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ABSTRACT. A diffeomorphism f has a C'-robust homoclinic tangency if there
is a C'l-neighborhood U of f such that every diffeomorphism in g € U has a
hyperbolic set Ay, depending continuously on g, such that the stable and un-
stable manifolds of Ay have some non-transverse intersection. For every man-
ifold of dimension greater than or equal to three we exhibit a local mechanism
(blender-horseshoes) generating diffeomorphisms with Cl-robust homoclinic
tangencies.

Using blender-horseshoes, we prove that homoclinic classes of C'l-generic
diffeomorphisms containing saddles with different indices and that do not ad-
mit dominated splittings (of appropriate dimensions) display C*-robust homo-
clinic tangencies.

1. INTRODUCTION

1.1. Framework and general setting. A homoclinic tangency is a dynamical
mechanism which is at the heart of a great variety of non-hyperbolic phenomena:
persistent coexistence of infinitely many sinks [22], Hénon-like strange attractors
[5l 20], super-exponential growth of the number of periodic points [19], and non-
existence of symbolic extensions [I5], among others. Moreover, homoclinic bifurca-
tions (homoclinic tangencies and heterodimensional cycles) are conjectured to be
the main source of non-hyperbolic dynamics (Palis denseness conjecture; see [23]).

In this paper, we present a local mechanism generating C'-robust homoclinic
tangencies. Using this construction, we show that the occurrence of robust tangen-
cies is a quite general phenomenon in the non-hyperbolic setting, especially when
the dynamics do not admit a suitable dominated splitting.

Let us now give some basic definitions (in Section 2 we will state precisely the
definitions involved in this paper). A transitive hyperbolic set A has a homoclinic
tangency if there is a pair of points z,y € A such that the stable leaf W3(x) of z
and the unstable leaf W"(y) of y have some non-transverse intersection.

Given a hyperbolic set A of a diffeomorphism f, for g close to f, we denote by
A, the hyperbolic set of g which is the continuation of A (i.e., A, is close to A and
the dynamics of f on A and g on A, are conjugate).
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5112 CHRISTIAN BONATTI AND LORENZO J. DIAZ

Definition 1.1 (Robust cycles).

e Robust homoclinic tangencies: A transitive hyperbolic set A of a C"-diffeo-
morphism f has a C"-robust homoclinic tangency if there is a C"-neighbor-
hood N of f such that for every g € N the continuation A, of A for g has
a homoclinic tangency.

e Robust heterodimensional cycles: A diffeomorphism f has a C"-robust het-
erodimensional cycle if there are transitive hyperbolic sets A and X of f
whose stable bundles have different dimensions and a C"-neighborhood V
of f such that W3 (Ay) NW™(X,) # 0 and W"(Ay) NW3(E,) # 0, for every
diffeomorphism g € V.

Note that, by the Kupka-Smale theorem, C"-generically, invariant manifolds
of periodic points are in general position. Hence, generically, the non-transverse
intersections in a robust cycle (tangency or heterodimensional cycle) involve non-
periodic points (i.e., at least a non-trivial hyperbolic set).

In [21], Newhouse constructed surface diffeomorphisms having hyperbolic sets
(called thick horseshoes) exhibiting C2-robust homoclinic tangencies. Later, he
proved that, in dimension two, homoclinic tangencies of C?-diffeomorphisms yield
thick horseshoes with C2-robust homoclinic tangencies, [22] (see also [24] for a broad
discussion of homoclinic bifurcations on surfaces). With the same C2-regularity as-
sumption, theorems in [27] 25] extend the Newhouse result, proving that homoclinic
tangencies in any dimension lead to C2-robust homoclinic tangencies. In this paper,
we study the occurrence of robust homoclinic tangencies in the C'-setting.

Newhouse construction (thick horseshoes with robust tangencies) involves distor-
tion estimates which are typically C?. The results in [30] present some obstacles for
carrying this construction to the C''-topology: C*'-generic surface diffeomorphisms
do not have thick horseshoes. Recent results by Moreira in [17] are a strong indi-
cation that there are no surface diffeomorphisms exhibiting C'-robust homoclinic
tangencies

Nevertheless, in higher dimensions, there are examples of diffeomorphisms having
hyperbolic sets with C'!-robust tangencies. For instance, the product of a non-trivial
hyperbolic attractor by a normal expansion gives a hyperbolic set A of saddle type,
whose stable manifold has a topological dimension greater than the dimension of
its stable bundle. Then the set A can play the role of thick horseshoes in Newhouse
construction. Geometrical constructions using these kinds of “thick” hyperbolic
sets provide examples of systems with Ct-robust heterodimensional cycles (see [3])
or Cl-robust tangencies (see [28,4]). But these constructions involve quite specific
global dynamical configurations, thus they cannot translate to a general setting.

1.2. Robust homoclinic tangencies. The aim of this paper is to show that
the existence of C''-robust homoclinic tangencies is a common phenomenon in the
non-hyperbolic setting. For instance, the next result is a consequence of the local
mechanism for robust tangencies in Theorem [4.8

IThis question is closely related to the open problem of Cl-density of hyperbolic diffeomor-
phisms on compact surfaces (Smale’s density conjecture). In fact, Moreira’s result implies that
there are no C''-robust homoclinic tangencies associated to hyperbolic basic sets of surface diffeo-
morphisms. See [I] for a discussion of the current state of this conjecture.

2A heterodimensional cycle is a cycle associated to saddles having different indices.
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Theorem 1.2. Let M be a compact manifold with dim(M) > 3. There is a residual
subset R of Diﬁl(M) such that, for every f € R and every periodic saddle P of f
such that

e (index variability) the homoclinic class H(P, f) of P has a periodic sad-
dle Q with dim(E®(Q)) # dim(E®(P)),

e (non-domination) the stable/unstable splitting E5(R) @& E"(R) over the
set of saddles R homoclinically related with P is not dominated,

the saddle P belongs to a transitive hyperbolic set having a C'-robust homoclinic
tangency.

For the precise definitions of homoclinic class and dominated splitting see Defi-
nitions 2.l and 2.4l Let us reformulate Theorem by focusing on the homoclinic
class of a prescribed periodic orbit:

Corollary 1.3. Let M be a compact manifold with dim(M) > 3. Consider a
diffeomorphism f with a saddle Py whose continuation Py, is defined for all g in a
neighborhood U of f in Diffl(M). Assume that

e (generic index variability) there is a residual subset G of U such that,
for every g € G, the homoclinic class of P, of [ contains a saddle Q of
different indez,

e (robust non-domination) for every g € U, the stable/unstable splitting
E’(R) & E"(R) over the set of saddles R homoclinically related with Py is
not dominated.

Then there is an open and dense subset C of U of diffeomorphisms g such that
the saddle P, belongs to a transitive hyperbolic set with a C'-robust homoclinic
tangency.

Remark 1.4. The diffeomorphisms f in the residual subset R of Diff '(M) in The-
orem satisfy the following properties (see |2 Section 2.1] and [I3] Appendix
B.1.1]):

e Every homoclinic class H(Py, f) of f depends continuously on f € R.
Therefore, if H(Py, f) has a dominated splitting, then H(P,, g) also has a
dominated splitting whose bundles have constant dimension for all g € R
close to f.

o Assume that a homoclinic class H(Py, f) of f € R contains saddles of stable
indices j and k, j # k. Then the homoclinic class H(Py, g) also contains
saddles of stable indices j and k for every g € R close to f.

In other words, the conditions in Theorem are C''-open in the residual set R of
Diff ! (M).

The indez interval of a homoclinic class H is the interval [i, j], where ¢ and j are
the minimum and the maximum of the s-indices (dimension of the stable bundle)
of the periodic points in H. The homoclinic class H has index variation if i < j.
Given a transitive hyperbolic set A its s-index is the dimension of its stable bundle.

Corollary 1.5. For every diffeomorphism f in the residual subset R of Diffl(M),
any homoclinic class H of f with index variation, and every k € [i, j|, where [i, j]
is the index interval of H, one has:
e cither there is a dominated splitting E ®_ F (i.e., F dominates E) with
dim(E) =k
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5114 CHRISTIAN BONATTI AND LORENZO J. DIAZ

e or there is a hyperbolic transitive set A C H with s-index k having a C'-
robust homoclinic tangency.

When we are interested only in the existence of robust homoclinic tangencies,
without paying attention to the index of the hyperbolic set involved in their gener-
ation, there is the following reformulation:

Corollary 1.6. There is a residual subset G of Diffl(M) such that for every dif-
feomorphism f € G and every homoclinic class H(P, f) of f with index interval
[i,4], 5 >,
e cither H(P, f) has a dominated splitting
TH(Pvf)M =E” &, Ey G, B Ej D Ecu’

where dim(E) =i and E1, ..., E; are one-dimensional
e or the homoclinic class H(P, f) contains a transitive hyperbolic set with a
robust homoclinic tangency.

In the first case of Corollary [L8 we say that H(P, f) has an indices adapted
dominated splitting.

The previous results have an interesting formulation for tame diffeomorphisms,
i.e., the C'-open set T (M) of Diff* (M) of diffecomorphisms having finitely many
chain recurrence classes (see Definition 23] in a robust way. We define W(M) =
Diff ! (M) \ T(M) as the set of wild diffeomorphisms. Let us observe that, for an
open and dense subset of T (M), a chain recurrence class is either hyperbolic or has
index variation; see [2].

Given a chain recurrence class C of f we first consider the finest dominated split-
ting over C (i.e., the bundles of this splitting cannot be decomposed in a dominated
way). Then we let E® (resp. E") be the sum of the uniformly contracting (resp.
expanding) bundles of this splitting (these bundles may be trivial; see [14]). The
bundles E,..., E} are the remaining non-hyperbolic bundles of the finest domi-
nated splitting of C'. In this way, we get a dominated splitting over C,

TeM=FE&_E\&_ - &_ E,&_ E",

where E® and E" are uniformly contracting and expanding, and E,..., Ey are
indecomposable and non-hyperbolic. We call this splitting the finest central domi-
nated splitting of the chain recurrence C.

Remark 1.7. Let f be any tame diffeomorphisms and H (P, f) any homoclinic class
of f which is far from robust homoclinic tangencies. Then the finest central domi-
nated splitting of H (P, f) is indices adapted. For tame diffeomorphisms, the corol-
lary below gives a more precise description of the relation between the finest central
dominated splitting and the robust homoclinic tangencies associated to a homoclinic
class.

Corollary 1.8. There is a C'-open and dense subset O of the set T (M) of tame
diffeomorphisms such that, for every f in O and every chain recurrence class C' of
f whose finest central dominated splitting is

TeM=FE&_E &_ - &_ E.&_ E",
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foreveryi=1,... k,

forall j € {1,...,dim(E;) — 1}
there is a transitive hyperbolic set K of s-index
ind*(K)=dm(E* @ E1®--- B E;_1)+J

having a C*-robust homoclinic tangency.

dim(E;) > 1 <

Remark 1.9.

(1) Under the hypotheses of Corollary [[L8 [9, Theorem 1.14] implies that
(choosing appropriately the open and dense subset O of T(M)) the hy-
perbolic set K with a C'-robust homoclinic tangency is also involved in a
C'-robust heterodimensional cycle.

(2) Corollary [ can also be stated for isolated chain recurrence classes of
C'-generic diffeomorphisms

This article continues a program for studying the generation of robust cycles
(homoclinic tangencies and heterodimensional cycles) in the C'-topology. In [9]
we proved that homoclinic classes containing periodic points with different indices
generate (by arbitrarily small C'-perturbations) C'-robust heterodimensional cy-
cles. Here we show that these robust heterodimensional cycles generate blender-
horseshoes, a sort of hyperbolic basic set with geometrical properties resembling the
thick horseshoes; see Section[3.2] and Theorem [6.4l We next see that, in the context
of critical dynamics (some suitable non-domination property), blender-horseshoes
yield C-robust tangencies; see Theorem8 In fact, the definition and construction
of blender-horseshoes (a special class of cu-blenders defined in [8]) and Theorem [£.8]
are the technical heart of our arguments and the main topic of this paper.

The results in this paper and the ones in [9] support the following conjecture:

Conjecture 1.10 (Bonatti, [6]). Every C!-diffeomorphism can be C-approzimated
either by a hyperbolic diffeomorphism (Aziom A and the no-cycle property) or by a
diffeomorphism exhibiting a C*-robust cycle (homoclinic tangency or heterodimen-
stonal cycle).

This conjecture is a stronger version of the denseness conjecture by Palis in
[23] (dichotomy hyperbolicity versus approximation by diffeomorphisms with ho-
moclinic bifurcations). The novelty here is that the conjecture considers two disjoint
open sets whose union is dense in the whole set of C''-diffeomorphisms: the hyper-
bolic ones and those with robust cycles. In the setting of tame diffeomorphisms,
a strong version of Conjecture was proved in [0 Theorem 1.14]: every tame
diffeomorphism can be C'-approximated either by hyperbolic diffeomorphisms or
by diffeomorphisms exhibiting robust heterodimensional cycles. Recall that the
Palis conjecture for surface C*-diffeomorphisms was proved in [26] (due to dimen-
sion deficiency, for surface diffeomorphisms the conjecture only involves homoclinic
tangencies).

1.3. Newhouse domains. Following [19], we say that an open set N of Diff " (M)
is a C"-Newhouse domain if there is a dense subset D of A such that every g € D
has a homoclinic tangency (associated to some saddle). A preliminary step toward
Conjecture is the following question.

3By C'-generic diffeomorphisms we mean diffeomorphisms in a residual subset of Diff 1 (M).
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Question 1.11. Let M be a closed manifold and N be a C*-Newhouse domain of
Diff ! (M). Are the diffeomorphisms having C'-robust homoclinic tangencies dense

in N?

If it is not possible to answer positively this question in its full generality, it would
be interesting to provide sufficient conditions for a C'*-Newhouse domain to contain
an open and dense subset of diffeomorphisms with C'-robust homoclinic tangencies.
If the dimension of the ambient manifold is at least three, one may also ask about
the interplay between robust homoclinic tangencies and robust heterodimensional
cycles.

We now briefly discuss Question [[LTIl Before going to our setting, let us re-
view the discussion in [I] about this question for C'-surface diffeomorphisms. Let
Hyp' (M) denote the subset of Diff* (M) consisting of Axiom A diffeomorphisms.
By [26], for surface diffeomorphisms, the open set

N(M?) % Diff' (M?) \ Hyp' (M?)
is a Newhouse domain. The set N'1(M?) is the union of the closure of three pairwise
disjoint open sets O1(M?), O3(M?), and O3(M?) defined as follows.

e The set O1(M?) consists of diffeomorphisms having C*-robust homoclinic
tangencies.

e There is a residual subset Ra(M?) of Oz(M?) such that every f € Ro(M?)
has a homoclinic class H(P, f) that robustly does not admit any dominated
splitting. However, for every hyperbolic set A contained in H(P, f) the
invariant manifolds of A meet transversely. In this case, we say that the
diffeomorphism f has a persistently fragile homoclinic tangency associated
to P.

e There is a residual subset R3(M?) of O3(M?) such that for every diffeo-
morphism f € R3(M?) and every (hyperbolic) periodic point P of f the
homoclinic class H(P, f) is hyperbolic. But there is a sequence of periodic
points (P,), of f such that the hyperbolic homoclinic classes H(P,, f) ac-
cumulate (Hausdorff limit) to an aperiodic class (i.e., a recurrence class
without periodic points).

As mentioned above, Moreira’s result in [I7] provides strong evidence suggesting
that O1(M?) is empty. On the other hand, we do not know whether or not the
sets Oz (M?) and O3(M?) are empty. In fact, Smale density conjecture (hyperbolic
diffeomorphisms are dense in Diff'(M?)) is equivalent to proving that these three
sets are empty.

We now explain how the discussion above is translated to higher dimensions. As
before, we first consider non-hyperbolic diffeomorphisms, that is, the set Diff* (M )\

Hyp' (M). If dim(M) > 3 this set is not a Newhouse domain: it contains open
sets of diffeomorphisms without homoclinic tangencies. Thus we consider the sets
Tangl(M ) of diffeomorphisms having a homoclinic tangency associated to a saddle
and Oy(M) of non-hyperbolic diffeomorphisms far from homoclinic tangencies,

Oo(M) “ Dit (M) \ (Tang" (M) U Hyp' (M)).

Note that this set is non-empty, and it is an open question whether it is contained
in the set of tame diffeomorphisms (in fact, the first author conjectured that Og (M)
consists of tame diffeomorphisms, [6]). The diffeomorphisms in Oy (M) were studied
in several papers; let us just refer to [31] 32] [33].
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From now on, we will focus on the set
N (M) 2 Ditf (M) \ (Op(M) U Hyp' ().

By definition, this set is a Newhouse domain. As in the case of surface diffeo-
morphisms, we split the set N''(M) into three closed sets with pairwise disjoint
interiors. We first define the set O1(M) similarly as the set O1(M?),

O (M) ={f € Diff*(M) with a transitive hyperbolic

set with a robust homoclinic tangency}.

The results in this paper imply that O1(M) is non-empty; see also [4] [28].
We define the set Oz (M) by
Oo(M) ={f € (Diff (M) \ O1(M)) with a persistently
fragile homoclinic tangency}.
Consider the residual set G of Diff (M) in Corollary Then if f is a diffeo-
morphism in G N Oz (M) with a persistently fragile homoclinic tangency associated
to P, then the homoclinic class H (P, f) has no index variation (otherwise one gets

robust homoclinic tangencies).
Finally, define O3(M) by

O5(M) = (Diffl (M) \ Hyp* (M) U Oo(M) U O, (M) U OQ(M)) .

Corollary implies that if f € G N O3(M), then every homoclinic class of f has
an indices adapted dominated splitting. The description of the accumulation of
homoclinic classes of diffeomorphisms in O3(M) is a subtle issue. For instance, by
shrinking G, for diffeomorphisms f € G N O3(M), there are k and a sequence of
saddles P, of index k such that every H(P,, f) has a dominated splitting E &_ F'
with dim(E) = k and the sequence of homoclinic classes H(P,, f) accumulates to
a set A that does not admit a dominated splitting £ &_ F with dim(E) = k (the
set A is the Hausdorff limit of the sequence (H(P,, f))).

We observe that, as a consequence of Corollary [[L8] there is an open and dense
subset of O3(M)U O3(M) consisting of wild diffeomorphisms. Note that we do not
know whether or not the sets O2(M) and O3(M) are empty.

Summarizing, as in the case of surface diffeomorphisms, we have that the New-
house domain A/1(M) is the closure of the union of the pairwise disjoint open sets
01 (M), OQ(M), and OS(M)

This paper is organized as follows. In Section 2] we recall some definitions and
state some notation we will use throughout the paper. In Section Bl we review
the notion of cu-blender in [§] and present the notion of blender-horseshoe, a key
ingredient of our constructions. In Section ] we introduce a class of submanifolds,
called folding manifolds, relative to a blender-horseshoe A. The main result is that
folding manifolds and the local stable manifold of the blender-horseshoe A have
C'-robust tangencies; see Theorem Using this result, we state a sufficient con-
dition for the generation of robust homoclinic tangencies by homoclinic tangencies
associated to hyperbolic sets. In Section [l we see that strong homoclinic intersec-
tions of non-hyperbolic periodic points (i.e., intersections between the strong stable
and unstable manifolds) generate blender-horseshoes. We also see that such strong
intersections naturally occur in the non-hyperbolic setting. Finally, in Section [6] we
conclude the proof of Theorem We also state a result about the occurrence of
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robust heterodimensional cycles inside non-hyperbolic chain recurrence classes; see
Theorem [6.13] which is an extension of [9, Theorem 1.16].

2. DEFINITIONS AND NOTATION

In this section, we define precisely the notions involved in this paper and state
some notation.

Given a closed manifold M, we denote by Diff 1(M ) the space of C''-diffeomor-
phisms endowed with the usual uniform topology.

A diffeomorphism f has a homoclinic tangency associated to a (hyperbolic) sad-
dle R if the unstable manifold W"(R, f) and the stable manifold W*(R, f) of the
orbit of R have some non-transverse intersection.

The s-index (resp. u-index) of a hyperbolic periodic point R, denoted by ind *(R)
(resp. ind"(R)), is the dimension of the stable bundle E® (resp. dimension of E")
of R. We similarly define the s-index and u-index of a transitive hyperbolic set A,
denoted by ind®(A) and ind "(A), respectively.

A heterodimensional cycle of a diffeomorphism f consists of two hyperbolic sad-
dles P and Q of f of different s-indices and two heteroclinic points X € W"(P, f)N
Ws(Q, f) and Y € W3(P, f) n W™(Q, f). In this case, we say that the cycle is
associated to P and Q. Note that (due to insufficient dimensions) at least one of
these intersections is not transverse. The heterodimensional cycle has co-index k if
lind®*(Q) — ind®*(P)| = k (note that k > 1).

Definition 2.1 (Homoclinic class). Consider a diffeomorphism f and a saddle P of
f. The homoclinic class of P, denoted by H(P, f), is the closure of the transverse
intersections of the stable and unstable manifolds of the orbit of P.

Remark 2.2. The homoclinic class H(P, f) can be alternatively defined as the clo-
sure of the saddles Q homoclinically related with P: the stable manifold of the orbit
of @ transversely meets the unstable manifold of the orbit of P, and vice versa.
Although all saddles homoclinically related with P have the same s-index as P,
the homoclinic class H (P, f) may contain periodic orbits of a different s-index from
the one of P (i.e., there are homoclinic classes having index variation). Finally, a
homoclinic class is a transitive set with dense periodic points.

Definition 2.3 (Chain recurrence class). A point z is chain recurrent if for every
€ > 0 there are e-pseudo-orbits starting and ending at z. The chain recurrence
class of x for f, denoted by C(z, f), is the set of points y such that, for every ¢ > 0,
there are e-pseudo-orbits starting at x, passing e-close to y and ending at x.

According to [7], for C'-generic diffeomorphisms, the chain recurrence class of
any periodic point is its homoclinic class.

Definition 2.4 (Dominated splitting). Consider a diffeomorphism f and a compact

f-invariant set A. A D f-invariant splitting TAM = E @ F over A is dominated if
the fibers E, and F, of E and F have constant dimension and there exists k € N

such that
{27 COll i
||Da fR(w)]| 27
for every z € A and every pair of unitary vectors u € F, and w € F,.
This definition means that vectors in the bundle F' are uniformly more expanded
than vectors in E by the derivative D f*. If it occurs, we say that F' dominates E
and write £ @ _ F.
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Remark 2.5. In some cases, one needs to consider splittings with more than two
bundles. A D f-invariant splitting 1 & Ex@- - - @ Ej, over a set A is dominated if for
all j € {1,...,k—1} the splitting £ @EJ]?H is dominated, where E] = E;®---®E,,
1< T

We use the notation £y &_ Eo ®_ --- ®_ Ey, meaning that F; ; dominates Ej,
or equivalently that E{ ®_ EJ, .

As mentioned before, the main goal of this paper is to construct hyperbolic sets
exhibiting homoclinic tangencies in a robust way. We need the following definition.

Definition 2.6 (Robust tangency). Given a diffeomorphism f: M — M, a hyper-
bolic set ' of f with a hyperbolic splitting E° @& E", and a submanifold N C M
with dimension dim(N) = dim(E"), we say that the stable manifold W3(I") of T
and the submanifold N have a C'-robust tangency if for every diffeomorphism g C!
close to f and every submanifold N, C'-close to N, the stable manifold W*(T'y) of
I'y has some non-transverse intersection with Ng.

We are especially interested in the case where N is the unstable manifold W"(P)
of a periodic point P of a non-trivial hyperbolic set I' and N, = W"(P,). In that
case, one gets C'l-robust homoclinic tangencies (associated to I'); recall Defini-
tion [l
Standing notation. Throughout this paper we use the following notation:

e Given a diffeomorphism f and a hyperbolic set Ay of f there is a C'-neigh-
borhood U of f such that every g € U has a hyperbolic set A, called the
continuation of Ay. The set A4 is close to Ay, and the restrictions of f to
Ay and of g to A, are conjugate. If Py is a hyperbolic periodic point, we
denote by P, the continuation of P; for g close to f.

e Given a periodic point P of f we denote by 7(P) its period.

e The perturbations we consider are always arbitrarily small. Thus the sen-
tence there is a C"-perturbation g of f means there is g arbitrarily C"-close

to f.
3. BLENDER-HORSESHOES

In this section, we introduce precisely the definition of a blender-horseshoe, a
particular case of the blenders in [8]. In fact, blender-horseshoes are the main
ingredient of this paper and the key tool for getting robust homoclinic tangencies.
We begin by reviewing the notion of a blender.

3.1. Blenders. The notion of a cu-blender was introduced in [8] as a class of
examples, without a precise and formal definition. Blenders were used to get C'l-
robust transitivity, [8], and robust heterodimensional cycles, [9]. The relevance
of blenders comes from their internal geometry and not from their dynamics: a
cu-blender is a (uniformly) hyperbolic transitive set whose stable set robustly has
Hausdorff dimension greater than its stable bundle. In some sense, this property
resembles and plays a similar role as the thick horseshoes introduced by Newhouse,
[21]. Following [13], Definition 6.11], we now give a tentative formal definition of a
cu-blender:

Definition 3.1 (cu-blender). Let f: M — M be a diffeomorphism. A transitive
hyperbolic set T of f with ind"(I') = k > 2 is a cu-blender if there are a C*-
neighborhood U of f and a C'-open set D of embeddings of (k — 1)-dimensional
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disks D into M such that, for every diffeomorphism g € U, every disk D € D
intersects the local stable manifold W} _(I'y) of the continuation I'y of T for g. The
set D is called the superposition region of the blender.

By definition, the property of a diffeomorphism having a cu-blender is a C'-
robust property.

We do not know whether cu-blenders yield robust tangencies in the sense of
Definition This leads to the following questions:

Question 3.2. Let f: M — M be a diffeomorphism having a cu-blender I" with
k =ind"(T).
e Does there exist a submanifold N C M with dim(N) = k such that W*(T")
and N have a robust tangency?
e Suppose that a submanifold L of dimension k and W*#(T") have a tangency.
Does this tangency yield robust tangencies? More precisely, does there exist
an open set U of Diff '(M), f in the closure of U, of diffeomorphisms g with
robust tangencies associated to I'y and “continuations” of L?

We note that, even for the first cu-blenders constructed in [8, Section 1], these
questions remain open. We will give a partial answer to this question in Theo-
rem (4.8 For that we will introduce a special class of cu-blenders, conjugate to the
usual Smale horseshoe, which we call blender-horseshoes.

3.2. Blender-horseshoes. In this section, we give the precise definition of a blen-
der-horseshoe. This definition involves several concepts as invariant cone-fields,
hyperbolicity, partial hyperbolicity, and Markov partitions, which we will present
separately. Our presentation closely follows [8, Section 1], thus some details of our
construction are just sketched.

3.2.1. Cone-fields. Consider R” = R*®RERY, where s > 0,u > 0, and n = s+u+1.
For a € (0,1), denote by C5, Ci, and C3* the following cone-fields:

Ci(x) ={v=@%v0")eR*BRBOR =T, M : |v°+0"| <a|v’|},
Ciz) ={v=@%v0")eR*BRBOR* =T, M : |v°] <alv®+0"|},
Civ(z) ={v=(%v0v") eR*OROR* =T, M : |v®+0° <alv*]}.

As o € (0,1), one gets that C3 is transverse to Cs, that is, C3(z) N Ci(z) = 0, €
T,M. Moreover, since {0°} x R x {0%} is orthogonal to R® x {(0,0)} and to
{(0°,0)} x R*, one has that Ci"(z) C Ci"(z) for all z.

Consider the cube

C=[-1,1"=[-1,1]° x [-1,1] x [-1,1]“.
We split the boundary of C into three parts:

#C  =09([-1,1]°) x [-1,1] x [-1,1]*,

o°C  =[-1,1°

omc =[-1,1°
We also consider

9"C =[-1,1]° x 9([-1,1] x [-1,1]*) = 9°C U o""C.
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We now consider a local diffeomorphism f: C — R™ and formulate conditions
BH1)-BHSG6) for the maximal invariant set A of f in the cube C,

A=) (),
i€Z
to be a blender-horseshoe, see Definition

BH1) The intersection f(C) N (R® x R x [—1,1]*) consists of two connected
components, denoted f(A) and f(B). Furthermore,

FAUFB) C (=1,1)°* x R x [~1,1]* and
(AUB)N o™ (C) = 0.

We denote f,: A — f(A) and f,: B — f(B) as the restrictions of f to A and
B, respectively. See Figure [Il

ouuC R C

FIGURE 1. Projection in R @ R" of a blender-horseshoe. Condition BH1).

BH2) Cone-fields: The cone-field C5 is strictly Df~!-invariant and the
cone-fields C3 and CL" are strictly D f-invariant. More precisely, there is
0 < &' < « such that, for every x € f(A) U f(B), one has
Df~H(Ci(w)) C Co (f ).
In the same way, for every x € AU B, one has
Df(C* (x)) € CM(f(x)) and  Df(Cu(x)) C Co(f ().
Moreover, the cone-fields C3 and CJ are uniformly expanding and contract-
ing, respectively.
Note that property BH2) is open: by increasing o’ < « slightly, it holds for every
diffeomorphism ¢ in a C! neighborhood of f.
Since f(9""C) is disjoint from RS x [—1,1]* and f(A)U f(B) C (—=1,1)* x R x
[—1,1]*, from condition BH1) one has that
fOC)No([-1,1° x R x [-1,1]*) C f(9°CUO°C).
Furthermore, this is a C'-robust property.
By BH2), the components of f(9(C)) N I([—1,1]° x R x [—1,1]*) are foliated
by disks A tangent to Ci*, i.e., T, A C Ci"(z). Hence these disks are transverse to
A([-1,1]°* x R x [-1,1]*). As a consequence, one gets the following:

Remark 3.3. Under the (C'-robust) hypothesis BH2), hypothesis BH1) is also a
C'-robust property.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



5122 CHRISTIAN BONATTI AND LORENZO J. DIAZ

Remark 3.4 (Hyperbolicity). Consider the maximal invariant set A of f in C,
A=) F(C)
i€z
By BH1) and BH2) the set A is compact and satisfies
A Cint(AUB) C int(C).

Moreover, the set A has a dominated splitting TaM = E®_ F@&_ F, where E C C®,
FeGCCY G CC™, and F is one-dimensional.

By BH2), the set A has a hyperbolic splitting E® & E", where E® = E and
E" = F @G and dim(E®) = s and dim(E") = u + 1. Furthermore, the set A also
has a partially hyperbolic splitting

TAM — Es EB< Ecu @< Euu
with three non-trivial directions, where E°" = F' and E"™ = G and dim(E"™) = u.

Note that E" = E" @ E"". We say that E"" is the strong unstable bundle of A.

3.2.2. Markov partitions. Write
A=f1(f(ANC) and B=f'(f(B)NC).

BH3) Associated Markov partition:
e The sets A and B are both non-empty and connected. That is, the
sets A and B are the connected components of f~(C)NC.
e The sets A and B are horizontal subcubes of C, and their images f(A)
and f(B) are vertical subcubes of C. More precisely,

F(A) U £(B) € (—1,1)° x [-1,1] x [~1,1]* and
AUBC[-1,1)° x (-1,1) x (-1, 1)*.
In other words, f(A)U f(B) is disjoint from 9°*C and A UB is disjoint
from o"C.

As a consequence of BH2) and BH3), one obtains that {A,B} is a Markov
partition generating A. Therefore the dynamics of f in A are conjugate to the full
shift of two symbols. In particular, the hyperbolic set A contains exactly two fixed
points of f, P € A and Q € B. See Figure 2

C

A

A

FIGURE 2. Projection in R x R*. BH3) Markov partition of a
blender-horseshoe.
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3.2.3. uu-disks and their iterates.

Definition 3.5 (s- and uu-disks). A disk A of dimension s contained in C is an
s-disk if

e it is tangent to C3, i.e., Ty A C C5(x) for all x € A, and

e its boundary A is contained in 9%(C).
A disk T C R* x R x [—1,1]* of dimension u is a uu-disk if

e it is tangent to C2", i.e. T, C C"(z) for all x € T, and

e 0T C R* x R x 9([—1,1]*).

Given a point x € A, there is a unique f-invariant manifold of dimension u
tangent at x to the strong unstable bundle E"(x), the strong unstable manifold
W' (z) of x. For points € A, the local invariant manifolds W (x), W _(z), and
Wi (z) are the connected components of the intersections W*(z) NC, W"(z) N C,
and W"(z) N C containing x, respectively.

As a consequence of BH1)-BH3) one gets

Remark 3.6. For every x € A, W () is an s-disk and W% () is a uu-disk.

BH4) uu-disks through the local stable manifolds of P and Q: Let
D and D’ be uu-disks such that D N W3 (P) # 0 and D' N W _(Q) # 0.
Then

DNo(C)=D'Nd*(C)=DnND =
see Figure Bl

WiTH(@Q)
D |
cun
Q
B
P
A C

Wil (P) D’

FIGURE 3. Projection in R @ R*. uu-disks. Condition BH4).

Given any s-disk A, there are two different homotopy classes of uu-disks con-
tained in [—1,1]* x R x [—1, 1]* and disjoint from A. We call these classes uu-disks
at the right and at the left of A. We use the following criterion: the uu-disks dis-
joint from W{ (P) in the homotopy class of Wi%(Q) are at the right of W (P).
The uu-disks disjoint from W} _(P) in the other homotopy class are at the left of
W .(P). We similarly define uu-disks at the left and at the right of W (Q), where
uu-disks at the left of W (Q) are those in the class of W% (P).

According to BH4), uu-disks at the left of W _(P) are also at the left of Wi .(Q).
Analogously, uu-disks at the right of W3 (Q) are also at the right of W _(P).
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Summarizing, there are five possibilities for a uu-disk D in [-1,1]°* xR x [-1, 1]*“:

either D is at the left of W _(P),

or DNWE (P) #0,

or D is at the right of W3 (Q),

or DNWE (Q) #0,

or else D is at the right of W} _(P) and at the left of W (Q). In this case,
we say that the uu-disk D is in between W _(P) and W§ (Q).

As a consequence of BH4) one gets the following.

Remark 3.7 (uu-disks in between W3 (P) and W§ (Q)).

(1) There is a non-empty open subset U of C such that any uu-disk through a
point & € U is in between W (P) and W} (Q). In particular, there exist
uu-disks in between Wi (P) and W (Q).

(2) Every uu-disk A C [-1,1]° xR x [-1,1]* in between W .(P) and W _(Q)
is contained in C and is disjoint from 9°(C).

Consider a uu-disk A C C and write
fAa(A)=f(ANA) and f,(A)=f(ANDB).
According to BH1) and BH2) one gets

Remark 3.8. For every uu-disk A C C, f,(A) and f,(A) are uu-disks in [—1,1]® x
R x [—1,1]*.

BHS5) Positions of images of uu-disks (I): Given any uu-disk A C C, the

following holds:

(1) if A is at the right of W (P), then f,(A) is a uu-disk at the right of
Wl?)c(P%

(2) if A is at the left of W _(P), then f,(A) is a uu-disk at the left of
Wi, (P),

(3) if A is at the right of W} _(Q), then f,(A) is a uu-disk at the right of
WISOC(Q)a

(4) if Ais at the left of W (@), then f,(A) is a uu-disk at the left of
Wi (@),

(5) if A is at the left of W _(P) or AN W (P) # 0, then f,(A) is a
uu-disk at the left of W _(P), and

(6) if A is at the right of W _(Q) or AN WE (Q) # 0, then f,(A) is a
uu-disk at the right of W (Q).

Finally, we state the last condition (which will play a key role) in the definition of
a blender-horseshoe:

BH6) Positions of images of uu-disks (II): Let A be a uu-disk in between
W (P) and W _(Q). Then either f,(A) or f,(A) is a uu-disk in between
Wlsoc(P) and Wlsoc(Q)'

Conditions BH5)-BHG6) are depicted in Figure @
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Fu(F)
D E F B fs(F)
\ A ik
I %] {;
B
- \
A {
Wioe(P) Wi @) f5(D) 1

Ta(D) [A(E)

FIGURE 4. Projection in R @ R*. Disks in between W _(P) and
W .(Q) and their images.

3.2.4. Definition of blender-horseshoe. We now define blender-horseshoesf

Definition 3.9 (Blender-horseshoe). Consider a manifold M of dimension n > 3
and a diffeomorphism f: M — M. A hyperbolic set A of f is a blender-horseshoe
if (in some coordinate system) there are a cube C and families of cone-fields C*, C*,
and C"™ verifying conditions BH1)-BH6) above.

We say that C is the reference cube of the blender-horseshoe A and that the
saddles P and @ are the reference saddles of A, where P is the left saddle and Q
is the right saddle.

Recall that given a hyperbolic set A of a diffeomorphism f there is a C!-
neighborhood U; of f such that every diffeomorphism g € Uy has a hyperbolic
set A, which is close and conjugate to A, called the continuation of A for g. Fol-
lowing [8, Lemma 1.11], one can prove the following;:

Lemma 3.10. Let A be a blender-horseshoe of a diffeomorphism f with reference
cube C and reference saddles P and Q. Then there is a neighborhood Uy of f in
Diffl(M) such that for all g € U, the continuation Ay of A for g is a blender-
horseshoe with reference cube C and reference saddles Py and Q.

Arguing as in [§] (see also [12] for a simple toy model and the example in Sec-
tion 5.1]) one gets the following:

Remark 3.11. Every uu-disk in between W _(P) and W (Q) intersects W (A).
Therefore the blender-horseshoe A is a cu-blender in the sense of Definition [3.1]
where the uu-disks in between W (P) and W} (Q) define its superposition region.

4In some cases, we will use the terminology cu-blender-horseshoe for emphasizing that the
central one-dimensional direction is expanding. Using this terminology, a cs-blender-horseshoe is
a blender-horseshoe for f—1.
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4. ROBUST TANGENCIES

In this section, we introduce a class of submanifolds called folding manifolds
relative to a blender-horseshoe A. The main technical step is Proposition 4] which
claims that folding manifolds are tangent to the local stable manifold W (A) of the
blender-horseshoe A. Moreover, these tangencies are C''-robust; see Theorem
Finally, using blender-horseshoes, in Theorem we give sufficient conditions for
the generation of robust tangencies by a homoclinic tangency.

4.1. Folding manifolds and tangencies associated to blender-horseshoes.
Let A be a blender-horseshoe with reference cube C as in Section Recall that
the dimension of the unstable bundle of A, E* = E* @ E"™, is (u + 1). We say
that the u-index of the blender-horseshoe A is (u + 1) (i.e., the u-index of A as a
hyperbolic set). Define the local stable manifold of A by

WIZC(A) = U Wlf)c(x)a
€A

where W} _(z) is the connected component of W*(z) N C containing .

Remark 4.1. The local stable manifold W (A) of the blender-horseshoe A is the
set of points x € C whose forward orbit remains in the reference cube C.

A new ingredient of this section is the notion of a folding manifold defined as
follows:

Definition 4.2 (Folding manifold). Consider a blender-horseshoe A of u-index
(u + 1) with reference cube C and reference saddles P and Q. A submanifold
S C C of dimension (u + 1) is a folding manifold of A (relative to the saddle P) if
there is a family (S¢);e[o,1] of uu-disks depending continuously on ¢ such that:

e S= Ute[0,1] St

e Sy and Sy intersects W (P), and

e for every t € (0,1), the uu-disk S; is in between W (P) and W} _(Q).
We similarly define a folding manifold (relative to Q). A folding manifold of the
blender-horseshoe A is a folding manifold relative either to P or to Q.

Remark 4.3. Let S be a folding manifold of the blender-horseshoe A. Then there
are a point € S and a non-zero vector v € T, S such that v € C5(x).

A key property of folding manifolds of blender-horseshoes is the following;:

Proposition 4.4. Let S be a folding manifold of a blender-horseshoe A. Then S
and W (M) are tangent at some point z.

To prove this proposition we need the following lemma;:

Lemma 4.5. Consider a diffeomorphism f having a blender-horseshoe A as above.
The image by f of a folding manifold S of A contains a folding manifold of A.

Proof. Let us assume, for instance, that the folding manifold § is relative to P. We
will prove that either f,(S) is a folding manifold relative to P or f,(S) contains a
folding manifold relative to P.

If £,(S) is a folding manifold relative to P we are done. So we can assume
that f,(S) is not a folding manifold. As the uu-disks Sy and S; meet Wi _(P),
by Remark B8 their images f,(Sp) and f,(S1) are uu-disks intersecting W3 _(P).
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Furthermore, by item (I) in BH5), the uu-disk f,(S;) is at the right of W3 _(P),
for every ¢ € (0,1).

Since we are assuming that f,(S) is not a folding manifold relative to P, by
definition of a folding manifold relative to P, there is some to € (0,1) such that
f4(St,) is not at the left of W _(Q) (i.e., it is either at the left of W} (Q) or it
meets W (Q)). Thus, by continuity of the disks f,(S;), there is t; € (0,%0) such
that f, (S, ) NWE(Q) # 0. As Sy, is in between Wi (P) and W _(Q), by BH6),
the image f,(S;,) is in between Wi _(P) and Wi (Q).

By the definition of a folding manifold relative to P, every &; is at the left of
W (Q). Therefore, by item (@) in BH5), f,(S;) is a uu-disk at the left of W (Q),
for every t € (0,1). Moreover, by item (B) in BH5), the images f,(So) and f,(S1)
are uu-disks at the left of W _(P).

Now by continuity of the disks f,(S:) and since f,(S:,) is at the right of
W .(P)), there are parameters to and t3, with to < t1 < t3, such that f,(S,)
and f,(Sy,) are uu-disks intersecting W (P) and f,(S;) is a uu-disk at the right
of W (P), for all t € (ta,t3). Since, by item (@) in BH5), these disks are at the
left of W .(Q), they are in between W _(P) and Wi .(Q). This implies that

U £a(8) € fa(S)

tE€[ta,ts]

is a folding manifold relative to P, ending the proof of the lemma. O
We are now ready to conclude the proof of Proposition 4]

Proof of Proposition L4l Write Sg = S. By Lemmal[4.5] there is a folding manifold
Sy contained in f(Sp). Using Lemma and arguing inductively, we define a
sequence of folding manifolds (S;); of the blender-horseshoe A such that, for every
i >0, S;41 is contained in f(S;). Let

Si = f7U(S)).

In this way we get a nested sequence (Si)i, Si—i—l cS c S, of connected and
compact sets. Thus, by construction, the intersection set

=0

is connected and compact. Moreover, S,, C Sg.

By construction, the whole forward orbit of the set S, is contained in the ref-
erence cube C of the blender. By Remark 1], the set S is contained in W (A).
Note that, as A is totally disconnected (a Cantor set) and S, is connected, there
is some z € A such that

Soo C Wi (2).

Since S; is a folding manifold for every i, Remark [£.3] implies that there is a point
x; € §; and a non-zero vector v; € T,,S; such that v; € C ().

Consider the point #; = f~%(z;) € S; C S and a unitary vector #; parallel to
D, f~*(v;). Note that ©; € T;,S;, thus 9; € T3, S. By the (Df~!)-invariance of the
cone-field C3, condition BH2), we have that 0; € C5(%;). We can assume (taking
a subsequence if necessary) that

Ty = Too € Soo TSN WP (A) and U = Voo-
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Hence zoo € Soo and zo € W _(z). Our construction also implies that vo, € T S.
Finally, also by construction, the vector v, belongs to the intersection

() DF(Cof (200))) = T Wik (2).
i>0
This completes the proof of the proposition. (|

4.2. Robust tangencies. We now return to the problem of robust tangencies in
Question We need the following definition.

Definition 4.6 (Folded submanifolds with respect to a blender-horseshoe). Let
f: M — M be a diffeomorphism having a blender-horseshoe A with reference
saddles P and @ and let N C M be a submanifold of dimension ind "(A).

We say that N is folded with respect to A if the interior of N contains a folding
manifold § = (S;)co,1) relative to some reference saddle A € { P, Q} of the blender.
Here (St)¢eo,1) is the family of uu-disks in Definition .2}, such that:

o SoNW (A) and S NW} (A) are transverse intersection points of N with
Wi (A).
e There is 0 < o < a such that the uu-disks S;, t € [0, 1], are tangent to the
cone-field C37'.
To emphasize the reference saddle A of the blender we consider, we say that the
submanifold N is folded with respect to (A, A).

Remark 4.7. A submanifold to be folded with respect to a blender-horseshoe is a
C'-open property.

As a direct consequence of Proposition 4] and Remark .7 one gets:

Theorem 4.8. Let N C M be a folded submanifold with respect to a blender-
horseshoe A. Then N and W _(A) have a C"-robust tangency.

4.3. Robust homoclinic tangencies. In this section we prove that homoclinic
tangencies associated to blender-horseshoes yield C"-robust homoclinic tangencies.

Theorem 4.9. Consider a transitive hyperbolic set ¥ of a C"-diffeomorphism f
containing a cu-blender-horseshoe and a saddle with a homoclinic tangency. Then
there is a diffeomorphism g arbitrarily C"-close to f such that the continuation 3,
of ¥ has a C"-robust homoclinic tangency.

We need the following lemma.

Lemma 4.10. Consider a C"-diffeomorphism f with a cu-blender-horseshoe A.
Assume that there is a saddle R with ind"(R) = ind"(A) and such that W"(R)
has a tangency with W*(A), where A is a reference saddle of the blender A. Then
there is a diffeomorphism g arbitrarily C"-close to f such that W"(R,) is a folded
manifold with respect to the continuation Ay of the blender-horseshoe A.

By Remark [£7] and Theorem [£.§ one gets:

Corollary 4.11. In Lemma EI0, the stable manifold W (Ag) of the blender-
horseshoe and W"(Ry) have a CT-robust tangency.

Proof of Lemma IO We suppose that A = P is the left reference saddle of the
blender. The proof involves a string of C"-perturbations of the diffeomorphism f.
For simplicity, we also denote these perturbations by f.
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We begin by noting that the center stable bundle E is well defined for every
point = in the local stable manifold W _(A). Recall that W _(A) is the set of
points whose forward orbit remains in the reference cube C of the blender-horseshoe,
Remark 4l Given a point & € W _(A), the subspace E°(x) is the set of vectors
v € T, M such that Df™(v) ¢ (C*(f™(x))\{0}), for every n > 0. The space E(z)
has dimension ind *(A) 41 and depends continuously on the point = € Wi (A) and
on the diffeomorphism f.

First, after considering forward iterations, we can assume that the tangency
intersection point B between W"(R) and W3(P) is in W} (P). Therefore the whole
forward orbit of B is the reference cube C. Recall that P is the left reference saddle
of the blender-horseshoe, thus P is in the “rectangle” A of the Markov partition.
Thus, for any n > 0, f7(B) is defined and belongs to C. Hence E(f*(B)) is well
defined for all i > 0 (recall the comment above). Note that

dim(TpW™(R)) + dim(E(B)) = dim(TpW*(R)) + dim(TW*(P)) + 1
= dim(M) + 1.

Thus after a perturbation, we can assume that TgW"(R) is transverse to E°(B).
Hence there is a subspace V C TpW"(R) of dimension u with V@ E*(B) = TgM,
where (u+ 1) =ind"(A).

Consider any o € (0,a) (« is the constant in the definition of the cone-fields
of the blender). Then, for every n > 0 large enough, one has that Df"(V) is
contained in the cone C1'(f"(B)). For simplicity, let us assume that n = 0, that
is, V.C C*(B). This implies that (up to slightly increasing the constant o/ < «)
there is a small submanifold S € W"(R) such that the point B is in the interior of
S, and S is foliated by disks (St)te[—l,l] of dimension u tangent to the cone-field
Cur.

Using the expansion by Df in the cone-field C;' and considering forward itera-
tions of S by f, we get k > 0 and a submanifold S C f*(S) such that:

e S contains f*(B) in its interior and is tangent to W*(P) at f¥(B), and
e S is foliated by uu-disks S; C f¥(S;), t € [~1,1], where the disks S; are
tangent to C3.

Again for simplicity, we assume that k = 0 and that B € Sp.

After a new perturbation, we can assume that the contact between S and W _(P)
at the point B is quadratic. In particular, there is small € > 0, such that either all
the uu-disks S, t # 0 and t € [—¢, €], are at the left of W _(P) (case (a)), or all
the uu-disks S;, t # 0 and t € [—¢, €, are at the right of W (P) (case (b)). So
after discarding some disks and reparametrizing the family S;, we can assume that
e=1.

Case (a): fort #0, every S; is at the left of Wi (P) 1. After a new perturbation,
we can assume that S is a folding manifold relative to P; see Figure Bl Since, by
construction, S is contained in W™ (R), this concludes the proof in the first case.

Case (b): fort # 0 every S, is at the right of W _(P). By considering positive
iterations of S by f,, one gets a large @ > 0 such that f’(S) meets Wy (Q)
transversely at some points in f% (S, ) and f7 (S, ), where t; < 0 < t5. Once again,
let us assume that ¢ = 0.
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FIGURE 5. Folded manifold: case (a).
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FIGURE 6. Folded manifold: case (b).

We can choose t; and to such that the disks S; are at the left of W} (Q) for
every t € (t1,t2). Recall that, by hypothesis, for all ¢t € [t1,t2] \ {0} the disks
S; are at the right of W} (P). Therefore, we can perform a final perturbation so

that S = Ute[tl,tg] S, is a folding manifold relative to Q; see Figure [d Since S is
contained in W*"(R) this ends the proof of the lemma. O

We are now ready to prove Theorem

Proof of Theorem 4.9 The theorem is a consequence of the following standard per-
turbation lemma;:

Lemma 4.12. Consider a C"-diffeomorphism f, r > 1, a transitive hyperbolic
compact set K (for f) that contains a pair of hyperbolic periodic points P and Q.
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Suppose that the invariant manifolds of Q@ have a homoclinic tangency. Then there
exist diffeomorphisms g and h arbitrarily C"-close to f such that

o W3(Qq,9) and W"(Py, g) have a homoclinic tangency, and
o W%(Qpn,h) and W3(Py,h) have a homoclinic tangency.

Proof. First, the hyperbolicity of K implies that the saddles P and @ have the
same s-index. Using transitivity and hyperbolicity of K, the shadowing property
implies that P and @ are accumulated by orbits of saddles P,, (close to K) of f.
The hyperbolicity of K implies that these saddles are homoclinically related to
P and @. In this way, we obtain a transitive hyperbolic set K; of f containing
the saddles P and @ as well as transverse homoclinic intersection points of these
saddles. Moreover, the set K is locally maximal.

Let « be a tangency point between the invariant manifolds of Q. Since K; is
hyperbolic, the point x does not belong to K;. We fix a constant L > 0 such that
the point z belongs to the invariant manifolds (with respect to the diffeomorphism
f) of size L of ). Denote these invariant manifolds by W3 (Q) and W} (Q). Consider
a small neighborhood U of x such that the forward (resp. backward) iterates of
W3 (Q)NU (resp. W/(Q)NU) are pairwise disjoint.

We consider C"-perturbations g of f of the form g = f o ¢, where ¢ is a C"-
diffeomorphism close to the identity whose support is contained in U. Note that if
U is small enough, then

e the transitive hyperbolic set K7 is not modified by the perturbation; thus
Py, =P and Q4 = Q;

e the intersection W}(Q) N U is not modified by this perturbation; and

e the local stable manifold W3 (Q,, g) is the image by ¢ of the initial manifold
W@, f).

The first part of the lemma follows by noting that, since K; is locally maxi-
mal, transitive, and contains transverse homoclinic intersections of the invariant
manifolds of P and @, there is a sequence of points y,, € K3 N W"(Py, g) that ac-
cumulate on Q. Thus the unstable manifolds of size L of the points y,,, W} (yn, 9),
Cm-accumulate on W"(Qy, g). This allows us to choose a perturbation ¢ such that
Wi (Yn,g) and W3(Qg,g) have a homoclinic tangency. Therefore W"(P,, g) and
W3(Qy, g) have a homoclinic tangency.

A similar argument proves the second part of the lemma. O

Finally, to conclude the proof of Theorem just consider the saddle R of the
blender-horseshoe with a homoclinic tangency and the reference saddle A of the
blender. There is a transitive hyperbolic set containing these two saddles. By
Lemma [£T2] after a perturbation we can assume that the unstable manifold of R
and the stable manifold of P have a homoclinic tangency. Now the theorem follows

from Lemma [0 (and Corollary FTT]). O

5. GENERATION OF BLENDER-HORSESHOES

In this section we see how blender-horseshoes arise naturally in our non-hyper-
bolic setting. First, in Section 5. we review constructions in [I2] providing simple
examples of blender-horseshoes. In Section [5.2] using these constructions, we see
that partially hyperbolic saddles (saddle-node and flip points) with strong homo-
clinic intersections (intersections between the strong stable and strong unstable
manifolds of a non-hyperbolic saddle) yield blender-horseshoes. Finally, following
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[9], in Sections B3] and B4 we prove that co-index one heterodimensional cycles
generate blender-horseshoes. We will see in Section that co-index one cycles
occur naturally in the non-hyperbolic setting.

5.1. Prototypical blender-horseshoes. In this section, we consider a local dif-
feomorphism f having an affine horseshoe A with a dominated splitting with three
non-trivial bundles, £* ©&_ E* ®_ E"", where E" is one-dimensional and E" =
E" @ E"™ is the unstable bundle of A. We suppose that A is contained in a hyper-
plane II tangent to E°@ E" and that the expansion along the direction E°" is close
to one. Under these assumptions we prove that there are perturbations g of f such
that the continuations Ay of A for g are blender-horseshoes; see Proposition .11
We now proceed to the details of this construction; we borrow from [12].
Let D = [-1,1]" and n = s+u, s,u > 1. Consider a diffecomorphism F': R” — R"
having a horseshoe ¥ = NjezF*(D) such that:
e F~1(D)ND consists of two connected components D; = [—1,1]* x U; and
Dy = [-1,1]* x Us, where U; and Us are disjoint topological compact disks
of dimension wu.
e The map F is affine on each rectangle D;: there are linear maps .S;: R — R®
and U;: R* — R%, i =1, 2, such that

(S 0 ' _1 .
o= (5 o) Ishiwsl<az i-ve,

where || 4[| is the norm of the linear map A.

DF

We suppose that, in the usual coordinates (z®,z%) in R® = R® x R*, the fixed
saddles of the horseshoe X are p = (0%,0%) € D; and g = (a®,a") € Ds.

(N L

Dy

o, W

FIGURE 7. An affine horseshoe. The map f 0.

Consider A € (1,2) and the family of local diffeomorphisms (fx ) ue[—e,e Of R+
given by:

s _u _ (F(l.s7xu)7)\x)7 if 2 S Ulu
Pau(a®, ,x){ (F(afx%), Az — p), if z% € Us.

By definition, for small p, the diffeomorphism fy , has two fixed saddles: P =
(0°,0%,0) (independent of A and ) and Qx,, = (a®,a", /(A —1)).
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Let Ay be the maximal invariant set of fy o in (D; UDg) x [—1,1]. Note that
Ax0 =3 x {0} is a hyperbolic set of fy . We say that Ay o is an affine horseshoe
of fxo with central expansion A. Observe that the hyperplane R™ x {0} is not
normally hyperbolic for f .

We denote by Ay, the maximal invariant set of fy , in (D; UDs) x [—1,1]. For
small i, the set Ay , is the continuation of Ay . More precisely, for fixed small
0 > 0 and the cube C5 = [—1,1]° x [—1,1]* x [=6,4], for |u| < (A —1)4d, the set
A, is the maximal invariant set of fy , in Cs. Clearly, P,Qx . € Ax .

Proposition 5.1. For every A > 1 close to 1 and > 0, the set Ay, is a blender-
horseshoe with reference cube Cs and reference saddles P and Qx,, (P is the left
saddle and Q,,, is the right one).

In this section, for notational convenience, we write the central coordinates in
the third position.

Proof. We fix A > 1 and p > 0 and we simply write A, f, P, and @, omitting
the dependence on the parameters. The hyperbolicity of A follows from the hy-
perbolicity of F' and from the normal expansion by A > 1. Consider the constant
bundles

E = R*x {(0*,0)}), E°=({0°,0"} xR), E"=({0°} xR"x{0}).
Since A is less than 2, then
T.R"™ =F*@_E°@®_E"™, we€A,

is a dominated splitting over A. Furthermore, as the bundles above are constant,
the cone-fields CS* and CU% are D f-invariant and C$, is (D f~!)-invariant, for every
€ (0,1). Finally, for small «, C% is uniformly contracting and C2 is uniformly
expanding. This gives condition BH2).
To get conditions BH1) and BH3) let

A=[-1,1)° x U7 ([~1,1]%) x [, ], B=[-1,1)° x Uy *([-1,1]*) x [~6, ]
and
A=[-1,1" x U7 ([~1,1]") x [-A"15, 0714,

—d+p 0+ p
AT x|

B=[11° x Uy} ((-1,1]") x [

Observe that
fA) =51(-1,1)°) x [-1,1]* x [-6,d] and
fB) = S2([-1,1)°) x [-1,1]* x [-4,4].
Observe that the local invariant manifolds of P and @ are:

I/Vl?)c(Pa f) = [_1’ 1]8 X {(0“,0)},

Wie(Q. ) = [F11]" x {(a*, 350
loc( ) ) - {05} [ 1]u X {0}7
Q.f) = {a'} x -1, 1" x {50,
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f/\u

s [ I
I |

FI1GURE 8. Prototypical blender-horseshoe.

It is immediate to check that vertical disks of the form {x*} x [—1, 1]* x {z*} satisfy
condition BH4). To get BH4) for uu-disks it is enough to take o € (0,1) small
enough in the definition of the cone-fields.

Condition BH5) follows from the fact that f, and f, are affine maps preserving
the dominated splitting and whose center eigenvalue A is positive.

A Wiel@.f)

-l
e

1

FIGURE 9. uu-disks and one-dimensional reduction.

It remains to check condition BH6). We first consider vertical disks A parallel
to B,
A= {2} x [=LA]" x {a},
which are in between W (P, f) and W§ (Q, f). This means that z¢ € (0, y%5).
We consider two cases:

Case 1: 2¢ € I = (0, 5{=gy)- In this case, one has that

fa(A)={z°} x [-1,1]* x {Az°}, where Az¢e€ (0, %) .
Thus f,(A) is in between W (P, f) and W} (Q, f).
Case 2: x° € Iy = (§, 5%7). Note that in this case one gets

fa(A)={z°} x [-1,1]* x {A2z® — u}, where Az¢—pe€ (07 ﬁ) .
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Hence f,(A) is in between Wi (P, f) and Wi .(Q, f).

This completes the proof of BH6) for disks parallel to E"".
We next consider general uu-disks. We begin with two claims.

Claim 5.2. Consider 7 < ﬁ and any uu-disk A (i.e. tangent to the cone-field
C2") through a point (z°, 2%, 2°) with ¢ < 71. Then, for every a € (0,1) small
enough:
o f,(A)is at the left of W _(Q),
e assume that the disk A is at the right of W (P); then f,(A) is in between
Wise(P, f) and Wit (@, f).

Proof. The first statement follows from the compactness of the set of vertical disks
with ¢ < 71 and the uniform convergence in « of the uu-disks to the vertical disks
(parallel to E") as a — 0.

From the first part of the claim we know that f, (A) is at the left of W3 (@, f).
It remains to check that f,(A) is at the right of W (P, f). The disk A con-
tains a point of the form (x®, 0%, z¢) with ¢ > 0. Thus f4(A) contains the point
(S1(x®),0%, Az®). This implies that f4(A) is at the right of W _(P, f). O

Arguing as above and using Case 2, one also deduces the following:

Claim 5.3. Consider 75 > £ and any uu-disk A through a point (2, z%,z¢) with
x¢ > 79. Then, for every a € (0,1) small enough:

o f.(A) is at the right of W (P),
e assume that A is at the left of W (Q); then f,(A) is in between W (P, f)

and Wi, (@, f).
To get condition BH6), note that, since (A — 1) € (0,1), one has § < ﬁ
Now it is enough to note that, for o € (0, 1) small enough, for every point (z*, 2", z¢)
in a uu-disk A in between W (P, f) and W _(Q, f) one has:

e cither z° < ﬁ, and then, by Claim 52 f, (A) is in between W (P, f)

and Wi, .(Q, f),
e or z¢ > &, and then, by Claim 3] f,(A) is in between W (P, f) and

)
Wite (@, )
We have checked that the set A satisfies conditions BH1)-BH6). Therefore the
set A is a blender-horseshoe and the proof of Proposition [5.1]is complete. O

5.2. Strong homoclinic intersections and the generation of blenders. In
this section, we state the generation of blender-horseshoes by saddle-node and flip
periodic points with strong homoclinic intersections.

Let f be a diffeomorphism with a periodic point S such that the tangent bundle
of M at S has a Df™(%)-invariant dominated splitting TgM = E°° ®_ E°o_ B,
where E®° is uniformly contracting, E"" is uniformly expanding, and E° is one-
dimensional. We say that S is a saddle-node (vesp. flip) if the eigenvalue of D f7(5)
corresponding to the (one-dimensional) central direction E° is 1 (resp. —1).

Consider the strong stable and unstable manifolds of the orbit of S (denoted by
W(S) and W™ (S)). We say that S has a strong homoclinic intersection if there
is a point X € W*(S) N W"(S) such that X # fi(S) for all i. The point X is a
strong homoclinic point of f associated to S.
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Let f be a diffeomorphism with a strong homoclinic intersection associated to
a saddle-node S. In [9, Section 4.1] it is shown that there are k > 1 and a C*-
perturbation g of f such that g* has an affine horseshoe A associated to S whose
central expansion is arbitrarily close to 1 (recall Section [5.1]). Considering per-
turbations similar to the ones in Proposition 1] [, Sections 4.1.1-2] gives the
following:

Proposition 5.4. Consider a diffeomorphism f having a strong homoclinic inter-
section associated to a saddle-node S. There are a constant k > 0 and a diffeomor-
phism g arbitrarily C-close to f such that g¥ has a cu-blender-horseshoe having S
as a reference saddle.

The same statement holds for cs-blender-horseshoes, i.e. cu-blender-horseshoes

for f~1.

We observe that in [9] the terminology blender-horseshoe is not used. However,
the constructions in [9] provide prototypical blender-horseshoes exactly as the ones
in Section .1l In fact, these constructions are the main motivation (and model)
for our definition of a blender-horseshoe. Thus Proposition [5.4] just reformulates
some results in [9] using this new terminology of blender-horseshoes.

For diffeomorphisms having flip points we need the following lemma (see [9,
Remark 4.6]):

Lemma 5.5. Consider a diffeomorphism f having a strong homoclinic intersection
associated to a flip point S. There is a diffeomorphism g arbitrarily C'-close to f
having a saddle node S’ with a strong homoclinic intersection and such that the
orbit of S’ remains in an arbitrarily small neighborhood of the orbit of the initial
flip point S.

Proof. Consider a 2-parameter family of deformations f,; of f = fy,0 such that:

e the parameter s corresponds to a (non-generic) unfolding of the flip, gen-
erating a saddle-node S’ close to the flip S of period twice the period of S,
and

e the parameter ¢ corresponds to the unfolding of the strong homoclinic in-
tersection of the flip S, the local strong stable manifold of S “passing from
the left to the right” of the local unstable manifold of S.

Then for every s # 0 small enough, there is a small parameter ¢ = t(s), t(s) — 0
as s — 0, such that the saddle-node S’ has a strong homoclinic intersection. ([

5.3. Co-index one cycles and blender-horseshoes. In this section, we borrow
some arguments and results from [2],[9] in order to prove that diffeomorphisms with
co-index one heterodimensional cycles yield blender-horseshoes.

Proposition 5.6. Let f be a diffeomorphism with a heterodimensional cycle asso-
ciated to saddles P and Q with ind®*(P) = ind®*(Q) + 1. Then there is g arbitrarily
C'-close to f with a saddle R such that:

(1) ind®*(R) = ind*(Q), the orbit of R has a dominated splitting E> &_ E° & _
EY" with three non-trivial bundles such that E* and E"™ are uniformly
contracting and expanding, respectively, dim(E*) = ind*(Q), and dim(E°)
has dimension one and is expanding,

(2) there is cu-blender-horseshoe of g having R as a reference saddle,
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(3) W3(R) transversely intersects W*(Q), and
(4) W™ (R) transversely meets W*(P).

The arguments for proving this proposition can be found scattered along several
constructions in [9]. But, unfortunately, this result is not stated explicitly there,
and its proof involves some adaptations of the constructions in [9]. As the proof of
Proposition is somewhat technical, we next explain the sequence of arguments
we borrow from [9] and their adaptations in order to prove this proposition. The
proof of Proposition consists of several reductions to simpler cases that we
proceed to explain. Let us begin with a definition.

Definition 5.7 (Strong-intermediate saddles). Let f be a diffeomorphism having
two periodic saddles P and @ of indices ind*(P) = ind®(Q) + 1. A periodic point
R is strong-intermediate with respect to P and @, denoted by @ <y R <uus P,
if:
e the orbit of R is partially hyperbolic and has a dominated splitting £ @& _
E°¢®_ E" with three non-trivial bundles such that E* and E"" are uni-
formly contracting and expanding, dim(FE*) = ind*(Q), and dim(E°) = 1,
e the strong stable manifold of R meets transversely the unstable manifold
of @, and the strong unstable manifold of R meets transversely the stable
manifold of P, in the formulas,

WS(R) M WHE(Q) #0 and WU(R) h WS(P) # 0.

Note that if a (hyperbolic) saddle R with ind*(R) = ind*(Q) is strong-interme-
diate with respect to P and @, then it satisfies items ([B]) and [) in Proposition (5.6).
We need the following lemma:

Lemma 5.8. Consider two saddles P and @ in the same chain recurrence class C
and a periodic point R which is strong-intermediate with respect to P and Q. Then
ReC.

Proof. We construct a pseudo-orbit going from R to P (the other pseudo-orbits
are obtained similarly). Take a point X € W (R) N W"(Q). Note that there are
arbitrarily large n and m such that {f~"(X),..., f™(X)} is a segment of the orbit
starting (arbitrarily) close to R and ending close to Q. Since Q and P are in the
same chain recurrent class, there is a finite pseudo-orbit going from @ to P. A
pseudo-orbit going from R to P is obtained concatenating these two pseudo-orbits.
This concludes the sketch of the proof of the lemma. O

We now explain the generation of strong-intermediate saddles.

5.3.1. Reduction to the case of cycles associated to saddles with real central eigen-
values. Given a periodic point R of a diffeomorphism f, write A\1(R),..., A\, (R) as
the eigenvalues of D f”(R)(R) counted with multiplicity and ordered in increasing
modulus (|A;(R)] < [X\i+1(R)|). We say that \;(R) is the i-th multiplier of R.

Consider a diffeomorphism f having a co-index one cycle associated to period
points A and B with ind®*(P) = ind*(Q) + 1 = s+ 1. The cycle has real central
eigenvalues if A;11(A) and A;11(B) are both real and

As(A)] < A1 (A)] <1< Asp2(A)] and - [A(B)] <1< [Asa(B)] < [As42(B)]-
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Before proving Proposition [5.6, we recall the following two facts:

Fact 1. [9, Theorem 2.1] claims that if f has a co-index one cycle associated to A
and B, then there is g arbitrarily C''-close to f with a co-index one cycle with real
central eigenvalues. Moreover, this cycle can be chosen as associated to saddles
A; and B; homoclinically related to the continuations A, and B, of A and B,
respectively.

Fact 2. Assume that there is a diffeomorphism h arbitrarily C*-close to g having a
cu-blender-horseshoe A with a reference saddle Ry, which is strong-intermediate to
Aj, and Bj,. Since two saddles being homoclinically related is a C'-robust relation,
one has that Ry is strong-intermediate with respect to A, and Bjp. In this case,
the proof of Proposition is complete.

In view of these two facts, to prove Proposition it is enough to consider
the case where the saddles P and @ in the cycle have real central eigenvalues and
to check that these cycles generate strong-intermediate saddles as in Fact 2; see
Proposition 5.9 We now go to the details of this construction.

5.3.2. Reduction to the generation of saddle-node or flip points. In this section, we
show that Proposition is a consequence of the following result.

Proposition 5.9. Let f be a diffeomorphism with a co-index one cycle associated to
saddles P and Q with real central eigenvalues. Then there is g arbitrarily C*-close
to f having a saddle-node or flip periodic point Ry such that:

e Ry has a strong homoclinic intersection and
o R, is strong-intermediate to P, and Q.

This proposition is a stronger version of [9, Theorem 2.3], adding the strong-
intermediate property of R with respect to P and Q.

Proposition 5.9 implies Proposition 5.6l First, observe that the strong unstable
and strong stable manifolds of R, depend continuously on the diffeomorphism
(while there is defined a continuation of Ry).

If R = R, is a saddle-node, then Proposition (.4 gives a diffeomorphism h
arbitrarily C''-close to g (thus arbitrarily close to f) with a blender-horseshoe having
R as a reference saddle. Therefore, for h close enough to g, one gets the announced
intersections between the strong invariant manifolds (intermediate intersections).

If R is a flip, then Lemma gives a perturbation h of g with a saddle-node
with a strong homoclinic intersection and with the strong-intermediate property.
Thus we are in the first case. This completes the proof of our claim. O

Therefore it is enough to prove Proposition 5.9 The proof of the proposition is
similar to the one of [9, Theorem 2.3] and consists of several steps. We next explain
and adapt these steps.

5.3.3. Reduction to the creation of weak hyperbolic saddles. We now see that Propo-
sition [59] (hence of Proposition [1.6]) follows from:

Proposition 5.10. Let f be a diffeomorphism having a co-index one cycle asso-
ciated to saddles P and @, ind®(P) = ind®*(Q) + 1, with real central eigenvalues.
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1
Then there are a constant C > 1 and a sequence of diffeomorphisms (frn), fn <, I
such that every f, has a periodic point R, such that:

e R, has a one-dimensional center-unstable direction whose corresponding
multiplier XS, satisfies |\5| € [&,C],

o WU(R,,) and W*(R,,) have a quasi-transverse intersection, and therefore
R, has strong homoclinic intersections,

e the periods of R, go to infinity as n — oo, and

e R, is strong-intermediate with respect to P, and Q. (the continuations of

P and Q for fy,).

This proposition is a stronger version of [9, Proposition 3.3, adding the inter-
section property of the strong invariant manifolds.

Proposition B0 implies Proposition [5.9. We proceed exactly as in [9, page 484]
(proof of Theorem 2.3 using Proposition 3.3). We just perform a local C'-per-
turbation of f, supported in a small neighborhood of R,,, turning to the central
eigenvalue of R,, equal to 1 while keeping the strong homoclinic point of R,, and
the transverse intersections W (R, ) M W*(Q,) # 0 and W™ (R,,) h W=(P,) # 0.

In this way, we get diffeomorphisms g (arbitrarily close to f) with saddle-node
or flip points R, (depending on whether A§ is positive or negative) with strong
homoclinic intersections and being strong-intermediate with respect to P, and Q.
This completes the proof of Proposition O

5.4. Proof of Proposition [5.10. The following steps of the proof of [9, Proposi-
tion 3.3] are described in [9 page 484]:

Step 1. One first puts the cycle in a kind of normal form called a simple cycle. In
fact, [9, Proposition 3.5] implies that, after a Cl-perturbation, one can assume that
the cycle is simple.

Step 2. One shows that the dynamics in a simple cycle is given (up to a renor-
malization) by a model family, denoted by FAi ;[t Moreover, perturbations of this
model family correspond to perturbations of the initial dynamics.

Therefore, to prove Proposition .10 it is enough to consider model families
F/\iﬁit and their perturbations. Hence it is enough to adapt the perturbations of
these normal families in order to get the intersection properties between the strong
invariant manifolds.

Proposition 3.8 in [9] claims that the unfolding of co-index one cycles generates
sequences of saddles A, ,, whose orbits are contained in a neighborhood of the
cycle. We now see that these saddles can be taken with the strong-intermediate

property (relative to saddles in the initial cycle).

Lemma 5.11. In [0, Proposition 3.8], for every integer n,m large enough (in
fact larger than the integer N in the statement), all periodic points A, m in the
proposition are strong-intermediate with respect to P and Q.

Note that we have the following string of implications:
Lemma [5.17] = Proposition [5.10] = Proposition [5.9] = Proposition

Therefore to prove Proposition it remains to prove Lemma B.1T}
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Proof. The model maps F )\i ;t are defined on some cubes, and their restrictions to
each of these cubes are affine maps Ay, Bg, Tlit, and 7? which preserve a constant
dominated splitting: the strong stable bundle is the horizontal space R® x {(0,0%)},
the strong unstable bundle is the vertical one {(0%,0)} x R*, and the center bundle
is one-dimensional {0°} x R x {0%}. More precisely (see Figure [I0):

Ay

By
Euu O Eu
% Ec l
E° X
Q /_\ 4P Fss

Ny Y Ny X
Y
TLz‘,

FiGURE 10. The model maps FAiBit

e The maps Ay and Bs are Df™P)(P) and Df™@)(Q) and correspond to
iterates of f close to P and @, respectively.

e The subscripts A and /3 correspond to the central multipliers of D f™(F)(P)
and Df™(@)(Q).

e The maps ’7?; and 755 are the transitions of the cycle. The map T3
corresponds to a fixed number Ny of iterates from a neighborhood of @ to
a neighborhood of P following a segment of orbit of a transverse heteroclinic
point X in W*(P) th W™(Q).

Similarly, the map ’Tlit corresponds to a fixed number N; of iterates from

a neighborhood of P to a neighborhood of @ following a segment of orbit
of a fixed quasi-transverse heteroclinic point Y in W"(P) mh W*(Q). The
parameter ¢ of 7’1% corresponds to the unfolding of the cycle.

e The super-script + is positive if the transition map preserves the orientation
in the central bundle and negative otherwise.

For details see [9 page 488].

By definition, the points A,, ., = (a®,a,a") are fixed points of the composition
B o Tﬁf o A¥ o 7?. In particular, the point A,, , belongs to the domain of the
definition X of 75°; see Figure [l This domain (defined in [9, page 488)) is the
cube

EQ = [—1, 1]5 X [bQ — 5, bQ + (ﬂ X [—1, l]u,
where
[—1,1]° x [bg — d,bg + 6] x {0“} C W*(P) and
{OS} X [bQ -9, bg + 5] X [—1, 1]“ C WU(Q)
Moreover, the local strong stable and strong unstable manifolds of the point A,, ,, =
(a®,a,a") are (see [9, page 495, first paragraph]):
oe(Amn) = [FL1]° x {(a,a")} and WG (Am.n) = {(a®,a)} x [-1,1]".
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FIGURE 11. The intermediate saddle A,, .

This means that

WS (Apmn) MWHQ) # 0 and WE(A,,,) h W (P) # 0.

ocC

Therefore the saddle A,, ,, is strong-intermediate with respect to P and (), ending
the proof of the lemma. O

6. ROBUST TANGENCIES AND HETERODIMENSIONAL CYCLES
FOR C'-GENERIC DIFFEOMORPHISMS

In this section, we prove Theorem First, in Section [G.I, we state some
properties about C'-generic diffeomorphisms. In Section .2, we state the C'-
generic occurrence of blender-horseshoes in homoclinic classes containing saddles
of different indices (Theorem [6.4]). Finally, in Section [6.3] we state the existence
of robust homoclinic tangencies inside homoclinic classes with index variation and
lack of domination (Proposition [6.11]), completing the proof of Theorem We
close this paper by presenting an extension of [9, Theorem 1.16] regarding the
occurrence of robust heterodimensional cycles inside chain recurrence classes (see
Theorem in Section [6.4)).

6.1. C'-generic properties of C'-diffeomorphisms. We now collect some prop-
erties of Cl-generic diffeomorphisms. According to [7, Remarque 1.10] and [2|
Theorem 1], there is a residual subset set G of Diff (M) such that, for every f € G,

e every periodic point of f is hyperbolic,

e for every periodic point P of f, its homoclinic class H(P, f) and its chain
recurrence class C(P, f) are equal,

e any homoclinic class H(P, f) containing periodic points of u-indices o and
B also contains saddles of u-index 7, for every 7 € [a, 5] N N.

Lemma 6.1 ([2, Lemma 2.1)). There is a residual subset Go C G of Diff*(M) such
that, for every f € Gy and every pair of periodic points Py and Q of f, there is a
neighborhood Uy of f in Gy such that:

o cither H(P,,g9) = H(Qg, g) for all g €Uy NGy
e or H(Py,g) NH(Qg,g) =0 for all g € Uy N Gy.
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Remark 6.2 (Proof of Claim 2.2 in [2]). Using a filtration given by Conley the-
ory, one has that the property of two hyperbolic saddles to be in different chain
recurrence classes is C''-robust.

The next lemma claims that, for C'-generic diffeomorphisms, the property of
the chain recurrence classes of two periodic points to be equal is also a C'-robust

property.

Lemma 6.3. Let Gy be the residual set of Diff *(M) in Lemma Gl For every f €
Go and every pair of periodic points Py and Qf of f, the property of Qy belonging
to the chain recurrence class C(Py, f) of Py is C*-robust: if Q¢ € C(Py, f), then
Qg € C(Py,g) for all g C'-close to f.

Proof. Let f € Gy and suppose that Q; € C(Py, f). Since f € G one has that
C(Pys, f) = H(Pt, f). As f € Gy, by Lemma 6.1} there is a C'-open neighborhood
Uy of f such that H(P,,g) = H(Qg,g) for every g € Uy N Gy. In particular,
Qg € H(P,, g) for all g € Uy N Go.

Assume that there is g € Uy such that Q4 ¢ C(P,,g). By Remark [6.2 one
has that Q, ¢ C(Pp,h) for every h in a small neighborhood V, of g contained
in U;. Choosing h € Gy NV, one obtains that @, ¢ C(Py,h) = H(Py,h), a
contradiction. O

6.2. Generation of blender-horseshoes. In this section, we prove that blender-
horseshoes occur C'l-generically for homoclinic classes with index variability (i.e.,
containing saddles with different indices).

Theorem 6.4. There is a residual subset R of Diffl(M) of diffeomorphisms f
such that for every homoclinic class H(P, f) containing a hyperbolic saddle Q with
ind®*(Q) > ind®(P) there is a transitive hyperbolic set ¥ containing P and a cu-
blender-horseshoe A.

Applying Theorem [6.4] to f~* one obtains the following.

Remark 6.5. Under the assumptions of Theorem [6.4] every C'-generic diffeomor-
phism f has a cs-blender-horseshoe containing ) and contained in a transitive
hyperbolic set.

We first prove a version of Theorem [64] for a given fixed saddle Py:

Proposition 6.6. Let U be an open subset ofDiffl(M) and f +— Py be a continuous
map defined on U associating to each f € U a hyperbolic periodic point Pr of f.

There is a residual subset R = Rp of Diffl(M) with the following property. For
every diffeomorphism f € R N U such that H(Py, ) contains a saddle By with
ind®(By) > ind®(Py), there is a transitive hyperbolic set ¥y containing P; and a
cu-blender-horseshoe Ay.

Theorem [6.4] will follow from this proposition using standard genericity argu-
ments (the details can be found at the end of this subsection).

Proof of Proposition [5.4. Consider the residual subset Gy of Diff (M) in Lemma
6.1l Given any f € Gy NU, if H(P, f) contains a saddle By with ind®*(Byf) >
ind®*(Py), then there is a saddle Qy € H(Py, f) with ind®*(Qy) = ind*(Py) + 1.
Furthermore, by Lemma [6.3] if f € Gy the point Q; belongs robustly to the chain
recurrence class C(Py, f). Moreover, C(Py, f) = H(Py, f).
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Let W be the set of diffeomorphisms
ind*(Qy) = ind*(Py) + 1,
W =< felU:Jasaddle Qs € Per(f) with  and
Qy is C'-robustly in C(Py, f)

By definition, the set W is an open subset of U. Let
U =U\W.
By construction the set U; is open and U; U W is dense in U.

Claim 6.7. Let f € GonUy. Then C(Py, f) does not contain any hyperbolic periodic
point Q with ind*(Q) > ind*(Py).

Proof. The proof is by contradiction. Suppose that there is a saddle Q € C (Py, f)
with ind*(Q) > ind®(Py). As f € Go, there is a saddle Q; € C(Py, f) = H(Py, f)
with ind®(Qf) = ind®(Ps) + 1. As f € Gy, the saddle Q belongs C'-robustly to
C(Py, f). Therefore f € W, contradicting the definition of i;. O

Thus, by Lemma [6.3] it is enough to prove Proposition for diffeomorphisms
in W. In other words, the next lemma implies Proposition

Lemma 6.8. The open set of diffeomorphisms f having a transitive hyperbolic set
Xt containing Py and a cu-blender-horseshoe Ay is dense in W.

Proof. Consider f € W and a saddle @y with ind*(Qs) = ind*(Py) + 1 which
belongs robustly to C(Py, f). The next lemma is an immediate consequence of the
Hayashi connecting lemma in [18]:

Lemma 6.9 ([I8]). Let f be a diffeomorphism having a pair of (hyperbolic) saddles
Ay and By whose orbits are different and such that By € H(Ay, f). Then there is
g arbitrarily C'-close to f such that W (Ay, g) N W*(By, g) # 0.

Note that as f € W we have Q¢ € C(Py, f) in a robust way. After a first pertur-
bation, we can assume that f € Gy so that Qy € H(Py, f). We apply Lemma
to the saddles Py and Qs to get a diffeomorphism g close to f with a transverse
intersection between W"(P,, g) and W*(Qy, g). Note that this transverse intersec-
tion persists after perturbation, so that we can assume that ¢ € W N Gy. After
a new application of Lemma we can suppose that W*(P,, g) "N W"(Qg4,9) # 0.
Therefore there is g arbitrarily C*-close to f, having a co-index one cycle associated
to Py and Q.

Applying Proposition to the diffeomorphism g with a co-index one cycle
(associated to P, and @), we get h close to g, thus close to f, with a periodic
point Ry, such that:

e Ry is strong-intermediate with respect to P, and @y,

e Rj, has the same index as P, and

e Ry is a reference saddle of a cu-blender-horseshoe Ay,.
Recall that, by Lemma B.I0, the continuation of this blender-horseshoe is defined
in a neighborhood of h. Thus we can assume that h € Gy.

As the saddle Ry, is (robustly) intermediate with respect to P, and @ and
Qr € C(Pp,h), Lemma B8 implies that R, € C(Py,h). Thus, from Lemma [6.3]
we have that Rj belongs robustly to C(Pr,h). As Rp and P, have the same
index, Lemma [6.9] gives a perturbation ¢ of h with transverse intersections between
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the invariant manifolds of these saddles. That is, the saddles R, and P, are
homoclinically related, thus their homoclinic classes are equal. Therefore, there is
a transitive hyperbolic set 3, containing P, and the cu-blender-horseshoe A, (the

continuation of Ay). This ends the proof of the lemma. O
The proof of Proposition is now complete. O

Proof of Theorem [64l Given a diffecomorphism f, denote by Per,(f) the set of
periodic points P of f of period m(P) < n. To prove Theorem it is enough to
see that, for every n € N, there is a residual set R<,, of diffeomorphisms f such that
the conclusion of the theorem holds for every periodic orbit P € Per,(f). Then it
is enough to take R = (1, R<n.

Note that there is a C'-open and dense subset O, C Diff'(M) of diffeomor-
phisms f such that every periodic point P € Per,(f) is hyperbolic. In particular,
the cardinal of Per,,(f) is finite and locally constant in O,,. Moreover, each periodic
point P € Per,(f) has a hyperbolic continuation in each (open) connected compo-
nent U of the open set O,,. That is, there are a constant k = k(i) and continuous
maps f— P; 5, i=1,...,k, such that Per,(f) ={Pis,..., Py s}, for every f € U.

Note that the set cc(O,,) of connected components of O,, is countable. Therefore
to prove Theorem for periods m < n it is enough to see that this result holds in
each connected component U of O,,. More precisely, for each connected component
U of O, we first build a residual subset Ry, of Diff Y(M) such that the conclusion

holds in the set 73; NU. We now consider the set

Ry = Ry U (On \ U).
Note that the set O, \ U is the union of the open connected components of O,
different from Y. Thus the set O,, \ U is open (and closed) in O,,, and therefore

the set Ry is residual in Diff*(M). Finally, the announced residual subset R<p of
Diff '(M) is the countable intersection of the residual subsets Ry, of Diff ' (M):

Ran= () Ru
Ueccc(O0y,)

To complete the proof of the theorem it remains to define 73; for each component
U of O,,. Given f € U consider Per,(f) = {P1,f,...,Prs}. Foreachi=1,... k,
Proposition [66] gives a residual subset R p, of Diff ' (M) where the conclusion holds.
The residual set Ry, is the finite intersection of the residual sets R p,. The proof of
Theorem is now complete. O

6.3. Robust homoclinic tangencies under lack of domination. In this sec-
tion, we conclude the proof of Theorem regarding C'-generic existence of ro-
bust homoclinic tangencies inside homoclinic classes with index variation and lack
of domination. We first recall a key result stating the relation between lack of
domination and homoclinic tangencies.

Theorem 6.10 (Theorem 1.1 in [I6]). Let Py be a saddle of a diffeomorphism
f such that the stable/unstable splitting defined over the set of periodic points ho-
moclinically related with Py is not dominated. Then there is a diffeomorphism h
arbitrarily C'-close to f with a homoclinic tangency associated to Pj,.

As in Section[6.2] we begin with a version of Theorem [[ 2 for a given fixed saddle.
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Proposition 6.11. Consider a diffeomorphism g and a hyperbolic saddle Py of g.
Let U be an open subset of Diff ' (M) such that the map f — Py (P; a hyperbolic
saddle) is continuous and well defined. Then there is a residual subset Gy of U with
the following property. Let f € Gy be any diffeomorphism such that:

e the chain recurrence class C(Py, f) has a periodic point Q y with ind*(Qy) >
ind*(Py) and
o C(Py, f) does not admit a dominated splitting E &_ F with dim(E) =
ind*(Py).
C(Py, f) has a transitive hyperbolic set containing Py with a C'-robust homoclinic
tangency.

Proof. Let Wy C U be the set of diffeomorphisms f such that the chain recur-
rence class C(Py, f) of Py robustly contains a hyperbolic periodic point Qf with
ind*(Qy) > ind®*(P¢) (i.e., Q, € C(P,,g) for all g C'-close to f). By definition and
Remark [6.2] the set W is open and non-empty. Let

Uy = U\ Ty,

Note that Uy U W), is an open and dense subset of .

Let Uy C U be the set of diffeomorphisms f such that C'(Py, f) has a dominated
splitting E &_ F with dim(F) = ind®(Py). Since the map f — C(Py, f) is upper-
semi-continuous and a dominated splitting persists in a neighborhood of C(Py, f)
by perturbations (for instance, see [13, Chapter B.1]), one gets that the set U is
open. Let

Wi = U\ T,
Then the set U; U W is open and dense in U. As a consequence, the open sets
Uy UU; and Wy N W, are disjoint and their union is dense in U.

Note that we are interested in the subset of U of diffeomorphisms f whose chain
recurrence class C(Py, f) contains points of different indices and does not have an
appropriate dominated splitting, that is, the set set WyNW;. Thus the next lemma
implies the proposition.

Lemma 6.12. The set T of diffeomorphisms g having a hyperbolic set X4 contain-
ing Py and with a C'-robust homoclinic tangency is open and dense in Wy N W;.

Proof. Tt is enough to prove the density of the set 7. Let g € WoNW;. As g € W,y
there is a saddle Q4 with ind®*(Q,) > ind®(P,) such that @, belongs robustly
to C(P,,g). After a Cl-perturbation, we can assume that the diffeomorphism g
simultaneously belongs to the residual set G where C(P,, g) = H(Py, g) and to the
residual set R in Theorem Note that:

e By Theorem[6.4] the set of diffeomorphisms g having a cu-blender-horseshoe
A4 which is contained in a transitive hyperbolic set containing P, is open
and dense in W.

e As g € Wy and H(P,,g9) = C(P,,g), one has that the stable/unstable
splitting defined over the set of periodic points homoclinically related with
P, is not dominated. Otherwise, this dominated splitting could be extended
to the closure of these points (the whole H(P,, g)) in a dominated way (see
[13, Chapter B.1]), which is a contradiction.

e Since the stable/unstable splitting defined over the set of periodic points
homoclinically related with P, is not dominated, Theorem implies
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that there is a diffeomorphism h arbitrarily C'-close to g with a homoclinic
tangency associated to Pj,.

Theorem [£.9Inow implies that there is a diffeomorphism ¢ arbitrarily close to g with
a transitive hyperbolic set containing P, and having a robust homoclinic tangency.

This ends the proof of the lemma. O
The proof of Proposition [6.17] is now complete. O

6.3.1. End of the proof of Theorem [L2l The proof of Theorem using Proposi-
tion [B.11]is almost identical to the proof of Theorem [6.4] using Proposition [6.6l It is
enough to see that, for every n € N, there is a residual set G<,, of diffeomorphisms
f for which the conclusion of the theorem holds for the points in Per,,(f).

This proof is similar to the one of Theorem [6.4] so we will omit some details.
As in Theorem [B.4] we consider the C'-open and dense subset ©,, C Diff*(M) of
diffeomorphisms f such that every periodic point in Per, (f) is hyperbolic. Recall
that the number of elements of Per,,(f) is finite and locally constant, and that each
periodic point in Per,(f) has a hyperbolic continuation on each (open) connected
component of O,.

To state Theorem for periodic points in Per, (f), it is enough to prove it in
each connected component U € cc(O,,) (recall that cc(O,,) is countable): for each

connected component U, we construct a residual subset G;; such that the conclusion
holds in the set G;y NU. Then we let

gu = &Z[ U (On \Z/{)
and define

Uecc(Oy)

To define é; for a component U of O,, given a diffeomorphism f € U write
Per,(f) ={Pi,f,...,Pr,r} (k= k(U)) and consider the continuous maps f — P; ¢,
i€{1,...,k}, defined on Y. For each i, Proposition [E.11] provides a residual subset
where the conclusion of the theorem holds for P; y. Now it is enough to define

Gu as the intersection of these residual sets. The proof of Theorem is now
complete. ([l

6.4. Robust cycles in non-hyperbolic chain recurrence classes. We close
this paper by stating an extension of [9, Theorem 1.16]. The novelty of this version
is that the hyperbolic sets involved in the robust cycle are contained in a prescribed
chain recurrence class. We note that [9] does not give information about the relation
between the hyperbolic set involved in the robust cycle and the saddles in the initial
cycle.

Theorem 6.13. There is a residual subset R C Diffl(M) with the following prop-
erty. Consider any diffeomorphism f € R having a chain recurrence class C' with
two saddles P and Q such that ind®(P) = ind*(Q) + 1. Then f has a C'-robust

heterodimensional cycle associated to hyperbolic sets A and ¥ containing P and Q.

Since this result follows from arguments similar to the ones in the previous
sections and as robust heterodimensional cycles are not the main topic of this
paper, we just give some hints for the proof.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ABUNDANCE OF C!'-ROBUST HOMOCLINIC TANGENCIES 5147

As in the proofs above, it is enough to state a local version of the theorem

for

a given saddle P. Then the general version follows using standard genericity

arguments identical to the ones in Sections and

To get the local version of the theorem, note that for generic diffeomorphisms
f, the saddle @ is robustly in the chain recurrence class C(P, f) and there is a cu-
blender-horseshoe ¥ associated to Q. In this step, the strongly intermediate points
given by Proposition 5.6 play a key role. Finally, a perturbation gives a robust cycle

wit

h a transverse intersection between W#(P) and W"(Q) and a robust intersection

of W*(P) with W#(X). This completes the brief sketch of the proof.
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