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ABUNDANT SEMIGROUPS WITH QUASI-IDEAL
S-ADEQUATE TRANSVERSALS

XIANGJUN KONG AND PEI WANG

ABSTRACT. In this paper, the connection of the inverse transversal with
the adequate transversal is explored. It is proved that if S is an abundant
semigroup with an adequate transversal S, then S is regular if and only if
S° is an inverse semigroup. It is also shown that adequate transversals of
a regular semigroup are just its inverse transversals. By means of a quasi-
adequate semigroup and a right normal band, we construct an abundant
semigroup containing a quasi-ideal S-adequate transversal and conversely,
every such a semigroup can be constructed in this manner. It is simpler
than the construction of Guo and Shum [9] through an SQ-system and
the construction of El-Qallali [5] by W(E, S).

Introduction

An inverse transversal of a regular semigroup S is an inverse subsemigroup
that contains precisely one inverse of each element of S. This concept was first
introduced by Blyth and McFadden in 1982 [1]. Afterwards, this class of regular
semigroups attracted several authors’ attention and a series of important results
were obtained [1, 2, 3, 11, 12]. If T is an inverse transversal of S, then for every
x € S we shall denote by x° the unique element of TNV (x) and write T as S° =
{z°: x € S}. Tt is well known that the set I = {e € S : ee® = e} is a left regular
band and A = {f € S : f°f = f} is a right regular band, and they play an
important role in the study of regular semigroups with inverse transversals. An
analogue of an inverse transversal, which is termed an adequate transversal, was
introduced for abundant semigroups by El-Qallali (see [5]). And a construction
for abundant semigroups satisfying some conditions was given in [5]: S contains
a multiplicative type-A transversal S°; E generates a regular semiband (E)
and E° is a semilattice transversal of (E), where E and E° denote the set of
idempotents of S and S° respectively. In [4], Chen introduced two important
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idempotent subsets I and A and though they play a role similar to those in
the regular case, in general, they are not subsemigroups of S. Following [12], if
S° is an adequate transversal of an abundant semigroup S and I, A are both
subsemigroups of S, then S° is called an S-adequate transversal of S. According
to Guo and Shum [9], a structure theorem for abundant semigroups with quasi-
ideal S-adequate transversals was obtained. Besides the structure, it is an
important problem to determine the connection between inverse transversals
and adequate transversals, that is, whether adequate transversals of a regular
semigroup are just its inverse transversals? In this paper we give a positive
answer to this problem. The main purpose of this paper is to establish a
construction for abundant semigroups with quasi-ideal S-adequate transversals
by two components, with R a quasi-adequate semigroup and A a right normal
band. How to describe the usual three relations by two components as well as
the triple used in [9]7 It is the difficulty of this paper. In Section 1, we collect
some basic concepts and results from [4, 5, 6, 7, 9, 10], which are frequently used
in this paper. In Section 2, we give some properties associated with adequate
transversals, which demonstrate that the adequate transversal is the natural
generalization of the inverse transversal in the abundant case. In Section 3, we
construct an abundant semigroup with a quasi-ideal S-adequate transversal and
conversely, every abundant semigroup with a quasi-ideal S-adequate transversal
can be constructed in this manner.

We use the notation and terminology of [1, 6, 8]. Other undefined terms can
be found in [4, 5, 10].

1. Preliminaries

We begin by recalling some results about abundant semigroups (see [6]). Let
S be a semigroup and define two equivalence relations R* and £* on S by

R* ={(a,b) € S x S: (Va,y € S*) xa =ya < zb = yb},

L*={(a,b) € SxS: (Vo,y € S') ar = ay <= bxr = by}.

It is evident that R* is a left congruence and L£* is a right congruence on S.
If a,b € RegS, the set of regular elements of S, then aR*b (aL*b) if and only
if aRb (aLb). What is more, if S is a regular semigroup, then R* = R and
L* = L. A semigroup is called abundant if each L£*-class and each R*-class
contains at least one idempotent. An abundant semigroup S is called quasi-
adequate if its idempotents form a subsemigroup. An abundant semigroup is
said to be adequate if its idempotents commute. Each L*-class and each R*-
class of an adequate semigroup contains a unique idempotent. For an element
a of an adequate semigroup, the idempotent in the £*-class containing a will
be denoted by a*, the idempotent in the R*-class by a*. Let S and S° be
semigroups. Throughout this paper we denote the set of idempotents of S and
S° by E and E° respectively. We list some basic results as follows which are
frequently used in this paper.
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Lemma 1.1 ([6]). Let a be an element of a semigroup S and e an idempotent
of S. Then the following statements are equivalent:

(1) eR*a;

(2) ea = a and for all z,y € S, xa = ya implies ve = ye.

Lemma 1.2 ([7]). If S is an adequate semigroup, then
(1) For all a,b € S, (ab)* = (a*b)* and (ab)™ = (ab™)T.
(2) For alla,b € S, aR*b if and only if a™ = bT; aL*b if and only if a* = b*.

Let S be an abundant semigroup and U an abundant subsemigroup of S.
U is called a *-subsemigroup of S if for any a € U, there exist an idempotent
e € Li(S)NU and an idempotent f € R’(S)NU. As pointed out in [5], an
abundant subsemigroup U of an abundant semigroup S is a *-subsemigroup of

S if and only if L*(U) = L*(S)N (U x U) and R*(U) =R*(S)N (U x U).

Definition 1.3 ([5]). Let S be an abundant semigroup and S° a x-adequate
subsemigroup of S. S° is called an adequate transversal of S, if for each z € S
there exist idempotents e, f € S and a unique element T € S° such that
x = eZTf, where eLZ'T and fRZ*. It can be shown that e and f are uniquely
determined by z and S° (see [5]) and therefore denoted by e, and f, respec-
tively.

Let S° be an adequate transversal of an abundant semigroup S. Then for
any x € S,x = e,Tf,, moreover, e, R*xL*f,. If a € S°, we can easily check
that e, = a¥, f, = a* and @ = a. Furthermore, if a € E°, then @ = ¢, =
fo = a. We say that the adequate transversal S° is multiplicative if for any
xz,y € S, frey € E° A subsemigroup T of S is called a quasi-ideal of S if
TSTCT.

Let S° be an adequate transversal of an abundant semigroup S. We write

I={e,:2€8}; A={fy:xeS}

Lemma 1.4 ([4]). Let S be an abundant semigroup with an adequate transver-
sal S°. Then

(1) INA=E°;

(2)I={e€E:(3leE°ILe}, A={fe€E:(3heE°) hRf};

(3) IE° C I, E°A C A;

(4) zR*y if and only if e, = ey, Ly if and only if f, = fy.

Lemma 1.5 ([4]). Let S be an abundant semigroup with an adequate transver-
sal S°. Then for every regular element x in S, |V(x) N S°| < 1.

Lemma 1.6 ([4]). Let S be an abundant semigroup with a quasi-ideal adequate
transversal S°. Then for any x,y € S

(1) TY = jfweyy§

(2) €ay = €a(Tfuey)™;

(3) fay = (fzey¥)" fy-
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Lemma 1.7 ([10]). Let S be an abundant semigroup with an adequate transver-
sal S°. Let R={zx € S: f, ¢ E°} and L={a € S:e, € E°}. Then

R={zeS: (3l e€E° xLl} and L={a€ S:(3h € E°) aR*h}.
2. Some properties associated with adequate transversals

The objective in this section is to investigate some elementary properties
associated with adequate transversals and of the sets R and L. It is known
that R and L play an important role in the study of regular semigroups with
inverse transversals [2, 3]. For any result concerning R there is a dual result
for L which we list but omit its proof.

Proposition 2.1. Let S be an abundant semigroup with an adequate transver-
sal S°. If S° is a right ideal of S, then f, € E° for everyx € S and E = 1.
Consequently, f, =T* and thus r = e,T.

Dually, if S° is a left ideal of S, then e, € E° for every a € S and E = A.
Consequently, e, = at and thus a = af,.

Proof. By Definition 1.3, for every 2 € S, & = e, T f,, where e, LT and f, RT*.
Since S is a right ideal of S, f, =Z* f, € S° and thus f, € E°. Let e € E and
€° denote the unique inverse in S° of e. Since e®e € V(e)NS?, we have e°e = e°.
Thus ee® = e for every e € E. Consequently F =1 = {e, : x € S}. O

In [10], the first author proved:

Proposition 2.2. Let S° be an adequate transversal of an abundant semigroup
S. Ifa,be S° and c € S are such that aR*cL*b, then c € S°.

By means of this proposition, we can prove:

Proposition 2.3. Let S be an abundant semigroup with an adequate transver-
sal S°. Then every regular element x € S has a unique inverse in S°, that is
|[V(xz)Nn S°| =1.

Proof. For every regular element x, since x,e, and f, are all regular, from
e;R*xL* f,, we deduce that e, RxL f,., and so by the Miller-Clifford Theorem =z
has an inverse 2’ in Ry, N L.,. Thus T*R f,Ra'Le,LTT, and so by Proposition
2.2, 2’ € §°. It follows from Lemma 1.5 that the uniqueness of z’ is obvious. [

Proposition 2.4. Let S be an abundant semigroup with an adequate transver-
sal S°. Then S is regular if and only if S° is an inverse semigroup.

Proof. Suppose that S is a regular semigroup. Then by Proposition 2.3, every
regular element x € S has a unique inverse in S° and in particular, every
element in S° has a unique inverse in itself. Hence, S° is an inverse semigroup.

Conversely, assume that S° is an inverse semigroup. Then for every x in S,
there exists y € S° such that T = Tyx. Consequently,

x(f*yf—i_)x = ezf(fzf*)y(f—i_em)ffm = ezfyffx = exffm =,

and so z is regular in S. Thus S is regular. (|
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Proposition 2.5. Let S be a reqular semigroup. Then S° is an adequate
transversal of S if and only if S° is an inverse transversal of S.

Proof. Suppose that S is a regular semigroup and S° is an adequate transversal
of S. Then by Propositions 2.3 and 2.4, every element = € S has a unique
inverse in S° and S° is an inverse subsemigroup of S. Consequently, S° is an
inverse transversal of S.

Conversely, let S° be an inverse transversal of the regular semigroup S. Let
x° be the unique inverse of z € S and 2°° = (2°)~! in S°. Then v = x2°x =
(xz°)x?°(2°x), where z°°t = x°°z°Lxz® and z°°* = x°z°°Rz°z. Moreover,
let Z € S° be such that x = eZf, where e, f € E(S) and eLTT, fRT*. Since
S° is an inverse subsemigroup of S, T has a unique inverse (Z)~! in S° and so
7T =7(7)"! and T¥ = (Z)~'Z. It is a routine matter to show that z(7) "tz = x
and (7)1z(z)~! = () ~!. Hence (7)~! is an inverse in S° of z. Since S° is an
inverse transversal of S, we have 2° = (Z)~! and so 2°° = 7. Consequently S°
is an adequate transversal of S. O

The connection of the inverse transversal with the adequate transversal
which is explored in Propositions 2.4 and 2.5, demonstrates that the adequate
transversal is the natural generalization of the inverse transversal in the abun-
dant case.

Proposition 2.6. Suppose that S is an abundant semigroup with a quasi-ideal
S-adequate transversal S°. Let R={x € S: f, € E°tand L={a€ S :¢e, €
E°}. Then R and L are abundant semigroups sharing a common adequate
transversal S° which is a right ideal of R and a left ideal of L.

Proof. Note that S° is an adequate transversal of R and L if R and L are
abundant semigroups. So, it suffices to prove that R and L are abundant
semigroups. Indeed, we need only to show the case for R because the case for
R is dual to for L. It is evident that S° C R and S° C L. For any =,y € R, by
Lemma 1.6, we have fy, = (foe,7)* fy = (foey§)*7* € E°. This shows that R
is a subsemigroup of S. Let x € R and y° € S°. Then y°x = y°xf, € S° since
fz € E° and S° is a quasi-ideal of S, and so 5° is a right ideal of R. (]

Proposition 2.7. Let SR and L be described as in Proposition 2.6. Then
E(R)={9€ FE:g99°=g} =1, and E(L) ={h € E : h°h = h} = A, where
g°, h® denote the inverse in S° of g, h respectively. Moreover, for x,y € R and
g,h € E(L), if fo =9g°, fy = h° and xg = yh, then x =y and g = h.

Proof. Clearly E(R) ={g9€ E: f, € E°} ={g € E:g9° =g} = I. Suppose

that z,y € R and g,h € E(L) are such that f, = ¢°, f, = h° and zg = yh.
Then

TG=T[ee,g=TTGg=Tg=T[, =TT =T,
and similarly yh = 7. Consequently T = 7. By the assumption zg = yh, we
have e, % f,g = e,y f,h. Premultiplying by z+© = g*, we obtain Tf,g = yf,h =
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T fyh. Since TL*ZT*, we have T* f,g =" fyh and g = T* fog = T* fyh =Y fyh =
h. Consequently z = zf, = xg° = xgg° = yhh® = y. 0

Combining Propositions 2.6 and 2.7 with Lemma 1.6, we deduce that R and
L are quasi-adequate semigroups sharing a common adequate transversal S°.
Moreover, E(R) = I and E(L) = A are left normal and right normal bands
respectively sharing a common semilattice transversal E°.

3. A structure theorem

Let S be an abundant semigroup with an adequate transversal S°. In 2000,
Chen [4] gave an example to illustrate that I and A need not be subsemigroups
even if S° is a quasi-ideal adequate transversal of S. Chen [4, Proposition 2.6]
shown that if .S satisfies the regularity condition, then I and A are both bands.
The following example demonstrates that this is not a necessary condition.

Example. Let S = {i,e,o0,w, f,j} with the following multiplication table.

i e o w f j
i l% ¢ o o o0 o0
ele e o o o o
olo o o o o o
w|lw w o o 0 o
flo o o w f j
jlw o o w f j

Notice that o is the zero element of S, by routine calculation we can check the
associativity. From the multiplication table we obtain

(1) S° ={e,0,w, f} is a x-adequate subsemigroup of S and 5°5S5° C S°.

(2) E(S) ={i,e,o0,f,j} and iLeL*WR* fRj.

(3) It is easy to cheek that S° is an adequate transversal of S with I =
{i,e,o, f} and A = {e, 0, f, j} subbands of S.

Therefore S° is a quasi-ideal S-adequate transversal of S, but S does not
satisfy the regularity condition since ji € AI C (E(S)) and ji = w ¢ RegS.

The main objective in this section is to give a structure theorem for abundant
semigroups with quasi-ideal S-adequate transversals. In what follows R denotes
a quasi-adequate semigroup with a right ideal adequate transversal S°. Then
by Proposition 2.1, for every z € R, f, =Z* € E° and = = e,T.

Theorem 3.1. Let R be a quasi-adequate semigroup with a right ideal adequate
transversal S° and A a right normal band with a left ideal semilattice transversal
E°. Suppose that the set of idempotents of S° coincides with E°. Let Ax R —
S° described by (A, x) — X * x be a mapping, such that for any r,y € R and
for any A\, u € A:

(1) Ax2)y = X* (zy) and p(A*xx) = () * x;

(2) if © € E° or A\ € E°, then A xx = \z;
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(3) if 11R*xo in R, then for all py,po € AL, y1,y2 € RY, y1(p1 * 21) =

Y2(p2 * x1) if and only if yi(p1 * x2) = yo(p2 * 2).
Define a multiplication on the set

F=R|x|A={(z,\) e RxA: f, =X°}
by
(2, M)y, 1) = (@A *Y), fasyht)-

Then T is an abundant semigroup with a quasi-ideal S-adequate transversal
which is isomorphic to S°.

Conversely, every abundant semigroup with a quasi-ideal S-adequate transve-
rsal can be constructed in this way.

To prove this theorem, we give a sequence of lemmas as follows.
Lemma 3.1. The multiplication on I' is well-defined.

Proof. We need only prove that (z(A*y), faxp) € I'. Since Axy € S°, clearly
z(A*y) € R and fay = (A*y)* € E°. Hence fau - = (A*y)*n € A and
it is easy to check that [(A *y)*u]® = (A *y)*u°, where u° denotes the unique
inverse in S° of p. It is evident that pu® € E° and p°Ru, and we then have

Ax )" p? LA xy)p® = Axy)fy = Ax (yfy) = Axy)L7(Axy)"
Consequently (Axy)*u® = (Axy)* since each L£*-class of an adequate semigroup
contains a unique idempotent. On the other hand,

feouy) = olOuy) Ax Yl Fray = [foAxy)]" - (Axy)*  (since Axy e S°)
=Ny A xy)" = (WA y) (A )" = (Axy)"
Thus fo(aey) = (faxypt)? and therefore (x(X* y), fasyp) € T O
Lemma 3.2. T is a semigroup.
Proof. Let (z,\), (y, 1), (2,k) € T'. Then
(2, )y, (2 k) = [2(A*y), fayul(z, k)
(@X* ) [(frngte) * 21, fiany) k)
(@A y)[(Axy)™ (o 2)], [(A*y)" (1 * 2)]°k)
(@(A*y) (e 2), [(Axy)(p* 2)] k).

On the other hand,

(, M)y, 1) (2, k)]
* (y(p Z)] [ * (y(px 2))]°k)
y) (o 2], [(A* y) (e 2)]7F)
A y) (o 2), [(Ax y) (o 2)] k).
Thus [(x, M) (y, »)](z, k) = (2, )[(y, #)(2, k)], and T is a semigroup. O

Lemma 3.3. Let (z,\) € I'. Then (z,\) € E(T') if and only if \xx = f,.

—_ —
> >
*
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Proof. Since (xz,\)(z,A) = (x(A*xx), (A *xx)*X), \° = f, = T" and \°RA, we
deduce that if Az = f;, then (x,)\) € E(I'). Conversely, if (x,\) € E(T),
then z = z(A*x). Thereby f, = fo(Axx) = A°(Axx) = (A\°A\) *xx = A x 1z since
xL* fy. O

Lemma 3.4. Suppose that (x,\) € T, denote u = (e, 1) and v = (fu, \).
Then u,v € E(I') and uR*(z, \)L*v.

Proof. Since e, = e, - T - 2T, we have T x e, = Tte, = T+ = f., and
A% fo = Afe = AN° =A% = f,. By Lemma 3.3, u,v € E(I"). Computing

(SU,)\)U = (xa)‘)(fma)‘) = (x>\fm7 (Afz)*)\) = (xfzvfm)\) = (xa)‘)v
since f, = A° € E° and A\°RA.
For any (z1,\1), (22, A2) € T if (2, M) (21, M) = (2, A) (w2, A2), then
(ZL’()\ * 561), ()\ * 1’1)*)\1) = (ZL’(}\ * 33'2), (}\ * ZQ)*)\l).

Thus z(A * 21) = z(A x x2) and since zL*f,, we have fy(A*z1) = fo(\ *
x9). Therefore (fu, A\)(x1,A\1) = (fz, A)(22,A2). By the dual of Lemma 1.1,
(x,\)L*v. Also, we have

w(@,\) = (ex,T) (z,))
= (ex 7T 2, (TT2)*N)
= (epz,T*N\) (Ftz=7"e,7f, =7 70" =7)
= (x,A) (since T" =A% and A°RN).

If (z1, A1) (2, A) = (22, A2)(x, A) for any (z1, A1), (x2, A2) € 'Y, then
(x1 (A1 * ), (A1 xx)*N) = (z2( A2 x 2), (A2 * )" ).

Thus z1 (A1 *xx) = x2(A2*x), and since xR e,, we have z1 (A1 *e,) = za(Aa*ey)
by (4). Consequently,

Arxey, = A\ xey) = fo, (A1 xer)L 21 (A1 *ez)
= za(Aaxen) L fu,(Maxey) = A3 (Ag xey) = A2 * €.
Therefore (z1,\1)(€x,Z1) = (22, A2)(es, T"). By Lemma 1.1, uR*(z,)). O
Lemma 3.5. ' is an abundant semigroup.

Proof. 1t follows from Lemma 3.4 immediately. O

Lemma 3.6. Let W = {(z,2*) : « € S°}. Then W is an adequate *-
subsemigroup of I', and W is isomorphic to S°.

Proof. Cleartly W C I'. Let (x,2%),(y,y*) € W. It is a routine matter to
prove that (z,2*)(y, y*) = (xy, (zy)*) € W, and W is a subsemigroup. For any
s € 5°, define sp = (s, s), it is easy to check that ¢ is an isomorphism. Thus
SexW.
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To show that W is a x-subsemigroup, let (x,2*) € W. By Lemmas 3.3 and
34, u=(zt,2%) € E(W) and v = (z*,2*) € E(W). The following is to prove

that
oL () (z, 2")R*(T)u.

It is easy to see that

(z,2%)v = (xz*2”, (2" z*)*z*) = (z,2")
and

u(z,2*) = (et (T 2)*2*) = (z,2%).
For all (917M1)7 (y2’lu2) € Flv if (.Z‘,.Q? )(ylvl”'l) = (x’x*)(y%//@)’ then

(zay1, (27y1) ) = (327y2, (27y2)" p2).
This implies that xy; = xys and (z*y1)*p (J;*yg)*,ug. Consequently, x*y; =
x*yy since zL*z*. Therefore (z* ,m*)(yl,ul) (x*, 2*)(y2, p2). By the dual of
Lemma 1.1, v.£*(I')(x, 2*).

Suppose that (z1,k1)(z,2*) = (22,ke)(x,2*) for all (21,k1), (22,k2) € T,
then
(z1(ky * ), (k1 *x 2)"z") = (22(ka x ), (ko * x)"z").

This implies that z1 (k1 xx) = 29(koxx) and (k1xx)* = (kyxx)*z* = (koxx)* 2™ =
(ko *x)*. From (3) we deduce that z; (k1 *2%) = 25(ka *x2™) and 2(k; x27)* =
z(kg * xT)* since aR*at. Therefore, (z1,k1)(zt,at) = (22, k2) (2™, 2T). By
Lemma 1.1, uR*(T)(x, x*). O

Lemma 3.7. Let (x1,A1), (22, A2) € T. Then
(1) (21, MR (22, ) f and. only if ¢, = €0y and T+ = T3
(2) (z1, A1) L*(z2, A2) if and only if fr, = fz, and Ay = Ag.

+ .

Proof. To prove (1), by Lemma 3.4 it is equivalent to show that (e, ,z1T)R*
(6z27x72+) if and only if €z; = €y If €z, = €xq; then T1+ = fem = fegc2 = TZJra
and thus (eg,,Z17) = (€x,, T2 ).

Conversely, if u; = (ezNEf)R*(em,Tgﬂ = ug, then ujus = ug and uguy =
u1, this implies that
. T2+ = T2+a

_ &t -zt =zt
61265131 - 6:617 552 : - .'1:1

€1,€xy = €x4y, x1

Hence e, R*e,, and T = T3 . By the proof of Lemma 1.4 (see [4]), we have

€r, = €y

(2) can be proved similarly. O
Lemma 3.8. W is an adequate transversal of T'.
Proof. Given a = (x,A) € I', put
a=(7,7") € Wea = (€2,7 "), fa = (fa, N),

it is easy to check that a = e af,. Furthermore,
a, fo € E(U),eqLat = (zt,71), f,Ra* = (T*,7").
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Suppose that a can be written in another form a = e/,@ f,, where

6:1 = (yh/l:l) € E(F)alez = (yg,/lg) € E(F)?a/ = (gvy*) ew
and
efd” =@t yh). fiRa” = 7,7,

By Lemma 3.7, we have f,, = ¥, u1 = gt and ¥* = e,,, ¥ = 32". It
follows from e,R*aR*e,, that e, = e,,,TT =y . Similarly, fo = fy,, A = po.
Therefore e/, = (y1,7"), f, = (y2,\). Since €, f. € E(T'), we have yTy; =
Jy =77 and A*xys = f,,. From f,, -y1 = f,,, we deduce that y; - y1 = 1
since y1L*f,,. Thus y; is idempotent and since y; € R, we have y; € E(R)
and y; = ey,. Therefore

o=y R fp =0 "R =0 R =S,
and
Akyo = A*xTp = A*Ta " - To = N2 2 = Az = A\yja.

Consequently, AyoA = fy,A = A°A = X and y2Ay2 = y2fy, = y2. Therefore
Y2 = A’ = fy, = fz. On the other hand, we have

(2,N) =a=-ey@ fi = (e, 7 )T, T")(fa, \) = (exT S, (Tf2)"N)

and e,y fr = T = e, Tf., therefore premultiplying by + and postmultiplying
by T8, T = Tty T*. Also, T5 = f, = y2 = ey, = Y* since yo = T* € E°.
Similarly, z© =" = f,, = u¢ = 1 =y since uy =y € E°. Now, we have
T =72"yz* =y yy* = 7. Therefore, the uniqueness of e,, @ and f, is obtained,
by Definition 1.3, W is an adequate transversal of T'. O

Lemma 3.9. W is a quasi-ideal S-adequate transversal of I'.

Proof. For any a = (Z,7*),b = (7,7*) € W and ¢ = (2,k) € T, since Tz € 5°
and k xgy € 5°, we have

acb = (7,7)(z, k) (g,7%) € W.
Let
E°lx |[A={(zA) el': z € E°} and R|x|E’°={(z,\) el': A€ E°}.

For any (x,\) € A(T"), then (x,\) € E(I') and there exists (y*,y") € E(W)
with y* € E° such that (z, \)R(y",y"). Then by Lemmas 3.3 and 3.7, A\xz =
Ax = f, and e, = yT. Thus x € RNL = S° and consequently f, = Axx = A\z.
By the proof of Lemma 3.8 we have € E° and so A(T') C E°| x|A. Conversely,
if (x,A\) € E°| x |A with z € E° , we have Ax2x = Az = A\fy, = A\° = \°,
and (xz,A) € E(I"). Certainly (2, \)R(z,2z) € E(W) and so E°| x |[A C A(T).
Therefore A(T') = E°| x |A 2 A is a right normal band.

Similarly, by Lemma 3.7 we may show that R(I') = R| x |[E° & R is a
quasi-adequate semigroup whose set of idempotents forms a left normal band.
Consequently, W is a quasi-ideal S-adequate transversal of T'. ([
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Up to now we have proved the direct half of Theorem 3.1. To prove the
converse half, let S be an abundant semigroup with a quasi-ideal S-adequate
transversal S°. Let R and L be described as in Lemma 1.7. Then R and L are
quasi-adequate semigroups sharing a common quasi-adequate transversal S,
which is a right ideal of R and a left ideal of L. Also A = E(L) and A is a right
normal band with a semilattice transversal E(S°) = E°.

For every (A, z) € AXR, put Axx = Az. Then Axx = \x = ey Az f, € S° since
ex € E°, f, € E° and S° is a quasi-ideal of S. Clearly the map A x R — S°
defined by (A, ) — Az satisfies (1), (2) and (3) since S° is a quasi-ideal S-
adequate transversal of S.

Next we prove that I' is isomorphic to S. Define ¢ : I' = S by ¢(z, A) = A,
then certainly ¢ is well defined and by Proposition 2.7 ¢ is injective.

For any (z, ), (y,u) € T, we have

(@, Ny, )] = e((xXy, A\y)" 1) = 2Ay(Ay)*p
= zAyp = o((z, \)e((y, 1)),

and whence 6 is a homomorphism.

For every a € S, then there exist @ € S° and idempotents e,, f, € S
such that a = e,af, where e,La" and f,Ra*. Thus e,a € R since fe,z =
(fe, -€z-0)*fz = (@ -a)*a* = a* € E° and f, € A since ey, = a* € E°.
Then it is easy to verify that (fa)° = @* = f.,z and so (e,a, f,) € I'. Hence
o((eqt, fa)) = €qtfa = a and so 6 is surjective. Therefore # is an isomorphism.
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