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1 INTRODUCTION 

ABSTRACT 

The standard model of cosmic ray electron acceleration requires electrons to be pre­

accelerated to mildly relativistic energies. It has been suggested that energy transfer 

from waves, generated by gyrotropic ions reflected from quasi-perpendicular shocks, 
could provide the necessary pre-acceleration. The distribution of shock-reflected 

ions at any upstream point is more likely to consist of two beams rather than a 

gyrotropic ring. Wave excitation in the presence of both types of ion distribution is 

studied. It is shown that gyrotropic or beam ions, reflected from shocks associated 

with supernova remnants, can excite waves capable of accelerating electrons to 
beyond the required injection energies. The wave group velocity along the shock 

normal can be approximately equal to the shock velocity: such waves are not rapidly 

convected away from the shock, and can thus grow to a high level. Moreover, waves 

satisfying this condition w~ich also have phase velocities parallel to the magnetic 
field ranging from the elec\ron thermal speed to relativistic speeds are excited in 

high Mach number shocks with a low ratio of electron plasma frequency to cyclotron 

frequency. Bulk electrons can then be accelerated to the required energies within 
the region in which shock-reflected ions are present. This is consistent with a 

suggestion, based on a comparison between Wolf-Rayet stars and radio 

supernovae, that there exists a threshold perpendicular shock speed (between 1 and 

.3 per cent of the speed of light) above which the efficiency of electron injection 
increases by several orders of magnitude. 

Key words: plasmas - shock waves - waves - supernovae: general - cosmic rays -

ISM: general. 

The 'standard' astrophysical particle acceleration mechan­

ism, diffusive shock acceleration (also referred to as Fermi 
acceleration at shocks), is only capable of accelerating elec­

trons if they are already sufficiently energetic to pass freely 
through any electrostatic potential barriers associated with 

the shock front and also have magnetic rigidities sufficiently 
high to be scattered by the quasi-static magnetic structures 

invoked to scatter and accelerate the ions (Bell 1978). The 

first condition is satisfied if the electron energy exceeds 

mp v;/2, where mp is the proton mass and Vs is the shock 
speed (assumed here to be non-relativistic). The second 
condition is much more stringent, and is satisfied if the 

electron momentum is greater than mpvs. For interstellar 

shock velocities of the order of a few thousand km s -I, this 

suggests that the conventional diffusive shock mechanism 

can accelerate electrons with initial energies of the order of 
10 MeV. However, some additional process is needed to 

bridge the gap between the thermal electron popUlation and 
the relativistic region. The need for electron pre-accelera­

tion, often referred to as electron injection, arises physically 
from the fact that there is a significant interval of energy or 

velocity space in which the electrons are magnetized and the 

ions are not, with the consequence that the collective inter­
actions of the two species with the plasma must be quite 

different. 
This injection problem has been studied in the context of 

acceleration at parallel collisionless shocks by several 

authors, notably Levinson (1994) and Bykov & Uvarov 
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(1993), but electron injection at quasi-perpendicular shocks 
has received less attention. Galeev (1984) proposed a mech­
anism whereby electrons could be accelerated to ultra­
relativistic energies, involving the excitation of waves with 
frequencies between the ion and electron cyclotron fre­
quencies, immediately upstream of high Mach number 
quasi-perpendicular shocks. Wave excitation is driven by 
ions reflected by a potential barrier in the shock: it has been 
suggested that such a mechanism is responsible for the 
acceleration of electrons at the quasi-perpendicular bow 
shock of the Earth (Papadopoulos 1981), at interplanetary 
shocks (Vaisberg et al. 1983), at shocks associated with type 
II solar radio bursts (Krasnosel'skikh et al. 1985; Thejappa 
1987), and in solar flares (McClements et al. 1990, 1993). 
Recently, Galeev, Malkov & Volk (1995) have suggested 
that the flux of accelerated electrons could be greatly 
enhanced by a macroscopic electric field required to main­
tain quasi-neutrality. Krasnosel'skikh (1992) has argued 
that instabilities driven by shock-reflected ions are unlikely 
to playa significant role in the acceleration of electrons at 
high Mach number shocks, on the grounds that the waves 
have group velocities which are rilUch smaller than the 
shock speed, and are thus convected away from the region 
in which reflected ions are present before they can grow to 
a significant level. 

In this paper we re-examine the question of whether or 
not waves excited by shock-reflected ions are capable of 
accelerating electrons out of a thermal pool up to the 
required injection energies. Levinson (1996) has noted that 
the distribution function of the reflected ions, upon which 
the acceleration efficiency partly depends, is still an open 
issue. Accordingly, we consider the linear stability of 
electromagnetic waves using two alternative representa­
tions of the reflected ion distribution, the parameters of 
which are determined self-consistently by the shock Mach 
number. On the basis of a comparative study of radio emis­
sions from supernova remnants and Wolf-Rayet stars, and 
various model assumptions, Biermann & Cassinelli (1993) 
have suggested that the injection efficiency of electrons at 
perpendicular shocks may increase by several orders of 
magnitude when the shock speed exceeds a threshold, which 
they estimate to lie between 1 and 3 per cent of the light. 
This result is strongly model-dependent, and should thus be 
treated with caution. However, the possible existence of 
such a threshold indicates the importance of assessing the 
extent to which the efficiency of any proposed acceleration 
mechanism depends on shock speed. This is particularly so 
in the present context, in view of the suggestion by Krasno­
sel'skikh (1992) that electron acceleration by waves associ­
ated with shock-reflected ions may become less effective as 
the Mach number increases. 

2 SHOCK-REFLECTED ION DISTRIBUTION 

Ion reflection from a perpendicular shock is said to be 
'specular' if kinetic energy is conserved in the shock frame. 
The trajectory of a specularly reflected ion can be repre­
sented by (Phillips & Robson 1972) 

Vs 
x(t)=- [QJ-2 sin Q;t), 

Q i 

(1) 

Vs 
y(t)=2 - [I-cos Q;f) 

Q i 

(2) 

(see Fig. 1, discussed below). Here, x ( < 0) denotes the 
distance of a reflected ion from the shock (in the rest frame 
of the shock), the magnetic field lies along the z direction, Q i 

is the upstream ion cyclotron frequency, and t is the time 
which has elapsed since reflection. Thus, the x-direction 
defines the direction of plasma flow into the shock. We have 
assumed that the upstream plasma is cold, so that the velo­
city of an incoming upstream ion relative to the shock is 
unique and equal to Vs. The assumption of specular reflec­
tion means that x(O)= - v" y(O)=O. Recent analytical 
studies by Gedalin (1996) have shown that, in practice, the 
reflection process is always non-specular, in the sense that it 
results in a net loss of kinetic energy in the shock frame. 
This result is consistent with particle simulations carried out 
by Leroy et al. (1981) and Burgess, Wilkinson & Schwartz 
(1989), indicating that ions are invariably reflected back into 
the upstream plasma with velocities less than Vs. If 
x (0) = - E v" where 0 < E < 1, and y (0) = 0, the trajectory of 
a reflected ion is defined by 

Vs 
x (t) =- [Q,t - (1 + E) sin Q,t), 

Q i 

UPSTREAM 

8B=Bz 

E=l 

y 

I 
I 

I 

E = 0.5,' 
I , , 

(3) 

DOWNSTREAM 

x 

Figure 1. Upstream trajectories of ions reflected from a perpen­

dicular shock with initial velocities i (0) = - E V" Y (0) = 0, where 

E = 1 (solid curve) and 0.5 (broken curve). The shock normal lies in 

the - x direction, and the magnetic field lies in the z direction. The 

maximum value of Ix I, and thus the thickness of the shock foot, is 

given by equation (5). 
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Vs 
y(t) =(1 + e) - [1- cos nl]. 

n j 

(4) 

Regardless of the value of e, the reflected ion re-encounters 

the shock after less than half of one cyclotron period. The 
upstream trajectories represented by equations (1 )-(2) and 

(3)-(4) are indicated by the solid curve (e=l) and broken 
curve (e = 0.5) in Fig. 1, respectively. In each case, the 

reflected ion first encounters the shock while moving at 

velocity Vs along the +x axis. In the case of specular reflec­
tion (e= 1), it is straightforward to show, using equation (1), 

that the maximum value of Ixl is approximately 0.68vjn j • 

When e < 1, equation (3) indicates that 

Ixl.:o;;xmax=~ [e l12(2+ e)I12_ COS-I (_1_)] <0.68~. (5) 
n j 1 +e n j 

The quantity Xmax defines the size of the 'shock foot', in 

which reflected gyrating ions are present. Direct observa­
tions of the quasi-perpendicular bow shock of the Earth 

(Scudder et al. 1986), hybrid simulations (Burgess et al. 
1989), and the analysis of Gedalin (1996), all indicate foot 

lengths of about (0.3-0.4)vs/nj. According to equation (5), 
the corresponding values of e range from about 0.5 to about 

0.65. However, e is not uniquely determined for a particular 

shock: the reflected ions exhibit considerable velocity dis­
persion (Gedalin 1996). In the present paper, for simplicity, 

we assume that the upstream ions are cold, and that e has a 
unique value. In these circumstances, it is apparent from 

Fig. 1 that the reflected ion velocity distribution in the 
upstream plasma frame fr, at a particular point within the 

shock foot, consists of two monoenergetic beams: one mov­
ing away from the shock, the other moving towards it. 

Assuming that the two beams are of equal density, we can 

write 

x [) [vx + (1 + e) Vs sin cPI] + [) [vy - (1 + e) Vs sin cP2] 

x [) [vx + (1 + e) Vs sin cP2]}, (6) 

where nr is the total reflected ion density, [) is the delta 
function, Ix I.:o;;xmax is now a specified distance upstream, and 

cPI (x), cP2 (x) are the solutions of the equation 

Vs 
X=- [cP - (1 + e) sin cP], 

n j 

where cP=nl. 

(7) 

If, on the other hand, the reflected ion distribution were 

to be represented as a gyrotropic, monoenergetic velocity 
space ring, an appropriate expression for fr would be 

(8) 

where V.1 = (v; + V;)I12. In this case fr is assumed to be inde­

pendent of x. Gyrotropic distributions such as this, which 
describe the reflected ion distribution spatially averaged 

over the shock foot, have generally been invoked in the 
context of wave excitation at quasi-perpendicular shocks 
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(e.g. Papadopoulos 1981; Galeev 1984). In the following 

section we will demonstrate that non-gyrotropic distribu­
tions of the type represented by equation (6), which provide 

a more accurate description of the local distribution at a 
particular point within the shock foot, can give rise to 

stronger instability. 

3 ION-EXCITED WAVE GROWTH RATES 

For a plasma with an energetic ion population, the disper­

sion relation for waves propagating at large angles ( > 45°) 

with respect to the magnetic field with frequencies between 
the ion and electron cyclotron frequencies can be written in 

the form (Papadopoulos 1981) 

(9) 

where: cope, no are the electron plasma and cyclotron fre­

quencies; k is the magnitude of the wavevector k, with com­

ponents parallel and perpendicular to the magnetic field kll' 

k.1 (k.1 > k ll ); c is the speed of light; Po is the electron plasma 
beta, i.e. 2JloneTe/B2, where /lo is the free space perme­

ability, ne is the electron density, To is the electron tempera­
ture in energy units and B is the magnetic field; copj is the 
plasma frequency of the bulk ions (i.e. the ions which have 

not been reflected by the shock); and Dr is a function of co 
and k which depends on the energetic ion distribution. In 

the case of a reflected ion distribution given by equation (6) 

we have (McBride et al. 1972) 

Dr=l [(CO :!:VI)2 + (co :!:V2)2} (10) 

where VI = [ - (1 + e) Vs cos cPI' (1 + e) Vs sin cPI' 0] and 
V2 = [ - (1 + e) Vs cos cP2' (1 + e) Vs sin cP2' 0]. The correspond­
ing result for a monoenergetic gyrotropic ion distribution is 

(Papadopoulos 1981). 

CO~rCO 
Dr= . 

[co 2 - (1 + e)2k~ v;y12 
(11) 

In the absence of energetic ions, equation (9) trivially 

yields 

(12) 

For k 2c 2 » co~ (the electrostatic limit) and kll ~O, equation 

(12) reduces to co=co pJ(l + co~e/n;y12, which is the lower 
hybrid frequency COLlI. More generally, waves described by 
equations (9)-(12) are often referred to as lower hybrid 

waves (see, for example, McBride et al. 1972). They are 

characterized by k.1 »kll' and hence co/k ll » co/k.1. If the 
parallel phase velocity co/kll is less than c, it is possible for 
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wave energy to be resonantly transferred to electrons via the 
process of Landau damping. This provides an efficient 

method of electron heating and current drive in laboratory 

plasmas (e.g. Cairns 1993), and the waves are also believed 
to be an important source of electron energization in 

various space plasmas, including the Earth's auroral zones 

(Bryant et al. 1991; Dendy et al. 1995) and bow shock (Papa­
dopoulos 1981). Most recently, X-ray emission detected by 

the ROSAT spacecraft from comet Hyakutake (Ganz 1996) 

has been attributed to electrons accelerated by lower hybrid 

wave turbulence (Bingham et al. 1997). 

We now present numerical and analytical solutions of the 

dispersion relation equation (9), comparing and contrasting 

results obtained for the two classes of energetic ion distribu­
tion represented by equations (10) and (11). We begin with 

equation (11), since it contains fewer free parameters than 
equation (10), and it represents the case most frequently 

considered by previous authors. 

3.1 Instability driven by gyrotropic reflected ions 

In the gyrotropic case fr is determined by the two para­
meters E and n r • As discussed above, 0.5 :5 E:5 0.65: here, we 

set E = 0.5. The concentration of shock-reflected ions nrlnj 
(n j being the bulk ion density) is a function of the fast 

magnetosonic Mach number Mms=='v,J(c~ +c;)l!2, where CA , 

Cs are the upstream Alfven and sound speeds. Paschmann & 
Sckopke (1983) used a simple analytical model to compute 

nrlni for Mach numbers in the range 1-10: the results are 
almost independent of the plasma beta, and are broadly 
consistent with both numerical simulations (Leroy et al. 

1982) and spacecraft observations of the Earth's bow shock. 
The reflected ion concentration is typically about 5 per cent 

when Mm. = 3, rising to about 20 per cent when Mms;C 8. 
Here, we consider perpendicular shocks with Mach 
numbers in the range 2-9, and set the electron and ion 

plasma betas equal to 0.1. In that case, Mms~Vs/cA ==.MA, the 
Alfven Mach number. For each Mach number, we set n/n j 

equal to the value obtained by Paschmann & Sckopke 
(1983). The only other dimensionless plasma parameter 

appearing in equation (9) is wpe/ne, which we set equal to 
200: this is appropriate for certain regions of the interstellar 

medium (Spitzer 1978). 

Solving equations (9) and (11) numerically for the com­
plex frequency W=='Wo +iy, we vary k and e==.cos-1(klllk) to 

obtain growth rates y for the parameters listed above. We 
find that strong instability, such that y;Cn j , only occurs 

at wave numbers k > wpe/c and at propagation angles 

e < 88? 66, such that klllk.L > (me/mp)l!2, where me is the elec­

tron mass. In these limits, with Pe« 1 and w~e» 0.;, equa­
tion (12) yields Wo ~ neklllk.L. Strongly growing waves satisfy 
the wave-particle resonance condition implied by equation 

(11), namely wo~(1 + E)k.Lvs. To accelerate electrons out of 
the bulk of the distribution, it is necessary that the parallel 

phase velocity wolkll be ofthe order of, or greater than, the 

electron thermal speed Ve = (2Te/me)l!2. Equating these two 

speeds, and writing wo=(1 + E) k.L V" we find that the corre­
sponding propagation angle ecri• is given in terms of dimen­
sionless quantities by cot ecri.= (1 + E)(me/mp)l!2p;l!2MA. At 

e> ecri" the parallel phase velocity exceeds the electron 
thermal speed. The solid circles in Fig. 2 represent the 

maximum growth rate at e= eeri. for MA ranging from 2 to 9. 

1- ~+-~~-+---r--+---r--+---r--~-. 
ilr 

o - 0.2 ili °i 20 o 
o 

18 
o 

o 
16 

o 
14 

12 
o 

10 0.1 

8 

6 
o 

4 

2 

O+---r-~---+---r--~--+---r---r-~ 
1 2 3 4 5 6 7 8 9 10 

Figure 2. Open circles: concentration of shock-reflected ions nr/ni 
as a function of Alfven Mach number MA (from Paschmann & 
Sckopke 1983). Solid circles: maximum growth rate of waves in the 

lower hybrid range of frequencies propagating at an angle licri' 
(defined in the text) with respect to the magnetic field. The gyro­
tropic reflected ion distribution is assumed to be given by equation 

(8), with E=O.S. The other parameters are: wpe/Qe=100, 13e=O.1. 

The open circles show the values of n/ni corresponding to 
particular values of M A , according to Paschmann & 

Sckopke (1983). It is apparent that the maximum growth 

rate of waves with wolkll = Ve increases steadily with Mach 
number. 

To accelerate electrons to mildly relativistic injection 

energies, waves with parallel phase speeds wlkll ~c must be 
present. For the parameter set assumed above, this is only 

possible if kll is extremely small, in which case high growth 
rates do not occur. The reason for this is that equation (12), 

in this limit, reduces to the fast Alfven wave dispersion 

relation w=kcA: since vs>cA and k.L~k, the exact reso­
nance condition w~(1 +E)k.Lvs is impossible to satisfy. 
Numerically, we find that instability persists because of the 

finite effective width of the resonance, but the maximum 

growth rate is typically at least two orders of magnitude 
lower than n j • In those circumstances, significant electron 

acceleration is unlikely to occur. 
The situation changes if the Mach number is very high, or 

if wpe/ne is significantly lower than the figure of 200 assumed 
above. The propagation angle at which walkll equals an arbi­

trary speed Vo is given by 

(13) 

Thus, for e to be less than cos-1(me/mp)1!2 when Vo~C, it is 

necessary that either MA or ne/wpe be sufficiently large. The 

resonance condition Wo ~ (1 + E)k.L Vs is then satisfied for 

waves with ve:5wolkll5,vO: this is a necessary condition for 
electrons to be accelerated to the injection energy. It is not, 

however, a sufficient condition. To be amplified to a signifi­
cant level, the waves must remain in contact with shock-
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reflected ions for at least several growth times. In the limit 

kll/k1- < (me/mp)1/2, the perpendicular group velocity ow/ok1-
has an upper bound equal to the Alfven speed C A (Galeev 

1984). Thus, if M A » 1, such waves will be convected into 

the shock at a speed approximately equal to vsc:::.MAcA, and 
will only remain in contact with shock-reflected ions for a 

time tcc:::.xmax/vsc:::.(0.3-0A)/Qj (see Fig. 1). Growth rates of 
many times Q j would therefore be required: as discussed 

above, the growth rate of waves with kll/k1- < (me/mp)1I2, 
driven by gyrotropic shock-reflected ions, is typically 

1O-2Qj. If, on the other hand, kll/k1- > (me/mp), the perpen­
dicular group velocity can be much higher than C A: using 

Wc:::.Qekll/k1- and vsc:::.MAcA, it is straightforward to show 
that 

1

1 ow I (m )112 cos e w 

-;;: ok1- = m: sin2 e M:;k· 
(14) 

Since the instability in the gyrotropic case is azimuthally 

symmetric, and O:s;low/okx l:s;low/ok1-l, the occurrence of 
an instability such that low/ok 1-1;;:: Vs implies the presence of 
growing waves whose group velocity component towards the 

shock is zero (see Fig. 1): if the shock is strictly perpendicu­
lar, and of infinite spatial extent in the (y,z) plane, such 

waves can remain in contact with shock-reflected ions indef­

initely, and can then be amplified to a level determined 
essentially by the requirement that the intrinsic growth rate 

of the instability be equal to the rate of Landau damping on 
electrons (Galeev 1984). In the case ofthe results presented 

in Fig. 2, the right-hand side of equation (14) is always 

greater than unity. Indeed, using the fact that w c:::. Qekll/ 
k1-c:::.(1 +e)k1-v" we find that 

- - c:::.l+e>1. 
1

1 ow I 

Vs ok1-
(15) 

Thus, the result low/ok1-1 > Vs is independent of Mach 
number. On the other hand, the equally important condi­
tion that cos e > (me/mp)112 for the appropriate range of 

parallel phase velocities becomes easier to satisfy as MA is 

increased. 

3.2 Instability driven by reflected ion beams 

We now proceed to solve equations (9) and (10), adopting 
the same parameters as those used to obtain Fig. 2. The 

additional beam parameters 4>1> 4>2 are obtained from equa­
tion (7), with x arbitrarily set equal to - 0.2v.lQ j (putting 
e =0.5, we find from equation 5 that the shock foot extends 

to xc:::. - 0.28v.lQ). Solutions now depend on the values of 

both kx and ky, rather than k 1- alone: we define an azimuthal 
wavevector angle t{! by writing kx=kcos t{! sin e, ky=ksin 
t{! sin e. Thus, t{! = 0 defines the direction of plasma flow into 

the shock. 
Strong instability is found to occur for kll---+O and 

e < w ~e/c 2. In this limit, as previously mentioned, equation 

(12) reduces to wOc:::.kcA: this is consistent with the reso­
nance condition w=k·v1 if there is a sufficiently large angle 

between k and V1 (clearly the waves can also resonate with 

the second ion beam). With Pe« 1 and w;'» Q;, equation 

(9) yields 

© 1997 RAS, MNRAS 291,241-249 
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l' 1 (m )112 (n )112 kc 
Q j = .J2 m: ~ wpe· 

(16) 

This expression only holds for e < w ~e/c 2: for k ll ---+ 0, the 
maximum growth rate occurs for kc/wpe~1. In the appro­

priate limit, numerical solutions of equation (9) agree with 

equation (16). High growth rates are found to occur for w/kll 
ranging all the way from Ve up to c. Thus, in contrast to the 
gyrotropic case, a beam distribution of shock-reflected ions 

can excite waves in the lower hybrid range withkll---+O. As we 
noted above, waves with group velocities equal to or less 

than the Alfven speed will be rapidly convected away from 
the interaction region, and are thus unlikely to play any 

significant role in electron acceleration unless the growth 

rate is many times Qj. For a strong quasi-perpendicular 
shock with n,/n jc:::.O.2, equation (16) gives l'~lOQj. How­

ever, the condition w=k·v1 is only strictly satisfied at one 

upstream value of x. It is not necessary for the resonance 
condition to be exactly satisfied for strong wave growth to 

occur, but nevertheless the fact that.fr varies rapidly with x 
makes it unlikely that strong wave growth will occur unless, 

as in the gyrotropic case, there exist strongly unstable waves 

with perpendicular group velocities of the order of the 
shock speed. 

In fact, such waves do exist. The beam-driven instability 

extends to kll/k1- > (me/mp)112 and ~ > w~jc2. Thus, we 

again have the possibility of ow/okx c:::. - v" which allows 
the unstable waves to remain in contact with shock­
reflected ions. To illustrate this point, Fig. 3 shows l' as a 

function of t{! at a perpendicular shock with M A = 2, nrl 
nj = 0.055. The plasma parameters are identical to those 
used to obtain Fig. 2 and e = 81 ~ 6: k was set equal to 
3.2wpe/c. The growth rate peaks at azimuthal angles which 
are such that the projection of one of the reflected ion beam 

velocity vectors on to the direction of k is approximately 
equal to the phase speed implied by equation (12). Fig. 4 

shows a similar set of results for M A = 9, nr/nj = 0.203, 

e=56~4, k=3.8wpe!c. The azimuthal angular range of the 
instability is similar to the low Mach number case, but the 

maximum growth rate is considerably higher. In fact, the 
maximum growth rate is a monotonic increasing function of 

Mach number. In both Figs 3 and 4, e and k were chosen 

such that ow/okx c:::. - Vs and w/kll c:::. Ve (for each set of plasma 
parameters, the values of e and k satisfying these criteria are 
unique). As one might expect, the maximum growth rates 

produced by beam ions are higher than those produced by 

gyrotropic energetic ions. Setting w=k·v1 +il' and assum­

ing kll/k1- > (me/mp)1I2, k2 > w~e!c2, we obtain from equation 
(9) a growth rate 

~= 3:: co.s
1/3 e (mp)2/3 (~)1/3. 

Q j 2 sm e me nj 

(17) 

In this case l' ---+ 0 as e ---+ 90°, but very slowly. It is straightfor­
ward to verify that the maximum growth rates in Figs 3 and 

4 lie close to the values indicated by equation (17). 

Strong instability may also occur for waves with 

ow/okxc:::. - Vs and w/kllc:::.vo, where vo:s;c. Using the fact that 
wc:::.Qekll/k1-' it is straightforward to show that the perpen­
dicular group velocity is equal to the shock speed for e given 

by 
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Figure 3. Growth rate of lower hybrid waves as a function of azimuthal angle 1/1 at a perpendicular shock with MA =2, nJni=0.055. The 
direction of upstream plasma flow into the shock is defined by 1/1 = 0°. The plasma parameters are identical to those used to obtain Fig. 2. The 
wave propagation angle relative to the magnetic field is Ik 81 ? 6 and k = 3.2wpe/c. The non-gyrotropic reflected ion distribution is given by 

equation (6), with E = 0.5. The parameters <P" <P2 were obtained from equation (7), with x = - 0.2 V,lOi. The growth rate peaks at azimuthal 
angles such that the projection of one of the reflected ion beam velocity vectors on to the direction of k is approximately equal to the phase 
velocity associated with equation (12). The wavevector parameters (} and k have been chosen such that the x component of the group velocity 

is approximately equal to minus the shock speed, and the parallel component of the phase velocity is approximately equal to the electron 

thermal speed. 
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Figure4. As Fig. 3 except thatMA =9, nJn i = 0.203, (}=56?4 and k=3.8wpe/c. 
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(
me)1!2 ne c 

cot ()= - - -MA • 

mp Wpe Vo 
(18) 

This differs from equation (13) only by a factor of 1 + e. As 
before, for () to be less than cos-1 (me/mp)l!2, so that super­

Alfvenic group velocities are possible, it is necessary for M A 

or ne/Wpe to be sufficiently large. If this condition is satisfied, 
waves which are capable of accelerating electrons to the 

required injection energies can be strongly amplified. 

4 DISCUSSION 

We have used two simple models of the distribution func­
tion of reflected ions at a quasi-perpendicular shock to 

study the possibility that electrons could be accelerated 

from thermal energies to Me V energies at such shocks. The 

basic mechanism is the excitation by the ions of waves with 
frequencies between the ion and electron cyclotron fre­
quencies. The distribution function parameters depend 

essentially on the shock Mach number. Under certain con­

ditions, shock-reflected gyrotropic or beam ions can excite 
waves which are capable of accelerating electrons up to 

Me V energies. The excited waves can have group velocities 
along the direction of the shock normal which are approxi­

mately equal to the shock velocity: such waves are not 

rapidly convected out of the interaction region, and can thus 
grow to a high level. Also, waves with phase velocities paral­
lel to the magnetic field ranging from the electron thermal 

speed to the speed of light have been shown to be excited. In 
these circumstances, bulk electrons can be rapidly accel­

erated to relativistic energies. The mechanism is particularly 
effective in high Mach number shocks with a low ratio of 

electron plasma frequency to cyclotron frequency. 

Following up on this last point, it is appropriate now to 
consider the possible existence of a threshold shock speed 

for electron injection. As we have seen, waves with group 
velocities comparable to the shock speed will always be 

excited, regardless of the Mach number. On the other hand, 

in order to satisfy the additional criteria w/kll = Vo and 
() < cos-1(me/mp)1!2, which make it possible for electrons 

with parallel speed Vo to resonate with such waves, it is 

necessary that 

(19) 

This result follows from equation (18). As we discussed in 
Section 1, the electron momentum required for diffusive 

shock acceleration is equal to the proton mass times the 

shock speed. Obviously, the corresponding electron speed Vo 
must also depend on Vs. Setting mpvs =mevo/(l- V~/c2)1!2, 

(mp/mey!2vs=vo (from equation 19), and eliminating v., we 
obtain Vo=C (l-me/mp)1!2~c. Using the exact expression 

for vo, we deduce that the corresponding electron energy 
is approximately (mpme)1!2c2~22 MeV, and that the 

inequality in equation (19) reduces to 

( 
me)l!2 (me)l!2 (me)l!2 

Vs > c 1-- - ~c - . 
mp mp mp 

(20) 

Thus, to accelerate electrons up to the threshold energy for 

the diffusive shock process, the shock speed must exceed 
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(me/mp)l!2C ~ 0.023c. This result is independent of the 

plasma parameters, and is consistent with a threshold shock 

speed for electron injection (0.02 ± O.Ol)c conjectured by 
Biermann & Cassinelli (1993). These authors invoked an 

injection threshold in order to reconcile observed radio 
luminosities of supernovae and Wolf - Rayet stars with an 

assumed model for the stellar wind associated with such 

objects. Biermann & Cassinelli suggested that the threshold 
might lie close to (me/mp)1!2c, on the grounds that electrons 

can reach relativistic speeds when they are thermalized 
downstream of shocks with speeds which exceed this value. 

In the present paper, (me/mpy!2c has been deduced as the 

injection threshold on the basis that the electrons are ener­
gized upstream of the shock by resonant energy transfer 

from ion-excited waves. Essentially, the requirements for 

efficient electron injection to occur are that the plasma can 
excite strongly growing waves with super-Alfvenic group 

velocities and parallel phase velocities ranging from the 

electron thermal speed to the speed of light: a shock with 

Vs ~ 0.023c satisfies these requirements. 
An electron moving through a quasi-perpendicular shock 

remains in contact with shock-reflected ions, and hence with 

wave turbulence, over a distance which is approximately 

(0.3-0.4) Vs/ni: is this far enough for it to be accelerated to 
the required injection energy? The acceleration process is 
likely to be governed by a quasi-linear diffusion equation of 

the form (Spicer, Benz & Huba 1981; Galeev 1984) 

ofe 0 ofe 
v -=-D-

s ox opz opz' 
(21) 

where fe is the electron distribution, pz = rme Vz where r is 
the Lorentz factor, and D is proportional to the energy 

density W LH of the excited waves. Thus, the distance 
required for an electron to be accelerated up to a speed Vo is 

Laccocvsv~r2/WLH' while the mechanism can only work if 
Lacc;5 (0.3-0.4) v.ln i • This condition will be satisfied if W LH 

exceeds a certain fraction of the reflected ion density 
w,.~mpnr(l +e)2v;/2. Using the expression for D given by 

Spicer, Benz & Huba (1981), we infer that electrons will be 

accelerated to the required energies if 

WLH> 3 (me)3!2 ~ v~ ~ 
w,. ~ 21t(1 + e)2 mp nr c2 Mf 

(22) 

Particle simulations of lower hybrid wave excitation in the 

presence of beam-like or ring-like ion distributions indicate 

that the saturation value of W LH/Wr is typically of the order 
of 10-2 (McBride et al. 1972; McClements et al. 1993). 

Setting VO=C,MA~2 andnr/ni~0.05 (cf. Fig. 2), we find that 
the right-hand side of equation (22) is ;510-5 r2. Thus, the 

intensity of wave turbulence which is likely to be generated 
is easily sufficient to accelerate electrons to mildly rela­

tivistic energies. Since nJni is a monotonic increasing func­

tion of MA (Paschmann & Sckopke 1983), the right-hand 
side of equation (22) is a rapidly decreasing function ofMA , 

and therefore the inequality is most likely to be satisfied in 
high Mach number shocks. This is further evidence that the 

acceleration mechanism proposed here becomes more 

effective as M A is increased, and is consistent with the exist­
ence of a threshold shock speed for electron injection sug­

gested by Biermann & Cassinelli (1993). 
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Equation (22) indicates that resonant acceleration by ion­

excited waves is capable of producing electrons with 

energies which are much higher than the threshold required 

for diffusive shock acceleration. In principle, there is no 

upper limit to the energies which can result from the inter­

action between electrons and waves with w/kll ~c. Thus, the 

principal conclusion of this paper, that the acceleration of 

electrons to ultrarelativistic energies is possible in shocks 

with speeds exceeding (me/mp)1!2c, is not contingent on the 

efficacy of diffusive shock acceleration. 

Our analysis is based on a number of approximations and 

assumptions which we now discuss. The delta function 

representation offr is undoubtedly artificial, and leads to an 

overestimate in the wave growth rate y. In practice, as we 

discussed in Section 2, the velocity distribution of reflected 

gyrating ions has a finite width. It would be straightforward 

to modify equations (10) and (11) to take this into account: 

numerical solutions of the dispersion relation would then 

yield growth rates somewhat lower than those in Figs 2-4, 

but still high enough for the waves to grow to saturation 

levels. The crucial parameters of the model are the group 

and phase velocities of the unperturbed waves, rather than 

y. Thus, our analysis is not strongly dependent on the velo­

city-space width of the reflected ion distribution. 

Strictly speaking, equations (9) and (12) are only valid if 
w/kll » Ve: if w/kll is comparable to Ve' as in Figs 2-4, the net 

growth rate of the instability is significantly affected byelec­

tron Landau damping. This, in fact, is the process which 

causes electrons to be accelerated out of the thermal pool 

(e.g. Kirk, Melrose & Priest 1994). It is necessary to ensure, 

however, that the Landau damping rate YL is less than the 

intrinsic growth rate y. If w is not much larger than kllve , 

equation (9) is replaced with a more general dispersion 

relation given by equation (4) in McBride et al. (1972). 

Setting w = Wo + iYL in this equation, assuming IYLI« wO, 
and neglecting the beam ion term, we obtain 

(23) 

The exponential factor in this expression means that IYLI is 

typically less than the growth rate given by equation (17) 

whenever w>kllve' For waves of a given perpendicular 

group velocity, this condition will be satisfied for the full 

range of propagation angles exceeding those used to obtain 

Figs 2-4. Thus, although electron Landau damping is essen­

tially for the transfer of energy to electrons, its magnitude is 

typically small compared to the intrinsic growth rate of the 

instability. 

Another of the assumptions of our model is that nr/ni 
increases with Mach number. This is certainly true for the 

range of Mach numbers occurring at planetary bow shocks 

(Mms ;S10), but, as Levinson (1996) has noted, the distribu­

tion of reflected gyrating ions at very high Mach number 

quasi-perpendicular shocks is uncertain. However, there is 

no reason to suppose that a high proportion of the ions 

encountering such shocks will not be reflected, and we stress 

again that the effectiveness of the wave-particle accelera­

tion process is not strongly dependent on the velocity-space 

width oft. 

H should be noted that Landau damping of ion-excited 

waves leads to electron acceleration along the magnetic 

field: the perpendicular component of the electron velocity 

is unaffected, and therefore the accelerated electmns have 

small pitch angles. This would appear to be an impediment 

to diffusive shock acceleration, which requires electrons and 

ions to have comparable Larmor radii. In response to this 

point, we make three observations. First, the electron Lar­

mor radius increases with r, large values of which can result 

from acceleration by ion-excited waves. Secondly, electron 

distributions with a high degree of anisotropy are likely to 

be unstable to the generation of waves which cause pitch 

angle scattering (e.g. Moghaddam-Taaheri et al. 1985), thus 

increasing the energetic electron Larmor radii still further. 

Finally, we stress again that the process considered in this 

paper makes it possible for electrons to acquire ultrarela­

tivistic energies even in the absence of diffusive shock 

acceleration. 

Direct observational evidence for the process discussed in 

this paper may be difficult to obtain. One possible observa­

tional test of the model is suggested by simulations of lower 

hybrid wave acceleration in solar flares, which reveal the 

excitation of coherent narrow-band electromagnetic radia­

tion at frequencies of around ne (McClements et al. 1993). 

The physical origin of this emission is not entirely clear: it 

appears to be driven by the strong anisotropy of the electron 

distribution (see remarks above). The circular electron 

cyclotron frequency is 2.8B MHz, where B is the upstream 

field in gauss, and radio waves with frequencies below about 

10 MHz are reflected by the Earth's ionosphere. Thus, 

ground-based telescopes cannot be used to detect coherent 

emission at w ~ ne from astrophysical shocks, except for 

those with upstream magnetic fields of at least several 

gauss. 
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