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1. Introduction

In 1976 [He] Hénon performed a numerical study of the family of diffeomorphisms of the
plane h, (2, y)=(1—az?+y,bzx) and detected for parameter values a=1.4, b=0.3, what
seemed to be a non-trivial attractor with a highly intricate geometric structure. This
family has since then been the subject of intense research, both numerical and theoretical,
but its dynamics is still far from being completely understood. In particular one could
not exclude the possibility that the attractor observed by Hénon were just a periodic
orbit with a very high period.

Recently, in a remarkable paper [BC2], Benedicks and Carleson were able to show
that this is not the case, at least for a positive Lebesgue measure set of parameter values
near a=2, b=0. More precisely, they showed that if b>0 is small enough then for a
positive measure set of a-values near a=2 the corresponding diffeomorphism h, 5 exhibits
a strange attractor. Their argument is a very creative extension of the techniques they
had previously developed in [BC1] for the study of the quadratic family on the real line
and no doubt it will be important for the understanding of several other situations of
complicated, nonhyperbolic dynamics.

When acquainted in 1985 with the work by Benedicks and Carleson, then in progress,
Palis suggested that one should in this context think of the Hénon family as a particular,
although important, model for the creation of a horseshoe and that the emphasis should
be put on the occurrence of unfoldings of homoclinic tangencies. He proposed that the
correct setting for Benedicks—Carleson’s results is within this more general framework of
homoclinic bifurcations and stated the following

Congjecture. Generic one-parameter families of surface diffeomorphisms unfolding a
homoclinic tangency exhibit strange attractors or repellers in a persistent way in the
measure-theoretic sense (i.e. for a positive measure set of values of the parameter).
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He also suggested the following program for the proof of this conjecture: to extend
Benedicks—Carleson’s methods and results to more general perturbations of the family
of quadratic maps on the real line—Hénon-like families—and then make use of the fact
that generic families of surface diffeomorphisms with homoclinic tangencies admit renor-
malizations which are Hénon-like, see [PT2, Chapter III]. The main goal of this paper is
to carry on this program and so prove Palis’ conjecture.

THEOREM A. Let (f.). be a C* one-parameter family of diffeomorphisms on a
surface and suppose that fu has a homoclinic tangency associated to some periodic point
Po- Then, under generic (even open and dense) assumptions, there is a positive Lebesgue
measure set E of parameter values near p=0, such that for u€ E the diffeomorphism f,
exhibits a strange attractor, or repeller, near the orbit of tangency.

By an attractor we mean a compact invariant set A having a dense orbit and whose
stable set W*(A) has non-empty interior. We call an attractor strange if it has a dense
orbit with positive Lyapunov exponent (“sensitive dependence on initial conditions”,
Ruelle and Eckmann [RE]). Obviously, strange attractors are always non-trivial (i.e.
non-periodic) and in our setting they are even non-hyperbolic as will be seen below.
Similar definitions and comments hold for repellers.

The generic assumptions mentioned in the statement are those required by the renor-
malization construction described in Section 2 and are explicitly stated there. Qur defi-
nition of Hénon-like families is through Theorem 2.1. Up to conjugacy this is the same
notion as in [PT2], but we need some more information that we also provide in Section 2.
Theorem A is a direct consequence of this and the following generalization of the main
theorem in [BC2].

THEOREM B. Let 0<c<log2 and o=(p,)a be a Hénon-like family (see Theorem
2.1). Then, there is E=E(c,¢)C(1,2), with positive Lebesgue measure, such that for
every a€E there is a compact, p,-invariant set A=A, satisfying:

(a) The stable set W*(A) of A has non-empty interior.

(b) There is 21 €A such that

(i) {¢h(21):n>0} is dense in A,
(i) [De2(z1)-(1, 0)l| =€ for all 0.

Hénon-like maps are (strongly) area-contracting everywhere in their domain and so
(Plykin [Py]) they can not have non-trivial hyperbolic attractors. Hence, as we have
mentioned before, the strange attractors we find are always nonhyperbolic.

The proof of Theorem B occupies nearly all the paper and consists basically of
variations of the arguments in [BC2], with several of them extended in order to fit into
our more general setting. In the present paper we might have restricted ourselves to
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the description of the changes that we need to perform in [BC2], but this would make
our presentation hardly readable. Instead, we insert these changes in a fairly detailed
overview of Benedicks—Carleson’s beautiful and yet difficult construction. In particular,
by emphasizing their geometrical aspects, we clarify several of the hardest points in this
construction: definition of critical points, induction structure, parameter exclusions, etc.
A simplification of the arguments was also possible at some places, e.g: Section 10.

We also observe that the same arguments we use to obtain Theorems A and B apply
(in a considerably easier form) to the one-dimensional setting and yield a proof of the
abundance of strange attractors for families of endomorphisms of the circle or the interval
(while unfolding a homoclinic bifiircation). ‘Thus, we obtain as a corollary the next

THEOREM C. Let (f.). be a smooth family of maps on [0,1] or S* and po be a
hyperbolic periodic point for fo. Suppose that the negative orbit of po intersects the
unstable set W*(pg) in a non-degenerate critical point of fo. Then, if this homoclinic
tangency unfolds generically, there is a positive measure set of p-values near u=0 for
which f,, ezhibits strange attractors.

Several comments are in order on the meaning and scope of our results. Palis has
recently proposed a program for a theory of homoclinic bifurcations containing a fairly
extensive description of the extraordinary richness of phenomena associated to the unfold-
ing of a homoclinic tangency: cascades of bifurcations, persistent tangencies, infinitely
many sinks, hyperbolicity, strange attractors, etc. As a scenario for this program, he
stated the following (very difficult) conjecture: given a surface diffeomorphism, it can
be approximated either by a stable (hyperbolic) diffeomorphism or by one exhibiting a
homoclinic tangency. In view of Theorem A, this means that one expects strange attrac-
tors to be a very typical phenomenoh under nonhyperbolicity of the diffeomorphism (i.e.
of its limit set).

On the other hand, the strange attractors we find in the context of Theorem A
(or B) are fairly structured and seem to share some of the properties of hyperbolic
attractors. One such property concerns the eigenvalues of the periodic points contained
in the attractor. Analogy to what happens in the one-dimensional case (Theorem C)
suggests that all these eigenvalues are uniformly bounded away from 1 in norm; it seems
of interest to decide whether this is indeed so.

Another important property regards the existence of invariant measures supported
on the attractor. Benedicks and Young have recently announced the construction of
SRB-measures for the strange attractors in {[BC2]. In view of the arguments we present
here it seems likely that their construction extends to general families of diffeomorphisms
with homoclinic bifurcations.
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The proof of Theorem B raises a few other questions which are of interest. A first
one concerns the basin of the attractor A: for the orientation reversing case (including
the Hénon family for b>0) we observe in Section 4 that W*(A) contains a neighborhood
of A; the same seems to hold also in the orientation preserving case but so far we could
not give a full argument to prove this.

For the one-dimensional quadratic family Q,(z)=1—az? the set of a-values for which
Q. has chaotic behaviour (positive Lyapunov exponent on the critical orbit) has density 1
at a=2, see Section 3. Now, a=2 corresponds to simultaneous homoclinic and heteroclinic
tangencies for the family Q=(Q,), and so such tangencies exist also (at parameter values
near a=2) for every family ¢=(p,)s of surface diffeomorphisms sufficiently close to
Ya(z,y)=(1—a2?,0). It is natural to ask for the bifurcation parameters denoted in
Section 4 by a4 (p), whether they are points of positive density for the set of a-values
corresponding to which ¢, has strange attractors. This is not known even for the Hénon
family. Observe that one cannot expect this to hold for general homoclinic bifurcations,
by Palis-Takens [PT1].

For the proof of Theorem A we assume, see Section 2, the homoclinic tangency to
be non-degenerate (quadratic), but this seems unnecessary. Thus, most certainly, we
can apply our results to the situation originally considered by Hénon, since very likely
homoclinic bifurcations occur for the Hénon family at parameter values near a=1.4,
b=0.3. In a small scale, this provides an explanation for the chaotic behaviour detected
by Hénon. However, the question concerning the existence of a global strange attractor,
as probably initially intended by Hénon, remains an open and very interesting question.

In a work in development, the second author is also proving Theorem A for higher-
dimensional manifolds, under the assumptions of codimension one and strong dissipa-
tiveness. More precisely for a family (f.), of diffeomorphisms on an n-manifold, with
a homoclinic tangency associated to a hyperbolic periodic point py of fy, we assume
that dim E*(pg)=1 and |oA,-1|<1, where |A;|<...<|An-1]<1<]0o| are the eigenvalues
of Df¥(po), k= period of pq.
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2. Hénon-like families

Let (f.)u be a C™ one-parameter family of diffeomorphisms on a surface, unfolding a
homoclinic tangency associated to a hyperbolic fixed (or periodic) point py of fo. Let
1<r<oo be fixed. We show that, under generic assumptions (including dissipativeness
of fo at po), one can find renormalizations of (f,), which are arbitrarily C” close to
the family of endomorphisms 9,(z,y)=(1—az?,0). By this we mean that there are
(small) domains U,, on the surface converging to a point g of the orbit of tangency,
(small) intervals I,, converging to u=0 in the parameter space and C" n-dependent
coordinates on I, x Uy, with the property that, as n— o0, the expression of |1, xv, in
these coordinates converges to ¢ in the C" topology, see Figure 1. This construction is
a variation of [PT2, §II1.4] and so we only outline the main ideas, the details being easy
to complete. On the other hand, we also derive additional properties of renormalized
families for use in the forthcoming sections.

Assume first that there are u-dependent C™ linearizing coordinates (§,7) for f,,
defined in a neighbourhood U of p,, the analytic continuation of po. Up to a rescaling of
these coordinates we may assume that U contains {(¢,7):|¢]<2, |n|<2} and that ¢=(1,0)
and u=(0, 1) belong to the orbit of tangency, u=f§'(g). Let f, be area contracting at
pu for small y: |det Df,(p,)|<1.

The area expanding case is treated in the same way simply by replacing f by f!
in what follows. We denote by A=)\, and o=0, the eigenvalues of Df,(p,) which we
may assume to satisfy 0<A<1<o.
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Finally, the tangency is assumed to be non-degenerate (quadratic) and to unfold
generically with y. This means that

N (+€,m) = (€®+Bn+vp+Hi(w, & n), 1+ Ha(u, €,7m))

with a#0 and v#0 and H,=0;H,=08;H,=0,H,=0,H,=H>=0 at (0,0,0). By an
affine change of coordinates we can even make 8¢, H;(0,0,0)=0 and, reparametrizing
the family if necessary, v=1 and 8,,H1(0,0,0)=0. Then we introduce new coordinates
(a,2,y)=¢u(n, €, n) given by

a=—a(02"p—a"+ﬁ)s"02“); ﬂ=_ﬁa—2n+o-n_ﬁ/\n;
(a4

w=—%a"(§—1); §=—g—0'"x+1;
y=—%a‘2"(\/)\a)_n(n—)\"); n=—%a‘2"(m)ny+kn.

and define ¢, =@, 0 f"ofN g1, where we denote f(u,z,y)=(u, fu(x,y)). Observe that
if we let R={(a,z,y):1<a<3,|z{<2,|y|<2} then ¢ 1(R) converges to (0, 1,0) as n—oo0.
In particular the domain of definition of ¢, contains R, at least for n sufficiently large.
It is fairly easy to check that

o —¥llcr(r) < K max{(+/Aooo )", 5"}

and so (¢n)n converges to 9 in the C” topology, uniformly on R. Here and in what
follows K always denotes a sufficiently large constant independent of n.

We use D=D; ) to denote derivative with respect to the (z,y) variables. Let us
write

Ds¥em=( ?:) (& m)-

For (1,€,m)€¢,'(R) we have |, (€, mI<(0uell-|ul+|0call-[€ - 1|+ {|Ogall - In) < Ko™
and also, just by continuity, |B.(&,)l, |7.(& )|, 16.(&,n)|<K. Moreover det Df{¥(g)=
~Bo(9)-70(g)#0 and so 1/K<|det DfY(§,m|<K and |Bu(€n)l, lvu(€,m)|>1/K, for
(u,€,m) €@ (R), n big enough. As to the derivatives, clearly I1D(a,z pyell < Dgue.mell-
"D¢;1“<K0'_n a'ndv analOgouSIY’ ”D(a,z,y)ﬂlla ”D(a,m,y)7”1 ||D(a,x,y)5||<KU""- In pre-
cisely the same way one obtains the following bounds for the second order derivatives

1D, 2.5yl 1D, 2 4B, 11D, 2y Ylls 1D, . )6l S Ko~?™. Keeping in mind that
oo™ Bu(VAe)
D‘pn,a(x7 y) = (E, 77)

(VI ) Su A"
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we get

THEOREM 2.1. Let (f,), be a C*® family of diffeomorphisms as above. Then there
are K>0, t>0 and, given b>0 there is ng=ny(b) =1 such that any o=pn,n 20, satisfies:

(@) lle=dller(r) <KY. In particular, |lpllcr(r)<5 (SK);

(b) Denote

Dyq(z,y) = (é g) (a,2,9).

Then, in R,
(i) |AI<K, Vb/K<|B|<KVb, Vb/K<|C|<KVb and |D|<Kb*t. Moreover
b/ K <|det Do | <KD, [|D@,lI<K and | Dz | <K/b.
(ii) 1D (a,2,5) AN S K, | Dia,e,0) BISK6Y/**, [ Dia,0,4)Cll SKYY?, || Dia,,) Dl
Kb, Moreover || Diq 2 4)(det Dip, )| S KB and || D%, ||<K.
(i) |IDE, ., Al<KY, |DZ, .  BI<Kb/2*%, |D?  Cl<Kb/?** and

(e,z,9 (a,,y)
D2 D|KKb*+3. Finally |D2 . (det Dp,)||<Kb'*% and |D3w,| < KbE.
(a,z,y) (a,2,y)

In Sections (4)-(12) we prove that the conclusion of Theorem B holds for all suffi-
ciently smooth families ¢ =(yp, ), satisfying (a)-(b) above for a sufficiently small . These
are what we call Hénon-like families. We fix the values of K and t from now on; for
convenience we assume K >10 and t< % We also let r be fixed, sufficiently large (Section
11). A few other parameters are also involved in the construction, namely %<c<co <log2
and small numbers £>0,3>0,a>0 and §>0. Formally speaking, they are chosen in the
order we have listed them: the value of each parametér must be taken to satisfy a certain
number of conditions which depend only on the ones listed previously to it. For the
sake of clearness these conditions are stated throughout the proof in the order they are
required. A small interval ) in the a-space close to a=2 and a large integer N related to
it are also fixed, depending on these constants. Finally b is assumed small with respect
to everything else.

3. One-dimensional families

First we outline Benedicks—Carleson’s proof ([BC1], [BC2, Section 2]) that, for a positive
measure set of values of a€(1,2), the critical orbit of Q(xr)=1—az? has positive Lya-
punov exponent. This is intended as a summary to be followed in Section 5 through 12
where their method is adapted to prove Theorem B. We also observe that the arguments
(and the conclusion) here remain valid if Q=(Q,). is replaced by any smooth family (of
one-dimensional transformations) sufficiently close to it (with 0, 1 replaced by the corre-
sponding critical point and critical value, respectively). Theorem C follows by combining
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this with the one-dimensional version of the renormalization technique in the previous
section (see also Sections 4 and 12).

Fix %<c<co<log2 and let £€>0,3>0,a>0 and §>0 be sufficiently small constants,
chosen in this order. We denote

Da(a)=(Q2)' (1) = [ [(—20Q%(0)) 1)
1

and want to show that, there is a positive measure subset E=E(c) of (1,2), having 2 as
a point of density, such that for ac E

|Dn(a)| Ze™ forall n>1. (2)

In particular, by Singer’s theorem [Si] there are no attracting periodic orbits for Q, if
a€E. The special role of log 2 is due to the following lemma, which is a consequence of
the fact that @, is conjugated to the tent map T'(z)=1-2|z|.

LEMMA 3.1. Given 0<co<log2 and 6>0 there is ap=ao(co,8)<2 such that for
ap<ag2, if

(a) |Q4(z)|28 for 1<j<k and

(b) |z|<é or |Q5T (2)|<6
then |(QF) (z)[>e*.

In other words, (maximal) pieces of orbit outside (—4,6) (free periods) have ex-
panding behaviour. Now we must deal with the returns, i.e. the iterates v for which
|Q%(0)| <é. Since ([BC1])

Igfl |Q%(0)| <6 for almost every a € [aq, 2] (3)

we can not prevent the orbit of zero from returning close to itself. However this should
not happen too fast and we make the basic assumption

1Qz(0)] > e™**. (BA)

The values of a€(1,2) for which (BA) is not satisfied are excluded from the set E as we
describe below.

Using (BA) one can show that the small factors introduced in (2) on returns are
compensated by the growth of the derivative in the following iterates. The crucial idea
here is that of binding period, which can be heuristically motivated as follows. If v is
a return then Q%(0) is close to zero and so their positive orbits remain close (bound)
to each other for a period of time which depends essentially on how small {Q%(0)] is.
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During this period the two orbits have similar behaviours. Hence, one may use, in an
inductive way, information concerning the growth of the derivative on early iterates of
zero (previous to time v), in order to obtain the same kind of information for the iterates
in the binding period following ». For the induction to work the length of the binding
period must be less than v and this is a consequence of (BA). Let us come to a formal
definition. The binding period associated to the return v is the interval [v+1, v+p] where
p=1 is defined by the binding condition

1Q2H(0)-Qi(0) <™ for 1< <p, p maximum. (BC)

Then it can be proved

LEMMA 3.2. There are p=p(c, o, 3)>0 and o=0(c,a, 3)>0 such that if
|Qi(0)| > e for1<j<n and |Dj(a)>e¥ for1<j<n—1

then for v<n a return and p the length of the binding period associated to v, we have:
(a) 1/e<|(QL) (OI/I(QL) (n)I<e for all §,7€[Q5¥1(0), 1] and 1<) <p; in particular
(@1 (QE*H(0))|>e%/ e for 1<j<p.
(b) pe[r/(B+log4),3r/(B+c)], where r=—1log|Q%(0)|, and so p<3av/(B+c)<v/2.
(¢) [(QFM)(QL(0))|>oePtV/3>1.

The meaning of part (c) is that the growth of the derivative during the binding period
(which follows from (a)) fully compensates the small factor @', (Q%(0))=-2aQ%(0) and
there is even some overall exponential gain in the interval of time [v,v+p).

We say that a return v is free if it does not belong to any binding period associated
to some previous return. Let N=uvy<1p<...<v;<n be the free returns in 1,7} and
P1,D2, ..., Ps be the lengths of the associated binding periods. We also denote by

@o=N-1, qu=va~-(n+p1+1), .., @-1=Vs—(Vs—1+Ps_1+1)

(and gs=n—(vs+ps+1), if n>v,+p,), the lengths of the complementary free periods
and let F,,=F,(a)=go+...+¢s—1 (respectively F,,=qo+...+gs—1+¢s) be the total free
time in [1,7n]. Then by Lemmas 3.1 and 3.2

|Dp(a)| > e0Fr.e=¥s > e20Fn.e~on  (regpectively |Dn(a)| > e®™™). (4)

The next fundamental step is to make new exclusions of parameters, retaining only
the values of a€(1,2) for which the critical orbit spends most of the time in a free iterate

Fo.(a)>(1-¢)n. (FA)
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Then, from (4), | D, (a)|>el(—€)-@)n>ecm if >0 and a:>0 are taken small enough.

Clearly, this completes an inductive procedure that proves (2) for the a-values sat-
isfying (BA) and (FA) and so we are left to show that the set of such values has positive
Lebesgue measure. This requires some notations and an important ingredient is the
construction of a sequence (Py),, of families of disjoint intervals in the a-space with the
property that the a-derivative 3,Q7(0) has bounded distortion on each weP,. We de-
fine a sequence Ey D E2D...DE_1DE;D... of subsets of (1,2) such that parameters a€ E,
satisfy the (BA) and the (FA) for all iterates 1<j<k and so |D;(a)|>e€’° for 1<j<k.
Each P, is a partition of F,,_; and E,, is obtained as a union of intervals in P,. Finally
we take E=(1, 5 En.

We begin by fixing wo=(ao,2), ao close to 2. Denote vx="k(wo)={Q%(0):a€wo}.
Clearly Q%(0)=—1 is in the boundary of v, for k>2, and from the fact that Q3 is expand-
ing at —1 (eigenvalue =4) one can show, in a fairly easy way, that +; eventually contains
zero. Take N minimum such that 0€+yy. Observe that N can be made arbitrarily large
by taking ag close enough to 2. For 2<k<N, 7e:woa—Q7(0) is a diffeomorphism
and yk(wo)=(—1, bx) with —1<by<...<by_; <0<by. Moreover, by slightly changing aq,
we may even suppose Yi(wo)N(—6,6)=2 for 2<k< N —1 and then, by Lemma 3.1, one
obtains | Di(a)|>e*® for all 1<k<N—1 and a€wp.

Now we start the construction of the E, and P, which is done by induction on n.
For n< N —1 we take simply E,=wp and P,={wp}, the trivial partition. Suppose now
that Ey and P) were already defined for k<n—1. We obtain P, by refining P, as
follows. Let w be any interval in P,_;. If 4,(w) does not intersect (—4,6) we leave it
unchanged: w is also an element of P,,. The same holds if  belongs to the binding period
associated to some return v<n, i.e. if

Q2 (0)-Q4(0)| <e™ forall j<n-vanda€w.

In this case still we leave w unchanged even if v, (w)N(—6,6)#@ (we call that a bound
return situation). Let now n be a free return situation for w: 7, (w) intersects (—6,8) and
n does not belong to any binding period (the first such situation occurs for n=N and
w=uwp). First we write w=w'Uw", with w'=v71((-6,6)) and w"’=;1((-6,6)¢). For
a€w” the iterate n is not a return. By definition each connected component of w” is
an element of P,. In order to describe the restriction of P, to ' we introduce the
partition {I,} of (~6,6) defined by I,=(e ",e~"*1),I_,=~I, for r>A=—logé. We
also subdivide each I, into 2 intervals I.y,...., 1, ;2 of equal length. Two cases must
be considered at this stage. If v,(w’) contains no interval I,.; then n is said to be an
inessential (free) return and we take w’ to be an element of P,. Otherwise n is an
essential (free) return and we decompose w’'=|jw,,; where each w,; is an interval with
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I i Cya(wsi) C I i—1 UL UL ;41 (most of the times wy. ;= }(I,;) but if some I, ; is not
fully contained in v, (w') then v, 1(Z, ;) is included in w, j 1, see Figure 2). By definition,
the elements of P, inside ' are precisely these wy ;.

The main goal of this construction is to obtain the following statement of uniformity
of the derivative inside each interval of the partitions.

LEMMA 3.3. There is Ag=Ao(c, o, B8,8)>1 such that if w€Pp_1 and wCE,_; then

7
ATlg ()| <A or all a,b€ w.
o Sha@) S S

In the proof of this, one first transfers the situation from the parameter space to the

z-line through the following result, which is a particular case of the important general
principle stating that under a sufficiently strong growth of the z-derivative then the z-
and the a-derivative are comparable.

LEMMA 3.4. Given ¢>0 there is No=Ny(c)2>1 such that if
(@) 10:Q4(1)| 28 for 1<G<No~1,
(b) 18:Q3(1)| =€ for 1<j<n—1,
then
1_18@ )]
36 ~ 10.Q27 (1)
Observe that v,(a)=08,Q7(0)=8,Q7 (1), while 8,Q7"*(1)=D,,_1(a). We take
ag close enough to 2 so that the first Ny iterates of 1 are close to —1 and so (a) is
satisfied (Q5(—1)=4>3). Assumption (b) follows simply from the fact that wCE,_;.
This reduces the proof of Lemma 3.3 to proving

1 _|Das(a)]
& S D1 0)]

< 36.

<4y foralabew (5)

and for this it is important that on returns the length of v, (w) is not too big with respect
to dist(yk(w), 0), as obtained above, see [BC1], [BC2] and Section 11.

Parameter values a€w,;, with |r|>an are excluded by the (BA) and we define
Ep=En-1\(U, Ujrj>anWr.i), where the first union is taken over all ' corresponding
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to essentiall returns as above. A bound for the measure of these exclusions can now be
provided. By the mean value theorem and Lemma 3.3

e " .m(w)

MWN(En-1\Ep)) =m(Ur)5anr.i) = m(Ya(w))

(6)

In order to estimate the length of v, (w) we need the following fact.

LEMMA 3.5. There is T=7(c, a, 8)>0 such that m(y,(w)) >7eP*/3m(v,(w)) for any
free returns NSv<u<n of w€P,_1, wCE,_,, where p is the length of the binding
period associated to v.

This is a consequence of the mean value theorem together with the expansiveness
of the z-derivatives during binding periods (Lemma 3.2(c)) and free periods (Lemma
3.1) and the uniform equivalence of z- and a-derivatives at times v and u (Lemma 3.4).
Let then k be the last essential return before n (when w was created). The lemma says
m(Yn(w)) >const. e?*/3>m(yx(w)). Now, by definition m(y(w))=m(I, ;) >const. e~ I"l/ r?
for some A|r{<ak<an and by Lemma 3.2(b) p>(|r|)/(8+log4). It follows

m(n(w)) > const. exp(— 2 an). (7

Replacing in (6) we get m(wN(En_1\E’,))<const.e~*"/2°m(w) and since this holds for
all weP,,_1, wCE,_; we have proved that

m(En_1\E') < const. e *™/?m(E,,_). (8)

In order to bound the exclusions determined by the free period assumption (FA)
Benedicks and Carleson introduce the notion of escape period. We return to the notations
in the construction of P,. An essential free return situation n is said to be an escape
situation for w€P,_, if

m(yn(w)) > V8. (9)

Then the length of at least one of the connected components of vy, (w") is greater than
6/3 and we call that an escaping component of P,,. By definition, an escape period for
a€FE,_, is a maximal interval [v,v+e) such that

v is an escape situation and a belongs to an escaping component of P,; (10a)

|Qi(0)] >6 for all j € [v,v+e). (10b)

We also consider {1, N) to be an escape period for all a€wp, although the first escape
situation is, clearly, n=N. Observe that once an escape period has begun it tends to
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persist: if W€P, is an escaping component then its next return p is again an escape
situation (by Lemma 3.5) and, due to the fact that v/§>>8, most of the values a€@
belong to an escaping component of P,. On the other hand, after an escape period
ends there is a positive probability that a new one will start at some subsequent return
(i-e. there is a definite positive fraction of values of a for which this happens). This is
a consequence of the exponential growth of lengths (Lemmas 3.1, 3.2(c) and 3.4). By
combining these two facts one obtains the fundamental lemma below, stating that in the
average the critical orbit spends most of the time in escape periods. Let

T.(a)=#{j€{1,...,n}: j does not belong to any escape period of a}.

Clearly, T,,(a) is constant on each w€P, and we denote by T,,(w) this constant value.

LEMMA 3.6. Fiz v small enough (y=1/1000, say). Then

1
YTn(w), < eEn/2 d Pp—"y ‘
m(wo) w;ﬂ e m(w)<e and so m(UT..(u)zen w)<e m(wo)
wCE, 1

We take E,=Ep;\(Ur, (u)senw) S0 that the parameters a€E, satisfy the (FA)
(escape periods are, obviously, free). On the other hand Lemma 3.6 implies

m(Ep\En) < e”7"/2-m(wo) (11)
and putting this together with (8) we get
m(En_1\Epn) < Boe™*" -m(wo) (12)

where By and o depend on ¢, o, 3,¢ and 6§ but not on N. It follows, that
o0 o0
m(E) 3 m(u0)= Y- m(Ba-1\Bn) 3 mlwo): (10 3 o)
n=N n=N

is positive if N is large enough, i.e. if ag is close enough to 2. Moreover m(E)/m(wo)
converges to 1 as ap—2.

4. The attractor: basic properties

In this section we exhibit, for a Hénon-like map ¢,, a compact invariant set A=A, and
we show that it is an attractor in the sense that its stable set has non-empty interior.
The fact that (for a positive measure set of parameter values) A is transitive and has
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positive Lyapunov exponent is much harder to prove and this occupies the remainder of
the paper.

The set ‘A is obtained as the closure of the unstable manifold of one of the fixed
points of ¢,, so we start by studying these points. An immediate computation shows that
¥a(2,y)=(1—222,0) has exactly two fixed points P=(},0) and Q=(—1,0), and that the
eigenvalues of D (P), respectively Dy2(Q), are —2 and 0, respectively 4 and 0. Then P
and Q have analytic continuations P(y,) and Q(p,) defined for ¢, in a neighbourhood
of ¢, and (if this neighbourhood is small enough) these are the unique fixed points of
©Ya. We also want to describe the unstable sets of these points and the way they unfold
with the parameter. Let us begin by considering the family (1;),. Recall that one
defines W*(P(va))=\,50 ¥4 (I), with ICRx {0} a small interval containing P(ta),
and analogously for Q(¢,). Again it is easy to check that W*(Q(4,)) always has an
unbounded separatrix (—oo, Q(v,)] and moreover

o for 1<a<2: 1<P(¥a)<1, Q(¢a)<~1<1-a,

W*(P(4))=[1—a,1], bounded separatrix of W*(Q(¥s)) = [Q(¥a), 1];
o for a=2: P(,)=1%, Q(va)=-1,
W*(P(¢,)) = bounded separatrix of W*(Q(¢.)) =[-1, 1];

o for 2<a<3: 0<P(¥a)<}, 1-a<-1<Q(¥a),

o the right-hand side separatrix of W*(Q(%,))=[Q(¥,), 1] and W¥(P(1,))=(—00, 1].
The special role of 1—a comes from the fact that 1—a=1),(1)=42(0). Figure 3 describes
how the 9¥: I—R parametrize (compact parts of) these W* and how the situation
changes with the parameter. (In order to make the figures easier to read, multiple
points of the unstable sets are represented in slightly different levels. The real picture is,
of course, one dimensional and the folds at the positive orbit of zero correspond in fact
to velocity zero turn-back points of the parametrization.)

Observe that the vertical straight line passing through @ being contained in the
stable set of @}, one may think of the bifurcation at a=2 as the creation of a homoclinic
tangency associated to @ and of a simultaneous heteroclinic tangency involving W*(P)
and W#(Q). Due to the continuous dependence of the local stable and unstable sets on the
map (see Proposition 7.1), Hénon-like families of diffeomorphisms have such homoclinic
and heteroclinic tangencies for parameter values near a=2, as we now describe. As one
goes from the endomorphism to the nearby diffeomorphism the turn-back points in the
unstable sets become real folds and we need to know whether they turn up or down.
This depends on the signs of the entries of

D_AB)'
¥Ya=\c D)’
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WH(Q) w*(Q)
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1
1 D
| S=m—
Q ( D
— Lo
Fig. 4

it is easy to check that the first fold of W*(Q) (near (1,0)) turns up if C>0 and down
otherwise; analogously the sign of B determines the orientation of the second fold (near
(—-1,0)).

Consider first the case det(Dys)>0 (& BC<0). As a increases, this second fold
moves to the left and we have a first homoclinic tangency associated to @ for a=a+(yp).
Then for a<ay(p) we may construct, as in Figure 4, a compact domain D=D, which
is invariant for @, in the sense that ¢,(D)CD. Observe that by Brower’s fixed point
theorem we must have P€D and so even P€int(D), which implies W*(P)CD.

The construction of an invariant domain for ¢, is slightly more complicated in the
case det(Dy;)<0 (& BC>0). Now the tangency between W?*(Q) and the second fold
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w*(Q)

Fig. 5

of W*(Q) is not the first homoclinic bifurcation associated to @, as Figure 5 shows.

Observe that the contracting eigenvalue of Dy,(Q) must be negative since the ex-
panding one is near ¥5(—1)=4. We consider instead the unstable manifold of P. Another
elementary reasoning shows that its first three folds look like as in the figure. We let
a_(p) be the parameter value corresponding to the first tangency between W*(P) and
W*(Q) and assume a<a_(yp). Then we may take D as in the figure since, clearly, this
is invariant and contains W*(P).

We summary this discussion in the following proposition.

PROPOSITION 4.1. Let p=(pa)a be a Hénon-like family preserving (respectively re-
versing) orientation. For a<a,(yp) (respectively a<a_(p)) there is a compact domain
DcC[-2,2]? which is positively invariant under ¢, and contains A=WH(P).

It is well known, and fairly easy to show, that the basin of A contains non-trivial
open sets.

PROPOSITION 4.2 (see [BC2], [PT2]). Let an open domain QCD be such that 0QC
We(P)UW*(P). Then lim,_, o, dist(¢?(z), A)=0 for all z€Q.

Observe that domains ) as above exist since P has transverse homoclinic points.

Remark. At least in the orientation reversing case one can show that W*(A) contains
a neighbourhood of A. We just sketch this argument. Note first that for every a there
is a sequence P=Py>P,>P,>...> P, > ... converging to @ and such that P, =1,(Pp+1).
For a decreasing from 2 the point 1—a=1>2(0) crosses these P, and this corresponds
to a cascade of homoclinic tangencies associated to P. In fact, the stable set of P is
formed by the vertical lines passing through each of its backward images. By continuity,
for ¢=(pq)q a Hénon-like family, the stable manifold of P(yp,) contains segments close
to (compact parts of) these lines. When ¢, is orientation reversing one can see that
the geometry of W*(P(p,)) is as depicted: segments on the left connect to segments on
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YA
A

N—)

the right below W*(P(y,)) (Figure 6 corresponds to B,C >0, so that P(yp,) is above).
This permits to construct, for a<a_(y), domains Q as in the proposition such that
AC(QUW™(P)) and so AC(U,5q s "(Q))UWS (P). By Proposition 4.2 the open set
on the right is contained in W*(A).

Observe also that even in the orientation preserving case W*(A) contains at least
a neighbourhood of W*(P): this follows simply from Proposition 4.2 together with the
fact that P has transverse homoclinic points in all its separatrices.

5. The induction: critical points

Now we want to extend the one-dimensional argument of Section 3 to general Hénon-
like families.in order to prove Theorem B. A crucial ingredient in this extension is the
construction of a set of critical points for the Hénon-like maps. These are points in
the unstable manifold W*=W*(P) which play a role in the proof similar to that of the
critical point =0 in the one-dimensional case. This construction turns out to be quite
complicated and the purpose of this section is to give a heuristic motivation and outline
of it, as well as to advance some information on the global structure of the argument.
Rigorous definitions and statements will be given later.
For z; €W* and n>0 denote

Znt1=(Tnt1,Yn41) =Pa(z1) and  wn=wn(z1) =Dyy(21)-(1,0).

Due to the form of Dy, the vectors w, stay nearly horizontal as long as |z,|>6. During
this period the action of @, on these vectors is essentially that of Q,(z)=1-az? and

2935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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\
Zv CO Pa
z, >
Fig. 7

in particular {lw,}|~2alz,|-{jwn—1]]- Let now v>1 be a return iterate, i.e. let |z.]<8.
Clearly, w, can no longer be expected to be nearly horizontal: it may have large slope if
«, is near zero. We suppose first that @, admits (say, in {z>3}) a contractive foliation,
meaning a foliation by nearly vertical curves which are (exponentially) contracted by all
positive iterates of ¢,. Although this is not the case in general, the rigorous proof of
Theorem B will involve geometric ideas similar to these, as we explain below. Then we
may split w, =w, +0,, as illustrated in Figure 7, where w, is horizontal and o, is in the
contractive direction at z,41. Further iterates of o, play no role in what concerns growth
of [|wy]|, since they are exponentially small. On the other hand, w, being horizontal the
action of Dy, on it will again be essentially the multiplication by —2az, up to the next
return where the whole process is repeated.

Clearly, one needs to estimate the amount ||w,||/||w,-1] of loss on the norms of
vectors on the return time v. This is related to the angle between w, and the contractive
direction at 2,41, which motivates that we introduce the following notion. A point
Co=(&0,m0)EW™, |€0| <6, is said to be a critical point of v, if Dy.({o) maps the tangent
direction to W* at (o into the contractive direction at ,({o) or, equivalently, if the
contractive direction is tangent to W* at ¢,({p). We also assume in the definition that
W* is almost horizontal and almost flat near (5. We will see later (Section 9) that on
each return v a critical point {y can always be found such that 2, is in tangential position
with respect to (g, in the sense that dist(z,,v)<|z, —{o|, where v denotes a nearly flat
piece of W™ containing (p. This permits us to argue as if 2, were in +: replacing it by a
suitable 2} €7 introduces only an error which is neglectable with respect to |z, —(o|. We
may also think of w,_; as being tangent to W* at z, (actually z,): the angle it makes
with the tangent direction is also shown to be neglectable relative to |z, —(o|. From all
this one obtains in a fairly easy way that |lw, ||~ ||lw,-1]|-]2, —(ol, as a consequence of the
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quadratic nature of the fold of W* near {; =¢,((o). This is completely analogous to the
one-dimensional case, where we had on each return a loss on the derivative proportional
to the distance to the critical point.

Proceeding with our heuristic overview of the proof, one shows then that, with
positive probability in the parameter space, all critical values have positive Lyapunov
exponent: there is EC(1,3), with m(E)>0, such that for a€E, [jw,(21)}|>e™ for all
critical values z; and n>1. In order to get this we imitate the one-dimensional argument
of Section 3 and parameter exclusions are made so that the basic assumption (BA) and
the free period assumption (FA) hold for the orbit of each critical point. The fact that
after all exclusions there remains a positive measure set of parameters is more delicate
than in dimension one, since now we have infinitely many critical points. This follows
from the observation that only a number <e®™ (e>0 small) of critical points needs to be
considered at each stage n (the other critical points remaining close—bound—to these
ones during at least n iterations), together with the fact that the exclusions required by
each critical point decrease exponentially with n ((3.12)). Finally one proves that for
almost every a€FE there is a critical point 29 whose orbit is dense in W* (see Section
12). Clearly, for such parameter values A can not contain periodic attractors.

Now we want to discuss some of the points in which the rigorous proof of the theo-
rem differs from this heuristic outline. As we said before, contractive foliations as above
do not exist in general. On the other hand, if a point 2z; is A-ezpanding up to time n,
ie. Jlwi(z1)|>M for 1<j<n, with A>>b then (Section 6) a direction e(™(z1) can be
constructed with the property of being exponentially contracted by the first n iterates
Dyi(z1), 1<j<n. We think of e(")(zl) as an approximation to the contractive direction
at z; (which would be contracted by all positive iterates of Dy,) and in fact this con-
tractive direction may be obtained as lim, . e{™(2,), if 2 is expanding for all times.
Using these approximations of contractive directions one may define approximations of
critical points z{™ by the condition that e(™ (4 (2$™)) be tangent to W* at va(z2i™).
Of course, this definition makes sense only if we have expansiveness which is precisely
our goal (with A=e®) and this shows that an induction procedure involving simultane-
ously the construction of the critical set and the exclusion arguments is required for the
proof. We formalize this procedure as follows. Fix (in a more or less arbitrary way,
see Section 7) a compact neighbourhood Gy of the fixed point P in W*(P). For g21
let Gg=¢9(Go)\¢2 1 (Go). A critical (approximation) point is said to be of generation
g if it belongs to G,. First we construct critical approximations z((,i) in Gy and w((,i)
in G1, 1<i<N -2, corresponding to the unique critical points of generation 0 and 1,
respectively. For n<{ N —1, the nth critical set is

Ca= {z(()n—l)’ w(()"_l)}-
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These approximations remain outside (—6,8) for all iterates 1{n<N -1 and so their
images z§i)=<pa(z‘()i)) and wg"):goa(w((f)) are e“0-expanding, 0<c<co<log2, up to N—1.
Actually, the same is still true for every point {; which remains bound to some of the
approximations up to time N—1. For n>N the construction proceeds by induction.
We assume that for all k<n—1 a kth critical set C; has been constructed, containing
(k=1) of critical points of generation <6k (§=0(b)<1
to be fixed later). For any point & which is bound up to k to some element of Cy, it

is assumed that & =¢,(£o) is e°-expanding up to time k. Then we construct the nth

(k—1)st order approximations z

critical set C,, composed of (n—1)st order approximations of critical points of generation
£6n. This corresponds to providing better approximations for the critical points already
encountered (of generation g<6(n—1)) and, possibly, introducing approximations of new
critical points of generation 8(n—1)<g<@n. By construction all the points of C,, are very
near C,_;. This has the consequence that if a point &; is bound to some z((,""l) €Cyp, up to
time n then it is also bound up to (n—1) to some element of C,,_; and so, by induction, §;
is e®-expanding up to (n—1). In order to obtain the e®-expansiveness at time n, parameter
exclusions are made, determined by the 2-dimensional analogs of (BA) and (FA). This
is described in more detail in Section 8, after appropriate notations and techniques have
been introduced. This completes the induction. At this stage true critical points are,
finally, defined (as the limit lim,, oo z((,") of increasingly accurate critical approximations)
and the corresponding critical values are e-expanding for all times.

6. Contractive directions

We begin by constructing (approximate) contractive directions for a Hénon-like map ¢q.
The crucial property of M =Dy,, as far as this section is concerned, is the strong area
contractiveness

|det M| < Kbk 1. 1)

We also make important use of the homogeneity of M

[[(det M)'|

< K% ] 2
detar] SKO<K (2)

Our construction is essentially different from that in [BC2, Section 5], which is based on
a continuous fraction development. Instead, we define contractive approximations simply
to be the maximally contracting directions of the iterates of M.

Recall that a point 2; is said A-expanding up to time n if [[w,[Z\ for I<r<n,
where w, =w,(z1)=M"(21)-(1,0). We permit A to be less than 1 but we always have
K>X>(6/10K)'>b. For such a point z; and 1<v<n let the norm 1 vectors e(*) and
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f®) be, respectively, maximally contracting and maximally expanding for M”(z;). These
correspond to the solutions of

d, . :
d_énM (#1)-(cos 8,sinB)|| =0

which are given by

2(4,B,+C,D,)

)= @ v cz)- B2+ D2)

®3)

A, B,
where MY(z1)= ( ) .

C, D

In particular e*) and f®*) are orthogonal and the same holds for their images
MY (2;)-¢®) and M¥(z;)-f*) (which are, respectively, maximally expanding and maxi-
mally contracting for (M¥(z;))~!). Therefore

1M (21)-eM)|- |M¥ (z1)- f@] = |det M (21)| < (Kb)”
and, since the expansion assumption implies
134 (z1)- £ 2 2, (4)

we conclude that
KbY
I ea)-e < (52) Q
In what follows we denote by angle(u,v) the angle between the directions of two

vectors v and v. This is a number in (-3, ix].

LEMMA 6.1. (a) |angle(el®), e))|< (3K /A)(Kb/A2)* for all 1<u<v<n;
(b) [|M*(z1)-e™) || (4K /A)(K?b/A2)* for all 1<usv<n.

Proof. Denote e,(}')=M"(z1)-e(") and f,(‘")=M“(z1)~f(”) for 1<y, v<n. Let v>2
and write e~V =¢.e{") 45 f*) see Figure 8. Then

ElleX 1P+ F17 = el VN = el VI (€2 +n°),

giving
-1
2 Jled V-2

vhe _ (T
6= (g) = 15802 - el V)2

£ (6)

where ¢() =angle(e*~1,e{*)). Now from (4), (5) and the fact that b< it easily follows
()< | tg ¢ |<(2K/A)-(Kb/A%)¥~ 1. Then, for 1<u<v<n,
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v—-1
e, €< 3101« 56 () <5 (51

B+l

and this proves (a). Finally, (b) is now an easy consequence:

|M#(21)-)|| < [|M*(21)- () — ) |+ || M*(21)-¢®)|

3K (Kb Kb K2
<KX (v)+(A)< (v)' o
In particular, if z; is expanding up to n for all n>1 then the e(® converge extremely
fast and the limit direction has the property of being exponentially contracted by all

positive iterates of M. We call e(™)(z;) the nth contractive approzimation at z;.

One may use (3) to give simple estimates for the contractive approximations e(*),
1<v<n, at least for points far from z=0. Let z1=(z1,y1) be such that |z;]>6. For
bk 8, |A1+2ax,|< Kb implies |A;|>|z1]>6. On the other hand (3) and Theorem 2.1

give
4K%/b _8K2/b
< .
§2—2K?p > 82 ()

From this, one concludes easily that e(!) is nearly vertical (the almost horizontal case in

| tg 26| <

(7) is more expanding and so must correspond to f(1):

51« 5" ®

By Lemma 6.1(a) the same holds for all contractive approximations e(*)

a(")——l<4K2f( /\13) <Vb. (9)

Now, this implies that wo=(1,0)=a, e +8, f*), with |a, |<2Vb and |8, |>1-2Vb, and
thus Hwyll—llaue(")+ﬂufz£u)”?%'“fngv)ll. Clearly this same argument proves
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LEMMA 6.2. Let z3=(z1,¥1), |z1|>8, be such that for some norm 1 vector up we
have | MY (z1)-ug|| =\ for all 1<v<n. Then

IM* (21)-woll 2 3IM¥ (1))
for all 1<v<n and all norm 1 vector vy with | slope(vp)|< 5.

LEMMA 6.3. Let z9,{o and norm 1 vectors u, v satisfy |z0—(o|<o™ and [lu—v]<o™,
with a<(/\/10K2)2 Then for any 1<v<n such that ||[M¥(21)-u|| >\, we have

(a) 3<IM®(21)-ull/IM¥(¢1)-vlI<2 and

(b) Iangle(M”(Zl) u, M ((1) )< (Vo ) < (Vo )™

Proof. Clearly
1M (21)-u—M*(C1)-vll < | MY (21) = MY (GOl + 1M (GO - Jlu—o|

v
< ZK"lzj—(j|+K"cr" <2K%o™.
1

Hence ||[M"(21)-u—M"((1)-v||<3(v/0)*" ¥||M¥(21)-ul| and now (a) and (b) follow
easily. a
LeMMA 6.4. Let 21,1 be such that z1=(z1,¥1),|x1]|>98, is A-ezpanding up to time
n and ]z,, ¢|<a” for every 1<v<n, with Vb <o<(A/10K?)%. Then
(a) 3<IM (21)-ull/ 1M (G1)-vll<2,
(b) |a.ng1e(M"(zl) u, MY (C1)-v)|S(K2/a/A)+,
for any 1<v<n and any norm 1 vectors u,v with |slope(u){< s and |slope(v)|< 5
Proof. Denote u,=M"(21)-u and v, =M?¥((1)-v; note that by the previous lemma
llun | ZA” /2 for 1Sv<n. We claim that we may write v,=a,u, +¢, with

|, —1] < 10+5KZ(K2‘/_) and ||s,,||<(K\/5)V+1. (10)

Let us prove first this claim and then show that it implies the lemma. We write v=
apu+eg with g9 a vertical vector. The assumption on the slopes of v and v implies
lao—1|< 2 and |leoll<:. We decompose eo=aou+Goe!)(21) and then vi=a1u+e1,
where

ar=ap+ap and e =(M(C1)~M(z21))-v+Boe?(z1).

From (8) (and assuming b small) we get |Bo|<1 and |ao|<(2K2vb/6%). It follows that

1 2K2\/_
57 & \10

K3
"51" <Ko +—5 A3 (K\/_)

len -1 <
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This proves (10) for v=1. Now we proceed by induction. Let v>1 and take p=[r/2];
since 1{u<v we may assume that (10) holds for u. Let e®~#)=e(*"#)(z,41) and
fo—#=f ("—“)(Z,H.l) be norm 1 vectors, respectively maximally contracting and maxi-
mally expanding for M*~#(z,,1). Note that

(v=n)) > vep L Y > i’_
"f —-u ” = “M (le-l) “’U,““ = 2Ku
and so KBy
el < 2ZED R (a)
Moreover, (11) is easily seen to imply
v— v— AY
|det(u!4’e( M))I = Iu’uf( #)I 2 5Kv—u’
Again we decompose €, =&, u,+08,e** and get v,=a,u, +¢, with
oy =oy+a, and ¢ = (MV_H(C#“’I)_MV—M(ZI‘+1))'U+BI‘CI(/V—_F‘“)'
Now,
__ ldet(e, e )| _ K Plell _ o (K2/GVH
= < <5k Y2 12
1%l = Getu,, oy S KT (12)
showing that o, satisfies (10). On the other hand
3 |det(uy,e4)]  _ SK*~Hlluull-leull  ( K3V
1Bl |det(u,, ev—#)| Av A2 (13)

Note moreover that

1M (Gur) = M () | SK T Y L2 =5l S 2K Hak .
pt+1

It follows that

v+1

(recall that v—pu>v/2>p) and this completes the proof of the claim. Finally, this to-
gether with the assumption on o gives

3 pt1 [ v—p
el <2 romst.gony (£ ) HE0)

1 1/ K2/o\*! 1
a-tisy and el <3(52) Il < Hul
and the lemma follows easily. 0

We also need to show that the contractive approximations are nearly constant (uni-
formly const.\/B—Lipschitz) functions of the point z;. This requires some estimates that
we collect in the following lemma.
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LEMMA 6.5. Write
e’ = (cos 8™ ,sin ™)),  f) =(~sin6*, cos §*))
and
e) = B, (cos0),sin 0%, fM =F,(-sin8,cos ).

Then

(a) D8], \DOL” || < 100(K/N)* b,

() |EL NI D<K (K/A\)* and the same holds for F, and f&*).

Proof. In (3) we obtained
2(A,B,+C,D,) _2I,

@y -(BE+ D) - A, (4
Taking derivatives on both sides and using (d/df) tg=1+tg? one gets
H,I,-H,]I
D (v) — ¥v viv 1
0 = —Hetan (15)
From the properties in Theorem 2.1 we have
|H,I' - H'I| <32K*Vb. (16)
On the other hand,
E2-F2?=((A2+C2)—(B2+D?),2(A,B,+C,D,))-(cos 20, sin 20*)
=(H,,2I,)-(cos 20*),sin 20®").
The two vectors on the right being colinear, by (14), this proves
2v\2
mran=(52-r27 > (W0- () ) 2 (an)

Replacing (16) and (17) in (15) we obtain (a) for #). Observe now that (cos ¢, sin 0,(,"))
and (—sin 6%, cos 0,(,")) are, respectively, maximally expanding and maximally contract-
ing for

M) dendr )= T 7).

Therefore, analogously to (14),
~2(D,B,+C, A,)
tg 200" = haie it 4 1
820" = D3+ D) - B2+ D) (#)
and now the bound for || D6S"|| is obtained in precisely the same way as above for | D).
As for the proof of (b), we take derivatives on e N(21)=M(2,)-€),(21), 2 =% (21),
and get by induction

4v
[De®|| < K '+ K24 ..+ K"+ K*||De|| gK”(%) .

Clearly, the same argument also works for f,SV) . m
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LEMMA 6.6. There is Ko=Ko(K, A)>0 such that

||De(")(zl)|| < KoV, forall 1€v<n.

Proof. In view of Lemma 6.5(a), we may restrict here to v>5 (say). Let

¢) = angle(e®), e*~1) = g _gw=1),
¢ = angle(el”, el V).

Observe that B
tg o) = =2 tg o) (19)
F,
and so ,
E, v E,
(Log? 606 = (T2 ) teo+ (2 vt 6Da. )
v v

Recalling that E,-F, =det M"(2;) we find

(%—)l 2 (detM" I)Z(‘;ett%)' )-Mf—l(zl)—zE.,F;).

From Lemma 6.5 and the properties in Theorem 2.1 it follows that
Kb
. 21
G <e(5) (%) o

On the other hand, by (6) and (19),
g g0 = (e 2N/ 12 -1 s2(_1’{_2)2
1-(lePI/ME 2~ b
where we also use [le{ V|| <K|le; 1)||<K||e(")1||<(K2/b)|le(")l| Now, we bound

||D¢(")|| Whrite el ~ 1)—E,,(cose,(," D singl! ) so that ¢ =6’ —6V. By Lemma
6.5

(22)

K 4v
| D8] < 100V - <7) . (23)
On the other hand,

C(z)- -c0s8% Y+ D(2,)-sin 67V
A(z,)-cos 0% +B(z,)-sin 0("_11).

tg el(lu—l)
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f®) o)
} e
2 M
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Again we take derivatives and, using Lemma 6.5, obtain

Y 1000K* _, (K\"
Ipeg-op < S (£ (24
which, together with (23) implies
K (K 4v
10621 < 57 (%) - (25)
Replacing (21), (22) and (25) in (20) we get
. 10K% (KN (KbY
e < S (5) (5)- (26)

Finally the proof is completed by observing that for v>5

v 16
D6 < 1D+ 3 D8 <200( 5 ) VE- 0
5

Observe that the statements and proofs of Lemmas 6.5 and 6.6 remain true as they
are, if one thinks of the derivatives as being taken with respect to all three variables
(a,z,y). Moreover, the argument extends to the second order derivative in a laborious
but totally straightforward way and we get the following statement to be used in Section
11.

LEMMA 6.7. There is Ko=Ko(K,\)>0 such that
||e(") ”Cz(a,m,y) < Ko\/l_) forall1v<n.

Sections 10 and 11 require a good control on the variation of eg") for i<v. The
following estimate is sufficient for that purpose. Observe that for i=v this is much
better than Lemma, 6.5.
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LEMMA 6.8. There is K1 =K;(K, \) such that for all 4<i<v

IID(a,z,y)eE"’II < (K1b)3.

Proof. We denote D=Dy, , ., and

¢ = angle(e(®), &) = angle(f?, f*)),
p=angle(el), f{) = Ln— . +¢5

with ¢e=angle(e£i),e£")) and ¢y =angle( fi(i), fi(")), see Figure 9. We get

(1+tg? 4.) D = (g—) tg g+ (g) (1+tg* $)D¢.

Trivially |F;/E;|<(K?/b)t. Moreover, by (21),

IGI-IR)E)

K11V
< —_— 1.
<(5%)
On the other hand, from (26),

Y KN (KN /KbY KN/ K8\
< —VK(=) [—)<20{=)|=]) -
i< 0(5) <(5) () <=(5) (5)

Thus, for >4,

K7 K12 i
| Dgell < 2BNT (—)-\5—)

The same argument gives an even better estimate for D¢y and we conclude that

K7 (K2 i
1291 < g5 (5 )- (27)
Observe now that {|le””||- | /)| sin y=det M?(z;) and so

e[ _ (det MEY
ey~ det M°

7

17
(21)— "=~ —cosyp-Diy.
T2

As in the proof of Lemma. 6.5,

)
173

<K2i(K/)\)4i_ _I{_Gi
= Y RN A




ABUNDANCE OF STRANGE ATTRACTORS 29

It follows that

K 12
e i< 2 (A e (28)
Write also £ =||f*||(cos 7, sin ) and note that
ENTCTINCLYA

On the other hand, eg")=||e$")ll(cos(r+¢), sin(7+1%)) and so
1D < e W 1+ el |- ID(r +w).

Now the lemma follows from (27), (28), (29) and Lemma 6.1. O

7. Algorithms for the construction of critical points
7A. Generation zero

We restrict from now on to an interval g of a-values close to a=2 but with supp<2
(compare Section 3). We assume b small enough so that ay(¢)>sup Qo (respectively
a_{p)>sup) and so Section 4 applies to p,,a€y, for all Hénon-like families under
consideration.

Let us explain how approximations z((,") to the critical points are obtained, using
the contractive approximations e(®). We say that a segment « is a C%(b) curve if it
is the graph of a function y=y(z) with |g|,|§|<b*/%, 0<t<} as in Theorem 2.1. The
critical approximations z(()") are always constructed in C2(b) pieces of W*. First we let

(0) be the point of W*N{x=0} closest to P in W* and denote z§0)=<pf,(z((,°)). Define
Go [zfo), 220)]CW“ and, for g>1, Gg=¢3(Go)\¢31(Go). By assuming € close enough
to a=2 (and b sufficiently small) we have that, for

bo = 10(2—sup ), (1)

the pieces of Go and G, inside {||z||<1—8o} are C?(b) curves. This follows simply from
the Lipschitz (even smooth) dependence on the map of (compact parts of) stable and
unstable manifolds.

PROPOSITION 7.1. Let U be a neighbourhood of 0€R™ and g=(g;): be a C* m-
parameter family of (not necessarily invertible) maps g,: U —R™. Suppose that 0€U is
a hyperbolic fized point for go and let R*=E*@®E* be the corresponding splitting. Then,
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Fig. 10

for h close to g and t close to 06 R™, the map h; has a unigque hyperbolic fized point near
0€U and its local unstable manifold may be written as graph(én(t,-)), with

On(t,-):x € B:(0) CE*— @p(t,z) € E°
a C* map. Moreover this can be done in such a way that

&: (h,t,z) — p(t, )

is C* (with bounded C* norm) in all variables on a neighbourhood of (3,06 R™,0€ E%).
In particular
he ¢n(-,-) e C*1(V, E*)

is a Lipschitz (even C') function, if we consider it as taking values in the space of
C*~1 maps V—E*, V a neighbourhood of 06 R™ x E*, endowed with the C*~! topology,
Finally, analogous facts hold for the local stable manifold.

The first part of the proposition is quite standard. The main idea to prove the
smoothness of ¢ in all variables, is to consider F: (h,t,p)— (h,t,h:(p)) and to obtain
graph(¢) as a C* local center-unstable (respectively center-stable) manifold associated
to the fixed point (9,06 R™,0€U) of F, see [PT2, Appendices I, IV], [Ru, Chapters 6, 7],
[Sh, Chapter 5] for details.

In our setting this gives GoN{|z|<1—6} as the graph of y(z)=y,(a,z) with

lyelic?(a,z) < const. b, 2)

and analogously for G, see Figure 10.
First we want to construct approximations z((,") for a critical point in Gp. We begin
with z((,o) above. Observe that z{°)=<p.,(z((,°)) is e“*-expanding up to time N—1 as a

consequence of part (b) of the following two-dimensional version of Lemma 2.1.

LEMMA 7.2. Given O0<cp<log2 and 6>0, there are go=¢o(co,6)>0 and bo=
bo(co,6)>0 such that for a€[2—ep,2+¢o) and if b<bo(co,6) the following holds. Let
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v be a unit vector with | slope(v)|< {5 and z;=(z:,1:), 0<i<k+1, be a piece of orbit with
lzs| =6 for 1<i<k. Then we have:
(a) For all 1<i<k, | slope(Dyi (21)-v)|< Vb and | Dl (21) -v|| 2 alei|- | D& (21)-].
(b) If |zo| <8 or |zk+1]<6 then || Dyk(zy)-v|| =€k,

Proof. (a) is an immediate consequence of our defnition of Hénon-like map and (b)
is analogous to Lemma 4.6 of [BC2). O

Let z(z)=(z,y(z)) parametrize the C2(b) piece of Gy in |x|<1—6p. We take ¢ (z)
such that (¢(™(z),1) is colinear to e(™(p,(2(x))),1<n<N—1. This is defined in some
interval |x|<o. By (6.9)

ld ()i < Vo (3)
and Lemma 6.6 gives
4™ (z)| < 2K Kov/b (4)

(dot representing derivative with respect to z). On the other hand, the tangent space to
W* at p,(2(z)) is generated by (t(z), 1), where

o) = A+ BE@)i(z)
C(x(2)) +D(a(2)i(z)

Now
A'(z(z))-(1,9(x))C(z(x))+ other terms

()= (C(z(2))+D(2(2))9(=))?

where (Theorem 2.1)

2v/b

14 (2(2)) (L ¥@)CEEN 2 5, 1C(=(2)| € VBIL/K, K]

and all the other terms are of order <b'/2*t, Therefore, for b small

1| A'(2(x))-(1, 9(x)) 1
2T Cl)  |ITK ®)

|é(z)| >
Finally, note that Theorem 2.1 (a) implies ]A(z((,o))KK b* and this leads to
[t(0)| < 2K /2. (6)
Now we are in position to exhibit the critical approximations z((,"). First, by (3)—(6),

[£(0)—g'(0)| < 3K?H /2 and |i(z)—¢" ()| >

for |z| < 0.

1
2Kb
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Hence, there is a unique (1) €[—0, 0] such that
t(zW) = ¢ (zD) (7)

and, moreover,
Ix(l)l <6K3Vb. (8)

We take 2\ =(z1, y(z()))) and (7) means that e(1) is tangent to W* at va(zY). Now,
by Lemma 6.1(a), |¢¢® (z())—¢M (z(1))| <3K(Kb) and so, using also (4)—(5),

e™) =@ (2V)| <3K?% and [i(z)-iP(2)|> 2K1fb on 2| <o
As above we conclude the existence of a unique z(® such that
t(e?) =g® (™) 9)
and
|z —2W| < 6K3bVb (10)

and we take 202 =(z®,y(z?®)). By repeated use of this procedure we find, for each
1<n<N -1, a unique point z{™ =(z(™,y™), such that e is tangent to W* at A=
@a(z5") and

(28" — 2§ < 10VB K+ Dbm < (Kb)™. (11)

7B. Higher generations

Clearly, the same argument can be applied to any C?(b) segment of W*, as long as we
have a convenient (i.e. with small |¢—g]) initial point to use in the place of z(()o). One way
such a starting point can be found is by relating the C?(b) segment to another one where
a critical approximation is already known to exist. That is how critical approximations
of higher generations are obtained. In order to explain this let v: z+ z(x)=(z,y(x)) and
¥: v Z(z)=(z, §(z)) be two C?%(b) segments of W* defined for |z—zo|<I. We denote
z0=2z(xo) and (p=%(zo) and let (; be e‘-expanding up to some p>1. Moreover (g is
supposed to be a uth critical approximation, i.e. £(zo)=§"(zo), where (§*(z),1) is
colinear to e'*)(p4(2(z))) and ({(x),1) generates the tangent space to W* at pq(2(z)).
We use similar notations for . Fix

o0 = (10—}{'2‘)2 (12)
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and assume that

ag”
d< K2 (13)
and
1>Vd (14)

where d=|zp—(o|. In particular, by Lemma 4.3, every q(z(z)) with |z—2zo|<Vd is
expanding up to time u. Observe that the C%(b) segments ,7 must be disjoint and
this plays a crucial role: together with (14) it implies |g(zo)—9(Z0)|<2Vd. Iterating
once under Dy, (and using the definition of Hénon-like map) we get |t(zo)—£(xo)|<
8K*(v/d+d/vb). On the other hand, Lemma 6.6 gives [¢®*) (o) — G (z0)| < 2K KoVbd,
so that

It(z0) - ¢ (z0)| < 10K (ﬁ+ %) .
()

Then, using the same procedure as above we find a uth critical approximation zj
2(z®) ey with

|2®) — zo| < 20K°(VBVd+d) < g < é- (15)

Now, if there is expansiveness up to higher iterates, we can proceed from z(()“) to construct
as before z(()’”'l), z(()“+2), ...y With Iz((,"H)—z((,")K(Kb)", v=p,u+l,....

In particular, by this algorithm the critical approximations
2 €5 =Gon{|z| <160}
induce critical approximations of generation 1,
wl € y=G1n{|z| < 1~60}.

Observe that conditions (13) and (14) are satisfied if b is small enough. As we said in
Section 5, for n< N —1 the nth critical set is defined by C’n={z((,"_1), w(g"_l)}.

7C. The contractive fields

We end this section with the analog of the construction in Lemma 5.8 of [BC2|. This plays
an important role in the binding procedure in Section 9. Let {=(z,y) be l-expanding
up to time m and satisfy 26<|z|<1—28. In this region the first contractive field e(")
is always well defined and we have shown that it is nearly vertical, as in Figure 11. In
particular we can integrate the e(!)-trajectory I'* of ¢ from (say) y=—Kb* to y=Kb’.
Note that W*C{|y|<Kbt}. For any nel'! we have |n—¢|<5Kb and |pq(n)—pa(€)|<

3-935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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const. b*(const. b) < (5Kb')? as consequence of Lemma 6.1(b). It follows from Lemma
6.4(a) that 7 is also expanding up to time 2 and then we conclude, as in Lemma 6.3(a),
that the same holds for every (€U’ =, 11 [1—0,7+0] where 0<o<(A/10K?)? is fixed
and [n—o,n+0] denotes the horizontal straight segment of length 20 centered at 7. Now
we integrate I'2, the e(?) trajectory of £, and observe that it hits y=2Kb* before leaving
U'. In fact, given any (€I?N[p—~0,n+0],n€l?, we have

€@ (Q)~eM ()] < 2Ko0

as a consequence of Lemmas 6.1(a) and 6.6. Hence, the maximal horizontal distance
between I'' and I'? in {|y]<Kbt} is less than 10K Koob'<o. Now we define U?=
Unerz[n—0%,n+0%CU? and conclude that all its points are expanding up to time 3.
For n€T? this follows from Lemma 6.4(a) using

In—€|<5Kb' and |p%(n)—@Z(€)] < const. bt(const. b)” < (BKBH) !, 1< v <2;

then one extends it to arbitrary (€U? by the same calculations as in Lemma 6.3(a).
In this way we eventually get to show that the e(™ trajectory I'™ of ¢ is an almost
vertical curve crossing {|y|< Kb'} and so cutting Gy, G inside the region {§<|z|<1—80}.
Moreover, for nel'™

loa(m) — e () < (BKY)"* for 0Kw < m. (16)
Applying Lemma 6.4 to z; =¢, ¢, =n we conclude that

31D (n)-vll < [1Deg (§)ull < 21Dl (n)-vll (17)
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|angle( Dy’ (n)-v, D} (€)-u)| < (Kb/2)“+ (18)

for 1<v<m and all norm 1 vectors u,v with |slope|<f5. In particular this holds for
nel™NG;,u=(1,0) and v= norm 1 vector tangent to G; at n, i=0, 1.

8. The induction: binding, folding and the splitting algorithm

Now we start the inductive step in the proof of Theorem B. This turns out to be quite long
due mostly to the fact that a great deal of information concerning the previous iterates is
required and must therefore be included in the induction hypothesis. The precise content
of this induction hypothesis is stated in this section, where we also introduce some of
the main ideas involved in the proof to be detailed later. For the time being the value
of a€)y is fixed. The questions related to the variation of the parameter are treated in
Section 11.

As we mentioned in Section 5, it is assumed that for each k<n—1 a set Cx of
(k—1)st critical approximations of generation g<6k has been constructed. Here and in
what follows 0=60(b)~1/log(1/b)<1, see (9.17) for the precise definition. The approx-
imations of critical values zgk_l)=goa(z((,k_l))€tpa(ck), are supposed to be e-expanding
up to time k. Let 4(¢,r) denote the interval in W* of center (€ W™ and radius r. We

(k—1)
0

assume that ~(z ,08%) is a C2(b) curve for every 23" ) €Cx, where go=00(K,6) is

a small fixed constant, see (9.9). Moreover, if g=1+m>1 is the generation of z((,k_l)
then o7 ™(v(2¥ 7, 08¥)) must be contained in Gy ({|x|<1—6o}, with 6o=10(2—sup Qo)
as in (7.1) and its tangent vectors must be expanded by Dy*. Observe that z((,k_l)
k=1) 1
Reversing the argument of §7A we associate to z((,k_l) and C((,k_l) uniquely determined se-

quences z(()k—l), z[()k—z) (k=3

ical approximations. Let [>>1 be minimum such that g§* >4 (0o as in (7.12)). Then,
by (7.11), the points 23", ¢{" are defined and we have |2{" — 28" V| < (Kb) <ot < o8
and analogously for ¢, ¢{*™. In particular |2{" —¢{"|< o8. Now the minimality of /
implies that |z(()l) - ((,l) | <o} or else I=1. In either case we have expansiveness up to time [
for every @, (£), §E[z((,l), él)]CW“, and now §7A implies z((,l)= él) and so zék‘1)=§ék_1).
Now, from the fact that Ck CU,<qr G and length({,<ox Go) < K% -length(Go)<2K°%
we obtain the following bound for the number of critical points of generation g<6k

is the unique element of Cj in 'y(z(() 05F). Indeed, C((,k_l) be another such element.

» 2 ), ...and C((,k_l), ék_z), ((,k_s), ... of increasingly coarser crit-

0k
4, <4(5) . (1)
o0

Now we construct C,, and this corresponds to

(a) replacing every z{""? €C,,_1 by the associated (n—1)st approximation 2",
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(b) introducing approximations z(()"_l) of critical points of generation #(n—1)<
g<on.

Part (a) is a simple application of the reasoning in §7A. From the inductive assump-
tions it follows that there is a unique z((,"_l)G'y(z((,"_z),a(’)‘_l)c’y(z(()""z), gg("'l) ) such
that e (2{""1) is tangent to W* at 2\" V=, (2{*") and actually

1

n—1
- P < () @)

We denote by C,, the set of points z(()"'l) obtained in this way. Part (b) of the definiton

is through the algorithm of §7B. We let C}! consist of the (n—1)st critical approximations
z(g"_l) of generation €(6(n—1),6n] such that 'y(z(()"—l)
be obtained by applying the algorithm to a point (0"_1) €C}, with

,08™) is as above and which can

dist(¢5™ ™, (25", gf™)) < B9/ <O V/S, &)

The motivation for this comes from the binding construction of Section 9, see (9.18). In
particular, by (7.15)

n-— - 1 "
]z((, 1)_Cén 1)| < pte/10 < pté(n—1)/10 < (E) ) (4)

see also (9.19). Then we take C,,=C. UC}..

Remark. Conditions on how the expression in (3) varies with the parameter will be
necessary for the proof of Lemma 11.2. These conditions are also part of our definition
of C!! but for the sake of making the presentation easier to follow we postpone their
statement to Section 11 ((11.7)) where this is used and can be better motivated.

Actually, we even assume that for each 1<k<n—1, e°-expansiveness up to time k
has been obtained for every & =, (£o) with £ bound to Cj, in the sense of the following

definition. We say that & is bound to Ci up to time p if there is z0=z((,’°—1)€C,c such that

s ‘ ' k-1 eﬂ i
|€;—2;] <hxe™P? for all 1< < p, with hk=2_z vy €(1,2). (BC1)
1
If this holds for some p>k then we say simply that & is bound to Cx. The only purpose
of introducing the coefficients hy, is to get (recall (2)-(4))

& bound to Cry; (up to p) = & bound to Ci (up to p).

In particular, if & is bound to C, then, by induction ¢; is e°-expanding up to time (n—1).
Now such points must be shown to be e®-expanding at time n. This requires parameter
exclusions and is done by adapting the argument of Section 3, as we explain in the sequel.
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First one defines returns and binding periods for points bound to C;. The general
idea is the same as in dimension one. One fixes § >0 small and returns v <k of £, =(zq, ¥o)
correspond to having |z, <. For such a v, a critical point o is found with the properties
(tangential position) described in Section 5. One excludes parameter values so that in
the remaining set |{, —({p|=>e™*”. Finally the binding period associated to v is given
by |€u4;—¢;1<ePI, for 1<j<p (B>c). However, in our present setting details require
some more care and in fact the definition is done by induction. For each k<n -1, returns,
binding points and binding periods are supposed to have been defined for all zo€Cx and
times <k. If & is bound to Cj, we choose zg€C;, as in (BC1) and let returns, binding
points and binding periods of & coincide with those of zp. In particular these notions
are defined for all £ bound to C,, and times €n—1. Let z€C,, and suppose first that n
belongs to the binding period introduced by some return v<n of z5. Take v maximum
and let {p be the binding point for z,. Then n is a (bound) return for z iff (n—v) is a
return for (. We take the same point to bind both z, and {,—, and define the binding
period for z, to be [n+1,n+p] if the binding period for (-, is [n—v+1,n—v+p|.
Suppose now that no binding period associated to an earlier return contains n. Then n
is a (free) return for zo iff |z,|<é. In this case a binding point (o €C,, must be found to
use in the binding of 2, and this is done in Section 9. Moreover, we restrict to a-values
for which holds the

dn(20) = |2, —Col 2 ™. (BA)

The binding period {n+1,n+p] is defined as follows. First, one lets pp>1 (the primary
binding period) be given by

|zn+;—¢;l < he™ for 1< j < po, po maximum (BC2)

where h=h(K,a)<1 (to be precised later, see (10.21)) is introduced for purely technical
reasons. We show in Section 10 that

po <5logd,(z) ! < ban. (5)

On the other hand, trivially, z,, remains bound to (o up to py. Therefore, we may speak
of returns and binding periods during this interval of time. Now p>1 is defined by:
* (p+1) is a free iterate for z,, i.e. it is not contained in any binding period of zy;
* 1<p< pp is maximum with this property.
This assures that at the end of the binding period introduced by the free return n the
point zp is again in a free iterate. We also need to know that p~py. To show this, observe
that if p<pg then there must be returns vy =p<iy <...<¥s<pg of zn, such that each v;
is contained in the binding period [v;+1, v;+pi], 1<i<s—1, and [Vs+1,vs+p,] contains
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po. It is part of our induction assumption that (5) holds for all returns v <k of points in
Ck, k<n (d,(-) denoting always the distance to the corresponding binding point). Then
p1<5apy (by construction p; is the length of the binding period associated to a free
return <pp of some element of some Ci) and, analogously p;+1<5ap; for all 1<i<s—1.
It follows

L)
po—p< Y _(50)*po < 10apo. 6)
1
This also has the following useful consequence:

|2ntp+1—Cpt1| 2 Zn+po+1—Cnpo+il K~ 10ap0 5 po—28(p+1) )

if a is sufliciently small with respect to 3.
As in dimension one, it is crucial to show that the orbit of zy (and of every £, bound
to it) has an expanding behaviour in the interval of time

[n, n+p] =return U binding period

(recall Lemma 3.2). However, the proof (and even the precise statement) of this, to be
given in Section 10, as well as the binding algorithm of Section 9, require a more detailed
description of the whole construction at stages k<n—1. Before we can complete the
formal statement of our induction hypothesis, containing this description, we must in-
troduce some notations and discuss another typically higher-dimensional difficulty which
was already outlined in Section 5: the creation of folds in W*.

Let us begin by making some geometric considerations. Let p<k be a return for
20€C, and (o be the corresponding binding point. A typical situation is described in
Figure 12: w,_; is nearly horizontal.

At the next iterate a fold of W*" is created and w, may have a very large slope.
After that, the orbit 2,4, spends some time outside (—4,6) and during this period one
expects to see expansion in the horizontal, direction (Lemma 7.2) and strong contraction
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in the vertical direction (Lemma 6.1). Hence the vectors w,; should be getting more
and more horizontal, so that the slope of w1, say, is again of order /b. The interval of
time [p+1, p+1] will be called the folding period associated to the return p.

This geometric description is quantified by a splitting procedure as introduced in
Section 5. At time u+1 we decompose w,=w,+0, where w,=(u,,0) is horizontal
and o, has the direction of a convenient contractive approximation. Observe that
Zu+1 is close to the point {; which is already known to be expanding. Now we define
Wut+i=D@i(zp11)-wy and 0,4;=D@l(z,11) 0. As long as we stay outside (—6,8) the
vectors wy; remain nearly horizontal (Lemma 7.2). On the other hand the o,4; de-
crease exponentially and so for I sufficiently large we may add o, back to the nearly
horizontal component (making w,{;=w,;), with no significant effect on its norm or
direction. Notice that o, is assumed only to be in a contractive approximation (and not
in the real contractive direction, which at this stage is not yet defined) and so we have
control (contraction) on its iterates during only a finite interval of time. That is why
we must add this component back and restore w,; at the end of the folding period.
Of course, it may happen that a new return v occurs still during the folding period
[#+1, u+1). This corresponds to a return of the binding point (o and creates a higher
order fold. In such a situation again we force w, to be horizontal and a new correction
term (Dyq(2,)-wy—1—w,) is added to o,. Actually, we may have a whole hierarchy of
folds inside folds, as in Figure 13, and this corresponds to having several terms in the
o-component, see below.

The exact definition of the folding period is somewhat arbitrary and actually our
choice differs (essentially by a multiplicative factor) from that in [BC2]. Again, some
combinatorial care must be taken since we need the following two properties to hold for
any folding period F=[u+1, u+1}:

(a) any folding period starting inside F' must also end inside F;

(b) p+1 is not a return; moreover z,;41 satisfies 26 <|z,i41|<1—26p.
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Recall that in the region §<|z|<1—6p the contractive vector fields are nearly vertical
and Gy, G1 are C?(b), at least if b<(2—a), see Section 7. Hence the construction of §7C
applies there and this plays an important role in the binding construction of Section 9.
We give the definition for free returns u<k of critical points zo€C; and this is
extended for general returns of points & bound to Cj in precisely the same way as for
the binding period. First one considers the primary folding period [p+1, u+1lo] defined
by
10log K

0= mlogd,‘(zo)'l-l—i (8)

where 0<i<4 is chosen in such a way that property (b) holds at time u+Iy+1. Observe
that [y is much smaller than the binding period: for §>0 sufficiently small (7) gives

log d, ()"

y >4 m- (9)

Now [ is defined by:
» for any return v€[u+1, u+1] the (primary) folding period of v ends at time <p+;
» 1>y is minimum with that property.
The fact that [ exists and [~y is obtained by a geometric-series argument as for the
binding period. We get in general

10log K
log(1/b)

20log K
log(1/b)

We remark the following direct consequence of (10), which will be used several times in

log (€)™} <1< log d,,(€0) " +4. (10)

the sequel. If e=e® is the Ith contractive approximation then
1Dk -e(€0)ll < 4K (K?8) < 4K (VB dy (&) (11)

Now we give the precise definition of the splitting algorithm described above. For
0<u<k<n—1 and & bound to C; we write w,=w,(1)=wy+0,, where w, and o, are
constructed as follows.

(i) wo=wo=(1,0) and 0¢=0.

(i) Let @y=Dpa(€y)-wu—1 and 6,=Dye(£,) 0p-1.

(iii) If p is a return for &y, split @, =a, -€(€.+1)+Bu-(1,0) where e=(g,1)=(¢",1)
has the direction of the /th contractive approximation, [ = length of the folding period,
and then take

Wy =Gy =y e(§u1) =Bu-(1,0), ou=58u+ayu-e(fus1).
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(iv) If p is the end of a folding period, p=p; +1;, let

Wy =‘:’u+amD¢le (fu1+1)'e(§u1+1)a Ou= 5';4_0‘;:.1D‘P2 (5y1+1)'e(§m+1)§

more generally, if s>1 folding periods [u1, p1+1], ..., [4s, s +1s] end at time p, take
s 8
Wu=Bp+ Y 0u Dol (Euinr)-euitr)y  Tu=3u=Y_ 0 Dol (€uir1)-e(6us).
1 1

(v) If neither (iii) nor (iv) apply then take simply w,=&, and 0,=6,. Recall also
that (iii) and (iv) never apply simultaneously.

The algorithm is designed in such a way that the w-component corresponds essen-
tially to the horizontal (1-dimensional) part of w,:

LEMMA 8.1. For every 0<v<k<n—1 and & bound to C,

| slope(w, (61))] < .

The proof of this requires more inductive information and is postponed to the end of
the section. On the other hand, the o-component in the splitting contains the geometric
complication coming from the creation of the folds. It has the form

Ou= Z 0 Dol ™ (1) - €(€us+1),

each term in the sum corresponding to a fold created in a previous return and still
affecting & and the w-vector at time p. An iterate p is said to be fold-free for & if
ou-1(£1)=0, ie. wu—1(&)=w,-1(&1). Fold-free iterates are quite dense in the set of
times:

LEMMA 8.2. Given u>1 there are fold-free iterates p1 S pu pe with

20 log K

P Gt - LW
Ha= log(1/b) Bt

Moreover, if v>p is a free iterate then this may be replaced by

1001log® K
<28 R )4,
Ha= i S T (v—p)+
Proof. The first part, is a direct consequence of (10) and the (BA). For the second
one suppose that y belongs to a folding period [k+1,k+I]. The corresponding binding
period must satisfy v—k>p>logdi(£)~1/3log K, by (9). It follows from (10) that
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1<(601log® K/ log(1/b))(v—k)+4<(100log? K/ log(1/b))(v— ) +4 where we also use the
fact [<Kp. O

Now we conclude the statement of our induction. For k<n—1 we assume that:
o Whenever v=k is a free return for z,€C;, a binding critical point (o €Cy is defined
for z,,. Parameter values are chosen so that

dy(20) = |2, —(o| Z 7. (BA)

For every & bound to zg

low (€1)| S 4K Vb flwy—1 (&) (12a)

and

1Bl _ Mwn(Ell  Sa
llwy—1 (€Il Nlwo—1(&)ll ~ 2
Moreover, (12a), (12b) hold for every return v<k of any point & bound to C, at least

if we take there slightly worse factors 5K+/b (for (12a)) and a and 3a (for (12b)).
o If v<k is a return for zo€Cy, then its binding period satisfies p<5av <v. Moreover,

%ﬁdu(go) <

there are 71, 79>1 depending only on K, a and 3, such that given any £ bound to 2g

1 Hlws+5 (€D

—< <7 for0<j<p-1. 13
1B &) lwi (GO 9
and, denoting ¢;=(c+co)/2,

lw +5(61)ld, (So) > 10et /3 51 (¢ is the binding point of £,). (14)

llws (&)

« Parameter values are excluded so that in the remaining set holds the
Fr(a;20) > (1—-¢e)k (FA)

with Fj, denoting the total number of free iterates in the interval of time [1, k].

The way the (BA) and the (FA) are obtained requires some explanation which will
be given in Sections 11 and 12, where we also show that a positive Lebesgue measure set
of a-values remains after all the exclusions.

Here we observe that the conditions above assure the e®-expansiveness up to time &
for all £&1=,(&o), & bound to Ci, k<n—1. We write

k .
lwi (€)1 =H ﬂ!«'—i‘(lef)ll)l—ll
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Let 1<v; <19 <...<¥s<k be the free returns of &. For each v=v;, p=p;,

v+p
If; s €0l _ losp®0lly o5 1

wic (€l Nww (&)l

On the other hand, denoting u=v;, g=p—v—p—1,

II sl _ lwumr (€l _ lwuma (@l yeon

yiors wim1 (G vl Nlwerp ()~
by Lemma 7.2 (recall also the definiton of binding period). It follows, as in (3.4),
lwr(€0)]] > ek > g1k

Now we use

LeEMMA 8.3. For any 1<u<k<n—1 and & bound to Ci
K75 H||w,(&1)]] € llwu (€0l < K3+ ||w, (&)]].

Proof. Analogous to Lemma 7.7 of [BC2]. a

This gives |[wg(£1)]| > K ~3e(c1~¢)* > ek (because we may restrict to k> N) and com-
pletes the argument. For the proof of Lemma 8.3 one needs the following result which
will also be used in Section 9.

LEMMA 8.4. For any 1<u<v<k<n—1 and & bound to C;

Al e (ad (e
ol > i | 2o 601> mimcs o ads oD )

(with the convention: dj(&o)=|x;| if &;=(x;,y;) i3 not a return iterate).
Proof. Analogous to Lemma 7.6 of [BC2]. a
We close this section with the

Proof of Lemma 8.1. We prove by induction on v that

| slope(wy, (€1))| < const. i(\/l; )i <b (15)

Observe that this is trivial for =0 and for v a return. Suppose then that ¥>1 is not
a return for &. Assume moreover that (15) has been proved for all iterates p<v—1
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of every point bound to Ci,v<k<n—1. If no folding period ends at time v we write
wy-1(&1)=u(1,p), with |p|<b* and then

| stope(w, (61)] = | slope( D w,1(62))| < 25V

implying (15). Let now v coincide with the end of a folding period p+!. We take such a
4 minimum and then property (a) in the definition implies

wy(€1) = Bu(€)wi(€us1) + 0, (€1) D -e(€uyr).

Now, by induction |slope(w;(£,+1))|<const. le (Vb )i. On the other hand the induction
hypotheses give

llo(€1) Dl - e(€ur1)| < BEV [lwpu—1(£1) || -8K (K 2b)!

16)
< const.(\/l; )Hlllﬂu(&)wl (Eu+)ll (

and so | slope(w, (1)) —slope(wi(€,+1))| <const.(vB) . =

9. Binding and loss of growth on returns

Let n be a free return for a point zp€C,,. We describe here how a critical point {y€C,
is found to use in the binding of 2,. As we observed before, in order that we have
lwn{z1)l|~|2n—Co|- lwn—1(21)]| it is crucial that (z,,wn—1(21)) be in tangential position
to a C?(b) segment ~ containing (g, in the sense that

(zn’ 7) < |Zn_<0| and Iangle(wn—l(zl)a t(r; 77))| < lzn'—COI

where t(-y; ) denotes the tangent direction to v at 7.

The basic ingredient of the binding construction is Lemma 9.1 below. This is es-
sentially Lemma 6.6 of [BC2] but, since our definitions differ from those in [BC2], it is
stated here in a slightly different form whose proof we present in order to explicit the
conditions on )¢ in our setting. Recall that we define d,(£o)=|z,| when &,=(z,,y,) is
a non-return iterate.

LEMMA 9.1. Fiz )\ sufficiently small (\o=(6/2)?, say). If n is a free return
for zp€Cy,, there are 1=my<mg<...<my,<n with m; 1 <3m; for all 1<i<s—1 and
n<3m,, such that each n—m; is a favorable position for zy, meaning that

(a) 26<|Tp—m,|<1—260;

(b) n—m; is a fold-free iterate;
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(€) dj(Znem) 2 NTY for all 05 <ms—1.

Proof. Let k be the last return before n and u=k+1+1, where [ is the length of
the folding period of k. (Taking § small and Qg close to 2 we may assume (n—k)>10,
say.) Since [g,n) contains no returns or folding times one finds easily 1=m; <m;<...<
mp_1 <m,=n-—u favorable positions as in the statement. Observe also that by Lemma
8.2, p—k<const./log(1/b)(n—k)+4<1(n—k). Now we suppose that m;>3(n—k) has
been defined and obtain m;;; as follows. Let yu;>n—3m; be a fold-free iterate with
m—(n-—3m,-)<const./log(1/b)m,-+4<%m.i. We let I=[u;,n) and observe that d;(z)>
(KeP)~!l for all j€I. In fact, if j is a return

dj(z0) 2 (KePy "> (Ke'e)_'l|
(because n does not belong to the binding period of j) and otherwise
di(20) > 36> 1di(20) > L(KeP)Fm > L(KP) 2™ » (Kef)~M.

This reduces the construction of m; 41 (and so the proof of the lemma) to proving

LEMMA 9.2. Let I=[p,q) be a time interval such that iterate p is fold-free and it is
in the region 26<|z|<1-28y and moreover

inf; d;(z0) > (Kef)~ M. (1)
Then there is v€[p, 5(p+q)) a fold-free iterate in the region 26<|z|<1—28 such that

dy15(20) 2 Af;“ forallvSv+j<aq. (2)

Proof of Lemma 9.2. This is trivial for small intervals: if

log A5t

IS —7——,
i log K+3

3)

we take v=p and (2) is an immediate consequence of (1). The proof proceeds by induc-
tion on the length of the interval. Let m>1 be such that 4m—3<|I|<4m and set J=
[p,p+2m). Suppose first that

ian dj(Zo) 2 (Keﬂ)""”. (4)

By induction there is a good iterate v€[p, p+m) with dy+j(zo)>A6+1 for all vSv+j<
p+2m. Also, for p+2m<v+j<q we have d, 4 ;(20) > (KePf) 111 2 (Kef) 4™ > (Kef)~4 >

Ag“, as long as §>0 is small enough to imply, say

do < (KeP)™10. (5)
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This proves the lemma for I when (4) holds. Now we consider the opposite case. Let
the infimum be attained at 7€ J. Clearly, we may restrict to the case where I does not
satisfy (3). Then

(Ke)y™WI < (KP) 2 < VA< 36, (6)

implying that 7 is a return. Its binding period satisfies 3|.J|/4>3m/2 (because (4) does
not hold). Let z=7+I+1 where [ is the length of folding period of 7 and observe
that, due to (1), z—P<const./log(1/bym+4<m/2. We take L=[f, i+m). Then LC
[7+1,5+p] and so d;(z0)>e~ U7 /2> (Kef)~ I for all jeL (at least if >0 is small
enough). Again by induction, there is a good v€[f, i+m/2) with

dy+5(20) 2 )\{)ﬂ forv<v+j<p+m (7)

and now one checks as before that (7) holds for all v<v+j<gq. O

Properties (b) and (c) in the lemma have the important consequence that zp_m;
is expanding up to time m;. To show this we use Lemma 8.4 as follows. Given any
1<j<m; we take, as in Lemma 8.2, a fold-free iterate k>j; with

201og K log A\5!
log(1/b)

Then [[wn-me+j—1 (1)l 2 K7=* [nmyskor(21)| = K7* [on_meb-1(z1)]| and so, by
Lemma 8.4, [jwn—m,+j-1(21)]| >3 (Ao/K)* M) ||wn—m,-1(21)|| if b is small enough. Since
Wn—m;—1(21)=Wn—m,-1(21) is nearly horizontal (Lemma 8.1) we get from Lemma 6.2

k—j< j+4.

1Ny (Y
ustanmll > 3 (32) %3 (G) forall 1 <me ®

This means that we are in a position to apply the procedure of §7C, with £=2,_,,
m=m; and A=()o/K)5, to obtain a segment I'™: of the e(™i)_orbit of Zn-m; Cutting Gy,
see Figure 14. We consider the point 17([,' |=I'™:NG, and the segment 'y([)"]=7(n([)’ ], 2')C

Qo= (()\1(;)/—;'{2)55 (9)

Gy, where

and denote also flil=¢™ (58} and ylil=¢m™: (411). Observe that 7 is C2(b): using the
fact that #!¥ is close to |z]=0 one concludes in a fairly easy way that if 77([)' ) is near |x| =26
or |z|=1—26p then m; must be large, so that 'y([,’} is always contained in §<|z}<1—6o.

LeMMA 9.3. 41l is a C?(b) curve for all 1<i<s.

For the proof of this we need
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LEMMA 9.4. Ifv<n is a free iterate for 25 then

lwy-1(E)N = K 5e*/ P jw, k-1 (&)
for every & bound to zg and 1<k<v~1.
Proof. Analogous to Lemma 7.13 of [BC2]. O
Proof of Lemma 9.3. Fix 1<i<s. We write simply m=m;, n=nl], y=+1%, etc. Since
Wn_m—1(21)=wWn_m-1(21) and t(v; 7o) are both nearly horizontal, we have by (7.18)
langle(wy,—1(21), t(v;n))| < (Kbt/2)™+! < const. b’. (10)
On the other hand w,_;(21)=wn_1(21) is also nearly horizontal, giving

| slope(t(7; 1))| < const. b* < b*/2.

This reduces the proof of the lemma to showing that the curvature of 7 satisfies
k(y)<bt/2. We denote ;=2 (7o), where -y, is parametrized by arc-length with 7o(0)=
1. Clearly,

Yj+1=Dpa-¥; and Hji1=Dpe-H;+D*pa (Vi 7;)-

Using k(y;)={det(y;,4;)|/ll7;11® we get the relation k(y;41)<Kj(ldet Dpalk(v;)+L;)
where

. 3 s
Kj= (M) and  L;=|det(Dya-t;, D2‘Pa‘(tj’tj))" tj= ;Yl—

s+l (71
It follows that

m—1

k(Y =7m) < (Kb)™ Kpm1-...- Kok(70)+ Y _ (KB)™ " Kp_y-...-K;L;.  (11)
0
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The properties in Theorem 2.1 give
L; <8K?Vb for all j. (12)
By Lemma 6.3 and (7.17)
. . Wp— i—1(2 .
st s~ Le=mssmt o every 1< <m
and so, using also Lemma 9.4,
95l Nwn—mjia1(z)ll —(m—j
2~ < const. e~ (M—9)/10,
Bnll = MmOl S
Hence,
[E1RY /10
Kp_1-....Kj= (“"YJ “) < const. e~ 3(m=9)/10, (13)
Replacing in (11) we obtain k(y)<const.v/b if b is small enough. O
Observe moreover that
48 >1 forall 1<i<s. (14)

This follows from |49~ ||wn—1(20)||/|wn—m;—1(21)|l, invoking either Lemma 9.4 (if m;
is large) or Lemma 7.1 (otherwise). In particular, 4 >v(nl, o) Dv(nl, 503*), where
gi=14+m;. Clearly, v CGy, and g;+1<3g; and this remains true for i=0 if we denote
°=Gin{z=z,},7%=~(n", 1).

‘We are now in position to exihibit the binding point of z,. Observe that, up to taking
6 and b small enough, we may assume that 'y(n[‘)], ) contains the critical approximations
w((,i_l) €G1NC; constructed in §7B.

Definition. Let k>0 be maximum such that y(n*, gg*), respectively v(n%, &) if

k=0, contains some element (o of Cp, see Figure 15. Then the binding point for z, is

C0=Co,&-
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We restrict from now on to values of the parameter for which this construction yields
dn(20) = |2n—Co| 27" (BA)

This means that parameter exclusions are made and these are analysed in Section 11 and
12. For the time being we assume that (BA) holds and prove that (z,,wn_1(21)) is in
tangential position to y*l.

LEMMA 9.5. Let n=n*! and y=~*. Then
|2n—1| < B%*/5dn(20) and |angle(wn_1(21), t(v; 7)) < b**/°dn(20).

As a consequence, there is a C%(b) curve 4 containing (o and z,, tangent to v at (o and
to wn-1(21) at z,.

Proof. Observe that by construction,
17— 2| < BP0 . ptor/5 (15)

and
langle(wn—1(21), t(y, m)| < B%/-b19+/5. (16)
In fact, (15) is a direct consequence of (7.16) |n—z,| < (5Kb)9 and the deduction of (16)
is only slightly more complicated: for g >1 it follows from (7.18)
|angle(wn1(21), t(y, )| < (KbY/2)%;
for g,=1 we use ((7.2) and Lemma 6.3)
|langle(wn_1(21), t(G1,71%))] < | slope(wn_1(21))|+] slope(¢(G1,7?))| < const. b*.

Let us consider first the case g, <6n/3. We claim that

dn(zo) 2 Qggkv (C)

which, in view of (15) and (16), immediately implies the lemma. We prove (C) by
contradiction: assuming that it does not hold we construct (starting with (o) an (n—1)st
critical approximation (o E'y(n[k+1], ggk *1} which we show to belong to C,; since gi+1<6n
this contradicts the maximality of k. The details of this argument require the precise
definition of # which we now state:

__ 10Rlog(1/a0)

s Y .
tlog(1/b) R >1 to be given in (10.11) (17)

4935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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Also, before describing these details, let us observe that in the case gz >60n/3 the lemma
is a simple consequence of the (BA) (and (15)-(17)):

%gk logb< noItE logh< —an.

Hence, the lemma will be proved once we have completed the

Proof of the claim (C). Let 1<u<n—1 be such that fu<gr+1<0(u+1) and (o=
é"_l), é"—z), ey ((," ) be the sequence of critical approximations obtained from (p by

reversing the algorithm of §7A. Notice that for every u<ig<n—1

157 ~n¥] < 1657~ Col + 1o~ zal +l2m —n¥]
< (KB +05% gu+b'9+/° < 205

and Coi)ecz‘+1 (because (p€C,, and gr <Ou<0i). We apply the algorithm of §7B to Zo=
¢{* to find a pth critical approximation G eq=~(nlk+1l g8%+1). The crucial estimate
here is

d=dist(Z, 7) < (5K )%, (18)

which is a consequence of the construction of §7C, see Figure 16. Together with the
definition of 8 this implies (7.13):

K2(5Kbt)yk < ptok+1/5 < ptou/s < 0-(2)#_

Moreover, we may take [=g3*** and then (7.14) holds (for b small enough). Hence, there
is indeed a critical approximation f((,“ ) in 4%+, It is not difficult to check that f((,“ )
belongs to C,,11: notice in particular that (((]“ )ECLH and, by (7.15),

16— < d+ Vb, (19)
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Then ~¥+1) contains also an element ") of C,, (obtained by increasing the precision

of ")) and actually, by (7.11), (15) and (19),
|81 —ple+ 1| C Q(KBYM 4 bton+1/10 4 g9k | optan/5 < g8+t

contradicting the choice of k. O

Now we are in position to formalize the heuristics of Section 5 to estimate the loss
on the norm of the w-vectors on returns.

LEMMA 9.6. Let n be a free return for 20€C,. Then

Ba(21)| __ 50

3a
< — < <
len(21)| ARV lna(en)ll and  dn(a0) < =i <5

dn(zo).

Proof. Let s z(s)=(s+xo,y(s)) parametrize the C?(b) curve 4 of Lemma 9.5, with
Co=2(0). We split the tangent vector to ¢, (%), t(s)=a:(s)e(wa(2(5)))+PB:(s)(1,0), with
e=eY=(g,1) colinear to the Ith contractive direction. This gives

0;=C(2)+D(2)y and B;=A(2)+B(2)y—ougq. (20)

Since 4 is C2%(b)
ANEARS QL (21)

and so, using also Lemma 6.6, |3, — A'(z)-(1,9)| <2K V5. From A’(z)~(—2a,0) (Theorem
2.1) we get |8;+2a| <4K Vb, leading to

(2a—4KVb)|s| < |B:(s) - 4:(0)| < (2a+4K VD) |s|. (22)
Since {p is an (n—1)st approximation, Lemma 6.1(a) gives
langle(t(0), e (1)) < 4K (Kb,
which implies (recall (8.11))
18:(0)| < BK(Kb)'[[4(0)]| < 10K (Kb)' < Vbdn(20)- (23)
Let now z,=2z(c). Then, 4 being C?(b),
|o| < dn(20) < (1+6/2)|0] (24)

and
wn—1(21)

U (o), with (1-b2) <A <1 (25)
Toma (20T (o) ( )< A
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Denoting Gn=0n/|lwn—1|| and By =8n/llwn—1]|, it follows

|Gin(21)] < los(0)] < 2K VB,
1Ba(21)] < 1Be(0)| < (2a+5Kvb )dn(20) and

~ )2
1Ba(20)] > (1=5/2)|Bu(0)| > —i+—zt/—2(2a—5K\/l;)dn(z0). 0

We also need to show that the lemma holds for any point & bound to zp. This is
easier to do using Lemma 10.2, so we postpone it to Section 10 {Corollary 10.4}.
Finally, Lemma 9.6 is also (essentially) true when n is a bound return.

LEMMA 9.7. Let n be a bound return for 29€C,. Then
1@n ()| <SKVD  and  adn(€1) <|Bn(61)] < 3adn(€1)

Jor every & bound to zg up to time n.

Proof. Take k>1 minimum such that v=n—k is a return for £ and its binding
period contains n. Then k is a free return for the binding point (~0 of £, and &, is bound
to {p up to time k. By induction

3a

Be(6)| S4KVD and 2au(6) < Belsn)] < (6.

If there are no folding periods [u+1, u+1} with uSv<p+l<n then

wn—1(&1) =B (&1)wk-1(&v+1),

implying
@n(61) =8x(6,11) and Bal&)) =Brlbos)-

Suppose now that there are such folding periods, corresponding to returns g <pz<...<
ps=v. Let first u=p1. Then

wn—l(fl) = ﬁu(gl)wn—u—l(£u+1)+a#(§1)D‘pZ_u_le(€p.+l)'

By induction

llo (&) Dl -e(€1)ll S SE VD ||lwy—1(&1) |- 8K (K2b) K™ H—H1
< const.v/b lwy-1(€1)lld, (€0)* (VD) K*,

while
1By (60— (G ) > (o) e () e 40,
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It follows that |angle(wn_1(£1),wn—pu—1(€ut1))|<const.vVBK* (Vb )l. Similar estimates
for the contribution of each [p;+1, ui+1;] are obtained in precisely the same way: just
replace above § and n—u by &,,_, and n—p;, respectively. Summing all this,

langle(wn—1(£1), wk—1(£+1))| < const. VOE* (VB

where now [=I, is the length of the folding period associated to v. Note that d,{&)~
dk (g},)ze—“k. On the other hand, k<5logd, (£&)! (inductive assumption on the length
of binding periods, recall Section 8) and the definition of / imply K*(v/b )l <e~?k. There-
fore, |angle(wn—1(£1), wk—1(€v+1))| <const.v/bdn(&). From this one gets, easily,

|Gn(€1) —ak(£,41)| < const. bd, (&) < KV

and
|Bn(€1) ~ Br(€s+1)| < const. bdn (&) < Ladn(£o)

10. The binding period

Let again n be a return for z0€C,. In this section we show that [n+1,n+p] satisfies the
inductive properties of binding periods, recall Section 8. The global strategy is that of
§87.2, 7.3 in [BC2] but we manage to use

8, =0.(n, )= Z(%)V—SMs = (sl
1

(instead of A,=maxigsg, |1 —(s|, see remark after Lemma 7.8 in [BC2|) to express
the estimates corresponding to time v in terms of iterates previous to v. This permits
to obtain the property of bounded distorsion on binding periods (Corollary 10.3) as
an immediate consequence and allows us to give a more direct and, we hope, more
transparent form to the argument. Moreover, segments of the proof in [BC2] (e.g. the
free iteration estimates, Lemma 7.9) had to be replaced by more general arguments,
independent of the precise form of the family.
First we state an elementary result to be used in the sequel.

LEMMA 10.1. Let £>0 and vy,vs,€1,62 be such that |Jv;+eil| 2€||vil| fori=1,2.
Then

(8) llvit+enll/flva+eal <Ulvall/lv2l)(X+x/€);
(b) |angle(v1 +E1,02 +52)l < |a.ng1e(v1, ’1)2)| +2X/§7

where
lvall | llezl]

lleall , llex el _ .
ol ] Nlvell

flodl ol

x = |angle(v1, vg)]|-
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LEMMA 10.2. Let ng,{o be bound up to time q<k to a same element of C,,s<n.
Then, for all 0Sv<yg,

H:EZS” <8K 2 I )) and  [angle(w, (m),wy ((1))| <2V58,.

Proof. We structure the argument in a way quite similar to that of the proof of
Lemma 8.1. The lemma is contained in the following claims which are proved by induction

o (a0l v
T @l S <e"p<4KZ Z an(o )) \"""(8"2 dn(Co )) (12)

on v:

langle(w, (m ), w, {¢1))]| < Z @,, <2vb0,. (1b)

Note that this holds, trivially, when v=0. Let v>1 and assume that (1a), (1b) have
been obtained for every iterate u<min{k,»—1} of each pair of points bound to a same
element of Cx, k<n. Suppose first that v is a return. We write, as in the proof of Lemma
9.6,

@y (m)

TowatnyT = 2 (1)@ Ds2)+Bu(mn)-(1,0)

and analogously for ¢;. Then we have @,=Cu+Dv and B,=Au+Bv—@,q, where
wp—1=||wy-1||(u,v). It follows that

(@, (1) =8, (¢1)| < 2KVb(In — (1 +2V0 0, 1) 4K VDO, (2)

Analogously, using Lemma 6.6 | B, (m)— By (61)|<2K(|n,—¢v|+2v60O,_1), implying

Iﬂu(”h) IBV(Cl)l <4K—— ]ﬁv«l)l (3)

d(C)

Clearly, this gives

”ZZETCII;” Sex p(4KZ (Vo) Vde(Co)) (1+4Kd(?Co)>
<exp(4KZ de(go))

proving (1a). On the other hand (1b) is trivial on returns.
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Suppose now that v is neither a return nor the end of a folding period. Again we
write wy1=|lwy—1||(u,v), with (Lemma 8.1) |v|<b*|u| and so |u|~1. Then (1b) is an
immediate consequence of

|angle(w, (1), wy (¢1))] < | slope(w, (n1)) —slope(wy (1))
< 315(4\/5K2|n,,—C,,|+4K2b-2\759,,_1) <56,

Moreover,
|[{Au+ By, Cu-+Dv)(m)— (Au+ Bv, Cu+Dv)((1)|| < 4KO,,
while |{|{ Au+ Bv, Cu+Dv)($1)|| 2|z l=du (o). Tt follows that
llw (m)l ( S )( 0, )
<exp| 4K 1+4K———7—
Tl <245 2 (% Z dk«o) 4,(%)
and (1a) is proved in this case.

Finally, let there be some folding period [u+1, u+!] ending at time v. Take such u
minimum. Then, as we remarked in the proof of Lemma 8.1,

wy (M) = Bu(m)wi(Mu+1)+u(m) Dl -e(nut1) = llwu—1(m) I (v(m) +e(m)),

v(m) = Bu(m)wi(nu+1) and  e(m)=&,(m)Dek-e(nu41).

We introduce analogous notations for {; and want to apply Lemma 10.1. By induction
(1a) and (1b) hold for wi(¢,.+1) and wi(n,+1). Clearly, we also have the right to assume
(2) and (3) to hold for every return previous to v, in particular for x. Then (recalling

also d;({o)<2d;(no))

o)l O \., ~_ 9
Totn)l < (1+8Kdu(40)) p(lﬁK;dk«p)) )

where e;s::ek("]“,C#)ZE’;(%)k-il'r]#+i—C”+i|. Observe now that

16sz (C,L <80KZe(°‘ ﬂ)kz VbeP)

< 100K Z ele—Pk,
k=1
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Hence, from (4) one gets

B g O s
Tl < K GG 2 @) ©)

with 7/>0 depending only on K, a, (and not on b). On the other hand, using Lemma
6.8,

le(m)—e(¢)ll S4B Vb O, -AK (K2b) +5KVb-2(K16) 3|, — ¢l
<const.(\/_)l+1 d,(¢0)?0,

and so
lle(m1)—e(C)H] con I+1
Gl <ot (V) (@O ©®)
Again by induction
|angle(v(m), v(¢1))| <2Vb6;. (7)

Finally, (recall (8.16) for instance)

lle(m)ll con i+1 <l
ol om0 du(60) (<3) ©

and analogously for ¢;. Replacing (5)—(8) we get

l /
141
4xgconst.(\/l;) G)#-I-const “(Co Z k(Cp.).

(9)

Notice that, due to the (BA) and the definition of , d (¢, ) >4d.({o) for all 1<k<!. Hence,
the last term in (9) is bounded by

1

Ik )
const.(VB)™ 3 0} const. (VB) ™ 3032 (VB) s = sl < (VB) 6

k=1 k=1 j=1

and this gives
x < (VB) ((VhYo,+6) = (V6 'e,. (10)
Now, from Lemma 10.1(b) and (10)
!

) 141 )
jangle(w, (m), @ (¢1))| < 3_(VB)01+(VB) 0, < 3 (VB 6,

i=1
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and this proves (1b). On the other hand Lemma 10.1(a) gives

og loem)l s (m)ll_ [lo(m)l
8 o @l S ‘°g(uwu 1<cl)n nv<<1)n)+2"

<]
<4KZ Z 3 #(2‘0)

+4KZ (o de(() Vo) te,.

Clearly ©},<O,+x. We add the last terms and then (1a) follows immediately. a

Suppose now that n is a return for 2p€C,. Let {p be the binding point for z,
and p denote the length of the binding period associated to this return. Notice that
p<5logd,(zp)~! is not yet available at this stage.

COROLLARY 10.3. For all 0<k<min{p,5logd,(z0)" "}

-1 llwn -k (20)l

S G (o <™

with 1 =71(K, a, 3). Moreover the same holds for any & that remains bound to zq up to
n+k.

T

Proof. Let np=¢&,. The lemma gives (recall the deduction of (5))

Jlww ()

On the other hand, wn+., (¢1) differs from B, (¢1)w.(n1) only by the recomposition of fold
terms corresponding to folding periods y<n<p+Ii<n+k. The effect of such terms was

llwe (mo)ll e
1WA < exp (100K2e5("‘3)) =T (11)
1

analysed in the proof of Lemma 9.7 and in the present situation this gives
s 1
-+ (€N < [Bn(€0)] lwr ()| T [ (1+comst. Vb K* (vb)"). (12)
1

The definition of folding periods implies K*(v/b )l" <K*(vb )l" (Vb )s_i < (Vo )34 and so
the upper inequality follows if we take

=27 (; T_ﬁ(l+const.(\/l_))i+l)). (13)
0

The lower bound is obtained in the same way. O

We take a pause in the deduction of the binding period estimates, in order to extend
Lemma 9.6.
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COROLLARY 10.4. Let n be a free return for z9€C,. Then

~ 3 = 5
()| <4KVE and T <IBal@)I < F

Jor every point £, bound to zo up to time n.

Proof. Lemma 10.2 gives
n—1 1 i
|angle(wn—1(€1), wn—1(21))| < 2Vb Z (Vo)™ TlePig10Vbe P,
1

On the other hand |¢, —2z,|<2e " < e™®" (because n>N). It follows that

|én—n| K dn(€0) and |angle(wn_1(&1),t(v; 7)) K dn(éo)-

and so we may take a nearly flat and nearly horizontal curve ¥ tangent to v at (g and to
wn—1(&1) at &,. Now the proof proceeds as that of Lemma 9.6. O

We also need to obtain estimates for the distorsion of the w-vectors on bound orbits.
This is now fairly easy.

LEMMA 10.5. Let ny and o be bound up to time q<s to a same element of C,,
s<n. Then for all 0Kv<q

Ny ()l <exp (8Ke(s+a)v 3

Two (I dk(Co))

and

|angle(w, (m), w,(¢1))| < 4VbelEF Z

dk(Co)

Proof. We write w, =w, +0, and use Lemma 10.1. Recall first that (Lemma 8.3)
||wy || >const. e~¢||w, ||. For each term in 0, (7;) we have

llow D™ -e(tp41) 1| < const. Vb B (m )| (m0) ~* (K 2B)” 7.
On the other hand, Corollary 10.3 gives
()l > - 8,0l ot )] > = B )
It follows that

”LTJ:(ZSH <ZCODS'6 Vb (Kb’ *d u(m0) ! < Vbe. (14)



ABUNDANCE OF STRANGE ATTRACTORS 59
Clearly, the same holds for {;. On the other hand, Lemma 10.2 implies
7
ot (m) = 2 (¢1)] < const. Vb [lwp—s (m)] Z y
(Co)
where the constant depends only on K, « and 8. Using also Lemma 6.8, this leads to

lawDey ™ e(nu1) — Doy ™ {({ut1)| < const. \/_”“-’;1—1(’71)” Z di( C )

Therefore
How(m)—au(G) < Ube -
b ay 15
sG] 2 4 ol (19)
From (14), (15) and the estimates in Lemma 10.2 we find
< const. Vb e
XS Z dk(Co

Now Lemma 10.1 gives

||wl/(771)” “wl/(nl)” ev (et+a)y o

Tl < ot vteomst- ) <o (8K + e 2 )
and |angle(w, (71), w, (¢1))| <2Vb (O, +eleta)v 3% Ok /dr(¢o)) and the lemma follows im-
mediately. O

LEMMA 10.6. Let s>no(s)=(zoxs,y(zoLs)) be a C?(b) curve, with (o="n0(0)ECk,
k<n. Let q<k—1 and 0<o <26 be such that

In.(8)—C| < he ™ forall 1<v<qand 0<s<o. (BC2)

(a) Then ||lw,(¢1)|lo®<e™P for all 0Sv<g—1.
(b) If moreover ||wy(C1)l|lo? <h?e2P4 then ’ﬂq+1($)—<q+1|<h€_2ﬁ(q+1)-

Proof. Part (a) is proved by induction on v. Notice that case v=0 is trivial. We
split the tangent vector to ¢,(no), to(s)=ao{s)e(s)+05o(s)(1,0), where e(s)=(e(s),1)
has the direction of the gth contractive approximation at 7;(s). As in (9.22), (9.23),
|6o(0)| < const.(Kb)? and as<|Bo(s)—Fo(0)|<3as.

Let now v>1 and assume that (a) has been proved for v—1. We have t,(s)=
ao(8) D% -e(s)+Po(s)w,(s) (denoting w, (s)=w,(n:(s)). We write

[lwy ()]
llwy (O)]]

wy(8) = A(s)(w, (0)+eu(s)), A(s)=
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and want to estimate A(s) and [le,(s)||. For this we use Lemma 10.5 but first we must
bound e(€T®)¥ 37 O (s)/dr (o) <4 Ty e+ +ad|n. (s)—(;|. We assume (e+a)<f, so

that
(e+0) _ (B+0)-2c+a)

B—(e+a) ~ 2(log K+(s+a))
and distinguish two cases in the sum above. For j>((e+a)/(8—(e+0)))v we use the

(16)

binding condition to get e(c**»+23|n.(s)~(;|<e . In the opposite case argue we as
follows. By induction e**~Vs?g |lw,_;(0)]Jo2<e P~V and so

In;(s)—¢i| <2K7s< 5Kie—(B+ov/2.

In view of (16) this gives e(s+o)v+od|p.(s)—(;|<5e™% in this case. Now Lemma 10.5
implies

T KA(s) ST (17)

lle(s)ll < 2Vb7]|w, (0)]| < 31w, (0)]]- (18)

T=exp (501{ 5_? e_€j> . (19)

Let us now write 7,41(0)—{u41=J t.(s)ds in the form

(TIu+1(¢T)—Cu+1)—/0¢7 ao(S)DSOZ'e(S)dS—/Oa Bo(0)w, (s)ds

with

o o (20)
=w,(0) /0 A(8)(Bo(s) —Bo(0)) ds+ /0 A(s)(Bo(s) —Bo(0))e(s) ds.

Clearly, || f; co(s)Dg% e(s) ds||<5K Vb -8K(K?b) o< (\/I;)", and
l / Bo(Dyw,(s)ds
0
On the other hand

/0 " A(5)(Bo(5)— Bo(0))(s) ds

as a consequence of (18). Moreover
_,a0? o
N A(s)(Bo(s) —Bo(0)) ds 2
0

Hence, from (20) 1|lw,(0)|lac?/2r<he™P"+(2vb)’ <2he™P*. We define

h=(107)"'= —11—0 exp (-50K Z C_Ej) (21)
1

<(Kb)IK o < (VD).

w, (0) / " X(5)(Bols) — Bo(0)) ds

’

<!
|

< <7

and (a) follows. Finally the same argument also gives

h _
"'7q+1(3)_Cq+1| <5T”wq(0)“‘72+§e 26

and (b) is now an easy consequence. a
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COROLLARY 10.7. Let n be a return for 25€C,, and p be the length of its binding
period. Then p<(2/c)logdn(20)~ ' <5an. Moreover, for some Ta=T2(K, a, 3) we have

llwn-tp(£1)lldn (€0) > T2 @3l (£)]] 2 lwn (&)

for all & that remain bound to 29 up to time n+p.

Proof. Let (o be the binding point for ¢, and take s+—1o(s), as before a C?(b) curve
with &, =no(). For v>(2/c)logdn (&) we have ||w,((1)[lo?> Fedn(&)? 2e™P¥ and
so (BC2) can no longer hold at time v, by Lemma 10.6(a). This proves the first part of
the corollary. On the other hand (8.7) and Lemma 10.6(b) imply

llwp(¢1)llo? 2 h2e=2PP.

Recall also that p+1 is a free iterate for &,, by definition of binding period. It follows
that

|pr(§n+1)”0' = ﬁe(C/Z—ﬁ)IJ > iec(p+1)/3.
Tl T

Finally, as in the proof of Corollary 10.3 ((12))

h
lwn+p(E)N 2 318n (€] llwp(n2)ll > %e""”“)’:’llwn(él)ll-

and the corollary follows by taking ma=h/27y. O

11. Dependence on the parameter. Partitions

Now we establish the tools (partitions, uniformity of a-derivatives) required to prove that
the (BA) and the (FA) are satisfied by all critical points and at all times, for a positive
measure set Ej of a-values. In brief terms, what one does is to apply to each critical
point zg the argument of Section 3, constructing partitions Py (20) and sets Ejx(zp) of
good parameter values for zg at time k. The exclusions corresponding to each z; bave
estimates analogous to (3.12) and then one uses (8.1) to bound the total measure of the
excluded set and prove that E=(1; ), cc, Fk(20) has positive Lebesgue measure.

Naturally, this requires some explanation: critical points depend on the parameter
and are defined only for special values of a€§y and so it makes no sense to speak of the
same critical point for different values of the parameter, at least globally. On the other
hand, critical approximations are, by definition, solutions of equations

e(a; ¢(a; z)) colinear to t(W*(a), (a; 2))
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and so one may use the implicit function theorem to find analytic continuations of them
for nearby parameter values. This permits us to bypass the difficulty above in the
following way. Whenever introducing a new critical approximation zo, we take (p a
lower order approximation to which zg has remained bound and show that zy admits an
analytic continuation to an interval w of a convenient partition associated to {p. Then
partitions and exclusions for zy at further iterates are done inside w. Note that some
care must be taken in the choice of w so that the escape argument applies to zp: w—R?2.

Formally, the whole construction is still part of the induction developed in the pre-
ceding sections. We start with the interval € and the critical approximation z((,i)eGo

and w(()i) €@ introduced in Section 7.

LEMMA 11.1. For all 1<i<N -1, z((,i) and w((,i) are defined on all Q9. Moreover

1267 @)1, 1 (a))| b2 for all a € Q.

Proof. Let x—z(a, z)=(z,y(a, z)) parametrize Go(a) (respectively G1(a)) in |z|<3,
say. The critical approximations are given by ((a)=(z(a),y(a,z(a))), where z(a) is the
implicit solution of

F(a, ) = (A(a; 2)+B(a; 2)0:y(a, x)) —q(a; ¢(a; 2))(C(a; 2)+ D(a; 2)d:y(a, z)) = 0.

Here (g,1) is colinear to the corresponding contractive approximation and we denote
z=z(a,z). Now, all the terms in (8,F)(a,z(a)) are <const.b’, as a consequence of
Theorem 2.1, Lemma 6.6, (6.9) and (7.2). Observe in particular that |8,A+8,4-8,2|<
const. b* because |z(a)|<const.v/b, recall §7A. Hence |(8,F)(a, z(a))| <const.b?. On the
other hand, the same is still true for the terms in (8, F)(a, z(a)), except for |8, A-8,2|>2.
Therefore |(8:F)(a, z(a))|>1. It follows that |¢(a)| <const. bt and then, using (7.2) once
more, ||¢(a)||<b*/2. m]

For k<N —1 we set simply Ex=. Clearly, we may choose Q9 C(1,2) so that time

N is an escape situation for z(()N_z) :Qo—RZ, (ie. length(zl(vN_z) (€0))>V/8) and also for

'w(()N_z). At stage n> N we assume that E; has been constructed for k<n—1 in such a

way that, given any ap€ Ex and (o= ((,k_l)eCk there are me [3(k+1),k+1] and wCQp
an interval with

K3m/2 g length(w) < e~ m/3, (D

such that C((,m_z) admits analytic continuation to w with:

. C((,m~2)(a) satisfying the properties of Section 8 ((BA), (FA), expansiveness, bind-
ing, etc.) for all acw and times <m—1;
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+ time m being an escape iterate (i.e. belonging to an escape period) of (((,m_z):
w—R2.

Let now ap€E,_1 and 20=z((,"_1)€C,,(a0). By definition, there is ('ozc(_‘,"‘z’e
Cn—1(ao) such that Zy remains bound to o up to time n—1. Let m€ [in,n] and wCy
be the interval associated to (o in the sense of the inductive assumptions above. We
denote zo=2""? and Go=¢{m2.

LEMMA 11.2. 29 admits analytic continuation defined on w. Moreover ||zo(a)||<b™
where T is a small positive constant.

Proof. The statement on the derivative is proved by induction on the generation.
We assume that

bol@) =3 157 (<b7), (2)

g= generation of {p, and prove that the same holds for zp. Clearly, we may suppose
that the generation of zy is g=[fn]>g since in case g<8(n—1) (corresponding to part
(a) of the definition of Cy,, recall Section 8) we have simply zp=(o and so the lemma is
immediate. Let s—§(a, s)=(s,n(e, s))€G1(a) be a smooth parametrization and denote
z(a, s)=(z(a, 8),y(a, 8))=¢9~1(a; £(a, s)). Here a€w and the domain SC{|s|<1—6p} of
s-values is fixed in such a way that z(ag,S) coincides with v(zo, gf"), recall Section 8.
We denote v(a)=2z(a, S) and, in a similar way, define 5(a) continuation of v((p, 03") for
a€w. Our purpose is to show that the algorithm of §7B applies to y(a), ¥(a) for all acw.
Clearly, for any r>1

“Z“CT(a,s) SKg, Wlth K2 =K2(K,’I‘). (3)

By definition of critical point (recall Section 8 and (9.14))

19 ull

16,2 (ao,s) <b? and ||8,2(ao, s)|| > 1,
8

implying ||8,z(ao, 5)||>3. This (essentially) persists for all a€w, at least if b (and so 6)
is small and N is large:

19,2 (a, )I| > 1852 (ao, )l - K5 |a—ao| >  —const.(K5e™*/*)" > . 4)

We denote t(a, s)=(05y/8sx)(a, s), the slope of the tangent to v(a), and then (3), (4)
give
"t“CZ(a,s) g Kg, for some K3 = K3(K) (5)
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Recall that y(ao)=~(z0, 0§") is C?(b), by definition. For general a€w we have at least
|t(a, s)| < b2 +const.(K§e~¢/3)" < {35 and analogously |8,t(a,s)|< ez and this is per-
fectly sufficient for algorithm §7B. Naturally, similar properties hold for 4(a). The prob-
lem of checking (7.13) is somewhat delicate and actually requires some additional infor-
mation. We write y(a) and 7(a) as the graphs of z+—(a, z) and z—7j(a, z), respectively.
Then (8.3) means |§(ao, ) —7(ao, x)| <b*¥™~1)/5 (<2"). We suppose reN fixed in such
a way that

e—r/lO SU?) (6)

and include in the definition of C,, the condition that
105 (F—Mla=aol <o3", forall 1<i<r—1. (7)
On the other hand (3) and (4) give, in a straightforward way,
lGllcr(a,z) < K, where Ky=K4(K,r), (8)

and analogously for 7. Hence, for all a€w

r—1 o2n . 2K9
|7(a, z)—7(a, )| < Z 9' e~ 2emi/3 4 '4 e—2emr/3
0 2! r (9)

. 1 —
< 20.gn+(ng—cr/3)n < T{Eaf(m 2)

as we pretended. Finally, (7.14) follows easily from this and the remark that the length
of v(a) and #{a) does not implode, recall (4). Therefore the algorithm of §7B applies
on all a€w and it yields a uniquely defined extension 29:w>a— zp(a) of zp. We write
z0(a)=(zo(a), ¥(a, zo(a))) and (o(a)=(éo(a),7(a,&o(a))) and then (9) and (7.15) give
|zo(a)—&o(a)|<og. On the other hand, z¢(a) is given implicitly by

F(a,z) = (A(a; 2)+ B(a; 2)0:9(a, 7)) —9(a; 0(a; 2))(C(a; 2)+ D(a; 2)8:3(a, 7)) =0,

z=(z, §(a,z)), and so by (5), (8) and Lemma 6.7, |Zo(a)|<K¥, for some K5=Ks5(K).
Clearly, the same argument and conclusion hold for £. Since we also have the lower
bound in (1) for the length of w, we are in position to apply Hadamard’s lemma (see
[BC2, Lemma 8.7]) to get |2o(a)—£o(a)| <200 / 2K§ . A similar argument works for yo(a)=
#(a, 70(a)) and no(a)=7(a, £0(a)) and we get [|z0(a)—Co(a)|| <const.(Kgoo)™/?<oy’“<
2679, as long as b is small and we take, say

T= l(f_R (see (11) below). (10)
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This gives (2) for 2o and completes the proof of the lemma. O

Remark 1. 1t is straightforward to check that in the definition of o one may replace

K by 5 (>||Dg,||), getting in this way ao=(%5)2. Then (6) holds if

r > 40log 250.

Of course, this explicit bound on r is far from being the best possible.

Remark 2. We must also go back to the proof of the claim (C) in Lemma 9.5 and
check that dé“ ) satisfies (7), in order to conclude that it belongs to C,,+1. This can be done
as follows. Let 29=2¢(ao) be the point being bound at time n. It extends to zo:w—R?2
with length(w)>e~2¢"/3, In this interval the binding construction is uniform and we have
(9.18) ¢(a)=dist(v*+1(a),7*1(a))<b*9/4, g=g+1, for all a€w. On the other hand, as
in (8) |8.¢|<KY for all 1<i<r, with K;=K7(K,r). Then we may apply Hadamard’s
lemma to 8~ 1¢ and 8it1¢, successively for i=1,2,...,r—1, to obtain |8 6| <b9/43" for
all 1<i<r—1. In order to have this imply (7) we just have to take in the definition of ¢
((917))

R=3". (11)

We let from now on zg:w—R? be as above and describe the construction of the
partitions P,(z0) and the sets of good parameter values E,(z)Cw for iterates
m~—1<v<n. This is quite analogous to the one-dimensional procedure so we just recall
the main ideas. First we set E,,_1(20)=w and Pp,_1(z0)={w}. Then, given m<r<n
and G€P,_1(z), @CE,_1(z) we distinguish the following cases. If v is not a return
situation for @, i.e. if z,(@)N{|z| <6} =2 then, by definition, &€ P, (2). If v is a bound
return situation, again we take @ to be in P,(29). Suppose now that n is a free return
situation. We take {o=Co(ao)=(o,70) to be the binding point of 2,(ao), ao €@, and say
that n is essential or inessential, according to whether {z,(a)—&:a€@} contains some
I,.; (Section 3) or not. In the inessential case still Z€P,(zp). On the other hand, if v is
an essential situation then we define w” C& and w,; Cw’'=w\w" by

a€w” = |xn(a)—Eo|>6 and a€wri= (zn(a)-&) € Li,1<i<re, |r| 2 A

By definition the w,; and the connected components of w” are the elements of P,(z)
inside @. It follows from Lemma 11.3 below that on free iterates z, (@) is a nearly straight
and nearly horizontal curve so the situation can be described by Figure 17.

Corresponding to the basic assumption, parameter values a€|J{w,:: |r|>av} are
excluded: they do not belong to E,(2p). Observe that (Lemma 11.2) |&(a)—&o|<
bTe~ /3 e~ and so dy(z0(a))>|r.(a)-&(a)|~|z,(a)~&|. Incidentally, this shows

5—-935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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W*(ao)

\.__-..‘ ‘é\

f-')r_,.'i - Wryi 2y

—>

1]

2, (@)

Fig. 17

that the particular choice of ag above is irrelevant. We also apply the escape argu-
ment and exclude parameters so that the number of free iterates of z in [1, ] satisfies
Fi1,)(a;20) >(1—¢)v for every parameter value in the remaining set E,(z0). It is con-
venient at this point to assume that all returns and binding periods of zo(a) in [1,v)
coincide for all a€@. Since, by construction, log d;(2¢(a)), 1<j<v—1, is nearly constant
on @ this can be obtained just by slightly adjusting the definitions, without affecting the
arguments of Sections 8-10.

In order to estimate these exclusions we now need to show that on free return
situations the curve z,(®) is nearly horizontal and its velocity has bounded distorsion.
This corresponds to Lemma 3.3 in the one-dimensional setting. For the sake of simplifying
the notations we let w,(a)=w,(21(a)) and w,(a)=w,(z1(a)).

First we need a higher-dimensional version of Lemma 3.4.

LEMMA 11.3. For all 2<v<n and a€w€P,_1(20), ¥CE,_1(20) we have

1 _ sl

< < 100.
100 ~ [fwy -1 (a)l
Moreover, if v is a free iterate then |angle(z,(a), w,_1(a))| <b*/2.

This is proved in the same way as for the Hénon case in [BC2, Lemmas 8.1, 8.4], with
M, =Dy,4(z,) and ¢, =0,p.(2,). Observe that, although our statement on the angle is
somewhat stronger, it actually follows from the proof of [BC2, Lemma 8.1] together with
the easy remark that both w,_; and ¢, _;~(—z2_;,0) are nearly horizontal if v is a free
iterate.

COROLLARY 11.4. For every msv<n and ©€P,(20),wCE,_1(20)

K~3/2 Llength(@) < e~2v/3,

Proof. Take pe [1—9011, V] a free iterate (recall Corollary 10.7). Note that z, () is
nearly straight, by Lemmas 8.1 and 11.3. Hence

length(@)-inf |\w,—1(a)}| < const.length(z,(&)) < const.
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and so length(@)< const. e *(#~1) Le=2/3, Let now m<A<v be the moment at which

@ was created. By construction

ai
( A)?

and so length(@)>const. K e~ /(aX)?> K ~%/2, O

length(@)-sup ||wx—1(a)]] > const. length(z,(&)) > const. ——

LEMMA 11.5. There is Ts=73(K, @, 8,6) >0 such that if v is a free return situation
for @€Pu_1(20), @CE,_1(20), then for all a,a’ €w

llwy—1(a")ll

e d le(w,—_1(a), w,_1(a’))| <5Vb.
oo 2 (@] 73 and |angle(w,_1(a) 1{a")|

Proof. We denote

k .
Te=Ti(a,@) =Y (VB)  (la—a'|+]zi(a) ~ z;(e)]).

The lemma is an immediate consequence of the following facts:

v—1

Za—k%l)—)g’r(}(,a’ﬂ,é), (12)
(@) _, (o T
o <o 2 meo), (132)
and
langle(w, —1(a), w,—1(a’))| < 2VbT,_;. (13Db)

Here we only need to derive (12) since then (13a), (13b) follow in precisely the same way
as Lemma 10.2. Clearly,

k

v—1 ki v—1 k _
2:(dk(zo(a)))'1 Z(%) la~a’| < const. e~*/? Z ek Z(\"/I; ¥
1 1 1

1

is uniformly bounded, so we are left to show that

de(z @) < <7(K,a,p3,96)

with ©,=064(a, a’)=E’f(\"/E)k—j[zj(a)—zj(a’ﬂ. For this we adapt the one-dimensional
argument, [BC1, Lemma 5], [BC2, §2.2]. Let N=v; <13<...<v,=v be the free return
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situations for @. Suppose first j<N. Lemmas 7.2 and 11.3 (and the fact that both z;(®)
and zy (@) are nearly straight) give |z;(a)—z;(a’)|<const. e~ (V=D |zn(a)—2zn(a’)|. Tt
follows that

O < const.e~ W82 (a)— zn ()|

for all k<N. Let now i21, u=v;, A=v;4+; and p be the length of the binding period
associated to p. For u+1<j<u+p we have, by Lemma 11.3,

ll25ll l|lwj—1ll i —1( w
L= < const. -——2— = const.|| Dyl # K .
lzull = llwp—all ¢ llwu—1l|
We write
——¥ _ —G.e+8,(1,0
]~ CeetPull,0)

where e=(q, 1) has the direction of the pth contractive approximation. Then

12
[EA|

< const.(|@, (K b)Y ™7 + |8yl wj—pu—1(2u41)]])

< const. ((Kb)Y T+~ e BU—#~1g (25)7?)

< const.(eTPUTHD g (25)7]),

by Lemmas 9.6 and 10.6. Therefore (again because z,(@) is nearly straight)

—B(j—u—1) |z (a) —zu(a’)|

|zj(a)—2j(a')| < const.e d“(zo(a))

Observe also that we may assume (inductively) that
O, < const.|z,(a)—z,(a’)l. (14)
Then, given any p+1<k<+p,

O < const. ((% )k—“|2n(a)—z”(a')|+e"ﬂ(k‘”) |zuézz;zg)(;’/)| > )

Hence, by the (BA)

O con —(B-a)(k—u) |2u(@) —2u(a’)]
—dk(z0(a))< st.e h(wo@) (15)

Suppose now p+p<k<A. By Lemmas 9.4 and 11.3 we have

|2j(a)—zj(a’)| < const. eF™2/10| 2, (a) — 25 (a')] (16)
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for all <. Then
O < (const. (%)k_“e'(’\'k)/m+const. e~ A=k)/10) 12, (@) —2a(a’))-

Hence

O}, < const. e~A~k)/10|4, (9) — 25 (a')). a7

and we also we recover (14) for time A\ (with the same constant). Altogether this gives

S EAORACI
Z i (Zo ( )) < const. Z du‘ (zo (a .

Moreover, if § is small then v;y1~v; is large and (16) gives |z,,,,(a)—2,,(a’)|>
2|z,,(a)~2,,(a’)| (compare Lemma 3.5). In particular we may write for each fixed r

20, (@) =2 (6")] 2 (0)— 2 ()]
2 T dnaa) SO @)

r{=r

where the sum is taken over the free returns v; for which z,,(&)CI, and we denote by
4 the maximum of such v;. Finally, by construction of @,

Z ]Z“’;l a)(zozZ,)) )l < comnst. Z — < 0. O

Remark. Observe that we even proved (compare [BC2, Lemma 8.8])

langle(w,_1(a), w,—1(a’))| < const. Vb |z, (a)—z,(a’)|.

Now the uniformity of the a-derivatives on free returns is an immediate consequence
of Lemmas 11.3 and 11.5.

COROLLARY 11.6. There is a=714(K, ., 8, 8) such that if v is a free return situation

for @€P,_1(20), @®CE,-1(20), then for all a,a’ €@

”Z,,(a)” . . 1] 4
@) <™ o lengle(au(@), 4(a))| <105
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12. Conclusion

Now we have completely recovered the formalism of the one-dimensional situation. Ex-
clusions of parameter values a€w determined by the (BA) and (FA) during [m,n] are
made as described before. It follows from the (FA) that a parameter a€w in Ey(z)
must have an escape iterate m € [1(n+1),n]. This assures that zo satisfies the inductive
assumptions of Section 11 and so that whenever it is used, in a forthcoming iterate,
as the binding point of some higher-generational 5, we have convenient m and & to
start the construction for Z;. Actually we must also check that z(gﬁ’—z)
11.2 but this presents no difficulty: the fact that it is defined on all @ follows simply

satisfies Lemma

from the expansiveness and the statement on the derivative may be easily derived from
|22 —zém_2)| <(Kb)™~2 by another use of Hadamard’s lemma.
The total excluded measure is (cf. (3.12), see also [BC2, Section 2})

m(w\ En(2)) < Boe™**"m(w) (1)

where By and ap depend on K, a,3 and é§ but not on N or b.
We define E,=E,,_1\(U,, (w\FEn(20))) and then (1) and (8.1) give

m(En-1\En) <4Bo((K/g0)?e™2)".

By taking §=6(b) small enough we may replace this by m(E,_;\ E,)<4Bge~*°"/? and
now the proof that E =ﬂn> ~ En has positive Lebesgue measure follows in precisely the
same way as for the one-dimensional case in Section 3.

This completes the induction argument started in Section 7. For a€E true critical
points are defined and their images are expanding for all times. We may take, say,
zo=lim; z((]i) the critical point of generation zero and then z; =, (zp) satisfies (b)(ii) in
Theorem B. Moreover, for almost every a€E the positive orbit of z; is dense in A. This
is shown in precisely the same way as in the Hénon case, [BC2, Section 10), so we do not
detail it here. The proof of Theorem B is complete,
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