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ABSTRACT 

I n  t h i s  paper we present  the  theory of depolar iza t ion  i n  c i r c u l a r  

acce le ra tors .  The s p i n  equation is f i r s t  expressed i n  terms of t he  

p a r t i c l e  o r b i t  and then converted t o  the equivalent spinor  equation. 

We then so lve  the spinor  equation f o r  th ree  d i f f e r e n t  s i t ua t i ons :  

1 )  A beam on a  f l a t  top near a  resonance, 2) Uniform acce le ra t ion  

through an i so la ted  resonance, and 3) A model of a  f a s t  resonance 

jump. F ina l ly ,  we ca l cu l a t e  the  depolar iza t ion  coe f f i c i en t ,  E, i n  

terms of proper t ies  of t h e  p a r t i c l e  o r b i t  and apply t he  r e s u l t s  t o  a  

ca l cu l a t i on  of depolar iza t ion  i n  the AGS. 



I. INTRODUCTION 

The problem of  ' acde le ra t ion  of  po la r i zed  p a r t i d l e s  has been 

analyzed by numerous au thors ,  and po la r i zed  protons have, i n  f a c t ,  

been s u c c e s s f u l i y  a c c e l e r a t e d  t o  12.75 Ge" a t  t h e ~ r ~ o n n e  Z G S . ~  The major 

problem i s  t h e  resonant  d e p o l a r i z a t i o n  t h a t  occurs when the  pe r tu rb ing  

f i e l d s ,  a s  seen by t h e  p a r t i c l e s ,  con ta in  components wi th  frequency 

equal  t o  t h e  s p i n  p recess ion  frequency. These resonances occur 

whenever the  s p i n  p recess ion  frequency,  n = yG, i s  a  combination of  

t h e  frequency of o s c i l l a t i o n  of t h e  p a r t i c l e  and the  pe r iod ic  k p a ' t i a l  

v a r i a t i o n  of t h e  guide f i e l d ,  i . e .  when 

where k i s  an i n t e g e r  and v i s  the  Beta t ron o s c i l l a t , i o n  "tunett  

( t h e  be ta t ron  o s c i l l a t i o n  frequency i n  u n i t s  of  the  r e v o l u t i o n  

frequency).  y  i s  t h e  r e l a t i v i s t i c  energy f a c t o r ,  and G i s  the  

anomalous magnetic moment c o e f f i c i e n t  

Higher order  resonances ,  where v i n  the  above equat ion i s  replaced 

by a  l i n e a r  combination of t h e  f requenc ies  of t h e  t h r e e  degrees  of 

freedom, may sometimes be important  but  a r e  .not considered here .  

The aim of  t h e  p resen t  paper i s  t o  p resen t  i n  d e t a i l  t h e  

theory of d e p o l a r i z a t i o n  resonances i n  a  f a sh ion  a p p l i c a b l e  t o  

any proton a c c e l e r a t o r ,  t o  express  t h e  r e s u l t s  i n  terms of t h e  p r o p e r t i e s  

3 4 
of  the  p a r t i c l e  n r h i , t  ( s i m i l a r  t o  Courant and E r n s t  ),  and t o  

o b t a i n  express ions  s u i t a b l e  f o r  numerical c a l c u l a t i o n s .  P a r t  of t h i s  

paper is  a n  e l a b o r a t i o n  of a s h o r t  paper which appeared p rev ious ly ,  
/ 

and some of t h e  t rea tment  h e r e  is  equ iva len t  t o  t h a t  g iven elsewhere.  



11. THE SPIN EQUATIONS 

Fro i s sa r t  and S to ra l  have shown with the l theory of Bargnann, 

Niche1 and ~ e l e ~ d i , ~  t h a t  the sp in  of a p a r t i c l e .  taken a s  a c l a s j i c a l  

normalized vector  3 i n  a s t a t i c  magnetic f i e l d  obeys the  equation: 

- = -  
d t  ymc II 

( i n  gaussian uni t s )  
I -+ + 

where BL and B I I  a r e  the  port ions of the magnetic f i e l d  t ransverse and 

p a r a l l e l  to  the  instnntancous ve loc i ty  of the pa r t i c l e .  Al: Lhr saalt! 

time, t he  ve loc i ty  of the p a r t i c l e  obeys the  Lorentz force  equation, ' 

Using t h i s  we may r e ~ i t e  (1) i n  terms of the motion of the pa r t i c l e .  

This i s  s t r a i g h t  forward f o r  the second term; f o r  the f i r s t  term 

we proceed a s  follows: 

We assume t h a t  the p a r t i c l e  moves i n  t h e . v i c i n i t y  of a planar 

reference o r b i t  and i s  characeerized by the Frenet-Serret curv i l inear  

coordinates, ' t 

, Fig. 1. The Coordinate System.',. ." -- , . -. . 



. . 

s = d i s t a n c e  along the  re fe rence  o r b i t .  

~ ( s )  = l o c a l  r ad ius  of curva tu re  of t h e  re fe rence  o r b i t .  

3 
r ( s )  = t h e  re fe rence  o r b i t .  
0 

3 3 
b = dro/ds = t h e  u n i t  tangent vector .  

3 3 
a = u n i t  vector  i n  t h e  o r b i t  p lane perpendicular  t o  b and 

d i r e c t e d  outward. 
. ... 

3 3 3  
c = a X b = the  binormal o r  v e r t i c a l  u n i t  vec to r .  

We a l s o  have the  followi.ng r e l a t i o n s :  

An a r b i t r a r y  p o i n t  near t h e  re fe rence  o r b i t  i s  charac te r ized  by t h e ,  . 

coordinates  (x, s ,  2): 

The v e l o c i t y  of a p a r t i c l e  i s  

where a prime denotes d i f f e r e n t i a t i o n  by so Keeping terms l i n e a r  i n  

s ,  x, i and t h e i r  d e r i v a t i v e s  we f ind  t h a t  

so ' t h a t  t o  f i r s t  order  

-t 3  3 -  
v = v ( x f a  + b + z 'c )  ( a )  

*# 3 
(7) 

and v = v[(XX-. A) 2 + b + (b) 
P P 

Transforming t o  s as t h e  independent v a r i a b l e  whi le  us ing (2) and 

(7) we ob ta in  



where Bp = yrncvle i s  the magnetic r i g i d i t y  of the pa r t i c l e .  To obtain 

Bll i n  terms of the p a r t i c l e  coordinates,  we note tha t ,  on the reference 
. . . . 

o r b i t ,  the guide f i e l d  is  j u s t  

Assuming t h a t . t h e  longi tudinal  f i e l d  Bs on the  reference o r b i t  

i s  zero, we use   ax well's c u r l  equation t o  note t h a t  

and to  f i r s t  order  

(127: 

The sp in  equation (1) now becomes, to  f i r s t  order i n  z and x, 

a .  where 



. . + + + + 3 

Spell ing out the components, S1 = 2oa, S2 = S*b, S 3 = Sac and  noting 

(3) we f ind,  

It is convenient t o  change. t he  independent var iable .  t o  the turning 

angle 'of the reference o r b i t  

s ince  i n  the f i e l d  f r e e  sect ions Q and the spin vector both remain fixed. 

With these changes we f ind ,  

dS 
3 

- =  r S  + t S 2  (c) 
d0 1 

where 

- 

9 

Note: We l e t  n = yG since the second term i s  small and averages t o  zero. 



, , 
I n  the absence of t ransverse motion .r = t = 0, thus we'obtain t o  

, .  . 

lowest order:  

sl = s i n  a cos J y ~ d e  (a)  

s2 = s i n  ,a s i n '  1 ycde (b) (19) 

S3 = cos a (c) 

3 
where S has been imp l i c i t l y  normalized by s e t t i n g  cos a = S3, the 

v e r t i c a l  component of the spin. This motion is simply a .prccession 

zround t h e  I. 8 x 3 ~  w1.th.a frequency of 'ye. 

Using t h i s  so lu t ion  i n  the presence of t ransverse motion, the 

lowest order change i n  cos a i s  given by: 

. . .__ . . , . . 
d 

. n 

- (COS a) = s i n  b { r cos  yGde + t s i n  : yCd8 1 . (20) dB 

I f  r and t possess components of frequency yG, the above equation 

y i e lds  a secular  increase or  decrease i n  the polar iza t ion  angle a. 

- 
I f  the acce lera tor  f i e l d  i s  "perfect" and i s  per iodic  with P periods 

per  circumference, z and therefore r and t w i l l  contain components of 

frequency kP' f v, where v i s  the be ta t ron  o s c i l l a t i o n  frequency and 

R i s  any in teger ;  thus resonance occurs a t  energies where yG = kP f V .  

I n  the presence of imperfection the P per iodic i ty  i s  broken 

(P = 1) which, of course,  y ie lds  reeolzances a t  yC = It f y. But Inore 

importantly, the e r ro r s  i n  the  guide f i e l d  induce e r ro r s  i n  the 

equilibrium o r b i t  t h a t  necessar i ly  contain a l l  111Legral Fourier 

components (s ince the e r ro r s  a r e  repeated each cycle  o r  every 217 of 

turning angle) ;  thus, resonance a l s o  occurs when yG = k: (A deta i led  

discussion of the  r e l a t i v e  s i ze s  of each of these three  types of resonances 

w i l l  be  l e f t  t o  sec t ion  VJ. 



I f  a resonance condition i s  s a t i s f i e d ,  the subsequent change i n  a 

w i l l  not be small. This means our 'neglect of the second terms i n  

(17a) and (17b) i s  not  j u s t i f i ed ,  s ince  without these terms the length 

of the spin vector i s  not conserved. So t o  examine i n  d e t a i l  the behavior 

a t  o r  near resonance, we must consider the f u l l  s e t  of 3 equations (17). 

Let us f i r s t ,  however, put  these i n  a more convenient form. 

We introduce the complex quant i t ies ,  

and the function 6,  

6(0) = - t-ir . . (22) 

With these changes our three spin equations become, 

dS+ - -  i * 
d0 

- i n S+ +, 5 S3 (a) 

dS - i 
d0 

- =-i x S- - 2 6 S3 (b) 

dS 3 - = i ( 6  S+ - 5* S-) (c) de 

where 6(8) = - (1-k~~) (prr'+ir' ) + ip(1-!-C) (alp) '  . (24) 

and ~ ( 0 )  = G Y ( ~ ) ,  

-i n o .  
To recapi tu la te ,  i f  5 contains a Fourier component ce o , 

resonance occurs when n I' yG = n . On the other  hand, the s e t  of 
0 

harmonics which comprise 5 a r e  given by: 

n = 1 2 f y  " in t r in s i c  harmonics" 
0 

(25) 

= k  f y  or  c "imperfection harmonics" 



and the Pourier  amplitude, 6, f o r  a pa r t i cu l a r  harmonic, no, i s  given 

by: 

2n 
1 

' 

= %  Jo. ~ ( e )  ei noede 

We leave the ca lcu la t ion  of E t o  bectioh V while i n  the next sec t ion  we 

introduce the spinor  formulation of equations (23) and same spec i f i c  

so lu t ions .  

' 111 QUANTUM MECHANICAL VC).RMITLA%ION 

A) The Spinor Equation 

, . . . 

Tkie e a s i e s t  way t o  solve 'equat ions (23) i s  by quantum meahanical techni- 

ques. By the correspondence pr inciple ,  the expectation values of quantum 

mechanical operators  s a t i s f y  the c l a s s i ca l , equa t ions  of motion of the corres-  

ponding variables .  Therefore, i f  we i n t e r p r e t  S S , S as the expectation +' - 3 

values of the quantum mechanical operators a+, a_, n3; and i f  we solve the 

Schrodinger equation f o r  a su i t ab l e  hamiltonian, we have solved the c l a s s i c a l  

9 
equations. 

We suppose t h e  sp in  i s  % so tha t  we may deal  with 2 component spinors.  

This is,, of course, physical ly  exact i f  we a r e  dealing with sp in  k p a r t i c l e s  
t 

(protons and e lec t rons) .  However, even i f  the ac tua l  p a r t i c l e  i s ,  say, a 
. ' 

deuteron with sp in  1 ( 3  spin s t a t e s ) ,  the c l a s s i c a l  equations a r e  the 

same (saa B~rgman e~.a1.)8,  and our so lu t ion  fo r  the c l a s s i c a l  equations 

i s  s t i l l  va l id ,  although w e  do 'not  t r e a t  t h e t h r e e  sp in  s t a t e s  properly. 



Taking 8 as our time var iab le ,  we look f o r  a Hamiltonian with which, 

where 11 i s  a two component spinor and 

t 
Si = $ aiJl 

The a ' s  a r e  the Paul i  matrices,  and we r e c a l l  t ha t :  
i 

From (27) we f ind t h a t  

and one can quickly ve r i fy  t ha t  i f  we s e t  

or  a l t e rna t ive ly  

we obta in  the s e t  of equations (23). To r e s t a t e  the  problem, we now 

must solve the time dependent Schrodinger equation (27) with the time 

dependent Hamiltonian given above. 

In  the acce lera t ion  process H = yG increases with time (or  8 )  and 

passes through a resonance value u = kP 4 v or k. In order 
0 

t o  analyze the e f f e c t  of a pa r t i cu l a r  resonance we w i l l  assume tha t  

the resonances a r e  well  separated so tha t  eachFourier  component of 5 

-fx 8 
can be t rea ted  separately.  In pa r t i cu l a r  we s e t  5 = Ee o. , 



and f rom.  e q u a t i o n s  '(27) and (31) we o b t a i n  

L e t  u s  now examine some s p e c i f i c  s o l u t i o n s  t o  e q u a t i o n  (32). 
. . 

B) S o l u t i o n s  t o  t h e  Spinor  Equat ion  

1. (u-n ) = c o n s t a n t .  The s o l u t i o n  of t h e  s p i n  e q u a t i o n s  f o r  a 
0 

. . 

beam c i r c u l a t i n g  a t  c o n s t a n t  energy ,  u =  a  c o n o t a n t ,  is u s e f u l  I n  un- 

d e r s t a n d i n g  t h e  s p i n  behav io r  i n  t h e  neighborhood of s rcsonance .  

. . 
Transform Eq., (32) t o  a  new r o t a t i n g  c o o r d i n a t e  system by ,  

We thcn  f i n d  

where 6 N -  u and we have le t  E be r e a l  and p o s i t i v e  f o r  convenience.  
0' 

We d i a g o n a l i z e  and o b t a i n  t h e  fo l lowing  normal modes: 

m. where X = + ' ,c 

The g r n e r a l ~ s o l u t i o n  i s  g i v e n  by 

We a r e  i n t e r e s t e d  i n  t h e  v e r t i c a l  p r o j e c t i o n  of t h e  s p i n ,  which is  
. . 



where A is j u s t  t h e  r e l a t i v e  phase of C+ and C - . The equat ion j u s t  

solved is a  s i n g l e  p a r t i c l e  equation.  Since  A is d i f f e r e n t  f o r  d i f f e r e n t  

p a r t i c l e s ,  t h e  2nd term i n  Eq. (37) y i e l d s  a  spread i n  S . however, i f  
z * 

we a r e  i n t e r e s t e d  in an average over p a r t i c l e s ,  t h e  second term does n o t  

con t r ibu te .  I n  t h e  subsequent d i s c u s s i o n  we wj .11  drop t h e  2nd term in  

E ~ ;  (37) and a l l  va lues  w i l l  be average va lues .  

Notice t h a t  f o r  pure  s t a t e s  S = + 6/A and f c r  6  >> E ,  S -+ + 1, a  
z Z 

spin  up s t a t e  and a spindown s t a t e  a s  one would expect .  But i f  we begin  

wj-th S = + 1 and 6 - .- w an.d a l low 6  t o  vary only slowly ( a d i a b a t i c a l l y ) ,  
z 

then v,v+ and cp a l l  obey t h e  same equa t ion  s o  t h a t  C and C .  a r e  i n v a r i a n t .  - + - 
A s  we approach t h e  resonance, S -+ 6/A; and a s  we pass through t h e  

z 

resonance ( a d i a b a t i c a l l y ) ,  .6 changes s i g n  so  t h a t  a s  fi' -+ .+ -,S -+ - 1. 
. . . Z 

This s p i n  f l i p  is  j u s t  t h e  s o  c a l l e d  " f a s t  a d i a b a t i c  passage through 

resonancett w e l l  known from t h e  theory and p r a c t i c e  of Nuclear Magnetic 

Resonance. 

The s a l i e n t  point  h e r e  is t h a t  i n  s p i t e  of t h e  apparent  depo la r i -  
, . 

za t ion  ( S Z  = 6/A) near  t h e  resonance,  i f  we vary  6 a d i a b a t i c a l l y ,  t h e  

d e p o l a r i z a t i o n  is only apparen t  s i n c e  t h e  s p i n  w i l l  r e o r i e n t  i t s e l f  a s  

6 - + + a .  

2 .  n - n o  = ug. Equation (32) has  a l s o  been solved exact ly1 f o r  

t h i s  case .  Although F r o i s s a r t  and S t o r a  o b t a i n  t h e  exact  s o l u t i o n  i n  

terms nf conf luen t  hypergeometric f u n c t i o n s ,  t h e  r e s u l t  u s u a l l y  quoted is  

obta ined from t h e  asymptotic form. L e t  us  j u s t  examine t h i s  asymptot ic  

r eg ion .  Transforn Z q .  ( 3 2 )  t o  thc " i n t c r a c  t i o n  r e p r e s e n t a t i o n "  by 



t h e  . t ransformat ion:  

then 

where 

Now l e e  5 = , and E q .  (39) becomes (9 

It i s  easy t o  show t h a t  S is  now given by 
z 

The behavior near  0 = 0 is j u s t  harmonic a s  one can s e e  by dropping t h e  

middle term i n  E q .  (41).  On the  o t h e r  hand t h e ,  behavior a s  8 + m is  

dominated by t h e  2nd two.terms s o  w e  have 

This can be r e a d i l y  i n t e g r a t e d  t o  y i e l d  

I f  we s e l e c t  t h e  phys ica l ly  meaningful path  around the  po le  i n  - 

Eq. (44 ) ( 1.f 1 < 1') , then we ob ta in  



. -  . 

So t h a t  i f  Sz(-w) = 1, t hen  from Eq. ( 4 2 )  

This is  ttie r e s u l t  of F r o i s s a r t  and S t o r a  which they ob ta ined  .by us ing  

asymtotic forms of t h e  exac t  s o l u t i o n .  Equation (46) i s  , p a r t i c u l a r l y  us.efu1 

when c a l c u l a t i n g  d e p o l a r i z a t i o n  due t o  normal, l i n e a r  a c c e l e r a t i o n  provided . . 

t h e  resonances a r e  w e l l  separa ted .  It .is a l s o  u s e f u l  fo,r de termining 

2 
t he  accep tab le  E /a f o r  an a d i a b a t i c  passage through resonance;  however, 

i n  applying t h e  above formula one must be s u r e  t h e  asymptot ic  form is 

app l i cab le .  

Let  us a n t i c i p a t e  t h e  r e s u l t s  of s e c t i o n  V by r e f e r r i n g  t o  Fig. 2 

which p r e s e n t s  c a l c u l a t i o n s  of  E f o r  a l l  t h e  resonances i n  t h e  Brookhaven 

AGS. Also presented  i n  t h e  f i g u r e  is  t h e  e f f e c t  of t h e s e  resonances 

c a l c u l a t e d  wi th  t h e  r e s u l t s  of E r o i s s a r t  and Stora ;  Eq. (46) ,  us ing t h e  

normal AGS a c c e l e r a t i o n  r a t e  (a = G d y / d t ) .  One can c l e a r l y  see from 

t h i s  f i g u r e  t h a t  a  p o l a r i z e d  proton beam w i l l  qu ick ly  become 

depeLaxized u n l e s s  something i s ' d o n e  t o  coun te rac t  t h e  e f f e c t  of  t h e  

resonances.  I n  t h e  next  s e c t i o n ' w e  d e s c r i b e  a  c u r e  f o r  t h e  i n t r i n s i c  

resonances.  

I V .  THE RESONANCE JUMP 

The s t andard  method5 f o r  d e a l i n g  wi th  t h e  i n t r i n s i c  resonances is 

t o  "jump" them by changing t h e  tune ,  v ,  a b r u p t l y  a s  n approaches a  

resonance,  H = kP + V ,  dur ing  normal a c c e l e r a t i o n .  This  change i n  v 
0 

i n c r e a s e s  a  i n  t h e  neighborhood of t h e  resonance,  and q u a l i t a t i v e l y ,  

us ing Eq. (46) ,  one would expect  much improvement i f  a is made 

s u f f i c i e n t l y  l a r g e .  However, Eq . (46) is  n o t  s t r i c t l y  a p p l i c a b l e  



in.this case,. and we expect the size of the resonance jump to be a signifi- 

cant factor also. To see this quantitatively we will consider the following 

realistic model: 

1. Let u be an isolated resonance. 
0 

2. Let U-n vary in a three step process, 
" 

0 

- m to - 6, very slowly, adiabatically 
d(n-no) 

- 6  to 6, fast jump, 
dB 

= a 

6 to a, again adiabatically. 

A. The tails of the resonance, U-u -t - to - 6 and 6  to m 
0 

adiabatically. The solution tn spin equation with adiatallc variation 

has been given in Eq. (35). Let us consider the initial condition 

S Z ( - )  = f 1.. This is equivalent to 

whlch adiabatically transforms to 

The spin up spinor on the cther 'side of resonance is given by 

and this adiabatically transforms to 
. , 



and s i m i l a r l y  f o r  cp - (6) . 
A g e n e r a l  sp inor  a t  6  is ,  of course ,  

cp(6) = C+q+(6) + C- cp-(6) 

so a s  we vary 6  + + a a d i a b a t i c a l l y ,  we f i n d ,  

We can c a l c u l a t e  S  (+) by 
z 

t. 
s=(+-) =rp  (+-)oz cp(+-) = 21c+12 - 1. (53) 

Al l  t h a t  is  necessary  t o  complete t h e  c a l c u l a t i o n  is t o  c a l c u l a t e  I C  1 + 
a f t e r '  t h e  jump. 

B. The resonance,  jump, n- H, + - 
0 

6  t o  6 ,  9 -t - 6/a ' to  & / a .  

In t h e  region from - 6 t o  6 w e  l e t  M - H  = a0.  S ince  we know t h e  exac t  
0 

1 
s o l u t i o n s  f o r  t h i s  problem, we could simply u s e  t h e  r e s u l t s  of F r o i s s a r t  

and S t o r a  i n t e g r a t e d  from -6/a t o  & / a .  However, s i n c e  t h e  jump is  a  

2  
"fas t"  jump (VE /a << I ) ,  and s i n c e  we seek simple formulae, we w i l l  

h e  a  s c a t t e r i n g  matr ix  approach i n s t e a d .  We in t roduce  t h e  s c a t t e r i n g  

o p e r a t o r ,  U ,  i n  t h e  i n t e r a c t i o n  r e p r e s e n t a t i o n  by 

then we f i n d  from Eq.  (39) 

C)  

where U is  a  2  x  2  u n i t a r y  unimodular (SU2) matr ix .  I f  we keep t h e  f i r s t  

2 terms 111 Llle s tandard i t e r a t i v e  s o l u t i o n  of Eq.  (55) ,  we o b t a i n  



where I. i s  t h e  i d e n t i t y .  w r i t t e n  e x p l i c i t y ,  

W e  know t h e  sp inor  a t  - 6 ;  t o  c a l c u l a t e  t h e  sp inor  a t  6 after 

scattering through t h e  resonance,  simply t ransform U t o  t h e  came 

coord ina te  system ascp - ( - 6 ) .  Then our sp inor  a t  6 is  given by 

Now t h e  ca lcu , l a t ion  of C+ i s  j u s t  a  p r o j e c t i o n  onto  t h e  b a s i s  sp inor  

o r  us ing ( 4 8 1 ,  ( 491 ,  and ( 5 7 )  

where 
2 

i a a  1 2  
I1 = e  dB 

It is i n s t r u c t i v e  a t  t h i s  p o i n t  t o  compare t h i s  r e s u l t  t o  t ha t  

uL F r o i s s a r c '  and S t o r a .  In . t h a t  . case  f plays  ~ l i r  roie of C+, 

2 
- n ~  /4a 

7rc 
2 

f = e  =I  - - f o r  " f a s t "  passage.  
4a 

. . 



If we let 6 + (. in Eq. (60), the last term goes to zero, 6/X + I 

* 
and I 1 + ( 2 ~ r / a ) ,  t h u s  we r ecove r  Eq. (62 ) .  

1 1  

On t h e  o t h e r  hand w e  can  a l s o  c o n s i d e r  t h e  c a s e  when a -t m, a n  

i n s t a n t a n e o u s  c r o s s i n g .  I n  t h i s  c a s e  C+ + 611 s o  t h a t  

So we a r e  l e f t  w i t h  s u b s t a n t i a l  d e p o l a r i z a t i o n  even when t h e  

resonance  i s  c r o s s e d  i n s t a n t l y .  We w i l l  soon s e e ' t h a t  t h i s  c a n  b e  

t h e  dominant e f f e c t  even when a i s  f i n i t e .  It  is  e a s y  t o  unders tand  

t h e  preceeding  e f f e c t  by examining t h e  s p i n o r s  i n  (48).  and ('49) S i n c e  

C+ i n  t h e  above c a s e  i s  t h e  o v e r l a p  of t h e  e i g e n f u n c t i o n s  a t  6 a n d  - 6 ,  

t h e  d e p o l a r i z a t i o n  i s  due t o  t h e i r  mismatch. The s p i n o r s  i n  (48). and 

i w b z  
(49)  a r e  o u t  of phase by e s o  t h e i r  o v e r l a p  i s  n o t  u n i t y .  T h i s  

phase  d i f f e r e n c e  is due t o  t h e  r e v e r s a l  of t h e  e f f e c t i v e  f i e l d  i n  which 

t h e  s p i n  is  precess ing .  One might say our  "top" h a s  found i t s e l f  sud- 

den ly  w i t h  a  t o rque  of t h e  o p p o s i t e  s i g n .  The p o i n t ,  however, of t h i s  

e x e r c i s e  i s  r ecogn ize  t h e  r e l a t i v e  importance of 6 and E., e . g . ,  when 

6 = E we o b t a i n  complete d e p o l a r i z a t i o n .  

ReLurning t o  Eq.  (60) nnt i . ce  t h a t  t h e  argument of t h e  e x p o n e n t i a l  

i n  t h e  i n t e g r a l  is always q u i t e  s m a l l .  For example, i f  we u s e  t h e  

parameters  f o r  t h e  proposed p o l a r i z a t i o n  of t h e  AGS :0 then S = 0.125, 

2 
a = 0.0597, s o  (6 / 2 a )  = 0.131. So we can expand t h e  e x p o n e n t i a l s  t o  

e v a l u a t e  I1. 

5 6  
3 

I1 
= 2 ( & / a  --) + h i g h e r  o r d e r  t e rms .  

3a2 



with t h i s  we f i n d  ' 

which toge ther  wi th  Eq. (53) y i e l d s  

2  2  
r e s t r i c t i o n s :  6 /2a << 1, v a l i d  t o  o rder  (E / a ) .  

Equation (66) is  the  f i n a l  r c s u l t  for Lllr depola r iza t ion  due t o  a  

rtsvlldllcr lulnp. 'Lhe dominant ~ f f  oct  i o  n o t  c l c p e ~ l c l e ~ l l  on che r a t e  of 

passage through t h e  resonance,  but r a t h e r  on t h e  s i z e  of the  resnnnvce 

jump a s  compared t o  t h e  width,  E ,  of the  resonance. Consider, f o r  

example, the  resonance a t  K = v i n  t h e  AGS. ~ r o h  Table 1 w e  SPP that 

t h e  t o t a l  d e p o l a r i z a t i o n  ca lcu la ted  wi th  Eq. (66) i s  0.969, However, 

t h e  f i r s t  term i n  Eq. (66) y i e l d s  P/Po = 0.970 whi le  t h e  2nd term g ives  

, o n l y  an a d d i t i o n a l  - 0.001. This does not  mean t h a t  t h e  r a t e  of passage 

2  
is unimportant s i n c e  t h e  dependence is  l / a  . However, it  is  c l e a r  i n  t h e  

above example t h a t  an  inc rease  i n  a has l i t t l e  e f f e c t  on t h e  d p p o l a r i z a t i o n ,  

The above result  1.s pr imar i ly  f o r  resonances which a r e  q u i t e  s t r a n g  

( e  -' 'I4' = 0.005, a = Gci d d t )  so t h a t  t h e  s ta tement  of a d i a b a t i c  approach 

and depar tu re  a p p l i e s .  I f  t h i s  cond i t ion  is  not. s a t i s f  l e d ,  Eq.. (06) sliould 

be considered '  a lower hniind on S . 
z 

Ia a l l  t h e  s o l u t i o n s  given i n  t h e  previous  two s e c t i o n s  t h e  c r i t i c a l  

parameter is  E, t h e  s t r e n g t h  o r  width of a resonance. I n  t h e  next  s e c t i o n  

we develope an express ion s u i t a b l e  f o r  t h e  numerical c a l c u l a t i o n  of E i n  

any a c c e l e r a t o r .  



Table I 

The Resonance Jumps 

Depolar izat ion Due t o  AGS I n t r i n s i c  Resonances Magnet f u l l  f i e l d  r i s e t i m e  
= 2 psec  ( 4 ~ 1 3  r a d i a n s ) .  6 = 0.125, a dv/d0 = 0.0597, v = 8.75. 

y r e s  

P o l a r i z a t i o n  

PIPo 
Eq.  (66) 

Resul tant  p o l a r i z a t i o n  a f t e r  a c c e l e r a t i o n  up t o :  

3 6+v 24.96 0.853 

*An e f f e c t i v e  f a s t  passage through t h i s  resonance is  impossible;  

however, slow s p i n  f l i p  may be poss ib le .  

V. THE DEPOLARIZATION COEFFICIENT, E. 

A. The Types of Resonance 

Before we c a l c u l a t e  s f o r  a p a r t i c u l a r  resonance, l e t  u s  f i r s t  

examine t h e  t h r e e  d i f f e r e n t  types of resonances which a r e  poss ib le :  

1. u = kP f y , those  which a r e  due t o  t h e  b e t a t r o n  o s c i l l a t i o n s  
0 

of t h e  "perfect"  machine. 

2. N. = k f ~ ,  those  which a r e  caused by t h e  g r a d i e n t  e r r o r s  
0 

presen t  i n  a n  a c t u a l  machine. 



3. H, = k ,  those  which a r e  caused by e r r o r s  i n  magnet alignment 
0 

o r  f i e l d .  

F i r s t  we w r i t e  t h e  z motion as: 

where z i s  t h e  displacement of t h e  equi l ibr ium o r b i t  due t o  e r r o r s  of 
e 

type (3 ) ,  and z i s  t h e  v e r t i c a l  be ta t ron  o s c i l l a t i o n  of t h e  a c t u a l  
B 

machine. These obey 

z" + K(s) re = F(s)  (b) e 

where ~ ( s j  = B' I B ~  i s  t h e  a c t u a l  focusing func t ion  ( including e r r o r s ) ,  

.and F(s)  i s  a measure of t h e  f i e l d  e r r o r  on i d e a l  equi l ibr ium o r b i t .  

11 
Solvihg equat ion (2a) we f ind  f o r  t h e  b e t a t r o n  o s c i l l a t i o n s  

= t ,/m [e - i r i 0 - ( ~ ) 1  + cece]  
b 

(69) 

S 

where v 0 - ~ ( 0 )  = v 5 , is  t h e  be ta t ron  o s c i l l a t i o n  phase, 
0 

= v J (lip X @  1 - 1/vB) d s ,  B i s  t h e  Courant-Snyder amplitude funct ion,  

a n d , E  i s  t h e  emittance.  

Now, i f  we s e l e c t  any one p o i n t  on t h e  circumference,  say B o ,  ~ ( 0 , )  i s  
t 

j u s t  a phase s h i f t ,  . and a s  t h e  p a r t i c l e  passes  0 on . succ .~ . s s i~re  
0 . . 

revo lu t ions ,  we s e e  i t  t r a c e  a v e r t i c a l  o a c i l l a t i o n  of amplitude V'W) 
and frequency y .  ,So . i n  t h e  i d e a l  machine s i n c e  Jp has p e r i o d i c i t y  P, 

z6 con ta ins  f requencies  kP f v . On the o t h c r  hand, il: we allow grad ien t  

e r r o r s  to  be presen t ,  our focusing func t ion  K and t h e r e f o r e  p a r e  only 

s t r i c t l y  p e r i o d i c  wi th  per iod of one c y c l e  (P .=  1). These e r r o r s  s h i f t  

t h e  t u n e . s l i g h t l y  and a l s o  in t roduce  i n t e g e r  f requencies  i n t o  p. Thus, 
, . 

z w i l l  con ta in  f requenc ies  k f v .  
. F! . . 



To s e e  t h e  e f f e c t  of e r r o r s  of type (3) we no te  t h a t  F (s )  and, thus ,  

z i n  equat ion (68 b) conta ins  a l l  i n t e g e r  Four ier  f requencies .  One 
e 

f i n d s  upon so lv ing  t h i s  equat ion t h a t  t h e  s i z e  of p a r t i c u l a r  component 

of z depends c r i t i c a l l y  on t h e  proximity of its frequency t o  v ( z '  is  
e e 

11 
l a r g e s t  when k i s  near  -v) .  Since t h e s e  equ i l ib r ium o r b i t  d i s t o r t i o n s  

may be r a t h e r  l a r g e  i n  any p a r t i c u l a r  a c c e l e r a t o r ,  we must consider  

t h e i r  e f f e c t  on depo la r iza t ion .  This is n o t  d i f f i c u l t  s i n c e  w i t h i n  

any given magnet i f  we ,neg lec t  i t s  smal l  misalignment, z e a l s o  obeys t h e  

homogeneous equat ion (68a),  and we may t h e r e f o r e  w r i t e  

z" + K z=0 
(70) 

(wi thin  a magnet) 

Since  5 and thus E depends c r i t i c a l l y  on t h e  magnitude of z 

o s c i l l a t i n g  a t  a p a r t i c u l a r  f requency% one can o rder  t h e  s i z e s  of t h e  
0 ' 

var ious  resonances a s  kP f v > k > k + v ,  while  remembering t h a t  f o r  

k Q v,  the  i n t e g e r  imperfect ion resonances may be  a s  l a r g e  as t h e  i n t r i n s i c  
8 

resonances.  

B. Calcu la t ion  of s 

The Four ie r  amplitude of 5 which determines t h e  depo la r iza t ion  

a t  a p a r t i c u l a r  resonance n i s  given by 
0 

A s  we have seen,  t h i s  i s  e s s e n t i a l l y  t h e  width of t h e  resonance. I n  

most a c c e l e r a t o r s ,  t h e  l a t t i c e  c o n s i s t s  o f  d i s c r e t e  s e c t o r s  wi th  l o c a l l y  

cons tan t  f i e l d  and g r a d i e n t .  separated by f i e l d  f r e e  sec t ions .  It' i s ,  

t h e r e f o r e ,  convenient t o  break up t h e  i n t e g r a l  i n t o  c o n t r i b u t i o n s  



from separa te  magnets a s  follows: 

s = C  em (a)  
l a t t i c e  

2 '(72) 

where s1 and s l i e  i n  the f i e l d  f r e e  region ju s t  outs ide the  magnet 
2 

ends, i.e.; 

From Eq. (24)  our expression f o r  e is now, 
m 

i z' L (." + -) - i ( 1 s )  =)I } einoeds 
'rn 2n P \ P 

(74) 

1 

where we have s e t  yG = no s ince  we want e a t  a. resonance. We begin by 
m 

evaluat ing the two i n t eg ra l s ,  

Remembering tha t  l Ip  i s  a ' s tep function, we can in t eg ra t e  by p a r t s ,  

s , 

and 



where we wr i t e  z f o r  z (s l ) ,  etc.  
1 

Our expression f o r  s now becomes, 
m 

I f  we in t eg ra t e  f i r s t  over the ends of the magnet, the second 

i n t e g r a l  gives no contr ibut ion (z i s  continuous) ; however, the f i r s t  

gives a contr ibut ion due t o  the edge focusing of the magnet. 

I f  the magnet has edges a t  angles c1 and s2 t o  the curvature vector 

(as ,  f o r  example, a t  the ZGS) then a t  the ends 

5 i s  taken a s  pos i t ive  i f  the edge produces v e r t i c a l  focusing. (For a 

rectangular magnet such a s  those used a t  the Brookhaven AGS, 5 = 4,/2p 

where 4, is  the magnet length). So the contr ibut ion t o  em from the  ends is: 

Using (80) and (70) we p v e ,  

where we i n t eg ra t e  now over the i n t e r i o r  of the magnet where p and K 

a r e  constant. 



I n  order t o  evaluate ,  . 

S 
2 

We in t eg ra t e  successively by p a r t s  and.f ind tha t ,  ' ' 

10 
However, from acce lera tor  theory we know tha t ,  

(::)=fosv, - JK sincp cr) ' ( l : t ) , : m . m  
where (P s JK (s2-sl) = JK &, 4, being the length of the magnet. 

/ 
Solving these equations f o r  z2 and z ' we obtain, 1 

JK z2 
z; = - - JK ctncpe 

s incp 1 ' ,. 

.fK z ,  

and note  t h a t  

= -1 + J K c t n  cp z2 (b 
'2 sincp 

I f  we now define 



we ob ta in ,  

s o  i f  we l e t  

KpL(1+H0) - no(no-G) 
c = 

2 2 s incp 
n -Kp P 

0 

we have 

and s = C sm. 

Now f o r  no = kP i y ,  t h e  c o n t r i b u t i o n  t o  t h e  sum from ze .wi l l  be  zero  and so  

we need only  eva lua te  '(89) f o r  z  = ( s e e  Eq. (69). On t h e  o ther '  hand, when n = k 
z~ 

then t h e  c o n t r i b u t i o n  from zg t o  t h e  sum is  zero ;  so  we may'evaluate 

e with z = z E i t h e r  of these  v e r t i c a l  displacements may be  evaluated 
m e 0  

f o r  a given magnet i n  a  given a c c e l e r a t o r  by us ing  a computer program such 

a s  SYNCH o r  AGS. One can than perform the SUIU t o  eva lua te  , E .  , 

I n  Fig. 2 we present  t h e  r e s u l t s  of t h i s  s e c t i o n  app l ied  t o  a  c a l c u l a t i o n  

of t h e  widths of depo la r iz ing  resonances i n  t h e  AGS a t  Brookhaven National 

Laboratory.  Notice t h a t  t h e  i n t r i n s i c  resonances a r e  s i g n i f i c a n t l y  l a r g e r  

than most of t h e  imperfect ion resonances;  however, some of t h e  imperfect ion .. . . . .  
.. . 

. .. 
resonances a r e  l a r g e  enough t o  cause s u b s t a n t i a l  d e p o l a r i z a t i o n  dur ing . . 

. . 

normal a c c e l e r a t i o n .  The s e t  of imperfect ion resonances p l o t t e d  a r e  those  . . . '  



obtained from a p a r t i c u l a r  random s e t  of magnet e r r o r s .  For a d i f f e r e n t  

s e t  of e r r o r s  of t h e  s a m e  magnitude,we o b t a i n  r e s u l t s  which a r e  q u a l i t a t i v e l y  

t h e  same although d i f f e r e n t  i n  d e t a i l .  

5 10 15 2 0  25 

PROTON ENERGY (GeV) 

- . - . . Fig.  2 .  AGS Resonance S t reng ths ,  E. AGS emit tance = 10 n/ y mr-mm, magnet 

e r r o r s  = f 0.1 mm, x - i n t r i n s i c  resonances; I - imperfect ion resonances. 

We have presented here  a d i scuss ion  of t h e  theory of depo la r iz ing  
' 

resonances i n  proton a c c e l e r a t o r s .  Of t h e  two types of resonances,  t h e  

i n t r i n s i c  resonances a r e  t h e  most troublesome. Table 1. shows the  theory 

of resonance jumps a p p l i e d  t o  the AGS a t  Brookhaven Nat ional  Laboratory. 

A s  you can see ,  f o r  t h e  va lues  of t h e  parameters chosen t h e  tota l  depolar-  

J.zaLlul~ at 26 CeV is only 15X ( f o r  ~uurt! d e t a i l s  of t h e  proposed des ign  

s e e  Ref. 9 ).  The d e p o l a r i z a t i o n  'due t o  a resonance jump has  a l s o  been 

s t u d i e d  by ~ u r r i n ? ~  He used a d i f f e r e n t  model, but  h i s  r e s u l t s  y i e l d  
. . 

numerical  va lues  e s s e n t i a l l y  i d e n t i c a l  t o  those  i n  Table 1. 



One of t h e  i n t r i n s i c  resonances shown i n  F ig .  2 is so  s t r o n g  t h a t  

t h e  resonance jump method does no t  work. I n  t h i s  case  i t  might be 

poss ib le  t o  t r a v e r s e  the  resonances~owly,.~inducing t h e  beam t o  f l i p  i t s  

s p i n .  But t h e r e  is  a problem with  t h a t  approach. Even though t h e  E 

shown. is  q u i t e  l a rge ,  i t  represen t s  a 95% b e t a t r o n  .amplitude. The beam 

has  a d i s t r i b u t i o n  of amplitudes and t h e r e f o r e  a d i s t r i b u t i o n  of E ' S .  

This means t h a t  whi le  t h e  s p i n  of t h e  l a r g e  amplitude p a r t i c l e s  may 

f l i p ,  t h e  s p i n s  of p a r t i c l e s  a t  very small  o r  zero amplitude w i l l  n o t .  

One way t o  s i d e  s t e p  t h i s  is  t o  provide t h e  beam wi th  a coherent ampli- 

tude s o  t h a t  a l l  p a r t i c l e s  w i l l  have a non zero ,  l a r g e  E .  

However, t h i s  is  n o t  t h e  only  problem. Figure  2 shows t h e  many 

imperfect ion resonances p resen t  due t o  magnet e r r o r s .  These e r r o r s  

can i n  p r i n c i p l e  be  tuned o u t  by using c o r r e c t i o n  d ipo les .  I n  f a c t ,  

t h i s  method has  been q u i t e  s u c c e s s f u l  a t  t h e  Argonne ZGS and i s  pro- 

posed f o r  t h e  Brookhaven AGS. lo To accomplish t h i s  t h e  s p i n  i t s e l f  is 

used a s  an  i n d i c a t o r  t o  a d j u s t  t h e  phase and magnitude of t h e  c o r r e c t i o n .  

This i s  f i n e  s o  long a s  t h e  resonances a r e  w e l l  separated (o r  compensated 

f o r  by tune s h i f t s ) .  However, t h e  l a r g e  resonance a t  60-v i n  t h e  AGS is 

very c l o s e  t o  imperfect ion resonance No. 51. S i n c e ' t h e y  a r e  s o  c l o s e ,  

they probably cannot be crossed s e p a r a t e l y ,  and s t r i c t l y  speaking,  t h e  

theory of i s o l a t e d  resonances does no t  apply i n  t h i s  case .  This remains 

an  unsolved problem. 

F i n a l l y  we should mention an e n t i r e l y -  d i f f e r e n t  approach t o  elim- 

i n a t i n g  resonances by modifying t h e  p recess ion  of t h e  s p i n ,  t h e  s o  c a l l e d  

S i b e r i a n  snake.13 I n  t h i s  method one in t roduces  p recess ions  about a hor- 

i z o n t a l  a x i s  which e f f e c t i v e l y  ,change t h e  s p i n  precess ion frequency t o  

112 a t  a l l  energies .  I n  doing so  one s a c r i f i c e s  t h e  p o l a r i z a t i o n  a t  most 

p o i n t s  along circumference i n  favor  of knowing t h e  p o l a r i z a t i o n  a t  one 



p o i n t .  Although t h i s  method is w e l l  founded i n  theory,  it has  y e t  t o  be  

t e s t e d  exper imental ly .  A S i b e r i a n  Snake would be necessary f o r  ~ o l a r i z i n ~  

a h igh .energy  s t o r a g e  r i n g  such a s  ISABELLE s i n c e  theresonances, .would be too  

numerous t o  c r o s s  e f f e c t i v e l y ;  however, t h a t  is another  s t o r y .  
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