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Accuracy Analysis of General Parallel Manipulators with Joint
Clearance

Jian Meng, Dongjun Zhang, Tinghua Zhang, Hong Wang, Zexiang Li

Abstract—Due to the joint clearance, parallel manipulators
always exhibit some position and orientation errors at the
mobile platform. This paper aims to provide a systematic
framework for the error analysis problem of general parallel
mechanisms influenced by the joint clearance. A novel and
efficient method is proposed to evaluate the maximal pose errors
of general spatial parallel manipulators with joint clearance.

I. INTRODUCTION

Despite the fact that joint clearance simplifies the assembly
and manufacturing of parallel mechanisms, the generated
pose error of links, however, can not be ignored when the
mechanism requires high accuracy. Compared with other
error sources, such as assembly and manufacturing errors
and motor actuation errors, etc, joint clearance has more
significant impact on the position accuracy for both serial
and parallel manipulators. Therefore, it is quite important to
provide an accurate model that can predict the effects of joint
clearance on the mechanism’s positioning performance. As
indicated in [1], contrary to the assembly and manufacturing
errors, joint clearance leads to uncertain error motions at
an arbitrary pose of the mechanism. Its effects are highly
non-repeatable and can not be rectified with any kind of
calibration.

Much research has been devoted to the problem of ac-
curacy in parallel mechanisms. Some authors applied prob-
abilistic analysis to determine the pose error of clearance-
affected joints and moving platform [2]. Parenti-Castelli
and Venanzi [3] used the virtual work method to deter-
mine the position that the moving platform reaches when
a given external load is exerted on it. P.Voglewede and
LEbert-Uphoff [4] aimed to predict precisely the mobile
platform error motions for 3-RRR and some special parallel
mechanisms with joint clearance. In this paper, we will
provide a deeper insight into the accuracy problem of parallel
mechanisms affected by joint clearance. A general and yet
efficient error evaluation method is also proposed which
can handle any kind of parallel mechanisms, no matter
planar or spatial, overconstrained or non-overconstrained.
Furthermore, its efficiency makes it possible to compute
the global maximum pose errors of a clearance-affected
mechanism in a prescribed workspace, other than just at a
given theoretical configuration.
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Fig. 1. Pose Error of A Rigid Body

Fig. 2. Clearance-affected Revolute Joint

II. POSE ERROR ANALYSIS OF PARALLEL
MANIPULATORS WITH CLEARANCE-AFFECTED PAIRS

A. End-effector and Joint Pose Error

Fig.1 shows the end-effector of a parallel mechanism with
some configuration (including the position and orientation)
error. Suppose that the nominal (or ideal) configuration of the
end-effector (the dashed rigid body in Fig.1) is go € SE(3),
which is the relative transformation from the nominal body
frame B to the inertial frame A. With some configuration
error, the relative transformation from the actual body frame
B’ to the inertial frame A, however, gives rise to the real
configuration ¢’ of the end-effector. Let A’ be another frame
attached to the end-effector, which is chosen such that the
relative transformation from B’ to A’ is go (see Fig.1). Then
it is clear that without configuration error, A" frame will co-
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Fig. 3. Clearance-affected Prismatic Joint
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incide with the inertial frame A, and B’ frame will coincide
with B. Hence the error rigid motion of the end-effector
from the nominal configuration to the real configuration can
be described either by the relative transformation from B’
to B, which is g, 1 g, or the relative transformation from A’
to A, that is ¢'gy ! Correspondingly, the configuration error
can be defined as (g5 'g’ — e) and (¢g'gy' — €), which are
called the configuration error with respect to the body frame
and the inertial frame respectively.

Normally the error rigid motions g, g/ and ¢ 9o L are
restricted within a small neighborhood of e. Hence the two
expressions of the configuration error can be reasonably
approximated by their first order terms, that is,

90_19/ e = eélAzbeé2Aybeé3Azbeé4Aabeé5Aﬁbeé6A'yb _
~  (Axb + -+ EgAYY)
and
/=1 _
99 —€¢ =
~ (61Az* + - 4 égAY®)
where {e;|i = 1,---,6} is the canonical basis of RS,
and the six components Az?,--- | A4® (and Az?, -, Ay?)

represent the three translation and three rotation errors of
the end-effector about the x,y and z axis of the B (and
A) frame respectively. In the above two equations, the A
operation identifies R® with se(3) (see [5] for more details).
Hence if we let dg® = (Az® Ay’ Azb Aa® ABY, AyY)T
and dg® = (Ax“,Ay“,Az“,AAoﬂ,Aﬁa,A*ya)T, then it is
easy to see that gy 'g’ — e ~ dgb and ¢'gy ' — e ~ 5ge. To
avoid the confusion with the term configuration error, §¢°
will be called the pose error with respect to body frame, and
0g® the pose error with respect to the initial frame. From
now on, the pose error of the end-effector other than the
configuration error will be mainly used and studied in this
paper. As the relative transformation from B to A frame
is go, the two expressions of the pose error are related by
5g* = Ad,,6g°, where for g = (p, R), the Adjoint map is
defined by
Ady = [ ]g plf }
The pose error of the end-effector is caused by many fac-
tors, such as assembly and manufacturing errors (occurring at
the adjacencies between the links and the joints), actuation
motor errors, joint clearance, etc. As the major source of
the pose error comes from the error motions caused by the
joint clearance [6], in this paper, we will focus on studying
the impact of joint clearance on the deviations of the end-
effector’s configurations. Hence, we will assume that joint
clearance is the unique error source. In the remain part of
this subsection, we study the impact of joint clearance on the
pose error of two links connected by a clearance-affected
joint. Only revolute and prismatic joints are considered in
this paper, but other types of joints can be analyzed in a
similar manner.
A clearance-affected kinematic pair (i.e., a pair with joint
clearance) actually has 6-DoFs. Thus at a given nominal
configuration (the theoretical configuration of the pair), there

e
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are 6 twists associated with a pair. Some twists result
in the desired motions of the joint, called ideal twists,
whereas others give rise to the error motions caused by joint
clearance. For example, for a clearance-affected revolute pair
in Fig.2, if we attach a local coordinate frame C' to the
bearing with z-axis along the pair’s theoretical axis, then eg
generates the ideal rotational motions of the joint, whereas
ey, - ,es generate error motions of the shaft with respect
to the bearing. The pose error of the relative configuration
of the two links with respect to the local frame C' thus is
given by

5
ST = "eiAo; (1)
=1

where Aoy, Aos, Aog represent 3-infinitesimal error trans-
lations along x,y,z axis, and Aoy, Aoy represent 2-

1A% L2 AY” pes Az LeaANa” (s AR LEs Ay einﬁnitesimal error rotations about x,y axis. Hereafter

Aci,i=1,--- .5 will be called the error motions caused by
the joint clearance, with values restricted by the joint geom-
etry and the magnitude of joint clearance. For a particular
design of a clearance-affected revolute joint, it is possible
to formulate explicitly the set of constraints that bound the
values of Ac;. For example, for the journal bearing design
(Fig.2) of a revolute joint, because of the axial symmetry,
the x, y axis can be chosen freely. With origin chosen at
the joint center, and the geometrical dimensions L, D and
the magnitude of joint clearance e€,, €, given beforehand,
the values of Ag; are constrained by a set of quadratic and
second order cone constraints :

(Acy + £2A05)? + (Aos — £A0y) < €2
(Aoy — %AO’5)2 + (Aoy + %A(M) <é2

VAGE+ Ac2 — Aos < ¢,
VA + Ao2 + Aos < ¢,

For other types of designs of clearance-affected revolute
joint, though the structure may be more complicated, one can
get similar constraint inequalities as (2). If there is an inertial
reference frame A such that the relative transformation from
C to A is gl*, then the pose error caused by joint clearance
can be written with respect to the inertial frame A by

)

D
2

D
2

ST = Adyr 67¢ = 327 (Adyr e;) Ao, 3)

Similarly, for a clearance-affected prismatic pair(Fig.3),
if we attach a local coordinate frame C' to the supporting
carriage with x-axis along the pair’s ideal translational axis,
then the pose error of the slider with respect to the supporting
carriage is given with respect to C' by

6
0T =) e;Ar (4)

j=2
where A7;,j = 2,---,6 are also error motions caused

by the joint clearance. If y, z axis are parallel to the two
faces of the supporting carriage, and the origin lies on the
geometrical center of the joint (see Fig.3), then values of the
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error motions are restricted by a set of linear constraints

< —&—%ATG — §A74 + ATy
—ZAT6+ 2A1y + A
—ep < —ZAT5 + 2A1y + ATy
—€p < +%AT5 — %Aﬂ; + A3

—€q S €a

N

—€q €a

(&)

INIA

<e

< e

Supposing that the transformation from C' to the inertial
frame A is g, then the pose error is given with respect
to frame A by

ore = Adgfcél“c = Z?=2 (Adgfcej)ATj (6)

Finally, we remark that the two designs of Fig.2 and
Fig.3 have ever been intensively studied in [7] and [3].
However, the constraints of error motions in those literatures
are formulated as sets of general nonlinear inequalities. In
this paper, we have reformulated them into sets of so-called
convex constraints, as seen from (2) and (5). As we will see
later, this reformulation will make the convex optimization
feasible to the evaluation of the pose errors.

B. Gross Pose Error of Joints

The desired motions of an actuated joint are controlled
by the motors mounted on the joint. Assuming there is no
motor actuation error, then at a nominal configuration, the
pose error of an actuated joint is solely raised by its joint
clearance. Hence the expression of gross pose error of an
actuated joint is the same as Eq.(1) and (3). However, for
passive joints in a parallel mechanism, in addition to the
errors motions caused by joint clearance, the idle motions
about the ideal twists also play a role in the pose errors
of their two links. Hence, the gross pose error of a passive
revolute joint is given with respect to its local frame by

5
ST = "eiAo; + egAf

=1

)

where A6 is the idle rotation error of the shaft about the
joint’s ideal axis. With respect to the inertial frame A, the
gross pose error is

5T = Adyr 6T° S (Adgr €:) A + (Adyr e6) AD

Sr 1 (Adyr e;)Ac; + EAD

where £ is the ideal twist of the joint when expressed in the
inertial frame. Similarly, two gross pose errors of a passive
prismatic joint can be written as

6
ore = ZejATj +e1Ap (8)

j=2
and
ST = Adgfcérc = 2522(Adg(1;8j)ATj + WAM

respectively, where Ay is the idle translational error along
the joint’s ideal axis, and 7 is the ideal twist representation
of the joint in the inertial frame A.
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Fig. 5. A Parallelogram Joint

C. End-effector Pose Error of A Parallel Mechanism

In this subsection, we study the pose error of the end-
effector of a parallel mechanism caused by the clearance
of its constituent joints. We use some examples to illustrate
how to get the pose error of the end-effector at a general
theoretical configuration(say, go), subject to the error motions
generated by all the clearance-affected joints.

Example /: Pose Error Analysis of Tsai’s Manipulator

Consider a Tsai’s 3-UPU manipulator in Fig.4. Each U-
joint consists of two perpendicularly connected clearance-
affected revolute joints modelled by Fig.2. The three pris-
matic joints P, --- , P3, being actuated, are also clearance-
affected and modelled by Fig.3. The inertial frame A and the
body frame B are located at the center of the base and the
mobile platform respectively. And the local frames of R;;
(denoted C’Z-I;-), and that of P; (denoted by C’Z-P ),t=1,---,3,
7 =1,---,4, are located at the center of each joint, with x,

Fig. 6.

Orthoglide Manipulator
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y axis chosen at one’s convenience. The mobile platform(or
end-effector) ideally can undergo three DoF pure translations
T'(3) under some geometrical conditions [8]. At a nominal
configuration gy € T'(3) which is not singular for the sake of
simplicity, the transformation matrix from C/f and Cf" to A,
denoted by gﬁ and g/ respectively, can be obtained through
the inverse kinematic analysis of the ideal mechanism at gg.
From the last subsection, the pose error of P; is given with
respect to the inertial frame A by

APi = 2?22 (Adg4D 61)A7'il
and the pose error of R;; is given by
A’R,ij = Z?:l(Adqg el)AUijl + fZ]Aew

i=1,---,3

where ¢ = 1,---,3,7 = 1,---,4, and ; is the ideal twist
associated with R;;. The pose error of ¢th open subchain,
i=1,---,3, can thus be written by
4
AFE; AEZ + Zj:l AR” .y
Yi—o(Adgre) Ay + 3705, &ijAO;;
+ Y51 S (Adgren) Aoy ©)
A; - dl; + E?:l Bij . dTij + J; - dO;
A;-dl; + B; - dY; + J; - d©;
where Ai = [AdgiP €9 Ad 1?66], dFi =
(ATZ‘27 LR ATZ‘6)T, Bl‘j = [Ang €1 Adgﬁ 65],
de’j = (Aaijla to ,Aaijs)T, B, = [Bil Bi4],
ar; = (dYh,--- . dYi)T, T o= [Ea - Gl
dO; = (Ab;1, - ,Abiy)T.
Equating AF; and AFEs, AE; and AE3, we can get
dO, ary dY
J-| dOs =A-| dl'y | +B-| dY, (10)
dBs3 dl's dYs
where
| S )
J = [ T, g } (11)
is a nonsingular square matrix, and
_ _Al A2 o —Bl BQ
A[ Aa —A3]’ B{ By —Bs

From Eq.(10) and (11), we may see that the idle passive
joint motions are uniquely determined by the error motions
ATy and Aoy caused by the joint clearance. After the idle
motions dO; are determined, we can substitute it into Eq.(9)
for any subchain to obtain the pose error of the moving
platform the nominal configuration gg. Choosing the first
subchain as example, we can write the result in a concise
way as follows

AEy, = Ay-dly+ By-dY,+J;-dO,
7S
= A;-dl'1+ B, -dY1+[J1 00] | dO:
dOs
= AldF1+B1dT1+[J100]J71
dly dYy
A-[ dly | +B-| dY,
dl's dY3

= H-(drT,dr¥,dr? dx?, dx? axT’
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In the above equation, we get a linear transformation
matrix H that maps the error motions of the clearance-
affected joints, A7; and Ao;j, to the pose error of the
moving platform AE, . From Eq.(10), A7; and Aoy are
free variables of the mechanism, the number of which reflects
the total extra DoF of the mechanism at a non-singular
nominal configuration. However, the values of Ar; and
Aoc;j are bounded within the sets of convex constraints
given by inequalities (2) and (5) for each joint. Therefore, the
maximal pose error of the moving platform at the nominal
configuration go, denoted by AE}?, can be obtained by six
convex optimizations applied to each components of AE,, .
If one further want to get the maximal pose error of the
moving platform in a prescribed workspace W, for example,
a cube centered by the home configuration, he can discretize
W and calculate AET" at any point of W. After that, the
global maximal pose error in W can be obtained by

mo_ m . m T

where AE}" (i) is the ith component of A",

For overconstrained parallel manipulators, however, not
all error motions associated with joints’ clearance are free
variables, as seen from the next example.

Example 2: Pose Error Analysis of A Parallelogram
Joint In this example, we study the pose error of a
parallelogram (P,) composing of four clearance-affected
revolute joints. Since P, usually serves as an extended pair in
complex parallel mechanisms, e.g., the Delta robot, we also
attach a frame C, called the local frame of the parallelogram
joint, to the base link of the parallelogram, as shown in Fig.5.
Frame C is located at the center of the base link, with z axis
parallel to the ideal rotation axis of R;;, and x axis pointing
to the geometrical center of Ro;. Thus the ideal configuration
space of the parallelogram C); is a circle in the x-y plane
of C. At each nominal configuration gy € C}s, we define
four local frames C;; for R;;, ¢ = 1,2, j = 1,2. As the
choice of x, y axis of Cj; is free, for our convenience, Cj;
may be chosen with origin lying at the geometrical center
of R;j;, and z, y, z axis aligned with that of C. Hence, the
transformation from C;; to C is given by

I pij
gij:[o 1]}

where p;; is the geometrical center of R;;. Assume that Ry
is the actuation joint, then the pose error of four revolute
joints with respect to the C' frame is given by

5
AR;; = Z(Adgijel)AUijl +&;00,; i=1,2,7=1,2
=1
where Afy; = 0. The pose error of ith subchain, i = 1,2
thus can be easily got as

AE;, = AR+ AR

= Zzzl > (Ady,, ez)ﬁ%‘l + Y0 & A0y
= Yo A dYy 430, 6 ABy;
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where A;; = [Ady, e Adg,es], dYy =
(Aa-ij17 . ,AO’Z‘js)T, Z = 1,2, ] = 1,2 AS A911 = 0,
by equating AFE; and AFE5, we can get

AOL Z§11
J-| A6y | =4 12 (12)
ING) dTa1
22 dTQQ
where J = [{12 — &1 — 2], and A = [—A; —

A1g Aoy Agg]. Clearly, J is a 6 x 3 full column rank
matrix. J may combine with three twists Adg,, e3, Adg,, e,
and Adg,,es to form a 6 X 6 non-singular square matrix
J =162 — &1 — & — Adgy e — Adg, €4 — Ady,, €3],
Then Eq.(12) can be re-written as follows

AGO
A@;j dY1
, | 26w , | e
J - AO’213 =A". A(Tgll (13)
Acors Ao
Avors dY oo

where A’ = [— A1 —A12 Adg,,e1 Adg,, ea Ass]. Therefore,
only 17 error motions dY'11, dY12, dY92 and Aoa11, Ao
are free variables of the mechanism. The other three joint
error motions Aca13, Aoa1g, Acars, plus the idle passive
joint motions A©1s, AGs;, ABO9s, are uniquely determined
by these free variables. Denote by B = .J'~' A/, B(i) the
ithrow of B,7=1,---,6, and g,. the transformation from
the local frame C' to the inertial frame A. Then pose error
of the end-effector at the nominal configuration gg is given
with respect to the inertial frame by

AEy, = Adg, (AR + ARio)

dY
= Adg, [An A dTii

= dy A Al G

dY 11

dYo

Acary

Aoy

dY o9

= H-(dY%, dYT, Aoaiy Aoarn dYL,)T

+ Ad,, £12AO12

+Ady, §12B(1)

subject to the constraints

(Agijl —+ %ACTZ'JB)Q + (AO’ijQ — %AO’ij4) S 6%
(A1 — 500i55)% + (Aoyjo + $A0454) < €
\/ AC’1‘23‘4 + AU%:; —Aojijz < eq

D
2
D 2 2

s T Aoijs <€ (15)
dY 11
A0'213 B(4> dle
Aoaig = B(5) Aoca1q
Ao B(6) Aoaro
dY 9o

where ¢ = 1,2 and j = 1, 2. Thus the calculation of maximal
pose error of an overconstrained parallel manipulator at
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go 1s a convex optimization problem with linear equality
constraints. By [9], such a problem can also be quickly
solved by very efficient algorithms.

P, is often used as an extended passive pair in some
common parallel mechanisms, e.g, the Delta robot. In this
case, Rq1 is a passive revolute joint instead of an actuated
one, which implies that Af; # 0. Assume that the body
frame B originally coincides with A frame, then the ideal
configuration space of the end-effector is given by

I (¥ — v
Q:{|:O ( 1 ) ]|9116[0,27T]

where w is the 1deal rotation axis of the parallelogram, and v
the vector connecting R;; and R ;2 at the home configuration.
Clearly, at the nominal configuration g9 = Q(611), the
configuration error of the end-effector caused by A6;; is
given with respect to the inertial frame A by

/\ dQ

AF, = —=Q 'Aby; =

go dell Q 11 |:

The total pose error thus is the linear summation of AF,
and AE,,

0 we®fiy

0 0 } Abn

AT,, = AE, + AF,
= H-. (@Tﬂ dY{y Aogir Aaag dY35,)" (16)
Fwe11v Al

subject to the constraints of (15). The value of A6y, as
we will see in the next example, is determined by the loop
closure equation of the parallel mechanism that contains this
P,.

Example 3: Pose Error Analysis of Orthoglide The
Orthoglide manipulator [10], as shown in Fig.6, consists of
three PR P, R identical subchains. The actuated joints are
the three orthogonal prismatic ones. Ideally, the manipulator
is an overconstrained one, with end-effector motion a subset
of T(3). At a nominal configuration gy € T'(3), using the
same approach as before, we may find the pose errors of

a 4})rismatic joints P; and revolute joints R;j, ¢ = 1,---,3,

7 = 1,2. As the end-effector is connected to the prismatic

joints through a set of three passive parallelograms, the pose

error of the parallelogram is given by Eq.(16). Thus the pose
error of the ith subchain, : =1,--- 3, is shown to be

AE;, = AP, +AR;;1 +AT; + AR;2
= Y, (Adyre) ATy
+ 30, (Adgre) Adiy + £1 AB;
+Hz . (deh dT312 AUinl AO’iglg dTg2)T
—l—wie@ie“lviAGiu
+ 300, (Adgs ) Adio + £286
+J; - dO;
= A;-dl';+ B;-dQ; + H; - dY; + J; - dO;

where g7 is the transformation matrix from the local
frame of the P; to the inertial frame A, and gg the one
from the local frame of R;; to A. Furthermore, A; =
[Adgfeg Adggp(:’(;], dl“l = (ATZ'Q,"‘ ,ATZ‘(;)T, Bij =
[Adgﬁ €1 Adg{x; 65], dQZJ = (Aaij17 . ,ACTZ']B)T,
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B; = [Bia B, dQ = (dQ},d0L)T, dY; =
(dYh, dYh, Acpn Aoz dYL)T, T =
(€1 wie¥ifiny, &), dO; = (A0, Abii, Abin)T,

i=1,---,3, 7 =1,2. Equating AF; and AFs, AF> and
AFEj3, we can get

dO, dl'y dy dY
J d©s =A dl's + B dQy +C dYs
dOs dl's dQs dYs
where
| S e
J = [ Ty I } a7n
is a 12 x 9 full column rank matrix, and
- —A1 A2 o _Bl B2
A—{ A, AJ’ b= B, B
_ | ~H1 H»
o=l ]
Note that the rotation axis of the twist Ad rey is along the
ideal translation axis of P;, ¢ = 1,--- , 3, hence the former
equation may be re-written as
dO4
%14 dr, a0, Y,
J’ ATQ =A [ dary, | +B| d% | +C | dY,
d@2; T dQs dYs
AT34
where
J/ _ J1 Adgf64 7J2 7Adg§64
_JQ - Adg§€4 J3 Adg?z’364

is a 12 x 12 non-singular matrix, and
A, Al
A/ — 1 2 :| ,
R
A; = [Adglpeg Adgpeg AdngS Adglpeg], dF; =
(ATig, Atis, Atis, Arig) T, i =1, 3.

From the above transformed equation, one may see that
only dI';, dQ; and dY;, i = 1,---,3, are free variables
of the mechanism. Three joint error motions Ar;,, together
with the idle passive joint motions d©;, i = 1,---,3, are
uniquely determined by totally 4 x 3+5x3+17x3 =78

free variables. The pose error of the end-effector thus is given
by

AEy, =A;-dly+ By -dQq + Hy-dYy + J; - dOy
=Ay-dly + By -dl + Hy - dY1 4+ [J1 0 -+ 0]

dr; oy dr,
J7H A dry, | +B| dQ | +C | dY,
dr, s dYs

subject to the constraint of (2) for revolute joints, (5) for
prismatic joints, (15) for parallelogram, and the following
linear equalities

A

Ary | _ D-@ry”, e drgT,dOT, - dOF dY T
dTT)T

AT34 ’ 3
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where the matrix D can be derived from Eq.(3). Hence
the calculation of the maximal pose error of the Orthoglide
manipulator at gg is a still a convex optimization problem
with linear equality constraints.

III. CONCLUSION

In this paper, we propose a general method to evaluate
the pose(position and orientation) error of the end-effectors
of parallel manipulators due to the joint clearance. We
show that for non-overconstrained parallel manipulators, the
error motions caused by joint clearance are free variables
subject to some constraints defined by the joint geometry
and magnitude of clearance. However, for overconstrained
parallel mechanisms, part of these joint error motions are
dependent on the remaining ones. For some particular de-
signs of common lower pairs, the pose error analysis for both
non-overconstrained and overconstrained parallel manipula-
tors can be formulated into standard convex optimization
problems, which makes it possible to compute the maximum
pose errors in a prescribed workspace other than just at a
single configuration.
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