J. Korean Math. Soc. 54 (2017), No. 1, pp. 117-139
https://doi.org/10.4134/JKMS.j150610
pISSN: 0304-9914 / eISSN: 2234-3008

ABSTRACT RELATIVE FOURIER TRANSFORMS OVER
CANONICAL HOMOGENEOUS SPACES OF SEMI-DIRECT
PRODUCT GROUPS WITH ABELIAN NORMAL FACTOR

ARASH GHAANI FARASHAHI

ABSTRACT. This paper presents a systematic study for theoretical as-
pects of a unified approach to the abstract relative Fourier transforms
over canonical homogeneous spaces of semi-direct product groups with
Abelian normal factor. Let H be a locally compact group, K be a locally
compact Abelian (LCA) group, and 6 : H — Aut(K) be a continuous
homomorphism. Let Gy = H xy K be the semi-direct product of H
and K with respect to # and Gg/H be the canonical homogeneous space
(left coset space) of Gg. We introduce the notions of relative dual homo-
geneous space and also abstract relative Fourier transform over Gy/H.
Then we study theoretical properties of this approach.

1. Introduction

The mathematical theory of relative-convolution operators is a theoreti-
cal generalization for other classical operators in mathematical analysis and
functional analysis such as two-sided convolutions and Toeplitz operators, see
[15, 16, 17] and references therein. The abstract notion of relative-convolution
operators over homogeneous spaces of locally compact groups introduced in
[16] and studied comprehensively in [10, 18]. The class of locally compact
semi-direct product groups as a large class of non-Abelian groups, has sig-
nificant roles in theories connecting mathematical physics, mathematical the-
ory of coherent states analysis [1, 8, 9, 12, 21] and covariant transforms, see
[2, 3, 4, 5, 18, 19, 20] and standard references therein.

This research work consists of aspects of theoretical nature of abstract rela-
tive Fourier transforms over canonical homogeneous spaces of locally compact
semi-direct product groups with Abelian normal factor. This article aims to
present a unified approach to the abstract harmonic analysis of relative Fourier
transforms over canonical homogeneous spaces of locally compact groups with
Abelian normal factor. The main motivation to present the following approach
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to the abstract Fourier transform is to further develop theoretical aspects of
coherent states analysis and covariant transforms over canonical homogeneous
spaces of semi-direct product groups, see [10, 18, 20] and references therein.

The paper is organized as follows. Section 2 is devoted to fixing notations
and a summary of classical harmonic analysis techniques on locally compact
homogeneous spaces, locally compact semi-direct product groups, and standard
Fourier analysis on locally compact Abelian (LCA) groups. In Section 3, we
assume that H and K are locally compact groups and 6 : H — Aut(K) is a
continuous homomorphism. Further, it is assumed that Gy = H x¢ K is the
semi-direct product of H and K with respect to 6. We briefly study abstract
harmonic analysis properties of the locally compact canonical homogeneous
space (left coset space) Go/H. Then we present the abstract notions of dual
space for the canonical homogeneous space Gg/H, abstract relative Fourier
transform over Gy/H, and we study theoretical aspects of the relative Fourier
transform on function spaces of the canonical homogeneous space (left coset
space) Gp/H. Finally, we illustrate application of our results in the case of
some well-known examples.

2. Preliminaries and notations

Let G be a locally compact group with the left Haar measure m¢ and the
modular function Ag. For p > 1 the notation LP(G) stands for the Banach
function space LP(G,mq). If p = 1, then the standard convolution for f,g €
LY(G) is defined via

(2.1) fog(a) = /G fw)g(y a)dme(y) forz € G.

The involution for f € L1(G) is defined by f*(z) = Ag(z™1)f(z) for z € G.
Then the Banach function space L'(G) equipped with the above convolution
and involution is a Banach *-algebra. The Banach *-algebra L'(G) is commu-
tative if and only if G is Abelian, see [6, 13, 22].

Let H be a closed subgroup of a locally compact group G with the left Haar
measures my and mg, respectively. The left coset space G/H = {zH : z € G}
is considered as a locally compact homogeneous space that G acts on it from
the left. The locally compact left coset space G/H is called a locally compact
pure homogeneous space if the closed subgroup H is not normal in G. The
function space C.(G/H) consists of all Py (f) functions, where f € C.(G) and

Prr(f)(H) = /H f(ah)dmi ().

The mapping Py : C.(G) — C.(G/H) defined by f +— Pg(f) is a surjective
bounded linear operator. Let p be a Radon measure on G/H and z € G.
The translation p® of p is defined by p*(E) = u(xE) for each Borel subset
E of G/H. The measure p is called G-invariant if p* = p for all z € G.
The measure p is called strongly quasi-invariant, if some continuous function
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A: G x G/H — (0,00) satisfies du®(yH) = Mz, yH)du(yH) for z,y € G. If
the function A(x,-) reduces to constant, u is called relatively invariant under
G. A rho-function for the pair (G, H), is a continuous function p : G — (0, 00)
which satisfies

(2.2) p(zh) = i;f EZ; p(z) forzeG, heH.

If H is a closed subgroup of G, the pair (G, H) admits a rho-function and for
each rho-function p on G, there is a strongly quasi-invariant measure p on G/H
such that
Pulf)aH)dutat]) = | f@plaldme(a) for f € L'(G).
G/H G
and

* = M or x
(2.3) du®(yH) = o) du(yH) f eG.

The homogeneous space G/H has a G-invariant measure if and only if Ag|g =
Apg. If p is the strongly quasi invariant measure on G/H arising from the
rho-function p, the mapping Ty : L*(G) — L*(G/H, ), given by

f(zh)
u p(xh)

is a surjective bounded linear operator with || Tg|| < 1, satisfying the Weil’s
formula [6, 13, 22]

(2.4) / TG = | f@ana ().

Let H and K be locally compact groups with identity elements ey and eg
respectively and left Haar measures my and my respectively. Let 8 : H —
Aut(K) be a homomorphism such that the map (h,k) — 6,(k) is continuous
from H x K onto K.

The semi-direct product Gy = H g K is the locally compact topological
group with the underlying set H x K which is equipped by the product topology
and the group operation is defined by

(2.5)  (h,k) xg (B K') = (bW, kOL(K')) and (b, k)"t = (A1, 0,1 (k71)).

The left Haar measure of the locally compact group Gy is

Tu(f)(zH) = dmp (h),

(2.6) dma, (h, k) = 6% r(h)dmp (h)dmg (k),
and the modular function Ag, is
(2.7) A, (h, k) = 0% i () Ap(h)Ak (k) for (h, k) € G,

where the positive continuous homomorphism 5%7 x + H — (0,00) satisfies
[13, 14]

(2.8) dmi (k) = 6% jc(h)dmg (On(k)) for h € H.
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The homomorphism 6 : H — Aut(K) is called trivial if 8;, = Ik for all h € H,
where Ik is the identity automorphism. If 6 : H — Aut(K) is trivial, then
the semi-direct product of H and K with respect to ¢ is precisely the direct
product of H and K. If H := {(h,ex) : h € H} and K := {(ey, k) : k € K},
then K is a closed normal subgroup and H is a closed non-normal subgroup of
Gy. From now on we may use H, K instead of ﬁ, I~(, respectively.

If K is an LCA (locally compact Abelian) group, all irreducible representa-
tions of K are one-dimensional. Thus, if 7 is an irreducible unitary representa-
tion of K we have H, = C. Hence, there exists a continuous homomorphism w
of K into the circle group T = {z € C: |z| = 1}, such that for each k € K and
z € C we have 7(k)(z) = w(k)z. Such homomorphisms are called characters
of K and the set of all such characters of K is denoted by K. ItK equipped
with the topology of compact convergence on K which coincides with the w*-
topology that K inherits as a subset of L>(K), then K with respect to the
product of characters is an LCA group which is called the dual group of K.
The linear map ~: LY(K) — C(K) defined by v — © via

(2.9) ) = [ ool ().

is the Fourier transform on K. It is a norm-decreasing *-homomorphism from
LY(K) into Co(K) with a uniformly dense range in Co(K). The Fourier trans-
form (2.9) on L'(K)NL?(K) is an isometric transform and it extends uniquely
to a unitary isomorphism from L2(K) onto L%(K), and each v € L'(K) with
RS Ll(IA( ) satisfies the following Fourier inversion formula [6, 13, 22]

(2.10) v(k) = /A V(w)w(k)dmg(w) for k € K.

(2.11) tu(x) = /A u(w)w(r)dm g (w),

belongs to L°°(K) and for all v € L'(K) we have the following orthogonality
relation (Parseval formula)

(2.12) /Kv(k)ﬁ(k)de(k) = /A V(w)u(w)dmg(w).

3. Abstract harmonic analysis over canonical homogeneous spaces
of semi-direct product groups

Throughout this section, we assume that H, K are locally compact groups
with given left Haar measures my and my respectively, and 6 : H — Aut(K)
is a continuous homomorphism. Let Gy = H Xy K be the semi-direct product
of H and K with respect to . Then the left coset space

GQ/H = {(h, k)H: (h,k’) S G@},



RELATIVE FOURIER TRANSFORMS 121

is a locally compact homogeneous space. The homogeneous space (left coset
space) Gg/H is called as canonical homogeneous space of the locally compact
semi-direct product Gy = H X9 K. From now on, for k € K the notation kH
stands for the left coset (eq, k)H.

Next proposition states basic properties of the canonical homogeneous space
Gy/H.

Proposition 3.1. Let H, K be locally compact groups and 6 : H — Aut(K) be
a continuous homomorphism. Let Go = H xg K be the semi-direct product of
H and K with respect to 6. Then

(1) H is normal in Gy if and only if 0 is the trivial homomorphism.
(2) For k,k' € K, kH = k'H if and only if k = k.
(3) The canonical left coset space Go/H is precisely the set {kH : k € K}.

Remark 3.2. Proposition 3.1 shows that, if 8 is not the trivial homomorphism,
then the canonical left coset space G/ H is not a locally compact group. Thus,
in this case classical tools and notions of abstract harmonic analysis such as
convolution, involution, dual group, and Fourier transform are not well-defined
for the pure homogeneous space Gy/H.

Remark 3.3. Proposition 3.1 also asserts that the normal factor K parametrizes
the canonical left coset space Gy/H. It should be mentioned that the topolog-
ical spaces K and Gy/H are topologically isomorphic via the homeomorphism
k — kH, although objects of these two spaces are different in general case, see
Section 5.

As an immediate consequence of Proposition 3.1 we can conclude the fol-
lowing useful corollary.

Corollary 3.4. Let p be a rho-function for the pair (Go, H). Then
(1) The linear map P : C.(Gy) — C.(Go/H) is given by

B PuHGH) = [ fhkdma()  for f € C(Go)
(2) The linear map Th : Co(Gy) — Co(Gy/H) is given by
(3.2) Tu(f)(kH) = f(h’k)de(h) for f € Ce(Gh).

H p(ha k)

Remark 3.5. The linear maps Py and Ty have significant roles in abstract har-
monic analysis over homogeneous spaces, see [6, 13, 22]. Corollary 3.4 asserts
connections of partial integration over H with Py and 1.

The function pg : Gy — (0, 00) given by
(3.3) po(h,k) = Au(h)Ag,(h)™" = 6% (h)™ for (h,k) € Go = H ¢ K.

is a rho-function for the pair (Gg, H) which is called as canonical rho-function.
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The canonical rho-function py satisfies

(3.4) (b 0ypo(h Kydmesy () = [ [ b s (e ()
Go HJK

for all f € C.(Gp).

The following result shows that the induced strongly quasi-invariant measure
1 via the canonical rho-function py defined in (3.3) is a relatively invariant
measure.

Proposition 3.6. The induced strongly quasi-invariant measure [y via the
canonical rho-function pg defined in (3.3) is a relatively invariant measure on
the canonical homogeneous space Gg/H .

Next we present basic properties of the relatively invariant measure pg.

Theorem 3.7. Let pg be the relatively invariant measure on the canonical left
coset space Gg/H which arises from the canonical rho-function pg defined in

(3.3). Then

(3.5) / S(kH ) dpg (kH) = / S(kH)dmg (k) for & € L'(Go/H, s),
Go/H K

(3.6) /Ge/Hv(kH)dug(kH) = /Kv(k)de(k) forve LH(K).

Proof. Let ¢ € LY(Go/H, ug) and f € L'(Gy) with Ty (f) = 1. Using the
Weil’s formula, we have

| wttyduoktn = [ Ta(r) ket duaktn) = [ Rydme, (b
Go/H Go/H Gog

By (3.2), we achieve

F(h, k)dme, (h, k)

/ F(h, k)6Y rc(h)dm (h)dmi (k)
Gg K

/ (h.k)
K

: g (h)dmg (k)
f(h,k)
’ h))d k).
/K<th,k: H()) rich)
Thus, we get

(h ,k
/K (/H p(h > dim (k Ty (f)(kH)dm (k)

- /K (kH)dmic (k),

~

m\m\

b

which implies (3.5). The same argument implies (3.6). O
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Remark 3.8. Theorem 3.7 shows that, if we assume left Haar measures on
H, K, then the relatively invariant measure pp on Gg/H, which arises from the
canonical rho-function py defined in (3.3) and satisfies the Weil’s formula, is
normalized automatically such that (3.5) and (3.6) hold.

The mapping I' =Ty : C.(K) — C.(Gy/H) given by v — Ty(v), where T'y(v)
is defined by

To(v)(sH) =wv(s) for s e K,

is well-defined, surjective and injective.

Next result shows that the linear map I'g is a useful tool for analyzing
functions on the canonical homogeneous space Gg/H.

Corollary 3.9. Let g be the relatively invariant measure on the canonical left

coset space Gg/H which arises from the canonical rho-function pg defined in
(3.3) and p > 1. Then

(1) The linear map Ty : C.(K) — C.(Go/H) satisfies
(3.7) ITo (o)l r(@o/bpe) = IVllLr ey for v € Co(K).
(2) The linear map Ty : C.(K) — Co(Gg/H) has a unique extension to the
linear map Ty : LP(K) — LP(Go/H, png) which satisfies
(3-8) ITo()llLr(Go/ ey = I0llLex)y  for v e LP(K).

Proof. (1) Let v € C.(K). Then T'yp(v) € C.(Go/H), and hence we have ¢ :=
[Tg(v)|P € Cc(Gy/H). Using Theorem 3.7, we get

/ [T (o) (k) [Pdpig (KH) = / [T (o) (kE) Pdmc ()
Go/H K

- / (k) Pdimc (k),
K

which implies (3.7).
(2) Tt is straightforward. O

For ¢, ¢" € C.(Gy/H), define the 8-convolution of ¢ and ¢’ by
(3.9) @' (sH) := / o(kH)@' (k™ sH)dug(kH) for sH € Gy/H.
Go/H

Then the integral given in (3.9) converges and the mapping (@, ¢’) — ¢ *g ¢’
is bilinear. Let v,v" € C.(K) with ¢ = T'g(v) and ¢’ = Iy(v'). Then

% o (sH) = /G SO sH o )

- / v(k)' (k™" s)dpg(kH)
Go/H

for all sH € Gyg/H.
The following proposition states the relation of #-convolution with the con-
volution on K.
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Proposition 3.10. Let p,¢’ € C.(Go/H) and v,v" € C.(K) with ¢ = T'g(v)
and ¢ =Tg(v'). Then

(3.10) pxg @ =Tg(vx0).
Proof. Let ¢, ¢’ € C.(Gg/H), and let v,v" € C.(K) with ¢ = Tp(v) and ¢’ =
Tp(v'). Let s € K. Then the function 5 : Gg/H — C defined by

Vs(kH) := o(kH)¢' (k™'sH) = v(k)W/'(k™'s) for kH € Gy/H,
belongs to C.(Gg/H). Invoking Theorem 3.7, we get

| ety 7 sHyduo k) = [ (e )ds k)
Go/H Go/H

- / o (kH ) dm (k).
K
Then we can write

o %0 ' (sH) = /G SO sH o )

- / a(kH)dmg (k)
K

= / v(k)v (k7 s)dmg (k) = v xv'(s),
K

which implies (3.10). O

Similarly, one can define 0-involution of ¢ € C.(Go/H) by
(3.11) % (sH) := A (s (s~ 1H) for sH € Go/H.
Then we have

" =T (U*)a

where v € C.(K) with ¢ = T'y(v).

Next theorem guarantees that the -convolution and the 8-involution defined
by (3.9) and (3.11) on C.(Gy/H), have unique extensions to the Banach space

L' (Go/H, g), where pg is the relatively invariant measure on Gg/H which
arises from the canonical rho-function given in (3.3).

Theorem 3.11. Let pg be the relatively invariant measure on Go/H which
arises from the canonical rho-function pg given by (3.3). The -convolution
given in (3.9) and the O-involution given in (3.11) have unique extensions to
the Banach function space L*(Go/H, ug) in which the Banach function space
LY(Gy/H, o) equipped with the extended -convolution and the extended 0-
involution is a Banach *-algebra.

Proof. Let ¢,¢" € Co(Gg/H) and v,v" € C.(K) such that T'yp(v) = ¢ and
Tp(v') = ¢'. Then Proposition 3.10, implies ¢ *g ¢’ = Tg(v * v’). Thus, we get

(3.12) (@ xg ') = "™ xg ™.



RELATIVE FOURIER TRANSFORMS 125

By (3.7), we can write
e %6 €'l L1 (Go/H1e) = Lo (0 % V)| L1 (o) H o)
= ||’U * ’U/”Ll(K)
<l V' )
= T ()l L1(Go/iuo) 1T ) L1 (Go 1,110
= [lellr(@osHpuo) 1911 L1 (G0 H o)
Similarly, we have
o™l 1 (Go) ooy = Lo (V)21 (G H o 10)
= HU*HLl(K)
= [[vllrxy = el (@o/m )
Thus, for ¢, ¢’ € C.(Gg/H), we achieve
(3.13) e %6 PllLr(Go/mue) < 1PN L1(GosH 1) 19122 (G0 Hp0)

(3.14) ™1 (Go/H o) = PN L1(Go/ H o)

For o, ¢’ € LY (Gy/H, j19), define the extended #-convolution and -involution
respectively, by

(315) © *g (P/ = ||-HL1(G9/H,,LL9) _h’rrln(pn *g (P;w
(316) ga*e = ”'HLl(Ge/H,ue) 7117111190:;9,
where {io},{¢l} C Co(Go/H) with ¢ = || [[13(Gy /e — ity 9 and ¢ =

.11 Gy H o) — limy 7, The extended 6-convolution and f-involution defined
by (3.15) and (3.16) are well-defined and satisfy (3.12), (3.13) and (3.14). Thus,
the extended f-convolution and the extended #-involution make the Banach
space L'(Gg/H, pg) into a Banach x-algebra. O

From now on, we may use the notations *¢ for extended #-convolution and
*o for the extended f-involution on LY(Gy/H, pug).

Corollary 3.12. Let g be the relatively invariant measure on Go/H which
arises from the canonical rho-function pg given by (3.3). Let

©,¢" € L'(Go/H, o).

Then

(3.17)  p*q ' (sH) :/ o(kH)' (k™ sH)dug(kH) for sH € Gy/H,
Go/H

and

(3.18) ©*(sH) = Ag (s H)p(s—1H) for sH € Gy/H.

Corollary 3.13. Let g be the relatively invariant measure on Go/H which
arises from the canonical rho-function pg given by (3.3). Then
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(1) The mapping Ty : L*(K) — LY (Go/H, o) is an isometric *-isomor-
phism.
(2) The 0-convolution is commutative if and only if K is Abelian.

Remark 3.14. Let sg : Go/H — Gy be given by sg(kH) := k for all k € k.
Then sy is a continuous section, called as canonical section of the homogeneous
space Go/H. Let pg be the relatively invariant measure over the canonical
homogeneous space Gp/H which arises from the canonical rho function pg.
The #-convolution operator over the canonical homogeneous spaces Gy/H is
precisely the relative convolution operator associated to the canonical section
sp and the trivial unitary character +: H — C, see [6, 10, 13, 16, 18].

4. Abstract relative Fourier transform over canonical homogeneous
spaces with Abelian normal factor

In this section, we present theoretical aspects of a unified approach to the
notion of Fourier transform over the canonical left coset space Go/H. From
now on in this article, we assume that H is a locally compact group with a left
Haar measure my, K is an LCA group with the dual (character group) K , and
0 : H — Aut(K) is a continuous homomorphism. For simplicity in notations
we may use k" instead of 0, (k) for h € H and k € K. Further, let mg be

~

a Haar measure on K and mg be the normalized Plancherel measure on K
associated to mp.
For w € K and h € H, define wy, : K — T via

(4.1) wp(k) ==wobp-1(k) =w(@,-1(k)) for ke K.
IfwekKand h e H, then wy € IA(, because for k, k' € K we have
wn(kk') = w o B+ (kk')
= w(O-1 (kE"))
= w(0y-1(k)0y-1 (K))
= w(Oy-1(k))w (01 (k) = wn(k)wn (k).
For h € H, define é}:[?—)[?via
(4.2) On(w) = wp, forwe K.
According to (4.1), for h € H we have 0, € Aut(K). Since for k € K, h € H,
and w,w’ € K, we have
(@ In(b) = () 0 By ()
= w.w'(0p-1(K))
= w(Oh-1(k))w' (On-1(k)) = wn(k)wy, ().
Thus, we get

-~ -~

On(w-w) (k) = On(w)(k)0n (W) (k)
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which implies

O (ww') = 0n(w)0h ().

The following theorem gives the connection of the f-action and the normal-
ized Plancherel measure over the dual group.

Theorem 4.1. Let H be a locally compact group, K be an LCA group with
Haar measure my, and mg be the normalized Plancherel measure on K. Let
0 : H — Aut(K) be a continuous homomorphism and 6% ;- : H — (0,00) be
the positive continuous homomorphism which satisfies (2.8). Then

(4.3) mp o0y = 0% i (h) -mg for he H.

Proof. Let h € H be given. Then mp o Hh is a non-zero translation invariant
measure (Haar measure) on the locally compact Abelian group K. To check

this, let £ C K be a Borel subset and ¢ e K. By the translation invariance of
the normalized Plancherel measure m g, we can write

On ({¢w:w e B}
h{&.w Tw e E})

(i soc )

{§h.wh weE E})
€h- {wh NS E})
s {wn:weEY) =mgoby(E).

mp o0 (E.E) =

| T
3 3 3 3
=N =)

—~ o~

K

Thus, by the uniqueness (up to scaling) of Haar measure on locally compact
groups, we get mp o0 = By - mp, where 8, is a positive constant. Now we
claim that §;, = 5?{,1{(}1)- To prove this, let f € L'(K). Then using (2.8), we

have f o6, € L'(K) with | f 0 041 (k) = 6% (W11 (i)~ Thus, for w € K,
we obtain

_ /K £ 0 On (k) (R)dmg (k)
_ / F O (k) (k) dm (k)
/f (O (B))dm (01 (k)
_ /K F (kY an (R)dmg (0,1 (k)
= Shpaclh) [ Fin B () = 6y 1) Fn).
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Let f € LY(K) N L?(K) be non-zero. Then, by Plancherel theorem, we can
write

/A Fl@)Pdmg (wn) = / Flon-1)Pdm g (@)

K K
= 50 e ()? /K 1F0 s ()P ()
= 5 ()? /K 1f 0 0 (k) Pdmc (k)
= 5 e (h)? /K (k) dmc (00 (K))
= 5 () /K (k) P (k)
= 6 () /K Flw)Pdmg (),

which implies
B2, = [ 1F)Pdmz )
= [ ) Pdmg(en)
= Sty aclh) [ 17 Pl () = 8 eI

Since f and hence H]/C\HL2(K) are non-zero, we can conclude that ), = 6% ().
([
Corollary 4.2. The continuous homomorphism 5?{;{ : H — (0,00) is given
by 1
5ilf((h) = 0% (W1 = 0% (R)™" forhe H.

Let 6 : H — Aut(K) be given via h + 6. Then the map h — 0 is a
homomorphism from H into Aut(K). To see this, let h,h' € H, w € K, and
k € K. Then we can write

whw (k) = W(H(hh')*l (k)
= w0101 (k) = Wi (B2 (k) = O (w) (O (k)
Thus, we get
é\hh’ (w)(k) - whh/(k)
= On () (On—1 () = 1[0 ()] (K),

which guarantees that

o~ o~

O (w) = Op [0 ().
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Then we can present the following result.

Theorem 4.3. Let 5%,1( : H — (0,00) be the positive continuous homomor-

phism satisfying (2.8). Then 0:H — Aut([?) is a continuous homomorphism

and the semi-direct product group Gy := H xg K s a locally compact group
with a left Haar measure given by

(4.4) dme, (h,w) = 6% i (h) ™ dmy (h)dmg (w).

Proof. For o € Aut(K), let & € Aut(K) be given for all w € K by o(w) :=
woo ™1, where for all k € K we have woo~1(k) = w(s~1(k)). Then by Theorem
26.9 and Theorem 26.5 of [13], the mapping ~: Aut(K) — Aut(lA() defined by
o +— 0 is a topological group isomorphism and therefore it is continuous. Due
to the following diagram

(4.5) H % Aut(K) - Aut(K),

the homomorphism 0 : H — Aut(K) defined in (4.1) is continuous, which
consequently guarantees that the semi-direct product group Gz = H x5 K is a
locally compact group. Then Theorem 4.1, implies that

dma,(h,w) = 6k (h) " dmy(h)dmz (W),
is a left Haar measure for G5 = H ><§IA(. O
Remark 4.4. The group law for (h,w), (0 ,w') € Gz = H ><§IA( is
(h,w) xz (W, w') = (hh',w.wy).

Definition 4.5. Let H be a locally compact group, K be an LCA group with
dual group K ,and 6 : H — Aut(K) be a continuous homomorphism. The
locally compact group Gz = H I><§IA( is called as 0-dual group or the semi-direct
dual of the locally compact semi-direct product group Gy.

Due to the Pontrjagin duality theorem [6, 13], each k € K defines a character
kon K via k(w) = w(k) and the map k — k is a topological group isomorphism
from K onto K.

Proposition 4.6. For (h, k) € Gy we have

(4.6) O (k) = 05, (k).
Proof. Let (h,k) € Gy and w € K. Then we have
(4.7) O (k) (w) = w1 (k).
Indeed, by (4.1), we can write
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= (wp-1) = wp-1 (k).
Using duality notation and (4.7), we get

—

On(k)(w) = w(Bn(K))
=woOy(k)
= s () = 0n (D)) 0

Remark 4.7. The 0-dual group operation, for (h, E), (W, IZ’) e

(4.8) (h.R) s (W, ) = (b R0 (),

where 6 : H — Aut(K) is given by
(4.9) On (k) (w) = wp—1 (k)
for all w € K and (h, k) € Gy.

Next result is a type of Pontrjagin duality Theorem for the #-dual structure
of the locally compact semi-direct product group Gjy.

Theorem 4.8. Let H be a locally compact group, K be an LCA group with
dual group K, and 6 : H — Aut(K) be a continuous homomorphism. Then

(4.10) (h, k) — O(h, k) == (h, k),
is a topological groups isomorphism from Gg onto Gﬁ'

Proof. Let (h,k), (W k') € Gy. Using (4.6), and since the map k — k is a
topological group homomorphism, we have

O ((h, k) g (W k') = © (bl kO (k)
- (hh’,kW))
- (hh’,Eef(\k:'))
- (hh’,%?h(l?))
= (h, k) xg(h’,l;’) = O(h, k) x5 O(W, k),

which guarantees that © is a homomorphism. The fact that, & — kis a

topological group isomorphism from K onto K , implies that the map © is a
topological group isomorphism as well. ([

Remark 4.9. Theorem 4.8 assures that we can identify elements of G= with Gy
via the topological group isomorphism © defined in (4.10). Form now on, we
may identify an element (h, k) € G; with (h, k), at times.
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Definition 4.10. Let H be a locally compact group, and K be an LCA group
with dual group K. Let 6 : H — Aut(K) be a continuous homomorphism. The
canonical left coset space G5/ H = {(h,w)H : (h,w) € G5} is a locally compact
homogeneous space, which is called as dual homogeneous space of the canonical
locally compact homogeneous space Go/H.

Theorem 4.8 implies that dual of the canonical left coset space Gz/H is the
canonical left coset space Gy/H.
Then we state basic properties of canonical dual homogeneous spaces.

Proposition 4.11. Let H be a locally compact group, and K be an LCA group
with dual group K. Lt : H — Aut(K) be a continuous homomorphism.
Then

(1) H is normal in Gy if and only if § is the trivial homomorphism.

(2) Gg/H is a pure homogeneous space if and only if Gz/H is a pure

homogeneous space.
(3) For w,w' € K, wH = w'H if and only if w = w'.
(4) The canonical homogeneous space Gz/H is precisely {wH : w € K}.

Corollary 4.12. Let p be a rho-function for the pair (Gg, H). Then
(1) The linear map Py : C.(Gy) — Co(Gg/H) is given by

(4.11) Pulg)H) = [ glhw)imu(h) for g € C.(Gy).
(2) The linear map Ty : C.(Gy) — Cc(Gy/H) is given by
[ g9(hw) R
(4.12) Tu(g)(wH) = /H ﬁ(h,w)de(h) for g € Cc(Gyp).
The function pg : Gz — (0,00) given by
(413)  pphw) = A(W)Ag, (W)™ = 6% L (W)™ = 6% (),

for (h,w) € Go = H x4 K, is the canonical rho-function for the pair (Gg, H).
Then we can present the following consequences, due to the structure of the
f-dual group Gj and results of Section 3.

Theorem 4.13. The induced strongly quasi-invariant measure jiz on the can-
onical left coset space G/ H which arises from the rho-function defined in (4.13)
is a relatively invariant measure on Gg/H and satisfies

[ Ol (o) = [ stotdng @) for 6 € L(Gy/H.p).

(4.15) /G A/Hu(w)dug(wH) = /f( w(w)dmg(w) foru e LHK).
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Corollary 4.14. Let uz be the relatively invariant measure on the canoni-
cal homogeneous space Gz/H which arises from the canonical rho-function pg
defined in (4.13) and p > 1. Then,

(1) The linear map 'y : Co(K) — C.(Gz/H) satisfies
(4.16) ITg(wllze(c,/mus) = Wl Loy for we Ce(K).

(2) The linear map I'y : Co(K) — C.(Gg/H) has a unique evtension to the
linear map Tz from LP(K) onto LP(G5/H, ug) which satisfies

(4.17) ICg(wllze(c, s = Wl Loy for we LP(K).

Now we can introduce the abstract notion of relative Fourier transform over
Gy/H.

Definition 4.15. For ¢ € L'(Gg/H, pig), we define the 0-Fourier transform of
v at wH € G5/ H by

(4.18) Foeeth) = | U TR o),

Then the mapping ¢ — Fy(p) is linear, and satisfies
(@19) Fol)H) = [ oo (kH) = [ o(katRduaiH),
Go/H Go/H
where v € L1(K) with ¢ = T'g(v).
The following result gives the relation of the §-Fourier transform defined in
(4.18) with the Fourier transform on K.

Proposition 4.16. Let v € L' (K) with o = Ty(v). Then

(4.20)  Folp)(wH) = /K o(k)o®)dmsc (k) for wH € Gy/H.

Proof. Let ¢ € LYGp/H,pg) and w € K. Let v € LY(K) with ¢ = Tp(v).
Then the function ¢, : Gg/H — C, defined by

Yo (kH) :=To(v)(kH)w(k) = v(k)w(k) for kH € Gy/H,
belongs to L'(Gy/H, ug). Using Theorem 3.7, we have

| ekmatduot) = [ (k) dua(H)
Go/H Go/H

- / o (kH ) dmc (k) = / T () (B dm (k).
K K
which implies (4.20). O
Consequently, we can deduce the following proposition.

Proposition 4.17. The 0-Fourier transform Fo : L'(Go/H, pug) — Co(G5/H )
s a norm-decreasing x-homomorphism.
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Next theorem can be considered as a Parseval formula for the 6-Fourier
transform given in (4.18).

Theorem 4.18. Let pug be the relatively invariant measure on Go/H which
arises from the canonical rho-function pg given by (3.3), and ug be the relatively
invariant measure on Gg/H which arises from the canonical rho-function pg
given by (4.13). Let ¢ € L'(Gz/H, pz). Then the function ¢:Gy/H — C
defined by

(421) Sct) = [ o w(R)dug(oH)
Gy/H
belongs to L>(Gy/H, ug), and for p € L*(Go/H, pg) we have

a2 [ | PEEGEE e (1) = /| ) H S g o).

Proof. By (4.20), for ¢ = T'g(v) € L*(Gy/H, ug) with v € L1 (K) we get
(4.23) Fo(p)(wH) = v(w) = T'z(0)(wH).

Then (4.21) implies b e L>®(Gy/H, pg). Let o € LY (Gy/H, j1g). Then @-g €
LY (Go/H, g), and we can write

/ (kH)G(KH )dpig (kH)
Go/H

=/ p(kH) ( / ¢(wH)w(k‘)dua(wH)> dpug (k)
Go/H Gy/H

/ ( / so(kH)Mdueafm) () dpz(wH)
Gz/H \JGo/H

~ [ Rl s du(H).
Gy/H

The following result is an L'-inversion formula for the §-Fourier transform.

Proposition 4.19. The 0-Fourier transform Fy satisfies the following recon-
struction formula

(1.21) okt = [ Fa@to g

if o € LY (Go/H, ) with Fo(p) € L'(Gg/H, pg).

For ¢ = Ty(v) € L*(Gy/H,ug) with v € L?*(K), we can simultaneously
define the 0-Fourier transform of ¢ by

(4.25) Folp)(wH) =v(w) =T3(0)(wH) for wH € Gz/H.
Then the mapping ¢ — Fy(¢) is linear.
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The following theorem can be considered as a Plancherel formula for the
6-Fourier transform given in (4.25).

Theorem 4.20. Let pg be the relatively invariant measure on Go/H which
arises from the canonical rho-function pe given by (3.3), and let ug be the
relatively invariant measure on Gz/H which arises from the canonical rho-
Junction pg given by (4.13). The 0-Fourier transform Fy is a unitary transform
from L*(Gg/H, pg) onto L*(Gg/H, juiz).

Proof. Let ¢ € L?>(Go/H, pp). Let v € L?(K) with T'g(v) = ¢. Using (3.7) and
(4.25), we have

(4.26) 1Fo ()l 2(ay/m015) = 1050 2G5/ Hpg) = 0]l L2y -

Using Plancherel formula, we have ||6HL2(1?) = [|v||L2(k)- Then using (3.7), we
get

(4.27) [l L2y = 1T ()| 22 (G 11.m0) = Pl L2 (G0 /1 10) -

Thus, we achieve
(4.28) I Fo()L2(cy/m g = Pl L2(G0/H 10)-

Invoking the fact that the standard Fourier transform ~: L2(K) — L2(K)
is unitary, and using (4.25), we obtain that the 6-Fourier transform maps

LQ(GG/H, L) onto L2(G§/H, Mﬁ)- (|

Corollary 4.21. For p,v € L?>(Gy/H, j19) we have

(@20) [ o) aED o (k)= | Fal) ) Fal0) o dug(wH).
Go/H Gg/H

Remark 4.22. The construction of the measures pg and pjy is the main contri-
bution of Theorem 4.20, where the relatively invariant measure g on Go/H
(resp. pg on G/ H) is normalized with respect to the Haar measure mg (resp.
my) such that (3.5) and (3.6) (resp. (4.14) and (4.15)) hold.

The following theorem presents an inversion formula for the relative Fourier
transform in L2-sense.

Theorem 4.23. Let pg be the relatively invariant measure on Go/H which
arises from the canonical rho-function ps given by (3.3), and let ug be the
relatively invariant measure on Gz/H which arises from the canonical rho-
function pg given by (4.13). Let ¥ € L*(Gy/H,puz). Then the function 1 :
Gy/H — C defined by

(4.30) W(kH) = /G K)o

belongs to L*(Gy/H, j19), and we have Fo(¢p) = U.
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Proof. Tt is straightforward to see that 1€ L*(Go/H, pg). Let ® € L*(G5/H, jiz)
and also ¢ € L?(Gg/H, pp) with ® = Fy(¢). Using (4.29), we have

(@, Fo(V)) L2 (G, .5 = (Fo(@), Fo(¥)) L2 (G, H.up)
= (0, V) L2(Go/Hopuo)

— [ okt G o (k)
Go/H

[ ot ( / \P(wH)W(k)dua(wH)> dpto (6H)
Go/H G§/H

/ ( / qs(kH)\P(wH)w(k)due(kH)) dyizwH)
Gz/H \JGo/H

— [ Fa() T dug o)
Gy/H
= (Fo(®): V) r2(Gy ) = (s V) L2(Gy/H g
which implies Fyp(¢) = 0. O
Then we can prove the following result.
Proposition 4.24. For ¢,¢' € L*(Gy/H, ug) we have
(4.31) Folo-p') = Folp) x5 Fol¢').
Proof. Let v,v" € L?*(K) with ¢ = Ip(v) and ¢’ = Ty(v’). Then we have
v’ € LYK) and ¢.¢' € LY (Gy/H, j19). Thus, we can write
Folp-¢") = Fo(To(v)Lp(v))
= Fo(Do(v.0')) = v/ =T 0/
=T5(0) x5 T5(0) = Fo() 5 Fol¢). O

5. Examples

Throughout this section we study aspects of relative Fourier transforms over
canonical homogeneous spaces of some semi-direct product groups with the
Abelian normal factor.

5.1. Canonical homogeneous space of the affine group

Let H := RT = (0,+0) and K := R. Let dz be the Haar measure of the
additive group R and da/a be the Haar measure of the multiplicative group
R*. The continuous affine group ax+b is the semi-direct product H x4 K with
respect to the homomorphism 6 : H — Aut(K) given by a — 0,, where 0,(x) =
ax for x € R and a € (0,00). The underlying manifold of the continuous affine
group is (0,00) x R and the group law is

(5.1) (a,z) xg (a',2') = (ad’,z + ax’).
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Then the canonical left coset space Go/H is {xH : © € R}, where zH =
{(a,2) : a € (0,400)} for all € R. In geometric terms, each coset xH is
precisely the half line with the end point (0, z) which extended indefinitely in
the direction of the positive part of the real axis, and hence the canonical left
coset space Gg/H is the locally compact space consists of all these half lines.

The continuous homomorphism 5%71( : H — (0,00) is given by 5%,1(((1) =
a~! for a € H. The left Haar measure of Gy is dug,(a,z) = a~2dadz. The
linear map Py : C.(Go) — Cc(Go/H) is

+oo a,r
(5.2)  Pu(f)H) = / fa.7)

a
The canonical rho-function p : Gy — (0,00) is p(a,z) = 0% x(a)~
(a,x) € Gy. Thus, the linear map Ty : C.(Gy) — C.(Go/H) is

T fla, x
63 Taem = [ 1

a2
Let pug be the induced relatively invariant measure on the homogeneous space
Gy /H via the canonical rho-function p. Then

———da for f € C.(Gp) and z € R.

L = g for

da for f € C.(Gy) and z € R.

oo 1t fla,x
(5.4) /G/Hgb(xH)dug(zH)/_ /0 %dadm for ¢ € C.(Go/H),

Feo 11 g(a, x
(5.5) /G ettt = [ /0 g(a; ) dadz for & € Cu(Go/H),

where f, g € C.(Gy) are satisfying Py (g) = ¢ and Tu(g) = ¢.

Let dw be the normalized Plancherel (Haar) measure on the character group
R. The character group R can be identified with R via the dual pairing w( )=
(, w> = €27 for 7 € R and w € R. The continuous homomorphism 0:H —
Aut(K) is given by a — , where

(,wa) = (m,é\a(w»

= (0q-1 (2),w)

= (a1 z,w) = e2miwalx,
Thus, G5 has the underlying manifold (0, co) x f&, with the group law given by
(5.6) (a,w) x5 (a',w") = (ad’, wwy).
The continuous homomorphism 59 : H — (0,00) is given by (59 z(a) =afor

a € H. The left Haar measure d[LG (a w) of Gy is precisely dadw The linear
map Py : C(Gg) — Co(Gy/H) is

(5.7)  Pu(f)(wH) = /Om f(“Tf)da for f € C.(G5) and w € R.
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The canonical rho-function p : G5 — (0,00) is p(a,w) = 5;); (@)™t =a"! for
(a,w) € Gj. Thus, the linear map Ty : C.(Gy) — Cc(Gy/H) is

+oo
(5.8) Ty (f)(wH) = /0 f(a,w)da for f € C.(G5) and w € R.

Let pz be the induced relatively invariant measure on the homogeneous space
G5/ H via the canonical rho-function p. Then

oo 1t fa,w
(5.9) /GA/H @(wH)dug(wH):/_ /0 Mcladw for ® € C.(G5/H),

a

+oo +oo
(5.10) /GA/H (I)(wH)dug(wH):[ /0 g(a,w)dadw for ® € C.(G5/H),

where f, g € C.(Gj) with Py (f) = ® and Ty (g) = ®.
Then the relative Fourier transform of ¢ € L' (Ggy/H, u1g) is given by

(5.11) Fo(p)(wH) :/G " p(zH)e ™“*dug(zH) for wH € Gg/H.

5.2. Canonical homogeneous spaces of Euclidean groups

Let n € N, K := R", and H := SO(n). Let E(n) be the group of rigid
motions of K, the group generated by rotations and translations, that is the
semi-direct product of H and K with respect to the continuous homomorphism
0 : SO(n) — Aut(R™) which is given by o +— 0,, where 0,(x) = ox for all
o € SO(n) and x € R™. The group operation for F(n) is

(5.12) (0,%) Xg (0/,x') = (00" ,x+ 0,(xX')) = (00’ ,x + oX').

Since H is compact, we deduce that the continuous homomorphism 5%7 K
H — (0, 00) is the constant function 1. Therefore, dodx is a left Haar measure
for E(n) = Gy and the linear map Ty = Pp : C.(E(n)) — C.(X,) is given by
(5.13)

Ty (f)(xH) = Py (f)(xH) :/ f(o,x)do for f € C.(E(n)) and x € R™.

SO(n)
Also, the canonical rho-function pyg is the constant function 1 and hence the
canonical invariant measure p, := pp on the canonical homogeneous space

X, := E(n)/H is E(n)-invariant. Thus, we can write
(5.14) / o(xH)dpn (xH) = / / flo,x)dodx  for ¢ € C.(Xy),
Xn n JSO(n)

where f € C.(E(n)) satisfies Ty (f) = Pu(f) = ¢.

Identifying R" with R", the continuous homomorphism 6 : SO(n)— Aut(R"™)
is o0 — 0, via

~

(x,05(w)) = (x,ws)
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= (01 (x), w)

= (o7 'x,w) = e 2mi(e W)
where (-,-) stands for the standard inner product of R" and (:,-) is the dual
pairing of R™ and R”. Thus, G has the underlying manifold SO(n) x R™ =
SO(n) x R™ with the group operation
(5.15) (o,w) X5 (o', W') = (o0’ , w+w's).

Then Theorem 4.3 guarantees that de§(0’, w) = dodw is a left Haar measure
for E(n) := Gg, where dw is the normalized Plancherel (Haar) measure on

the character group R™. From now on we denote the dual homogeneous space
G5/H by X57. Then the canonical rho-function pg is the constant function 1 and
hence the canonical invariant measure pp := iz on the canonical homogeneous
space X5 := E(n)/H is E(n)-invariant.

Then the relative Fourier transform of ¢ € L'(X,,, uy,) is given by

(5.16) Folp)(WH) :/ o(xH)e 2" WX) gy, (xH) for wH € X.
Xn

Acknowledgments. Thanks are due to Prof. Hans G. Feichtinger for stimu-
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