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Abstract. There has beenincreasingevidencethat Pc-5
ULF oscillationsplay a fundamentalrole in the dynamics
of outerzoneelectrons.In this work we examinetheadia-
batic responseof electronsto toroidal-modePc-5field line
resonancesusing a simplified magneticfield model. We
find that electronscanbe adiabaticallyacceleratedthrough
a drift-resonantinteractionwith thewaves,andpresentex-
pressionsdescribingtheresonanceconditionandhalf-width
for resonantinteraction. The presenceof magnetospheric
convectionelectricfieldsis seento increasetherateof reso-
nantenergization,andallow bulk accelerationof radiation
belt electrons. Conditionsleading to the greatestrate of
accelerationin the proposedmechanism,a nonaxisymmet-
ric magneticfield, superimposedtoroidal oscillations,and
strongconvectionelectricfields,arelikely to prevail during
stormsassociatedwith highsolarwind speeds.

Introduction

Relativistic electronfluxeshavebeenshown to varyover
a wide rangeof time scales,from the rapid ( � 1 minute)
variability observed during extreme,CME-inducedsudden
commencementssuchasobservedonMarch24,1991[Blake
et al., 1992],to time scalestheorderof days,ascommonly
seenduring solar-minimum stormsassociatedwith high-
speedstreams[Li et al., 1997]. While thewide variationin
time scalessuggeststhatdifferentaccelerationmechanisms
mayoperateatdifferenttimes,therehasbeenincreasingev-
idencethat Pc-5 ULF oscillations,with frequenciesin the
1.5-10mHz range,play a fundamentalrole in storm-time
particle dynamicsover periodsof hoursand longer. In a
comparisonof theMay 27,1996magneticcloudeventwith
that of January10-11, 1997, Baker et al. [1998b] found
thatlarge-amplitudeoscillationsin thePc-5frequency range
were associatedwith the relativistic electronevent of the
1997storm,while the1996storm,whichdid notexhibit ex-
tensivePc-5activity, hadnocomparableincreasein electron
fluxes. Likewise,ananalysisof theMay 15, 1997electron
event also showed large increasesin Pc-5 activity [Baker
et al., 1998a].Evenmorecompellingevidencewasreported
by Rostoker et al. [1998],a strongcorrelationbetweenPc-5
power andrelativistic electronfluxesover a 90 day period,
with large increasesin wave activity precedingincreasesin
geosynchronouselectronfluxesby 1-2days.

In MHD/particle simulationsof the January1997event

Figure 1. Power spectrumof thetoroidalcomponentof the
simulatedelectricfield in theperiodbetween0900and1200
UT on January10, 1997,at midnight MLT. The ascending
black lines indicatethedipoledrift frequency asa function
of L for the indicatedenergies,while the descendinglines
between4.2 and6.6

���
give thedrift frequenciesof parti-

clesat constantfirst adiabaticinvariant.

[Hudson et al., 1999a,b], inward radial transportandadia-
baticaccelerationof outerzoneelectronswascomparedwith
in situ observationsover a periodof severalhours.Follow-
ing theobservationof large-amplitude,near-monochromatic
ULF oscillationsin theH componentof themagneticfields
atCollegeandGakona,Alaskaduringthisperiod,aspectral
analysisof theMHD fieldsusedto drivethesimulationswas
undertaken.Theresultof thisanalysisfor theradialelectric
field in theequatorialplane(correspondingto Alfv énicos-
cillations in the H componentof the magnetometerfields)
is shown in Fig. 1, at the approximatelocal time of the
Alaska magnetometers.Coherentstructureappearsin the
radial rangecorrespondingto theregion of greatestflux in-
creaseovera12hourperiod[Reeves et al., 1998],atfrequen-
ciesmatchingthedipolardrift frequenciesof electronsindi-
catedby straightlinesatconstantenergy (positiveslope)and
first adiabaticinvariant(negativeslope).Thismodestructure
analysisled to theproposalthatelectronscouldbeadiabat-
ically acceleratedthrougha drift-resonancevia interaction
with toroidal-modeULF waves[Hudson et al., 1999a].The
goalof thispaperis toquantitatively investigatethenatureof
suchdrift-resonantacceleration,by trackingparticletrajec-
toriesin asimplifiedfield modelconsistingof acompressed
dipoleandglobal,toroidal-modePc-5ULF waves.
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Figure 2. Sketchof an electrondrift pathin a compressed
dipole,with electricfieldsindicatedfor anm=2mode.Solid
arrows indicatetheelectricfield at t=0 for anelectronstart-
ing at dusk, while the dashedarrows indicatethe electric
field directionhalf a drift periodlater.

Model and Theory

ThecoherentULF modestructureevidentin Fig.1 iscon-
sistentwith interpretationas toroidal-modefield line reso-
nances.For perfectlyconductingboundaryconditionsat the
ionosphere,the fundamentalmodewill containa magnetic
nodeat theequator, while theelectricfield is purely radial,
with ionosphericnodesandequatorialantinodes[Cummings
et al., 1969].Theproposedaccelerationmechanismis illus-
tratedin Fig. 2. Herean equatorially-mirroringelectronin
a compresseddipole interactswith a global m=2 toroidal-
modewave of frequency � . At t=0 the electricfields are
indicatedby the solid arrows. An electronstartingat dusk
andmoving with a drift frequency �����	� would first seea
positiveradialelectricfield while undergoingnegativeradial
motion,andhalf a drift periodlatera negative electricfield
while moving radiallyoutward.Theresultingproduct
���
��
is thereforenegativeovertheorbit of theelectron,leadingto
a netenergy increase.

Basedon the latitudinal structureof the fundamental
toroidal mode,we begin with a simple, time-independent
equatorialfield modelof thefollowing form:��� ��������� ���������� � �! #" �%$ �! '&)(+*-, ���'. (1)

Thefirst termrepresentsa dipolemagneticfield of strength���
at thesurfaceof theEarth,while thesecondtermmodels

the compressionof the field resultingfrom solarwind dy-
namicpressure.� is takento bezeroat localnoon,andcon-
stants  #" and  '& areselectedbasedon measuredmagnetic
field values. For this study,

���
=27500nT, and  #" and  '&

have beenselectedto give geosynchronousmagneticfields
of nominalvalues� 105nT at local noonand � 75nT at lo-
calmidnight.Theelectricfield, with equatorialantinodes,is
modeledas


 � ���/�0�21%���3
 �4� ������� � 56798 �;: 
 � 7 ,2<>= �@? � � ��1 �BA 7 �'� (2)

wherethe first term representsmagnetosphericconvection
fields, while the secondterm is a superpositionof global

toroidal field line resonancesin the equatorialplane. Here?
representstheazimuthalmodenumberof theULF wave,� thefrequency, and : 
�� 7 and A 7 theamplitudeandphase

lagof themode
?

.

Analytic calculationsof relativistic electroninteraction
with the above ULF wave have beenmadeandaresimilar
to thosegivenby Chan et al. [1989];only theresultswill be
givenhere.Onefindsaresonancecondition

�DC �E?GF3$ �H�I�J�LK (3)

where� � is theazimuthaldrift frequency, andanenergy res-
onancehalf-width for the“

?MF3$
” resonance

NPO 7RQ " � STTU VXW : 
�� 7 : ��@?YF3$ �RZ'[�\^] _a`-b�c[ed f d 8 d+g0hji
(4)

where : � is a measureof the asymmetryof the drift orbit
(i.e.,thedrift orbit in thecompresseddipolefield is assumed
to beof theform � � �k�l�m� � � : � (#*n, � ).

Eq.(3) givestherelationbetweenwavefrequency anden-
ergy

O 79Q " of a resonantelectronon a givendrift shell (for
a given

?
value),while Eq. (4) gives the rangein energyO F NoO 7RQ " overwhichanelectronexperiencesresonantin-

teractionwith thewave.The
FP$

factorin Eq.(4) isdueto the? � $
day-nightasymmetryin the compresseddipole. In

Eq. (4) thenumeratorrepresentsthestrongerdriving effect
of largerwave amplitudeandof largerdrift-orbit asymme-
try; thedenominatorshowsthedetuningeffectof theenergy
dependenceof thedrift frequency. Notethatfor

?qp V there
aretwopossibleresonances:onefor

? � $ andonefor
? C $ .

We verify theresonantinteractionof particlesby numer-
ically solving the relativistic guiding-centerdrift equations
[Northrop, 1963] for equatorially-mirroringelectronsmov-
ing in thesimplifiedfield modeldescribedabove. Wave fre-
quenciesarematchedto particleenergiesby solving rs
4�)tvu�
for a givenvalueof M, therelativistic first adiabaticinvari-
ant,alonga contourof constantB while matchingthereso-
nancecondition(3).

Results and Discussion

The effect of the modeledPc-5oscillationson a single
particlecanbeseenin Fig. 3. Globaloscillationin anm=2
modeis setup at a singlefrequency of 3 mHz andgivenan
amplitudeof 3 mV/m. A geosynchronouselectronis started
at localnoonwith aninitial energyof 1.63MeV andallowed
to interactwith the wavesover 10 drift periods. Fig. 3(a)
shows theproduct 
��#
n� , consistentlynegative, astheelec-
tron drifts aroundtheearth.An integratedpotentialdropof
-128kV is experiencedby theelectronasit movesthrough
its 10drift orbits.Theenergy is plottedin panel3(b),where
theparticlegainsthe128keV expectedfrom panel(a). The
increasein energy andconservationof thefirst adiabaticin-
variantresultsin transportradially inwardby � Ka. w ��� .

In Fig.3(c),asimpledawn-duskelectricfield of 3 mV/m,
uniform in magnitude,is added,andthe total energization
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Figure 3. 
���
�� (a) andenergy (b) asa functionof timeand
drift echoesfor anelectronwith initial energy of 1.63MeV,
moving in a3 mHz,m=2toroidalfieldof amplitude3 mV/m.
(c) Relative increasein energizationfor sameparticle,asa
functionof increasingdawn-duskconvectionelectricfield.

for thesameinitial conditionsis recordedaftera setperiod
of time. A linear increasein the rateof energizationwith
increasingconvectionelectricfield results.

Toverify theresonantnatureof thisacceleration,particles
of differentinitial energies(hencedifferentdrift frequencies)
canbestartedin a singlespecifiedmode,andmaximumen-
ergy gainrecorded.An exampleis shown in Fig. 4(a) for a
4 mHz, 3 mV/m field in anm=2 mode,with no convection
electricfield. All electronsarestartedat local dusk; those
with energiesnear

O " ( �I�!�x� ) seethe greatestincrease
in energy. Also, consistentwith Eq. (3), a secondpeakis
clearlyevidentwhere�����m�lt�w , atenergy

O � .
Phasespaceplots of the particlemotion provide a use-

ful way of examiningthe behavior of a drivensystem[e.g.
Lichtenberg & Lieberman, 1983].Fig.4(b)showsaPoincaŕe
plot consistingof the particle energy and azimuthalposi-
tion recordedat incrementsof a wave period; the resulting
plot shows the expectedresonantisland centeredat

O " �
3.14MeV, andthreesmallerislandsat

O � around850keV,
consistentwith Eqs. (3) and (4). The dropout in energy
gainseenat

O " in panel(a) is a resultof thesaddlepoint at� � � Vny K degreesin panel(b). For theelectronsandfields
usedto generatepanels(a) and (b), and a radial displace-
ment : � =0.23

���
(consistentwith trajectorycalculations),

the resonantwidth predictedby Eq. (4) is � Kz. $ y MeV, in
goodagreementwith themaximumenergy gainin Fig. 4(a)
andprimaryislandwidth in Fig. 4(b).

Theeffect of a convectionelectricfield on anelectron’s
phaseplanedynamicsis depictedin 4(c) for asingleparticle
beginningatapointoutsidetheresonantseparatrix.Theuni-
form convectionfield imposedtransformstheprimaryreso-
nantcenterin the reducedphasespaceof panel(b) into a
featureresemblinga stableattractor. An importantimplica-
tion of this result is that particlesmay be adiabaticallyac-
celeratedfrom energiesoutsidethe resonancedescribedin

Figure 4. (a) Energy gainedby electronswith differentini-
tial energiesin a 3 mV/m, m=2 toroidalelectricfield oscil-
lating at 4 mHz, eachparticlebeginningat 5.0

� �
at dawn

local time.
O " and

O � indicatetheenergiesof electronswith���m�{� and �I�|�{�ltXw , respectively. (b) Poincaŕe map
showing thephaseplanedynamicsof particleswith uniform
first adiabaticinvariant,moving in thesamepurelytoroidal-
modefieldsas(a). (c) Poincaŕemapof asingleparticlestart-
ing at localduskat2.5MeV moving with thesamefirst adi-
abaticinvariantandfields asabove, with the additionof a
uniformdawn-duskconvectionelectricfield of 5 mV/m.

Eqs.(3) and(4). In principle it is possibleto adiabatically
accelerateelectronswith 10-100keV energiesat the mag-
netopauseto MeV energiesin the innermagnetosphere,us-
ing drift-resonantaccelerationanda strongconvectionelec-
tric field. For example,an electronwith an initial energy
of 80 keV at 10

� �
at local noon would have an energy

around200keV atgeosynchronous,andexceeding1.1MeV
at3

� �
.

A secondimplicationof theeffectof theconvectionfield
is that it is possibleto accelerateparticlesin bulk using
resonancewith toroidal waves. That is, without the effect
of the convectionfields, particleson oneside of the reso-
nancewould gain energy while particleson the otherside
of the resonancewould loseenergy, resultingin a bulk ac-
celerationlimited to that arising from energy asymmetries
in theresonantisland. Theadditionof theconvectionelec-
tric field makesit possibleto accelerateparticlesregardless
of their initial phase. This can be seenin Fig. 5, where
we have starteda ring of electronsat constantL with en-
ergies just above the minimum of the resonantseparatrix,} � O " C NoO " , andlet themevolve in time in responseto
2 mHz, 3 mV/m toroidaloscillationssuperposedon a con-
stant5 mV/m convectionelectricfield. Fig. 5(a)shows later
phasebunching,resultingfrom the effect of radial electric
fieldson theazimuthaldrift velocity of theparticles.Aver-
ageparticleenergy is plottedin Fig. 5(b), whereit is clear
thattherehasbeennetbulk energization.Notethatthemag-



ELKINGTON ET AL.: RESONANT ELECTRON ACCELERATION VIA PC-5ULF WAVES 4

Figure 5. (a) Particle positions for a ring of near-
geosynchronousparticles moving in a 2 mHz, 3 mV/m
toroidal oscillationwith an imposeddawn-duskconvection
electric field of 5 mV/m. (b) Averageparticle energy for
particlesdepictedin (a),asa functionof wavecycle.

nitudeof theconvectionfield affectsonly the rateat which
electronsachieveresonantenergy, asevidencedin Fig. 3(c),
while theresonantenergy itself is determinedby Eq.(3).

Conclusion

We have shown that it is possibleto adiabaticallyaccel-
erateandtransportmagnetosphericelectronsthroughdrift-
resonantinteractionwith toroidal-modePc-5 oscillations,
both individually andin bulk. The rateof energizationin-
creaseswith bothincreasingradialdistortionof themagnetic
field, and increasingconvectionelectricfield. Both act to
increase: � , the amplitudeof drift-orbit asymmetry, which
affects the rangeof resonantinteractionwith the wave as
describedby Eq. 4. The phasebunchingseenin Fig. 5(a)
suggestsobservationsthat may testthis mechanism.Spec-
tral analysisof lower-energy ( � $ KnK�~ W�� ) electronfluxes
seenat geosynchronous,for example,hasshown variations
in periodsmatchingthe electrondrift frequency at discrete
energies,indicatingdispersionlessphasebunchingof elec-
trons[Lessard and Reeves, 1999].However, asurvey of this
typehasyet to beundertakenfor MeV electrons.

Poloidal field line resonances,with an associated
J� ,
generallyhave a parallelmagneticdisturbancein the equa-
torial plane and thereforecannotbe quantitatively exam-
inedusingthesimpleequatorialfield modeloutlinedabove.
However, limited investigationhas beenundertaken, and
the resultsin the equatorialplaneinterpretedin a bounce-
averagedfashion. Preliminary indicationsare that, while
poloidal oscillationsaloneareableto efficiently accelerate
singleparticlesin a nonaxisymmetricbackgroundmagnetic
field, evenwithout pitch anglescattering[Liu et al., 1999],
theintroductionof a convectionfield causesparticlesbelow
the resonantseparatrixto loseenergy. This resultsuggests

thata necessaryconditionfor bulk electronaccelerationby
a drift-resonantmechanismis that therebe morepower in
the toroidal thanpoloidal modes,consistentwith what has
sofarbeenseenin MHD/particlesimulationsof recentmag-
netic storms[Hudson et al., 1999a,b]. A survey correlat-
ing ULF wave polarizationswith energetic electronevents
mayprovidefurtherobservationalevidencefor theproposed
mechanism.Work is in progressto simulatebulk particle
dynamicsusingaspectrumof poloidalandtoroidalfrequen-
cies,similar to thatseenin Fig. 1.
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