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t❤❡✐r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s ✐♥❝r❡❛s❡s✱✹✹



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✸

t❤❡ r❡q✉✐r❡❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❛♥❞ ♠❡♠♦r② ✐♥❝r❡❛s❡ ❡①♣♦♥❡♥t✐❛❧❧② ❜❡❝❛✉s❡✹✺

t❤❡② ❛r❡ ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ❛ ❣r✐❞ ❝♦✈❡r✐♥❣ t❤❡ st❛t❡ s♣❛❝❡✳✹✻

❚❤✐s ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② ✐s ❛ ♠♦♦t ♣♦✐♥t ✐♥ ❛ ♥✉♠❜❡r ♦❢ ❞♦♠❛✐♥s✱✹✼

❧✐❦❡ ❞❛t❛ ♠✐♥✐♥❣✱ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✭❉♦♥♦❤♦✱ ✷✵✵✵✮ ❛♥❞ ♠✉❧t✐♣❧❡ ❛♣♣r♦❛❝❤❡s✹✽

❛✐♠ ❛t ♠✐t✐❣❛t✐♥❣ ✐t ❛♥❞ ❛t s♣❡❡❞✐♥❣ ✉♣ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ❝♦♠♣✉t✐♥❣✳ ❋♦r ✐♥✲✹✾

st❛♥❝❡✱ ❇♦♥♥❡✉✐❧ ✭✷✵✵✻✮ ❛tt❡♠♣ts t♦ ❤❛♥❞❧❡ ❧❛r❣❡ ❞✐♠❡♥s✐♦♥❛❧ st❛t❡ s♣❛❝❡ ✇✐t❤✺✵

❝♦♠♣✉t✐♥❣ ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ♦♥ ❛ ❣✐✈❡♥ t✐♠❡ ❤♦r✐③♦♥ ✇✐t❤ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣✳✺✶

❉❡✛✉❛♥t ❡t ❛❧ ✭✷✵✵✼✮ ✉s❡ ❙✉♣♣♦rt ❱❡❝t♦r ▼❛❝❤✐♥❡s ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ ✈✐❛❜✐❧✐t②✺✷

❦❡r♥❡❧s✳ ▼❛✐❞❡♥s ❡t ❛❧ ✭✷✵✵✾✮ tr② t♦ ♦✈❡r❝♦♠❡ t❤✐s ❝✉rs❡ ❜② ✉s✐♥❣ ▲❛❣r❛♥❣✐❛♥✺✸

♠❡t❤♦❞s✱ ✇❤✐❝❤ ❞♦ ♥♦t ❝❛❧❧ ❢♦r ❛ ❣r✐❞✳ ■t ♦✛❡rs ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ♣❡r✲✺✹

❢♦r♠❛♥❝❡s ❢♦r ❧✐♥❡❛r ❞②♥❛♠✐❝s✳ ❉❡s✐❣♥✐♥❣ ♥❡✇ ❛❧❣♦r✐t❤♠s ✐s ❛ ❝r✉❝✐❛❧ ✇❛② t♦✺✺

r❡❞✉❝❡ t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✱ ❜✉t ❡①✐st✐♥❣ t❡❝❤♥♦❧♦❣✐❝❛❧ s♦❧✉t✐♦♥s ❝❛♥✺✻

❛❧s♦ ❧❡❛❞ t♦ ✐♠♣♦rt❛♥t ❣❛✐♥s ♦❢ t✐♠❡✳ ❙♦♠❡ ♣r♦❣r❛♠s ❧✐❦❡ ❱✐❦❛❛s❛✱ ✉s❡❞ ✐♥✺✼

❜②✲❝❛s❤ ✜s❤❡r② ♠❛♥❛❣❡♠❡♥t✱ ❡♠❜❡❞ ❛ ♠✉❧t✐✲❝♦r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✈✐❛❜✐❧✐t②✺✽

❦❡r♥❡❧ ❝♦♠♣✉t❛t✐♦♥ ✭❑r❛✇❝③②❦ ❡t ❛❧✱ ✷✵✶✸✮✳ ❍♦✇❡✈❡r✱ ✐♥ r❡❝❡♥t ②❡❛rs✱ ❛♥♦t❤❡r✺✾

t❡❝❤♥✐❝❛❧ ✐♠♣r♦✈❡♠❡♥t ❛r♦s❡ ✇❤✐❝❤ s❡❡♠s ✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧✻✵

♣r♦❜❧❡♠❛t✐❝ ✿ t❤❡ ●P❯ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ t❡❝❤♥♦❧♦❣②✳ ❍✐st♦r✐❝❛❧❧②✱ ●P❯s ❛r❡✻✶

❡❧❡❝tr♦♥✐❝ ❝♦♠♣♦♥❡♥ts ✉s❡❞ ✐♥ ❝♦♠♣✉t❡r ❣r❛♣❤✐❝s ❤❛r❞✇❛r❡✳ ❚❤❡② ❛r❡ ❣❡tt✐♥❣✻✷

♠♦r❡ ✇✐❞❡❧② ✉s❡❞ t♦ ❛❝❝❡❧❡r❛t❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ♠❛♥② ✜❡❧❞s ✭▼❛♠❡t❥❛♥♦✈ ❡t ❛❧✱✻✸

✷✵✶✷❀ ❈❡❦♠❡③ ❡t ❛❧✱ ✷✵✶✸❀ ❙❛❜♦ ❡t ❛❧✱ ✷✵✶✹✮✳ ❉✉❡ t♦ ✐ts ❛r❝❤✐t❡❝t✉r❡✱ t❤❡ ●P❯s✻✹

s♦❧✉t✐♦♥ ✐s ❛❞✈❛♥t❛❣❡♦✉s ❢♦r ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤ ❛ ♣❛r❛❧❧❡❧ ❡①❡❝✉t✐♦♥ ✐s ♣♦ss✐✲✻✺

❜❧❡ ✭●♦❧❞s✇♦rt❤②✱ ✷✵✶✹✮✳ ■t ♦❢t❡♥ ❡①❝❡❡❞s t❤❡ ❝❛♣❛❝✐t② ♦❢ ❝♦♠♣✉t✐♥❣ ❝❧✉st❡rs✻✻

✐♥ t❡r♠s ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❢♦r ❛ ❧♦✇❡r ❝♦st✳ ❚❤✉s✱ ◆❱■❉❆ ❤❛s ❝r❡❛t❡❞ t❤❡✻✼

❈❯❉❆ ♣❧❛t❢♦r♠ t♦ ♦✛❡r t♦♦❧s ❛♥❞ t♦ ❛❧❧♦✇ ♣r♦❣r❛♠♠❡rs t♦ ✉s❡ t❤❡ ♣❛r❛❧❧❡❧✻✽

❛r❝❤✐t❡❝t✉r❡ ♦❢ ❣r❛♣❤✐❝ ❝❛r❞s✳ ❚❤❡ ❜❛s✐❝ ♣♦✐♥t ✐s t♦ s❡♣❛r❛t❡ t❤❡ ♣r♦❣r❛♠ ✐♥✻✾

t✇♦ ♣❛rts ✿ t❤❡ s❡r✐❛❧ ❝♦❞❡ ❡①❡❝✉t❡❞ ❜② t❤❡ ❤♦st ✭t❤❡ ❈❡♥tr❛❧ Pr♦❝❡ss✐♥❣ ❯♥✐t✼✵

✭❈P❯✮✮✱ ❛♥❞ t❤❡ ♣❛r❛❧❧❡❧ ❝♦❞❡✱ ❡①❡❝✉t❡❞ ✐♥ t❤❡ ●P❯ t❤r❡❛❞s ❛❝r♦ss ♠✉❧t✐♣❧❡✼✶

♣r♦❝❡ss✐♥❣ ❡❧❡♠❡♥ts✳✼✷



✹ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✉s❡ t❤❡ st❛♥❞❛r❞ ✈✐❛❜✐❧✐t② ❛❧❣♦r✐t❤♠ ✭❙❛✐♥t✲P✐❡rr❡✱ ✶✾✾✵✮✼✸

✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ❚♦✼✹

✐❧❧✉str❛t❡ ♦✉r ✇♦r❦✱ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ❛❧❣♦r✐t❤♠ ✐s t❡st❡❞ ♦♥ ❛ ❜❛s✐❝ ♠✉❧t✐❞✐✲✼✺

♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❝♦♠✲✼✻

♣✉t❛t✐♦♥ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ♣❛r❛❧❧❡❧✐③❡❞ ✈❡rs✐♦♥ ❛♥❞ t❤❡ s❡q✉❡♥t✐❛❧ ♦♥❡✳ ❋✐♥❛❧❧②✱✼✼

t❤❡ ❛❧❣♦r✐t❤♠ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ✐♥ ❛ ❝❛s❡ ♦❢ ❜②❝❛t❝❤✼✽

✜s❤❡r② ♠❛♥❛❣❡♠❡♥t✳✼✾

✷ ❱✐❛❜✐❧✐t② t❤❡♦r② ❛♥❞ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✽✵

✷✳✶ ❱✐❛❜✐❧✐t② ❦❡r♥❡❧✽✶

❲❡ ❝♦♥s✐❞❡r ❛ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ✐♥ ✇❤✐❝❤ h ✐s t❤❡ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ t❤❡ st❛t❡✽✷

❛♥❞ t❤❡ ❝♦♥tr♦❧ ❛t t✐♠❡ t ✇✐t❤ t❤❡ st❛t❡ ❛t t❤❡ ♥❡①t t✐♠❡ st❡♣ t+ 1✿✽✸

x (t+ 1) = h (x (t) , u (t)) ✭✶✮

✇✐t❤ x (t) ∈ X t❤❡ s❡t ♦❢ st❛t❡s✱ u (t) ∈ U (x (t)) ✇❤✐❝❤ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♣♦ss✐❜❧❡✽✹

❝♦♥tr♦❧s ❛❧❧♦✇✐♥❣ t❤❡ r❡❣✉❧❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ h (., .) : X × U → X ✱✽✺

❛ss♦❝✐❛t✐♥❣ ❛ st❛t❡ x (t) ∈ X ❛♥❞ ❛ ❝♦♥tr♦❧ u (t) ∈ U (x (t)) ✇✐t❤ ❛ s✉❝❝❡ss♦r✽✻

x (t+ 1) ∈ X ✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ❛ss♦❝✐❛t❡s t❤❡ ❝❧♦s❡st ❣r✐❞ ♣♦✐♥t ♦❢ t❤❡ s✉❝❝❡ss♦r✽✼

♦❜t❛✐♥❡❞ ✇✐t❤ ❛♥ ❊✉❧❡r✐❛♥ s❝❤❡♠❡ ❞❡✜♥❡❞ ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❧♦❝❛❧ ♣❛r❛♠❡t❡r✳✽✽

❲❡ ✇❛♥t t♦ ❛ss❡ss t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧ V iabT (K)❀ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s ❢♦r✽✾

✇❤✐❝❤ ❛ ❝♦♥tr♦❧ str❛t❡❣② ❡①✐sts t♦ ♠❛✐♥t❛✐♥ t❤❡ s②st❡♠ ✐♥s✐❞❡ K✱ t❤❡ s❡t ♦❢✾✵

❞❡s✐r❛❜❧❡ st❛t❡s ✭t❤❡ ✈✐❛❜✐❧✐t② s❡t✮✱ ✉♥t✐❧ T ✭❛ ✜♥✐t❡ ❤♦r✐③♦♥✮✳ ❚❤✐s ✐s r❡✇r✐tt❡♥✾✶

✐♥ ❊q✳2 ✿✾✷

V iabT (K) = {x0 ∈ K|∃ (u (0) , u (1) , ..., u (T − 1)) , ∀t ∈ {0, 1, ..., T} , x (t) ∈ K}

✭✷✮



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✺

✇✐t❤ x (t) t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❛t ❞❛t❡ t ❛♥❞ u (t) t❤❡ ❝❤♦s❡♥ ❝♦♥tr♦❧✾✸

✈❛❧✉❡ ❛t t✱ ✇❤✐❝❤ ♠❛✐♥t❛✐♥s t❤❡ s②st❡♠ ✐♥ t❤❡ ✈✐❛❜✐❧✐t② s❡t K✳✾✹

❉✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ❝♦♠♣✉t✐♥❣ t❤✐s s❡t✳ ❇❡❝❛✉s❡ ♦❢ t❤❡✾✺

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♦♥ ❛ ❣r✐❞✱ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ s✉❜✲✾✻

♠✐tt❡❞ t♦ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ❝✉rs❡✿ t❤❡ ♥❡❝❡ss❛r② t✐♠❡ ❛♥❞ ♠❡♠♦r② ✐♥❝r❡❛s❡✾✼

❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❲❡ ❝❤♦♦s❡ t♦✾✽

❢♦❝✉s ♦♥ ❛ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✐s ✈❡r② st❛♥❞❛r❞ ❛♥❞ ✇❡❧❧✾✾

s✉✐t❡❞ ❢♦r ❛ ♣❛r❛❧❧❡❧ ❛♣♣r♦❛❝❤✳✶✵✵

✷✳✷ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✶✵✶

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ❢✉❧✜❧s t❤❡ ❝♦♥❞✐t✐♦♥ ❡♥s✉r✐♥❣ t❤❡✶✵✷

❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❛❝t✉❛❧ ❦❡r♥❡❧✱ ✇❤❡♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢✶✵✸

t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ t❡♥❞s t♦ ✵ ✭❙❛✐♥t✲P✐❡rr❡✱ ✶✾✾✵✮✳ ❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✶✵✹

❛❧❣♦r✐t❤♠ ✐s ❛ ❜❛❝❦✇❛r❞ r❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❞❡t❡r♠✐♥❡s ❛ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✶✵✺

✿ V (t, x) ❛t ❞❛t❡ t✳ ❚❤❡ s❡❡❞ ✈❛❧✉❡ ❛t T ✐s ✿✶✵✻

V (T, x) =















1 ✐❢ x ∈ K

0 ✐❢ x /∈ K

✭✸✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❞✐r❡❝t❧② ❞❡t❡r♠✐♥❡s t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧✳ ❆t T ✱✶✵✼

❜❡✐♥❣ ✈✐❛❜❧❡ ✐s t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧✳ ❚❤❡ ❧✐♥❡❛r✶✵✽

r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② ✿✶✵✾

∀t ∈ {0, T − 1} , V (t, x) =















max
u∈U(x)

V (t+ 1, h (x, u)) ✐❢ x ∈ K

0 ✐❢ x /∈ K

✭✹✮



✻ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

❚❤✉s✱ ❛t t = 0✿✶✶✵

V (0, x) =















1 ✐❢ x ∈ V iabT (K)

0 ✐❢ x /∈ V iabT (K)

✭✺✮

❚❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛r❡ r❡s♣❡❝t❡❞ ❜❡❝❛✉s❡✱ ❛t ❡❛❝❤✶✶✶

st❡♣ t✐♠❡ ✿✶✶✷

✲ ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❣r✐❞ ✐s ❛ s✉❜♣r♦❜❧❡♠ ✭V ❤❛s t♦ ❜❡ ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ♣♦✐♥t✮❀✶✶✸

✲ ❛ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❤❛s t♦ ❜❡ ♦♣t✐♠✐③❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❢♦r t❤❡s❡ ♣♦✐♥ts❀✶✶✹

❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V t❛❦❡s ♦♥❧② t✇♦ ✈❛❧✉❡s ✿ ✵ ❛♥❞ ✶✳ ❲❡ ❛r❡ ❧♦♦❦✐♥❣✶✶✺

❢♦r ✐♥✐t✐❛❧ st❛t❡s✱ ❢♦r ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t t✐♠❡ ❤♦r✐③♦♥ T ✐s 1✳ ❊q✳✹✶✶✻

✐s ❡q✉✐✈❛❧❡♥t t♦ s❛② t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V (t, x) ✐s ❡q✉❛❧ t♦ 1 ✐❢ ❛ ❝♦♥tr♦❧✶✶✼

u ∈ U (x) ❡①✐sts✱ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ s②st❡♠ ✐♥ t❤❡ ❝♦♥str❛✐♥t s❡t K✳ ❖t❤❡r✇✐s❡✱✶✶✽

t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V (t, x) ❡q✉❛❧s t♦ 0✳ ❚❤❡ ❜❛❝❦✇❛r❞ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✶✶✾

❡q✉❛t✐♦♥ ❞❡✜♥❡s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V (x, t)✳ ❇② ✇r✐t✐♥❣ ❛ ♠❛① ✐♥st❡❛❞ ♦❢ ❛ s✉♣✱✶✷✵

✇❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ❡❛❝❤ t✐♠❡ t ❛♥❞✶✷✶

st❛t❡ x✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐♥✈♦❧✈❡s t✇♦ ♠❛✐♥ st❡♣s✿✶✷✷

✕ ❋♦r ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❣r✐❞✱ ✇❡ st♦r❡ ❛❧❧ t❤❡ s✉❝❝❡ss♦rs ✭t❤❡ ♣♦✐♥t ♦❢ t❤❡ ❣r✐❞✶✷✸

❛t t❤❡ ♥❡①t t✐♠❡ st❡♣✮ ♦❜t❛✐♥❡❞ ❢♦r ❡❛❝❤ ❝❤♦✐❝❡ ♦❢ ❝♦♥tr♦❧ ✭t❤❡ ♣♦ss✐❜❧❡ s❡t✶✷✹

♦❢ ❛❝t✐♦♥s ❛t ❡❛❝❤ ♣♦✐♥t ✐s s✉♣♣♦s❡❞ ✜♥✐t❡✮✳✶✷✺

✕ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♣❡r❢♦r♠s ✐t❡r❛t✐♦♥s ♦❢ ❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❜② ♣r♦❣r❡s✲✶✷✻

s✐✈❡❧② ❡①❝❧✉❞✐♥❣ ♣♦✐♥ts ♦❢ t❤❡ ❣r✐❞ ✉♥t✐❧ r❡❛❝❤✐♥❣ ❛ ✜①❡❞ ♣♦✐♥t ♦r ❛ ♣r❡❞❡✲✶✷✼

✜♥❡❞ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s✳✶✷✽

❚❤✉s ✇❡ ❤❛✈❡ t❤❡ ❛❧❣♦r✐t❤♠ ❆❧❣✳✶ ❛s ❢♦❧❧♦✇s ✿✶✷✾



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✼

❆❧❣♦r✐t❤♠ ✶ ❉❡t❛✐❧❡❞ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❱✐❛❜✐❧✐t② ❑❡r♥❡❧ ❆❧❣♦r✐t❤♠

❙t♦r✐♥❣ s✉❝❝❡ss♦rs ✿



















i = 0

K0 = K

st♦r❡ ❝♦♦r❞✐♥❛t❡s, ∀x ∈ K

st♦r❡ h (x, u) , ∀x ∈ K, ∀u ∈U (x)

■t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✿



















r❡♣❡❛t

Ki+1 =
{

x ∈ Ki|V (i+ 1, x) = 1
}

i = i+ 1

✉♥t✐❧ Ki+1 = Ki ❖❘ Ki+1 = Ø ❖❘ i = T

V iabT (K) = Ki

✷✳✸ P❛r❛❧❧❡❧✐③✐♥❣ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✐♥❣ ❛❧❣♦r✐t❤♠✶✸✵

❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✐s ✇❡❧❧ s✉✐t❡❞ t♦ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ t❤❡ t✇♦ ♠❛✐♥ ♣❛rts✳✶✸✶

❉✉r✐♥❣ t❤❡ st♦r✐♥❣ ♦❢ s✉❝❝❡ss♦rs✱ ❛❧❧ s✉❝❝❝❡ss♦rs x (t+ 1) ♦❢ ❡❛❝❤ st❛t❡ ❛♥❞✶✸✷

❡❛❝❤ ✈❛❧✉❡ ♦❢ u✱ ❞❡✜♥❡❞ ✐♥ ❊q✳1✱ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ s❡♣❛r❛t❡❧②✳ ■♥ t❤❡ s❡❝♦♥❞✶✸✸

♣❛rt ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣❛r❛❧❧❡❧✐③❡ t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ ✈❛❧✉❡✶✸✹

❢✉♥❝t✐♦♥ V (t, x) ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ st❛t❡ ✭❊q✳4✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❝♦♠♣✉t❛t✐♦♥s ❛r❡✶✸✺

❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t ❢♦r ♦♥❡ st❡♣ ♦❢ t✐♠❡✳ ❚❤❡ ♣❛r❛❧❧❡❧✐③✐♥❣ ♦❢ ❛❧❧ t❤❡s❡✶✸✻

❝❛❧❝✉❧❛t✐♦♥s t❤✉s ✐♠♣r♦✈❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳✶✸✼

❙✐♥❝❡ ●P❯s ❤❛✈❡ ❤✉♥❞r❡❞s ♦❢ ♣r♦❝❡ss♦r ❝♦r❡s r✉♥♥✐♥❣ ✐♥ ♣❛r❛❧❧❡❧✱ t❤❡② ❝❛♥ ❜❡✶✸✽

♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ✉s✐♥❣ tr❛❞✐t✐♦♥❛❧ ❈P❯ ❛r❝❤✐t❡❝t✉r❡s✳✶✸✾

✸ ❯s✐♥❣ ●P❯ ❢♦r ❝♦♠♣✉t✐♥❣ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧s✶✹✵

✸✳✶ ●P❯ ❛r❝❤✐t❡❝t✉r❡✶✹✶

❆s t❤❡② ❛r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ ♠❛♥② s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣ ✜❡❧❞s✱ ❣r❛♣❤✐❝s ❤❛r❞✇❛r❡✶✹✷

♣r♦❣r❛♠♠✐♥❣ ❢♦r ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❝♦♠♣✉t✐♥❣ ✐s ✇❡❧❧ ❞♦❝✉♠❡♥t❡❞✱ t❤✐s ✐♥❝❧✉❞❡s✶✹✸

✇❛②s t♦ ✇r✐t❡ ❛♥❞ ❞❡❜✉❣ t❤❡ ❝♦❞❡ ✭▲❛♥❣❞♦♥✱ ✷✵✶✶✮✳ Pr♦✈✐❞✐♥❣ ❤✐❣❤❧② ❡✛❡❝t✐✈❡✶✹✹

❞❛t❛ ♣❛r❛❧❧❡❧✐s♠✱ ●P❯ ❝♦r❡s ❝♦♥t❛✐♥ ♠✉❧t✐♣❧❡ t❤r❡❛❞s r✉♥♥✐♥❣ ❛t t❤❡ s❛♠❡ t✐♠❡✶✹✺



✽ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

✇❤✐❝❤ ❝❛♥ ❛❝❝❡❧❡r❛t❡ ✈✐❛❜✐❧✐t② ❛❧❣♦r✐t❤♠s✳ ❚❤❡ ❈❯❉❆ ♣r♦❣r❛♠♠✐♥❣ ❢r❛♠❡✇♦r❦✶✹✻

❡♥❛❜❧❡s t❤❡ ✉s❡ ♦❢ ❛❧❧ t❤❡ ❝♦r❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ●P❯ ❢♦r ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❝♦♠✲✶✹✼

♣✉t✐♥❣✳ Pr♦❣r❛♠s ✇r✐tt❡♥ ✐♥ t❤✐s ♣❛♣❡r ✉s❡ t❤❡ ❈✰✰ ❈❯❉❆ ❢r❛♠❡✇♦r❦✳ ❆✶✹✽

●P❯ ❝♦♠♣✉t✐♥❣ ✈✐❡✇ ❝♦♥s✐sts ✐♥ s♣❧✐tt✐♥❣ t❤❡ ✐♥♣✉t ❞❛t❛ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r✲✶✹✾

❡♥t t❤r❡❛❞s✱ ❛♥❞ ♣❡r❢♦r♠✐♥❣ ♦♣❡r❛t✐♦♥s ♦♥ t❤❡s❡ ♣✐❡❝❡s ♦❢ ❞❛t❛✱ ✐♥❞❡♣❡♥❞❡♥t❧②✶✺✵

❛♥❞ t❤✉s ❛❝❤✐❡✈✐♥❣ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✳ ❚❤✐s ❦✐♥❞ ♦❢ ❝♦♠♣✉t✐♥❣ ❡♥❝♦✉r❛❣❡s t♦ r❡✲✶✺✶

t❤✐♥❦ ♣r♦❣r❛♠s t♦ ♠❛❦❡ t❤✐s ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♣♦ss✐❜❧❡✳ ❋✐❣✳✶ ✐❧❧✉str❛t❡s t❤❡ ❛r✲✶✺✷

❝❤✐t❡❝t✉r❡ ♦❢ ❛ ●P❯ ❞❡✈✐❝❡ ✇❤✐❝❤ ✐s s❡❡♥ ❛s ❛ ❣r✐❞ ❤♦✉s✐♥❣ ❜❧♦❝❦s✳ ❊❛❝❤ ❜❧♦❝❦✶✺✸

✐♥✈♦❧✈❡s ❛ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s ♣❡r❢♦r♠✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ ●P❯ ❞❡✈✐❝❡✶✺✹

♦✇♥s ❛ ❣❧♦❜❛❧ ♠❡♠♦r②✱ ❡❛❝❤ ❜❧♦❝❦ ❤❛s ❛ ♠❡♠♦r② s❤❛r❡❞ ❜② ❛❧❧ ♦❢ ✐ts t❤r❡❛❞s✱✶✺✺

❛♥❞ ❡❛❝❤ t❤r❡❛❞ ♦✇♥s ❛ s♠❛❧❧❡r ❧♦❝❛❧ ♠❡♠♦r②✳ ❍❡r❡✱ ✇❡ ✉s❡ t❤❡ ❣❧♦❜❛❧ ♠❡♠♦r②✶✺✻

t♦ st♦r❡ ❜✐❣ ❛rr❛②s ♦❢ ❞❛t❛ ✇✐t❤ ✇❤✐❝❤ ❛❧❧ t❤❡ t❤r❡❛❞s ❝❛♥ ✐♥t❡r❛❝t✳ ■♥ ❛ ❜❧♦❝❦✱✶✺✼

❛ t❤r❡❛❞ ✐s ✐♥❞❡①❡❞ ♦✈❡r ✸ ❞✐♠❡♥s✐♦♥s ✭❛ ❜❧♦❝❦ ❝❛♥ ❜❡ s❤♦✇♥ ❛s ❛ ❝✉❜❡ ♦❢✶✺✽

t❤r❡❛❞s✮✱ t❤✉s t❤❡ ✐♥❞❡①❛t✐♦♥ ❤❛s t♦ ❜❡ ❝❛r❡❢✉❧❧② ❞♦♥❡✳ ❊❛❝❤ t❤r❡❛❞ ❛♥❞ ❡❛❝❤✶✺✾

❜❧♦❝❦ ❛r❡ ✐♥❞❡①❡❞ ❛t t❤❡✐r ❧❡✈❡❧✳ ■♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ✇❛♥t t♦ ❣❡t t❤❡ ■❉✶✻✵

threadID ♦❢ ❡❛❝❤ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ t❤r❡❛❞ ✐♥ ❛ ❣r✐❞ ♦❢ ✸❉ ❜❧♦❝❦s✳ ❆❝❝♦r❞✐♥❣ t♦✶✻✶

t❤❡ ❈❯❉❆ ❢r❛♠❡✇♦r❦ ✇r✐t✐♥❣ ❝♦♥✈❡♥t✐♦♥ ✱ t❤✐s ■❉ ✐s ❣✐✈❡♥ ❜② ✿✶✻✷

threadID =threadIdx.i+ blockDim.i ∗ blockIdx.i+

gridDim.i ∗ blockIdx.j ∗ blockDim.i+ ✭✻✮

gridDim.i ∗ gridDim.j ∗ blockIdx.k ∗ blockDim.i

❍❡r❡✱ threadIdx.i♠❡❛♥s t❤❡ ❝♦♦r❞✐♥❛t❡s i ♦❢ threadIdx✳ gridDim ❝♦♥t❛✐♥s✶✻✸

t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❣r✐❞ ✭t❤❡ ❣r✐❞ ♦✇♥s gridDim.i×gridDim.j×gridDim.k✶✻✹

❜❧♦❝❦s✮✱ blockIdx ❝♦♥t❛✐♥s t❤❡ ❜❧♦❝❦ ✐♥❞❡①❡s ✇✐t❤✐♥ t❤❡ ❣r✐❞ ✭✐♥ ✸ ❞✐♠❡♥s✐♦♥s✶✻✺

✿ blockIdx.i✱ blockIdx.j ❛♥❞ blockIdx.k✮✱ blockDim ❝♦♥t❛✐♥s t❤❡ ❞✐♠❡♥s✐♦♥s✶✻✻

♦❢ t❤❡ ❜❧♦❝❦ ✭❛ ❜❧♦❝❦ ❝♦♥t❛✐♥s blockDim.i× blockDim.j× blockDim.k t❤r❡❛❞s✶✻✼



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✾

✐♥ ✸ ❞✐♠❡♥s✐♦♥s✮ ❛♥❞ threadIdx ❝♦♥t❛✐♥s t❤❡ t❤r❡❛❞ ✐♥❞❡①❡s ✇✐t❤✐♥ t❤❡ ❜❧♦❝❦✶✻✽

✭✐♥ ✸ ❞✐♠❡♥s✐♦♥s t♦♦✱ ❜✉t ❢♦r s✐♠♣❧✐❝✐t②✱ ♦♥❧② ♦♥❡ ✐s ✉s❡❞ ❤❡r❡ ✿ threadIdx.i✮✳✶✻✾

❚❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡ ♠❛✐♥❧② ✉s❡❞ ✐♥ ❛ss✐❣♥✐♥❣ t❤❡ ✇♦r❦ ♣❡r ❜❧♦❝❦ ❛♥❞ t❤r❡❛❞✳✶✼✵

❚❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡s ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐♥ ❜♦t❤ blockDim ❛♥❞ gridDim ❛r❡✶✼✶

●P❯✲❞❡♣❡♥❞❡♥t✳ ❆t ❧❡❛st✱ t❤❡ ✐ ❝♦♠♣♦♥❡♥t ♥❡❡❞s t♦ ❜❡ ❞❡❝❧❛r❡❞✳ ❇② ❞❡❢❛✉❧t✱✶✼✷

t❤❡ ✈❛❧✉❡ ❢♦r t❤❡ ❥ ❛♥❞ ❦ ❝♦♠♣♦♥❡♥ts ✐s ✶✳✶✼✸

✸✳✷ ❖✈❡r❛❧❧ str❛t❡❣②✶✼✹

❚❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s s✉♠♠❡❞ ✉♣ ✐♥ ❋✐❣✳ ✷✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡✶✼✺

st♦r✐♥❣ ♦❢ tr❛❥❡❝t♦r✐❡s ❛♥❞ t❤❡ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥ st❡♣s ♦❢ ❆❧❣✳✶✳✶✼✻

❚❤❡ st❡♣s ❛r❡ ✿✶✼✼

✲ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❛♥❞ s❡tt✐♥❣ ♦❢ t❤❡ ●P❯ ❞❡✈✐❝❡ ✭❛✮❀✶✼✽

✲ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✭❜✮✳ ❚❤❡ ✉s❡r ✐♥♣✉ts t❤❡s❡ ♣❛r❛♠✲✶✼✾

❡t❡rs❀✶✽✵

✲ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ ❈❯❉❆ ♣❛r❛♠❡t❡rs ✭♥✉♠❜❡r ♦❢ ❜❧♦❝❦s✱ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s✶✽✶

❜② ❜❧♦❝❦s ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✮✭❝✮❀✶✽✷

✲ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❡♠♣t② ❛rr❛②s✱ ✇❤✐❝❤ ✇✐❧❧ ❝♦♥t❛✐♥ ❝♦♥tr♦❧❧❡❞ ❡✈♦❧✉t✐♦♥s ❛♥❞✶✽✸

t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ❡❛❝❤ ♣♦✐♥t ✉s✐♥❣ t❤❡ ❈❯❉❆ ✐♥str✉❝t✐♦♥ cudaMalloc✶✽✹

✭❞✮❀✶✽✺

✲ t❤❡ ❝♦♣② ♦❢ ♣❛r❛♠❡t❡rs ❢r♦♠ ❤♦st t♦ t❤❡ ●P❯ ❞❡✈✐❝❡ ✭❡✮ ✉s✐♥❣ t❤❡ ❈❯❉❆✶✽✻

✐♥str✉❝t✐♦♥ cudaMemcpy ✇✐t❤ t❤❡ ✢❛❣ cudaMemcpyHostToDevice❀✶✽✼

✲ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s✉❝❝❡ss♦rs ♦❢ ❡❛❝❤ ♣♦✐♥t ✐✳❡✳ t❤❡ st♦r✐♥❣ ♦❢ ♥❡①t ♣♦✐♥t ♦❢✶✽✽

t❤❡ tr❛❥❡❝t♦r② ❢♦r ❡❛❝❤ ♣♦ss✐❜❧❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ❆❧❣✳✶✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s✶✽✾

♣❛r❛❧❧❡❧✐③❡❞ ♦♥ t❤❡ ●P❯ ❛♥❞ ✐t ✐s ❞♦♥❡ ✐♥ t❤❡ ✜rst ❦❡r♥❡❧ ❢✉♥❝t✐♦♥✳ ❙❡❝t✐♦♥✶✾✵

✸✳✸ ❞❡t❛✐❧❡❞ t❤✐s ♣❛rt✳✶✾✶

✲ t❤❡ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥ st❡♣ ♦❢ ❆❧❣✳✶✳ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ❡❛❝❤✶✾✷

♣♦✐♥t ✐s ❝❛❧❝✉❧❛t❡❞ ❛♥❞ r❛♥ ✉♥t✐❧ t❤❡ st♦♣ ❝♦♥❞✐t✐♦♥ ✐s r❡❛❝❤❡❞✳ ■t ✐s ♣❛r❛❧✲✶✾✸



✶✵ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

❧❡❧✐③❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ●P❯✳ ❙❡❝t✐♦♥ ✸✳✹ ❞❡t❛✐❧❡❞ t❤✐s✶✾✹

♣❛rt✳✶✾✺

✲ t❤❡ ❝♦♣② ♦❢ r❡s✉❧ts ❢r♦♠ t❤❡ ●P❯ ♠❡♠♦r② t♦ t❤❡ ❈P❯ ✭❢✮ ✉s✐♥❣ t❤❡ ❈❯❉❆✶✾✻

✐♥str✉❝t✐♦♥ cudaMemcpy ✇✐t❤ t❤❡ ✢❛❣ cudaMemcpyDeviceToHost❀✶✾✼

✲ ❚❤❡ ❝❧❡❛r ♦❢ t❤❡ ♠❡♠♦r② ♦❢ t❤❡ ●P❯ ❛♥❞ t❤❡ ✜♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ●P❯ ❞❡✈✐❝❡✶✾✽

✭❣✮✱ ✉s✐♥❣ t❤❡ ❈❯❉❆ ✐♥str✉❝t✐♦♥ cudaFree❀✶✾✾

✲ t❤❡ ❞✐s❛❧❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❈P❯ ♠❡♠♦r② ✭❤✮✳✷✵✵

✸✳✸ P❛r❛❧❧❡❧✐③✐♥❣ t❤❡ ❝♦♠♣✉t✐♥❣ ❛♥❞ t❤❡ st♦r✐♥❣ ♦❢ s✉❝❝❡ss♦rs✷✵✶

❚❤❡ ✐♥♣✉t ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❜② ❞✐♠❡♥s✐♦♥ ❛♥❞ ❡❛❝❤✷✵✷

❞✐♠❡♥s✐♦♥ ❜♦✉♥❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛❧❧ t❤❡ ♣♦✐♥ts✷✵✸

❛♥❞ t❤❡✐r ✐♥❞❡①✳ ■t ❝❛♥ ❜❡ ♣❛r❛❧❧❡❧✐③❡❞ s✐♥❝❡ ❡❛❝❤ ♣♦✐♥t ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠✷✵✹

t❤❡ ♦t❤❡r✳ ❚❤✉s✱ ♦♥❡ t❤r❡❛❞ ♦♥ t❤❡ ●P❯ ✇✐❧❧ ❝♦♠♣✉t❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ♦♥❡✷✵✺

♣♦✐♥t✳✷✵✻

◆♦✇✱ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❛❧❧ t❤❡ s✉❝❝❡ss♦rs ♦❢ ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❣r✐❞✱✷✵✼

✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥tr♦❧ ✭✐❢ t❤❡ ❝♦♥tr♦❧ ❝❛♥ t❛❦❡ ❝♦♥✲✷✵✽

t✐♥✉♦✉s ✈❛❧✉❡s t❤❡♥ ✐t ✐s ❞✐s❝r❡t✐③❡❞✮✳ ❲❡ ❝❛♥ t❤✉s s✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♥tr♦❧✷✵✾

t❛❦❡s nbControls ✈❛❧✉❡s ♣♦✐♥t ♦❢ t❤❡ ❣r✐❞✳ ❚❤❡♥✱ ♦♥ ❡❛❝❤ t❤r❡❛❞✱ t❤❡ ❝♦♦r❞✐✲✷✶✵

♥❛t❡s ♦❢ ♦♥❡ st❛t❡ Xi ❛r❡ s❡♥t✱ ❛♥❞ ❛❧❧ t❤❡ nbControls ♣♦ss✐❜❧❡ ❡✈♦❧✉t✐♦♥s ❢r♦♠✷✶✶

t❤✐s st❛t❡ ❛r❡ r❡t✉r♥❡❞✳ ❆❣❛✐♥✱ t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r✷✶✷

♦❢ ♣♦✐♥ts ♦❢ t❤❡ ❣r✐❞✳ ❚❤✐s tr❡❛t♠❡♥t ✐s s✉♠♠❡❞ ✉♣ ♦♥ ❋✐❣✳ ✸✳ ❚❤❡r❡ ❛r❡ ❢♦✉r✷✶✸

st❡♣s ✐♥ t❤❡ ●P❯ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ✿✷✶✹

✲ t❤❡ ✐♥♣✉ts ❛r❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ❝♦♥tr♦❧✱ U = (u1, ..., unbControls)✷✶✺

❛♥❞ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛❧❧ t❤❡ ♣♦✐♥ts X = (X1, ..., XnbPoints)✳ ❚❤❡s❡ ❝♦♦r❞✐✲✷✶✻

♥❛t❡s ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❜❡❢♦r❡❤❛♥❞ ❛♥❞ r❡♠❛✐♥ ✐♥ t❤❡ ●P❯ ❣❧♦❜❛❧ ♠❡♠♦r②❀✷✶✼

✲ t❤✐s ❞❛t❛ ✐s s❡♥t ♦♥ t❤r❡❛❞s✱ ❡❛❝❤ t❤r❡❛❞ ❤♦❧❞✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛❧❧ t❤❡✷✶✽

❝♦♥tr♦❧❧❡❞ ❡✈♦❧✉t✐♦♥s ♦❢ ♦♥❧② ♦♥❡ ♣♦✐♥t❀✷✶✾



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✶✶

✲ ❡❛❝❤ t❤r❡❛❞ t❤❡♥ s❡♥❞s ❜❛❝❦ t❤❡ r❡s✉❧t ✐♥ t❤❡ ❛rr❛②H✳ ❚❤✐s ❛rr❛② ❝♦♥t❛✐♥s t❤❡✷✷✵

✐♥❞❡① ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞ ❡✈♦❧✉t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✐t ❝♦♥t❛✐♥s ✲✶ ✐❢ t❤❡ ❡✈♦❧✉t✐♦♥✷✷✶

❞♦❡s♥✬t ❜❡❧♦♥❣ t♦ K✳ ❚❤✉s✱ ✇❡ st♦r❡ t❤❡ ✐♥❞❡① ♦❢ i✲t❤ ❝♦♥tr♦❧❧❡❞ ❡✈♦❧✉t✐♦♥✷✷✷

♦❢ X ✐♥ H (X, i)✳ ❆s t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s ✐s t❤❡ s❛♠❡ ❢♦r ❡❛❝❤ ❜❧♦❝❦✱ s♦♠❡✷✷✸

t❤r❡❛❞s ❝❛♥ ❜❡ s✉♣❡r✢✉♦✉s ♦♥ t❤❡ ❧❛st ❜❧♦❝❦❀✷✷✹

✲ ♦♥❝❡ ✇❡ ❣❡t t❤❡ ❝♦♥tr♦❧❧❡❞ ❡✈♦❧✉t✐♦♥s✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ❝♦♣② t❤❡♠ ❢r♦♠ t❤❡✷✷✺

●P❯ t♦ t❤❡ ❈P❯ ❛♥❞ ✇❡ ❛♣♣❧② t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲✷✷✻

♠✐♥❣ ❛❧❣♦r✐t❤♠✳✷✷✼

✸✳✹ P❛r❛❧❧❡❧✐③✐♥❣ t❤❡ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥✷✷✽

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ❢♦r ❡❛❝❤ ♣♦✐♥t✷✷✾

✉♥t✐❧ t❤❡ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s r❡❛❝❤❡❞✳ ❆s s❤♦✇♥ ♦♥ ❋✐❣✳ ✹✱ ✇❡ ♣❛r❛❧❧❡❧✐③❡ t❤✐s✷✸✵

t❛s❦✳ ❚❤❡ ❣❧♦❜❛❧ ♠❡♠♦r② ❝♦♥t❛✐♥s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛rr❛② ✿ v ✐♥ ✇❤✐❝❤ t❤❡✷✸✶

✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ♦❢ ❡❛❝❤ ♣♦✐♥t ✐s st♦r❡❞❀ t❤❡ s✉❝❝❡ss♦rs ❝♦♠♣✉t❡❞ ❛t t❤❡ ✜rst✷✸✷

st❡♣ ✿ H❀ ❛♥❞ ❛ ❜♦♦❧❡❛♥ ✈❛❧✉❡ ✿ CheckChange ✇❤✐❝❤ st❛t❡s ✐❢ t❤❡r❡ ✐s ♥♦✷✸✸

❝❤❛♥❣❡ ❞✉r✐♥❣ t❤❡ st❡♣✳ ■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ t❤❡ ❛❧❣♦r✐t❤♠ st♦♣s✳ ❚❤❡ ❝✉rr❡♥t✷✸✹

✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ✐s st♦r❡❞ ✐♥ ❛ t❡♠♣♦r❛r② ❛rr❛② vTmp✳ ❚❤❡ tr❡❛t♠❡♥t ❜❡❧♦✇✷✸✺

✭❆❧❣✳ ✷✮ ✐s ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ t❤r❡❛❞ ✭♦♥❡ ♣♦✐♥t X ❜② t❤r❡❛❞✮ ✿✷✸✻

❆❧❣♦r✐t❤♠ ✷ ❯♣❞❛t❡ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ X ✐♥ t❤❡ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣✲
♣r♦①✐♠❛t✐♦♥✳

■❢ v(X)❂✶ ✭❲❡ ❝❤❡❝❦ ✐❢ t❤❡ ♣♦✐♥t ✐s ✈✐❛❜❧❡✱ ✐✳❡✳✱ ✐❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❡❞
t♦ ✐t ✐s ❡q✉❛❧ t♦ ✶✮

■❢ ∀i ∈ [1, nbControls− 1] ,
(H (X, i) = −1) ❖❘ (H (X, i) ≥ 0 ❆◆❉ v (H (X, i)) = 0)

vTmp (X) = 0
CheckChange = CheckChange+ 1

❊♥❞ ■❢
❊♥❞ ■❢



✶✷ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

■❢ t❤❡ ♣♦✐♥t ✐s ✈✐❛❜❧❡ ❛♥❞ ✐❢ ❛ ✈✐❛❜❧❡ s✉❝❝❡ss♦r ❡①✐sts✱ ♥♦t❤✐♥❣ ✐s ❞♦♥❡✱ t❤❡✷✸✼

♣♦✐♥t ✐s st✐❧❧ ✈✐❛❜❧❡✳ ❇✉t ✐❢ ♥♦♥❡ ♦❢ ✐ts s✉❝❝❡ss♦rs ✐s ✈✐❛❜❧❡✱ ✐✳❡✳ ✐❢ ♥♦♥❡ ♦❢ ✐ts✷✸✽

s✉❝❝❡ss♦rs ❜❡❧♦♥❣s t♦ ❑ ✭✐✳❡✳✱ H (X, i) = −1✮ ♦r ✐❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ♦❢ t❤❡✷✸✾

s✉❝❝❡ss♦rs ✐s ❡q✉❛❧ t♦ ✵✱ t❤❡♥ t❤❡ ♣♦✐♥t ✐s ❝♦♥s✐❞❡r❡❞ ♥♦♥✲✈✐❛❜❧❡ ✿ 0 ✐s ♣✉t ✐♥✷✹✵

t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝❡❧❧ ♦❢ t❤❡ ❛rr❛② vTmp✳ ❚❤✐s tr❡❛t♠❡♥t r❡♣r❡s❡♥ts t❤❡ ✈❛❧✉❡✷✹✶

❢✉♥❝t✐♦♥ ✉♣❞❛t✐♥❣ ✐♥ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ❝❤❛♥❣❡ ✐s ♠❛❞❡✱✷✹✷

t❤❡♥ CheckChange ✐s ✐♥❝r❡♠❡♥t❡❞✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ st❡♣✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✷✹✸

✐s tr❛♥s❢❡rr❡❞ ♦❢ vTmp t♦ v ❛♥❞ ✇❡ ❝❤❡❝❦ CheckChange✳ ■❢ ✐t ✐s ❡q✉❛❧ t♦ 0✱✷✹✹

t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ st♦♣✳ ■t ❤❛♣♣❡♥s ❛❢t❡r ❛ s✉✣❝✐❡♥t ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞✷✹✺

✇❡ t❤❡♥ ❣❡t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧✳✷✹✻

✹ ❘❡s✉❧ts✷✹✼

❋✐rst✱ ✇❡ t❡st t❤❡ ●P❯ ♣r♦❣r❛♠♠✐♥❣ ♦♥ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❞②✲✷✹✽

♥❛♠✐❝s✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ t❤❡ s❡q✉❡♥t✐❛❧ ❛❧❣♦r✐t❤♠✳✷✹✾

❚❤❡♥✱ ✇❡ ✉s❡ ♦✉r ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ t♦ tr❡❛t ❛ ♣r♦❜❧❡♠ ♦❢ ❜②❝❛t❝❤ ✜s❤❡r②✷✺✵

♠❛♥❛❣❡♠❡♥t ✉♣ t♦ ✻ ❞✐♠❡♥s✐♦♥s✳✷✺✶

✹✳✶ ❆ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧✷✺✷

❖♥❡ t♦② ♠♦❞❡❧ ✐s ✉s❡❞ ❤❡r❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❜❡♥❡✜ts ♦❢ ●P❯ ♣r♦❣r❛♠♠✐♥❣✳ ❲❡✷✺✸

❝♦♥s✐❞❡r t❤❡ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧ st✉❞✐❡❞ ❜② ▼❛❧t❤✉s ❛♥❞ ❱❡r❤✉❧st✳ ▼❛❧t❤✉s✐❛♥✷✺✹

✐❞❡❛s ❛r❡ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛♥❞ ❣r♦✇t❤ ✭❊❤r❧✐❝❤ ❛♥❞✷✺✺

▲✉✐✱ ✶✾✾✼✮✳ ❚❤✐s ♠♦❞❡❧ ✐s ❛ s✐♠♣❧❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ ♦♥ ❛✷✺✻

❜♦✉♥❞❡❞ s♣❛❝❡ ✇✐t❤♦✉t ❛♥② ♣r❡❞❛t♦r✳ ❚❤❡ s②st❡♠ st❛t❡ ✐♥❝❧✉❞❡s t✇♦ ✈❛r✐❛❜❧❡s ✿✷✺✼

t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛♥❞ ✐ts ❡✈♦❧✉t✐♦♥ r❛t❡✳ ❆✉❜✐♥ ❛♥❞ ❙❛✐♥t✲P✐❡rr❡ ✭✷✵✵✼✮✷✺✽

✐♥tr♦❞✉❝❡❞ ❛ ❝♦♥tr♦❧ ♦♥ t❤✐s ❡✈♦❧✉t✐♦♥ r❛t❡ ❛♥❞ ❛❞❛♣t❡❞ ✐t t♦ t❤❡ ♠❛♥❛❣❡♠❡♥t✷✺✾

♦❢ r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡s✳✷✻✵



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✶✸

✹✳✶✳✶ ❚❤❡ ♠♦❞❡❧✷✻✶

❆s ✇❡ ✇❛♥t t♦ ❛♥❛❧②③❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♣❛r❛❧❧❡❧✐③❡❞ ❛❧❣♦r✐t❤♠ ♦♥ ♠✉❧t✐✲✷✻✷

❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ✇❡ ❛rt✐✜❝✐❛❧❧② ✐♥❝r❡❛s❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ s②st❡♠ ✐♥✷✻✸

❛❞❞✐♥❣ s♦♠❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡✷✻✹

♣r♦❣r❛♠ ✐♥ ❞✐✛❡r❡♥t ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ♥❡✇ ♠♦❞❡❧ ✐s ❛s ❢♦❧❧♦✇s ✿ ✇❡ ❝♦♥s✐❞❡r❡❞✷✻✺

n st❛t❡s xi r❡♣r❡s❡♥t✐♥❣ t❤❡ s✐③❡ ♦❢ n ♣♦♣✉❧❛t✐♦♥s✱ ✇❤✐❝❤ ❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ❡✈♦✲✷✻✻

❧✉t✐♦♥ r❛t❡ y (t) ∈ [d, e]✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥s ♠✉st r❡♠❛✐♥ ✐♥ K = [a, b]✳✷✻✼

❚❤❡ ❝♦♥tr♦❧ ✐s ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ r❛t❡ ❛t ❡❛❝❤ t✐♠❡ st❡♣✷✻✽

✇✐t❤ t❤❡ ✐♥❡rt✐❛ ❜♦✉♥❞ c✳ ❚❤❡ ❡q✉❛t✐♦♥s r✉❧✐♥❣ t❤❡ s②st❡♠ ✐♥ ❞✐s❝r❡t❡ t✐♠❡ ❛r❡✷✻✾

✿✷✼✵

xi (t+ 1) = xi (t) + xi (t) y (t) , i ∈ {1, .., n} ✭✼✮

y (t+ 1) = y (t) + u (t) ✭✽✮

✇✐t❤ −c ≤ u (t) ≤ +c✳ ❚❤❡ s❡t K = [a, b]
n
× [d, e] ✐s t❤❡ ✈✐❛❜✐❧✐t② ❝♦♥str❛✐♥t✷✼✶

s❡t✳ ❋♦r t❤❡ r❡st ♦❢ t❤✐s ✇♦r❦✱ ❜♦✉♥❞s ❢♦r ❑ ❛r❡ s❡t ❛s a = 0.2✱ b = 3✱ c = 0.5✱✷✼✷

d = −2✱ e = 2 ✳ ❇② ❞❡❢❛✉❧t✱ t❤❡ ❝♦♥tr♦❧ ✐s ❞✐s❝r❡t✐③❡❞ ✐♥ ✺ ✈❛❧✉❡s✳ ❙✐♥❝❡ t❤❡✷✼✸

♣❛r❛❧❧❡❧✐③❛t✐♦♥ s✐♠♣❧② ❜r❡❛❦s ❞♦✇♥ ♣r♦❝❡ss❡s t❤❛t ❛r❡ ❛❧r❡❛❞② ✐♥❞❡♣❡♥❞❡♥t ✐♥✷✼✹

t❤❡ ✉s✉❛❧ ❛❧❣♦r✐t❤♠✱ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❞♦❡s ♥♦t ✐♠♣❛❝t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡✷✼✺

r❡s✉❧ts✳✷✼✻

❚❤❡ ♣r♦❣r❛♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈✰✰✱ ✉s✐♥❣ ❈❯❉❆ ✺✳ ❚❤❡ ❝♦♠♣✉t❡r ❈P❯✷✼✼

✐s ❛♥ ■♥t❡❧ ❘© ❳❡♦♥✭❘✮ ❈P❯ ❊✺✲✷✻✽✼❲ ✵ ❅ ✸✳✶✵ ●❍③ ① ✶✻ ❛♥❞ t❤❡ ●P❯ ❝❛r❞✷✼✽

✐s ❛ ❚❡s❧❛ ❑✷✵❈ ✇✐t❤ ❛ ❝♦♠♣✉t✐♥❣ ❝❛♣❛❜✐❧✐t② ♦❢ ✸✳✺ ❛♥❞ ✷✹✾✻ ❈❯❉❆ ❝♦r❡s✳✷✼✾



✶✹ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

✹✳✶✳✷ ❙♣❡❡❞✲✉♣✷✽✵

❍❡r❡ ✇❡ s❤♦✇ ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡ ♣r♦❣r❛♠ ❛♣♣❧✐❡❞✷✽✶

t♦ t❤✐s ♠♦❞❡❧✳ ❚❤❡ s♣❡❡❞✲✉♣ S ✐s ❛ ♠❡❛s✉r❡ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡✷✽✷

♣❛r❛❧❧❡❧✐③❛t✐♦♥✿✷✽✸

S =
Tseq

Tpar

✭✾✮

✇❤❡r❡ Tseq ✐s t❤❡ s❡q✉❡♥t✐❛❧ ❛❧❣♦r✐t❤♠ ❡①❡❝✉t✐♦♥ t✐♠❡ ❛♥❞ Tpar t❤❡ ❡①❡❝✉✲✷✽✹

t✐♦♥ t✐♠❡ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ♦♥❡✳ ❚❤❡ ✜rst ♦♥❡ ✉s❡s t❤❡ ✉s✉❛❧ ❛❧❣♦r✐t❤♠❀ t❤❡ s❡❝♦♥❞✷✽✺

♦♥❡ ✉s❡s t❤❡ ❛❞❛♣t❡❞ ❛❧❣♦r✐t❤♠ t♦ ●P❯ ❝♦♠♣✉t✐♥❣✳✷✽✻

❲❡ ✜❣✉r❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❡❡❞✲✉♣✱ ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ❣r✐❞✳✷✽✼

■♥ ❋✐❣✳ ✺✱ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❣r✐❞ r❡✜♥❡♠❡♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ✹✲❞✐♠❡♥s✐♦♥✷✽✽

♣r♦❜❧❡♠✳✷✽✾

❋✐rst✱ ❛❝❝♦r❞✐♥❣ t♦ ❋✐❣✳ ✺❛✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ s♣❡❡❞✲✉♣ ❡①❝❡❡❞s ✺ ✐♥ ♠♦st✷✾✵

❝❛s❡s ♦❢ ✹✲❞✐♠❡♥s✐♦♥ ♣r♦❜❧❡♠s✳ ■t r✐s❡s✱ ✉s✐♥❣ t❤❡ ✇❤♦❧❡ ●P❯ ❝❛♣❛❝✐t② ❜✉t✱✷✾✶

t❤❡♥✱ t❤❡ ❝✉r✈❡ st❛❣♥❛t❡s✳ ❚❤❡ s♣❡❡❞✲✉♣ r❡❛❝❤❡s ❛ t❤r❡s❤♦❧❞ ✇❤❡♥ t❤❡ ●P❯ ✐s✷✾✷

❢✉❧❧② ❧♦❛❞❡❞ ❛♥❞ ✇❤❡r❡ ♥♦ ♠♦r❡ t✐♠❡ ❣❛✐♥ ✐s ♣♦ss✐❜❧❡✳ ❖♥ ❋✐❣✳ ✺❜✱ ❛ ❝♦♠♣❛r✐s♦♥✷✾✸

♦❢ ❡❧❛♣s❡❞ t✐♠❡s ❞✉r✐♥❣ t❤❡ ❈P❯ ❛♥❞ ●P❯ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s s❤♦✇♥✳✷✾✹

❲❡ ♥♦t✐❝❡ t❤❛t ✇❤❡♥ t❤❡ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ❣r✐❞ ✐s ❤✐❣❤✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✷✾✺

✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② ✐♥ t❤❡ ❈P❯ ✈❡rs✐♦♥✳✷✾✻

❋✐❣✳ ✻✱ s❤♦✇s s♣❡❡❞✲✉♣ ✐s♦❧✐♥❡s ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s✷✾✼

❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❜② ❞✐♠❡♥s✐♦♥✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✇❤❡♥ ✇❡ ❤❛✈❡ ❛ ✷✲ ♦r✷✾✽

✸✲❞✐♠❡♥s✐♦♥ ♣r♦❜❧❡♠✱ t❤❡ s♣❡❡❞✲✉♣ ✐s ❜❡t✇❡❡♥ ✵ ❛♥❞ ✹✳ ❚❤✐s ✐s ♥♦t s✐❣♥✐✜❝❛♥t❧②✷✾✾

t✐♠❡✲s❛✈✐♥❣✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ●P❯ ❝❛♥ ❜❡ s❧♦✇❡r t❤❛♥ t❤❡ ❝❧❛ss✐❝✸✵✵

❛rr❛② ✜❧❧✐♥❣✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s ❣r♦✇s✱ t❤❡ s♣❡❡❞✲✉♣✸✵✶

✐♥❝r❡❛s❡s ✉♣ ✉♥t✐❧ ✷✵ ✐♥ ✼ ❞✐♠❡♥s✐♦♥s ♦r ♠♦r❡ ✐♥ ✺ ♦r ✻ ❞✐♠❡♥s✐♦♥s ✇✐t❤ ❛ ✜♥❡r✸✵✷

❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡ s♣❡❡❞✲✉♣ ✐s♦❧❡✈❡❧s ❢♦❧❧♦✇ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ t❤❡✸✵✸

❣r✐❞ ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥ ♣r♦❜❧❡♠s ✭✹ ❞✐♠❡♥s✐♦♥s ♦r ♠♦r❡✮✳ ■♥ t❤❡s❡ ♣r♦❜❧❡♠s✱✸✵✹



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✶✺

t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ t✐♠❡ ✐s s♣❡♥t ✐♥ t❤❡ tr❛❥❡❝t♦r✐❡s st♦r✐♥❣ ♣❛rt ✭t❤❡ ✐t❡r❛t✐♥❣✸✵✺

❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❡♥❞s q✉✐❝❦❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧♦✇ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❣r✐❞✮✳✸✵✻

✹✳✶✳✸ P❛r❛❧❧❡❧✐③❡❞ ♣❛rts✸✵✼

❍❡r❡✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ s♣❡❡❞✲✉♣ ❞✉r✐♥❣ t❤❡ st♦r✐♥❣ ♦❢ s✉❝❝❡ss♦rs ❛♥❞ ❞✉r✐♥❣ t❤❡✸✵✽

❝♦♠♣✉t❛t✐♦♥ ♦♥❡ ❜❡t✇❡❡♥ t❤❡ ❈P❯ ❛♥❞ t❤❡ ●P❯ ✈❡rs✐♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ■♥✸✵✾

t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡ ✭❋✐❣✳ ✼✮✱ ✇❡ st✉❞② t✇♦ ❞✐✛❡r❡♥t s✐③❡s ♦❢ ♣r♦❜❧❡♠s ✭✷ ❛♥❞ ✻✸✶✵

❞✐♠❡♥s✐♦♥s✮ ❛♥❞ ✇❡ r❡t✉r♥ s♣❡❡❞✲✉♣s ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❜②✸✶✶

❞✐♠❡♥s✐♦♥✳ ❊❧❛♣s❡❞ t✐♠❡s ❞✉r✐♥❣ t❤❡ t✇♦ ♣❛r❛❧❧❡❧✐③❡❞ ♣❛rts ❛r❡ ❛❧s♦ r❡t✉r♥❡❞✳✸✶✷

❖♥ ❋✐❣✳✼❛✱ ✇❡ s❡❡ t❤❛t t❤❡ ❡❧❛♣s❡❞ t✐♠❡ ❞✉r✐♥❣ t❤❡ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✲✸✶✸

✐♠❛t✐♦♥ ✐s ♥♦✇ ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡ ❢♦r st♦r✐♥❣ t❤❡ s✉❝❝❡ss♦rs ❢♦r ✷✲❞✐♠❡♥s✐♦♥s✸✶✹

♣r♦❜❧❡♠s ✭❢♦r ♣r♦❜❧❡♠s ✇✐t❤ ♠♦r❡ t❤❛♥ ✸✵✵✵ ♣♦✐♥ts ♣❡r ❞✐♠❡♥s✐♦♥ ❢♦r t❤❡ ❈P❯✸✶✺

✈❡rs✐♦♥✱ ♦r ✶✻✵✵ ♣♦✐♥ts ♣❡r ❞✐♠❡♥s✐♦♥ ❢♦r t❤❡ ●P❯ ✈❡rs✐♦♥✮✳ ❋♦r ♣r♦❜❧❡♠s ✐♥ ✸✸✶✻

❞✐♠❡♥s✐♦♥s ♦r ♠♦r❡ ✭❧✐❦❡ ✻ ❞✐♠❡♥s✐♦♥s ✐♥ ❋✐❣✼❝✮✱ st♦r✐♥❣ s✉❝❝❡ss♦rs t✐♠❡ ✐s st✐❧❧✸✶✼

❤✐❣❤❡r t❤❛♥ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥ t✐♠❡✳ ❚❤❡ t✐♠❡ ❢♦r st♦r✐♥❣ s✉❝❝❡s✲✸✶✽

s♦rs ❡①♣♦♥❡♥t✐❛❧❧② ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s ❛♥❞ ♣❛r❛❧❧❡❧✐③✐♥❣✸✶✾

t❤✐s ♣❛rt ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ✈❡r② ❡✣❝✐❡♥t✳✸✷✵

❚❤❡ s♣❡❡❞✲✉♣s ♦❢ t❤❡ st♦r✐♥❣ ♦❢ tr❛❥❡❝t♦r✐❡s ❛♥❞ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✲✸✷✶

✐♠❛t✐♦♥ ❛r❡ ❝❛❧❝✉❧❛t❡❞ s❡♣❛r❛t❡❧② ❤❡r❡✳ ❆s s❤♦✇♥ ♦♥ ❋✐❣✳✼❜ ❛♥❞ ❋✐❣✳✼❞ t❤❡✸✷✷

s♣❡❡❞✲✉♣ ✐♥❝r❡❛s❡s ✉♣ t♦ ✷✼ ✐♥ ✷ ❞✐♠❡♥s✐♦♥s ❛♥❞ ✸✹ ✐♥ ✻ ❞✐♠❡♥s✐♦♥s ❢♦r t❤❡✸✷✸

st♦r✐♥❣ ♦❢ tr❛❥❡❝t♦r✐❡s✱ ❛♥❞ ✉♣ t♦ ✶✺ ✐♥ ✷ ❞✐♠❡♥s✐♦♥s ❛♥❞ ✸✳✼ ✐♥ ✻ ❞✐♠❡♥s✐♦♥s✸✷✹

❢♦r t❤❡ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥✳✸✷✺

❋♦r ❛ s♠❛❧❧ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❧♦✇ ❞✐s❝r❡t✐③❛t✐♦♥✱ t❤❡ t✐♠❡ t❛❦❡♥ ❜② t❤❡ t✇♦✸✷✻

❛❧❣♦r✐t❤♠s ✐s ♥❡❣❧✐❣✐❜❧❡✱ ❜✉t ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s♣❡❡❞✲✉♣ ✐s ❜❡❧♦✇ ♦♥❡ ✭✉♣ t♦✸✷✼

✹✵✵ ♣♦✐♥ts ❜② ❞✐♠❡♥s✐♦♥ ✐♥ t❤❡ ✷❉✲♣r♦❜❧❡♠✱ ❛♥❞ ✶✶ ♣♦✐♥ts ❜② ❞✐♠❡♥s✐♦♥ ✐♥✸✷✽

t❤❡ ✻❉✲♣r♦❜❧❡♠✮✳ ❚❤❡ ♠❛♥❞❛t♦r② ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❈❯❉❆ ❞❡✈✐❝❡ ❡①♣❧❛✐♥s✸✷✾

t❤❡ ❧❡ss s✉❝❝❡ss❢✉❧ r❡s✉❧ts ♦❢ t❤❡ ●P❯ ✈❡rs✐♦♥ ✐♥ s♠❛❧❧❡r ♣r♦❜❧❡♠s✳✸✸✵



✶✻ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

▼♦r❡♦✈❡r✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ st♦r✐♥❣ ♦❢ s✉❝❝❡ss♦rs ✐s✸✸✶

♠♦r❡ ❡✣❝✐❡♥t ✇❤❛t❡✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s✳ ❆❝t✉❛❧❧②✱ ♠❡♠♦r② ❡①❝❤❛♥❣❡s✸✸✷

✭r❡❛❞✐♥❣ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛rr❛② ✐♥ t❤❡ ❣❧♦❜❛❧ ♠❡♠♦r② ❢r♦♠ ❡❛❝❤ t❤r❡❛❞ ❛t✸✸✸

❡❛❝❤ st❡♣✮ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ❛❧t❡r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✳✸✸✹

❚❤✉s✱ t❤❡ s♣❡❡❞✲✉♣ ♦❢ t❤❡ ✐t❡r❛t✐♥❣ ❦❡r♥❡❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢❛❧❧s ❞♦✇♥ t♦ ✸✳✼ ✐♥✸✸✺

✻ ❞✐♠❡♥s✐♦♥s✳ ❙✐♥❝❡ t❤❡ t✐♠❡ ❡❧❛♣s❡❞ ❞✉r✐♥❣ t❤✐s st❡♣ ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡✸✸✻

t✐♠❡ ❡❧❛♣s❡❞ ❞✉r✐♥❣ t❤❡ st♦r✐♥❣ ♦❢ tr❛❥❡❝t♦r✐❡s✱ ✐ts ✐♠♣❛❝t ✐s ♥♦t s✐❣♥✐✜❝❛♥t ♦♥✸✸✼

t❤❡ ❣❧♦❜❛❧ s♣❡❡❞✲✉♣✳✸✸✽

✹✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ❜②❝❛t❝❤ ✜s❤❡r②✸✸✾

❲❡ ✐❧❧✉str❛t❡ ♦✉r r❡s✉❧ts ♦♥ ❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❜②❝❛t❝❤ ✜s❤❡r② ♠♦❞❡❧✳ ❚❤✐s✸✹✵

♠♦❞❡❧ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦♥❡ st✉❞✐❡❞ ❜② ❑r❛✇❝③②❦ ❡t ❛❧ ✭✷✵✶✸✮ ❢r♦♠ ✸✸✹✶

❞✐♠❡♥s✐♦♥s t♦ ✻ ❞✐♠❡♥s✐♦♥s✳ ❲❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❜②❝❛t❝❤✸✹✷

s♣❡❝✐❡s ♦♥ t❤❡ ✜s❤❡r② ♠❛♥❛❣❡♠❡♥t✳✸✹✸

✹✳✷✳✶ ❚❤❡ t✇♦✲s♣❡❝✐❡s ❞②♥❛♠✐❝s✸✹✹

❚❤❡ ♠♦❞❡❧ ♦❢ ❑r❛✇❝③②❦ ✐s r❡♠✐♥❞❡❞ ❤❡r❡✳ ❚❤❡r❡ ❛r❡ t✇♦ ❡❝♦❧♦❣✐❝❛❧❧② ✐♥❞❡✲✸✹✺

♣❡♥❞❡♥t ♣♦♣✉❧❛t✐♦♥s ♦❢ ✜s❤ x ❛♥❞ y✱ ❤❛r✈❡st❡❞ ❜② ❛ s✐♥❣❧❡ ✢❡❡t✳ ❚❤❡ ✜s❤❡r②✸✹✻

❢♦❝✉s❡s ♦♥ ❤❛r✈❡st✐♥❣ t❤❡ t❛r❣❡t st♦❝❦ x✳ ❲❡ ❞❡✜♥❡ ❛ ❝❛t❝❤❛❜✐❧✐t② ❝♦❡✣❝✐❡♥t qx✸✹✼

❞❡t❡r♠✐♥✐♥❣ t❤❡ q✉❛♥t✐t② ♦❢ ❜✐♦♠❛ss t❤❛t ❡❛❝❤ ✉♥✐t ♦❢ ❡✛♦rt ❡①tr❛❝ts✱ r❡❧❛t✐✈❡✸✹✽

t♦ t❤❡ t♦t❛❧ s✐③❡ ♦❢ t❤❡ ❜✐♦♠❛ss ❛t t❤❡ t✐♠❡✳ ❚❤✉s✱ t❤❡ ❤❛r✈❡st r❛t❡ ❛t t✐♠❡ t✸✹✾

✐s✿✸✺✵

hx (t) = qxe (t)x (t) ✭✶✵✮

❚❤❡ ♣r♦❞✉❝t ♦❢ qx ❛♥❞ e (t) ✐s ❣❡♥❡r❛❧❧② t❡r♠❡❞ t❤❡ ❧❡✈❡❧ ♦❢ ✜s❤✐♥❣ ♠♦rt❛❧✐t②✸✺✶

❛♥❞ ✐t ✐s ❡①♣r❡ss❡❞ ❛s ❛ ♣r♦♣♦rt✐♦♥ ♦❢ ❜✐♦♠❛ss✳✸✺✷



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✶✼

❆ ❧✐♥❡❛r ❜②❝❛t❝❤ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✉s❡❞ ✿✸✺✸

hy (t) = αhx (t) ✭✶✶✮

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t α✱ 0 < α < 1 ✐s t❤❡ ❜②❝❛t❝❤ t♦ t❛r❣❡t ❤❛r✈❡st r❛t✐♦✳✸✺✹

❚❤❡ r❡s♣❡❝t✐✈❡ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ❛r❡ t❤❡♥ ❞❡s❝r✐❜❡❞ ❜② ✿✸✺✺

x (t+ 1) = x (t) + rxx (t)

(

1−
x (t)

Lx

)

− qxe (t)x (t) ✭✶✷✮

y (t+ 1) = y (t) + ryy (t)

(

1−
y (t)

Ly

)

− αqxe (t)x (t) ✭✶✸✮

✇❤❡r❡ rx ✱ ry✱ Lx ❛♥❞ Ly ❛r❡ ❛❧❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳ ❇② ❝♦♥✈❡♥t✐♦♥✱ rx ❛♥❞✸✺✻

ry r❡♣r❡s❡♥t t❤❡ ✐♥tr✐♥s✐❝ ❣r♦✇t❤ r❛t❡s✱ ❛♥❞ Lx ❛♥❞ Ly ❛r❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t✸✺✼

❝❛rr②✐♥❣ ❝❛♣❛❝✐t✐❡s✱ ♦❢ x ❛♥❞ y✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❝❝♦r❞✐♥❣ t♦ ❑r❛✇❝③②❦✱ t❤❡ ♥✉✲✸✺✽

♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❜②❝❛t❝❤ s♣❡❝✐❡s ❛r❡ ❝❤♦s❡♥ t♦ ❤❛✈❡ ❛ ❜②❝❛t❝❤ st♦❝❦ ❧❡ss✸✺✾

♣r♦❞✉❝t✐✈❡ ❛♥❞ ❧❡ss ✈❛❧✉❛❜❧❡ t❤❛♥ t❤❡ t❛r❣❡t st♦❝❦✳✸✻✵

❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❡✛♦rt e ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞✿✸✻✶

e (t+ 1) = e (t) + u (t) , u (t) ∈ [umin, umax]✸✻✷

❚❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤ t❤❡ r❡❣✉❧❛t♦r ❝❛♥ ❝❤❛♥❣❡ ✜s❤✐♥❣ ✐♥t❡♥s✐t② ✐s ❜♦✉♥❞❡❞✸✻✸

❜② umin ❛♥❞ umax✳ ❚❤❡ ✜s❤✐♥❣ ✢❡❡t✬s ♣r♦✜t ✐s ❣✐✈❡♥ ❜② ✿✸✻✹

πxy (t) = pxhx (t) + pyhy (t)− ce (t)− C ✭✶✹✮

✇❤❡r❡ py r❡♣r❡s❡♥ts t❤❡ ✉♥✐t ♣r✐❝❡s ♦❢ y✱ px t❤❡ ✉♥✐t ♣r✐❝❡ ♦❢ x ❚❤❡ ♠❛r❣✐♥❛❧✸✻✺

❝♦st ♦❢ t❤❡ ✜s❤✐♥❣ ❡✛♦rt ✐s c ❛♥❞ C ✐s ❛ ✜①❡❞ ❝♦st✳ ❲❡ ❞❡✜♥❡ t❤❡ ✈✐❛❜✐❧✐t②✸✻✻

❝♦♥str❛✐♥ts s❡t K ✿✸✻✼



✶✽ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

K =

{

(x, y, e, u) : x (t) ≥
Lx

10
, y (t) ≥

Ly

10
, πxy (t) ≥ 0, e (t) ∈ [emin, emax]

}

✭✶✺✮

❚❤❡ s❛❢❡ ♠✐♥✐♠✉♠ ❜✐♦♠❛ss ❧❡✈❡❧s ❛r❡ s❡t t♦ ♦♥❡ t❡♥t❤ ♦❢ ❡❛❝❤ ✜s❤ ♣♦♣✲✸✻✽

✉❧❛t✐♦♥✬s ✉♥❡①♣❧♦✐t❡❞ ❧❡✈❡❧✱ ❛s ❝♦♠♠♦♥❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ✜s❤❡r✐❡s ✇♦r❧❞✇✐❞❡✸✻✾

✭❑r❛✇❝③②❦ ❡t ❛❧✱ ✷✵✶✸✮✳✸✼✵

✹✳✷✳✷ ❚❤❡ ♥✲s♣❡❝✐❡s ❞②♥❛♠✐❝s✸✼✶

❲❡ ♣r♦♣♦s❡ t♦ ❡①t❡♥❞ t❤✐s ♠♦❞❡❧ t♦ tr❡❛t n✲s♣❡❝✐❡s ❞②♥❛♠✐❝s ✐♥ ♦r❞❡r t♦ ✐❧✲✸✼✷

❧✉str❛t❡ t❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ ●P❯ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧✳ ❚❤❡✸✼✸

❞②♥❛♠✐❝s ♦❢ t❤❡ t❛r❣❡t s♣❡❝✐❡s r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞ ✭❊q✳2✮✳ ❲❡ s✉♣♣♦s❡ ❤❡r❡✸✼✹

t❤❛t ✇❡ ❤❛✈❡ n ❜②❝❛t❝❤ s♣❡❝✐❡s yi✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡s❡ s♣❡❝✐❡s ❛r❡✸✼✺

❛t t❤❡ s❛♠❡ tr♦♣❤✐❝ ❧❡✈❡❧✱ ❝♦♠♣❡t✐t✐✈❡❧② s❤❛r✐♥❣ t❤❡ s❛♠❡ ❢♦♦❞ r❡s♦✉r❝❡ ✭❊❦❡r✲✸✼✻

❤♦✈❞ ❛♥❞ ❙t❡✐♥s❤❛♠♠✱ ✷✵✶✹❀ ❘✐❝❡ ❡t ❛❧✱ ✷✵✶✸✮✳ ❚❤❡ ❜②❝❛t❝❤ s♣❡❝✐❡s ❣r♦✇t❤ ✐s✸✼✼

❧✐♠✐t❡❞ ❜② t❤❡ ❝♦♠♠♦♥ ❝❛rr②✐♥❣ ❝❛♣❛❝✐t② Ly✳ ❚❤❡ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ❜❡❝♦♠❡s✿✸✼✽

yi (t+ 1) = yi (t) + ryi
yi (t)









1−

n−1
∑

k=1

yk (t)

Ly









− αiqxe (t)x (t) , ∀i ∈ [1, n− 1]

✭✶✻✮

ryi
✐s t❤❡ ✐♥tr✐♥s✐❝ ❣r♦✇t❤ r❛t❡✳ αi ❞❡♥♦t❡s t❤❡ ❜②❝❛t❝❤ t♦ t❛r❣❡t ❤❛r✈❡st✸✼✾

r❛t✐♦✱ ❛ ♠❡❛s✉r❡ ♦❢ ❤♦✇ ❤✐❣❤❧② ❝♦✉♣❧❡❞ t❤❡ ♣r♦❞✉❝t✐♦♥ r❡❧❛t✐♦♥s❤✐♣ ✐s✳ ❊❛❝❤✸✽✵

❜②❝❛t❝❤ st♦❝❦ yi ✐s ❛ ❜②✲♣r♦❞✉❝t ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss✳ ❆ ❧✐♥❡❛r ❜②❝❛t❝❤✸✽✶

♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✉s❡❞ ✿✸✽✷

hyi
(t) = αihx (t) ✭✶✼✮



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✶✾

❲❡ ❛ss✉♠❡ ❤❡r❡ t❤❛t t❤❡ s✉♠ ♦❢ ❛❧❧ ❜②❝❛t❝❤ ❤❛r✈❡st r❛t✐♦s αi ✐s ❡q✉❛❧ t♦ α✸✽✸

❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✿✸✽✹

n−1
∑

i=1

αi (t) = α ✭✶✽✮

❋♦r r❡❛s♦♥s ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ s✉♣♣♦s❡ t❤❛t ❛❧❧ t❤❡ αi ❛r❡ ❡q✉❛❧ ✿✸✽✺

αi =
α

n
✭✶✾✮

❆s ❜❡❢♦r❡✱ ❡❝♦♥♦♠✐❝ s✉st❛✐♥❛❜✐❧✐t② r❡q✉✐r❡s t❤❛t t❤❡ ❛❝t✐✈✐t② r❡♠❛✐♥s ♣r♦❢✲✸✽✻

✐t❛❜❧❡✳ ❚❤❡ ✜s❤✐♥❣ ✢❡❡t✬s ♣r♦✜t ✐s ❣✐✈❡♥ ❜② ✿✸✽✼

πxy (t) = pxhx (t) +
n−1
∑

i=1

pyi
hyi

(t)− ce (t)− C ✭✷✵✮

❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ✈✐❛❜✐❧✐t② ❝♦♥str❛✐♥t s❡t K ✿✸✽✽

K =

{

(x, y1, ..., yn−1, e, u) : x (t) ≥
Lx

10
, ∀i ∈ [1, n− 1] , yi (t) ≥

Ly

10n
, πxy (t) ≥ 0, e (t) ∈ [emin, emax]

}

✭✷✶✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ st✉❞② ❞②♥❛♠✐❝s ✇✐t❤ 1✱ 2✱ 3 ♦r 4 ❜②❝❛t❝❤ s♣❡❝✐❡s✱ ✇❤✐❝❤✸✽✾

♠❡❛♥s ❞②♥❛♠✐❝s ✇✐t❤ 3✱ 4✱ 5 ♦r 6 ❞✐♠❡♥s✐♦♥s r❡s♣❡❝t✐✈❡❧② ✭✐♥❝❧✉❞✐♥❣ t❤❡ ✜s❤✐♥❣✸✾✵

❡✛♦rt ❛♥❞ t❤❡ t❛r❣❡t s♣❡❝✐❡s ❜✐♦♠❛ss✮✳✸✾✶

✹✳✷✳✸ ❘❡s✉❧ts✸✾✷

❲❡ ✉s❡ t❤❡ ♣❛r❛♠❡t❡rs ❝❛❧✐❜r❛t❡❞ ❜② ❑r❛✇❝③②❦ ✭❑r❛✇❝③②❦ ❡t ❛❧✱ ✷✵✶✸✮ ❛♥❞✸✾✸

s✉♠♠❡❞ ✉♣ ✐♥ t❤❡ ❚❛❜❧❡ ✶✳✸✾✹

❲✐t❤ ♦♥❧② ♦♥❡ ❜②❝❛t❝❤ s♣❡❝✐❡s✱ ❛ s✐♠✐❧❛r s❤❛♣❡ ♦❢ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ✐s✸✾✺

♦❜t❛✐♥❡❞ t❤❛♥ t❤❡ ♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s st✉❞② ✭❑r❛✇❝③②❦ ❡t ❛❧✱ ✷✵✶✸✮✳ ❚❤✐s✸✾✻



✷✵ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳✽✳ ❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s✱ t❤❡ ❜✐♦♠❛ss❡s✸✾✼

❛r❡ s❝❛❧❡❞ ❜❡t✇❡❡♥ 0.1 ❛♥❞ 1✳✸✾✽

❚❤❡ ❜♦✉♥❞s ♦❢ t❤❡ ✜❣✉r❡ ❛r❡ t❤❡ ❝♦♥str❛✐♥t ❞♦♠❛✐♥ K✳ ❋r♦♠ ❡❛❝❤ st❛t❡✸✾✾

❝♦♥t❛✐♥❡❞ ✐♥s✐❞❡ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧✱ ✐t ❡①✐sts ❛t ❧❡❛st ❛ ❝♦♥tr♦❧ str❛t❡❣② ❦❡❡♣✐♥❣✹✵✵

t❤❡ ✜s❤❡r② ✐♥ K✳ ❚❤❡ st❛t❡s ♦✉ts✐❞❡ ♦❢ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ❛r❡ ♥♦t ✈✐❛❜❧❡✱ t❤❡r❡✹✵✶

✐s ♥♦ ❝♦♥tr♦❧ str❛t❡❣② s❛t✐s❢②✐♥❣ t❤❡ ❜✐♦✲❡❝♦♥♦♠✐❝ ❝♦♥str❛✐♥ts✳ ❋♦r t❤❡s❡ st❛t❡s✱✹✵✷

t❤❡ ✜s❤❡r② ✐s ❢❛❝✐♥❣ ❛ ✧❝r✐s✐s✧ s✐t✉❛t✐♦♥✳✹✵✸

◆♦✇✱ ❜②❝❛t❝❤ s♣❡❝✐❡s ❛r❡ ❛❞❞❡❞ t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❋♦r ♦♥❡ ❜②❝❛t❝❤ s♣❡❝✐❡s✱✹✵✹

41.9% ♦❢ st❛t❡s ❛r❡ ✐♥s✐❞❡ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧✳ ■t ❞❡❝r❡❛s❡s ✉♥t✐❧ ❧❡ss t❤❛♥ 7%✹✵✺

❢♦r ❢♦✉r ❜②❝❛t❝❤ s♣❡❝✐❡s✳✹✵✻

❚❤❡ ❋✐❣✳✾ s❤♦✇s ✸❉ s❧✐❝❡s ♦❢ t❤❡ ✹❉ ❦❡r♥❡❧ ❢♦r ❞✐✛❡r❡♥t ✜s❤✐♥❣ ❡✛♦rt ✈❛❧✲✹✵✼

✉❡s✳ ■t r❡♣r❡s❡♥ts t❤❡ ❜✐♦♠❛ss ♦❢ t❤❡ t❛r❣❡t s♣❡❝✐❡s ❛♥❞ t❤❡ ❜✐♦♠❛ss ♦❢ t❤❡✹✵✽

❜②❝❛t❝❤ s♣❡❝✐❡s r❡q✉✐r❡❞ t♦ ❜❡ ✈✐❛❜❧❡ t♦ s❛t✐s❢② t❤❡ ❡❝♦❧♦❣✐❝❛❧ ❝♦♥str❛✐♥ts ✇❤✐❧❡✹✵✾

♠❛✐♥t❛✐♥✐♥❣ t❤❡ ♣r♦✜t❛❜✐❧✐t② ♦❢ t❤❡ ✜s❤❡r②✳ ❆ s♠❛❧❧ ✜s❤✐♥❣ ❡✛♦rt ♥❡❡❞s ❜✐❣✹✶✵

❛✈❛✐❧❛❜❧❡ st♦❝❦ ♦❢ t❤❡ t❛r❣❡t ❜✐♦♠❛ss ✐♥ ♦r❞❡r t♦ ❝♦♥s❡r✈❡ t❤❡ s②st❡♠ ♣r♦❢✲✹✶✶

✐t❛❜✐❧✐t②✳ ❆ ♠❡❛♥ ✜s❤✐♥❣ ❡✛♦rt ❧❡❛❞s t♦ ❛ ❧❛r❣❡ s❧✐❝❡ ♦❢ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧✹✶✷

❛❝❝♦r❞✐♥❣ t♦ t❤❡ t❛r❣❡t ❜✐♦♠❛ss✳ ❋✐♥❛❧❧②✱ ❦❡❡♣✐♥❣ ❛ ❜✐❣ ✜s❤✐♥❣ ❡✛♦rt r❡q✉✐r❡s ❛✹✶✸

♠❡❛♥ t❛r❣❡t s♣❡❝✐❡s st♦❝❦ t♦ ♥♦t ❞❡♣❧❡t❡ t❤❡ ❜②❝❛t❝❤ ♣♦♣✉❧❛t✐♦♥s✳ ❚❤❡ r❡s✉❧ts✹✶✹

❛r❡ ❞✐s♣❧❛②❡❞ ❢♦r ✹❉ ♣r♦❜❧❡♠s✱ ❜✉t t❤❡② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥✹✶✺

♣r♦❜❧❡♠s✳✹✶✻

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ ♦♥ ❋✐❣✳✶✵ t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✈✐❛❜✐❧✐t②✹✶✼

❦❡r♥❡❧ ❢♦r ❛ ✻❉ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❣r✐❞ ♦❢ 20 ♣♦✐♥ts ❜② ❞✐♠❡♥s✐♦♥✳ ❚❤❡ ❜✐❣❣❡st✹✶✽

✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ st❛rt✐♥❣ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❜②❝❛t❝❤ s♣❡❝✐❡s ❛r❡✹✶✾

❡q✉❛❧ t♦
Ly

n
✭t❤❡ ♦✛s❡t ✐s s❡t ❜② t❤❡ ❣r✐❞ st❡♣ ✇❤✐❝❤ ✐s ♥❡❛r❧② 15.3 ❤❡r❡✮✳ ❚❤❡✹✷✵

❡♥✈✐r♦♥♠❡♥t ✐s t❤❡♥ ❝♦♠♣❧❡t❡❧② ✜❧❧❡❞ ✇✐t❤ ❜❛❧❛♥❝❡❞ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t②✹✷✶

♦❢ s✉st❛✐♥❛❜✐❧✐t②✳ ❋♦r ❧❛r❣❡r ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥s✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ♦✈❡r❧♦❛❞❡❞✱✹✷✷

❝❛✉s✐♥❣ t❤❡ ❞❡♣❧❡t✐♦♥ ♦❢ ❜②❝❛t❝❤ s♣❡❝✐❡s✳ ❲❤❡♥ t❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥s ❛r❡✹✷✸



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✷✶

s♠❛❧❧❡r✱ t❤❡ ❡❝♦❧♦❣✐❝❛❧ s✉st❛✐♥❛❜✐❧✐t② r❡q✉✐r❡♠❡♥t r❡str✐❝ts t❤❡ ♥✉♠❜❡r ♦❢ ✈✐❛❜❧❡✹✷✹

st❛t❡s✳✹✷✺

✺ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥❝❧✉s✐♦♥✹✷✻

❚❤❡ ●P❯ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♣r♦✈✐❞❡s s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r ✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ❝♦♠♣✉t❛✲✹✷✼

t✐♦♥s ❛♥❞ t❛❝❦❧❡s ♣r♦❜❧❡♠s ✇✐t❤ ❛ ❤✐❣❤❡r ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s ♦r ♠♦r❡ ♣r❡❝✐s❡✹✷✽

❞✐s❝r❡t✐③❛t✐♦♥ t❤❛♥ ❛ s❡q✉❡♥t✐❛❧ ❛❧❣♦r✐t❤♠✳✹✷✾

❍♦✇❡✈❡r✱ ❛ ❤✉❣❡ st♦r❛❣❡ s♣❛❝❡ ✐s r❡q✉✐r❡❞ t♦ s❛✈❡ ❛❧❧ t❤❡ ❝♦♦r❞✐♥❛t❡s ❛♥❞ ❛❧❧✹✸✵

t❤❡ s✉❝❝❡ss♦rs ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥ ❞②♥❛♠✐❝❛❧ ♣r♦❜❧❡♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❈✰✰✱✹✸✶

st♦r✐♥❣ ♦♥❡ ❝♦♦r❞✐♥❛t❡ ✐♥ ❞♦✉❜❧❡✲♣r❡❝✐s✐♦♥ ✢♦❛t✐♥❣✲♣♦✐♥t ❢♦r♠❛t r❡q✉✐r❡❞ 8✹✸✷

❜②t❡s ✭64 ❜✐ts✮✳ ❚❤❡♥✱ st♦r✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ✶✵✵ ♠✐❧❧✐♦♥s ♣♦✐♥ts ✐♥ ❛ ✽✲✹✸✸

❞✐♠❡♥s✐♦♥ ♣r♦❜❧❡♠ ✭✶✵ ♣♦✐♥ts ♣❡r ❞✐♠❡♥s✐♦♥✮ r❡q✉✐r❡s 6.4●❜✳ ▼♦r❡♦✈❡r t❤❡✹✸✹

s✉❝❝❡ss♦rs ♠✉❧t✐♣❧✐❡❞ t❤✐s ✈❛❧✉❡ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥tr♦❧✳✹✸✺

❇❡❝❛✉s❡ ♦❢ t❤✐s s✐③❡✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ s❡♥❞ ❛❧❧ t❤❡ ❞❛t❛ ❛t ♦♥❝❡✳ ■♥st❡❛❞✱ ✇❡✹✸✻

❝✉t t❤❡ ♣r♦❜❧❡♠ ✐♥ s♠❛❧❧❡r ♣❛rts ✿ ❝♦♠♣✉t✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡s ❢♦r s♦♠❡ ❣r✐❞✹✸✼

♣♦✐♥ts ❛♥❞ t❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ s✉❝❝❡ss♦rs g (x, u) ❢♦r t❤❡s❡ ♣♦✐♥ts✱ t❤❡ r❡s✉❧t✹✸✽

✐s t❤❡♥ s❛✈❡❞✳ ❚❤❡ ♣r♦❝❡ss t❤❡♥ ❝♦♥t✐♥✉❡s ✇✐t❤ ♦t❤❡r ❣r✐❞ ♣♦✐♥ts ✉♥t✐❧ ❛❧❧ t❤❡✹✸✾

✇❤♦❧❡ ❣r✐❞ ❤❛s ❜❡❡♥ ♣r♦❝❡ss❡❞✳ ❚❤✐s r❡❞✉❝❡s t❤❡ ♥❡❡❞ ❢♦r ♠❡♠♦r②✳✹✹✵

❚❤✐s ♣❛r❛❧❧❡❧✐③❡❞ ✈❡rs✐♦♥ ♠❛② ❜❡ ✐♠♣r♦✈❡❞ ✇✐t❤ ♦t❤❡r t♦♦❧s ✭❧✐❦❡ ❙❚❳❳▲✹✹✶

✐♥ ❈✰✰ t♦ ✉s❡ ❧❛r❣❡ ❛rr❛②s✮ ❛♥❞ ✉s✐♥❣ t❤❡ ♠❛♣♣❡❞ ♠❡♠♦r②✱ ✇❤✐❝❤ ✐s ❜❛s❡❞✹✹✷

♦♥ s♦♠❡ ♣♦✐♥t❡rs t♦ t❤❡ ❘❆▼✳ ❋✉rt❤❡r ✐♠♣r♦✈❡♠❡♥ts ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ❜②✹✹✸

❛ss♦❝✐❛t✐♥❣ ♠✉❧t✐✲❈P❯s ❛♥❞ ♠✉❧t✐✲●P❯s ❛r❝❤✐t❡❝t✉r❡s✱ t❤❡ ✜rst ♦♥❡s ❝✉tt✐♥❣✹✹✹

t❤❡ ♣r♦❜❧❡♠ ✐♥ s♠❛❧❧ ♣❛rts ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡s s♦❧✈✐♥❣ t❤❡ s✉❜♣r♦❜❧❡♠s✳✹✹✺

❚❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ❤❡r❡ ♦♣❡♥s ✉♣ ♣❡rs♣❡❝t✐✈❡s ✐♥ t❡r♠s✹✹✻

♦❢ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❢♦r ♦t❤❡r ✈✐❛❜✐❧✐t② ♣r♦❜❧❡♠s✳ ❚❤❡♥✱ r❡✈✐s✐t✐♥❣ ♦t❤❡r ✈✐❛❜✐❧✲✹✹✼

✐t② ❛♣♣r♦❛❝❤❡s s✉❝❤ ❛s ❛♥ ❡①t❡♥s✐♦♥ t♦ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s ✭❉♦②❡♥ ❛♥❞ ❉❡✹✹✽

▲❛r❛✱ ✷✵✶✵✮ ♦r ❛❧❣♦r✐t❤♠s s✉❝❤ ❛s s✉♣♣♦rt ✈❡❝t♦r ♠❛❝❤✐♥❡ ❛❧❣♦r✐t❤♠ ✭❉❡✛✉❛♥t✹✹✾



✷✷ ❆♥t♦✐♥❡ ❇r✐❛s ❡t ❛❧✳

❡t ❛❧✱ ✷✵✵✼✮ ❝♦✉❧❞ ❛❧s♦ ❧❡❛❞ t♦ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥ts ♦❢ ❡✣❝✐❡♥❝②✳ ❋✐♥❛❧❧②✱✹✺✵

t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ❛❧❣♦r✐t❤♠ ♣r♦✈✐❞❡s ❛ t♦♦❧ ❢♦r t❤❡✹✺✶

♠❛♥❛❣❡♠❡♥t ♦❢ s♦❝✐♦✲❡❝♦s②st❡♠s ❛s ✐❧❧✉str❛t❡❞ ✇✐t❤ t❤❡ ♠❛♥❛❣❡♠❡♥t ♦❢ t❤❡✹✺✷

♠✉❧t✐✲s♣❡❝✐❡s ❜②❝❛t❝❤ ✜s❤❡r②✳✹✺✸

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✹✺✹

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② ❣r❛♥ts ❢r♦♠ ■rst❡❛ ❛♥❞ ❘é❣✐♦♥ ❆✉✈❡r❣♥❡✳ ❚❤✐s✹✺✺

s✉♣♣♦rt ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳✹✺✻

❘❡❢❡r❡♥❝❡s✹✺✼

❆♥❞rés✲❉♦♠❡♥❡❝❤ P✱ ❙❛✐♥t✲P✐❡rr❡ P✱ ❙♠❛❧❛ ❋❛♥♦❦♦❛ P✱ ❩❛❝❝♦✉r ● ✭✷✵✶✹✮✹✺✽

❙✉st❛✐♥❛❜✐❧✐t② ♦❢ t❤❡ ❉r② ❋♦r❡st ✐♥ ❆♥❞r♦②✿ ❆ ❱✐❛❜✐❧✐t② ❆♥❛❧②s✐s✳ ❊❝♦❧♦❣✐✲✹✺✾

❝❛❧ ❊❝♦♥♦♠✐❝s ✶✵✹✿✸✸✕✹✾✱ ❉❖■ ✶✵✳✶✵✶✻✴❥✳❡❝♦❧❡❝♦♥✳✷✵✶✹✳✵✹✳✵✶✻✱ ❯❘▲ ❤tt♣✿✹✻✵

✴✴❧✐♥❦✐♥❣❤✉❜✳❡❧s❡✈✐❡r✳❝♦♠✴r❡tr✐❡✈❡✴♣✐✐✴❙✵✾✷✶✽✵✵✾✶✹✵✵✶✷✺✻✹✻✶

❆✉❜✐♥ ❏P✱ ❙❛✐♥t✲P✐❡rr❡ P ✭✷✵✵✼✮ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ❱✐❛❜✐❧✐t② ❚❤❡♦r② ❛♥❞✹✻✷

▼❛♥❛❣❡♠❡♥t ♦❢ ❘❡♥❡✇❛❜❧❡ ❘❡s♦✉r❝❡s✳ ■♥✿ ❆❞✈❛♥❝❡❞ ▼❡t❤♦❞s ❢♦r ❉❡❝✐s✐♦♥✹✻✸

▼❛❦✐♥❣ ❛♥❞ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t ✐♥ ❙✉st❛✐♥❛❜✐❧✐t② ❙❝✐❡♥❝❡✱ ◆♦✈❛ ❙❝✐❡♥❝❡ P✉❜✲✹✻✹

❧✐s❤❡rs✱ ■♥❝✱ ♣♣ ✹✸✕✾✸✹✻✺

❇é♥é ❈✱ ❉♦②❡♥ ▲✱ ●❛❜❛② ❉ ✭✷✵✵✶✮ ❆ ✈✐❛❜✐❧✐t② ❛♥❛❧②s✐s ❢♦r ❛✹✻✻

❜✐♦✲❡❝♦♥♦♠✐❝ ♠♦❞❡❧✳ ❊❝♦❧♦❣✐❝❛❧ ❊❝♦♥♦♠✐❝s ✸✻✭✸✮✿✸✽✺✕✸✾✻✱ ❉❖■ ✶✵✳✹✻✼

✶✵✶✻✴❙✵✾✷✶✲✽✵✵✾✭✵✵✮✵✵✷✻✶✲✺✱ ❯❘▲ ❤tt♣✿✴✴❧✐♥❦✐♥❣❤✉❜✳❡❧s❡✈✐❡r✳❝♦♠✴✹✻✽

r❡tr✐❡✈❡✴♣✐✐✴❙✵✾✷✶✽✵✵✾✵✵✵✵✷✻✶✺✹✻✾

❇❡r♥❛r❞ ❈✱ ▼❛rt✐♥ ❙ ✭✷✵✶✸✮ ❈♦♠♣❛r✐♥❣ t❤❡ s✉st❛✐♥❛❜✐❧✐t② ♦❢ ❞✐✛❡r❡♥t ❛❝✲✹✼✵

t✐♦♥ ♣♦❧✐❝② ♣♦ss✐❜✐❧✐t✐❡s✿ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ✐ss✉❡ ♦❢ ❜♦t❤ ❤♦✉s❡❤♦❧❞ s✉r✲✹✼✶

✈✐✈❛❧ ❛♥❞ ❢♦r❡st ♣r❡s❡r✈❛t✐♦♥ ✐♥ t❤❡ ❝♦rr✐❞♦r ♦❢ ❋✐❛♥❛r❛♥ts♦❛✳ ▼❛t❤❡♠❛t✐✲✹✼✷

❝❛❧ ❜✐♦s❝✐❡♥❝❡s ✷✹✺✭✷✮✿✸✷✷✕✸✵✱ ❉❖■ ✶✵✳✶✵✶✻✴❥✳♠❜s✳✷✵✶✸✳✵✽✳✵✵✷✱ ❯❘▲ ❤tt♣✿✹✼✸

✴✴✇✇✇✳♥❝❜✐✳♥❧♠✳♥✐❤✳❣♦✈✴♣✉❜♠❡❞✴✷✸✾✺✹✹✵✸✹✼✹



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✷✸

❇♦❦❛♥♦✇s❦✐ ❖✱ ▼❛rt✐♥ ❙✱ ▼✉♥♦s ❘✱ ❩✐❞❛♥✐ ❍ ✭✷✵✵✻✮ ❆♥ ❛♥t✐✲❞✐✛✉s✐✈❡ s❝❤❡♠❡✹✼✺
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Elapsed time during CPU version
Elapsed time during GPU version
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Total number of points = 1 million
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CPU version: Storing trajectories

CPU version: Iterating kernel approximation

GPU version: Storing trajectories

GPU version: Iterating kernel approximation
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Storing trajectories

Iterating kernel approximation
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CPU version: Storing trajectories
CPU version: Iterating kernel approximation

GPU version: Storing trajectories
GPU version: Iterating kernel approximation
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Storing trajectories

Iterating kernel approximation
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❋✐❣✳ ✽ ❱✐❛❜✐❧✐t② ❦❡r♥❡❧ ❢♦r t❤❡ ✸❉ ✜s❤❡r② ♠♦❞❡❧ ✭✇✐t❤ ♦♥❡ ❜②❝❛t❝❤ s♣❡❝✐❡s✮✳❱✐❛❜✐❧✐t② ❦❡r♥❡❧
❢♦r t❤❡ ✸❉ ✜s❤❡r② ♠♦❞❡❧ ✭✇✐t❤ ♦♥❡ ❜②❝❛t❝❤ s♣❡❝✐❡s✮✳ ❚❤❡ ❜❧✉❡ s✉r❢❛❝❡ s②♠❜♦❧✐③❡s t❤❡ ③❡r♦✲
♣r♦✜t s✉r❢❛❝❡✳ ❍❛✈✐♥❣ ❛ ♣♦s✐t✐✈❡ ♣r♦✜t ✭❜❡✐♥❣ ❛❜♦✈❡ t❤❡ ❜❧✉❡ s✉r❢❛❝❡✮ ✐s ❛ ♣r♦♣❡rt② ♦❢ t❤❡
✈✐❛❜✐❧✐t② ❝♦♥str❛✐♥t s❡t K✳



❚✐t❧❡ ❙✉♣♣r❡ss❡❞ ❉✉❡ t♦ ❊①❝❡ss✐✈❡ ▲❡♥❣t❤ ✸✺

✭❛✮ ❙❧✐❝❡ t❤r♦✉❣❤ e = 0.2

✭❜✮ ❙❧✐❝❡ t❤r♦✉❣❤ e = 0.5

✭❝✮ ❙❧✐❝❡ t❤r♦✉❣❤ e = 0.8

❋✐❣✳ ✾ ✸❉ s❧✐❝❡s ♦❢ t❤❡ ✹❉ ❦❡r♥❡❧ ❢♦r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ✜s❤✐♥❣ ❡✛♦rt e✳
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❋✐❣✳ ✶✵ ◆✉♠❜❡r ♦❢ st❛t❡s ♦❢ t❤❡ ❣r✐❞ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✈✐❛❜✐❧✐t② ❦❡r♥❡❧ ❢♦r ❛ ✻❉ ♣r♦❜❧❡♠✳
❚❤❡ st❛rt✐♥❣ ♣♦♣✉❧❛t✐♦♥s ♦❢ t❤r❡❡ ❜②❝❛t❝❤ s♣❡❝✐❡s ❛r❡ ❡q✉❛❧✳
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◆❛♠❡ ❱❛r✐❛❜❧❡ ❱❛❧✉❡

❚❛r❣❡t ❝❛rr②✐♥❣ ❝❛♣❛❝✐t② Lx 600
❚❛r❣❡t ❣r♦✇t❤ r❛t❡ rx 0.4
❚❛r❣❡t ✉♥✐t ♣r✐❝❡ px 4

❚❛r❣❡t ❝❛t❝❤❛❜✐❧✐t② ❝♦❡✣❝✐❡♥t qx 0.5
❇②❝❛t❝❤ ❝♦♠♠♦♥ ❝❛rr②✐♥❣ ❝❛♣❛❝✐t② Ly 300

❇②❝❛t❝❤ ❣r♦✇t❤ r❛t❡ ryi
0.2

❇②❝❛t❝❤ ✉♥✐t ♣r✐❝❡ pyi
1.9

❇②❝❛t❝❤ ❤❛r✈❡st r❛t✐♦ αyi
0.2

▼❛r❣✐♥❛❧ ❝♦st c 10
❋✐①❡❞ ❝♦st C 150

▼❛①✐♠✉♠ ❡✛♦rt emax 1
▼✐♥✐♠✉♠ ❡✛♦rt emin 0.1

▼❛①✐♠✉♠ ❡✛♦rt ✈❛r✐❛t✐♦♥ umax 0.01
▼✐♥✐♠✉♠ ❡✛♦rt ✈❛r✐❛t✐♦♥ umin −0.01

❚❛❜❧❡ ✶ P❛r❛♠❡t❡rs ♦❢ t❤❡ ❜②❝❛t❝❤ ✜s❤❡r②✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❢♦r ❛❧❧ t❤❡ ❜②❝❛t❝❤ s♣❡❝✐❡s i ❛r❡
t❤❡ s❛♠❡✳




