a) and s’ € Q. Other-
wise, §(s')(Q") =0.

We now prove that for all u € Sat(¢), there exists i’ € Sat(¢’) such that u @% W, Let u € Sat(p), and let ' : S —

[0, 1] be the distribution such that ©/(Q") = o5 #(s)8(s')(Q"). We prove that @‘;z w' and ' € Sat(¢).

e Let s’ € S be such that wu(s’) > 0. As a consequence, by the definition of Reach, there exists a single Q" € S” such that
s'€ Q’. Thus §(s')(Q") =1 and for all Q” # Q’, we have §(s")(Q") = 0. Thus § defines a distribution on S’.

e Define ' :S" — [0,1] such that u'(Q") =Y o5 u(s)8(s)(Q"). By the definition of 8, we have that (1) for all
Q’ ¢ Reach(Q,a), #'(Q") =0; (2) there exist g € Q, ¢q € C(S) and pq € Sat(gq) (namely s, ¢ and w) such that
L(q,a,¢q) # L and for all Q” € Reach(Q,a), u'(Q’) = Zq,EQ, Hq(q@"). Thus ' € Sat(e") by construction.

e Let s’, Q' be such that §(s’)(Q’) > 0. By construction of §, we have s’ € Q’, thus sRQ’.

As a consequence, there exists ' € Sat(¢’) such that u e u'.

3. By construction of o(N), we have that V(s) = V’(Q).

Finally, R is a strong refinement relation. Moreover, we have that sg € {so}, thus so/R{so} and N <5 o(N). O
Appendix I. Detailed proof for Theorem 42

Let N=(S,A,L,AP,V,sp) be a deterministic APA in single valuation normal form and such that AP N A = . We prove
that the CMC N is such that, for all MC M, M =mc N < M = N.

Proof of Theorem 42. We prove the two directions separately.

e M E=pmc N=M E=cmc N:Let M= (Q,m,Am, Vm, qo) be a Markov Chain. We first prove that if M |:MC N then M |=c1v1c N.
Suppose that there exists a PA P = (Sp, A, Lp, AP, Vp, so) such that M satisfies P and P = N. Let N= (Q v, A, v, do) be
the transformation of N following Definition 41.

By the satisfaction relation between M and P, we obtain that Ayy = AU AP and Q = Qy U Qp. Let RMCC Qp x Sp
be the satisfaction relation witnessing that M satisfies P. Let RPA € Sp x S be the satisfaction relation witnessing P = N.
Consider the relation R € Q x Q such that

e qR(s, €) iff there exists p € S, such that gRMp and pR™s, and
o for all a € A, qRR(s, a) iff there exists ¢’ € Q such that
- (@) () >0,
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- Vm(@) =Vum(q) U{a}, and
- ¢R(s,€).

We now prove that R is a satisfaction relation for CMCs.
First consider g € Q and s € S such that qgR (s, €). By definition, there exists p € Sp such that gRMCp and pRFAs. We

show that, in this case, R satisfies the axioms of a satisfaction relation for CMCs.

1. By RMC, we have that Vp(q) = Vp(p). By RPA, we know that Vp(p) € V(s). Since V((s, €)) = V(s), we have, Vy(q) €

2.

V((s, €)).

Let § be a correspondence function such that, for all ¢’ € Q, s’ € Sand a€ A, §(q¢')((s',a))=1if s'=s, m(q)(q") > 0 and
Vum(q@) = Vun(q) U{a} and O otherwise.

e Let ¢’ € Q be such that 7(q)(q’) > 0. By RMC, there exist a € A and a distribution @ over Sp such that Vy(q) =

V(p)U{a}, Lp(p,a,0) =T and 7 (q’) Ermc 0. Thus, we have mw(q)(q’) > 0 and Vpn(q') = Vm(q) U {a}. As a conse-
quence, §(q")((s,a)) =1, and for all (s, b) # (s,a), §(q")((s’, b)) = 0. Finally, §(q") defines a distribution on Q.

e Let y =m(q)8. We prove that y satisfies ¥ ((s, €)):

- By the definition of §, for all ¢’ € Q, we have §(q")((s, €)) = 0. As a consequence,

Y€)= m@(q)s(q) (s €)=0.
qeQ
- By the definition of §, we also have that for all ¢’ € Q, s’ € S with s #s and b € AU {€}, §(¢')((s’,b)) =0. As a
consequence,

Vs'#s, be AUfe}, y((s'.b)) = Z m(@(q)8(a)((s'. b)) =0.

qeQ

- Let a € Must(s), and ¢ € C(S) be such that L(s,a, ¢) = T. By RAP, we have that there exists a distribution ¢ over
Sp such that Lp(p,a,0) =T and there exists u € Sat(g) such that ¢ €xar u. Thus, by RMC we have that there
exists g’ € Q such that Vy(q") = Vp(p) U{a} =Vu(q) U{a}, m(q@)(q") > 0 and 7 (q') Exmc 0. By the definition of §,
we have that §(q")((s,a)) > 0. As a consequence,

y(Gsa) =Y 7@(q")8(q")(s,a) > 0.
q"€Q
- Let a ¢ May(s), i.e. such that for all ¢ € C(S), we have L(s,a, ¢) = L. Suppose that y ((s,a)) > 0. By the definition
of y, there must exist ¢ € Q such that w(q)(¢’) > 0 and §(q")((s,a)) > 0. By the definition of §, we thus have
Vm(@) = Vu(q) U{a} = Vp(p) U {a}. Moreover, by RMC, there exists a distribution ¢ such that Lp(p,a,0) =T and
7 (q') Exmc 0. Thus, by RPA, there must exist ¢ € C(S) such that L(s,a, ) # L, which is a contradiction. As a
consequence, we have

v ((s,a)) =0.
Finally, we have that y sitisﬁes v ((s, €)).

e Let ¢ € Q and (s',a) € Q be such that §(q")((s’,a)) > 0. By the definition of §, we have that 7 (q)(¢’) > 0, a #¢,

Vm(@) =Vu(@) U{a} and s’ =s. Since qgR (s, €), we have, by the definition of R, that ¢'R(s, a).

Let g€ Q, se S and a € A be such that qR(s,a). By definition, there exists ¢ € Q such that 7 (q")(q) > 0, Vu(q) =

Vm(q) U{a} and q'R(s, €). We show that, also in this case, R satisfies the axioms of a satisfaction relation for CMCs.

1. Since ¢'R (s, €), we know that there exists p € Sp such that ¢ RMCp and pRPs. Thus, we have Vy(q)) = Vp(p) € V(s).

Moreover, by the definition o/f\ N, we have that V((s, a)) ={BU{a} | Be V(s)}. Since Vy(q) = Vu(q)U{a} and Vi (q) €
V (s), we have that Vy(q) € V((s, a)).
. Since ¢RMCp and 7 (q')(q) > 0, there exists a distribution o over Sp such that Lp(p,a,0) =T and there exists a

correspondence function M€ such that 7 (q) @%CAC ©. Moreover, since pRPs, there exists @ € C(S) such that L(s,a, ) #
, and there exist € Sat(p) and a correspondence function §™ such that o @%?,A .
Define the correspondence function § : Q — (Q — [0, 1]) such that for all ¢” € Q and s” € S,

vbe A, 5(q")((s".b))=0, and

2(a")((s",€)) = 3 8M(a") (P")8™(p")(s")-

p’eP
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e Let ¢” € Q be such that 7(q)(q") > 0. By RMC, we know that sMC(q”) is a distribution over Sp. Let now p” € Sp be
such that sM(q”)(p”) > 0. By RMC, we know that o(p”) = Y_,cq 7(q, u)sM“(u)(p”) > 0. As a consequence, by R™,
we know that 8PA(p”) is a distribution over S. As a consequence, we have that §(q”) is a distribution over 0.

e Let y =m(q)8. We prove that y satisfies ¥ ((s, a)).

- By the definition of §, we have that for all s” € S and b € A,

y((s".0) = Y- 7@(@")5(a")((s"-b)) =0.
q"€Q

- Let y':s" > y((s”, €)). Let s” € S. By definition, we have

V') =v((s".€))
=Y 7@(q")s(@")((s" )

q"eQ

— Z n(q)(q”) Z 5Mc(q”)(p//)SPA(p//)(sN)
q’eQ p’eSp

= ¥ (@@ @) 6" )6 )
p"eSp "q"€Q

= Y o(p")s™(p")(s") by definition of s*
p"eSp

=n(s") by definition of s™.
Finally, we have y’ = . Since, by definition, 1t € Sat(¢), we have that there exists ¢ € C(S) such that L(s,a, @) # L
and y’ € Sat(p). Thus y satisfies ¥ ((s, a)).

- Letq” € Q and (s”,b) € Q be such that §(q”)((s", b)) > 0. By the definition of 8, b = ¢ and there must exist p” € Sp
such that (1) MC(g”)(p”) > 0 and (2) 8PA(p”)(s") > 0. By (1), we have ¢”RMCp” and by (2), we have p”Rs”. As
a consequence, by the definition of R, we have q"R(s”, €).

Thus R is a satisfaction relation for CMCs. Moreover, we have that qoR(sg, €), which gives that M =cmc N.

e MEvc N <=M Ecvme N: Let M = (Q,m,Am, VM, qo) be a Markov Chain. We prove that if M =cmc N, then M Ewmc N,
i.e. there exists a PA P such that M satisfies P and P = N. Let N= (a, v, Z, V, do) be the transformation of N following
Definition 41.

Let R be the satisfaction relation for CMCs witnessing that M =cmc N. First observe that, by R, the Markov Chain M
satisfies the following properties: Let Qp ={g€ Q |Is€ S, qR(s,€)} and Qn={q€ Q |Is€ S, ae A, qR(s,a)}, then we
have

e Qp N Qy =¥ because of their valuations and R,

e ¥q,q' € Qp, m(q)(q') =0 and Vq,q" € Qn, 7 (q)(q") =0,
e qo€Qp, and

e Ay=AUAP.

Define the PA P = (Sp, A, Lp, AP, Vp,sb) such that Sp = Qp, with sJ =go, Vp is such that for all g € Qp, Vp(q) = Vm(q),
and Lp is such that for all s € Sp, a € A and for all distribution o over Sp, L(s,a, o) = T iff there exists ¢’ € Qn such that

o m(q)(q") >0,
e V(q)=V(q) U{a}, and
o 0=m(q).

By construction, it is trivial that M satisfies P using the identity relation on Qp.

We now prove that P = N. Let RPA C Sp x S be the relation such that pRPs iff pR (s, €). We now prove that RA is a
satisfaction relation for APA.

Let g€ Sp and s € S be such that gR™s. We show that RP? satisfies the axioms of a satisfaction relation for APAs.

1. Let a € A and ¢ € C(S) be such that L(s,a, ¢) = T. By construction, we have that a distribution y over a satisfies
Y (s, €)) if y((s,a)) > 0. R
Since qR(s,€), we have that there exists a correspondence function § : Q — (N — [0, 1]) such that w(q)§ satisfies
¥((s,€)). As a consequence, there must exist ¢’ € Q such that 7 (q)(q") > 0 and §(q')((s,a)) > 0. By R again, we have
that Vm(q) = Vm(q) U {a} = Vu(s) U {a}.
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As a consequence, in P, we have that Lp(q,a,0) = T with o = m(q'). Moreover, since §(q')((s,a)) > 0, we have that
q'R(s,a). Thus, there exists a correspondence function §': Q — (@ — [0, 1]) such that 7 (q")8’ satisfies ¥ ((s, a)), i.e.
the distribution y’:s" € S+ [ (q)8'](s', €) is such that there exists ¢’ such that L(s,a,¢’) # L and y’ € Sat(¢’). By
determinism of N, we have ¢ = ¢'. Let 6™ be the correspondence function between P and S such that for all p’ € Sp
and s’ €S, s"A(p")(s") = 8 (p))((s', €)). By construction of v ((s,a)), we have that for all p’ € Sp, be A and § € S,
8" (p’)((s', b)) = 0. Thus, 8™ is a correct correspondence function by construction.
Moreover, we have that o8™ e Sat(@), and, for all p’,s’ such that 8™ (p/)(s’) > 0, we have that §'(p’)((s’, €)) > 0. So,
by R, we have p'R(s’, €), and thus p’RPs’.
Finally, we have that there exists ¢ such that Lp(q,a, 0) = T, and there exists Y’ = 0™ e Sat(¢) such that @‘;::,A y'.

2. Let a € A and g € Dist(Sp) be such that Lp(q,a, o) = T. By construction, there exists ¢’ € Qy such that 7 (q)(q") > 0,
Vm(@) =Vu(@ Ul{a} and o =7 (q").
Since qR (s, €), we have that there exists § such that 7 (q)§ satisfies ¥ ((s, €)). Since 7 (q)(q") > 0, §(q") defines a distri-
bution over Q. As a consequence, there exists (s’,b) € 0 such that 8(q")((s', b)) > 0. Since 1 (q)$ satisfies ¥ ((s, €)), we
have that (s, b) = (s, a).
Thus 8(q")((s,a)) > 0, and, by the definition of §, we have that ¢'R(s,a). As a consequence, there exists a correspon-
dence function §" such that 7 (q’)8’ satisfies ¥ ((s, a)), i.e. the distribution y’:s" € S+ [7(q")8'1(s', €) is such that there
exists ¢ such that L(s,a, ) # L and y’ € Sat(¢). Let 8™ be the correspondence function between P and S such that
for all p’ € Sp and s’ € S, s"A(p)(s') = 8'(p")((s', €)). By construction of v ((s,a)), we have that for all p’ € Sp, be A
and s’ €S, §'(p)((s', b)) = 0. Thus, 8™ is a correct correspondence function by construction.
Moreover, we have that o8™ e Sat(p), and, for all p’,s’ such that 8™ (p’)(s’) > 0, we have that §'(p’)((s’, €)) > 0. So,
by R, we have p'R(s’, €), and thus p’RPAs’.
Finally, there exists ¢ € C(S) such that L(s,a, ¢) # L and there exists ' = 08™ in Sat(p) such that o @‘;;A y'.

3. By construction, we have Vp(q) = Vp(q). By R, we have Vy(q) € V((s, €)) =V (s). Thus Vp(q) € V(s).

Finally, R is indeed a satisfaction relation.
By construction, we have that sg RPAsg, thus P = N. As a consequence, we have that there exists a PA P such that M
satisfies P and P =N. Thus M =yc N. O
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